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ABSTRACT

We study the global convergence and global optimality of actor-critic, one of the
most popular families of reinforcement learning algorithms. While most exist-
ing works on actor-critic employ bi-level or two-timescale updates, we focus on
the more practical single-timescale setting, where the actor and critic are updated
simultaneously. Specifically, in each iteration, the critic update is obtained by ap-
plying the Bellman evaluation operator only once while the actor is updated in the
policy gradient direction computed using the critic. Moreover, we consider two
function approximation settings where both the actor and critic are represented by
linear or deep neural networks. For both cases, we prove that the actor sequence
converges to a globally optimal policy at a sublinear O(K -1/ %) rate, where K
is the number of iterations. To the best of our knowledge, we establish the rate
of convergence and global optimality of single-timescale actor-critic with linear
function approximation for the first time. Moreover, under the broader scope of
policy optimization with nonlinear function approximation, we prove that actor-
critic with deep neural network finds the globally optimal policy at a sublinear rate
for the first time.

1 INTRODUCTION

In reinforcement learning (RL) (Sutton et al.||1998)), the agent aims to make sequential decisions that
maximize the expected total reward through interacting with the environment and learning from the
experiences, where the environment is modeled as a Markov Decision Process (MDP) (Puterman)
2014). To learn a policy that achieves the highest possible total reward in expectation, the actor-critic
method (Konda and Tsitsiklis, 2000) is among the most commonly used algorithms. In actor-critic,
the actor refers to the policy and the critic corresponds to the value function that characterizes the
performance of the actor. This method directly optimizes the expected total return over the policy
class by iteratively improving the actor, where the update direction is determined by the critic. In
particular, recently, actor-critic combined with deep neural networks (LeCun et al., 2015) achieves
tremendous empirical successes in solving large-scale RL tasks, such as the game of Go (Silver
et al.| [2017), StarCraft (Vinyals et al.l 2019), Dota (OpenAll 2018)), Rubik’s cube (Agostinelli et al.,
2019;|Akkaya et al.,|2019)), and autonomous driving (Sallab et al.,[2017). See L1 (2017) for a detailed
survey of the recent developments of deep reinforcement learning.

Despite these great empirical successes of actor-critic, there is still an evident chasm between theory
and practice. Specifically, to establish convergence guarantees for actor-critic, most existing works
either focus on the bi-level setting or the two-timescale setting, which are seldom adopted in practice.
In particular, under the bi-level setting (Yang et al.l 2019aj; [Wang et al.| 2019} |Agarwal et al.| 2019
Fu et al., [2019; [L1u et al., 2019; |Abbasi-Yadkor1 et al., [2019a3b; (Ca1 et al., 2019; [Hao et al., 2020;
Mei et al} 2020; Bhandari and Russol 2020), the actor is updated only after the critic solves the
policy evaluation sub-problem completely, which is equivalent to applying the Bellman evaluation
operator to the previous critic for infinite times. Consequently, actor-critic under the bi-level setting
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is a double-loop iterative algorithm where the inner loop is allocated for solving the policy evaluation
sub-problem of the critic. In terms of theoretical analysis, such a double-loop structure decouples
the analysis for the actor and critic. For the actor, the problem is essentially reduced to analyzing the
convergence of a variant of the policy gradient method (Sutton et al.| [2000; [Kakadel [2002) where
the error of the gradient estimate depends on the policy evaluation error of the critic. Besides, under
the two-timescale setting (Borkar and Konda, [1997} |Konda and Tsitsiklis, |2000; [Xu et al.l 2020;
Wu et al.l |2020; Hong et al.) 2020), the actor and the critic are updated simultaneously, but with
disparate stepsizes. More concretely, the stepsize of the actor is set to be much smaller than that
of the critic, with the ratio between these stepsizes converging to zero. In an asymptotic sense,
such a separation between stepsizes ensures that the critic completely solves its policy evaluation
sub-problem asymptotically. In other words, such a two-timescale scheme results in a separation
between actor and critic in an asymptotic sense, which leads to asymptotically unbiased policy
gradient estimates. In sum, in terms of convergence analysis, the existing theory of actor-critic
hinges on decoupling the analysis for critic and actor, which is ensured via focusing on the bi-level
or two-timescale settings.

However, most practical implementations of actor-critic are under the single-timescale setting (Pe-
ters and Schaall |2008aj [Schulman et al.| [2015; Mnih et al., 2016} |Schulman et al., 2017} |Haarnoja
et al.l 2018)), where the actor and critic are simultaneously updated, and particularly, the actor is
updated without the critic reaching an approximate solution to the policy evaluation sub-problem.
Meanwhile, in comparison with the two-timescale setting, the actor is equipped with a much larger
stepsize in the the single-timescale setting such that the asymptotic separation between the analysis
of actor and critic is no longer valid.

Furthermore, when it comes to function approximation, most existing works only analyze the con-
vergence of actor-critic with either linear function approximation (Xu et al., [2020; Wu et al.| 2020;
Hong et al.,[2020), or shallow-neural-network parameterization (Wang et al.,[2019; |Liu et al.,[2019).
In contrast, practically used actor-critic methods such as asynchronous advantage actor-critic (Mnih
et al.,|2016)) and soft actor-critic (Haarnoja et al.|[2018) oftentimes represent both the actor and critic
using deep neural networks.

Thus, the following question is left open:

Does single-timescale actor-critic provably find a globally optimal policy under the function
approximation setting, especially when deep neural networks are employed?

To answer such a question, we make the first attempt to investigate the convergence and global
optimality of single-timescale actor-critic with linear and neural network function approximation. In
particular, we focus on the family of energy-based policies and aim to find the optimal policy within
this class. Here we represent both the energy function and the critic as linear or deep neural network
functions. In our actor-critic algorithm, the actor update follows proximal policy optimization (PPO)
(Schulman et al., 2017) and the critic update is obtained by applying the Bellman evaluation operator
only once to the current critic iterate. As a result, the actor is updated before the critic solves the
policy evaluation sub-problem. Such a coupled updating structure persists even when the number
of iterations goes to infinity, which implies that the update direction of the actor is always biased
compared with the policy gradient direction. This brings an additional challenge that is absent in the
bi-level and the two-timescale settings, where the actor and critic are decoupled asymptotically.

To tackle such a challenge, our analysis captures the joint effect of actor and critic updates on the
objective function, dubbed as the “double contraction” phenomenon, which plays a pivotal role for
the success of single-timescale actor-critic. Specifically, thanks to the discount factor of the MDP,
the Bellman evaluation operator is contractive, which implies that, after each update, the critic makes
noticeable progress by moving towards the value function associated with the current actor. As a
result, although we use a biased estimate of the policy gradient, thanks to the contraction brought
by the discount factor, the accumulative effect of the biases is controlled. Such a phenomenon
enables us to characterize the progress of each iteration of joint actor and critic update, and thus
yields the convergence to the globally optimal policy. In particular, for both the linear and neural
settings, we prove that, single-timescale actor-critic finds a O(K ~'/2)-globally optimal policy after
K iterations. To the best of our knowledge, we seem to establish the first theoretical guarantee of
global convergence and global optimality for actor-critic with function approximation in the single-
timescale setting. Moreover, under the broader scope of policy optimization with nonlinear function
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approximation, our work seems to prove convergence and optimality guarantees for actor-critic with
deep neural network for the first time.

Contribution. Our contribution is two-fold. First, in the single-timescale setting with linear function
approximation, we prove that, after K iterations of actor and critic updates, actor-critic returns a
policy that is at most O(K G %) inferior to the globally optimal policy. Second, when both the
actor and critic are represented by deep neural networks, we prove a similar O(K ~'/?) rate of
convergence to the globally optimal policy when the architecture of the neural networks are properly
chosen.

Related Work. Our work extends the line of works on the convergence of actor-critic under the
function approximation setting. In particular, actor-critic is first introduced in Sutton et al.| (2000);
Konda and Tsitsiklis| (2000). Later, Kakade| (2002)); [Peters and Schaal| (2008b) propose the natural
actor-critic method which updates the policy via the natural gradient (Amari, [1998) direction. The
convergence of (natural) actor-critic with linear function approximation are studied in Bhatnagar
et al.| (2008} 2009); Bhatnagar| (2010)); Castro and Meir| (2010); [Maei| (2018]). However, these works
only characterize the asymptotic convergence of actor-critic and their proofs all resort to tools from
stochastic approximation via ordinary differential equations (Borkar,[2008). As a result, these works
only show that actor-critic with linear function approximation converges to the set of stable equilibria
of a set of ordinary differential equations. Recently, Zhang et al.|(2019) propose a variant of actor-
critic where Monte-Carlo sampling is used to ensure the critic and the policy gradient estimates
are unbiased. Although they incorporate nonlinear function approximation in the actor, they only
establish finite-time convergence result to a stationary point of the expected total reward. Moreover,
due to having an inner loop for solving the policy evaluation sub-problem, they focus on the bi-level
setting. Moreover, under the two-timescale setting, Wu et al.|(2020);|Xu et al.|(2020) show that actor-
critic with linear function approximation finds an e-stationary point with O(s~%/2) samples, where
€ measures the squared norm of the policy gradient. All of these results establish the convergence
of actor-critic, without characterizing the optimality of the policy obtained by actor-critic.

In terms of the global optimality of actor-critic, [Fazel et al.| (2018)); [Malik et al.| (2018); [Tu and
Recht] (2018); [Yang et al.| (2019a); Bu et al.| (2019); |[Fu et al.| (2019) show that policy gradient and
bi-level actor-critic methods converge to the globally optimal policies under the linear-quadratic
setting, where the state transitions follow a linear dynamical system and the reward function is
quadratic. For general MDPs, [Bhandari and Russo| (2019) recently prove the global optimality of
vanilla policy gradient under the assumption that the families of policies and value functions are
both convex. In addition, our work is also related to |Liu et al. (2019) and Wang et al.| (2019),
where they establish the global optimality of proximal policy optimization and (natural) actor-critic,
respectively, where both the actor and critic are parameterized by two-layer neural networks. Our
work is also related to |Agarwal et al.| (2019); |Abbasi-Yadkori et al.| (2019aib); |Cat et al.| (2019);
Hao et al.[(2020); Mei et al.|(2020); Bhandari and Russo| (2020), which focus on characterizing the
optimality of natural policy gradient in tabular and/or linear settings. However, these aforementioned
works all focus on bi-level actor-critic, where the actor is updated only after the critic solves the
policy evaluation sub-problem to an approximate optimum. Besides, these works consider linear
or two-layer neural network function approximations whereas we focus on the setting with deep
neural networks. Furthermore, under the two-timescale setting, Xu et al.| (2020); Hong et al.| (2020)

prove that linear actor-critic requires a sample complexity of 6(5_4) for obtaining an e-globally
optimal policy. In comparison, our O(K -1/ 2) convergence for single-timescale actor-critic can be
translated into a similar O(s~*) sample complexity directly. Moreover, when reusing the data, our

result leads to an improved O(s~2) sample complexity. In addition, our work is also related to
Geist et al.| (2019), which proposes a variant of policy iteration algorithm with Bregman divergence
regularization. Without considering an explicit form of function approximation, their algorithm
is shown to converge to the globally optimal policy at a similar O (K ~1/ 2) rate, where K is the
number of policy updates. In contrast, our method is single-timescale actor-critic with linear or
deep neural network function approximation, which enjoys both global convergence and global
optimality. Meanwhile, our proof is based on a finite-sample analysis, which involves dealing with
the algorithmic errors that track the performance of actor and critic updates as well as the statistical
error due to having finite data.
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Our work is also related to the literature on deep neural networks. Previous works (Daniely, 2017}
Jacot et al., 2018; Wu et al.| [ 2018;|Allen-Zhu et al., [2018aib; [Du et al., 2018} [Zou et al., [2018; /Chizat
and Bach| 2018} Jacot et al.,[2018};|L1 and Liang}, 2018;|Cao and Gu,2019a3bj; |/Arora et al., 2019;|Lee
et al} 2019; Gao et al.| 2019) analyze the computational and statistical rates of supervised learning
methods with overparameterized neural networks. In contrast, our work employs overparameterized
deep neural networks in actor-critic for solving RL tasks, which is significantly more challenging
than supervised learning due to the interplay between the actor and the critic.

Notation. We denote by [n] the set {1,2,...,n}. For any measure v and 1 < p < oo, we denote by
[ fllvp = (fy | f()[Pdv)/P and || ]|, = ([, |f(x)|Pdp) /P, where p is the Lebesgue measure.

2 BACKGROUND

In this section, we introduce the background on discounted Markov decision processes (MDPs) and
actor-critic methods.

2.1 DISCOUNTED MDP

A discounted MDP is defined by a tuple (S, A, P,(,r,7). Here S and A are the state and action
spaces, respectively, P: § x § x A — [0, 1] is the Markov transition kernel, {: S — [0, 1] is the
initial state distribution, 7: S x A — R is the deterministic reward function, and v € [0, 1) is the
discount factor. A policy 7(a | s) measures the probability of taking the action a at the state s. We
focus on a family of parameterized policies defined as follows,

II = {m(-|s) € P(A): s € S}, 2.1

where P(.A) is the probability simplex on the action space A and @ is the parameter of the policy
7. For any state-action pair (s,a) € S x A, we define the action-value function as follows,

Q"(s,a) = (1=7) By [ 37" 7(s1,00) [ 50 = 5,00 = a] 2.2)
t=0

where s;41 ~ P(-|st,at) and agq ~ 7(- | sp41) for any ¢ > 0. We use E[-] to denote that the
actions follow the policy 7, which further affect the transition of the states. We aim to find an optimal
policy 7* such that Q™ (s,a) > Q™ (s, a) for any policy 7 and state-action pair (s,a) € S x A.
That is to say, such an optimal policy 7* attains a higher expected total reward than any other
policy 7, regardless of the initial state-action pair (s, a). For notational convenience, we denote by
Q*(s,a) = Q™ (s,a) forany (s,a) € S x A hereafter.

Meanwhile, we denote by v (s) and p,(s,a) = v (s) - m(a| s) the stationary state distribution and
stationary state-action distribution of the policy 7, respectively, for any (s,a) € S x A. Correspond-
ingly, we denote by v*(s) and p*(s, a) the stationary state distribution and stationary state-action
distribution of the optimal policy 7*, respectively, for any (s,a) € S x A. For ease of presentation,
given any functions g1: S — R and g2: S x A — R, we define two operators [P and P™ as follows,

[Pg1](s,a) = E[g1(s1) | s0 = s,a0 = a], [P"ga](s,a) = Ex[ga2(s1,01) |50 = 5,00 = a], (2.3)

where s; ~ P(-|sg,a0) and a1 ~ wm(-|s1). Intuitively, given the current state-action pair
(80, ap), the operator P pushes the agent to its next state s; following the Markov transition kernel
P(-| s0,ap), while the operator P™ pushes the agent to its next state-action pair (s, a;) following
the Markov transition kernel P(-|sg,ao) and policy (- |s1). These operators also relate to the
Bellman evaluation operator T™, which is defined for any function g: S x A — R as follows,

T"g=(1—-7)-r+~-Pg. 2.4)

The Bellman evaluation operator T7 is used to characterize the actor-critic method in the following
section. By the definition in (2.2)), it is straightforward to verify that the action-value function Q™ is
the fixed point of the Bellman evaluation operator T™ defined in (2.4), that is, Q™ = T™Q™ for any
policy 7. For notational convenience, we let P* denote the /-fold composition PP - - - P, where there
are ¢ operators [P composed together. Such notation is also adopted for other linear operators such
as P™ and T™.
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2.2  ACTOR-CRITIC METHOD

To obtain an optimal policy 7*, the actor-critic method (Konda and Tsitsiklis, 2000) aims to maxi-
mize the expected total reward as a function of the policy, which is equivalent to solving the follow-
ing maximization problem,

max J(7) = Eoncamn(- ) [Q7(5,0)], 25)
where ( is the initial state distribution, )™ is the action-value function defined in @]) and the family
of parameterized polices IT is defined in (2.I). The actor-critic method solves the maximization
problem in (2.3)) via first-order optimization using an estimator of the policy gradient VyJ (). Here
0 is the parameter of the policy 7. In detail, by the policy gradient theorem (Sutton et al., 2000), we
have

Vo (1) = E(s,a)m0. [Q7(s,a) - Vologm(a] s)]. (2.6)

Here g, is the state-action visitation measure of the policy 7, which is defined as o, (s,a) =
(1—=7) - > - Pr[s; = s,a; = a]. Based on the closed form of the policy gradient in (2:6)),
the actor-critic method consists of the following two parts: (i) the critic update, where a policy eval-
uation algorithm is invoked to estimate the action-value function Q™, e.g., by applying the Bellman
evaluation operator T™ to the current estimator of )™, and (ii) the actor update, where a policy
improvement algorithm, e.g., the policy gradient method, is invoked using the updated estimator of
Q.

In this paper, we consider the following variant of the actor-critic method,

Ths ¢ argmaxky,, [(Qi(s,-),7(-|5)) = B-KL(m (-] 8) [| (- | 5))],

Qr+1(s,a) «— Ep, | [(1 =) -r(s0,a0) + v - Qr(s1,a1) | S0 =8,a9 = a]7 2.7

for any (s,a) € S x A, where s; ~ P(-|s0,a0), a1 ~ m41(-|s1), and we write E,_ [-] =
Es~v,, [] for notational convenience. Here II is defined in (2.1) and KL(7(-|s) || 7% (- | s)) is the
Kullback-Leibler (KL) divergence between 7(- | s) and 7y (- | ), which is defined for any s € S as
follows, KL(7(- | s) | (- | 5)) = > ,cqlog(m(al|s)/mr(a]s)) - m(a]|s). In 2.7), the actor update
uses the proximal policy optimization (PPO) method (Schulman et al.,|2017), while the critic update
applies the Bellman evaluation operator T™*+! defined in (2.4)) to Q, only once, which is the current
estimator of the action-value function. Furthermore, we remark that the updates in provide a
general framework in the following two aspects. First, the critic update can be extended to letting
Q1 + (T™+1)7Qy, for any fixed 7 > 1, which corresponds to updating the value function via 7-
step rollouts following 7. Here we only focus on the case with 7 = 1 for simplicity. Our theory
can be easily modified for any fixed 7. Moreover, the KL divergence used in the actor step can also
be replaced by other Bregman divergences between probability distributions over 4. Second, the
actor and critic updates in is a general template that admits both on- and off-policy evaluation
methods and various function approximators in the actor and critic. In the next section, we present an
incarnation of with on-policy sampling and linear and neural network function approximation.

Furthermore, for analyzing the actor-critic method, most existing works (Yang et al.l 2019a; Wang
et al.,|2019;[Agarwal et al.,[2019; |Fu et al.| [2019; |Liu et al.,[2019) rely on (approximately) obtaining
Q™ +1 at each iteration, which is equivalent to applying the Bellman evaluation operator T™*+!
infinite times to Q). This is usually achieved by minimizing the mean-squared Bellman error || —
Tﬂk+1@||‘2’”k+1 - using stochastic semi-gradient descent, e.g., as in the temporal-difference method

(Sutton, [1988), to update the critic for sufficiently many iterations. The unique global minimizer
of the mean-squared Bellman error gives the action-value function Q™*+!, which is used in the
actor update. Meanwhile, the two-timescale setting is also considered in existing works (Borkar
and Kondal, {1997} [Konda and Tsitsiklis, [2000; Xu et al., 2019; [2020; Wu et al., 2020; Hong et al.,
2020), which require the actor to be updated more slowly than the critic in an asymptotic sense.
Such a requirement is usually satisfied by forcing the ratio between the stepsizes of the actor and
critic updates to go to zero asymptotically.

In comparison with the setting with bi-level updates, we consider the single-timescale actor and
critic updates in (2.7)), where the critic involves only one step of update, that is, applying the Bell-
man evaluation operator T™ to (), only once. Meanwhile, in comparison with the two-timescale
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setting, where the actor and critic are updated simultaneously but with the ratio between their step-
sizes asymptotically going to zero, the single-timescale setting is able to achieve a faster rate of
convergence by allowing the actor to be updated with a larger stepsize, while updating the critic
simultaneously. In particular, such a single-timescale setting better captures a broader range of prac-
tical algorithms (Peters and Schaal, 2008a;|Schulman et al.,[2015; Mnih et al.} | 2016} |Schulman et al.}
2017; Haarnoja et al., [2018), where the stepsize of the actor is not asymptotically zero. In §3| we
discuss the implementation of the updates in for different schemes of function approximation.
In §4] we compare the rates of convergence between the two-timescale and single-timescale settings.

3  ALGORITHMS

We consider two settings, where the actor and critic are parameterized using linear functions and
deep neural networks (which is deferred to of the appendix), respectively. We consider the
energy-based policy my(a | s) o exp(7~1 fy(s, a)), where the energy function fy(s, a) is parameter-
ized with the parameter 6. Also, for the (estimated) action-value function, we consider the parame-
terization @, (s, a) for any (s,a) € S x A, where w is the parameter. For such parameterizations of
the actor and critic, the updates in have the following forms.

Actor Update. The following proposition gives the closed form of w41 in (2.7).

Proposition 3.1. Let 7, (a|s) o< exp(r; ' fo,(s,a)) be an energy-based policy and 7j =
argmax, By, [(Qu,(s,-),7(-|s)) — B - KL(7(-|s) || 79, (- 5))]. Then 711 has the following
closed form: 711(a|s) o exp(B71Qu, (s,a) + 74 ' fo,(s,a)), for any (s,a) € S x A, where
Vi = Vg, is the stationary state distribution of g, .

See §G.1|for a detailed proof of Proposition[3.1] Motivated by Proposition[3.1} to implement the ac-
tor update in (2.7), we update the actor parameter 6 by solving the following minimization problem,

Opr1 < argéninEpk [(fg(s, a) — Tee1 - (B_lek(&a) + Tk_lfgk (s, a)))Q], 3.1

where pj, = pr, 1is the stationary state-action distribution of 7y, .

Critic Update. To implement the critic update in (2.7, we update the critic parameter w by solving
the following minimization problem,

We+1 < argmin Epk-u [([Qw - (1 - ’7) r= P41 Qo.m](sv CL))2], (32)

where pry1 = Pro,, is the stationary state-action distribution of 7, ., and the operator P™ is

defined in 2.3).

3.1 LINEAR FUNCTION APPROXIMATION

In this section, we consider linear function approximation. More specifically, we parameterize the
action-value function using Q. (s,a) = w'y(s,a) and the energy function of the energy-based
policy 7y using fo(s,a) = 07 ¢(s,a). Here p(s,a) € RY is the feature vector, where d > 0 is
the dimension. Without loss of generality, we assume that ||¢(s,a)||2 < 1 for any (s,a) € S x A,
which can be achieved by normalization.

Actor Update. The minimization problem in (3.1]) admits the following closed-form solution,
Okt1 = Thr1 - (B wi + 75, Ok), (3.3)
which corresponds to a step of the natural policy gradient method (Kakadel 2002).

Critic Update. The minimization problem in (3.2) admits the following closed-form solution,

(;k+1 = (]Epk+1 [90(5’ CL)QD(S, a)T]) Epk+1 H(l - 7) Tty P7Ok+1 ka](s’ a) ' gp(s, a)} . 34

Since the closed-form solution w1 in (3.4) involves the expectation over the stationary state-action
distribution py41 of me,,,, we use data to approximate such an expectation. More specifically,

we sample {(s¢,1,ae,1)}ec(n) and {(Se,2, @02, 70,2, 5795 @y ) bee[n) such that (se1,a01) ~ pri,

—1
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!/ !/ !/
(80,2,a0,2) ~ prs1, T2 = 1(Se,2,a02), Sy ~ P([80,2,a02), and aj o ~ o, ., (- | 8} o), Where N
is the sample size. We approximate wy, 1 using w1, which is defined as follows,

N
-1
Wht1 = FR{(Z@(Sm,ae,1)<ﬂ(8e,1,ae,1)T> (3.5)
/=1
N
(=) a2+ - Qu (20 0h2)) - P2, 002) -
=1

Here T is the projection operator, which projects the parameter onto the centered ball with radius
R in R%. Such a projection operator stabilizes the algorithm (Konda and Tsitsiklis, [2000; Bhatnagar
et al., 2009). It is worth mentioning that one may also view the update in as one step of the
least-squares temporal difference method (Bradtke and Barto), [1996), which can be modified for the
off-policy setting (Antos et al.| [2007; |Yul 2010; [Liu et al., 2018} [Nachum et al.| [2019; Xie et al.,
2019; Zhang et al.l [2020; |Uehara and Jiang, |2019; [Nachum and Dai, [2020). Such a modification
allows the data points in (3.5) to be reused in the subsequent iterations, which further improves the
sample complexity. Specifically, let ppny € P(S X A) be the stationary state-action distribution
induced by a behavioral policy myny. We replace the actor and critic updates in and by

Opy1 arggnin Epo [(fo(s,a) = Thog - (ﬂ_lek (s,a) + 7, " fo, (s, a)))Z], (3.6)

wit1 — argminEy, [([Qu — (1 —7) -7 — v - P™+1Qy,](s,a))], (3.7)

respectively. With linear function approximation, the actor update in (3.6) is reduced to (3.3)), while
the critic update in (3.7) admits a closed form solution

(:)k-l-l = (prhv [@(57 a)cp(s, a)T]) : Ephhv “(1 - 7) S P™0k+1 ka](s’ a) : 50(57 CL)],
which can be well approximated using state-action pairs drawn from pyny. See §4] for a detailed

discussion. Finally, by assembling the updates in (3.3) and (3.3), we present the linear actor-critic
method in Algorithm[I} which is deferred to §B]of the appendix.

-1

4 THEORETICAL RESULTS

In this section, we upper bound the regret of the linear actor-critic method. We defer the analysis of
the deep neural actor-critic method to §Clof the appendix. Hereafter we assume that |r (s, a)| < T'max
for any (s,a) € S x A, where r,,x is a positive absolute constant. First, we impose the following
assumptions. Recall that p* is the stationary state-action distribution of 7*, while py, is the stationary
state-action distribution of 7y, . Moreover, let p € P(S x A) be a state-action distribution with
respect to which we aim to characterize the performance of the actor-critic algorithm. Specifically,
after K + 1 actor updates, we are interested in upper bounding the following regret

K K

E[> (10"~ @™ )| =E[X0(@(5,0) — Q@7+ (s,a) . @D
k=0 k=0

where the expectation is taken with respect to {0y } ke[ +1] and (s,a) ~ p. Here we allow p to be

any fixed distribution for generality, which might be different from p*.

Assumption 4.1 (Concentrability Coefficient). The following statements hold.

(i) There exists a positive absolute constant ¢* such that ¢; < ¢* for any k& > 1, where
o5, = lldp* /dpkll . 2-

(ii) We assume that for any k& > 1 and a sequence of policies {; };>1, the k-step future-state-
action distribution pPP™ - - - P™* is absolutely continuous with respect to p*, where p is the
same as the one in Also, it holds for such p that C,, ,- = (1—7)2 327, k*y%-c(k) <
oo, where c(k) = SUD (.} |[d(pP7™ .. P™)/dp*

p* 00

In Assumption .1} C, - is known as the discounted-average concentrability coefficient of the
future-state-action distributions. Such an assumption indeed measures the stochastic stability prop-
erties of the MDP, and the class of MDPs with such properties is quite large. See Szepesvari and
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Munos|(2005)); [ Munos and Szepesvaril (2008); Antos et al.|(2008azb); Scherrer| (2013); Scherrer et al.
(2015)); [Farahmand et al.| (2016);|Yang et al.[(2019b); Geist et al.|(2019); (Chen and Jiang| (2019) for
more examples and discussion.

Assumption 4.2 (Zero Approximation Error). It holds for any w,§ € B(0,R) that
infgeso,r) Epn, [((T7Qu — @ ¢l(s, a))2} = 0, where T™ is defined in (2.4).

Assumption [4.2] imposes a structural assumption of the MDP under the linear setting. Specifically
speaking, it assumes that the Bellman operator of each policy maps a linear value function to a
linear function. Therefore, the value function associated with each policy (which is the fixed point
of the corresponding Bellman operator) lies in the linear function class. Since the value functions are
linear here, the energy-based policy class approximately covers the optimal policy as the temperature
parameter T goes to zero. In summary, our Assumption [4.2] ensures that the energy-based policy
class approximately captures the optimal policy and thus there is no approximation error. When
Assumption[4.2]does not hold, we only need to add an additional bias term to the regret upper bound
in our theorem without much change in the proof.

Assumption 4.3 (Well-Conditioned Feature). The minimum singular value of the matrix
E,.[¢(s,a)¢(s,a) ] is uniformly lower bounded by a positive absolute constant o* for any k > 1.

Assumption ensures that the minimization problem in (3.2)) admits a unique minimizer, which
is used in the critic update. Similar assumptions are commonly imposed in the literature (Bhandari
et al.L 2018 Xu et al., 2019} |Zou et al., 2019; 'Wu et al., [2020).

Under Assumptions and we upper bound the regret of Algorithm [I]in the following
theorem.
Theorem 4.4. We assume that Assumptions and 43| hold. Let p be a state-action distri-
bution satisfying of Assumption Also, for any sufficiently large K > 0, let 3 = K'/2,
N =QKC3 .- (¢*)o*)? - log? N), and the sequence of policy parameters {01} ke +1) be gen-
erated by Algorithm ] It holds that

K

E[Z(Q*(s,a) — Qr+ (s,a))} < (21 —7)7% log|A| +0O(1)) - K'/2, (4.2)

k=0
where the expectation is taken with respect to {0 },c[x41] and (s,a) ~ p.

We sketch the proof in See for a detailed proof. Theorem establishes an O(K'/?)
regret of Algorithm |1} where K is the total number of iterations. Here O(-) omits terms involving
(1 —)~! and log |A]. To better understand Theorem [4.4] we consider the ideal setting, where we
have access to the action-value function @™ of any policy 7. In such an ideal setting, the critic
update is unnecessary. However, the natural policy gradient method, which only uses the actor
update, achieves the same O(Kl/Q) regret (Liu et al.,|2019; |Agarwal et al., [2019; [Cai et al.,|2019).
In other words, in terms of the iteration complexity, Theorem[d.4] shows that in the single-timescale
setting, using only one step of the critic update along with one step of the actor update is as efficient
as the natural policy gradient method in the ideal setting.

Furthermore, by the regret bound in (@.2)), to obtain an e-globally optimal policy, it suffices to set
K= (1-~)"%c72 log?|A|in Algorithm and output a randomized policy that is drawn from
{7, }17" uniformly. Plugging such a K into N = Q(KC2 .(¢*/0*)? - log® N, we obtain that
N = O(e7?), where O(-) omits the logarithmic terms. Thus, to achieve an e-globally optimal
policy, the total sample complexity of Algorithmis O(e~%). This matches the sample complexity
results established in Xu et al| (2020); Hong et al.| (2020) for two-timescale actor-critic methods.
Meanwhile, notice that here the critic updates are on-policy and we draw [N new data points in each
critic update. As discussed in under the off-policy setting, the critic updates given in
can be implemented using a fixed dataset sampled from pyy,y, the stationary state-action distribution
induced by the behavioral policy. Under this scenario, the total number of data points used by the
algorithm is equal to N. Moreover, by imposing similar assumptions on pyhy as in[(1)]of Assumption
and Assumption we can establish a similar O(K'/?) regret as in @2) for the off-policy
setting. As a result, with data reuse, to obtain an e-globally optimal policy, the sample complexity
of Algorithm |1|is essentially O(¢~2), which demonstrates the advantage of our single-timescale
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actor-critic method. Besides, only focusing on the convergence to an e-stationary point, [Wu et al.
(2020); Xu et al.| (2020) establish the sample complexity of 0(5_5/ 2) for two-timescale actor-critic,
where € measures the squared Euclidean norm of the policy gradient. In contrast, by adopting the
natural policy gradient (Kakade| 2002) in actor updates, we achieve convergence to the globally
optimal policy. We remark that the idea of off-policy evaluation cannot be applied to typical two-
timescale setting (Wu et al., [2020; (Xu et al., [2020), where the critic is updated using TD learning
(e.g. TD(0) and TD()\)), since it is shown that off-policy TD method may diverge even with linear
function approximation (Baird et al., |[1995} Sutton et al., 2008). To the best of our knowledge,
we establish the rate of convergence and global optimality of the actor-critic method with function
approximation in the single-timescale setting for the first time.

Furthermore, as we will show in Theorem of §Bl when both the actor and the critic are repre-
sented using overparameterized deep neural networks, we establish a similar O((1 —~) 2 -log |A| -
K 2) regret when the architecture of the actor and critic neural networks are properly chosen. To
our best knowledge, this seems the first theoretical guarantee for the actor-critic method with deep
neural network function approximation in terms of the rate of convergence and global optimality.
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A DEEP NEURAL NETWORK APPROXIMATION

In this section, we consider deep neural network approximation. We first formally define deep neural
networks. Then we introduce the actor-critic method under such a parameterization.

A deep neural network (DNN) ug(x) with the input z € R?, depth H, and width m is defined as

1
— oW, "), for h e [H], wue(x) =0b" ). (A1)
m

2O =g 20 =
Here o: R™ — R™ is the rectified linear unit (ReLU) activation function, which is define as o (y) =
(max{0,v1},...,max{0,ym})" foranyy = (y1,...,ym) " € R™. Also, we have b € {—1,1}™,
Wy € R¥>™ and W), € R™*™ for 2 < h < H. Meanwhile, we denote the parameter of the
DNN wg as 6 = (vec(W1) T, ..., vec(Wg) )T € R™all with may = md + (H — 1)m?. We call
{Wh}nerm) the weight matrices of 6. Without loss of generality, we normalize the input 2 such that
[z = 1.
We initialize the DNN such that each entry of W}, follows the standard Gaussian distribution A/(0, 1)

for any h € [H|, while each entry of b follows the uniform distribution Unif ({—1, 1}). Without loss
of generality, we fix b during training and only optimize { W}, } ,c[z]. We denote the initialization of

the parameter 6 as 0y = (vec(W?) T, ..., vec(W%)T)T. Meanwhile, we restrict  within the ball
B(6y, R) during training, which is defined as follows,
B(6o, R) = {0 € R™": |[W,, — W})||[g < R, for h € [H]}. (A.2)

Here {W}, }yem) and {W} },c(a) are the weight matrices of 6 and 6y, respectively. By (A2), we
have [|6 — 6y||2 < RV H for any 6 € B(6y, R). Now, we define the family of DNNs as

U(m,H,R) = {ug: 6 € B(o,R)}, (A.3)
where uy is a DNN with depth H and width m.

We parameterize the action-value function using Q,(s,a) € U(m., H., R.) and the energy func-
tion of the energy-based policy 7y using fo(s,a) € U(ma, H,, R,). Here U(m., He, R.) and
U(ma, Hy, R,) are the families of DNNs defined in (A.3). Hereafter we assume that the energy
function fy and the action-value function ()., share the same architecture and initialization, i.e.,
m, = me, Hy = H., R, = R, and 0y = wg. Such shared architecture and initialization of the
DNNSs ensure that the parameterizations of the policy and the action-value function are approxi-
mately compatible. See [Sutton et al.| (2000); Konda and Tsitsiklis| (2000); Kakade| (2002); [Peters
and Schaal| (2008a); [Wang et al.|(2019) for a detailed discussion.

Actor Update. To solve (3.1), we use projected stochastic gradient descent, whose n-th iteration
has the following form,

f(n+1)

— T509,r.) (0(n) — @+ (fon)(s,a) — Trg1 - (B7'Qui(s,a) + 74 ' fo,.(5,a))) - Vo fom) (s a)).

Here I'3(9,,r,) i the projection operator, which projects the parameter onto the ball B(6y, R.)
defined in (A.2). The state-action pair (s, a) is sampled from the stationary state-action distribution
pr- We summarize the update in Algorithm 3] which is deferred to §B]of the appendix.

Critic Update. To solve (3.2)), we apply projected stochastic gradient descent. More specifically, at
the n-th iteration of projected stochastic gradient descent, we sample a tuple (s, a,r, s’,a’), where
(s,a) ~ pry1.7 =r(s,a), s’ ~ P(-|s,a),and a’ ~ g, (- |s’). We define the residual at the n-th
iteration as d(n) = Qun)(s,a) — (1 =) -7 — - Qu, (', a’). Then the n-th iteration of projected
stochastic gradient descent has the following form,
w(n +1) = Tpwy,ro) (@1N) =1 6(n) - VoQun) (s, a)).

Here T'(,,.r.) is the projection operator, which projects the parameter onto the ball B(wo, R.)
defined in . We summarize the update in Algorithm @] which is deferred to §BJof the appendix.

By assembling Algorithms [3]and [ we present the deep neural actor-critic method in Algorithm [2}
which is deferred to §B|of the appendix.

Finally, we remark that the off-policy actor and critic updates given in (3.6) and (3.7) can also
incorporate deep neural network approximation with a slight modification, which enables data reuse
in the algorithm.
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B DETAILS OF ALGORITHMS

In this section, we summarize the algorithms in We first introduce the actor-critic method with
linear function approximation in Algorithm I]

Algorithm 1 Linear Actor-Critic Method

Input: Number of iterations K, sample size IV, temperature parameter 3.
Initialization: Set 7y <— oo, and randomly initialize the actor parameter 6 and the critic param-
eter wy.
fork=0,1,2,..., K do
Actor Update: Update 61 via 33) with 7}, = (k+1) - 81
Critic Update: Sample {(s/,1,a¢,1)}ec(n) and {(Se,2, 0,2, 70,2, S} 95 @y o) ee[n) @s specified
in Update w41 via (3:3).
end for
Output: {7, }ve[x+1), Where mp, GXp(Tk_lfgk_).

We introduce the actor-critic method with DNN approximation in Algorithm [2] which relies on
Algorithms [3|and [ for the actor and critic updates.

Algorithm 2 Deep Neural Actor-Critic Method

Input: Number of iterations K, N,, N, stepsizes «, ), and temperature parameter /3.
Initialization: Set 7y <— co and initialize DNNs fy, and @, as specified in
fork=0,1,2,..., K do
Actor Update: Update 0y, via Algorithmwith input 7y, , 0o, Quy> @ B Tiyr = (k+1)71-
3, and N,.
Critic Update: Update w1 via AlgorithmE]with input 7p, , ,, Qu, > wo, 1, and Ne.
end for
Output: {7T9k }kE[K+1], where Y, X exp(lelf@k).

Algorithm 3 Actor Update for Deep Neural Actor-Critic Method

Input: Policy 7y o exp (7~ fy), initial actor parameter 6, action-value function Q,,, stepsize o,
temperature parameter 3, temperature 7, and number of iterations N,.
Initialization: Set 6(0) < 6.
forn=0,1,2,...,N, — 1do
Sample (s, a) as specified in
Set O(n + 1) <+ Tpgy,r)0(n) — o - (form)(s.a) = 7 - (B7'Qu(s,a) + 771 fo(s,a))) -
v@f@(n)(sa a))
end for
Output: 6 = 1/N, - Zf:’il 6(n).

Algorithm 4 Critic Update for Deep Neural Actor-Critic Method
Input: Policy 7y, action-value function (), initial critic parameter wy, stepsize 7, and number of
iterations N..
Initialization: Set w(0) + wyq.
forn=0,1,2,...,N. — 1do
Sample (s, a,r, s',a’) as specified in
Set §(n) « Qw(n)(s,a) —(1=7)-r—v-Qu,(s,d).
Setw(n + 1) + Diug.)(@(n) = 1-8(n) - VeoQu(n) (5.0)):
end for
Output: @ = 1/N, - ny;l w(n).
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C CONVERGENCE RESULTS OF ALGORITHM 2]

In this section, we upper bound the regret of the deep neural actor-critic method. Hereafter we
assume that |r(s,a)| < rmax for any (s,a) € S x A, where 7.y is a positive absolute constant.
First, we impose the following assumptions in parallel to Assumption 4.1} Recall that p* is the
stationary state-action distribution of 7*, while py, is the stationary state-action distribution of 7y, .

Assumption C.1 (Concentrability Coefficient). The following statements hold.

(i) There exists a positive absolute constant ¢* such that ¢; < ¢* for any k& > 1, where
o1, = lldp* /dpill . 2-

(ii) For the state-action distribution p used to define the regret in (4.1), we assume that for
any k£ > 1 and a sequence of policies {7%'}7:21, the k-step future-state-action distribution
pP™ ... P™* is absolutely continuous with respect to p*. Also, it holds that

o0

Cppr = (1=7)° Z K2R - e(k) < oo,
k=1

where c(k) = SUP{m:}iepm [d(pP™ - - - P7*) /dp*

p*,00-

Meanwhile, we impose the following assumption in parallel to Assumption .2}

Assumption C.2 (Zero Approximation Error). For any Q,, € U(m¢, He, R.) and policy , it holds
that T"Q,, € U(m., He, R..), where T™ is defined in (2.4).

Assumption states that U(m., H., R.) is closed under the Bellman evaluation operator T™,
which is commonly imposed in the literature (Munos and Szepesvari, [2008; |Antos et al., 2008a;
Farahmand et al., | 2010; |2016; [Tosatto et al., |2017;|Yang et al.,[2019b; [Liu et al., 2019).

We upper bound the regret of the deep neural actor-critic method in Algorithm 2]in the sequel. To
establish such an upper bound, we first establish the rates of convergence of Algorithms 3] and ] as
follows.

Proposition C.3. For any sufficiently large N, > 0, let m, =
(¥R Ha* log(ma/? /Ra)?/?), Hy = O(NJ'*), and R, = O(ma/*H;%(logma)~?).
We denote by 6 the output of Algorithm [3| with input mp o< exp(7~=1fp), 0o, Qu, @, B,
7= (r"'+ 8717 and N,. Also, let f = 7 (871Q., + 71 fp). With probability at least
1 — exp(—9( 232 3Ha)) over the random initialization 6y, we have

E[(f5(s,a) — f(s,))"] = O(RENY? 4 REPm VS H log my).

Here the expectation is taken over the randomness of @ conditioning on the initialization §, and
(s,a) ~ pr,, where p, is the stationary state-action distribution of 7.

Proof. See §G.2)for a detailed proof. O
Proposition C.4. For any sufficiently large V. > 0 let m =

Q(d*2R7TH: Y ? log(me/?/R)?/?), He = O(NM*), and R, = O(mi/*H;S(logme)3).
We denote by @ the output of Algorithm [ with input 7y, Q.. wo, 1, and N.. Also, let
Q= (1—7)-r+v-P™Q,. With probability at least 1 — exp(—£( g/‘jmg/dHC)) over the random
initialization wg, we have

E[(Q@(s,a) — Qv(s, a))Q] = O(Rg]\fc_l/2 + Rf/?’mc_l/fng log me).

Here the expectation is taken over the randomness of w conditioning on the initialization wy and
(s,a) ~ pr,, where pr, is the stationary state-action distribution of 7.

Proof. See for a detailed proof. O
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Propositions [C.3|and [C.4] characterize the errors that arise from the actor and critic updates in Algo-

rithm respectively. In particular, if the widths m, and m. of the DNNs fy and @), are sufficiently

large, the errors characterized in Propositions and decay to zero at the rates of O(N, 1 2)

and O(N¢ 1 2), respectively. Propositions and act as the key ingredients to upper bounding
the regret of the deep neural actor-critic method.

Based on Propositions [C.3] and [C.4] we upper bound the regret of Algorithm [2] in the following
theorem, which is in parallel to Theorem 4.4}

Theorem C.5. We assume that Assumptions and hold. Let p be a state-action distri-
bution satisfying of Assumption [C.I] Also, for any sufficiently large K > 0, let N, =
Q(K2CH . (6" + 4% + 1)*RY), N. = Q(K2C2,.¢*RY), H, = H. = O(N¢/*), R, = R. =
O(mé* H;%(log me)=3), ma = me = QA2 KOC12 . (¢* +4*+1) 2 RIS H*2 log(mi/* / R.)*/?),
8 = K2, and the sequence {0k} re[x) be generated by Algorithm [2, With probability at least
1 — 1/K over the random initialization 6 and wy, it holds that

K
B[ @7(0.0) = @7 ()] < (201 = 9)log A+ 0(1) - K2

where the expectation is taken over the randomness of (s, a) ~ p and {0y 1},e|x) conditioning on
the initialization 6 and wy.

Proof. See §E.2]for a detailed proof. O

When the architecture of the actor and critic neural networks are properly chosen, Theorem [C.3]
establishes an O(K/?) regret of Algorithm where K is the total number of iterations. Specifically
speaking, to establish such a regret upper bound, we need the widths m, and m. of the DNNs fy
and @, to be sufficiently large. Meanwhile, to control the errors of actor update and critic update in
Algorithm 2] we also run sufficiently large numbers of iterations in Algorithms [3]and {]

In terms of the total sample complexity, to simplify our discussion, we omit constant and logarithmic
terms here. To obtain an e-globally optimal policy, it suffices to set K =< 72 in Algorithm 2| By
plugging such a K into N, = Q(K*C} .(¢* + ¢* + 1)*R}) and N, = Q(K*C} .6 Ry) as
required in Theorem we have N, = O(e~*) and N, = O(e~*). Thus, to achieve an e-globally

optimal policy, the total sample complexity of Algorithmis O(e7%). With the modification to off-
policy setting as in the total sample complexity of Algorithmis O(e~%). In comparison, Liu
et al. (2019) requires a total sample complexity of O(c~%) to achieve an e-globally optimal policy,
which is worse than our single-timescale algorithm. Meanwhile, since |[Liu et al.[(2019) uses TD(0)
in the critic update, which is shown to diverge under off-policy setting even with linear function
approximation (Baird et al.l |1995), the method of data reuse cannot be applied to |[Liu et al.| (2019)
to eliminate the total sample complexity.

To the best of our knowledge, we establish the rate of convergence and global optimality of the
actor-critic method under single-timescale setting with DNN approximation for the first time.

D PROOF SKETCH OF MAIN THEOREM

In this section, we sketch the proof of Theorem @ Recall that p is a state-action distribution
satisfying [(ii)| of Assumption We first upper bound Zszo(Q*(S» a) — Q™+ (s,a)) for any
(s,a) € § X Ain part 1. Then by further taking the expectation over p in part 2, we conclude the
proof of Theorem[@.4] See for a detailed proof.

Part 1. In the sequel, we upper bound ZkK:O(Q*(s, a) — Q"+1(s,a)) forany (s,a) € S x A. We
first decompose Q* — Q" %+1 into the following three terms,

K K

D IQT = Q™rr](s,a) = > [(I = AP™ ) H(Avk + Az + Asp)| (5, a), (D.1)

k=0 k=0
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the proof of which is deferred to (EI)) and (E-2) in of the appendix. Here the operator P™" is
defined in @3), (I —AP™ )™t =322, (vP™ )?, and Ay 4, Az x, and A3 , are defined as follows,

Avi(s,a) = [y(P™ = P™+1)Qu,](s, a), (D.2)
As ji(s,a) = [yP™ (Q™+1 — Quy,)] (5, a), (D.3)
Az (s, a) = [T™+1Qy, — Q™ +1](s, a). (D.4)

To understand the intuition behind A, j, Az, and Az j, we interpret them as follows.

Interpretation of A, ;. Asdefined in (D.2)), A, j arises from the actor update and measures the con-
vergence of the policy 7y, , , towards a globally optimal policy 7*, which implies the convergence

of P™x+1 towards P™ .

Interpretation of A3 ;. Note that by (2.2) and (Z:4), we have Q"%+t = T™%+1 Q"%+1 and T" %+
is a y-contraction, which implies that applying the Bellman evaluation operator T"°++1 to any Q,
e.g., Qu,. infinite times yields @™*»+1. As defined in (D.4), A3 ; measures the error of tracking
the action-value function Q"+ of 7y, ., by applying the Bellman evaluation operator T"*++1 to
Q. only once, which arises from the critic update. Also, as Ag = T"%+1 (Qu, — Q"%+1), Az
measures the difference between Q™+, which is approximated by @, as discussed subsequently,
and Q"’++1. Such a difference can also be viewed as the difference between 7y, and 7y, , ,, which
arises from the actor update. Therefore, the convergence of As j, to zero implies the contractions
of not only the critic update but also the actor update, which illustrates the “double contraction”
phenomenon. We establish the convergence of As j; to zero in subsequently.

Interpretation of A; ;. Assuming that A3 ;_; converges to zero, we have T @, , ~ Q"%.
Moreover, assuming that the number of data points NV is sufficiently large and ignoring the pro-
jection in (33), we have T™ Q. _, = Qz, ~ Qu, as &y defined in (3.4) is an estimator of wy,.
Hence, we have Q™ ~ @, . Such an approximation error is characterized by ¢, defined in (D.3)
subsequently. Hence, Aj ; measures the difference between 7y, and 7, , through the difference
between Q™% ~ @, and Q"+, which relies on the convergence of A3 ;_1 to zero.

In the sequel, we upper bound A; i, Az, and Aj i, respectively. To establish such upper bounds,
we define the following quantities,

52+1(5aa) = [TMHIQW - ka+1](s7a), (D.5)
ek+1(sva) = [ka — T7%%+1 ka](s,a), (D.6)
Ui (s) = KL(7" (-] 5) [| 70, (- | 5)) — KL(7*(- | 5) [ mo,., (- | 5))- (D.7)

To understand the intuition behind ¢}, 1> Ch+1s and ¥, we interpret them as follows.

Interpretation of ¢} . Recall that w1 is defined in @])., which parameterizes T™0k+1 Quy, (ig-
noring the projection in (3.5)). Here €j, , | arises from approximating w1 using w1 as an estima-
tor, which is constructed based on wy, and the N data points. In particular, €7, 11 decreases to zero as
N — oo, which is used in characterizing As j defined in (D.3).

Interpretation of e, ;. Assuming that A3 j_; defined in (D.4) and €, defined in (D.3) converge
to zero, which implies T™ Q,,, , = Q"% and T Q,, , =~ Q.,, respectively, we have Q,,, ~
Q™. Therefore, as defined in (D.6), ex+1 = Qu, — T +1Qy, ~ Q% — TT+1Q™ =
(T7ex —T™%+1)Q™ measures the difference between 74, and 7y, , ,, which implies the difference
between T7 and T™%+1. We remark that e, fully characterizes As j defined in (D.4) as shown

in (D.8) subsequently.

Interpretation of ;.. As defined in (D.7), ¥} measures the difference between m, and 7y, , in
terms of their differences with 7*, which are measured by the corresponding KL-divergences. In
particular, 9}, is used in characterizing A; j and A, ;, defined in (D.2)) and (D.3), respectively.

We remark that €}, | measures the statistical error in the critic update, while 5, measures the opti-
mization error in the actor update. As discussed above, the convergence of A3 ;. to zero implies the
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Critic Update: Qu Quisa
€% Ck+1 €541
T ka—l T™0k+2 ka

Az k-1 Az
T U T

Actor Update: Q™% Q" x+1

A1k A g1
TW ka Tﬂ— ka+1
Ag k-1 As g
Tﬂ-* Qﬂ-ekfl ’I[‘Tr* ngk

Figure 1: Illustration of the relationship among Ay x, A2 x, A3k, €7 1> €x+1, and Jy. Here {0, wy }
and {011, wr+1} are two consecutive iterates of actor-critic. The red arrow from Q. t0 Qu,,,
represents the critic update and the red arrow from Q™ to Q™°++! represents the action-value
functions associated with the two policies in any actor update. Here 19k given in (D.7) quantifies the
difference between 7, and g, , in terms of their KL distances to 7*. In addition, the cyan arrows
represent quantities A; , Ao ., and As j, introduced in (D.2)—(D-4), Wthh are intermediate terms
used for analyzing the error Q* Q”Hl Finally, the blue arrows represent €, ; and ey defined
in and (D.6)), respectively. Here €f_ ; corresponds to the statistical error due to having finite
data whereas ey 1 essentially quantifies the difference between 7y, and g, , , .

contraction of both the actor update and the critic update, which illustrates the “double contraction”
phenomenon. Meanwhile, since e fully characterizes A j as shown in (D-8)) subsequently, ey 1
plays a key role in the “double contraction” phenomenon. In particular, the convergence of ey to
zero is established in (D.9) subsequently. See Figure []for an illustration of these quantities.

With the quantities defined in (D.3), (D.6), and (D.7), we upper bound A; i, A, and Az as
follows,

Al’k(& CL) < ’75 . [Pﬁk](sa a)7
k—1

Ay k(s CL) [(VPW )k+1(Q Qwo)} (S a -l-’}/ﬁ Z ,}/]P)‘ﬂ' k ZP’@}(S a)

=0
+Z (VP ) e 0] (5, a),

A3J€(37 a) = [,ﬂpﬂ'ek+1 (I - IY]P)W%JA )_1ek+1} (87 a)a (D.3)

the proof of which is deferred to Lemmas [E.2| and [E.3]in §E.I] of the appendix, respectively.
Meanwhile, by recursively expanding (D.3) and [D.6). we have

ert1(s,a) [ (HIE”” )€1+Z’7k 1( H P”QS) I —~P™)e ]( a), (D.9)

s=i+1
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the proof of which is deferred to Lemma[E-4]in of the appendix. By plugging (D.9) into (D-8),
we have

k
Asjo(s,a) < |yP0m41 (I — P 0rs1) 7] (fy‘“ (TP )ex (D.10)

s=1

k k
+ ;7’“”( I &) - ypﬂei)egﬂ (s.0).

s=i+1

To better understand (D.10) and how it relates to the convergence of A3 j, As j, and Ay i to zero,
we discuss in the following two steps.

Step (i). We assume € = 0, which corresponds to the number of data points N — co. Then (D.10)
yields Az = O(y*), which implies that A3 defined in converges to zero driven by the
discount factor . As discussed above, the convergence of A3 ; to zero also implies the contraction
between 7, and 7y, ,, of the actor update and the contraction between Q,,, and Q™ of the critic
update, which illustrates the “double contraction” phenomenon.

Step (ii). The convergence of Ajj to zero further ensures that A, j; converges to zero. To see
this, we further assume Az = 0, which together with the assumption that €;,; = 0 implies
Q™+ = T™k+1Qy, = Qu,,, by their definitions in (D.4) and (D.5), respectively. Then by
telescoping the sum of Aj ;, defined in (D.3), which cancels out Q. ., and Q™**+1, we obtain the
convergence of A, j, to zero. Meanwhile, telescoping the sum of A; j, defined in (D-2)) and the sum
of its upper bound in (D.8)) implies that A; j converges to zero.

Now, by plugging (D-8) and (D-I0) into (D.I), we establish an upper bound of 31 (Q*(s,a) —
Q™+1(s,a)) for any (s,a) € S x A, which is deferred to (E-I2) in §E.1|of the appendix. Hence,
we conclude the proof in part 1. See part 1 of §E.I|for details.

Part 2. Recall that p is a state-action distribution satisfying[(iD)]of Assumption[d.1] In the sequel, we
take the expectation over p in (E.12) and upper bound each term. We first introduce the following
lemma, which upper bounds €, ; defined in (D.3).

Lemma D.1. Under Assumptions[#.2]and[4.3] it holds for any k£ > 1 that

16(rmax + R)?
N0*4

where the expectation is taken with respect to randomness of wy11 and (s, a) ~ pgi1.

E[62+1(37 a>2] = E[(QMCH (S’ a) - [Twek ka](sa a))2] < . log(N + d)Q,

Proof. See §H.1|for a detailed proof. O

On the right-hand side of (E:12) in of the appendix, for the terms not involving € ,, i.e., M,
My, and M in (E13)), we take the expectation over p and establish their upper bounds in the /o-
norm over (s, a) in Lemma m On the other hand, for the terms involving €7, 1 i.e., My and M5 in
[E.14)), we take the expectation over p and then change the measure from p to py1. By Assumption
[.T]and Lemma[D.I] which relies on pj1, we establish the upper bounds in Lemmal[E.§] See part 2
of for details.

Combining Lemmas[E.3]and [E. yields Theorem#.4] See §E1|for a detailed proof.

E PROOFS OF THEOREMS

E.l1 PROOF OF THEOREM [£4]
Recall that p is a state-action distribution satisfying [(i)] of Assumption .1} We first upper bound

Zf:O(Q*(S,a) — Q"+1(s,a)) for any (s,a) € S X A in part 1. Then by further taking the
expectation over p and invoking Lemma[D.T]in part 2, we conclude the proof of Theorem 4.4
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Part 1. In the sequel, we upper bound ZkK:O(Q*(s, a) — Q™+1(s,a)) for any (s,a) € S x A. By
the definition of @* in (2.2)), it holds for any (s,a) € S x A that

Q" — Q"*+1](s,a)
DA =2)- () r](s,@) = QT+ (s,a)

o~
Il
o

[(1 _ 7) . (,YIP)TF*)ZT + (VPW*)€+1Q7TQI€+1 _ (,wa*)é—f—leekH](S?a) _ kaﬂ (S, a)

M

o~
i
o

[(L=7) - (VBT ) 7+ (4P ) H1 Qw1 — (yP™ ) ' Q1] (s, a)

o~
Il
=)

— Z [('YEM* )Z((l _ ’}/) ey ]P)ﬂ‘*Q‘/TQk+1 _ Qﬂ'ék+1):| (5,(1), (E.1)

£=0

where P™" is defined in (2.3). We upper bound [(1 — ) -7 + v - P™ Q™r+1 — Q™+1](s, a) on the
RHS of (E-I) in the sequel. By calculation, we have

(1) 7+ 5B Qe — Q] (s,a)
= [((1 — fy) sr 4y -PW*QW%JA) — ((1 — fy) - —‘r'y-IPW*ka)} (s,a)
4 [((1 —’7) Sy ]P)?T*ka) _ ((1 _,y) 4y Pﬂ5k+1ka):|(8’a)

+[(@ =ty P Q) - QT | (5,0)
= Ay k(s,a) + Ag (s, a) + As (s, a), (E.2)
where A, j, Az, and As j, are defined as follows,
Avi(s,a) = [y~ P™1)Qu, ] (s, a),
Az (s,a) = [P (Q™+ — Qu,)] (s, a),
Az (s, a) = [T™%+1 Qy, — Q" *+1](s, a). (E.3)

Here T"%+1 is defined in (2.4). By the following three lemmas, we upper bound A; j, As j, and
As i, on the RHS of (E.2), respectively.

Lemma E.1. It holds for any (s,a) € S x A that

Al,k(sa a) = [V(Pﬂ* — P+ )ka] (S, a’) < [’Yﬂ : P(ﬁk + 62—}-1)] (S, a)a
where ¥, and €}, 4 are defined as follows,

Oi(s) = KL(" (-] 5) [ mo, (-] 5)) = KL(7"(-| ) | ma,.., (- | 5)), (E4)
624—1(3) = <10g(7T9k+1 ( | 5)/7T9k ( | 5)) - 1671 : ka (Sa ')a ﬂ-*(' | 5) = TOk41 ( | 5)> (ES)
Proof. See §H.2)for a detailed proof. O

We remark that €}, 11 = 0 for any k in the linear actor-critic method. Meanwhile, such a term is
included in Lemma [E.T|only aiming to generalize to the deep neural actor-critic method.

Lemma E.2. It holds for any (s,a) € S x A that
k—1

A i(s,0) < [T )HHQT = Quo)] (s,0) + 78+ Y _[(FP™ )M "R + €i1)] (s, a)

i=0
+ Z [(’Y]Pﬂr )k716§+1} (S, a)v
=0

where ¥; is defined in (E.4) of Lemma [E.1} €2, is defined in (E.5) of Lemma [E.I} and €, is
defined as follows,

6§+1(8, Cl) = [Tﬂe#l Qwi - Qwi+1]<57 CL). (E6)
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Proof. See for a detailed proof. O

We remark that €7, , = 0 for any & in the linear actor-critic method. Meanwhile, such a term is
included in Lemma [E-2]only aiming to generalize to the deep neural actor-critic method.

Lemma E.3. It holds for any (s,a) € S x A that

Az ji(s,a) = [yP"%+1 (1 — 'ﬂPMHl)_lekH](s,a),

where ey is defined as follows,

Ck+1 (S’ a) = [ka — T+ ka] (87 a)' (E.7)
Proof. See for a detailed proof. O

We upper bound e, in (E7) of Lemma[E3|using Lemma [E-4]as follows.
Lemma E.4. Tt holds for any (s,a) € S x A that

exr1(s,a) [ (HIF””’ )el"'ZVk 1( H IP’”) VBPEY 1 + (I —AP™)es) | (s, a).

s=i+1

where €(s, a) is defined in (E.6) of Lemmaand €, 1(s) is defined as follows,
6?—1—1(5) = <10g(ﬂ'91’+1 ( ‘ 3)/7797;(' ‘ S)) - 671 ! Qwi (57 ')7 7T9z‘(' | S) TG4 ( ‘ S)> (ES)
Proof. See for a detailed proof. O

We remark that €2, ; = 0 for any i in the linear actor-critic method. Meanwhile, such a term is
included in Lemma[E.4]only aiming to generalize to the deep neural actor-critic method.

Combining Lemmas|[E.3|and [E.4} we obtain the following upper bound of A3

As p(s,a) = [fyP”Hl (I- ’y]P’m’Hl)*lekH} (s,a)

k
AP Ok+1 (I — AP Ok+1 )_1 <7k (H [P’”s)el (E.9)

s=1

+ka (11 7Y (reets + 12706 ) .0

s=i+1

Combining (EI), (E2), Lemmal[E.T]and Lemma|[E.2] it holds for any (s,a) € S x A that
K

3Q" — @k 1)(s, )

k=0

K k
<Y [T =P ) AP HUQ = Quo) + YO TABPW: + eb)
1=0

k=0
k—1
+ Y (P e + Aaa) | (s.0)
N K = K k
= {(I — )T (PR - Qua) + Y S (P ) B, (E.10)
= =0 i=0
' OK k-1 II(C ’ K k
+Z klf+1+ZA3k+ZZ’Y]PW kz’WPﬁ)}( a),
k=0 z:O k=0 k=0 =0
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where ¥;, €, € L and ey, are defined in (E-4) of Lemma [E.I] (E:3) of Lemma [E.T} @) of
Lemmal[E.2] and 7) of Lemma[E.3] respectively. We upper boun the last term as fo

[ZZW )E- wﬂw} 5,a) [ZZWW ) P }( a)

k=0 1=0 k=0 i=0

- K S
— Zyﬁ(fy]?” )T”Zﬁki] (s,a)
Li=0

= ZVB(VPW )1P2<KL(W* H 7T9k—i) - KL(?T* H 7r9ki+1)>:| (87 a)
-1=0 k=i
- K
= D ABGPT ) P(KL(x" || mg,) — KL(7" | 7T9K_7-,+1))} (s,a)
-i=0
- K ..
< |30 YKL )| (5.0 €11
-1=0

where we use the definition of ¥, _; in (E-4) of Lemma[E.T]and the non-negativity of the KL diver-
gence in the second equality and the last inequality, respectively. By plugging (E9) and (EIT) into
, we have

K
3R — @ 1](s,a)
k=0
K K k
< [(I—W]P”T )—1(2(7@”* VR = Quy) + DY (P )P (E.12)
k=0 k=0 =0
K k-1 K
+Z (VHDW )k i €€ 1 +Z,7k+lp7fek+1 (I ,YPWQk+1 (HHD 95)61
k=0 i=0 k=0
K k k
+ ) Pk (I — Pk 127;@%1( [T P ) (v8Peb + (1 WP“”EE))](S’Q)'
k=0 =1 s=L+1
K .
+> (VP )"y BPKL(7" || ,)
1=0

We remark that €, ; = €p " 1 = O for any i in the linear actor-critic method. Meanwhile, such terms is
included in (E-12)) only aiming to generalize to the deep neural actor-critic method. This concludes
the proof in part 1.

Part 2. Recall that p is a state-action distribution satisfying of Assumption - In the sequel,
we take the expectation over p in (E and upper bound each term. Recall that ez = e‘f+1 =0
for any ¢ in the hnear actor-critic method Hence, we only need to consider terms in (E-12) that do
not involve €2, ; or €?, ;. We first upper bound terms on the RHS of (E-I2) that do not involve € ;.

More specifically, for any measure p satisfying satisfying [(ii)] of Assumption 4.1 we upper bound
the following three terms,

My =E, |(1=7B7) 7 3 (FT QT - Quy)]

k

My = Ep {([ _ ,wa*)—l Z,yk-i-lekH (I _ ry[P'”ekJrl )—1 (H Pﬂes)el} ,
k=0 s=1
K

M =E, [(I —P™ )Y (v )iy BPKL(n" | mo)} . (E.13)
=0

We upper bound M7, Ms, and M3 in the following lemma.
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Lemma E.5. It holds that

|M1‘ < 4(1 - ) (Tmax + R) |M2| S (1 - 7)_3 ‘ (2R + rmax)7
|Ms| < (1—7)72log|A| - K'/2,
where My, Mo, and M3 are defined in (E13).

Proof. See for a detailed proof. O

Now, we upper bound terms on the RHS of (E.12) that involve €7, ;. More specifically, for any
measure p satisfying [(iD] of Assumption[d.1] we upper bound the following two terms,

k
M, =E, [1 AP 122 AP *iegﬂ}, (E.14)
k=0 1=0
K k k
M; =E, [I YPT)TEY TPk (T — Pk )T 12%*“( 11 IP’“"S)(I'y]P”W)e‘,E].
k=0 {=1 s=0+1

We upper bound M, and Mj5 in the following lemma.
Lemma E.6. It holds that

[Mas| < 3KC, - - £q, pp* T EQ-

where M, and Mj are defined in (E:14).
Proof. See for a detailed proof. O
Now, by plugging Lemmas [E-3|and [E.6]into (E-12), we have

K

£, (300" (s.0) - Q7eri (s a>]
k=0
<2(1—7)"% log|A|- K2 4+ 4KC, ,- -e¢ + O(1). (E.15)

Meanwhile, by changing measure from p* to pj1, it holds for any k that

Bp [§41l) </ Bpp, [(6641(5:00)2] - 6, (E.16)

where ¢}, is defined in Assumption[d.1] Also, by Lemma|[D.T} it holds that

VEo [(6641(5,0)?] = O(1/(VNo*) - log N). (E.17)
Now, by plugging (E17) into (E-16), combining the definition of £ = maxy, E,-[|ef,, , |], we have
=0(¢*/(VNg*) -log N). (E.18)

Combining (E.15), (E.I8), and the choices of parameters stated in the theorem that
N =Q(KC? ,.(¢"/o*)? -log’ N),

we have

K

By >0 Q7 (5,0) = Q™1 (s,0)] < (21~ 7) log Al + 0(1)) - K%

k=0

which concludes the proof of Theorem [#.4]
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E.2 PROOF OF THEOREM[C.3|

We follow the proof of Theorem f.4]in §E.I} Following similar arguments when deriving (E-12)) in
E.1] we have

K

[Q" — Q"*+1](s, a)
k=0
K

K k
< [(I—vﬂ”*)l-(ZwW Q™ = Quo) + Y D (P ) pPely (E.19)

k=0 k=0 i=0

K
+3 D P Z:;ﬁZvP” £ PP KL(x" | mg,)
k=01

k

K
+30FHB e (1= 4Bk ) ([P e
k=

0 s=1

K k k
+ ) PR (I — P k) ZVHH( 11 }P’”s) (ByPeb,q — (I—'yIP’”"f)EE))] (s, a),

k=0 =1 s=0+1
for any (s,a) € S x A. Here €24, €, , €5, and ¢; are defined in (E3), (E:8), (E-6), and (E77),
respectively.

Now, it remains to upper bound each term on the RHS of (E.19). We introduce the following error
propagation lemma.

Lemma E.7. Suppose that

Epe [(forss (5,0) = Tor1 - (B Quy (5,0) — 73 for (5,0)))°]% < enpny. (E.20)
Then, we have

E,-[len1(s)]] < V2rly cenrny - (05 +05),  Eu-[lepii(s)]] < V21l enrny - (L +97),

where € | and €}, are defined in (E3)) and (E8), respectively, ¢} and 15 are defined in Assump-
tion[C1]

Proof. See for a detailed proof. O

Following from Lemma with probability at least 1 — O(H.) exp(—Q(H_1m.)), we have
|Quol < 2. Also, from the fact that |r(s,a)| < rmax, we know that |Q*| < 7pax. Therefore,
for any measure p, we have

‘E[I VP™) 11621(07&” )@ Qwo)H

K
E |:I ’}/Pﬂ- 12 ’YIP)TF k+1|Q Qwo|i|

k=0

K
< Prax(1 — 12% < Prax (1 =) 72 (E21)
=0
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Also, by changing the index of summation, we have

K k
‘E [I Y)Y (e 51@6”1”

k=0 i=0
K k oo
= B[ P sre|
k=0 i=0 j=0
K k ’ 0o
—‘ [Z Z (vP™) VBIP’QHH

(E.22)

where we expand (I — 4P™ )~ into an infinite sum in the first equality. Further, by changing the
measure of the expectation on the RHS of (E:22)), we have

K k oo K k oo
DTN B[P ) ABPEL ] <D DT D By e(t) - Bue [l ), (E23)
k=0 :=0 t=k—1 k=0 1=0 t=k—1

where ¢(t) is defined in Assurnption Further, by Lemrnaand interchanging the summation
on the RHS of (E223), we have

< 7240 cep(¢F ) S 29K C, e (0% +0F) - g5, (E24)

where e = maxl pi[(foi1(8,0)=Tiz1- (B Qu, (s,a) =7 " fo,(s,a))) ]1/2,and C, o+ is defined
in Assumption Here in the second inequality, we use the fact that 7 +1 =(i+1) 571, and
¢F < ¢* and 1] z/J* by Assumption|C.1]

By similar arguments in the derivation of (E.24), we have

k—1

Mw

’E (=) L Zf+1”<2K+1) Cp o™ - (E.25)

£
Il

0 z:O

)Ep {(I —P™) 7Y (P )y BPKL(7" || m)} ‘ <log|Al- K'2(1—~)72,

1>

k

Yy kt1pmoy (I — APk )_1 (H Pﬂes)el} < (24 Tmax) - (1= 7)_3’
0 s=1

Mw

E,|(1 —+P™) !
k

where g = max; E«[|e

€5, 1]]- And we use the fact that 3 = K1/2.
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Now, it remams to upper bound the last term on the RHS of (EI9). We first consider the terms
involving €y, ;. We have

K k 3
Ep |:(I — ,y]P;ﬂ—* )_1 Z P™ k41 (I _ ’Y]P)ﬂ'e’“*l )—1 Z ,yk—l—i-l ( H PW@S)ﬁ’YPE?+1:|
k=0 =1 s=0+1
co oo K k
OB DA IR E LN
J=0 i=0 k=0 ¢=1 s—b11

|- clt+5+k—0+1)

where we expand (I — vyP™ )~ and (I — P™*+1)~" to infinite sums in the first equality, change
the measure of the expectation in the first inequality, and use Lemmal[E.7in the last inequality. Now,
by changing the index of the summation, we have

k=0 /¢=1 j=01

o0

IR (0 Vep - (L)) ce(i+5+k—E£+1)

IMN HMN

Z Z (4 Deg - (145 - e(t)
1§=0t=j+k—0+1

00 k

> > Y (L Deg - (T+9%) - (1), (E.27)

t=j+1 ¢=max{0,j+k—t+1}

M8 HMw l'M

IA

v

I
°

J

where we use the fact that 1»; < * from Assumption @m the last inequality. By further manipu-
lating the order of summations of the RHS of (E.27), we have

k

K oo o]
DN > A (4 Degp(L+9%) - eft)

k=0 j=0t=j+1 ¢(=max{0,j+k—t+1}

K oo j4k+1 o
SAYY (X - NE k) A+ Y K elt)) (19
k=05=0 t=j+1 t=j+k+2

K 9] t—1
:72(2 S =)@k +j—k+1) A e(t)

k=0 t=1 j=max{0,t—k—1}

oo t—k—-2
YD K Aen) e (L)
t=k+2 j=1
K o) e}
< 20y Z(Z k% tyte(t) + Z k- tv%(t)) cep(l4+9%)
k=0 t=1 t=1
S 207K - Cppr e (14+97), (E.28)

where we use the definition of C), ,- from Assumptlon@ in the last inequality. Now, combining

(E.26), (E.27), and (E.28)), we have

K k k
E, {(I—VP”*)_ SO (L P )Y (] P”es)ﬁ’yPe?u}

k=0 =1 s=0+1
<200K -Cp e -5 - (1 +97). (E.29)
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Following from similar arguments when deriving (]E7_E[) we have

K
E, {(I—W“*)lz]}mw (I — AP k+1)~ ka ”1< H P”es) (I —~P7™)e }

k=0 s=0(+1
< 20K -C, ¢ 20, (E.30)

Now, by plugging (E21), (E24), (E223), (E.29), and (E30) into (E:19), with probability at least
1 — O(H,) exp(—Q(H; 'm,)), we have

K
E, L;) Q*(s,a) — Q+1 (s, a)} (E31)

< 2log|A| - K'/2(1 = %) + 60K C, - (¢* + 9" +1) - 5 + 50K C) - 0" - €0
Meanwhile, following from Propositions|C.3]and[C.4] it holds with probability at least 1 — 1/K that
ef = O(Ral\f;l/4 + RBm V2 HT 2 (logm,)Y?),
eq = O(RN7Y* 4 RY3m V12 HI/2 (log m)'/?). (E32)

Combining (E3T)), (E-32), and the choices of parameters stated in the theorem, it holds with proba-
bility at least 1 — 1/K that

K
E, [k}‘g Q*(s,0) = Q1 (5,)| < (21— 7) *log|Al +O(1)) - K72,

which concludes the proof of Theorem [C.3}

F SUPPORTING RESULTS

In this section, we provide some supporting results in the proof of Theorems §.4] and We
introduce Lemma [F.I] which applies to both Algorithms[T]and 2] To introduce Lemma for any
policy 7 and action-value function Q, we define 7(a | s) x exp(871Q(s,a)) - w(a|s).

Lemma F.1. For any s € S and 7T, we have
BT Qs ), w ([ s) = 7(-|5)) <KL(x'(-|s) [|w(-|s)) — KL(x" (-] 8) || 7 (-] 5))
+ (log (7 (- | 8)/m(-]s)) =B~ ( D, (- |s) =7 (- |s))-

Proof. By calculation, it suffices to show that
(log((-| 8)/m (- 8)), 7" (- |5) = 7 (-] )
< KL(n'(-[s) | w(-| 5)) = KL(x (- [ 5) | (-] 5))-
By the definition of the KL divergence, it holds for any s € S that

KL(7'(-|5) | 7(-|5)) = KL(x'(-[5) | 7(- | 5))

= <log(?f(~ |5)/m(-]9), 7" (-] 5))- (F.1)
Meanwhile, for the term on the RHS of , we have
(log(7(-| 5) /70, (-] 5 5))
= (log(7 (| )/7?( \ )),FT( [s) =7 (-[9))
<10g /m(- 1)), 7(- |8)>
=<0( \ $)),m1(-15) = 7(-|5)) + KL(FE(: | 5) | (- | 5))
> (log(7(-|8)/m(-|5)), 7 (- 5) = 7 (-] 5))- (F2)
Combining and (E2), we obtam that
(10g(F(-| )/ (- |8)), 7t (-] 5) = 7(-| )
<KL( CI8)Im(-15) = KL(m' (-] 5) | 7(: | 5)),
which concludes the proof of Lemma[F.1] O
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F.1 LocAL LINEARIZATION OF DNNSs

In the proofs of Propositions|C.3]and [C.4]in and respectively, we utilize the linearization
of DNNs. We introduce some related auxiliary results here. First, we define the linearization g of
the DNN wy € U(w, H, R) as follows,

’EL@() = Ugo(') + (9 - ao)TVQDUQ('),
where 0y is the initialization of ug. The following lemmas characterize the linearization error.

Lemma F.2. Suppose that H = O(m'/"?R=Y5(logm)~/?) and m = Q(d*/?R-TH3/% .
log(m'/?/R)?/?). Then with probability at least 1 — exp(—Q(R?*/3m?/3H)) over the random ini-
tialization 6, it holds for any 6 € B(fy, R) and any (s,a) € S x A that

IVoug(s,a) — Voug, (s, a)|l2 = O(Rl/?’m*l/GHS/z(log m)l/z)
and

[Voua(s,a)ll2 = O(H).

Proof. See the proof of Lemma A.5 in|Gao et al.|(2019) for a detailed proof. O

Lemma F.3. Suppose that H = O(m'/'?R~Y%(logm)~/?) and m = Q(d*/?R-TH3/% .
log(m'/?/R)?/?). Then with probability at least 1 — exp(—(R?/3m?/3H)) over the random ini-
tialization 6y, it holds for any 6 € B(6y, R) and any (s,a) € S x A that

|ug(s,a) — ug(s,a)| = O(R4/3m_1/6H5/2(10gm)1/2).

Proof. Recall that
tig(s,a) = ug,(s,a) + (0 — 0o) " Voug, (s, a).
By mean value theorem, there exists ¢ € [0, 1], which depends on 6 and (s, a), such that
ug(s,a) — ug(s,a) = (0 — 90)T (VgUg0+t(9_90)(s, a) — Voug, (s, a)).
Further by Lemma[F.2] we have

lug(s,a) — (s, a)| < 110 = Ooll2 - || Voro,+t-(0—00) (5, a) — Voua, (s, a)]|,
_ O(R4/3m71/6H5/2(logm)l/Q),

where we use Cauchy-Schwarz inequality in the first inequality. This concludes the proof of Lemma
IE.3] O

We denote by (") the output of the h-th layer of the DNN uy € U(m, H, R), and z("):° the output
of the h-th layer of the DNN wy, € U(m, H, R). The following lemma upper bounds the distance
between (") and ("0,

Lemma F.4. With probability at least 1 —exp(—Q(R?/3m?/3 H)) over the random initialization 6,
for any 6 € B(6y, R) and any h € [H], we have

&) — 2000, = O(RH®2m~1/(log m) /2).

Also, with probability at least 1 — O(H) exp(—Q(H ~'m)) over the random initialization 6y, for
any 6 € B(6p, R) and any h € [H], it holds that

2/3 < [«]2 < 4/3.

Proof. The first inequality follows from Lemma A.5 in|Gao et al.[(2019)), and the second inequality
follows from Lemma 7.1 in /Allen-Zhu et al.| (2018b). ]
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G PROOFS OF PROPOSITIONS

G.1 PROOF OF PROPOSITION[3.1]

The proof follows the proof of Proposition 3.1 in |Liu et al.| (2019). First, we write the update
i1 < argmax, E,, [(Qu, (s,-),7(-| )y — B-KL(n(- | s) || 7, (- | $))] as a constrained optimiza-
tion problem in the following way,

max By, [(W(- |5): Qui(5,7)) = B+ KL(w (-] 5) | ma, (- | 5))]

s.t. Z =1, forany s € S.
acA

We consider the Lagrangian of the above program,
[ (5619 Quuss = - KL(n(c[9) 7m0, ) )as) + [ (3 w(als) = L)ar(s).
s€S $€S “aeA
where A(-) is the dual parameter, which is a function on S. Now, by plugging in
exp(7;, ' fo, (5,0))
DA eXp(Tk_lka (s,a’))’
we have the following optimality condition,

Qi (5,0) + Br fo(s,0) = 8- (1og( D exp(ri fou(5,a)) +logm(als) +1) + 5 =0,

a’eA

Ty, (a' ‘ 3) =

forany (s,a) € S x A. Note that log (3", 4 exp(7;, ' fo, (s,a’))) is only a function of s. Thus, we
have

rr1(als) o exp(B Quy (s,0) + 71 fo, (s, a))
for any (s,a) € S x A, which concludes the proof of Proposition 3.1}

G.2 PROOF OF PROPOSITION[C.3]

We define the local linearization of fy as follows,

fo = fa, + (0 —00)" Vg, fo. (G.1)
Meanwhile, we denote by
9n = (foey — T~ (671Qw +77f9)) - VoSfown), 95, =E,,, [gn],
(fe(n) —7-(B7'Qu+71""f0)) - Vo foy, gy, = E,,, [9n],
=(fo. -7 1Qw +77"f8)) - Vofo.. 95 =E,., [94];
= (fo. — “'Qu+ 7o) - Voo, g: =E,., (94, (G.2)
where 0, satisfies that
0. = L(0g,R0) (05 — - G5). (G.3)

By Algorithm 3] we know that
O(n+1) = T'p(gy,r) (0(n) — - gn). (G4)
By (G-3) and (G.4), we have
Ep,, [10(n +1) = 6.3 0(n)]
=E,,, [T 860, 7.) (O(n) = - gn) — Doy, ma) (O — - ]Ik 16(n)]
<E,,, [1(6(n) —a-gn) = (6 — - go)[316(n)]
= [6(n) = 6,113 + 2a - (0. — 6(n), g5, — ) +a” - E,_ [llgn — g5l516(n)],  (G.5)

(i) (ii)
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where we use the fact that I'z (g, g,) is a contraction mapping in the first inequality. We upper bound
term (i) and term (ii) on the RHS of (G.3) in the sequel.

Upper Bound of Term (i). By Cauchy—Schwarz inequality, it holds that
(0« = 0(n), g5, — g2) = (0« = 0(n), g, — 35.) + (6 — 0(n), 75, — 55)
<|10x =02 - lgn — gnll2 + (6« = 0(n), g5, — 95)
<2R,- ||9§ - grezHQ + <0* - e(n)vgi - §:>, (G.6)
where we use the fact that 0(n), 0. € B(6y, R,) in the last inequality. Further, by the definitions in
(G-2), it holds that

(0. —0(n), g5, — 95) = By, [(fom) = fo.) - (0x — 0(n), Vo fo,)]
= ]Epwe [(fon) — fe ) (fo. — fom))]
=B, [(fo) — fo.)?], (G.7)

where we use (G.I) in the second equality. Combining @ and (G.7), we obtain the following
upper bound of term (i),

(0 = 0(n), 97, — 35) < 2Ra - llgy, — Gnll2 = By, [(foem) — fo.)?]- (G.8)

Upper Bound of Term (ii). We now upper bound term (ii) on the RHS of (G.J3). It holds by
Cauchy-Schwarz inequality that

Ep., [llgn — El310(n)] < 2E,, [llgn — 9513 10()] +2]lg7; — 5113
<2E,, [llgn — gill310(n)] +4 g — g ll5 +4]lgr — g5ll5 - (G9)
(ii).a (i).b (i).c
‘We upper bound term (ii).a, term (ii).b, and term (ii).c in the sequel.

Upper Bound of Term (ii).a. Note that

Ep,, [llgn — 92 1316(n)] =E,, [lgall3 = llgnl3 |0(n)] < E,, [lgall3|6(m)].  (G.10)
Meanwhile, by the definition of g,, in (G.2)), it holds that
SO _ 2
lgnlls = (fom) =7 - (B7'Qu + 77" 1)) - Vo fowmll2- (G.11)

We first upper bound fy as follows,
12 = pHDTppT p(Ha) = p(Ha)T p(Ha) — || (Ha) |12,

where z(*=) is the output of the H,-th layer of the DNN fy. Further combining Lemma|F.4] it holds
with probability at least 1 — O(H,) exp(—Q(H, m,)) that

|fol < 2. (G.12)
Following from similar arguments, with probability at least 1 — O(H,) exp(—Q(H; *m.,)), we have
Qul <2 Ifowl <2 (G.13)

Combining Lemma [F2] (G.10), (G.11), (G.12), and (G.13), it holds with probability at least 1 —
exp(fQ(Rz/Smi/gHa)) that

By, [lgn = gnll310(n)] = O(H), (G.14)
which establishes an upper bound of term (ii).a.

Upper Bound of Term (ii).b. It holds that
lgs = Gillz = |Epn, [(fo) =7 - (B7'Qu +77"f0)) - Voo
— (fory =7 (B7'Qu+7""19)) - VaSa] ||,
< E,., Ifom)Vofom) — fom)Vaioll2]
+7 By, 10871 Qu 4+ 7" f0) - (Vo fo, — VoSom)) 2]

< E,., [l fom)Vefo, — fom)Vefoollz) +Epn, [l fom)Vofom) — fom)Vaoll2]
(G.15)

+E,,, [I7- (B7'Qu+7""1a) - (Yoo, — VaSom)l2]-
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We upper bound the three terms on the RHS of (G:13) in the sequel, respectively.

For the term || fo(n) Vo fo, — fo(n)Va.fo,||2 on the RHS of (G-T3), following from Lemmas [F.2and
it holds with probability at least 1 — exp(—Q(R2/*m2/> H,)) that

| foeny Vo foo, — FomyVafo,llz = O(RY*my /S HI/?(log m,)'/?). (G.16)
For the term || fo() Vo fon) — fon)Vefa, |2 on the RHS of (G.T3), following from (G.13) and
Lemrna with probability at least 1 — exp(fQ(Ri/ Smal*H, a)), we have
1 foemyVoSon) — fomyVatooll2 = O(RY*m; Y/ HY/? (log ma)*/?). (G.17)
For the term ||7 - (87'Qu + 7 fo) - (Vo fo, — Vofoen))|l2 on the RHS of (G.13), we first upper
bound 7 - (B71Q,, + 771 fp) as follows,
7 (671 Qu+ 77 o) <2,

where we use (G.12), (G.13), and the fact that 7~' = 3! + 7~ 1. Further combining LemmalE.2} it
holds with probability at least 1 — exp(—Q(RY*mZ/* H,)) that

17+ (B7'Qu + 7 fo) - (Vo fo, — Vofomy)llz = O(RY*m /S H 2 (logma)'/?).  (G.18)

Now, combining (G.13), (G.16), (G.I7), and (G.I8), it holds with probability at least 1 —
exp(—Q(RY*mZ/°H,)) that

lgs — gall3 = O(RY*m ;2 HI log ma), (G.19)

which establishes an upper bound of term (ii).b.
Upper Bound of Term (ii).c. It holds that
g5, — 3213 = || Bp., [(foen) — fe*)vefao]nz < E,,, [(fom) — fo.)* - Vo fo,ll3)-
Further combining Lemma it holds with probability at least 1 — exp(fQ(Ri/ Sm2l*H a)) that
g% — 8213 < O(H2) -E,., [(fowm) — Jo.)?]. (G20)

which establishes an upper bound of term (ii).c.
Now, combining (G.9), (G.14), (G.19). and (G.20), we have

Ey., [lgn = 13 10(n)] < O(RYPmi P H] logma) + O(H) - By, [(fon) — fo.)?], (G21)
which is an upper bound of term (ii) on the RHS of (G.3).

Pry

By plugging the upper bound of term (i) in (G.8) and the upper bound of term (ii) in (G.2I) into
(G-3), combining (G.19), with probability at least 1 — exp(—QUR2*m2/*H,)), we have

Ep., [[10(n +1) = 0.]3 | 6(n)]

< 116(n) = 0,13 + 20 (O(RI*m /BT (0g ma)/?) ~ By, [(Fom — fo.)] )
(G.22)

+a? - (O(RY*m * H]logmy) + O(H2) -y, [(Form) — fo.)?])-

Rearranging terms in (G:22), it holds with probability at least 1 — exp(—Q(Ri/ Sma/*H,)) that

2a—a?-O(HY)) -E,_ [(fom) — fo.)?]
< 6(n) = 6.3 — K, [[16(n + 1) = 6.]3[6(n)] + o - O(RY*m /S H] logms,).
(G.23)
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By telescoping the sum and using Jensen’s inequality in (G.23), we have
o 1 Tt N _
Ep., [(f = fo.)?] < N > E,., [(fom) — fo.)?]
& n=0
<1/N, - (20— a2 - O(H2) " - (|6 — 0.]|2 + aN, - O(REPm; /S H log ms,))
< N2 00 = 0.3 + OB Pmy VO H logma),

1/2

where the last line comes from the choices that &« = N, ~/“ and H, = O(N; / 4). Further combining

Lemma [F3]and using triangle inequality, we have

E,.,, [(f5 = fo.)?] = O(RIN; % + RY*m VO H logms,). (G.24)
By the definition of 6, in (G.3)), we know that
(gs,60 —0.) >0, for any 6 € B(6y, R,). (G.25)
By plugging the definition of g¢ into (G.23), we have
ng [<f9 (ﬂ_le""T_lf@)vfm _f9*>j| Z 0) forany eT EB(eo,Ra),
which is equivalent to
P o~ o _ 2
0. = argmin E, [(fm -7 (B7'Qu + T lfe)) } (G.26)

61 €B(6o,Ra)
Meanwhile, by the fact that 6y = wg, we have
T B Qut T o) =T (7 (Quo + (W —w0) " ViuQug) + 77+ (fo, + (0 = 00) " Vo fo,))
= foo+ (7 (B lw+7710) - GO)TVQfgo,

where the second line comes from 771 = 3= 4+ 71, Note that § € B(0y, Ra), w € B(wo, Re),

0o = wo, and R, = R, we know that 7 - (371w + 7710) € B(fy, R.). Therefore, with probability

atleast 1 — exp(—Q(Ri/gmg/?’ H,)) we have

Eo., [(fo. =7 (B7'Qu + T_lfe))Q]
<E,, [(F- (57 Qu+7" o) =7 (571 Qu+7 " f0))]
<7577 Ep,, [(Qu V] +72 772K, [(fo — fo)’]
= O(RY*m;Y3H? logm,), (G.27)

where the first inequality comes from (G-26), and the last inequality comes from Lemma|F.3|and the
fact that R. = R,, m¢ = ma, and H, = H,. Combining (G.24) and (G.27), by triangle inequality,
we have

~ _ _ 2 _ _
By, [(fz(s;0) =7 (B7'Qu(s,0) + 77" fo(s,)))"] = O(RIN,/* + RY*m/CH] logm,),
which finishes the proof of Proposition [C.3]
G.3 PROOF OF PROPOSITION[C.4]

The proof is similar to that of Proposition[C.3]in §G.2] For the completeness of the paper, we present
it here. We define the local linearization of @), as follows,

Qu = Quy + (W = w0) " Vi, Quo. (G.28)
We denote by
gn = (Qu(n)(50,a0) — 7 Qu(s1,a1) — (1 =) - 70) - VuQu(n)(50,a0), g5 = Enyl9n],
= (Qu(n)(s0,a0) — 7+ Qu(s1,a1) — (1 —7) - 70) - VQuy (S0, a0), Gy, = Ex, [Gn],
= (Qu. (50, a0) =7 - Qu(s1,a1) — (1 =7) - 70) - VuQu,. (50, a0), 95 = Er,[94],
= (Qu. (s0,a0) =7 Qu(s1,a1) = (L =7) - 70) - VuQu, (50, a0), g; = Ex,[9:],
(G.29)
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where w,. satisfies that
Wi = TB(wg,Re) (Wi — - G5). (G.30)

Here the expectation E, [-] is taken following (so, ag) ~ pr,(:), s1 ~ P(-| S0, a0), a1 ~ mo(- | s1),
and ro = r(so,ap). By Algorithm4} we know that

w(n+1) =T'pw,r)(WM) =1 gn).
Note that
Er, [lw(n +1) — w3 IW( )]
=En [”]‘—‘B(wo,R y(@(n) =10 gn) = TBwo,re) (We — 0= Gl [w(n)]
< Eny [[l(w() =1+ g0) = (e = - G5 |w(n)]
= [Jw(n) — W*Hz +2 - (we —w(n), g, — g9) 0% By [lgn — gEl3 |w(n)] . (G3D)
(iii) (iv)

We upper bound term (iii) and term (iv) on the RHS of (G.3T)) in the sequel.

Upper Bound of Term (iii). By Holder’s inequality, it holds that
(we —w(n), g, — 72)
= (W« —w(n), g, = Jp) + (we —w(n), g5, — 55)
< lww —w()ll2 - llgn — Fallz + (we — w(n), gn — g2)
< 2Rc-|lgn = Gnll2 + {ws —w(n), g, — 72), (G.32)
where we use the fact that w(n),w,. € B(wg, R.) in the last line. Further, by the definitions in
(G:29), it holds that
(we —w(n), g, — g2)
=Er, [(Qw(n)(SO; ap) — Qw* (50, a0)) - (Wx —w(n), VyQuy (So,aom
=En, [(Qw(n)(SOa ag) — Qw* (s0,a0)) - (Qw*(so,ao) - Qw(n)(SOa ao))]
= —Er, [(Qun) (50,a0) — Qu, (s0,a0))?] = -E,., [(Qu(n) — Qu.)?], (G.33)

where the second equality comes from (G.28), and the last equality comes from the fact that the
expectation is only taken to the state-action pair (sg, ag). Combining (G.32) and (G.33)), we obtain
the following upper bound of term (i),

(we —w(n), g5 — g5) < 2Re - g, = Grll2 = Ep,, [(Quin) — Qu.)?]- (G.34)

Upper Bound of Term (iv). We now upper bound term (iv) on the RHS of (G31)). It holds by
Cauchy-Schwarz inequality that

Er, [llgn — 5515 |w(n)]
< 2B, [llgn — 95115 w(n)] + 2/lgs — 35113
< 2B, [llgn — g5 ll3 [w(n)] +4 g5 — gell5 +4 155 — g5 ll5 - (G.35)

(iv).a (iv).b (iv).c

‘We upper bound term (iv).a, term (iv).b, and term (iv).c in the sequel.

Upper Bound of Term (iv).a. We now upper bound term (iv).a on the RHS of (G.33). By expanding
the square, we have

Ery [llgn — g5ll3 [w(n)] = Ex, [llgnll3 = 95113 |w(n)] < Eny [llgnl3 [w(n)]. (G-36)
Meanwhile, by the definition of g,, in (G:29), it holds that

||gnH% = (Qw(n)(807a’0) - Qw(slaal) - (1 - ’7) : TO)Q : ||Vwa(n)(SO7 aO)H% (G37)
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We first upper bound @, as follows,

Qi — SC(HC)TbbTI(HC) — I(HC)Tx(HC) — ||I(HC)||§’

where (") is the output of the H,-th layer of the DNN Q.. Further combining Lemma it
holds that

|Qu| < 2. (G.38)
Similarly, we have
|Qumy| < 2. (G.39)
Combining Lemma[F2] (G.36), (G.37), (G.38), and (G.39), we have
Ery [llgn — g7l13 | w(n)] = O(H?). (G40)

Upper Bound of Term (iv).b. We now upper bound term (iv).b on the RHS of (G.33). It holds that
lgn, — gnll2
= ||Ery [(Qun) (50, a0) =7 - Qu(s1,a1) — (1 =) - 70) - VesQuo(m) (50, a0)
= (Qun)(50,a0) =7+ Qu(s1,a1) — (1 =) - 10) - VesQuy, (S0, a0)] H2
< En, [[[ (7 Quls1,01) + (1 =)+ 74) - (VisQus (50, 60) = VrQuo(m) (50, a0)) ]
+Ep., [1Quin) VeQuin) — Quin) Ve Quoll2]
<E [H (’y “Qu(s1,01)+ (1 —7) ~r0) “(VwQuy (50, a0) = Vi Qun) (50, ao))||2] (G41)
+E,., [1(Qun) = Quin)) - VuQuoll2] + Ep., [1Qun) - (VuQum) — VwQuo)l2]-
We now upper bound the three terms on the RHS of (G:41) in the sequel, respectively.
For the term E,_ [[[(Qu(n) — Qu(n)) - VwQuy 2] on the RHS of (GAT), following from Lemmas
[F.2]and[F.3] it holds with probability at least 1 — exp(—Q(R?*m?* H.)) that

Ep., [1(Qum) — Quin) - VQus ll2] = O(RPmI VS HI/ (logm,)'/?). (G.42)

For the term E,_ [[|Qu(n) - (VwQu(n) — VwQuy)|l2] on the RHS of (G.41), following from (G.39)
and Lemma with probability at least 1 — exp(—Q(Rf/ Sm2/ *H,)), we have

Ep., [1Qun) - (VoQun) — VuQuo) 2] = O(RY3m /S HY?(log me)'/?). (G.43)

For the term B, [|[ (7 - Qu(51,01) + (1 =) - 70) - (VQuy (50, a0) — Vi Qu(n) (50, a0))||2] on the
RHS of (GA4T), we first upper bound |y - Q. (s1,a1) + (1 — ) - 70| as follows,

h/ . Qw(shal) + (1 - 7) . T0| S 2 + Tmax
where we use (G.38) and the fact that |r(s, a)| < Tmax for any (s,a) € S x A. Further combining
Lemma with probability at least 1 — exp(—( 23m2 *H,)), we have

Eﬂ'g [H (’7 . Qw(sla al) + (1 - ’Y) ' TO) : (Vwao (307a0) - Vwa(n)(Sma/O))Hg}
= O(RY3mY°HY? (logme)"/?). (G.44)

Now, combining (G.41), (G.42), (G.43), and (G.44), it holds with probability at least 1 —
exp(fQ(Rg/?’mg/ch)) that

g5 — g2ll3 = O(RY*m_ 3 H log me). (G.45)

Upper Bound of Term (iv).c. We now upper bound term (iv).c on the RHS of (G.33). It holds that

||§$L - Qf”% = HEpr [(Qw(n) - Qw*)vawo]Hi < Epwe [(Qw(n) - Qw*)Q . ||Vwa0||§]'
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Further combining Lemma[F2] it holds that
Ex, [lla5 — 313 |w(n)] < O(H) -E,,, [(Quin) — Qu.)?]- (G.46)

Combining (G.33), (G.40), (G.43)), and (G.46), we obtain the following upper bound for term (iv)
on the RHS of (G.31),

Enry [llgn — G513 | w(n)] < O(RY*m VP H] logme) + O(H?) - B, [(Qun) — Qu.)?]-
(G.47)

We continue upper bounding (G:31). By plugging (G.34) and (G.47) into (G.31), it holds with
probability at least 1 — exp(—8( E/Bmz/SHC)) that

Er, [lw(n +1) —w.]3 [w(n)]
< Hw(n) — Wk Hg + 277 : (O(Rz/?’mglch?/Q(lOg mc)l/Q) - Epﬂ'g [(Qw(n) - Qw*)Q])
- (O(R*m: ] logme) + O(H?) -Ep,, [(Quiw — Qu)?])- (G48)

Rearranging terms in (G:48), it holds with probability at least 1 — exp(—Q(R?;/ Sm2/ *H,)) that

(277 - 772 : O(HCQ)) 'EPWQ [(Qw(n) - Qw*)ﬂ
< [lw(n) = well3 = By, [lo(n + 1) = w3 |w(n)] + 1 - O(RY*m*/* H] log me.).
(G.49)

By telescoping the sum and using Jensen’s inequality in (G.49), we have

Ne—1
_ _ 1 e _ _
]Epwe [(QGJ - Qw*)Q] < FC . Z Ep,ra [(Qw(n) - Qw*)Q]
n=0
<1/N¢-(2n—n*- O(Hf))_1 + (Jlwo — w13 + N - O(R¥*m7YSHT log m.))
< N2 160 — 6,115 + O(RY*m /S H log me),

where the last line comes from the choices that = Nc_l/ 2and H c=0( Cl / 4). Further combining
Lemma [F3]and using triangle inequality, we have

E,. [(Qo— Qu.)?] = O(RIN;Y? + R *m Y/ Hl logm). (G.50)

Prg

To establish the upper bound of E,, [(Qu. —Q)2], we upper bound Ep., [(Qu. —Q)?] in the sequel.
By the definition of w, in (G.30), following a similar argument to derive (G.26), we have

wy = argmin E, [(QWT(so7a0) — é(so,ao))Q]. (G.51)
wteB(wo,Re)

From the fact that Q € U (me, He, R.) by Assumption we know that Q = Qg for some

@ € B(wo, Rc). Therefore, by (G:51), with probability at least 1 — exp(—( 2B3m2PH.)), we
have

E,., [(Qu. — Q)% <E,, [(Qz — Q)*] = O(R*m > H] logm,), (G.52)

where we use Lemma [F3] in the last inequality. Now, combining (G.30) and (G.32), by triangle
inequality, with probability at least 1 — exp(—( 3 / 3m§/ o c)), we have

Ey., [(Qs = Q)°] <2E,,, [(Qo — Qu.)’] +2E,,, [(Qu. — Q)°]
= O(R2N;Y? + R¥*m YO HT logm,),
which concludes the proof of Proposition [C.4]
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H PROOFS OF LEMMAS

H.1 PROOF OF LEMMA D]

W denote by Q@ = T™*Q,,. In the sequel, we upper bound E,, ., [(Qu,,, — Qz,,,)?], where
Wk+1 = Dr(Wk41) and W41 is defined in (3:4). Note that by the fact that (s, a) Hg <1 umformly,
it suffices to upper bound ||wk+1 — Wk41]|2. By the definitions of w1 and Wy+1 in (3:3) and
respectively, we have

Jwrsr = @urallz < |85 — @olla < [Blls - 7 - vlla + & — Blls - B2 (HD)

Here, we use the fact that the projection I'g(-) is a contraction in the first inequality, and triangle
inequality in the second inequality. Also, for notational convenience, we denote by @, ®, v, and v

in (H:T) as follows,
-1

N

~ 1 —1

= (§ X el a)etanan)T) o = (Eplols,a)e(s,a)T)
=1

N

1

0= 5 21— ez +7Qun (50,5, 42) - 9(se2,00).
(=1

v=Ep ., [(1 = 7)r + 4P ™+1Qu, ) (s,a) - p(s,a)].
By the fact that ||¢(s, a)||2 < 1, |7(s, a)| < Tmax, and ||wg|]2 < R we have
@2 <1/0",  [9]l2 < rmax + R (H2)
Now, following from matrix Bernstein inequality (Troppl 2015) and Assumption4.3] we have

~ 2
E[[|® — ®5] < ——— - log(N + d), H.3
[l ””—wmwv g(N +d) (H.3)
where o* is defined in Assumption[4.3] Similarly, we have
E[||5 — v[l2] < 2(rmax + R)/VN -log(N + d). (H4)
Now, combining (H:1), (F.2), (H.3), and (H.4), we have
_ 4(rmax + R)
E|l|w - < ———~.log(N +d
[wrr1 = @rillz] VN (o) g( )-
Therefore, it holds that
16(rmax + R)?
E[(ka“ — Q@HI)Q] < M . 10g2(N +d). (H.5)

N(O'*)2
Meanwhile, by Assumption[d.2]and the definition of @1, we have

Q= Qayi- (H.6)
Combining (H.3) and (H.6), we have

E[(ka+1 - @)2} <

which concludes the proof of Lemma|[D.T]

16(rmax + R)?

N (o) -1og2(N—|—cl)7

H.2 PROOF oF LEMMA [E ]

Following from the definitions of P™ and P in (2.3)), we have
Ay k(s,a) = [’y(]P’”* — P”Hl)ka] (s,a) = [’}/P<ka,ﬂ'* — 7r9k+1>] (s,a). H.7)
By invoking LemmalF.1|and combining (H7), it holds for any (s,a) € S x A that
Al,k(sa a) = [V(Pﬂ* — P+ )ka] (sa a) < [75 : ]P)('ﬁk + 62—}-1)] (S, a)a

where ¥, and €, ; are defined in (E4) and (E33) of Lemma respectively. We conclude the
proof of Lemma
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H.3 PROOF OF LEMMA[E.2|

By the definition that (* is the action-value function of an optimal policy 7*, we know that
Q*(s,a) > Q™(s,a) for any policy 7 and state-action pair (s,a) € S x A. Therefore, for any
(s,a) € § x A, we have

AQ,k(Sa CL) = [’YPW* (QﬂekJrl - ka)] (Sv a) S [’Y]P)Tr* (Q* - ka)] (S, a)- (HS)

In the sequel, we upper bound Q*(s, a) — Qu, (s, a) for any (s,a) € S x A. We define
Qi1 =(L—7) -1+~ -P™+1Q,,.
By its definition, we know that Q1 = T™ %+ Q.- Itholds for any (s,a) € S x A that

Q" (s,a) = Quyy, (s,a)
= Q*(s,a) — Qr+1(5,0) + Qrr1(5,a) — Quy, (5,a)
=[(QA=7) r+y-P" Q%) — (1 —7) -7+ -PrQy,)](s,a) + €541 (s,a)
=7 [PT Q" = PTk+1Qu, ] (s, a) + €41 (5, 0)
=7 [PT Q" =P Qu,J(5,0) + 7+ [PT Quy — P™11Qu,](s,a) + €114 (s, a)
=7 [P7(Q" = Quy)](5,0) + A1 i(s,0) + €1 (s, a)
<y [PT(QT — Quy)](s,a) + 4B - [P0k + €i11)] (5,a) + €541 (s, a), (H.9)

where €f_ | and A j, are defined in (E.6) and (E.3)), respectively. Here, we use Lemma[ET|to upper
bound A j, in the last line. We remark that upper bounds Q* — Q. ,, using Q* = Q.. By
recursively applying a similar argument as in (H.9), we have

Q*(S, CL) - ka (5, a)
k—1

< [(PTHQ" = Quy)](s,0) + 98- D _[(P™ )P, + €)] (s,a)  (HL10)

=0

e
—

+ Y0P s a)

s
Il
o

Combining (H-8) and (H.10), it holds for any (s,a) € S x A that

A2,k(5a a) S [’Y]Pﬂr* (Q* - ka)] (Sa a)

k—1
< [(PT)HRT = Quy)] (s,0) + 38+ Y _[(P™ ) TP(; + €2,1)] (s, a)
1=0
k—1
+ ) [P (s,a),
1=0

where 9;, €, and €f,, are defined in (E4) of Lemma (E3) of Lemma and (E:6) of
Lemma [E.2] respectively. We conclude the proof of Lemma
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H.4 PROOF OF LEMMA[E3|

Note that for any (s,a) € S x A, we have
Az k(s,a) = [T™%+1Q,, — Q™ +1](s,a)

= [ =7 P Q) - @ |(s0)

- ((1 — ) -7+ AP R4 ka) - Z(l — ) (P r41 )tr} (s,a)
B t=0

= D ((P) Quy — (Y1) Qu, ) — D (1 — ) (4P >”“] (5,a)
“t=1 t=1

oo

> [P ) (Quy = AP Quy — (1= 7) 1) (5,0)

o~
I
—

M

(P ) (Quy = T4 Qu,)] (5, )

~~
Il
-

M

(P ) epp1] (s, a) = [YP™r+1 (I — AP 41) " Lep 4] (s, a),
t
where the term ey, in the last line is defined in (E77). We conclude the proof of LemmaE.3]

Il
_

H.5 PROOF OF LEMMA[E.4]

We invoke Lemma [F.1]in §F which gives
B (Qui(s.), o, (- 8) — o, (| 5)
< (log(Tory, (-1 8) /0, (-18)) = B71 - Quy (), o, (- | 8) — 7oy (-] 5))
— KL(79,. (- [ 5) [ 7010, (- 5))

< (log(ma, ., (- 19) /70, (-15) = B~ Qu(5,), o, (| ) — oy (-] 5)) = €R41(5).
(H.11)

Combining (H.TT) and the definition of P™ in (2.3), we have
[Pk Quy, — Pk 41 Qu, ](5, a) < B[Py, ](s). (H.12)
By the definition of ex1 in (EZ7), we have
€k+1(8, a) = [ka -7 P41 QUJ - (1 - 7) : T] (S (L)
< [Qui =7 P Quy — (1=7) - 7](5,0) + B - [Peg 4](5,0) (H.13)
= [Qr =7 P Qp = (1= 7) 7] (s,0) + [BYPeRsy — (I = 1P™4)€] (s, a),
where we use (H.12) in the first inequality, and
Qr=(1=7)1+7 P%Qu_,. (H.14)
For the first term on the RHS of (H.I3), by (HI4), it holds that
Q=7 P Qr—(1—7)r
=(1=7) 7+ P Qu, —(1 =) - P™r — (P )?Qu, , — (1 =) -7

=7 P (Quiy =P Quiy — (1= 7)r) =7 Py (H.15)
Combining (H:.I3) and (H.I3), we have for any (s,a) € S x A that
ent1(s,a) < [YP™rer](s,a) + [ByPep,q — (I — P )es](s, a). (H.16)

By telescoping (H.16), it holds that

er+1(s,a) < [(HVP 0s )el +27k Z( H [P”éb) (BAPeEy — (I —AP™)el) | (s, a).

s=i+1
This finishes the proof of the lemma.
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H.6 PROOF OF LEMMA[E.3

Note that [Jwp|l2 < Rand |r(s,a)| < rmax for any (s,a) € S x A, which implies that | Q. (s, a)| <
R and |Q*(s, a)| < rmax by their definitions. Thus, for M7, we have

K

M| S B, (T =P )™ S (B ) Q" — Qul
k=0

<4(1 - Z'yk'H Fmax + R) < 4(1 = )72 " (Fmax + R). (H.17)
k=0

For My, by the definition of e in (E7)), |wk| < R, |¢(s,a)| < 1, and |r(s, a)| < rmax, we have
ler(s, a)| = [[Quy, — T™+1 Qu,](5,a)|
= |wg ¢(s,a) — - wi [PTr1¢)(s,a) — (1 =) - r(s,a)|
< 2R + rmax (H.18)
for any (s,a) € S x A. Therefore, we have
[Ms| < (1=7)77 - (2R + Tmax)- (H.19)
Meanwhile, by the initialization 79 = oo in Algorithm 1} the initial policy 7y, (- | ) is a uniform

distribution over .A. Therefore, it holds for any s € S that

KL 1)) = a9 tog Tl

oo (a| )

/Aﬂ*(a | s)log7*(a|s)da — /A 7 (a|s)logme, (a|s)da

< —/ 7 (a|s)logmy, (a|s)da
A
= / m*(a|s)log|Alda = log|A|. (H.20)
A
Therefore, by (H.20), we have
M < (1—7)72log|A| - K/, (H.21)

where we use § = K'/2. We see that (H.17)), (H.19), and (F.2T) upper bound M, My, and Ms,
respectively. We conclude the proof of Lemma [E.5]

H.7 PROOF oF LEMMA [E.6

For My, by changing the index of summation, we have

k oo

M| = [E, [ZZZ ()|
k=0 7i=0 j=0
K k 00
= ‘EP [Z ('YPW )! H—IH
0i=0 t=k—1

M”ﬁ

Z ‘EP IVEM z+1]

t=k—1i

(H.22)

2>

where we expand (I — AP )~! into an infinite sum in the first equality. Further, by changing the
measure of the expectation from p to p* on the RHS of @), we have

B[P < ZZ Z Are(t) - Epellei I, (H.23)

k=0 1i=0 t=k—1 k=0 1i=0 t=k—1

I
<

01
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where c( ) is defined in Assumptlon . Further, by changing the index of summation on the RHS
of (H.23), combining (H.22)), we have

|My| <

) k
> Alet)-eq
=0

i=max{0,k—t}

(o)
22257 c(t

0t=0

IN

M=~ EMN

20, p+ €@ <3KC, o - £, (H.24)

IA
=2
I <

where £ = max; E+[|¢§ [, and C, - is defined in Assumption 4.1}

Now, for M3, by a similar argument as in the derivation of (H.24), we have

oo K oo k

M5§ZZZZ kLG b k=04 1) e

=0 k=0 j=0 ¢=1
o K oo itjt+k

=333 > 4 gi ) eq < KC,p e - 2q. (H.25)

1=0 k=0 j=0 t=i+j+1

We see that (H.24) and (H.25) upper bound M, and M;, respectively. We conclude the proof of
Lemma [E.6l

H.8 PROOF OF LEMMA[E. 7|

Part 1. We first show that the first inequality holds. Note that
o), (Cl | 8) = eXp(Tk_lf9k (57 a’))/Zek (3)’ TOx41 (Cl | S) = eXp(Tl;:lka+1 (57 a))/Z9k+1 (S)a

Here Zy, (s), Zs, ., (s) € R are normalization factors, which are defined as

Zo ()= > exp(ry ' fo,(s.0),  Zop.,(s)= > exp(ri i fo,,.(s,a')).
a’e€A a’€A
Thus, we have
(log(mo,,, (| 8)/mo, (- 8)) = B Quy(8,-),7* (-] ) — o, 1, (-] )
= (T 1 J00: (8,2) = (B Quy(5,) + 75 "o (5,)), 7 (- | 8) — 7o, (-] ), (H.26)
where we use the fact that
(log Zy,,,, (s) —log Zg, (s), 7" (- | 8) — o, (-] 8))

= (IOg Z9k+1 (3) - IOg Z9k (8)) : Z (ﬂ-* (a/ | 5) = T0p41 (a/ | S)) =0.
a’€A

Thus, it remains to upper bound the right-hand side of (H.26). We have

(i fonin (8:9) = (B Quu () + 7 fau 5, ) (18) = o (- 19)) (.27)
— (et (529 = (57 Qo)+ 7 i) (o) (200 - LI,
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Taking expectation with respect to s ~ v* on the both sides of (H:27)) and using the Cauchy-Schwarz
inequality, we obatin

EV*[<Tlc_ﬂ}lf9k+1(57) (Bk ka( )+Tk f9k( ))vﬂ—*('|s)77T9k+1('|5)>|]|
[ <Tk¢1fek+1<s,> (B Qe (5.7) + 7 fon (5,-),

779k('|5)'Vk(8)'(7r*('3) _ T O |S))>' . ‘V*(S)‘ds

mo,(-1s) 7o (-]s) Vie(s)
= /S' A|Tl;4—11f9k+1 (s,a) - (61;1ka (S,G) + T,;lfgk(s,a))‘

prals) mo,(afs) v'(s)
|

[ pi(als) pr(als)
-1 -1 -1 271/2 dp*  d(me,, V")
= ]Epk [(Tk""lfek*l (S,CL) o (ﬂk Qu (8’ a) + 7 o, (s,a))) } 'Epk dipk) a T

2} 1/2
<V2rl ensay (0 +U7),

where in the last inequality we use the error bound in (E.20) and the definition of ¢} and v} in
Assumption[C.1] This finishes the proof of the first inequality.

dpk(s, a)

Part 2. The proof of the second inequality follows from a similar argument as above. We have
(log(mo, 4, (-1 8)/mo, (-1 5) = B Quy (5, ), m, (- | 8) = Moy, (-] 5))
= <Tk_+11f9k+1(57 ) (ﬁ lek( ) +Tk f9k( ))’71-9k('|5) _7T9k+1(' |S)>7 (H.28)
where we use the fact that
<10g Z9k+1 (S) - log Zek (8)7 7T9k(' ‘ S) = TOk41 ( | S)>
= (10g Zg,, (5) = 10g Zo, (5)) - Y (ma,(a' | 5) = 70, (a’ | 5)) = 0.

a’eA
Thus, it remains to upper bound the right-hand side of (H.28). We have
<Tk_+11f9k+1 (57 ) (Bk ka( ) + Tk fak( ))7 05 ( | 8) = 041 ( ‘ 3)> (H.29)
— (et (52 = (5 Quy(o) 7 i ) (1= T L)),

Taking expectation with respect to s ~ v* on the both sides of and using the Cauchy-Schwarz
inequality, we obatin

EV*[ <Tl;+11f9k+1(87 ) (5k 1ka( )+Tk f9k( ))77%(' | S) _7791@4-1(' | 8)>H
= —1 S 1 T -1 o (-18) - vi(s) _M
— Lt s = 5@ 50 4 7 s 9 o (1= T L))
v (s)
. ’Vk(s) ’ds
:/ |7'_1 forsr (8:a) — (B ' Quy (s, 0) + 71 " fo, (s a))‘ . ‘1 — Toui1(2]8) - 7(5) dpi(s,a)
SxA k4+1J 041\ k w9 k e \S, pk(als) R

291/2 d(me,, V" 2 1/2

< By, (11 fouen (5:0) = (87 Qui(s,0) + 77 fay (s,0))) "] E[l‘(dp) }

< V2l e (L4 5),

where in the last inequality we use the error bound in (E:20) and the definition of ¢} in Assumption
[C1] This finishes the proof of the second inequality.
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