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Abstract

Phase retrieval is the classical problem of re-
covering a signal x∗ ∈ Rn from its noisy
phaseless measurements yi = ⟨ai, x∗⟩2 + ζi
(where ζi denotes noise, and ai is the sensing
vector) for i ∈ [m]. The problem of phase
retrieval has a rich history, with a variety
of applications such as optics, crystallogra-
phy, heteroscedastic regression, astrophysics,
etc. A major consideration in algorithms for
phase retrieval is robustness against measure-
ment errors. In recent breakthroughs in algo-
rithmic robust statistics, efficient algorithms
have been developed for several parameter es-
timation tasks such as mean estimation, co-
variance estimation, robust principal compo-
nent analysis (PCA), etc. in the presence
of heavy-tailed noise and adversarial corrup-
tions. In this paper, we study efficient algo-
rithms for robust phase retrieval with heavy-
tailed noise when a constant fraction of both
the measurements yi and the sensing vectors
ai may be arbitrarily adversarially corrupted.
For this problem, Buna and Rebeschini (AIS-
TATS 2025) very recently gave an exponen-
tial time algorithm with sample complexity
O(n log n). Their algorithm needs a robust
spectral initialization, specifically, a robust
estimate of the top eigenvector of a covari-
ance matrix, which they deemed to be be-
yond known efficient algorithmic techniques
(similar spectral initializations are a key in-
gredient of a large family of phase retrieval
algorithms). In this work, we make a con-
nection between robust spectral initialization
and recent algorithmic advances in robust
PCA, yielding the first polynomial-time algo-
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rithms for robust phase retrieval with both
heavy-tailed noise and adversarial corrup-
tions, in fact with near-linear (in n) sample
complexity.

1 INTRODUCTION

Phase retrieval. Phase retrieval is the problem of
recovering a signal from phase-less measurements. In
its simplest setting, the goal is to recover x∗ ∈ Rn (up
to a global sign i.e. output x minimizing dist(x, x∗) :=
min(∥x−x∗∥, ∥x+x∗∥) from (squared) magnitudes of
linear measurements

yi = |⟨ai, x∗⟩|2 + ζi, ∀i = 1, 2 . . . ,m (1)

where yi and ai are known, and ζi denotes noise.
Broadly, phase retrieval arises in inverse problems
where phase (or sign) cannot be measured, which ap-
pears in many areas such as optics (Walther, 1963),
X-ray crystallography (Harrison, 1993; Millane, 1990),
microscopy (Miao et al., 2008), astronomy (Fienup and
Dainty, 1987), diffraction and array imaging (Bunk
et al., 2007), acoustics (Balan, 2010), blind channel
estimation in wireless communications (Ranieri et al.,
2013), interferometry (Demanet and Jugnon, 2017),
quantum mechanics (Corbett, 2006) and quantum in-
formation (Heinosaari et al., 2013), and heteroscedas-
tic regression (Das et al., 2023).

History of phase retrieval. While algorithms for
phase retrieval in practice had been devised since
the alternating minimization algorithm of Gerchberg-
Saxton (Gerchberg, 1972; Fienup, 1978; Hirsch et al.,
1971; Fienup, 1982; Gallagher and Liu, 1973), the
problem of phase retrieval resisted provable algorithms
until recently when a variety of provable techniques
emerged such as spectral initialization followed by al-
ternating minimization (Netrapalli et al., 2015; Wald-
spurger, 2018) or Wirtinger flow (Chen and Candes,
2015; Godeme et al., 2024; Candès et al., 2015; Zhang
et al., 2017); and semi-definite programming (Candès
and Li, 2014) (for more details, see Section A and also
the book (Barnett et al., 2022)).
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Measurement error model. In this work, we study
the measurement error model where the noise ζi is
heavy-tailed and homoscedastic (for the formal defi-
nition, see Model 1.2) and further an ϵ-fraction of the
measurements may be adversarially corrupted (in
particular, they can depend arbitrarily on all of sens-
ing vectors ai and responses yi for i ∈ [m]) where ϵ > 0
is known; for the formal definition, see Model 1.1 and
Model 1.2. Recently, the model of strong adversarial
corruption has received a lot of attention in algorith-
mic robust statistics, see e.g. recent breakthroughs de-
scribed in the book (Diakonikolas and Kane, 2023b).
The following is the notion of strong adversarial cor-
ruption in robust statistics (Diakonikolas et al., 2019;
Lugosi and Neu, 2023; Diakonikolas et al., 2020):

Model 1.1. (Strong adversarial corruption). A
clean dataset (ai, yi)

m
i=1 is first generated according to

(1) and then the dataset is revealed to an adversary,
who can inspect all m samples and arbitrarily modify
an ϵ-fraction of them. That is, the adversary is allowed
to choose any subset of at most ϵm samples and replace
both the covariates ai and responses yi in any manner.
The learner only has access to the corrupted dataset
provided by the adversary.

This error model for phase retrieval was very recently
studied by Buna and Rebeschini (for heavy-tailed ζ)
(Buna and Rebeschini, 2025) and Dong et al. (Dong
et al., 2024) (for ζ = 0). Formally, for the setting of
phase retrieval, in this paper, we study the following
measurement models:

Model 1.2. (Gaussian phase retrieval with zero
mean heavy tailed noise and strong adversarial
corruption:) Measurements yi are generated from an
unknown x∗ ∈ Rn according to (1) with sensing vectors
ai ∼ N (0, In), where ζi is zero-mean conditioned on ai
i.e. E[ζi|ai] = 0 and homoscedastic i.e. its conditional
fourth moment E[ζ4|ai] and its conditional variance
E[ζ2|ai] are constants (resp. K4

4 and σ2) independent
of ai

1. An ϵ-fraction of {(ai, yi)}mi=1 (where both ai
and yi can be corrupted) are then corrupted by a strong
adversary as in Model 1.1.2

Model 1.3. (Gaussian phase retrieval with non-
zero mean heavy-tailed noise and strong adver-

1This assumption on the second and the fourth moment
are standard in robust statistics, see e.g. (Buna and Rebes-
chini, 2025; Oliveira and Rico, 2024; Pensia et al., 2025).

2As stated, themmeasurements are given at once to the
algorithm. However, for simplicity, we will allow our algo-
rithms to collect a constant number of times a fresh batch
of m samples as in Model 1.2, where the constant can de-
pend on the error guarantees. This is also the assumption
in prior robust iterative algorithms, e.g. see Algorithm 2
of (Buna and Rebeschini, 2025), see Step 4 of Algorithm 1
in (Liu et al., 2020), Step 4 of Algorithm 1 in (Liu et al.,
2019), and the paragraph following Lemma 1 in Section 5
of (Merad and Gäıffas, 2023).

sarial corruption). We consider the same setting as
in Model 1.2, with the modification that the noise has
a nonzero conditional mean, i.e., E[ζi | ai] = µ ̸= 0.
Also note that µ is unknown.

Gaussian linear measurements for phase re-
trieval. Gaussian measurements form the canonical
and most studied setting in the phase retrieval lit-
erature (Candès and Li, 2014; Candès et al., 2015;
Godeme et al., 2024; Buna and Rebeschini, 2025; Ne-
trapalli et al., 2015; Das et al., 2023; Sun et al., 2018;
Wang et al., 2018). Many influential methods, such as
Truncated Wirtinger Flow, are analyzed in this model,
and several applications (including heteroscedastic re-
gression (Das et al., 2023)) naturally lead to Gaussian
designs. Historically, theoretical advances in phase
retrieval first emerged under Gaussian measurements
and were later extended to structured models (e.g.,
coded diffraction patterns (CDP) (Chen and Candes,
2015)) by building on insights from the Gaussian case.
In this article, we focus on the Gaussian measurement
model and leave extensions to other sensing designs for
future work.

Motivation for heavy-tailed noise and adver-
sarial corruption: Real-world data are rarely clean
and typically contain multiple sources of noise, broadly
classified as uncorrelated noise across samples and cor-
related noise across the dataset. In the worst case,
the former can be modelled as stochastic heavy-tailed
noise, while the latter is modelled through the lens of
a strong adversary (Model 1.1) that can inspect the
dataset and corrupt a constant fraction of samples.
Such partial corruption models are well motivated by
practical applications. For instance, wireless sensor
networks (Wagner, 2004; Othman et al., 2013; Tian
et al., 2023; Chen and Wu, 2015) and IoT systems con-
sist of many distributed, low-power devices that sense,
collect, and transmit data, which are aggregated for
monitoring, inference, and decision-making. In these
large-scale deployments, typically only a small subset
of sensors is compromised (Wagner, 2004; Wang et al.,
2006), due to factors such as limited access, partial
network penetration, or device-specific vulnerabilities.
The majority of sensors remain honest; consequently,
the data at the central aggregator fit a model where
a fraction of measurements are adversarial and the
rest are clean, resulting in a constant fraction adver-
sarial contamination model (Model 1.1). This setting
directly motivates the framework of robust statistics,
which has been extensively studied; see, for example,
an entire book (Diakonikolas and Kane, 2023a) is de-
voted to this contamination model, and numerous fun-
damental problems have been studied under it, includ-
ing robust mean estimation (Hopkins et al., 2020), co-
variance estimation (Kothari et al., 2018; Li and Ye,
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2020; Duchi et al., 2025), PCA (Kong et al., 2020;
Diakonikolas et al., 2023), linear regression (Chera-
panamjeri et al., 2020), and non-convex optimization
(Buna and Rebeschini, 2025; Li et al., 2023). Impor-
tantly, phase retrieval itself is a highly non-convex in-
verse problem in which measurements are frequently
acquired across multiple sensing units (Yang, 2025).
In practical deployments, a fraction of sensors may
be faulty or compromised (Wagner, 2004; Wang et al.,
2006), leading to a corresponding fraction of corrupted
measurements. While these applications provide in-
stances of partial adversarial contamination, our goal
is to emphasize that the proposed model (Model 1.2)
captures both correlated corruptions and uncorrelated
stochastic noise in a unified framework, abstracting
more general real-world corruption.

Prior work on phase retrieval with adversarial
corruptions and heavy-tailed noise: There is a
long line of research on phase retrieval with adversar-
ial corruption or heavy-tailed noise, mostly devoted
to the simpler case when only the responses yi are
corrupted (and all the sensing vectors ai are known
exactly), see e.g. (Hand and Voroninski, 2016; Duchi
and Ruan, 2019; Zhang et al., 2018; Qian et al., 2016;
Barik et al., 2024). Our focus, in contrast, is the case
where both ai and yi may be corrupted, which, to the
best of our knowledge, is studied only very recently by
Buna and Rebeschini (2025) and Dong et al. (2024).
Buna and Rebeschini (2025) introduced the Model 1.2
and Model 1.3 for phase retrieval and showed expo-
nential time algorithms that given O(n logn) samples,
for a sufficiently small (but independent of n) ϵ, out-
put x satisfying dist(x, x∗) = O(σ

√
ϵ/∥x∗∥)3 with high

probability (for context, note that O(σ
√
ϵ) is the infor-

mation theoretically minimum error achievable in the
setting of robust mean estimation(Diakonikolas and
Kane, 2023b)). Buna and Rebeschini (2025) also de-
scribes a polynomial time algorithm for the low con-
tamination regime where ϵ = O(1/n); however, we do
not discuss that here as the low contamination regime
is not the focus of our paper.

Dong et al. (2024) claimed a near-linear time algorithm
with near-linear (in n) sample complexity for the noise-
less (ζ = 0) case with strong adversarial corruptions
(Model 1.1) 4. We discuss the techniques in both of
these works in more detail in Section 2. While a com-
plete survey of the rich algorithmic history of phase

3Note that the 1/∥x∗∥ dependence of the error is un-
avoidable and for a proof see Section B.

4While this claimed result is invalid as we discuss in
more detail in paragraph titled ”Comparison of our tech-
nique with prior use of truncation+filtering”, it still leads
to an interesting link between efficient robust PCA and ro-
bust phase retrieval; see also the discussion at the end of
the second para in Section 2.

retrieval and robust statistics is beyond the scope of
this work, we give a bird’s eye view of other related
work in Section A.

Our results: In this paper, we present the
first polynomial-time algorithms (with running time
Õ(m2n)) for the error models Model 1.2 and
Model 1.3 that output x satisfying the error guaran-
tee dist(x, x∗) = O(σ

√
ϵ/∥x∗∥) with high probability,

with sample complexity Õ(n) (where Õ hides log fac-
tors), for any constant ϵ (independent of n) fraction of
corruptions smaller than a constant depending only on
noise to signal ratio K4/∥x∗∥2, improving the results
of (Buna and Rebeschini, 2025). We also pose a ques-
tion that elucidates a precise connection between ro-
bust phase retrieval in Model 1.2 and near-linear time
algorithms for robust PCA, which further gives a dif-
ferent general perspective on the work of Dong et al.
(2024) (who focused on the ζ = 0 case).

We now describe our technical contribution in more
detail and put it in context of prior work.

2 TECHNIQUES

Spectral initialization and gradient descent: We
first briefly explain the main idea of a family of phase
retrieval algorithms (Chen and Candes, 2015; Candès
et al., 2015; Buna and Rebeschini, 2025; Wu and
Rebeschini, 2023; Godeme et al., 2024; Ma et al.,
2018; Netrapalli et al., 2015). The population risk
r(x) = E[(y − ⟨a, x⟩2)2]/4 for phase retrieval is non-
convex, however, it is well-known (Buna and Rebes-
chini, 2025; Ma et al., 2018; Chen and Candes, 2015;
Candès et al., 2015; Wu and Rebeschini, 2023; Godeme
et al., 2024; Netrapalli et al., 2015) that within a ball of
radius R = Θ(∥x∗∥) around ±x∗, r(x) is smooth and
strongly convex. Hence, if one could obtain an ini-
tial iterate x0 inside this ball, gradient descent would
converge efficiently to ±x∗. It turns out that the top
eigenvector of E[yaaT ] is parallel to x∗, and hence to
obtain an initial iterate x0, it suffices to obtain an
approximate top eigenvector of E[yaaT ], which is typ-
ically obtained by finding the top eigenvector of an
empirical estimator, such as 1

m

∑
i yiaia

T
i in the sim-

plest setup (spectral initialization). For several vari-
ants of spectral initialization, see (Netrapalli et al.,
2015; Buna and Rebeschini, 2025; Zhang et al., 2017;
Wang et al., 2018; Godeme et al., 2024; Chen and Can-
des, 2015).

Prior techniques for phase retrieval with strong
adversarial corruption and heavy-tailed noise
(Model 1.2): Naturally, the main algorithmic prin-
ciple of Buna and Rebeschini (2025) and Dong et al.
(2024) is to use a robust spectral initialization followed
by a robust gradient descent procedure. We first de-
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scribe their robust gradient descent procedure: they
express the gradient as a mean of a random variable
whose samples can be obtained from the Model 1.2,
and leverage recent algorithmic breakthroughs for ro-
bust mean estimation; this idea has appeared in sev-
eral recent works (Prasad et al., 2020; Li et al., 2023;
Holland and Ikeda, 2019). For robust spectral initial-
ization, Buna and Rebeschini (2025) have the insight
that the top eigenvector of Cov(ya) also suffices for
spectral initialization and use the exponential time ro-
bust covariance estimator (Oliveira and Rico, 2024) to
estimate Cov(ya), and find the top eigenvector of the
estimate. On the other hand Dong et al. (2024) (who
focuses on the ξ = 0 case) showed that given suffi-
cient samples, robustly finding the top eigenvector of
E[yaaT ] can be reduced to a convex Ky-fan-2 norm
optimization problem, which can be converted into a
packing semidefinite program for which nearly-linear
time solvers exist. 5

2.1 Our technical contribution:

Robust phase retrieval for zero mean noise.
While we still use the same robust gradient descent
procedure as prior works (Buna and Rebeschini, 2025;
Dong et al., 2024), we show that the result of Kong
et al. (2020) for robust PCA can be leveraged to ob-
tain, in polynomial time, a robust spectral initializa-
tion in the Model 1.2 that suffices for initializing the
robust gradient descent procedure. Kong et al. (2020)
shows that for bounded random variables X satisfying
a certain fourth-moment condition, the top eigenvector
of the covariance matrix Cov(X) can be approximated
in polynomial time with sample complexity Õ(n). We
show that a well-chosen truncation on ya leads to an
appropriately bounded random variable. While trun-
cation combined with filtering is classical, it is not a
priori clear that a valid truncation exists for robust
phase retrieval: over-truncation distorts the distribu-
tion, and under-truncation weakens filtering. It turns
out that with the bounded fourth-moment assumption
on the noise, our choice of truncation gives a suffi-
ciently good approximation to the top eigenvector of
Cov(ya) in polynomial time with sample complexity
Õ(n) by employing the result of Kong et al. (2020).
Hence, together with a robust gradient descent pro-
cedure ((Buna and Rebeschini, 2025) or (Dong et al.,
2024)), this leads to a polynomial time algorithm for
the error Model 1.2. Specifically, we show the follow-
ing theorem (informally stated, whose formal version
appears in Theorem 4.1):

5Their reduction for near-linear sample complexity ap-
pears to have a bug; however, their reduction works if the
sample complexity is allowed to be more than Õ(n) (but
still a polynomial in n), we elaborate on this in Section 4.2.

Theorem 2.1. (Informal.) Consider the Model 1.2.
Assume an upper bound rup on K4/∥x∗∥2 is known.
There exists a polynomial time algorithm (Algorithm 1
(this work) +Algorithm 2 from (Buna and Rebes-
chini, 2025)) such that if the corruption fraction
ϵ ≤ C1/(r

2
up + 1)2 and the number of samples m ≥

C2n(r
2
up +1) log(2n/(δϵ))/ϵ (where C1 and C2 are ab-

solute constants), then with probability at least 1 − δ,
the output xout of the algorithm satisfies

dist(xout, x
∗) ≤ O

(
σ

∥x∗∥
√
ϵ

)
.

Comparison of our work with Buna and Rebes-
chini (2025). Since Buna and Rebeschini (2025)
studies the same problem as ours, we compare the re-
sults here. Convergence guarantees for robust itera-
tive optimization algorithms typically rely on strong
convexity and smoothness (Prasad et al., 2020), which
hold only locally in non-convex problems. Hence, ro-
bust non-convex methods often require a good ini-
tialization to ensure that the iterates enter a well-
behaved region (methods with random initializations
often don’t have as good sample complexity guaran-
tees in the robust setting (Li et al., 2023)). Phase re-
trieval (PR) is a canonical example of such a problem.
Buna and Rebeschini (2025) (AISTATS 2025) showed
that the traditional spectral-initialization method for
PR to land in a strongly convex and smooth region
around the minimum, can be interpreted as computing
the top eigenvector of Cov(ya), enabling the use of ro-
bust PCA methods for the initialization. Starting from
such an initialization, Buna and Rebeschini (2025) an-
alyzed the robust gradient-descent procedure for phase
retrieval and showed that the hyperparameters (such
as the learning rate, sample complexity, and allow-
able corruption level) can be chosen so that the iter-
ates of the non-convex PR objective remain within the
strongly convex and smooth region established by the
initializer. Robust gradient descent is well understood
given strong convexity and smoothness at the iterate,
and methods using second order information for non-
convex landscapes are also known e.g. the definition
of robust gradient in Buna and Rebeschini (2025) ap-
pears for the first time in Prasad et al. (2020), see also
Cherapanamjeri et al. (2020) utilizing this idea, see Li
et al. (2023) for robust non-convex optimization using
second-order information at the cost of higher sample
complexity. The key and poorly understood compo-
nent in sample-efficient robust non-convex procedures
is therefore robust initialization, Buna and Rebeschini
(2025) gave the first such (spectral) initialization for
a non-convex problem, which, however, needed expo-
nential time. Our contribution is to show that one
can find a choice of truncation on the covariates that,
together with the robust PCA algorithm (filtering) of
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Kong et al. (2020) gives a polynomial-time spectral
initializer with near-linear sample complexity that tol-
erates a constant fraction of corruptions, thereby im-
proving the result of Buna and Rebeschini (2025) from
exponential time to polynomial time. The technical
difficulty of finding such truncation + filtering combi-
nations is explained below.

Comparison of our technique with prior use of
truncation+filtering. While truncation and filter-
ing are classical tools in robust statistics, their suc-
cessful interplay is highly problem-dependent. Sev-
eral examples illustrate this point: for instance, Di-
akonikolas et al. (2022)’s robust sparse mean estima-
tion proceeds by projecting (i.e. truncating) means to
an ℓ∞ ball around the median-of-means estimator, fol-
lowed by the filtering procedure of Balakrishnan et al.
(2017). Catoni and Olivier Catoni (2012) use a cus-
tomized truncation-based estimator for heavy-tailed
mean estimation. The work Sasai (2022) addresses
the robust sparse regression problem by first using
coordinate-wise truncation together with a filtering
step to remove adversarially corrupted design vectors,
and then they perform regression by minimizing the
Huber loss, which is essentially a truncated ℓ2 loss, to
handle corruption in the responses. On the other hand,
the proof attempt in the (incorrect) submission Dong
et al. (2024) uses truncation together with concentra-
tion inequalities, which is conceptually similar to the
truncation-plus-filtering framework, where the validity
of their argument appears to rely critically on the last
inequality on page 14 of their manuscript, which claims
that Prx∼N (0,1)(x

4 ≥ ln z/c) ≤ z−3 holds for all z > 1
for some constant c; however, this is false, and more
generally the integral

∫∞
τ̃

Prx∼N (0,1)(x
4 ≥ ln z/c)dz

diverges for all τ̃ and constants c > 0; from this
viewpoint, the issues in their argument can be inter-
preted as a failed attempt to apply a truncation-based
method, whereas in a concurrent work Dong et al.
(2025), the authors of Dong et al. (2024) claim a re-
sult that resolves the incorrect part of their earlier re-
sults for phase retrieval in the zero-noise setting using
a sophisticated truncation+filtering techniques. These
examples highlight that the correct use of truncation
and filtering is subtle and depends critically on the
specifics of the problem: over-truncation can destroy
essential structure, while under-truncation can render
filtering ineffective. We truncate the vectors ya using
a norm-based cutoff determined by the input parame-
ters, chosen large enough to keep the top eigenvector
of the covariance of the truncated ay close to the top
eigenvector of the true covariance, yet small enough to
apply the robust PCA method of Kong et al. (2020).
Furthermore, unlike earlier truncation-based phase re-
trieval methods—which typically truncate only on the
responses—our method truncates both the responses

and the sensing vectors. We also show that our method
remains valid even when the noise has a nonzero mean,
which requires robustly solving a special case of blind
deconvolution. Our work provides a principled and
effective initialization scheme using truncation + fil-
tering that may naturally extend to other robust non-
convex estimation settings.

Towards near-linear time algorithms for robust
phase retrieval: In fact, we can show that the appro-
priately truncated empirical distribution of ya over m
samples satisfies a certain stability condition (Defini-
tion 4.6, (Diakonikolas et al., 2023)) that can be used
to employ the nearly-linear time PCA algorithm of Di-
akonikolas et al. (2023) for robust spectral initializa-
tion, at the cost of losing the Õ(n) sample complexity;
however, the sample complexity m still remains poly-
nomial in n (even for heavy-tailed noise). This also
provides a different perspective on Dong et al. (2024),
whose reduction to convex Ky-fan-2 norm optimiza-
tion relies on the same stability condition (see Defini-
tion 4.6), for the zero-noise case. We pose the open
problem: does the empirical distribution over Õ(n)
appropriately truncated samples of ya satisfy stability
(Definition 4.6)? This question, if answered affirma-
tively, would imply a near-linear time algorithm for
robust phase retrieval in the Model 1.2.

Robust phase retrieval for non-zero mean noise:
Next, we study Model 1.3, which considers the case
of non-zero unknown mean noise. (Buna and Rebes-
chini, 2025) introduced a symmetrization-based trick,
also used in (Pensia et al., 2025), that converts phase
retrieval with non-zero mean noise into a special case
of the robust blind deconvolution problem. Similar
to Model 1.2, Buna and Rebeschini (2025) provided
an exponential-time algorithm for Model 1.3 with the
same guarantees as those given for Model 1.2. We
show that our techniques can also be extended to
Model 1.3. However, estimating ∥x∗∥ in this setting
is not straightforward. Refer Remark G.5 for more
details, in fact, the argument in Buna and Rebeschini
(2025) contains a gap in the robust estimation of ∥x∗∥.
In this work, we provide a fix for this issue by first ob-
taining a crude robust estimate of ∥x∗∥, using it to
carefully choose the truncation parameter, and then
using robust PCA to fine-tune the previous crude es-
timate. Specifically, we show the following theorem
(informally stated, whose formal version appears in
Theorem 5.1):

Theorem 2.2. (Informal.) Under Model 1.3 and
the same settings as in Theorem 2.1, there exists a
polynomial-time algorithm (Algorithm 2 (this work)
+ Algorithm 4 from (Buna and Rebeschini, 2025))
that achieves the same guarantees as in Theorem 2.1,
except that the requirement on m changes to m ≥
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C2 n (r2up + 1)2
log
(
2n/(δϵ)

)
ϵ .

Roadmap of the paper. In Section 3, we give the
necessary preliminaries for algorithmic robust statis-
tics. In Sections 4 and 5, we describe our polynomial-
time algorithms with Õ(n) sample complexity for both
models 1.2 and 1.3 respectively, and prove that the
output x satisfies dist(x, x∗) = O(σ

√
ϵ/∥x∗∥). The

crux of the argument for both models 1.2 and 1.3, pre-
sented in Sections 4.1 and G.3, is that an appropri-
ate truncation ensures the robust PCA estimator of
(Kong et al., 2020) suffices for spectral initialization.
In Section 4.2, we discuss the connection to (Dong
et al., 2024) and pose an open question whose affirma-
tive answer yields a nearly-linear time algorithm for
robust phase retrieval in Model 1.2. Finally, Section 6
concludes with open problems.

3 PRELIMINARIES

Notations used in paper. We use ∥x∥ for the ℓ2
norm of a vector x, ∥A∥op for the operator norm of
a matrix A, and ∥A∥F for its Frobenius norm. We
write B(x,R) for the ℓ2 ball in Rn centered at x with
radius R. As is standard in the statistics literature,
we slightly abuse notations by using the same sym-
bols for a random variable and its realization when
clear from context. We denote unspecified constants
by C1, C2, . . ., where Ci may vary across results.

We now state the main results in algorithmic robust
statistics that our paper relies on.

3.1 Robust mean estimation

For robust mean estimation, we will employ the follow-
ing results of Diakonikolas et al. (2020) and Hopkins
et al. (2020).

Theorem 3.1. [Theorem 1.4, Proposition 1.5, Propo-
sition 1.6 in ((Diakonikolas et al., 2020))] Suppose a
dataset S of size m is sampled i.i.d. from a distribution
D with mean µ ∈ Rn and covariance matrix Σ ∈ Rn×n.
Let T denote an ϵ−corrupted version of S, where the
corruption is performed by a strong adversary (i.e. up
to ϵm points in S are arbitrarily modified to obtain T ).
For ϵ less than a sufficiently small universal constant,
there exists a polynomial time algorithm on input T, ϵ
that efficiently computes µ̂ such that, with probability
at least 1− δ,

∥µ̂− µ∥ =
√

∥Σ∥opO

(√
reff(Σ)

m
+
√
ϵ+

√
log(1/δ)

m

)
,

(2)
where reff(Σ) = tr(Σ)/∥Σ∥op is the effective rank of
matrix Σ. The polynomial time algorithm is com-

pletely oblivious to Σ (Theorem A.3 in (Diakoniko-
las et al., 2020)). Let’s denote the time complexity
of this polynomial-time algorithm by Trob-mean(m,n).
Further, by (Hopkins et al., 2020), if an upper bound
σup on ∥Σ∥op is known, the above guarantee in (2) can

be obtained in time Õ(mn) (with ∥Σ∥op replaced with
σup in (2)).

3.2 Robust principal component analysis

For robust principal component analysis (PCA), we
will employ the following results of (Kong et al., 2020).

Theorem 3.2. (Proposition 2.6 from (Kong et al.,
2020).) Let S = {Xi}mi=1 be drawn i.i.d from a dis-
tribution D supported on Rn. Let’s define the second-
order raw moment of X ∼ D as Σr := EX∼D[XX⊤].
Given δ ∈ (0, 0.5), and a corrupted dataset T such that
an ϵ ∈ (0, 1/36] fraction of the points are corrupted ar-
bitrarily, suppose:

• The distribution D has bounded support such that
∥XX⊤ − Σr∥ ≤ B for all X ∼ D with probability
one.

• The distribution D has bounded fourth moments,
i.e.,

max
x∈Rn:∥x∥≤1

EX∼D
[
⟨xx⊤, XX⊤ − Σr⟩2

]
≤ v′2.

Then, with probability at least 1 − δ, there exists a
polynomial-time algorithm (Algorithm 2 from (Kong
et al., 2020)) that efficiently computes û ∈ Rn×1 and
λû ∈ R such that it satisfies:

Tr[P1(Σr)]−Tr[û⊤(Σr)û] = O
(
ϵ · Tr[P1(Σr)] +

√
ϵ · v′

)
,

(3)
|λû − Tr[P1(Σr)]| ≤ O

(
ϵ · Tr[P1(Σr)] +

√
ϵ · v′

)
(4)

provided that

m = Ω
(
(n+ (B/v′)

√
ϵ) log(n/(δϵ))/ϵ

)
.

Here, Pk(·) is the best rank-k approximation of a ma-
trix in ℓ2. The time complexity of Algorithm 2 from
(Kong et al., 2020) is Õ(m2n).

Remark 3.3. Algorithm 2 from Kong et al. (2020) is
a robust rank-one PCA routine. Given T = {XjX

⊤
j },

it applies a filtering step (Algorithm 3 in Kong et al.
(2020), ”Double Filtering”) to remove adversarial ele-
ments, averages the remaining matrices to form M̂ ,
and returns the top eigenvector û of M̂ , satisfying
Eq. (3). Our implementation also computes the corre-
sponding leading eigenvalue (an estimate of the largest
eigenvalue of Σr). Although this step is not explicitly
performed in Kong et al. (2020), its guarantee (Eq. (4))
follows directly from the analysis in that work. See
Section D.1 for the proof of Equation (4).
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4 ROBUST PHASE RETRIEVAL
WITH ZERO MEAN NOISE

In this section, we first present the formal version of
Theorem 2.1, and then progressively build up the nec-
essary tools and results required to prove it.

Theorem 4.1. Assume that an upper bound rup on
K4/∥x∗∥2 is known. There exists a polynomial-time
algorithm (namely, Algorithm 1 combined with Al-
gorithm 2 from (Buna and Rebeschini, 2025)) such
that, if the total number of samples is m = m1 +
m2 + Pm̃, and the following conditions hold: m1 ≥
C2 log(2/δ)(1 + r2up),m2 ≥ C3n(r

2
up + 1) log(2n/(δϵ))ϵ ,

ϵ ≤ C1

(r2up+1)2 , m̃ ≥ C4 ·max{n logn, log(1/δ)} · r2up,
then, with probability at least 1 − (P + 1)δ, the algo-
rithm outputs xP satisfying

dist(xP , x
∗)

∥x∗∥
≤ C5 exp

(
−C6P (1−

√
ϵ)
)

+ C5
σ

∥x∗∥2

(√
n logn

m̃ +

√
log(1/δ)

m̃ +
√
ϵ

)
(5)

Moreover, the time complexity of the algorithm is
O(Trob-mean(m1, 1) +m2

2n+ PTrob-mean(m̃, n)).

Using the fact that σ/∥x∗∥2 ≤ K4/∥x∗∥2 ≤ rup, we con-
clude that for P = Ω((1/1−

√
ϵ) log (1/rup

√
ϵ)), we have

dist(xP , x
∗) = O (σ

√
ϵ/∥x∗∥). The sample complexity

and corruption level for both robust spectral initial-
ization and gradient descent remain of the same order
for σ = 0 and σ ̸= 0, as follows by combining our anal-
ysis with that of (Buna and Rebeschini, 2025). We
will use the following result of (Buna and Rebeschini,
2025) who showed that there exists a polynomial time
algorithm (robust gradient descent) with sample com-
plexity Õ(n) for robust phase retrieval if given a point
x0 inside a ball of radius ∥x∗∥/9 centered at ±x∗.

Theorem 4.2. (Gradient descent for phase re-
trieval, see Theorem 3.3 from Buna and Rebes-
chini (2025).) There exists a polynomial time algo-
rithm (see Algorithm 2 from (Buna and Rebeschini,
2025)) that, given a point x0 ∈ B(±x∗, ∥x∗∥/9) and

if ϵ ≤ C1∥x∗∥4

σ2 and P draws of m̃ samples where

Pm̃ ≥ C2P ·max{n log n, log(1/δ)} · σ2

∥x∗∥4 , with prob-

ability at least 1− Pδ, outputs xP satisfying

dist(xP , x
∗)

∥x∗∥
≤ C3 exp

(
−C4P (1−

√
ϵ)
)

+ C3
σ

∥x∗∥2

(√
n logn

m̃
+

√
log(1/δ)

m̃

)
+ C3

σ

∥x∗∥2
√
ϵ.

Remark 4.3. Note that (Buna and Rebeschini, 2025)
and prior works (Liu et al., 2020, 2019; Merad and
Gäıffas, 2023) use fresh samples at each step of ro-
bust gradient descent (see Footnote 2 on page 2). This

is standard because drawing multiple batches of fresh
samples is essentially similar to random sample split-
ting. Specifically, we can take M = O(m′(P+2)) sam-
ples from Model 1.2 at the beginning and randomly
divide them into P + 2 batches. By Claim C.1, if
m′ = Ω((log(P + 2) + log(1/δ))/ε2), then with prob-
ability at least 1 − δ, every batch has at most a 2ε
fraction of corrupted samples. For a formal treat-
ment, see Section C. We can use 2 batches for spec-
tral initialization and the remaining P batches for
gradient descent. Under sample splitting, all theo-
rem statements and proofs in our work and Buna
and Rebeschini (2025) remain the same, except ε
is replaced by 2ε and the sample complexity is re-
placed by maximum of sample complexity appears
in our work (and (Buna and Rebeschini, 2025)) and
cε,rup

= 2max{log(1/δ), log (1/1−√
ϵ log (1/rup

√
ϵ))}/ε2,

where cε,rup
is a constant depending on problem pa-

rameters and ϵ. For simplicity, we do not take this
path. We leave it as an open problem whether robust
gradient descent can be performed using only a single
batch of samples.

In the following Section 4.1, we show how to obtain
such a point x0 which gives the desired algorithm to-
gether with Theorem 4.2.

4.1 Robust Spectral initialization

Define the random variable X := ya and denote its
covariance matrix as Σ := E[XXT ] (note that E[X] =
0). We begin with the idea of Buna and Rebeschini
(2025), which interprets the spectral initialization of
a long line of work (Netrapalli et al., 2015; Chen and
Candes, 2015) as follows: the top eigenvector of the
covariance matrix Σ = E[XXT ] (note that E[X] = 0)
is parallel to x∗:

E[y2aaT ] = E
(
⟨a, x∗⟩4aaT

)
+ E

(
aaT E[ζ2 | a]

)
(a)
= (3||x∗||4 + σ2)In + 12||x∗||2x∗x∗T ,

with eigenvalue 15∥x∗∥4 + σ2 (where (a) follows from
the Lemma H.1).

This implies that it is sufficient to estimate only the
top eigenvector of the matrix Σ, as we can then scale
this direction to obtain an initial estimate of x∗. Im-
portantly, there is no need to estimate the full covari-
ance matrix Σ.

Our tool for this purpose is the robust PCA algo-
rithm of Theorem 3.2 which estimates the top eigen-
vector with sample complexity Õ(n) for bounded ran-
dom variables satisfying a certain fourth-moment con-
dition. X = ya is unbounded; however, one can con-
struct a bounded random variable by truncating X at
a norm cutoff τ to be chosen later, without affecting
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the covariance matrix by much (due to Chebyshev-like
concentration because X also has a bounded fourth
moment). Formally, we show:

Lemma 4.4. (Truncation.) Define X̃ := XI∥X∥≤τ ,

Σ̃r := E[X̃X̃⊤], where τ is the truncation parameter.
Then, the following holds:

∥Σ− Σ̃r∥op = O(n(K2
4 + ∥x∗∥4)2/τ2). (6)

The proof of the Lemma 4.4 can be found in Sec-
tion E.1.

Estimating the error due to truncation. It turns
out that for estimating the top eigenvector of Σ, we
can afford a truncation of τ = O(

√
n((K2

4/∥x∗∥4) +
1)(∥x∗∥2)) because the top eigenvector of Σ̃r only
needs to lie in a sufficiently small ball around x∗.
Specifically, the above choice of τ gives ∥Σ− Σ̃r∥op ≤√

2∥x∗∥4

9 . Let u be the normalized top eigenvector of

Σ̃r, then together with Theorem H.3 (observing that
λ1(Σ)− λ2(Σ) = 12∥x∗∥4), we get that

dist(u, x∗/∥x∗∥) ≤ 2
√
2∥Σ− Σ̃r∥op
12∥x∗∥4

≤ 1

27
.

If the norm ∥x∗∥ was known and u could be estimated
exactly, then the above calculation shows that the es-
timate ∥x∗∥ · u satisfies dist(∥x∗∥ · u, x∗) ≤ ∥x∗∥/27,
which suffices as the input x0 to the algorithm of The-
orem 4.2. This suggests that we first estimate ∥x∗∥
and use this estimate to define the truncation param-
eter. Use this parameter to truncate the r.v. ya, and
then apply Theorem 3.2 to obtain the direction for
x∗, and finally, combine the direction and scaling to
get the final estimate of x∗. See Algorithm 1 for the
full algorithm. The explicit constant in the truncation
parameter (1100) follows from constants appearing in
Kong et al. (2020) and Lemma H.2. We now present
the main theorem analyzing Algorithm 1 whose proof
can be found in Section E.2.

Theorem 4.5. (Robust spectral initialization for
phase retrieval.) Under the setting and notation of
Algorithm 1, if ϵ ≤ C1(r

2
up + 1)−2, m1 ≥ log(2/δ)(1 +

r2up) and m2 ≥ C3

(
n(r2up + 1) log(2n/(δϵ))/ϵ

)
. Then,

with probability at least 1 − δ, dist (x0, x
∗) ≤

∥x∗∥ /9. The time complexity of Algorithm 1 is
O(Trob-mean(m1, 1) +m2

2n).

Theorem 4.1 now follows by combining Theorem 4.2
and Theorem 4.5.

4.2 Connection between stability-based
robust PCA and robust phase retrieval

In this section, we show a connection (Proposition 4.7)
between near-linear time stability-based robust PCA

Algorithm 1 Spectral Initialization.

Inputs: failure probability δ ∈ (0, 1), corruption frac-
tion ϵ > 0, an upper bound rup on K4/∥x∗∥2, access to
2 batches of samples of sizesm1 = Ω(log(2/δ)(1+r2up))

and m2 = Ω
(
n(r2up + 1) log(2n/(δϵ))/ϵ

)
respectively

from Model 1.2.
Output: x0 ∈ Rn

1: ∥x∗∥ calculation:
• Receive a set of samples Ty = {(yj)}m1

j=1 of size
m1 from the robust phase retrieval Model 1.2.

• Let ˆ∥x∗∥
2
be the maximum of zero and the

robust mean estimate of the dataset Ty by the
Algorithm in Theorem 3.1.

• Calculate ˆ∥x∗∥ =

√
ˆ∥x∗∥

2
as robust estimate

of ∥x∗∥.
2: Robust PCA:

• Calculate the truncation parameter τ̂ =

1100
√
n(r2up + 1) ˆ∥x∗∥

2
.

• Receive a set of samples T = {(aj , yj)}m2

j=1
of size m2 from the robust phase retrieval
Model 1.2.

• Form the truncated dataset D̃ = {X̃j =
XjI∥Xj∥≤τ̂ : Xj = yjaj}m2

j=1.
• Let û be the output of the robust PCA algo-
rithm (Algorithm 2 from (Kong et al., 2020))

applied to the truncated dataset D̃.

3: Scaling: Return x0 = ˆ∥x∗∥û.

algorithms and robust spectral initialization. Di-
akonikolas et al. (2023) studied the robust PCA prob-
lem and gave a nearly linear time robust PCA al-
gorithm (Algorithm 2 (SampleTopEigenvector)) given
that the empirical uniform distribution over good sam-
ples satisfies the stability condition. The stability con-
dition from Diakonikolas et al. (2023) is as follows:

Definition 4.6. (See Definition 2.12 from (Di-
akonikolas et al., 2023).) Stability Condition. Let
0 < ϵ < 1/2 and ϵ ≤ γ < 1. A distribution G on Rd

is called ( ϵ, γ )-stable with respect to a PSD matrix
Σ ∈ Rd×d, if for every weight function w : Rd → [0, 1]
with EX∼G[w(X)] ≥ 1−ϵ, the weighted second moment
matrix, ΣGw

:= EX∼G

[
w(X)XX⊤] /EX∼G[w(X)],

satisfies that (1− γ)Σ ⪯ ΣGw
⪯ (1 + γ)Σ.

The Algorithm 2 (SampleTopEigenvector) from Di-
akonikolas et al. (2023) (whose detailed gurantees can
be found in Section F.1) returns u with u⊤Σu ≥
(1−O(γ))∥Σ∥op in time O

(
m′n
γ2 log4(n/ϵ)

)
, where m′

is the no of input samples given that the uncoruupted
samples satisfies Definition 4.6.

Proposition 4.7. (Informal.) If the truncated em-
pirical distribution of size m satisfies the stability con-
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dition (Definition 4.6), then we obtain an algorithm
for robust phase retrieval with runtime Õ(mn), sam-
ple complexity Õ(m), and contamination tolerance ϵ ≤
C2/(1+r2up). The algorithm is Aalt+ Algorithm 2 from
(Buna and Rebeschini, 2025), where Aalt is identical
to Algorithm 1 except that Step 2 replaces Algorithm
2 of (Kong et al., 2020) with SampleTopEigenvector
(Algorithm 2) from Diakonikolas et al. (2023).

See Section F.2 for the formal statement and proof of
Proposition 4.7. Such a proposition is also implicit
in the work of Dong et al. (2024). Dong et al. (2024)
claimed a near-linear time for the phase retrieval prob-
lem in the zero-noise setting with adversarial corrup-
tion (which is invalid, as discussed in Footnote 4).
They reduced the problem of robust spectral initial-
ization (their Lemma 4.1) to an optimization problem
involving the Ky Fan 2 norm problem, which can be
solved in linear time by packing SDP solvers. How-
ever, their reduction crucially relies on their stability-
based lemma (Lemma 4.2).

By Proposition 4.7, we conclude that to obtain nearly-
linear time algorithms with sample complexity Õ(n)
for robust phase retrieval, it suffices to prove the sta-
bility condition (Definition 4.6) for the empirical dis-

tribution with Õ(n) truncated samples, specifically, to
answer in the affirmative the following question:

Question 4.8. Let τ be Θ(
√
n). Can we prove or

disprove that the truncated empirical distribution of
Y = (⟨a, x∗⟩2+ ζ)aI∥(⟨a,x∗⟩2+ζ)a∥≤τ over Õ(n) samples
satisfies Definition 4.6 with respect to Σ := ∥x∗∥2In +
2x∗x∗⊤?

To answer the question partly, we show that the em-
pirical distribution over Õ(n5) samples of the ran-
dom variable Y satisfies the stability definition Def-
inition 4.6. We prove this formally in Lemma F.3.
Lemma F.3 leads to the Theorem F.5 (which can
be found with proof in Section F.4), which shows
that the algorithm Aalt suffices for robust spectral
initialization (which, along with Theorem 4.2 gives
an algorithm for robust phase retrieval) and runs in
Õ(Trob-mean(m1, 1) + m2n) time but at the cost of
higher sample complexity m0 = m1 +m2 = Ω(n5).

5 ROBUST PHASE RETRIEVAL
WITH NON-ZERO MEAN NOISE

In this section, we study Model 1.3. Using the sym-
metrization trick from Buna and Rebeschini (2025),
we reduce phase retrieval to a special case of blind de-
convolution (Buna and Rebeschini, 2025). We then
present the formal version of Theorem 2.2. For a dis-
cussion on the statistical challenges (Remark G.5) and
the tools we develop to address them, see paragraph

titled ”Our approach” and two paragraphs below the
proof of Lemma G.6 in Section G.3.

When the noise has an unknown (possibly non-zero)
mean, the approach in Algorithm 1 becomes invalid,
since E[y] = ∥x∗∥2 + µ, where µ is unknown. To ad-
dress this issue, we follow the idea of symmetrization-
based pre-processing from Buna and Rebeschini (2025).
This idea has been used before, by Pensia et al. (2025)
for robust linear regression. Assume we are given two
independent observations: y = (⟨a∗, x∗⟩)2 + z, y′ =
(⟨a∗′

, x∗⟩)2 + z′, where z, z′ are independent noise
terms with unknown mean. Define: υ := y−y′

/2, b :=
a∗+a∗′

/
√
2, c := a∗−a∗′

/
√
2, ζ := z−z′

2 . Using the

identity (⟨a∗, x∗⟩)2− (⟨a∗′
, x∗⟩)2 = ⟨a∗+a∗

′
, x∗⟩ · ⟨a∗−

a∗
′
, x∗⟩, we can rewrite the above as and obtain a new

model of the form: υ = ⟨b, x∗⟩ · ⟨c, x∗⟩ + ζ. where:
b, c ∼ N (0, Id) are independent, E[ζ | b, c] = 0,E[ζ2 |
b, c] = σ2/2,E[ζ4 | b, c] ≤ 2K4

4 . This is called the blind
deconvolution problem. Note that the population loss
r(x) := E[(v − ⟨b, x⟩⟨c, x⟩)2]/2 is strongly convex and
smooth inside a small ball around x∗ (see Proposi-
tion G.2 and Proposition G.3), implying the success
of robust spectral initialization + robust gradient de-
scent. We now state the formal version of Theorem 2.2,
whose proof is in Section G.5.

Theorem 5.1. Consider the same settings as The-
orem 4.1. There exists a polynomial-time algorithm
(namely, Algorithm 2 (ours work) combined with Al-
gorithm 4 (robust gradient descent) from (Buna and
Rebeschini, 2025)) such that, if the total number of
samples is m = 2m1 + 2m2 + 2Pm̃, and the follow-
ing conditions hold: m1 ≥ C2 log(2/δ)(1 + r2up),m2 ≥
C3

n(r2up+1)2 log(2n/(δϵ))/ϵ, 2ϵ ≤ C1/(r2up+1)2, m̃ ≥ C4 ·
max{n logn, log(1/δ)} · r2up, then, with probability at
least 1 − (P + 1)δ, the algorithm outputs xP sat-
isfying Equation (5). Moreover, the time complex-
ity of the algorithm is O(Trob-mean(m1, 1) + m2

2n +
PTrob-mean(m̃, n)).

6 CONCLUSION

We establish a connection between robust phase re-
trieval and robust PCA, yielding the first polynomial-
time algorithms that tolerate a constant corruption
fraction depending on the noise-to-signal ratio (inde-
pendent of dimension), and extend this approach to
non-zero mean noise via robust blind deconvolution.
An open question is whether the corruption level can
be made independent of the noise-to-signal ratio; the
known information-theoretic lower bound is O(σϵ) for
robust Gaussian linear regression (Bakshi and Prasad,
2021), which extends to phase retrieval for ∥x∗∥ = 1,
and whether a sharper bound exists or an algorithm
achieving error O(σϵ/∥x∗∥) remains open.
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A OTHER RELATED WORK

Phase retrieval. The literature on phase retrieval is both vast and diverse. Articles Balan et al. (2006) and
Conca et al. (2015) have shown that m ≥ 2n − 1 or m ≥ 4n − 4 measurements {(ai, yi)}mi=1 are sufficient for
uniquely determining an n-dimensional real-valued or complex-valued vector x∗, respectively, in the noise less
settings. In the noiseless and no corruption setting, a wide array of algorithms have been proposed, including
semidefinite programming (SDP) methods (Candès and Li, 2014) and nonconvex methods such as Wirtinger Flow
(Candès et al., 2015), trust-region methods (Sun et al., 2018), alternating projections (Waldspurger, 2018), and
variants like reshaped Wirtinger Flow (Zhang et al., 2017), truncated amplitude flow (TAF) (Wang et al., 2018)
and AltMinPhase with resampling (Netrapalli et al., 2015). All of the above algorithm has sample complexities

Õ(n). Beyond the noiseless setting, different noise models have been explored. Wu and Rebeschini (2023)
addressed signal-independent light-tailed noise and proposed a mirror descent algorithm for sparse phase retrieval
with sample complexity Õ(k2), where ∥x∗∥0 = k. Several works also studied bounded noise: Zhang et al.
(2017) and Wang et al. (2018) also considered |ζ|∞ = O(∥x∗∥), whereas Godeme et al. (2024) considered the
case |ζ|∞ = O(∥x∗∥2) and proposed an efficient algorithm (spectral initialization and mirror descent) with the
sample complexity Õ(n). Chen and Candes (2015) presented a general framework that includes bounded and
sub-exponential signal-dependent noise, highlighting two notable cases: |ζ|∞ = O(∥x∗∥2) and Poisson noise
where yi ∼ Poisson(|⟨ai, x∗⟩|2). Their truncated Wirtinger Flow (TWF) algorithm uses gradient descent on a
truncated empirical log-likelihood, discarding outliers at each step. In a related direction, Das et al. (2023)
studied a heteroscedastic regression model with multiplicative noise of the form y2i = χ2(1)(⟨ai, x∗⟩)2, where
χ2(1) is a mean-one sub-exponential variable.

Robust statistics. Robust parameter estimation under heavy-tailed noise and adversarial corruption is a central
theme in robust statistics, aiming for reliable learning under real-world data challenges. Suppose a dataset
{xi ∈ Rd}ni=1 is drawn i.i.d. from a distribution Dθ, and an ϵ-fraction of the samples is arbitrarily corrupted. The
goal is to robustly estimate θ from these corrupted samples. Robust statistics aims to estimate the mean (first-
order) and covariance (second-order) statistical quantities under heavy-tailed noise and adversarial corruption.
While the Tukey median achieves optimal mean estimation, it is computationally intractable. Diakonikolas
et al. (2019) introduced the first polynomial-time algorithm with near-optimal error, which was later followed
by nearly linear-time methods proposed in Hopkins et al. (2020). For covariance estimation, Oliveira and
Rico (2024) proposed a statistically optimal but computationally intractable estimator, with efficient algorithms
known only for Gaussian distributions (Kothari et al., 2018; Li and Ye, 2020), and for general distributions under
low contamination (Duchi et al., 2025). Designing efficient algorithms for covariance estimation with optimal
guarantees for arbitrary heavy-tailed distributions and constant corruption remains a key open problem. For
principal component analysis (PCA), Kong et al. (2020) presented a polynomial-time algorithm for bounded
random vectors, achieving almost linear sample complexity and tolerance to a constant fraction of corruptions.
On the other hand, Diakonikolas et al. (2023) developed a nearly linear-time algorithm under the assumption
that the data satisfies a certain stability condition (see Definition 4.6 for details).

B CORRECT ERROR SCALING FOR PHASE RETRIEVAL

In this section, we formally prove that any algorithm solving phase retrieval must have a 1
∥x∗∥ dependence on the

estimation error. Before presenting the proof, we first provide some intuition for this result using dimensional
analysis. Note that the error scale σ in phase retrieval is O(∥x∗∥2), while dist(x, x∗) = O(∥x∗∥). This implies a

1
∥x∗∥ dependence by dimensional analysis. We now proceed to prove this statement formally.

Claim B.1. Any algorithm that solves the phase retrieval problem (Model 1.2) with an estimation error of order
O(σ

√
ϵ∥x∗∥α) must necessarily have α = −1; in other words, the estimation error must scale inversely with the

signal norm, i.e., as 1/∥x∗∥.

Proof. To address the above claim, we consider the following four exhaustive cases and show that each of them
leads to a contradiction:

1. Case 1. dist(x, x∗) = O(σ
√
ϵ).

2. Case 2. dist(x, x∗) = O(σ
√
ϵ∥x∗∥α), where α > 0.

3. Case 3. dist(x, x∗) = O
(

σ
√
ϵ

∥x∗∥α

)
, where 0 < α < 1.
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4. Case 4. dist(x, x∗) = O
(

σ
√
ϵ

∥x∗∥α

)
, where α > 1.

Case 1. Suppose there exists a phase retrieval algorithm whose estimation error does not depend on the signal
norm ∥x∗∥. Specifically, the algorithm outputs an estimate xout such that

dist(xout, x
∗) = O

(
σ
√
ϵ
)
, (7)

where σ is the noise level, ϵ is the fraction of corrupted samples. Assume ∥x∗∥ = 1, and there exists a dataset
S = (ai, yi) for this signal such that when the dataset S is given to the algorithm, it outputs xout satisfying
Equation (7).

Now fix some n ∈ N, and consider the rescaled signal x∗/n. The dataset S can be converted into a dataset for
this new signal simply by dividing each yi by n2. In this case, the measurement model becomes

y

n2
= ⟨a, x∗/n⟩2 + ζ

n2
.

Applying the algorithm to this rescaled dataset yields an output x̂∗
n such that

dist(x̂∗
n, x

∗/n) = O
( σ

n2

√
ϵ
)
,

which further implies

dist(nx̂∗
n, x

∗) = O
(σ
n

√
ϵ
)
.

This shows that if there exists a algorithm for robust phase retrieval with absolute error independent of ∥x∗∥
then it could be rescaled to solve the problem in the normalized setting ∥x∗∥ = 1 to arbitrary precision. This
contradicts the known information-theoretic lower bound of O(σϵ) for Gaussian linear regression (Bakshi and
Prasad, 2021), which is a strictly easier problem than phase retrieval.

Case 2. Suppose there exists a phase retrieval algorithm whose estimation error follows case 2. Specifically, the
algorithm outputs an estimate xout such that

dist(xout, x
∗) = O

(
σ
√
ϵ∥x∗∥α

)
, (8)

where α > 0. Assume ∥x∗∥ = 1, and there exists a dataset S = (ai, yi) for this signal such that when the dataset
S is given to the algorithm, it outputs xout satisfying Equation (8).

Now fix some n ∈ N, and consider the rescaled signal x∗/n. The dataset S can be converted into a dataset for
this new signal simply by dividing each yi by n2. In this case, the measurement model becomes

y

n2
= ⟨a, x∗/n⟩2 + ζ

n2
.

Applying the algorithm to this rescaled dataset yields an output x̂∗
n such that

dist(x̂∗
n, x

∗/n) = O

(
σ

n2

√
ϵ
∥x∗∥α

nα

)
= O(

σ

n2+α

√
ϵ),

which further implies

dist(nx̂∗
n, x

∗) = O
( σ

n1+α

√
ϵ
)
.

This implies that if there exists an algorithm for robust phase retrieval whose estimation error satisfies Equa-
tion (8), then the algorithm can be appropriately rescaled to solve the problem in the normalized setting ∥x∗∥ = 1
with arbitrarily high precision. Thus, a contradiction arises using the same argument as in case 1.

Case 3. Suppose there exists a phase retrieval algorithm whose estimation error follows case 3. Specifically, the
algorithm outputs an estimate xout such that

dist(xout, x
∗) = O

(
σ
√
ϵ/∥x∗∥α

)
, (9)
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where 0 < α < 1. Assume ∥x∗∥ = 1, and there exists a dataset S = (ai, yi) for this signal such that when the
dataset S is given to the algorithm, it outputs xout satisfying Equation (9).

Now fix some n ∈ N, and consider the rescaled signal x∗/n. The dataset S can be converted into a dataset for
this new signal simply by dividing each yi by n2. In this case, the measurement model becomes

y

n2
= ⟨a, x∗/n⟩2 + ζ

n2
.

Applying the algorithm to this rescaled dataset yields an output x̂∗
n such that

dist(x̂∗
n, x

∗/n) = O

(
σ
n2

√
ϵ

∥x∗∥α

nα

)
= O(

σ

n2−α

√
ϵ),

which further implies

dist(nx̂∗
n, x

∗) = O
( σ

n1−α

√
ϵ
)
.

This implies that if there exists an algorithm for robust phase retrieval whose estimation error satisfies Equa-
tion (9), then the algorithm can be appropriately rescaled to solve the problem in the normalized setting ∥x∗∥ = 1
with arbitrarily high precision. Thus, a contradiction arises using the same argument as in case 1.

Case 4. Suppose there exists a phase retrieval algorithm whose estimation error follows case 4. Specifically, the
algorithm outputs an estimate xout such that

dist(xout, x
∗) = O

(
σ
√
ϵ/∥x∗∥α

)
, (10)

where α > 1. Assume ∥x∗∥ = 1, and there exists a dataset S = (ai, yi) for this signal such that when the dataset
S is given to the algorithm, it outputs xout satisfying Equation (10).

Now fix some n ∈ N, and consider the rescaled signal nx∗. The dataset S can be converted into a dataset for
this new signal simply by multiplying each yi by n2. In this case, the measurement model becomes

yn2 = ⟨a, x∗n⟩2 + ζn2.

Applying the algorithm to this rescaled dataset yields an output x̂∗
n such that

dist(x̂∗
n, x

∗n) = O

(
n2σ

√
ϵ

∥x∗∥αnα

)
= O(σn2−α

√
ϵ),

which further implies

dist(x̂∗
n/n, x

∗) = O
(
σn1−α

√
ϵ
)
= O

(
σ
√
ϵ

nα−1

)
.

This implies that if there exists an algorithm for robust phase retrieval whose estimation error satisfies Equa-
tion (10), then the algorithm can be appropriately rescaled to solve the problem in the normalized setting
∥x∗∥ = 1 with arbitrarily high precision. Thus, a contradiction arises using the same argument as in case 1.

C COMMENTS ON USING FRESH SAMPLES AT EACH ITERATION OF
GRADIENT DESCENT

Remark 4.3 informally states that using a constant number of batches of fresh samples is not fundamentally
different from using a single batch. In particular, if we collect O(Tm′) samples with T = O(1) and log(T )/ε2 ≤
m′, and uniformly divide them (without replacement) into T batches, then each batch will contain at least a
(1 + c)ϵ fraction of corrupted samples, where c is a very small positive constant. We formally state the above
claim below and provide a proof.
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Claim C.1. Let the total dataset consist of N = CTm′ samples for some absolute constant C > 0, out of which
exactly K = εN samples are corrupted. We construct T subsets (or batches) by partitioning the N samples
uniformly at random, that is, by drawing Cm′ samples for each subset uniformly without replacement from the

dataset. Let Xj denote the number of corrupted samples in the j-th subset. If m′ ≥ C1
log(T )+log(1/δ)

ϵ2 , then, with
probability at least 1− δ, every subset contains at most a 2ε fraction of corrupted samples, where C1 = 1

2C .

Proof. Let Xj be the number of corrupted samples in subset j. So, P(Xj = k) =
KCk

N−KCCm′−k
NCCm′

. This implies

Xj follows a Hypergeometric distribution with parameter (N,K,Cm′). So, E[Xj ] =
Cm′K

N = ϵCm′.

Tail bound (Hypergeometric). Let X ∼ Hypergeometric(N,K, n′) and set p = K/N . For any t with
0 < t < p, the following tail bounds hold:

P
[
X ≤ (p− t)n′] ≤ exp(−n′ D(p− t ∥ p)) ,

P
[
X ≥ (p+ t)n′] ≤ exp(−n′ D(p+ t ∥ p)) ,

where the binary Kullback–Leibler divergence isD(q ∥ p) = q log q
p+(1−q) log 1−q

1−p .Moreover, sinceD(p±t ∥ p) ≥
2t2, one obtains the simpler Hoeffding-type bounds:

P
[
X ≤ (p− t)n′] ≤ e−2t2n′

,

P
[
X ≥ (p+ t)n′] ≤ e−2t2n′

.

So, applying the above tail bound for the hypergeometric distribution in our case implies for 0 ≤ t ≤ ϵ,

P[Xj ≥ (ϵ+ t)Cm′] ≤ e−2Ct2m′
.

Union bound over the T subsets. Applying the tail bound to each subset and union bounding,

P
[
∃j ∈ [T ] : Xj ≥ (ϵ+ t)Cm′] ≤ T · e−2Ct2m′

.

Thus with probability at least 1− T · e−2Ct2m′
, every subset satisfies

Xj

Cm′ ≤ (ϵ+ t).

Choose δ for a desired failure probability. Fix a target failure probability δ ∈ (0, 1). To ensure the RHS
≤ δ, pick δ solving

T · e−2Ct2m′
≤ δ =⇒ t ≥

√
(log T + log(1/δ))

2Cm′ .

Hence, with probability at least 1− δ, every subset has corrupted fraction

Xj

Cm′ ≤

(
ε+

√
(log T + log(1/δ))

2Cm′

)
= 2ϵ.

D ADDITIONAL GUARANTEES OF ROBUST PCA ALGORITHM

D.1 Proof of Equation (4)

As the Remark 3.3 suggests that Algorithm 2 of Kong et al. (2020) has been designed to retrieve the top
eigenvector for the case k = 1. Here , we rigorously proof Equation (4). Before proving Equation (4), we state a
lemma from Kong et al. (2020) that will be used in the proof. The lemma is as follows:

Lemma D.1 (Main Lemma (Lemma C.4) for Algorithm 2 from (Kong et al., 2020)). Consider the settings given
in Theorem 3.2. The Algorithm 2 from (Kong et al., 2020) outputs a dataset S′ ⊆ T satisfying the following for
M̂ = 1

|S′|
∑

Xi∈S′ XiX
⊤
i :
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1. For the top normalized eigenvector û ∈ Rn×1 of M̂ ,

Tr
[
û⊤
(
M̂ − Σr

)
û
]
≤ 48ϵTr

[
û⊤Σrû

]
+ 102v′

√
ϵ.

2. For all unit-norm vectors V ∈ Rn×1, we have

Tr
[
V ⊤

(
M̂ − Σr

)
V
]
≥ −10ϵTr[V ⊤ΣrV ]− 8v′

√
ϵ.

Now, we give a proof for Equation (4).

Theorem D.2. In the settings of Theorem 3.2, if we also output the eigenvalue λû of the top eigenvector û,
then

|λû − ∥Σr∥op| = O(ϵ∥Σr∥op +
√
ϵv′).

Proof. Since Σr is positive definite, the Eckart–Young–Mirsky theorem implies that

P1(Σr) = argmin
B: rank(B)=1

∥Σr −B∥op = λ1v1v
⊤
1 ,

where λ1 and v1 denote the largest eigenvalue and the corresponding normalized eigenvector of Σr, respectively.
Consequently, Tr[P1(Σr)] = λ1 = ∥Σr∥op. . By using Lemma D.1, we can conclude that

|λû − û⊤Σrû| ≤ 48ϵû⊤Σrû+ 102
√
ϵv′ ≤ 48ϵ∥Σr∥op + 102

√
ϵv′. (11)

And using the Theorem 3.2, we know that

∥Σr∥op − û⊤Σrû = Tr[P1(Σr)]− û⊤Σrû ≤ 58ϵTr[P1(Σr)] + 110
√
ϵv′ = 58∥Σr∥opϵ+ 110

√
ϵv′. (12)

Therefore, applying the triangle inequality together with Equation (11) and Equation (12), we obtain that

|λû − ∥Σr∥op| ≤ 106ϵ∥Σr∥op + 212
√
ϵv′ = O(ϵ∥Σr∥op +

√
ϵv′).

E ROBUST PHASE RETRIEVAL UNDER ZERO-MEAN NOISE

E.1 Proof of Lemma 4.4

Before proceeding with the proof, we state a special case of Lemma H.2, which will be used repeatedly. Specifi-
cally, for i = 8, Lemma H.2 gives that:

E
[(
a⊤x∗)8 (v⊤a)4] ≤ 10395 ∥x∗∥4(v⊤x∗)4 + ∥x∗∥8(315 + 5670) ∥v∥4 ≤ 16380 ∥x∗∥8∥v∥4 = O(∥x∗∥8∥v∥4), (13)

for any fixed vector v ∈ Rn×1. We now present the main proof.

Proof. It will be useful to bound the tail probability p = P(∥X∥ ≥ τ):

p = P(∥X∥ ≥ τ) ≤ E[∥X∥4]/τ4 = E[(⟨a, x∗⟩2 + ζ)4∥a∥4]/τ4 ≤ E

8n(⟨a, x∗⟩8 + ζ4)

 n∑
j=1

a4j

 /τ4


(a)

≤

8n2(16380∥x∗∥8) + 8nK4
4E

 n∑
j=1

a4j

 /τ4 = O

(
n2(∥x∗∥8 +K4

4 )

τ4

)
, (14)

where (a) follows from Equation (13). Decompose Σ as

Σ = E[XX⊤] = E[XX⊤I∥X∥≤τ ] + E[XX⊤I∥X∥≥τ ] = E[X̃X̃⊤] + E[XX⊤I∥X∥≥τ ] = Σ̃r + E[XX⊤I∥X∥≥τ ]. (15)
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Upper bounding

∥E[XX⊤I∥X∥≥τ ]∥op = sup
∥v∥=1

E[⟨v,X⟩2I∥X∥≥τ ]
(a)

≤ sup
∥v∥=1

√
p
√
E[⟨v,X⟩4] ≤ sup

∥v∥=1

√
p
√
E[8(ζ4 + ⟨a, x∗⟩8)⟨a, v⟩4]

(b)

≤ √
p
√
8(3K4

4 + 16380∥x∗∥8) = O

(
√
p
√

(K4
4 + ∥x∗∥8)

)
= O(

√
p(K2

4 + ∥x∗∥4)),

where (a) follows from Cauchy-Schwarz inequality and (b) follows from Equation (13) and using that
√
p =

O(n(K2
4 + ∥x∗∥4)/τ2) (by Equation (14)), we have

∥Σ− Σ̃r∥op = E[XX⊤I∥X∥≥τ ]∥op = O(n(K2
4 + ∥x∗∥4)2/τ2).

E.2 Proof of the Theorem 4.5

Before presenting the proof of Theorem 4.5, we introduce two helper theorems. These theorems provide the
guarantees for the first two steps of Algorithm 1. We first analyze the step 1 of Algorithm 1

Theorem E.1. (Step 1 of Algorithm 1: Estimate ∥x∗∥ using a robust mean estimator). (See also the
part ”scaling” from the proof of Theorem 3.1 in Buna and Rebeschini (2025).) If m1 = Ω

(
log(2/δ)

(
1 + r2up

))
and ϵ = O

((
1 + r2up

)−1
)
, then with probability at least 1− δ/2 we can conclude that

| ˆ∥x∗∥ − ∥x∗∥ | ≤ 1

27
∥x∗∥ . (16)

Proof. Note that E[y] = E
[(
a⊤x∗)2 + ζ

]
= ∥x∗∥2 and Var(y) = E

[(
a⊤x∗)4]+E

[
(ζ)2 | a

]
−∥x∗∥4 = 2 ∥x∗∥4+σ2.

Then, using Theorem 3.1 we can say that, with probability at least 1− δ/2 :

∣∣∣ ˆ∥x∗∥
2
− ∥x∗∥2

∣∣∣ = O

√Var(y)

√
ϵ+

√
log(2/δ)

m1

 = O

√∥x∗∥4 + σ2

√
ϵ+

√
log(2/δ)

m1


By using Cauchy-Schwarz inequality, we can say that σ2 ≤ K2

4 , which with the choices of m1 and ϵ concludes

that

√(
1 + σ2

∥x∗∥4

)(√
ϵ+

√
log(2/δ)

m1

)
≤
√(

1 + r2up
)(√

ϵ+
√

log(2/δ)
m1

)
≤ 1. Now, if ỹ2 > 0, then

∣∣∣ ˆ∥x∗∥
2
− ∥x∗∥2

∣∣∣ = O

∥x∗∥2
√(

1 +
σ2

∥x∗∥4

)√
ϵ+

√
log(2/δ)

m1

 .

Now, we know that for any a, b, c > 0 with b2 > c,
∣∣a2 − b2

∣∣ ≤ c implies |a− b| ≤ b−
√
b2 − c. By using the above

property, we get to

| ˆ∥x∗∥ − ∥x∗∥ | = O

∥x∗∥

1−

√√√√√1−

√(
1 +

σ2

∥x∗∥4

)√
ϵ+

√
log(2/δ)

m1



 .

Now, using the bound
(
1 + σ2

∥x∗∥4

)
≤
(
1 + r2up

)
, we can conclude that

∣∣∣ ˆ∥x∗∥ − ∥x∗∥
∣∣∣ = O

∥x∗∥

1−

√√√√√1−
√
1 + r2up

√
ϵ+

√
log(2/δ)

m1



 .
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Now, we can choose the hidden in such a way that

| ˆ∥x∗∥ − ∥x∗∥ | ≤ 1

27
∥x∗∥ . (17)

Next, we analyze the step 2 of Algorithm 1.

Theorem E.2. (Step 2 of Algorithm 1: Estimating û.) Let’s assume that | ˆ∥x∗∥ − ∥x∗∥ | ≤ ∥x∗∥
27 and

δ ∈ (0, 0.5) is a positive small constant. If m2 = Ω
(
(n+ n(r2up + 1)

√
ϵ) log(2n/(δϵ))/ϵ

)
and ϵ ∈ (0, 1/36]. Then,

under the above notation, with probability at least 1− δ/2, the following holds:

dist(û, u) = min{∥û− u∥2, ∥û+ u∥2} ≤
√
2− 2

√
1−O

(
(r2up + 1)

√
ϵ
)
,

where u is the top normalized eigenvector of Σ̃r.

Proof. We use Theorem 3.2 to calculate the distance between û and the top eigenvector u of Σ̃r. To apply
Theorem 3.2, we must verify that all its underlying assumptions are satisfied. We now proceed to check these
assumptions one by one. We know that ∥X̃∥ ≤ τ̂ . Lemma 4.4 implies

∥Σ− Σ̃r∥op = O(n(K2
4 + ∥x∗∥4)2/τ̂2) ≤ ∥x∗∥4 and − ∥x∗∥4I ⪯ Σ̃r − Σ ⪯ ∥x∗∥4I.

The first assumption is to show that ∥X̃X̃⊤ − Σ̃r∥op ≤ B for all X̃ with probability one.

∥X̃X̃⊤ − (Σ̃r)∥op ≤ ∥X̃∥2 + λmax(Σ̃r) ≤ τ̂2 + λmax(Σ) + ∥x∗∥4 = O(n(r2up + 1)2x̂∗4) +
(
16∥x∗∥4 + σ2

)
= O

(
n(r2up + 1)2 + 16

)
∥x∗∥4 + σ2.

The second assumption is to show that E
[
⟨xx⊤, X̃X̃⊤ − Σ̃r⟩2

]
≤ v

′2.

Consider ∥x∥ ≤ 1, then

E
[
⟨xx⊤, X̃X̃⊤ − Σ̃r⟩2

]
= E

[
(⟨x, X̃⟩2 − x⊤Σ̃rx)

2
]
= E

[
(⟨x, X̃⟩)4

]
− (x⊤Σ̃rx)

4
(a)

≤ E
[
(⟨x,X⟩)4

]
≤ E[8(ζ4 + ⟨a, x∗⟩8)⟨a, x⟩4]

(b)

≤ 8(3K4
4 + 16380∥x∗∥8) = O((r2up + 1)2∥x∗∥8),

where (a) follows by applying the trivial upper bound τ̂ ≤ ∞ and (b) follows from Equation (13).

This implies

max
x:∥x∥≤1

E
[
⟨xx⊤, X̃X̃⊤ − Σ̃⟩2

]
= O((r2up + 1)2∥x∗∥8).

In the notations of Theorem 3.2, we have

B = O
(
n (r2up + 1)2 + 16

)
∥x∗∥4 + σ2, v′ = O( (r2up + 1) ∥x∗∥4).

To apply Theorem 3.2, we must ensure that its sample complexity condition is satisfied. This requires

m2 = Ω

(
n+ B

√
ϵ

v′

ϵ
· log

(
2n

δϵ

))
= Ω

(
n+ n (r2up + 1)

√
ϵ

ϵ
· log

(
2n

δϵ

))
.

So, we have verified all assumptions of Theorem 3.2. So, by using Theorem 3.2, we can conclude that, with
probability at least 1− δ/2, the output û ∈ Rn×1 of Algorithm 2 satisfies:

Tr[P1(Σ̃r)]− Tr[û⊤(Σ̃r)û] = O
(
ϵ · Tr[P1(Σ̃r)] +

√
ϵ · v′

)
.
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We know that the top eigenvalue of Σ is 15∥x∗∥4 + σ2, while all remaining eigenvalues equal 3∥x∗∥4 + σ2.

Let Σ̃r =
∑n

i=1 λifif
⊤
i be the eigenvalue decomposition of Σ̃r, with λ1 = λmax(Σ̃r) and f1 = u such that

eigenvalues of Σ̃r are arranged in non-increasing order, where λmax(A) denotes the largest eigenvalue of A. By
the min–max theorem, we have λ1 ∈ [14∥x∗∥4 + σ2, 16∥x∗∥4 + σ2] and λ2 ∈ [2∥x∗∥4 + σ2, 4∥x∗∥4 + σ2]. Since
4∥x∗∥4 + σ2 ̸= 14∥x∗∥4 + σ2, it follows that λ1 ̸= λ2.

Tr[P1(Σ̃r)]− Tr[û⊤(Σ̃r)û] ≥ λ1 − (λ1⟨û, u⟩2 + (1− ⟨û, u⟩2)λ2) = (λ1 − λ2)(1− ⟨û, u⟩2)
≥ 10∥x∗∥4(1− ⟨û, u⟩2).

So now,

(1− ⟨û, u⟩2) = O

(
ϵ

(
1 +

σ2

∥x∗∥4

)
+ 73(r2up + 1)

√
ϵ

)
= O

(
ϵ(r2up + 1) + (r2up + 1)

√
ϵ
)
= O

(
(r2up + 1)

√
ϵ
)
.

This implies

|⟨û, u⟩| ≥
√
1−O

(
(r2up + 1)

√
ϵ
)
.

Now,

dist(û, u) = min{∥û− u∥2, ∥û+ u∥2}

=
√
2− 2|⟨û, u⟩|

≤
√
2− 2

√
1−O

(
(r2up + 1)

√
ϵ
)
.

We are now in a position to prove Theorem 4.5.

Proof of Theorem 4.5.

Proof. Under the assumptions on the sample complexity m1,m2 and the corruption level ϵ, and using Theo-
rem E.1, Theorem E.2, and Lemma 4.4, we conclude that, with probability at least 1− δ, the following holds:

dist(û, u) = min{∥û− u∥2, ∥û+ u∥2} ≤
√

2− 2
√
1−O

(
(r2up + 1)

√
ϵ
)
≤ 1/27

,

∥Σ− Σ̃r∥op = O(n(K2
4 + ∥x∗∥4)2/τ̂2) ≤

√
2∥x∗∥4

9
,

| ˆ∥x∗∥ − ∥x∗∥| ≤ ∥x∗∥/27,
where u is top normalized eigenvector of Σ̃r. Now, by applying Theorem H.3 (Davis-Kahan), we can conclude
that

dist(∥x∗∥u, x∗) ≤ 2
√
2∥x∗∥∥Σ− (Σ̃r)∥op

12∥x∗∥4
≤ ∥x∗∥

27
, and

dist(−∥x∗∥u, x∗) ≤ 2
√
2∥x∗∥∥Σ− (Σ̃r)∥op

12∥x∗∥4
≤ ∥x∗∥

27
.

So,

dist (x0, x
∗) = dist

(
ˆ∥x∗∥û, x∗

)
≤ dist( ˆ∥x∗∥û, ∥x∗∥û) + dist(∥x∗∥û, ∥x∗∥u) + dist (∥x∗∥u, x∗)

= ∥ ˆ∥x∗∥û− ∥x∗∥û∥+ dist(∥x∗∥û, ∥x∗∥u) + dist (∥x∗∥u, x∗)

= | ˆ∥x∗∥ − ∥x∗∥|+ ∥x∗∥ dist(û, u) + dist (∥x∗∥u, x∗)

≤ ∥x∗∥
27

+
∥x∗∥
27

+
∥x∗∥
27

=
∥x∗∥
9

.
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F NEAR LINEAR TIME ALGORITHMS FOR ROBUST PHASE RETRIEVAL
UNDER ZERO-MEAN NOISE

F.1 Guarantees of Algorithm 2 (SampleTopEigenvector) from (Diakonikolas et al., 2023)

Theorem F.1. (See Theorem 3.1 from (Diakonikolas et al., 2023)) Let γ0 be a sufficiently small positive con-
stant. Let n > 2 be an integer, and ϵ, γ ∈ (0, 1) such that 0 < 20ϵ < γ < γ0. Let D be the uniform distribution
over a set of m′ points in Rn, that can be decomposed as D = (1 − ϵ)G + ϵB, where G is a (20ϵ, γ)-stable
distribution (Definition 4.6) with respect to a PSD matrix Σ ∈ Rn×n. Here, G denotes the set of uncorrupted
samples and B denotes the set of corrupted samples. There exists an algorithm (Algorithm 2 from (Diakonikolas

et al., 2023)) that takes as input D, ϵ, γ, runs for O
(

m′n
γ2 log4(n/ϵ)

)
time, and with probability at least 0.99 ,

outputs a unit vector û such that û⊤Σû ≥ (1−O(γ))∥Σ∥op.

F.2 Formal version of Proposition 4.7 and its proof

Here, we first present the formal version of Proposition 4.7 and then we prove it.

Proposition F.2. Let’s assume δ ∈ [0, 0.5] be a constant, m1 = Ω(log(2/δ)(1 + r2up)), m̃ =
Ω(n log(n) log(2/δ)(1 + r2up)) and ϵ ≤ C2/(1 + r2up). Let G be the empirical distribution over f(n) uncor-

rupted samples of X̃. If G is (ϵ, γ = 5/C327
2(16 + r2up))-stable with respect to Σ̃r, then there exists an

algorithm for robust phase retrieval with the sample complexity O(m1 + f(n) + Pm̃) and time complexity

Õ(Trob-mean(m1, 1) + f(n)n + PTrob-mean(m̃, n)) such that with probability at least 0.99 − (P + 1)δ, the output
xout of the algorithm satisfies dist(xout, x

∗) ≤ σ
√
ϵ/∥x∗∥, where P = O(1) is constant.

Proof. The algorithm considered is Aalt + Algorithm 2 from (BunaandRebeschini, 2025), where Aalt is the
same as Algorithm 1, except that in Step 2, Algorithm 2 of (Kong et al., 2020) is replaced with the
SampleTopEigenvector (Algorithm 2) from (Diakonikolas et al., 2023). From the Theorem 4.2 it is evident
that if the output x0 of Aalt lies in B(±x∗, ∥x∗∥/9), then the final output xout of above algorithm satisfies
dist(xout, x

∗) ≤ σ
√
ϵ/∥x∗∥ (the algorithm successfully solves the phase retrieval problem). So, we need to show

that x0 ∈ B(±x∗, ∥x∗∥/9). Now, as the empirical distribution over f(n) uncorrupted samples satisfies the sta-
bility lemma, using Theorem F.1, Theorem E.1, and Lemma 4.4, we conclude that, with probability at least
0.99− δ, the following holds:

∥Σ̃r∥op− û⊤Σ̃rû ≤ O(γ)∥Σ̃r∥op, | ˆ∥x∗∥−∥x∗∥| ≤ ∥x∗∥/27, ∥Σ− Σ̃r∥op = O(n(K2
4 + ∥x∗∥4)2/τ̂2) ≤

√
2∥x∗∥4

9
,

where u is top normalized eigenvector of Σ̃r and û is the output of SampleTopEigenvector (Algorithm 2) from
(Diakonikolas et al., 2023) upon providing f(n)/(1 − ϵ) (f(n) uncorrupted samples and ϵf(n)/1 − ϵ corrupted
samples) samples. Now, by applying Theorem H.3 (Davis-Kahan), we can conclude that

dist(∥x∗∥u, x∗) ≤ 2
√
2∥x∗∥∥Σ− (Σ̃r)∥op

12∥x∗∥4
≤ ∥x∗∥

27
and

dist(−∥x∗∥u, x∗) ≤ 2
√
2∥x∗∥∥Σ− (Σ̃r)∥op

12∥x∗∥4
≤ ∥x∗∥

27
.

Note that ∥Σ− Σ̃r∥op ≤ ∥x∗∥4 implies −∥x∗∥4 · I ⪯ (Σ̃r)−Σ ⪯ ∥x∗∥4 · I. Now, we know that the top eigenvalue

of Σ is 15∥x∗∥2 + σ2, and the rest of the eigenvalues are the same, with a value of 3∥x∗∥4 + σ2. Assume that Σ̃r

has the eigenvalue decomposition Σ̃r =
∑n

i=1 λifif
⊤
i , with λ1 = λmax(Σ̃r), f1 = u such that eigenvalues of Σ̃r are

arranged in non-increasing order, where λmax(A) denotes the largest eigenvalue of A. Min-max theorem implies
that λ1 ∈ [14∥x∗∥4 + σ2, 16∥x∗∥4 + σ2)] and λ2 ∈ [2∥x∗∥4 + σ2, 4∥x∗∥4 + σ2]. Now, 4∥x∗∥4 + σ2 ̸= 14∥x∗∥4 + σ2

implies that λ1 ̸= λ2.

∥Σ̃r∥op − (û⊤Σ̃rû) ≥ λ1 − (λ1⟨û, u⟩2 + (1− ⟨û, u⟩2)λ2) = (λ1 − λ2)(1− ⟨û, u⟩2)
≥ 10∥x∗∥4(1− ⟨û, u⟩2).



Tractable Gaussian Phase Retrieval

So, this implies

10∥x∗∥4(1− ⟨û, u⟩2) ≤ O(γ)(16∥x∗∥4 + σ2) ≤ O(γ)(16 + r2up)∥x∗∥4 ≤ 5∥x∗∥4/272

, which further concludes that

|⟨û, u⟩| ≥
√

1− 1

2× 272
≥
(
1− 1

2× 272

)
.

Now,

dist(û, u) = min{∥û− u∥2, ∥û+ u∥2}

=
√
2− 2|⟨û, u⟩| =

√
2
√
1− |⟨û, u⟩| ≤

√
2

√
1−

(
1− 1

2× 272

)
=

1

27
.

So, from above we can conclude that dist(û, u) ≤ 1/27. So the output x0 of Aalt satisfies,

dist (x0, x
∗) = dist

(
ˆ∥x∗∥û, x∗

)
≤ dist( ˆ∥x∗∥û, ∥x∗∥û) + dist(∥x∗∥û, ∥x∗∥u) + dist (∥x∗∥u, x∗)

= ∥ ˆ∥x∗∥û− ∥x∗∥û∥+ dist(∥x∗∥û, ∥x∗∥u) + dist (∥x∗∥u, x∗)

= | ˆ∥x∗∥ − ∥x∗∥|+ ∥x∗∥ dist(û, u) + dist (∥x∗∥u, x∗)

≤ ∥x∗∥
27

+
∥x∗∥
27

+
∥x∗∥
27

=
∥x∗∥
9

.

The running time of the above algorithm is Õ(Trob-mean(m1, 1) + f(n)n+ PTrob-mean(m̃, n)) and it follows from
Theorem F.1.

F.3 Lemma F.3 and its proof

Lemma F.3. (Stability lemma). Assume that |x̂∗ − ∥x∗∥| ≤ 1
27∥x

∗∥. Let δ ∈ [0, 0.5], p ≥ 2. Under the
assumptions and notations from above if m2 ≥ C1 max{n log(4n/δ)((16 + r2up)

4), n5(r2up + 1)4 log(4/δ)}, and
ϵ ≤ C2(16 + r2up)

−4 where C1, C2 are universal constants. Then the following holds:

Pr

[
∃w ∈ Sm2

ϵ

∣∣∣∣∣
∥∥∥∥∥∑

i

wiX̃iX̃
⊤
i − Σ̃r

∥∥∥∥∥
op

> γ∥Σ̃r∥op

]
≤ δ

2
. (18)

where Sm2
ϵ = {w ∈ Rm2 :

∑m2

i=1 wi = 1, wi ≤ 1/(1− ϵ)m2}, and γ < 1.

Before presenting the the proof of Lemma F.3, we first state a concentration lemma for the sample covariance
matrix of bounded random vectors, which will be needed to establish the stability lemma.

Theorem F.4. ( Matrix Bernstein inequality (See (Vershynin, 2018)). Let D be a distribution on Rn

supported within an ℓ2-ball of radius τ centered at the origin. Let Σ̃r denotes the second moment matrix of D, and

let Σ̃m′ = 1
m′

∑m′

i=1 X̃iX̃
⊤
i be the empirical second moment matrix based on n i.i.d. samples X̃1, . . . , X̃m′ ∼ D.

Then there exists a universal constant C > 0 such that for any 0 < t < 1 and 0 < δ < 1, if

m′ > C · τ2

t2∥Σ̃r∥op
log
(n
δ

)
,

then with probability at least 1− δ, we have ∥Σ̃m′ − Σ̃r∥op ≤ t∥Σ̃r∥op.

Now we prove the Lemma F.3.

Proof. We prove the Lemma F.3 for γ = 5
272(16+r2up)

. Consider G to be a uniform distribution over a set of

m2 uncorrupted samples {X̃1, X̃2, . . . , X̃m2
}. Then, for any weight function w, ΣGw

=
∑

i wiX̃iX̃
⊤
i for some

w ∈ Sm2
ϵ . Let’s denote the left-hand side of Equation (18) by p̃, then
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p̃ ≤ Pr

 max
w∈S

m2
ϵ

∥∥∥∥∥∑
i

wiX̃iX̃
⊤
i − Σ̃r

∥∥∥∥∥
op

> 5/(272(16 + r2up))∥Σ̃r∥op

 .

Now for any w ∈ Sm2
ϵ ,∥∥∥∥∥∑

i

wiX̃iX̃
⊤
i − Σ̃r

∥∥∥∥∥
op

=

∥∥∥∥∥∑
i

wiX̃iX̃
⊤
i − 1

m2

m2∑
i=1

X̃iX̃
⊤
i +

1

m2

m2∑
i=1

X̃iX̃
⊤
i − Σ̃r

∥∥∥∥∥
op

≤

∥∥∥∥∥∑
i

wiX̃iX̃
⊤
i − 1

m2

m2∑
i=1

X̃iX̃
⊤
i

∥∥∥∥∥
op

+

∥∥∥∥∥ 1

m2

m2∑
i=1

X̃iX̃
⊤
i − Σ̃r

∥∥∥∥∥
op

.

Now,

max
w∈S

m2
ϵ

∥∥∥∥∥∑
i

wiX̃iX̃
⊤
i − 1

m2

m2∑
i=1

X̃iX̃
⊤
i

∥∥∥∥∥
op

= max
w∈S

m2
ϵ

max
v:∥v∥=1

∣∣∣∣∣∑
i

(
wi −

1

m2

)
(X̃⊤

i v)2

∣∣∣∣∣
≤ max

w∈S
m2
ϵ

max
v:∥v∥=1

√√√√∑
i

(
wi −

1

m2

)2
√∑

i

(
X̃⊤

i v
)4

≤
√

ϵ

(1− ϵ)
max

v:∥v∥=1

√
1

m2

∑
i

(
X̃⊤

i v
)4

,

because
∑

i (wi − 1/m2)
2 ≤

∑
i w

2
i − 1/m2 ≤ ϵ/((1− ϵ)m2)). Now, note that for any v,

(
X̃⊤

i v
)4

= O(n2(r2up +

1)4x̂∗8) = O(n2(r2up + 1)4∥x∗∥8) is a bounded random variable. Then, by using Hoeffding’s concentration
inequality (see (Vershynin, 2018)), we can say that

Pr

[∣∣∣∣∣ 1

m2

∑
i

(
X̃⊤

i v
)4

− E
[(

X̃⊤v
)4]∣∣∣∣∣ ≥ t

]
≤ 2 exp

−2m2t
2

Cn4(r2up + 1)8∥x∗∥16
.

Now E
[(

X̃⊤v
)4]

≤ E
[
8(
(
a⊤x∗)8 + ζ4)

(
a⊤v

)4] (a)

≤ 131040(K4
4 + ∥x∗∥8) ≤ 131040(r2up + 1)2∥x∗∥8, where (a)

follows from Equation (13). Now, if we choose t = 131040(r2up + 1)2∥x∗∥8, by a standard epsilon-net argument,
we can say that

Pr

[
max

v:∥v∥=1

√
1

m2

∑
i

(
X̃⊤

i v
)4

≥ 724(r2up + 1)∥x∗∥4
]
≤ 2 · 12n exp −2m2

Cn4(r2up + 1)4
,

where 12n is the size of the net over n dimensions unit sphere. If m2 = Ω(n5(r2up + 1)4 log(4/δ)) then, with
probability at least 1− δ/4, we can say that

max
w∈S

m2
ϵ

∥∥∥∥∥∑
i

wiX̃iX̃
⊤
i − 1

m2

m2∑
i=1

X̃iX̃
⊤
i

∥∥∥∥∥
op

≤
√
ϵ
√
2 · 724(r2up + 1)∥x∗∥4.

Lemma 4.4 implies 14∥x∗∥4 + σ2 ≤ ∥Σ̃r∥op ≤ 16∥x∗∥4 + σ2. Let’s define α := (r2up + 1)∥x∗∥4/(14∥x∗∥4 + σ2).
Then, 1/14 ≤ α ≤ (r2up + 1)/14. So, using this, we can say that with probability at least 1 − δ/4, the following
holds:

max
w∈S

m2
ϵ

∥∥∥∥∥∑
i

wiX̃iX̃
⊤
i − 1

m2

m2∑
i=1

X̃iX̃
⊤
i

∥∥∥∥∥
op

≤
√
ϵ
√
2 · 724α∥Σ̃r∥op ≤ 74

√
ϵ(r2up + 1)∥Σ̃r∥op.
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Now, for the above choice of ϵ, 74
√
ϵ(r2up +1) ≤ 5/(2 · (272(16 + r2up))) < 1. Now, by using Theorem F.4, we can

conclude that with probability at least 1− δ/4 the following holds:∥∥∥∥∥ 1

m2

m2∑
i=1

X̃iX̃
⊤
i − Σ̃r

∥∥∥∥∥
op

≤ 5

2 · (272(16 + r2up))
∥Σ̃r∥op,

given that m2 ≥ Ω(n log(4n/δ)((16 + r2up)
4). So, this implies that with probability at least 1 − δ/2, we can

conclude that

max
w∈S

m2
ϵ

∥∥∥∥∥∑
i

wiX̃iX̃
⊤
i − Σ̃r

∥∥∥∥∥
op

≤ 5

272(16 + r2up)
∥Σ̃r∥op.

F.4 Theorem F.5 and its proof

Theorem F.5. ( Spectral initialization with stability-based Robust PCA) Let δ ∈ [0, 0.5]. Let’s assume that an
upper bound on signal to noise ratio is known K4/∥x∗∥2 ≤ rup. Under the setting and notation of Algorithm
Aalt, if m1 ≥ C1 log(2/δ)(1 + r2up), m2 ≥ C2n

5(16 + r2up)
4 log(4n/δ), and ϵ ≤ C3(16 + r2up)

−4 where C1, C2 and
C3 are universal constants. Then with probability at least 0.99− δ, the output x0 of the algorithm Aalt satisfies
the following:

dist (x0, x
∗) ≤ ∥x∗∥ /9. (19)

The time complexity of the algorithm is Õ(Trob-mean(m1, 1) +m2n).

Before presenting the proof of Theorem F.5, we first establish a helper theorem that analyzes the second step of
the Aalt algorithm. In particular, this helper theorem focuses on the eigenvector direction computation step of
Aalt. This step is the only difference from Algorithm 1; all the remaining steps are identical, as discussed earlier.

Theorem F.6. (Estimating û). Assume that | ˆ∥x∗∥ − ∥x∗∥| ≤ 1
27∥x

∗∥. Let δ ∈ [0, 1]. Under the assumptions
and notations from above if m2 = max{n log(4n/δ)((16 + r2up)

4), n5(r2up + 1)4 log(4/δ)}, and ϵ ≤ C2(16 + r2up)
−4

where C1, C2 are universal constants. Then, we can say that at least with probability 0.99− δ/2,

dist(û, u) ≤ 1

27
,

where u is the top normalized eigenvector of Σ̃r matrix.

Proof. Under the assumption of sample size and corruption level, Lemma F.3 implies that the uniform distribu-
tion over the uncorrupted truncated samples {X̃1, X̃1 . . . , X̃m2} satisfies the stability condition (Definition 4.6)

with probability at least 1− δ/2 with the γ = 5/(272(16 + r2up)). We know that ∥X̃∥ ≤ τ̂ . Lemma 4.4 implies

∥Σ− Σ̃r∥op = O(n(K2
4 + ∥x∗∥4)2/τ̂2) ≤ ∥x∗∥4,

and
−∥x∗∥4 · I ⪯ (Σ̃r)− Σ ⪯ ∥x∗∥4 · I.

Now, we know that the top eigenvalue of Σ is 15∥x∗∥2 + σ2, and the rest of the eigenvalues are the same,

with a value of 3∥x∗∥4 + σ2. Assume that Σ̃r has the eigenvalue decomposition Σ̃r =
∑n

i=1 λifif
⊤
i , with

λ1 = λmax(Σ̃r), f1 = u such that the eigenvalues of Σ̃r are arranged in non-increasing order, where λmax(A)
denotes the largest eigenvalue of A. The Min-max theorem implies that λ1 ∈ [14∥x∗∥4 + σ2, 16∥x∗∥4 + σ2)] and
λ2 ∈ [2∥x∗∥4 + σ2, 4∥x∗∥4 + σ2]. Now, 4∥x∗∥4 + σ2 ̸= 14∥x∗∥4 + σ2 implies that λ1 ̸= λ2.

∥Σ̃r∥op − (û⊤(Σ̃r)û) ≥ λ1 − (λ1⟨û, u⟩2 + (1− ⟨û, u⟩2)λ2) = (λ1 − λ2)(1− ⟨û, u⟩2)
= 10∥x∗∥4(1− ⟨û, u⟩2).
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So, now by using theorem Theorem F.1, we can conclude that with probability at least 0.99− δ/2, the following
holds:

∥Σ̃r∥op − (û⊤(Σ̃r)û) ≤ O(γ)∥Σ̃r∥op,
which further implies

10∥x∗∥4(1− ⟨û, u⟩2) ≤ O(γ)(16∥x∗∥4 + σ2) ≤ O(γ)(16 + r2up)∥x∗∥4 ≤ 5∥x∗∥4/272

, which again concludes that

|⟨û, u⟩| ≥
√

1− 1

2× 272
≥
(
1− 1

2× 272

)
.

Now,

dist(û, u) = min{∥û− u∥2, ∥û+ u∥2}

=
√
2− 2|⟨û, u⟩| =

√
2
√
1− |⟨û, u⟩| ≤

√
2

√
1−

(
1− 1

2× 272

)
=

1

27
.

So, from above we can conclude that dist(û, u) ≤ 1/27. So, this implies that ∥û − u∥ = O(1/27) ≤ C
27 . If the

constant C hidden in the big-O(·) notation is less than 1, then we are done. Otherwise, we set γ = 5
C2 272 (r2up+16) ,

and proceed to prove Lemma F.3 using this choice of γ.

Proof of the Theorem F.5

Proof. Now, the proof of the Theorem F.5 is analogous to Theorem 4.5 once we have shown Theorem F.6. So,
we are omitting the proof here. Note that the time complexity of algorithm Aalt follows from the Theorem F.1
and Theorem 3.1.

G ROBUST PHASE RETRIEVAL UNDER NON-ZERO-MEAN NOISE

As discussed in Section 5, after applying idea of symmetrization-based pre-processing from Buna and Rebeschini
(2025), the new model is of the form:

υ = ⟨b, x∗⟩ · ⟨c, x∗⟩+ ζ,

where: b, c ∼ N (0, Id) are independent, E[ζ | b, c] = 0,E[ζ2 | b, c] = σ2/2,E[ζ4 | b, c] ≤ 2K4
4 .

We construct a new sample S′ = {(bj , cj , υj)}mj=1 from the original sample S = {(a∗j , yj)}2mj=1 by defining:

bj := a∗j + a∗m+j/
√
2, cj := a∗j − a∗m+j/

√
2, υj := yj − ym+j/2.

Importantly, if the original dataset is ε-corrupted, the new dataset becomes 2ε-corrupted. Now, we will state
some statistical properties of the above-defined random variables, which will be needed later.

Proposition G.1.
E[v] = 0,E[υb] = 0,E[v2] = ∥x∗∥4 + σ2/2, (20)

Var(v2) ≤ 72(∥x∗∥8 +K4
4 ),E[υb⊤c] = ∥x∗∥2, (21)

Var(vb⊤c) = n∥x∗∥4 + n(σ2/2) + 7∥x∗∥4, (22)

Cov[υb] = (∥x∗∥4 + σ2/2)In + 2∥x∗∥2x∗x∗⊤. (23)

As discussed in the paragraph titled ”Spectral initialization and gradient descent” in the Techniques section, the
success of the two-step procedure, namely spectral initialization followed by gradient descent, relies on the local
geometry of the population risk. In particular, the population risk

r(x) := 1
2E[(v − ⟨b, x⟩⟨c, x⟩)2]

is strongly convex and smooth within a small neighborhood around x∗. This property (see Proposition G.2 and
Proposition G.3 for details) ensures that, once initialized sufficiently close to x∗, gradient descent converges to
the true parameter. Consequently, combining robust spectral initialization with robust gradient descent leads to
successful recovery. We start by verifying the necessary properties of the population risk function.
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G.1 Local properties of population risk for non-zero mean noise robust phase retrieval

We first verify the necessary geometric properties of the population risk r(x) in the neighborhood of ±x∗. These
results are given in (Buna and Rebeschini, 2025). We are reproving them for the sake of completeness.

Proposition G.2.

r(x) = E[(v − ⟨b, x⟩⟨c, x⟩)2]/2 =
(
∥x∗∥4 + ∥x∥4 − 2⟨x, x∗⟩2 + σ2/2)

)
/2 (24)

∇r(x) = 2x∥x∥2 − 2⟨x, x∗⟩x∗ (25)

∇2r(x) = 2∥x∥2In + 4xx⊤ − 2x∗x∗⊤. (26)

Proof.

2r(x) = E[(v − ⟨b, x⟩⟨c, x⟩)2] = E[(⟨b, x∗⟩⟨c, x∗⟩+ ζ − ⟨b, x⟩⟨c, x⟩)2]
= E[(⟨b, x∗⟩⟨c, x∗⟩ − ⟨b, x⟩⟨c, x⟩)2] + E[ζ2] + 2E[(⟨b, x∗⟩⟨c, x∗⟩ − ⟨b, x⟩⟨c, x⟩)ζ]
= E[(⟨b, x∗⟩⟨c, x∗⟩ − ⟨b, x⟩⟨c, x⟩)2] + σ2/2 + 2E[(⟨b, x∗⟩⟨c, x∗⟩ − ⟨b, x⟩⟨c, x⟩)2E[ζ | b, c]]
(a)
= E[(⟨b, x∗⟩⟨c, x∗⟩ − ⟨b, x⟩⟨c, x⟩)2] + σ2/2

= E[(⟨b, x∗⟩⟨c, x∗⟩)2] + E[(⟨b, x⟩⟨c, x⟩)2]− 2E[(⟨b, x∗⟩⟨c, x∗⟩⟨b, x⟩⟨c, x⟩)2] + σ2/2

= E[⟨b, x∗⟩2]E[⟨c, x∗⟩2] + E[⟨b, x⟩2]E[⟨c, x⟩2]− 2E[⟨b, x∗⟩⟨b, x⟩]E[⟨c, x∗⟩⟨c, x⟩] + σ2/2

= ∥x∗∥4 + ∥x∥4 − 2⟨x, x∗⟩2 + σ2/2

where step (a) follows from the fact that E[ζ | b, c] = 0. ∇r(x) and∇2r(x) are obtained by further calculation.

As noted before, for spectral initialization + robust gradient descent to work the loss should be strongly convex
and smooth inside a ball of a non-zero radius around x∗. The specific structure of our transformed phase retrieval
model ensures that these properties hold in our setting. Our next proposition is about this.

Proposition G.3. The population loss r(x) is 8∥x∗∥2/3− strongly convex and 6∥x∗∥2− smooth inside a ball of
radius ∥x∗∥/9 around x∗.

Proof. Consider h = x − x∗, such that ∥h∥ ≤ R∥x∗∥. Then, replacing x in the expression of the Hessian in
Equation (26) with x∗ + h, the Hessian becomes

∇2r(x) = 4hh⊤ + 4h(x∗)⊤ + 4x∗h⊤ + 2x∗(x∗)⊤ + 2∥h∥2In + 4(h⊤x∗)In + 2∥x∗∥2In.

Using the triangle and Cauchy–Schwarz inequalities along with the identity ∥uv⊤∥op = ∥u∥∥v∥, we obtain

λmax(∇2r(x)) = ∥∇2r(x)∥op ≤ 6∥h∥2 + 12∥x∗∥∥h∥+ 4∥x∗∥2 ≤ (6R2 + 12R+ 4)∥x∗∥2.

Thus, the smoothness parameter of r(x) is (6R2 + 12R + 2)∥x∗∥2 for some choice of R. Now, to calculate the
strong convexity parameter, we need to put a lower bound on λmin(∇2r(x)).

(x∗)⊤∇2r(x)x∗ = 4(h⊤x∗)2 + 12(h⊤x∗)∥x∗∥2 + 2∥x∗∥2∥h∥2 + 4∥x∗∥4 ≥ 12(h⊤x∗)∥x∗∥2 + 4∥x∗∥4

(a)

≥ 4∥x∗∥2
(
∥x∗∥2 − 3∥h∥∥x∗∥

)
where (a) follows from the Cauchy-Schwarz inequality. Thus, λmin(∇2r(x)) ≥ 4(1 − 3R)∥x∗∥2. The conclusion
of the theorem follows by choosing R = 1

9 , noting that 6R2 + 12R+ 4 ≤ 6 in this case.

G.2 Main results for non-mean zero noise

In this section, we first present the formal version of Theorem 5.1 again, and then progressively build up the
necessary tools and results required to prove it.
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Theorem 5.1. Consider the same settings as Theorem 4.1. There exists a polynomial-time algorithm (namely,
Algorithm 2 (ours work) combined with Algorithm 4 (robust gradient descent) from (Buna and Rebeschini, 2025))
such that, if the total number of samples is m = 2m1 + 2m2 + 2Pm̃, and the following conditions hold: m1 ≥
C2 log(2/δ)(1 + r2up),m2 ≥ C3

n(r2up+1)2 log(2n/(δϵ))/ϵ, 2ϵ ≤ C1/(r2up+1)2, m̃ ≥ C4 · max{n log n, log(1/δ)} · r2up,
then, with probability at least 1− (P +1)δ, the algorithm outputs xP satisfying Equation (5). Moreover, the time
complexity of the algorithm is O(Trob-mean(m1, 1) +m2

2n+ PTrob-mean(m̃, n)).

We will use the following result (Theorem 6.3) of Buna and Rebeschini (2025) who showed that there exists a
polynomial time algorithm (Algorithm 4: robust gradient descent by (Buna and Rebeschini, 2025)) with sample
complexity Õ(n) for blind deconvolution problem if given a point x0 inside a ball of radius ∥x∗∥/9 centered at
±x∗.

Theorem G.4. (Gradient descent for blind deconvolution, see Theorem 6.3 from (Buna and
Rebeschini, 2025).) There exists a polynomial time algorithm (see Algorithm 4 from (Buna and Rebes-

chini, 2025)) that, given a point x0 ∈ B(±x∗, ∥x∗∥/9) and if 2ϵ ≤ C1∥x∗∥4

σ2 and P draws of 2m̃ samples where

Pm̃ ≥ C2P ·max{n log n, log(1/δ)} · σ2

∥x∗∥4 , with probability at least 1− Pδ, outputs xP satisfying

dist(xP , x
∗)

∥x∗∥
≤ C3 exp

(
−C4P (1−

√
ϵ)
)
+ C3

σ

∥x∗∥2

(√
n logn

m̃
+

√
log(1/δ)

m̃

)
+ C3

σ

∥x∗∥2
√
ϵ.

In the following Section G.3, we show how to obtain such a point x0 which gives the desired algorithm together
with Theorem G.4.

G.3 Robust spectral initialization for non-mean zero case

Proposition G.1 tells us that x∗ is the top eigenvector of Σ := Cov(vb). Motivated by Section 4, define the
random vector X := vb and let τ be the truncation parameter, which we will fix later.

Remark G.5. In Algorithm 1, the truncation parameter explicitly depends on an estimate of ∥x∗∥. The natural
idea of estimating ∥x∗∥ stems from the fact that E[υb⊤c] = ∥x∗∥2 (Equation (21)), which has also appeared in
the work of Buna and Rebeschini (2025).6 Since Var(vb⊤c) = Θ(n) (Equation (22)) and the upper bound on
the robust estimation error given by Theorem 3.1 is O(

√
∥ΣvbT c∥opϵ) = O(

√
Var(vbT c)ϵ) = O(

√
nϵ), it implies

that obtaining a sufficiently accurate approximation of ∥x∗∥2 would require a contamination tolerance below
1/n7. Hence, ∥x∗∥ is not easy to directly estimate accurately, unlike in phase retrieval, and a modification to
Algorithm 1 is needed for robust blind deconvolution.

Our approach: We first get a crude estimate of ∥x∗∥4 by using the fact that E[v2] = ∥x∗∥4 + σ2/2 and a
known upper bound on the noise to signal ratio, and use it to get the truncation parameter (Lemma G.6). We
then apply robust PCA (Theorem 3.2) to the truncated random variable vb to obtain accurate estimates of both
the top eigendirection (parallel to x∗) and the top eigenvalue 3∥x∗∥4 + σ2/2 of Σ = Cov(vb). Together with
an accurate estimate of E[v2] = ∥x∗∥4 + σ2/2, this yields an accurate estimate of ∥x∗∥4. At last, we combine
direction and scaling to get the desired output.

Lemma G.6. (Truncation.) Define X̃ := XI∥X∥≤τ , Σ̃r := E[X̃X̃⊤], where τ is the truncation parameter.
Then, the following holds:

∥Σ− Σ̃r∥op = O(
√
n(σ2/2 + ∥x∗∥4)1/2(K2

4 + ∥x∗∥4)/τ). (27)

6In Buna and Rebeschini (2025), step 3 of Procedure 3 , they used Theorem 3.1 to robustly estimate E[υb⊤c]. As
noted in Remark G.5, the guarantees of Theorem 3.1 is not strong enough to get a sufficiently accurate robust estimate
of ∥x∗∥2.

7Moreover, other natural first order statistics like E[vb],E[vc] and other zero order statistics like E[v] contains no
information about ∥x∗∥.
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Proof. Like before, we will first try to bound the tail probability:

p = P(∥X∥ ≥ τ) ≤ E[∥X∥2]/τ2 = E[(⟨b, x∗⟩⟨c, x∗⟩+ ζ)2∥b∥2]/τ2 ≤ E

(⟨b, x∗⟩2⟨c, x∗⟩2 + ζ2)

 n∑
j=1

b2j

 /τ2

(a)

≤
(
∥x∗∥2 tr(∥x∗∥2In + 2x∗x∗⊤) + (nσ2/2)

)
/τ2 ≤ (n+ 2)(∥x∗∥4 + σ2/2)

τ2
,

where (a) follows from fact that b, c are independent and E[⟨b, x∗⟩2bb⊤] = ∥x∗∥2In + 2x∗x∗⊤. Now,

Σ = E[XX⊤] = E[XX⊤I∥X∥≤τ ] + E[XX⊤I∥X∥≥τ ] = Σ̃r + E[XX⊤I∥X∥≥τ ].

Upper bounding

∥E[XX⊤I∥X∥≥τ ]∥op = sup
∥v∥=1

E[⟨v,X⟩2I∥X∥≥τ ] ≤ sup
∥v∥=1

√
p
√
E[⟨v,X⟩4]

≤ sup
∥v∥=1

√
p
√
E[8(ζ4 + ⟨b, x∗⟩4⟨c, x∗⟩4)⟨b, v⟩4] ≤ √

p
√
8(6K4

4 + 2529∥x∗∥8)

= O(
√
p
√

(K4
4 + ∥x∗∥8)) = O(

√
p(K2

4 + ∥x∗∥4)).

Now,
√
p = O(

√
n(σ2/2 + ∥x∗∥4/τ). So, this implies

∥Σ− Σ̃r∥op = O(
√
p(K2

4 + ∥x∗∥4)) = O(
√
n(σ2/2 + ∥x∗∥4)(K2

4 + ∥x∗∥4)/τ).

We now give the details. Assuming a known upper bound on the noise to signal ratio K4/∥x∗∥2 ≤ rup, the choice
of τ = O(

√
n(σ2/2+∥x∗∥4)1/2(r2up+1)) (which can be robustly estimated by applying Theorem 3.1 to the random

variable v2, since E[v2] = σ2/2 + ∥x∗∥4 and this estimate is sufficiently accurate because Var(v2) = O(∥x∗∥8)),
and using Theorem H.3 and Lemma G.6, we can say that the top eigenvector u of the truncated covariance matrix

Σ̃r satisfies dist(∥x∗∥u, x∗) ≤ 2
√
2∥x∗∥∥Σ−Σ̃r∥op

2∥x∗∥4 ≤ ∥x∗∥
27 . Thus, u is close to the direction of x∗, and applying robust

PCA (Theorem 3.2) on X̃ yields a robust estimate û of the direction of x∗.

We now accurately estimate ∥x∗∥. Note that ∥Σ∥op = 3∥x∗∥4 + σ2/2. By Theorem 3.2, the robust estimate

λû of the top eigenvalue of Σ̃r satisfies |λû − ∥Σ̃r∥op| = O(
√
ϵ∥x∗∥4). Combining this with Equation (27) and

the triangle inequality yields |λû − ∥Σ∥op| ≤ |λû − ∥Σ̃r∥op|+ |∥Σ∥op − ∥Σ̃r∥op| ≤ c∥x∗∥4, for as small as needed

constant c, by the choice of τ and sufficiently small ϵ. This suggests the robust estimator ˆ∥x∗∥ = ((λû− v̂2)/2)1/4

for ∥x∗∥, where v̂2 estimates E[v2] = ∥x∗∥4 + σ2/2. See Algorithm 2 for the full procedure. We now present the
final theorem for spectral initialization whose proof can be found in Section G.4.

Theorem G.7. (Robust spectral initialization for blind deconvolution.) Under the setting and notation of
Algorithm 2, if 2ϵ ≤ C1(r

2
up+1)−2, 2m1 ≥ C2 log(3/δ)(1+r2up) and 2m2 ≥ C3

(
n(r2up + 1)2 log(3n/(δϵ))/ϵ

)
. Then,

with probability at least 1− δ, dist (x0, x
∗) ≤ ∥x∗∥ /9. The algorithm use 2m1 samples to estimate E[v2] and 2m2

samples to estimate û and λû. . The time complexity of Algorithm 2 is O(Trob-mean(m1, 1)+m2
2n+m1n+m2n).

In the next subsection (Section G.4), we first formally define Algorithm 2 achieving guarantees of Theorem G.7
and then we prove Theorem G.7.

G.4 Formal version of Algorithm 2 and proof of Theorem G.7

The algorithm. Based on the discussions in Section G.3, we have the following informal algorithm (which
assumes a known upper bound rup for K4/∥x∗∥2):

1. Compute an estimate v̂ for (∥x∗∥4 + σ2/2)1/2 by using the fact that E[v2] = ∥x∗∥4 + σ2/2.
2. Use this estimate (together with rup) to compute the truncation threshold τ = O(

√
nv̂(r2up + 1).

3. Truncate the random variable X := vb using the truncation parameter τ .
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4. Apply a robust PCA algorithm (Algorithm 2 from (Kong et al., 2020), Theorem 3.2) on the truncated data

to obtain an estimate û and λ̂ of the top (normalized) eigenvector and top eigenvalue of the matrix Σ̃r.

5. Calculate (λ̂ − v̂2)/2 as an robust estimate for ∥x∗∥4. Now calculate ˆ∥x∗∥ =
(
(λ̂− v̂2)/2

)1/4
as an robust

estimate for ∥x∗∥.
6. Scale û using the estimated norm ˆ∥x∗∥ to obtain the output x0 of the robust spectral initialization.

The formal algorithm for robust spectral initialization in blind deconvolution problem is as follows:

Algorithm 2 Spectral Initialisation.

Inputs: failure probability δ ∈ (0, 1), corruption fraction ϵ > 0, an upper bound rup on K4/∥x∗∥2, access to 4
batches of samples out of which 2 batches are of sizes m1 = Ω(log(2/δ)(1 + r2up)) and remaining batches are of

sizes m2 = Ω
(
n(r2up + 1) log(2n/(δϵ))/ϵ

)
respectively from Model 1.2.

Output: x0 ∈ Rn

1: We take two batches of data of size m1, each consisting of samples of the form (ai, yi), and apply the
symmetrization trick to obtain a new dataset of size m1 of the form (vi, bi, ci). Analogously, we perform the
same procedure on the other two batches of data of size m2.

2: (∥x∗∥4 + σ2/2)1/2 calculation:
• Receive a set of samples Ty = {(bj)}m1

j=1 of size m1 from the step 1. Form the dataset T 2
y =

{(
b2j
)}m1

j=1
.

• Let v̂2 be the robust mean estimate of the dataset T 2
y by Theorem 3.1.

3: Robust PCA and robust eigenvalue:
• Calculate the truncation parameter τ̂ = O(

√
n(r2up + 1)v̂).

• Receive a set of samples T = {(vj , bj , cj)}m2

j=1 of size m2 from step 1.

• Form the truncated dataset D̃ = {X̃j = XjI∥Xj∥≤τ̂ : Xj = vjbj}m2
j=1.

• Let û and λ̂ be the output of the robust PCA algorithm (Algorithm 2 from (Kong et al., 2020)) applied

to the truncated dataset D̃.
4: ∥x∗∥ calculation:

• Calculate ˆ∥x∗∥ =
(
(λ̂− v̂2)/2

)1/4
.

5: Scaling:

• Return x0 = ˆ∥x∗∥û.

We analyze all the steps of Algorithm 2 sequentially and, finally, combine the results of Steps 2, 3, and 4 of
Algorithm 2 to provide the proof of Theorem G.7. We first analyze the step 2 of Algorithm 2.

Theorem G.8. (Step 2 of Algorithm 2: Estimate (∥x∗∥4 + σ2/2)1/2 using a robust mean estimator).

If m1 = Ω
(
log(4/δ)

(
1 + r2up

)2)
and ϵ = O

((
1 + r2up

)−2
)
, then with probability at least 1− δ/4 we can conclude

that

|v̂2 − (∥x∗∥4 + σ2/2)| = O(∥x∗∥4) = ∥x∗∥4/54 (28)

|v̂ − (∥x∗∥4 + σ2/2)1/2| = O(∥x∗∥2) = ∥x∗∥2/54. (29)

Proof. Note that E[v2] = ∥x∗∥4 + σ2/2 and Var(v2) ≤ 72(r4up + 1) ∥x∗∥8 . Then, using Theorem 3.1 we can say
that, with probability at least 1− δ/4 :

∣∣∣v̂2 − (∥x∗∥4 + σ2/2)
∣∣∣ = O

√Var(v2)

√
2ϵ+

√
log(4/δ)

m1

 = O

√(r4up + 1) ∥x∗∥8
√

2ϵ+

√
log(4/δ)

m1


= O

(r2up + 1) ∥x∗∥4
√

2ϵ+

√
log(4/δ)

m1

 .
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Now, this implies

|v̂ − (∥x∗∥4 + σ2/2)1/2| =

∣∣∣v̂2 − (∥x∗∥4 + σ2/2)
∣∣∣

(v̂ + (∥x∗∥4 + σ2/2)1/2)
≤

∣∣∣v̂2 − (∥x∗∥4 + σ2/2)
∣∣∣

(∥x∗∥4 + σ2/2)1/2
≤

∣∣∣v̂2 − (∥x∗∥4 + σ2/2)
∣∣∣

∥x∗∥2

= O

(r2up + 1) ∥x∗∥2
√

2ϵ+

√
log(4/δ)

m1

 .

Now we proceed to the analysis of Step 3 of Algorithm 2.

Theorem G.9. (Step 3 of Algorithm 1: Estimating û.) Let’s assume that |v̂ − (∥x∗∥4 + σ2/2)1/2| ≤
∥x∗∥2 /54, |v̂2 − (∥x∗∥4 + σ2/2)| ≤ ∥x∗∥4 /54 and δ ∈ (0, 0.5) is a positive small constant. If m2 =
Ω
(
(n+ n(r2up + 1)2

√
ϵ) log(4n/(δϵ))/ϵ

)
and ϵ ∈ (0, 1/36]. Then, under the above notation, with probability at

least 1− δ/4, the following holds:

dist(û, u) ≤
√
2− 2

√
1−O

(
(r2up + 1)

√
ϵ
)
, (30)

|λû − ∥Σ̃r∥op| = O(ϵ(r2up + 1) +
√
ϵ(r2up + 1))∥x∗∥4, (31)

where u is the top normalized eigenvector of Σ̃r and λû denote the eigenvalue corresponding to the top eigenvector
û of the estimated second-moment matrix. .

Proof. As before, we invoke Theorem 3.2 to bound the distance between û and the top eigenvector u of Σ̃r. In
order to apply Theorem 3.2, it is necessary to verify that all the stated assumptions are satisfied. We now proceed
to check these assumptions one by one. We know that ∥X̃∥ ≤ τ̂ . Note that |v̂ − (∥x∗∥4 + σ2/2)1/2| ≤ ∥x∗∥2 /54
implies that |v̂ − (∥x∗∥4 + σ2/2)1/2| ≤ (∥x∗∥4 + σ2/2)1/2/54, which further implies that ∥x∗∥4+σ2/2)1/2

v̂ ≤ 54/53.
Lemma G.6 implies

∥Σ− Σ̃r∥op = O(
√
n(∥x∗∥4 + σ2/2)1/2(r2up + 1)∥x∗∥4/τ̂) ≤ ∥x∗∥4/54 and − ∥x∗∥4

54
I ⪯ Σ̃r − Σ ⪯ ∥x∗∥4

54
I.

The first assumption is to show that ∥X̃X̃⊤ − (Σ̃r)∥op ≤ B for all X̃ with probability one.

∥X̃X̃⊤ − (Σ̃r)∥op ≤ ∥X̃∥2 + λmax(Σ̃r) ≤ τ̂2 + λmax(Σ) + ∥x∗∥4 = O(n(r2up + 1)2v̂2 +
(
4∥x∗∥4 + σ2

)
)

= O
(
n(r2up + 1)2(∥x∗∥4 + σ2)

)
+ (4∥x∗∥4 + σ2) = O

(
n(r2up + 1)2(∥x∗∥4 + σ2)

)
.

The second assumption is to show that E
[
⟨xx⊤, X̃X̃⊤ − (Σ̃r)⟩2

]
≤ v′2.

Consider ∥x∥ ≤ 1, then

E
[
⟨xx⊤, X̃X̃⊤ − (Σ̃r)⟩2

]
= E

[
(⟨x, X̃⟩2 − x⊤Σ̃rx)

2
]
= E

[
(⟨x, X̃⟩)4

]
− (x⊤Σ̃rx)

4
(a)

≤ E
[
(⟨x,X⟩)4

]
≤ E[8(ζ4 + ⟨b, x∗⟩4⟨c, x∗⟩4)⟨b, x⟩4] (b)= O(K4

4 + ∥x∗∥8) = O((r2up + 1)2∥x∗∥8),

where (a) follows by applying the trivial upper bound τ̂ ≤ ∞ and (b) follows from Lemma H.2.

This implies

max
x:∥x∥≤1

E
[
⟨xx⊤, X̃X̃⊤ − Σ̃⟩2

]
= O((r2up + 1)2∥x∗∥8).

In the notations of Theorem 3.2, we have

B = O
(
n (r2up + 1)2(∥x∗∥4 + σ2)

)
, v′ = O( (r2up + 1) ∥x∗∥4).
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To apply Theorem 3.2, we must ensure that its sample complexity condition is satisfied. This requires

m2 = Ω

(
n+ B

√
ϵ

v′

ϵ
· log

(
4n

δϵ

))
= Ω

(
n+ n (r2up + 1)2

√
ϵ

ϵ
· log

(
4n

δϵ

))
.

So, we have verified all assumptions of Theorem 3.2. So, by using Theorem 3.2 and Theorem D.2, we can
conclude that, with probability at least 1− δ/4, the output û ∈ Rn×1 and λû of Algorithm 2 satisfies:

Tr[P1(Σ̃r)]− Tr[û⊤(Σ̃r)û] = O
(
ϵ · Tr[P1(Σ̃r)] +

√
ϵ · v′

)
, |λû − ∥Σ̃r∥op| ≤ 106ϵ∥Σ̃r∥op + 212

√
ϵv′.

We know that the top eigenvalue of Σ is 3∥x∗∥4 + σ2/2, while all remaining eigenvalues equal ∥x∗∥4 + σ2/2.

Let Σ̃r =
∑n

i=1 λifif
⊤
i be the eigenvalue decomposition of Σ̃r, with λ1 = λmax(Σ̃r) and f1 = u such that

eigenvalues of Σ̃r are arranged in non-increasing order, where λmax(A) denotes the largest eigenvalue of A. By
the min–max theorem, we have λ1 ∈ [(161/54)∥x∗∥4 + σ2/2, (163/54)∥x∗∥4 + σ2/2] and λ2 ∈ [(53/54)∥x∗∥4 +
σ2/2, (55/54)∥x∗∥4 + σ2/2]. Since (55/54)∥x∗∥4 + σ2/2 ̸= (161/4)∥x∗∥4 + σ2/2, it follows that λ1 ̸= λ2.

Tr[P1(Σ̃r)]− Tr[û⊤(Σ̃r)û] ≥ λ1 − (λ1⟨û, u⟩2 + (1− ⟨û, u⟩2)λ2) = (λ1 − λ2)(1− ⟨û, u⟩2)
= 106/54(1− ⟨û, u⟩2).

So now,

(1− ⟨û, u⟩2) = O

(
ϵ

(
1 +

σ2

∥x∗∥4

)
+ 73(r2up + 1)

√
ϵ

)
= O

(
ϵ(r2up + 1) + (r2up + 1)

√
ϵ
)
= O

(
(r2up + 1)

√
ϵ
)
.

This implies

|⟨û, u⟩| ≥
√
1−O

(
(r2up + 1)

√
ϵ
)
.

Now, we can conclude that,

dist(û, u) = min{∥û− u∥2, ∥û+ u∥2}

=
√
2− 2|⟨û, u⟩|

≤
√
2− 2

√
1−O

(
(r2up + 1)

√
ϵ
)
.

and

|λû − ∥Σ̃r∥op| ≤ 106ϵ∥Σ̃r∥op + 212
√
ϵv′ = O(ϵ(r2up + 1) +

√
ϵ(r2up + 1))∥x∗∥4.

Now we proceed to the analysis of Step 4 of Algorithm 2.

Theorem G.10. (Step 4 of Algorithm 2: Estimate ∥x∗∥). If m1 = Ω
(
log(4/δ)

(
1 + r2up

)2)
,

m2 = Ω
(
(n+ n(r2up + 1)2

√
ϵ) log(4n/(δϵ))/ϵ

)
and ϵ = O

((
1 + r2up

)−2
)
, then with probability at least 1− δ/2 we

can conclude that

| ˆ∥x∗∥ − ∥x∗∥| ≤ ∥x∗∥
27

(32)

Proof. Using Theorem G.8, Lemma G.6 and Theorem G.9, we can conclude that with probability at least 1−δ/2
the following holds:

|v̂2 − (∥x∗∥4 + σ2/2)| ≤ ∥x∗∥4 /54, ∥Σ− Σ̃r∥op ≤ ∥x∗∥4/54,

|λû − ∥Σ̃r∥op| = O(ϵ(r2up + 1) +
√
ϵ(r2up + 1))∥x∗∥4 = ∥x∗∥4/27.
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This implies

|(λû − v̂2)/2− ∥x∗∥4| = |(λû − (3∥x∗∥4 + σ2/2))/2− (v̂2 − (∥x∗∥4 + σ2/2))/2)|
≤ 1/2|(λû − (3∥x∗∥4 + σ2/2))|+ 1/2|(v̂2 − (∥x∗∥4 + σ2/2)))|

≤ 1/2|(λû − ∥Σ̃r∥op|+ 1/2|∥Σ̃r∥op − (3∥x∗∥4 + σ2/2))|+ 1/2|(v̂2 − (∥x∗∥4 + σ2/2)))|

≤ 1

2

(
∥x∗∥4

27
+

∥x∗∥4

54
+

∥x∗∥4

54

)
=

∥x∗∥4

27
.

Now, we know that for any a, b, c > 0 with b2 > c,
∣∣a2 − b2

∣∣ ≤ c implies |a− b| ≤ b−
√
b2 − c. By using the above

property, we get to

|
√

(λû − v̂2)/2− ∥x∗∥2 | ≤ ∥x∗∥2 −
√
26/27∥x∗∥2 ≤ ∥x∗∥2/27.

Now, using the above result once more we conclude that∣∣∣((λû − v̂2)/2)1/4 − ∥x∗∥
∣∣∣ ≤ ∥x∗∥ −

√
26/27∥x∗∥ ≤ ∥x∗∥/27.

Finally, we can conclude that ∣∣∣ ˆ∥x∗∥ − ∥x∗∥
∣∣∣ ≤ ∥x∗∥/27.

Proof of Theorem G.7.

Now we are ready to give the proof of Theorem G.7.

Proof. Under the assumptions on the sample complexity m1,m2 and the corruption level ϵ, and using Theo-
rem G.10, Theorem G.9, Theorem G.8, and Lemma G.6, we conclude that, with probability at least 1 − δ, the
following holds:

dist(û, u) ≤
√

2− 2
√
1−O

(
(r2up + 1)

√
ϵ
)
≤ (1/27),

∥Σ− Σ̃r∥op = O(
√
n(∥x∗∥4 + σ2/2)1/2(r2up + 1)∥x∗∥4/τ̂ ≤ ∥x∗∥4

54
≤

√
2∥x∗∥4

54
,

| ˆ∥x∗∥ − ∥x∗∥| ≤ ∥x∗∥/27,

where u is top normalized eigenvector of Σ̃r. Now, by applying Theorem H.3 (Davis-Kahan), we can conclude
that

dist(∥x∗∥u, x∗) ≤ 2
√
2∥x∗∥∥Σ− (Σ̃r)∥op

2∥x∗∥4
≤ ∥x∗∥

27
and

dist(−∥x∗∥u, x∗) ≤ 2
√
2∥x∗∥∥Σ− (Σ̃r)∥op

2∥x∗∥4
≤ ∥x∗∥

27
.

So,

dist (x0, x
∗) = dist

(
ˆ∥x∗∥û, x∗

)
≤ dist( ˆ∥x∗∥û, ∥x∗∥û) + dist(∥x∗∥û, ∥x∗∥u) + dist (∥x∗∥u, x∗)

= ∥ ˆ∥x∗∥û− ∥x∗∥û∥+ dist(∥x∗∥û, ∥x∗∥u) + dist (∥x∗∥u, x∗)

= | ˆ∥x∗∥ − ∥x∗∥|+ ∥x∗∥ dist(û, u) + dist (∥x∗∥u, x∗)

≤ ∥x∗∥
27

+
∥x∗∥
27

+
∥x∗∥
27

=
∥x∗∥
9

.
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G.5 Proof of Theorem 5.1

Theorem 5.1 now follows by combining Theorem G.4 and Theorem G.7.

G.6 Proof of Proposition G.1

Proof.

E[v2] = E
[(
b⊤x∗)2 (c⊤x∗)2 + ζ2 + 2ζ

(
b⊤x∗) (c⊤x∗)] = E

[(
b⊤x∗)2 (c⊤x∗)2 + ζ2

]
= ∥x∗∥4 + σ2/2

Var(v2) = E
[
(
(
b⊤x∗) (c⊤x∗)+ ζ)4

]
− (∥x∗∥4 + σ2/2)2 ≤ E

[
8
(
b⊤x∗)4 (c⊤x∗)4]+ E

[
8(ζ)4

]
− ∥x∗∥8

≤ 72 ∥x∗∥8 + 16K4
4 − ∥x∗∥8 ≤ 72(r4up + 1) ∥x∗∥8

E[υb] = E[⟨b, x∗⟩ · ⟨c, x∗⟩b+ ζb] = E[⟨b, x∗⟩ · ⟨c, x∗⟩b] = 0,E[υc] = E[⟨b, x∗⟩ · ⟨c, x∗⟩c+ ζc]

= E[⟨b, x∗⟩ · ⟨c, x∗⟩c] = 0

E[υb⊤c] = E[⟨b, x∗⟩ · ⟨c, x∗⟩b⊤c+ ζb⊤c] = E[⟨b, x∗⟩ · ⟨c, x∗⟩b⊤c] = E[
n∑

i,j,k=1

bjx
∗
jcix

∗
i bkck]

=

n∑
i,j,k=1

δ{j=k}x
∗
jδ{i=k}x

∗
i =

n∑
k=1

x∗2
k = ∥x∗∥2,

Var(vb⊤c) = Tr(E[⟨b, x∗⟩2bb⊤]E[⟨c, x∗⟩2cc⊤]) + (σ2/2)E[(b⊤c)2]− ∥x∗∥4 = Tr((∥x∗∥2 In + 2x∗x∗⊤)2)

+ (σ2/2)n− ∥x∗∥4 = (8 + n)∥x∗∥4 + (σ2/2)n− ∥x∗∥4 = n∥x∗∥4 + n(σ2/2) + 7∥x∗∥4.

Cov[υb] = E[υ2bb⊤]− E[υb]E[υb]⊤ = E[υ2bb⊤] = E[⟨b, x∗⟩2 · ⟨c, x∗⟩2bb⊤] + E[ζ2bb⊤] = ∥x∗∥2E[⟨b, x∗⟩2bb⊤]
+ σ2/2In = (∥x∗∥4 + σ2/2)In + 2∥x∗∥2x∗x∗⊤

.

H NECESSARY LEMMAS

Lemma H.1. Let’s assume that x∗ ∈ Rn is the fixed vector and a ∼ N (0, In). Then,

E(⟨a, x∗⟩2aaT ) = 2x∗x∗T + ||x∗||2In,E(⟨a, x∗⟩4aaT ) = ||x∗||4
(
3In +

12

||x∗||2
x∗x∗T

)
.

Proof. Now, let’s write a = ⟨a, x∗⟩ x∗

||x∗||2 + v1 such that ⟨v1, x∗⟩ = 0 . Now define α1 := ⟨a,x∗⟩
||x∗||2 , so we can write

a = α1x
∗ + v1. Note that because of the above dissociation, α1 and v1 are now independent random variables.

So, ⟨a, x∗⟩2 = α2
1||x∗||4, and aa⊤ = α2

1x
∗x∗⊤ + v1v

⊤
1 + α1x

∗⊤v1 + α1v1x
∗⊤.

In = E[aa⊤] = E[α2
1x

∗x∗⊤] + E[v1v⊤1 ] + E[α1x
∗⊤v1] + E[α1v1x

∗⊤]

= E[α2
1]x

∗x∗⊤ + E[v1v⊤1 ] + x∗E[α1v
⊤
1 ] + E[α1v1]x

∗⊤ (a)
=

1

||x∗||2
x∗x∗⊤ + E[v1v⊤1 ],

where (a) follows from the fact that x∗E[α1v
⊤
1 ] = 0,E[α1v1]x

∗⊤ = 0 because E[α1v
⊤
1 ] = E[α1]E[v⊤1 ] = 0 and

E[α1v1] = E[α1v
⊤
1 ]

⊤. Now,

E[⟨a, x∗⟩2aa⊤] = E[α2
1||x∗||4(α2

1x
∗x∗⊤ + v1v

⊤
1 )] = ||x∗||4E[α4

1]x
∗x∗⊤ + ||x∗||4E[α2

1v1v
⊤
1 ]

= ||x∗||4 3||x
∗||4

||x∗||8
x∗x∗⊤ +

||x∗||4

||x∗||2

(
In − 1

||x∗||2
x∗x∗⊤

)
= 2x∗x∗T + ||x∗||2In
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E[⟨a, x∗⟩4aa⊤] = E[α4
1||x∗||8(α2

1x
∗x∗⊤ + v1v

⊤
1 )] = ||x∗||8E[α6

1]x
∗x∗⊤ + ||x∗||8E[α4

1v1v
⊤
1 ]

= ||x∗||8 15||x
∗||6

||x∗||12
x∗x∗⊤ + ||x∗||8 3||x

∗||4

||x∗||8

(
In − 1

||x∗||2
x∗x∗⊤

)
= ||x∗||4

(
3In +

12

||x∗||2
x∗x∗T

)
.

Lemma H.2. Let’s assume that v, x∗ ∈ Rn are the fixed vectors and a ∼ N (0, In). If i is even, then

E
[(
a⊤x∗)i (v⊤a)4] ≤ (i+ 3)!!||x∗||i−4(v⊤x∗)4 + ||x∗||i(3(i− 1)!! + 6(i+ 1)!!)||v||4.

If i is odd, then

E
[(
a⊤x∗)i (v⊤a)4] = 0.

Proof. In the notations of the proof of Lemma H.1, if i is even, then

E
[(
a⊤x∗)i (v⊤a)4] = ||x∗||2iE

[
αi
1

(
v⊤a

)4]
= ||x∗||2iE

[
αi
1

(
v⊤α1x

∗ + v⊤v1
)4]

= ||x∗||2iE[αi
1(α

4
1(v

⊤x∗)4

+ (v⊤v1)
4 + 6α2

1(v
⊤v1)

2(v⊤x∗)2 + 4α3
1(v

⊤x∗)3(v⊤v1) + 4(v⊤v1)
3α1(v

⊤x∗))]

= ||x∗||2iE[α(i+4)
1 (v⊤x∗)4 + α

(i)
1 (v⊤v1)

4 + 6αi+2
1 (v⊤v1)

2(v⊤x∗)2 + 4αi+3
1 (v⊤x∗)3(v⊤v1)

+ 4(v⊤v1)
3αi+1

1 (v⊤x∗))] = ||x∗||2iE[α(i+4)
1 (v⊤x∗)4 + α

(i)
1 (v⊤v1)

4 + 6αi+2
1 (v⊤v1)

2(v⊤x∗)2]

= ||x∗||2i
(
E[α(i+4)

1 ](v⊤x∗)4 + E[α(i)
1 ]E[(v⊤v1)4] + 6E[α(i+2)

1 ]E[(v⊤v1)2](v⊤x∗)2
)

= ||x∗||i−4(i+ 3)!!(v⊤x∗)4 + ||x∗||i(i− 1)!!E[(v⊤v1)4] + 6||x∗||i−2(i+ 1)!!E[(v⊤v1)2](v⊤x∗)2.

Since Σv1 = In − 1
||x∗||2x

∗x∗⊤. So, E[(v⊤v1)2] = ||v||2 − (v⊤x∗)2

||x∗||2 ≤ ||v||2.

3||v||4 = E[(v⊤a)4] = E[α4
1(v

⊤x∗)4 + (v⊤v1)
4 + 6α2

1(v
⊤v1)

2(v⊤x∗)2 + 4α3
1(v

⊤x∗)3(v⊤v1) + 4(v⊤v1)
3α1(v

⊤x∗)]

= E[α4
1(v

⊤x∗)4 + (v⊤v1)
4 + 6α2

1(v
⊤v1)

2(v⊤x∗)2] =
3(v⊤x∗)4

∥x∗∥4
+ E[(v⊤v1)4]

+ 6(v⊤x∗)2
1

∥x∗∥2

(
||v||2 − v⊤x∗)2

||x∗||2

)
(a)

≥ E[(v⊤v1)4],

where (a) follows from the fact that 3(v⊤x∗)4

∥x∗∥4 and 6(v⊤x∗)2 1
∥x∗∥2

(
||v||2 − (v⊤x∗)2

||x∗||2

)
are positive constants. So,

E
[(
a⊤x∗)i (v⊤a)4] = |x∗||i−4(i+ 3)!!(v⊤x∗)4 + ||x∗||i(i− 1)!!E[(v⊤v1)4] + 6||x∗||i−2(i+ 1)!!E[(v⊤v1)2](v⊤x∗)2

≤ |x∗||i−4(i+ 3)!!(v⊤x∗)4 + 3||x∗||i(i− 1)!!||v||4 + 6||x∗||i−2(i+ 1)!!||v||2(v⊤x∗)2

≤ (i+ 3)!!|x∗||i−4(v⊤x∗)4 + ||x∗||i(3(i− 1)!! + 6(i+ 1)!!)||v||4.

In the notation of the proof of Lemma H.1, if i is odd, then

E
[(
a⊤x∗)i (v⊤a)4] = ||x∗||2iE

[
αi
1

(
v⊤a

)4]
= ||x∗||2iE

[
αi
1

(
v⊤α1x

∗ + v⊤v1
)4]

= ||x∗||2iE[α(i+4)
1 (v⊤x∗)4 + α

(i)
1 (v⊤v1)

4 + 6αi+2
1 (v⊤v1)

2(v⊤x∗)2 + 4αi+3
1 (v⊤x∗)3(v⊤v1)

+ 4(v⊤v1)
3αi+1

1 (v⊤x∗))] = ||x∗||2iE[4αi+3
1 (v⊤x∗)3(v⊤v1) + 4(v⊤v1)

3αi+1
1 (v⊤x∗))]

= 4||x∗||2i
(
E[α(i+3)

1 ](v⊤x∗)3E[(v⊤v1)] + E[α(i+1)
1 ]E[(v⊤v1)3]

)
= 4||x∗||2i

(
E[α(i+1)

1 ]E[(v⊤v1)3]
)
,

and

0 = E[(v⊤a)3] = E[α3
1(v

⊤x∗)3 + (v⊤v1)
3 + 3α2

1(v
⊤x∗)2(v⊤v1) + 3(v⊤v1)

2α1(v
⊤x∗)]

= E[α3
1(v

⊤x∗)3 + (v⊤v1)
3] = E[(v⊤v1)3].

So, this implies E
[(
a⊤x∗)i (v⊤a)4] = 4||x∗||2i

(
E[α(i+1)

1 ]E[(v⊤v1)3]
)
= 0
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Theorem H.3. (See Theorem 4.5.5 and the following conclusion from (Vershynin, 2018), Edition 1.) Let S
and T be symmetric matrices with the same dimensions. Fix i and assume that the i-th largest eigenvalue of S
is well separated from the rest of the spectrum:

min
j:j ̸=i

|λi(S)− λj(S)| = δ > 0

Let’s assume that vi(S) and vi(T ) are the unit eigenvectors corresponding to the i-th largest eigenvalues of the
matrices S and T , respectively. Then the unit eigenvectors vi(S) and vi(T ) are close to each other up to a sign,
namely

∃θ ∈ {−1, 1} : ∥vi(S)− θvi(T )∥2 ≤ 23/2∥S − T∥
δ

Proof. Let u = vi(S) and v = vi(T ) be unit eigenvectors corresponding to the i-th largest eigenvalues of sym-
metric matrices S and T , respectively. From the Davis-Kahan theorem (Theorem 4.5.5 from (Vershynin, 2018),
Edition 1), we have

sin∠(u, v) ≤ 2∥S − T∥
δ

.

Let θ := sign(⟨u, v⟩) ∈ {−1, 1} be chosen so that the angle between u and θv lies in [0, π/2] because cos∠(u, θv) =
θ(⟨u, v⟩) = |(⟨u, v⟩)|. Then,

∥u− θv∥22 = ⟨u− v, u− v⟩ = ∥u∥2 + ∥θv∥2 − 2⟨u, θv⟩ = 2− 2θ⟨u, v⟩ = 2(1− |⟨u, v⟩|).

From the sine-angle bound,

sin∠(u, v) =
√

1− ⟨u, v⟩2 ≤ 2∥S − T∥
δ

,

which implies

|⟨u, v⟩| ≥

√
1−

(
2∥S − T∥

δ

)2

.

Therefore,

∥u− θv∥22 ≤ 2

1−

√
1−

(
2∥S − T∥

δ

)2
 .

Using the inequality 1−
√
1− x ≤ x for x ∈ [0, 1], we get

∥u− θv∥22 ≤ 2

(
2∥S − T∥

δ

)2

=

(
23/2∥S − T∥

δ

)2

,

and hence,

∥u− θv∥2 ≤ 23/2∥S − T∥
δ

.
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