Conservative Inference in Switchback Experiments

Jose Blanchet Peter W. Glynn

Ramesh Johari

Linjia Wu Wengqgian Xing

Stanford University

Abstract

Switchback experiments are widely used in
dynamic systems—such as ridesharing plat-
forms and online marketplaces—to evaluate
interventions under interference. However,
the standard pipeline of estimating the aver-
age treatment effect (ATE) with a difference-
in-means (DM) estimator can exhibit sys-
tematic bias in dynamic settings with evolv-
ing system state, due to intertemporal de-
pendence (“carryover effects”). In this pa-
per, we study this bias in a continuous-time
Markov chain model of switchback experi-
ments with stochastically monotone dynam-
ics and state-monotone rewards; these are
reasonable representations of mean-reverting
and auto-regressive systems. We show the
DM estimator systematically underestimates
the true ATE, because it targets an av-
erage of transient treatment effects rather
than the ATE itself. Using the Ornstein-
Uhlenbeck process as a tractable example, we
derive closed-form expressions for bias and
variance; this analysis shows that standard
approaches overestimate the true variance.
Taken together, these effects mean that stan-
dard switchback experiment analysis yields
overly conservative inference. We validate
our theory using a ride-sharing simulation
with real-world calibration.

1 INTRODUCTION

A/B testing is widely used to evaluate policy differ-
ences (or treatment effects), such as pricing on ride-
sharing platforms or inventory management in supply
chains. However, estimates from standard random-
ized experiments are often biased due to interference:
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either across neighbors (network spillovers) or across
time (carryover effects). In ride-sharing systems, e.g.,
pricing policies in one period affect driver availability
in subsequent periods, creating temporal spillovers.

To mitigate interference, platforms often adopt switch-
back experiments, i.e., alternating treatment and con-
trol across time/regions and estimating interval-level
effects. A typical industrial approach uses a difference-
in-means (DM) estimator between switchback inter-
vals and reports Huber—White standard errors (Kastel-
man and Ramesh, 2018). However, when outcomes
evolve with system (e.g., pricing efficacy varying with
driver availability), this pipeline not only exhibits esti-
mation bias (e.g., Cooprider and Nassiri (2023); Nas-
siri (2025) note treatment can be overestimated), but
when combined with the variance estimator can ex-
hibit overly conservative inference. Further, the role
of design features (e.g., interval length, washout) and
their qualitative impact on the DM estimation pipeline
is not well understood. In this paper, we investigate
these phenomena by modeling the underlying system
stochastically monotone dynamics; this is a broad class
of dynamics, including mean-reverting autoregressive
processes. We show these dynamics lead to conserva-
tive inference in switchback experiments, and also use
the structure to study the role of experimental design.

An Industrial Approach. We summarize a stan-
dard pipeline for switchback experiments, e.g., as pre-
sented by DoorDash (Kastelman and Ramesh, 2018).
Policies are randomized at the regionx time level (Fig-
ure 1): each 30-minute interval in each region is inde-
pendently assigned to treatment or control. Treatment
effects are then estimated by comparing average out-
comes (i.e., delivery time) between treated and control
region-time units. Specifically, for region-time unit 4,
let y,. ; be the average outcome under policy x € {0,1}
(treatment = 1, control = 0). With N; treated and Ny
control units, the standard analysis fits y = X5 + ¢,
where e ~ N(0,021) is a Gaussian error and

-
Yy = (yl,lv"'7y1,N17yO,la"'ayO,No) )
(171)7 Z'Sva
X =(x1,...,x , X =
(=2 MitNo), @i {(1,0), i> Ny
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Figure 1: Switchback experiments for pricing at DoorDash (Kastelman and Ramesh, 2018).

OLS yields 8 = (XTX)"2X Ty, where f is the con-
trol mean and Bl equals the standard difference-in-
means (DM) estimator for the ATE 5; (Wager, 2024).
Variance is typically estimated via the Huber—White
sandwich estimator (White, 1980) (with n = N1+ Ny):

— 111\ "1t 1o\
Var(B) =~ (-X"x) -xTox(-x"x) |,
n\n n n
where Q is a diagonal matrix with entries (y — X 3)2.
Similar switchback experiments have been reported by
Lyft (Chamandy, 2016), Tubi (Silbert, 2022), and Bolt
(O’Connell and Bentes, 2022).

Main Contributions. In this paper, we tackle the
following question: when and why does the standard
switchback experiment produce overly conservative in-
ference? Our analysis provides several meaningful in-
sights on this question.

e Markovian Framework. In a continuous Markov
chain (CTMC), we show that stochastic monotonic-
ity, stochastically ordered policy kernels, and state-
monotone rewards induce a monotone bias during
transient periods—conditions often satisfied in real-
world applications such as ride-sharing and online
marketplaces.

e Estimand Discrepancy. We show that transient
dynamics cause the DM estimator to target an aver-
age transient treatment effect rather than the ATE.
We show that under stochastic monotonicity and
state-monotone rewards, the difference-in-means es-
timator exhibits systematic underestimation, result-
ing in conservative inference.

e A Stylized Model. In an Ornstein—Uhlenbeck
(OU) process setting, we verify the preceding mono-
tonicity conditions and establish asymptotic under-
estimation bias, even with washout periods. We
further characterize both the bias and the variance
and show that the Huber—White variance estima-
tor can be overly conservative. These findings are

illustrated through a ride-sharing simulation using
real-world data (TLC, 2024).

e Practical Guidance. Our results explain the con-
servative bias observed in practice and highlight de-
sign trade-offs (interval length, washout) that miti-
gate bias and reduce the DM estimator MSE.

Related Work. We review three areas: (i) switch-
back experiments, (ii) Markovian models for dynamic
treatment effects, and (iii) industrial practice.

Switchback experiments, originating in dairy studies
(Brandt, 1938), are now common for marketplace-level
A /B tests (Chamandy, 2016). Related work addresses
carryover via design and estimation—optimal designs
with finite-horizon carryover (Bojinov et al., 2023; Ni
and Bojinov, 2025), Bernoulli switchbacks in nonsta-
tionary MDPs with geometric mixing (Hu and Wa-
ger, 2022), and bias-variance trade-offs for multiple
simultaneous switchbacks (Xiong et al., 2023). Re-
cent work also develops robust switchback methodolo-
gies for large-scale industrial settings (Missault et al.,
2025). In contrast, we focus on the post-experiment es-
timand—estimator gap—its direction and decision im-
pact—under structural interference that induces sys-
tematic bias.

Markovian frameworks have been used to model treat-
ment /control dynamics in experiments (Glynn et al.,
2020; Hu and Wager, 2022; Farias et al., 2022, 2023; Li
et al., 2023). Most related are policy-specific station-
ary chains for optimal design (Glynn et al., 2020) and
a discrete-time MDP with an estimator balancing bias
and variance (Farias et al., 2022). We extend this line
by modeling with a continuous-state CTMC, broaden-
ing applicability to continuous-time experimental pro-
cesses.

Large platforms now deploy switchbacks at scale: Do-
orDash provides implementation guidance (Kastelman
and Ramesh, 2018); Lyft pairs switchbacks with sim-
ulation to study bias-variance and two-stage designs
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(Chamandy, 2016; Quan, 2021); Tubi addresses sea-
sonality, carryover, and power (Silbert, 2022); and
Bolt discusses unit interference, temporal imbalance,
and concurrent tests (O’Connell and Bentes, 2022).
We aim to complement these operational deployments
with theoretical insight that characterizes the validity
of inference from switchback experiments.

2 SWITCHBACK EXPERIMENTS

In this section, we introduce experiments in dynamic
systems modeled as continuous-state CTMCs. Sec-
tion 2.1 introduces the CTMC model under a general
experimental setting, presents the conditions that lead
to structural interference and monotone bias, and de-
fines the average treatment effect (ATE). Section 2.2
then describes the standard switchback design used in
practice along with the DM estimator.

2.1 A Monotone Markov Chain Model

We consider two distinct CTMCs (treatment and con-
trol) on a common real-valued state space (R). We
consider dynamic experiments on a single unit, e.g.,
an entire ridesharing platform. The state captures the
unit’s current condition (e.g., driver availability). Con-
trol and treatment are modeled as actions taken in
that state, and outcomes as rewards associated with
it. Similar models have been studied in prior work
for discrete-time, discrete-state settings (Glynn et al.,
2020; Hu and Wager, 2022; Farias et al., 2022).

Notation. Let f(x) = O(g(z)) if there exists C' > 0,
independent of =, with | f(z)| < Clg(x)| for all large z.
For N e N, let [N] ={0,1,...,N —1}.

Time and State Space. We consider a continuous
time space t € [0,00) and a real state space X C R.
Throughout for simplicity we assume the Borel mea-
sure space on R; we assume that X’ is Borel measur-
able.

Markov Chains. A stochastic process X = {X, :
t > 0} is a continuous-time Markov chain (CTMC)
if, for any time s,¢ > 0, any state x € X, and any
measurable set A C X, the following holds

P(Xiys € A | {Xubo<ust) = P(Xigs € A | X).

Transition Kernel. The dynamics of a CTMC for
any t > 0 are characterized by the transition kernel

Pz, Ajt) =P(X, € A| Xop=2), Ve e X ACX.

We assume the standard Feller property (see, e.g., Ch
4.2 in Ethier and Kurtz (2009)) on P(x, A;t) to ensure
continuity for our theoretical analysis. In addition,

the Feller property enforces time homogeneity of the
CTMC.

Two Chains. We consider two CTMCs, indexed by
k € {0,1}, on the common state space X, with transi-
tion kernels P,. Specifically, Py and P; correspond to
the control and treatment policies. Both kernels are
assumed to be stochastically monotone, and we assume
the treatment kernel stochastically dominates the con-
trol kernel, denoted Py =g Pi, as defined below.

Assumption 1 (Stochastic monotonicity). The treat-
ment and control chains, with transition kernels P,
for k € {0,1}, satisfy stochastic monotonicity, i.e., for
anyt >0 ands € X, Py(x,(s,00);t) is non-decreasing
in the initial state x € X.

Assumption 2 (Stochastic dominance). For any t >
0, the control kernel Py is stochastically dominated by
the treatment kernel Py, denoted Py =gt Pi. That is,
for every bounded measurable non-decreasing f : X —
R and all x € X,

/ f(y) Pol, dy:t) < / £(y) Py(x, dy; ).
X X

Remark 1. Assumptions 1 and 2 are well motivated,
e.g., stochastic monotonicity arises in queueing and
inventory systems (Stoyan and Daley, 1983; Lund and
Tweedie, 1996; Li et al., 2023), while stochastic dom-
inance between treatment and control has been previ-
ously assumed in online marketplace pricing (Farias
et al., 2023; Johari et al., 2024). These two conditions
induce structural interference that creates a monotone
transient effect in states, the key driver of systematic
underestimation in switchback designs.

We also impose a mizing-time condition on the tran-
sition kernels, akin to geometric ergodicity assump-
tions in experiments with Markovian dynamics (Farias
et al., 2022; Hu and Wager, 2022).

Assumption 3 (Mixing time). For each k € {0,1},
the CTMC is geometrically ergodic: there exist C > 1
and A, > 0 such that for allx € X and t > 0,

[ Pe(, 5 t) = mpllpy < Ce™ M,
where || - ||rv denotes the total variation distance.

Moreover, we denote Ay, = min{\g, A1} as the mini-
mum mixing rate between the two policies.

Rewards. Reward is accrued at rate r,(z) in state z,
i.e., the expected reward in [¢, t+dt] is tHdt re(Xs)ds.
Assumption 4 (Monotone rewards). The reward rate
functions vy, satisfy |r.(z)| < M, are non-decreasing in
x, and obey ro(x) < ri(x) for allx € X and k € {0,1}.
Remark 2. Assumption 4 is reasonable in many prac-

tical experiments where the treatment has a valid ef-
fect. Combined with Assumptions 1 and 2, it implies
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that the treatment policy yields higher expected imme-
diate and future outcomes than the control policy. (In
Johari et al. (2024) these are referred to as “positive”
treatments; see also Holtz et al. (2020); Johari et al.
(2022); Li et al. (2022); Dhaouadi et al. (2023); Bright
et al. (2025).) We later show in the stylized OU model
(Section /) that the bounded reward assumption can be
relazed.

Treatment Effect. We define the causal estimand 7,
the average treatment effect (ATE), as the difference
in stationary rewards between treatment and control:

T :=m17r1 — ToT0, with Tl = / Wﬂ(dx)rﬁ(x)'
X

2.2 Switchback Experiments and Estimation

We adopt a standard switchback design alternating be-
tween two policies. Each policy is applied for n periods
of length I, giving a total duration 7' = 2nl. A formal
definition of the switchback process X is given below.

Definition 1 (Switchback process). The process of a
switchback experiment X = {X;}o<i<r evolves under
a time-varying transition kernel

P, 2l <t<(2i+1)l,
Q =
Py, (2i+ 1)l <t<2(i+1)l,

i € [n],

i € [n].

The process X is also referred to as the data-generating
process of the experiment. We assume the process is
initialized from the stationary distribution of the con-
trol policy, Xg ~ 7o, i.e., the system is in steady state
under control prior to the experiment (though our re-
sults hold for any initial distribution).

Definition 2 (Difference-in-means). The difference-
in-means estimator 7, for the switchback process X is

n—1

fo= S (1 - 1),

n -
=0

where Il-(l) and Ii(o) are the average rewards in the i-th
treatment and control periods, i.e.,

G 1 (2i—j+2)1
19 = 7/ ri(Xy)dt,
(26—j+1)1

j€{0,1}.

Interference and Bias. In switchback experiments,
outcomes in the previous interval can impact outcomes
in the next interval, through stateful intertemporal de-
pendence; this is known as a “carryover” effect (Boji-
nov et al., 2023), and constitutes a form of intertem-
poral interference that violates the Stable Unit Treat-
ment Value Assumption (Imbens and Rubin, 2015).

As a consequence of this interference, naive estimators
such as the difference-in-means will be biased.

For example, in the CTMC model, outcomes de-
pend on evolving states, inducing temporal correla-
tion. This creates carryover effects during transient
periods, when the system has not reached steady state
and past treatments affect future states. In the next
section, we show that under Assumptions 1, 2, 3, and
4, the bias is systematically downward.

3 BIAS DECOMPOSITION

In this section, we decompose the bias of the DM es-
timator. Before comparing 7, with 7, we introduce a
related estimand, the average transient treatment ef-
fect 7, which accounts for transient dynamics within
each switchback period. In Section 3.1, we formally
define this estimand and decompose the bias, and in
Section 3.2, we explain the source of underestimation.
A general variance analysis for the CTMC setting is
provided in Appendix C.

3.1 Transient Treatment Effect

We consider the following approximation of the ex-
pected reward rate in a single switchback period under
both treatment and control policies, denoted by I(%):

1

- 1 =
IW = + 77T0917 1O = morg + 77T1go, (1)

where the function g, : X — R is defined as

gr(w) = /OOo (Exlre(X:) | Xo = 2] — mery) dt. (2)

Here, E, denotes the expectation under the transition
kernel P,. Therefore, g, () represents the total devia-
tion of the expected reward r,(X;) from its stationary
average reward 7.7, accumulated over time from ini-
tial state Xy = . We then define the average transient
treatment effect T as

- ~ 1
Fi= 10 —JO = myry — morg + 7(77091 —m1go)- (3)

Note that 7 is an estimand defined for a given switch-
back interval length [. In contrast to the ATE 7, the
average transient treatment effect 7 accounts for tran-
sient dynamics within each switchback interval via a
deviation correction term depending on g. This cor-
rection is evaluated under the stationary distribution
of the alternative policy; e.g., mpg1 captures the devi-
ation when the system starts in control steady state
but evolves under the treatment policy.

Under the geometric ergodicity condition in Assump-
tion 3, the function g is well-defined and bounded. We
summarize the result in the lemma below.
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Lemma 1. Under Assumptions 3 € 4, the function g,
in (2) is well-defined and uniformly bounded for each

k € {0,1}. In particular, for all z € X,
2MC
g (2)] < SV

Remark 3. The function g, is the unique solution to
Poisson’s equation for the CTMC with kernel P,:

Aﬁg,@ - _me (4)
where A, is the infinitesimal generator,

Em,n[gn (Xt)] — 9k ($)
£ )

Aigi(xz) = lim

t—0+

and 7 (x) = ry(x) — mery is the centered reward.

To analyze the bias between the DM estimator 7,, and
the transient effect 7, note that I(®) is a mean-field ap-
proximation of the average reward in a single switch-
back period, i.e., it approximates E[] Z.('i)] under P, for
any ¢ € [n] and x € {0,1}. The approximation error is
bounded in the following lemma.

Lemma 2. Under the conditions of Lemma 1, for any
i € [n] and k € {0,1}, the following bounds hold

4MC?

(R _ f(w)
’E[Ii } I |S )\le

(67)\()[ + e*)\ll).

Lemma 2 shows that the approximation error between
I and ]E[Ii('{)] decays exponentially in the interval
length [. Applying this result, we can further bound
the bias between the DM estimator 7,, and the tran-
sient effect 7 in the following corollary.

Corollary 1. Under Lemma 2, for any n > 1, the
bias between the DM estimator 7,, and the transient
effect 7, denoted by B(7p,T), is bounded by

16M C? oA

inl

B, ) = [Effa] - 71 < 75
min

Remark 4. Corollary 1 shows that the bias between

Tn and T decays exponentially in the interval length I.

Moreover, in switchback experiments, 7, aligns more

closely with T than with T, since transient dynamics

are intrinsic to the switchback process in Definition 1.

Analyzing the gap between 7 and 7 reveals the source
of bias between the DM estimator 7, and the ATE 7.
We call this gap the estimand discrepancy, denoted ¢, .
Formally, we have

B 1
0p =T —T= 7(77091 — T190)- (5)

We note that the estimand discrepancy ¢, decays at
rate O(I!). Applying Lemma 1, we further obtain:

2MC AMC

orl = 7] <o (o y) <
A== - <——(—+—) < .
|09 — Tgo I\ "N/ T Do

In contrast to the bias between 7,, and 7, which de-
cays at rate O(I~te~*minl) (Corollary 1), the estimand
discrepancy ¢, decreases more slowly at rate O(I71).
Hence, for large [, the bias between 7,, and 7, denoted
as B(7,7), is dominated by J,. Using Lemma 1 and
Corollary 1, we obtain the following bound.

Corollary 2. Under Lemma 1, for any n > 1,

B, )] = [El#] — 7] < (B[] — 7|+ 7 — 7
—_—

| B(#0,7)| [0+
16MC?* _, , 4MC
< —Amin .
- l)\min € + l/\min

Thus, the bias B(7,,7) decomposes into two terms:
B(#,,7), which decays at rate O(I~te~*min!) and 4.,
which decays at rate O(I™!). For large [, 6, determines
the direction of the bias B(7,, ).

3.2 Systematic Underestimation

We now analyze the sign of the bias term B(7,,7) and
show it can systematically underestimate the ATE. By
Corollary 2, for large [, the bias is dominated by the
estimand discrepancy d,, which reflects the difference
between mpg; and m1gg. To characterize its sign, we
establish monotonicity of g, and a stochastic order-
ing of the stationary distributions m, for k € {0,1},
following from Assumptions 1-2.

Theorem 1. Let {X; :t > 0} be an ergodic, stochas-
tically monotone CTMC on X C R with stationary
distribution 7. Let Py f(x) := E.[f(Xy)], and let

7(z) :==r(z) — 7,

i /X r(y) 7(dy).

Suppose r : X — R is non-decreasing and Vr € X,

/O Pt|F|(x)dt=/0 Eu[|r(X,) — 7| ] dt < oo,

and assume further that P (z) — 7#(x) ast L 0 (e.g.,
this holds if X is Feller and r € Cy(X)). Then

g(z) = /OOO Pir(x)dt = /000 (Eg[r(X,)] — r) dt

is well defined and non-decreasing, and g solves Pois-
son’s equation Ag(z) = —7(z) = mr — r(x).

Remark 5. Theorem 1 is a continuous-time analogue
of Proposition 1 in Glynn and Infanger (2022).

Under Assumptions 1 and 4, Theorem 1 applies to the
Markov chains under both control (FPy) and treatment
(P1). Hence, go and g7 are non-decreasing and satisfy
Poisson’s equation (4). We next establish a stochastic
ordering between the stationary distributions my and
my in the following lemma.
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Lemma 3. Under Assumptions 2 € 3, the stationary
distributions of Py and Py satisfy mo =s m1. That is,
for any bounded non-decreasing measurable f : X —
R

7

mof < f.

Remark 6. Under Assumptions 2, 3, and 4, Lemma
3 implies that morg < mirg < ™1y, t.e., T > 0.

Finally, by combining Theorem 1 and Lemma 3, we
arrive at the following main result.

Theorem 2. Under the conditions of Theorem 1 and
Lemma 3, the estimand discrepancy 6. defined in (5)
18 non-positive in switchback experiments, i.e.,

dr = —(mog1 — m190) < 0. (6)

~|

Remark 7. Theorem 2 reflects a monotone bias in
switchback experiments, i.e., when the treatment has
higher outcomes than the control, mog1 < 0 in treat-
ment intervals, while w1 g9 > 0 in control intervals. We
note that equality in (6) holds iff mog1 = m1g0 = 0, i.e.,
when there is no transient effect in either the treatment
or control intervals. As a result, treatment outcomes
are underestimated, and control outcomes are overesti-
mated, so the average transient effect T is smaller than
the ATE T under the conditions of Theorem 2.

3.3 Regime of Underestimation

We now characterize a threshold interval length [ such
that for all [ > [, the estimand discrepancy &, dom-
inates B(7,,7), resulting in an underestimation bias,
i.e., B(7n,7) < 0. Throughout this section, we assume
nontrivial transient effects, i.e., mpg1 < 0 and 7199 > 0,
which implies §, < 0. By Corollary 1 and Theorem 2,
there exists [ > 0 such that for all I > [,

BMC2e el
l)\min

Tog1 — 7190

l

_ T190 — Tog1
= 7 ,

which indicates that the magnitude of the bias B(7,,, 7)
is smaller than the estimand discrepancy ., i.e., d, de-
termines the sign of the overall bias B(7,, 7). Specifi-
cally, one may set

. 1 8MC? >
l:= In . 7
)\min ()\min (71-190 - 77091) ( )

Then for all I > I, the DM estimator 7, exhibits a
systematic underestimation bias.

Equation (7) shows that faster mixing yields a smaller
threshold I, while slower mixing yields a larger one.
For [ < I, the bias depends on both B(#,,7) and 4,
requiring further specification of the CTMC model. To
gain insight, we next analyze a stylized mean-reverting
process, deriving asymptotic bias and variance of the

DM estimator under switchback designs with washout
periods (Senn, 2002), and examining their dependence
on interval length and washout proportion.

4 A STYLIZED MODEL

In this section, we focus on a specific instance of the
CTMC model: the Ornstein-Uhlenbeck (OU) process.
In Section 4.1, we introduce the OU process and dis-
cuss its connection to the CTMC framework. In Sec-
tion 4.2, we describe the estimation procedure under
switchback experiments with washout periods. In Sec-
tion 4.3, we analyze the asymptotic bias and variance
of the DM estimator. In Section 4.4, we study the
bias—variance trade-offs with respect to the washout
proportion and the equilibrium convergence speed.
Additional robustness analysis under nonstationarity
is provided in Appendix B.

4.1 The OU Process as a Continuous-State
CTMC under Monotonicity

For simplicity, we omit model settings that are identi-
cal to those described in Section 2.1.

Process Dynamics. Under each policy « € {0,1},
the state follows an OU process with mean pu, and
common mean-reversion rate # and volatility o:

dXt = —Q(Xt - /LK) dt + O'th, (8)

where {W,;};>0 is a standard Brownian motion. As-
sume X is Gaussian with bounded moments. To sim-
plify analysis, we express any OU process from (8) in
terms of a canonical OU process {Z;}>0, i.e.,

dZy = —Zy dt + dW,. (9)

Thus Z is an OU process with 0 =1, p =0, 0 = 1,
and Zy = 0. Its connection to a general OU process is
given below.

Lemma 4. Given Z; as in (9), and for k € {0,1} and
t >0, define:

X = (XO - ﬂn)eiot + pr + %Zaz& (10)

Then X; is an OU process with mean p,, mean-
reversion rate 0, and volatility o, and obeys (8).

Transition Kernel. The transition kernel Py (z,y;t)
of the OU process is given by the Gaussian density

1 (y — mu(;1))?
P.(z,y;t) :== exp (— ,
( ) V2mo? 207
where
o2
my(z;t) == ve " (1—e™%),  of :@(1 e 20,
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Figure 2: Mean squared error (MSE) decomposition for varying choices of 0l and p (with 95% CI). Results are
based on 10 runs with n = 8 periods and a synthetic OU process with parameters p; =1, ug =0, and o = 1.

Remark 8. The OU processes under both policies sat-
isfy stochastic monotonicity (Assumption 1); for any
t >0 and s € X, Pi(x,(s,00);t) is non-decreasing
i x. Moreover, the treatment kernel strictly stochas-
tically dominates the control kernel if p1 > po, con-
sistent with Assumption 2. Finally, the OU process
is also geometrically ergodic, satisfying Assumption 3
with Ag = A1 = 0 and some constant C > 1.

Reward. The reward at time ¢ when the process is in
state x is given by the value of the state itself, i.e.,
re(z) =z, VYoreX,ke{0,1}.

The reward function is measurable and non-decreasing
with respect to the state x € X'. Therefore, the esti-
mand (ATE) is 7 = puy — po, and we assume a positive
treatment effect, i.e., pu; > pg. While Assumption 4
requires boundedness in the general CTMC model, in
the OU process, it can be shown that underestimation
bias persists even without the boundedness assump-
tion (see, e.g., the proof of Theorem 3).

4.2 Estimation with Washout Periods

To mitigate carryover effects, recent work has proposed
introducing washout periods that discard part of each
interval’s initial data (Hu and Wager, 2022). We adopt
this approach by introducing a washout proportion p €
[0,1). In each interval [il, (i+1)l), the first pl units are
discarded, and the remaining (1 — p)! units are used
to compute outcomes. For i € [n],

4 1 (2i—j+2)l
Ji/ / X, dt,
P A= p) J@itp—jrin

and the washout-adjusted DM estimator is

j€{0,1}, (11)

n—1

.1
fup = (1) — 1)), (12)
=0

Variance Estimation. In practice, variance is often
estimated using the Huber-White (sandwich) estima-
tor (White, 1980), which in the OU model reduces to

n—1

1 _ _
22 (1) 1))2 (0) 0))2
Snp = n § :(Ii,p - 17(14)7) + (Ii,p o IT(L,;) ) <13)
i=0
where
n—1 n—1
_ 1 _ 1
1) _ (1) 0) _ (0)
L) = n 2 L), I = n 2 Lip-

This estimator is widely used in industry (e.g., Door-
Dash; Kastelman and Ramesh (2018)) for its simplic-
ity, but it assumes independence across intervals—an
assumption violated in the presence of carryover ef-
fects. In our ride-sharing case study (Section 5), we
find that §,21 , tends to overestimate the true variance
when p = 0 and n is large.

4.3 Asymptotic Bias-Variance Trade-offs

In Section 4.1, we showed that the OU process satis-
fies the conditions of Theorem 2, making it a specific
instance of the CTMC model. Moreover, leveraging
this stylized model, we conduct a more in-depth anal-
ysis of the bias and variance of the DM estimator 7, ,,
and further examine how they are influenced by the
washout proportion p and period length [. In the fol-
lowing Theorem 3, we characterize the asymptotic bias
(B) and variance (V') of the DM estimator 7, , in the
limit as the number of switches n — oo.

Theorem 3. Under the switchback design (Def. 1),
for any p € [0, 1), the asymptotic bias B and variance
V' of the DM estimator 7, , in (12) as n — oo are

3 27 (e P9 — =)
01(1 — p)(1 + e=9)’

V= nh~>ngo n Var(%n,p) = Vlnterval + Vlnt'm - VImﬁerv

B:= nh_{rgo Elfn,—7] =




Conservative Inference in Switchback Experiments

with asymptotic variance components given by:

\% = L 0l(1—p) —1+ eOllp=1)
Interval -— 0312(1 — p)2 14 )
B 20_2 (89l _ epGl)Q 0114 p)
VIntra = 03l2(1 — P)2 620l 1 € )
v _ 20.2 (601 _ 6p0l)267p0l
[nter = 3121 — p)2 €200 — | :

Moreover, limnﬁwE[éim] = Vintervar While Viptra <

Vinter, so the asymptotic bias of §$Lp s positive.

Corollary 3. In the switchback design, the DM esti-
mator T, , asymptotically underestimates the ATE 7.
For all p €10,1),

nh_)rr;o E[fn,) < T.

The above results yield two key insights about the DM
estimator with washout periods: (i) Corollary 3 shows
that the treatment effect is asymptotically underesti-
mated for any p € [0, 1); (i) Theorem 3 shows that the
variance estimator §7217p in (13) ignores cross-interval
covariance and thus asymptotically overestimates vari-
ance. Moreover, Theorem 3 decomposes the variance
into interval variance Vipterval, intra-policy covariance
Vintra, and inter-policy covariance Vipger, and shows
the bias of §%7p is

lim E[éi,p] -V = ‘/Inter - ‘/Intra > 07

n—oo
confirming that the Huber—White variance estimator
inflates variance by ignoring inter-policy dependence.

Asymptotic Normality. Combining Theorem 3
with the Gaussian properties of the OU process, we
obtain the following asymptotic normality of the DM
estimator under washout periods. The corresponding
statistical inferences are discussed in Appendix A.

Theorem 4. In the switchback design, as n — oo, the
DM estimator 7, satisfies

Vn(fn,—7—B) = N(0,V),

where B and V' are the asymptotic bias and variance
characterized in Theorem 3.

4.4 Selection of Washout Proportion and
Equilibrium Convergence Speed

Lemma 4 shows that a switchback design with interval
length [ in an OU process with mean-reversion speed 6
is equivalent to one with interval length 8l in a canoni-
cal OU process. Hence, 0l serves as a measure of equi-
librium convergence speed, which we treat as a single
parameter. Moreover, Theorem 3 shows that both the

washout proportion p and convergence speed 6l criti-
cally affect bias and variance. Our goal is to identify
suitable choices of these parameters for practical use of
the DM estimator. Corollary 4 shows that increasing p
(discarding more data) reduces bias, while Corollary 5
shows it raises the variance of the estimator, and de-
creases the bias of its variance estimate.

Corollary 4. For fized interval length | and number of
switches n, the bias magnitude of 7, , decreases mono-
tonically with the washout proportion p. Moreover, the
asymptotic bias is bounded by

—0l )

27e < 1B < 2(1—e )T'

14 e 9 O1(1 + e=0)
Corollary 5. For fized | and n, the asymptotic vari-
ance V increases monotonically with p, with asymp-
totic bounds

2 2 92 0l ) 20,0l _
o?(2+ e (61 — 2) + 01) cv < a?(e 1)'
6312(ef + 1) - T 0 +1)

Moreover, Vipterval grows with p, while Vipter — Vintra
remains positive but decreases with p.

The bias-variance trade-off of washout periods is intu-
itive: discarding more data reduces sample size, raising
both the interval variance Vipterval and total variance
V', while shifting observations away from transients
and closer to equilibrium, thereby reducing bias.

Figure 2 shows how equilibrium convergence speed 61
and washout proportion p affect squared bias, vari-
ance, and MSE in OU simulations with 7 =1, 0 =1,
and n = 8, with confidence intervals based on 10 in-
dependent runs. In particular, we observe that slower
convergence (smaller 0l) lengthens transients and am-
plifies bias, while faster convergence (larger 1) short-
ens transients and shifts the trade-off toward variance.

5 CASE STUDY: A RIDE-SHARING
SIMULATION

We present a case study on ride-sharing in New York
City using Lyft trip records from the Taxi and Limou-
sine Commission (TLC, 2024). The outcome is de-
fined as the number of trips initiated per 15-minute
interval. We apply an ARIMA(2,0,2) model!, decom-
posing each observation into a treatment-independent
trend and a residual. Since the data are observational,
we study hypothetical interventions, e.g., offering ride
discounts, by treating the residual as a mean-reverting
OU process and modeling treatment as a shift in its

'Implemented via the Python statsmodels package
(Box et al., 2015). All experiments were run on a PC with
a 12-core CPU and 18 GB of RAM.
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Figure 3: Ratios of 7,,/7, §,/vV, and MSE for varying choices of I and p (with 95% CI). Results are based on
10 runs with n = 1,000 periods under a calibrated OU process with a hypothetical treatment effect 7 = 10.

mean. Parameters (u,0,0) are estimated via maxi-
mum likelihood. Let X; be the residual at time ¢, with
m observations at time {t;}7,. The log-likelihood is

1 & o?r
Lm(ﬂ70502) = _5 Zlog<9(1 -

=1

e—29(t7‘,—ti_1))>

N 1 i (th‘ —p+ e_g(ti_tiil)(u - Xti—l))Q
25 g (1 — e20(ti=ti-))

The MLE i (fim, Om, 52,) € arg max,, g o2 Lm (1, 0, 02).
Calibrating the model using two weeks of Lyft data
from January 2022 (measured in hours) yields the
following parameter estimates for the residual pro-
cess: 9m = 5.8, 6, = 165.7, and fi,, = 0.8, where
[, denotes the control-policy mean. In the simula-
tions, we set a hypothetical treatment effect 7 = 10
(i.e., p1 = 10 and po = 0), vary the interval length
1 €{1/2,1,2,4} hours, and consider washout propor-
tions p € [0,1). Each configuration is simulated 10
times with n = 1,000 to estimate means and 95% con-
fidence intervals (CI).

In Figure 3, the left panel shows the ratio of the esti-
mated treatment effect 7,, from the DM estimator to
the underlying ATE 7; the middle panel shows the ra-
tio of the estimated standard deviation §,,—computed
using the Huber—White estimator in (13)—to the true
V'V estimated via Monte Carlo simulation with 500
samples; and the right panel reports the correspond-
ing mean squared error (MSE). The results reveal a
pronounced downward bias in 7, and an upward bias
in §,, both of which diminish as p and [ increase, con-
sistent with Theorem 3. These patterns indicate that
inference based on the DM estimator with the Huber-
White variance estimator is conservative under such
conditions. The right panel further illustrates the MSE
trade-off in selecting p and [, i.e., longer switchback in-
tervals [ tend to favor smaller washout proportions p
for minimizing the MSE.

6 CONCLUSION

In this paper, we analyze switchback experiments as
commonly implemented in industry within Markovian
environments, where treatment effects evolve with the
system state. In a CTMC framework with stochastic
monotonicity and state-monotone rewards, we show
that the widely used difference-in-means estimator is
systematically biased downward relative to the sta-
tionary estimand, the average treatment effect (ATE).
The primary source of bias is a persistent discrep-
ancy between the average transient treatment effect
and the stationary ATE, which remains even after
within-interval transients have decayed. In a stylized
case study based on the OU process, we derive closed-
form asymptotics with washout periods and character-
ize a clear bias—variance trade-off. We further provide
asymptotic approximations for key inferential metrics.
Finally, a simulation study of NYC ride-sharing data
shows that standard switchback pipelines can yield
overly conservative inference in practice, underscoring
the need for care in design and interpretation.

Our analysis also suggests practical directions for im-
proving switchback experimentation. We identify neg-
ative autocorrelation between successive periods as a
driver of the estimator’s downward bias and inflated
variance, which points to a natural direction for future
work: developing debiasing procedures that explicitly
estimate and adjust for this dependence. The results
also motivate a practical two-stage workflow, if prac-
titioners expect the treatment to obey the conditions
of this paper. Practitioners can first run a standard
switchback experiment and assess the estimate using
conventional inference. If the ATE is positive, no fur-
ther adjustment is needed; if results are inconclusive,
more advanced designs or debiasing methods can be
applied. Because baseline inference is typically con-
servative, a positive result is likely to remain so after
debiasing, supporting an efficient pipeline while allow-
ing more rigorous analysis when needed.
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A Statistical Inference

In the standard industry pipeline for switchback experiments, practitioners often construct statistical inference
directly using the DM estimator 7,, , and the variance estimator §% , (Kastelman and Ramesh, 2018). However,
due to bias underestimation and variance overestimation, such inference may lead to misleading conclusions.
Building on the asymptotic normality of the DM estimator in Theorem 4, we conduct a numerical analysis of
the resulting inference procedures in this section. Specifically, we derive the asymptotic type I error, statistical
power, and coverage probability and examine how these inferential quantities are affected by different parameter
settings, e.g., the washout proportion p and the equilibrium convergence speed 61.

A.1 Hypothesis Testing

We begin by considering hypothesis testing for the average treatment effect 7. To test the null hypothesis that
the treatment effect is zero, i.e., Hy : 7 = 0, against the two-sided alternative H; : 7 # 0, we construct the
following z-statistic:

Tn,p
Snp/v/n
Decision rule: We reject the null hypothesis Hy if |z| > ®/2, and fail to reject Hy if |2| < ®,/5. Here, a denotes
the significance level, and @,/ is the critical value corresponding to the upper /2 quantile of the standard
normal distribution, i.e., the unique value satisfying P(W > @, 5) = a/2, where W ~ N(0,1).

A

A.2 Type I Error, Statistical Power and Coverage Probability

For the remainder of the analysis, let P, denote the probability under the assumption that the treatment effect
is 7. The type I error is defined as the probability of rejecting the null hypothesis when there is no treatment
effect, i.e.,

Type I Error =P | |[—22—| >, | - (14)
8% 0/

The statistical power is defined as the probability of rejecting the null hypothesis when the alternative hypothesis
is true, i.e.,

Power =P, > Dy - (15)

Trp
,/é%, o /n
The coverage probability is defined as the probability that the confidence interval includes the true treatment
effect, i.e.,

§ s
Coverage Prob =P, (T € (fn p— P =L T+ Papp—2 ) |. (16)
s \/ﬁ P \/ﬁ

Based on Theorem 4, 7, , — 7 is asymptotically normally distributed as N (B , %), and §i7 p R Vinterval- Using

these two approximations, the type I error in (14), the statistical power in (15), and the coverage probability in
(16) can be approximated as follows:

Vintcrval B Vvlntcrval B
Type I Error ~ P (W ¢ (@a/2 — @2 — , (17)
Vv JV/n Vv VV/n
Vinterval T+ B Vinterval T+ B
Power ~ P (W ¢ (@a/m/ v \/m, LY v m)) , (18)
.. ‘/Interval B ‘/Interval B
Coverage Probability ~ P <W € <—‘I’a/21/ —  @ay2tf — , (19)
14 VV/in 14 VV/in
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Figure 4: Simulated variance ratio and type I error as functions of 8] (with 95% CI). Results are based on 10
runs with n = 64 periods under a synthetic OU process with o = 1.
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Figure 5: Simulated power and coverage probability as functions of 81 (with 95% CI). Results are based on 10
runs with n = 64 periods under a synthetic OU process with o = 1.

where W ~ A(0,1). As shown in (18) and (19), statistical power and coverage probability are governed by two
key ratios: (i) the ratio of interval variance to total variance, i.e., Vipterval/V, and (ii) the ratio of bias in the
estimated treatment effect to the finite-sample standard deviation, i.e., B/(V//n) or (t + B)/(V/y/n). Both
ratios are influenced by the equilibrium convergence speed parameter 6] and the washout period parameter p,
while the latter ratio also depends on the number of switches n. To illustrate the impact of these parameters
(01, p,n) on power and coverage probability, we conduct several numerical simulations.

We simulate switchback experiments with ¢ = 1, number of switches n = 64, and varying equilibrium convergence
speeds 6 under different treatment effects (e.g., 7 = 0,1/2,1). Each parameter setting is evaluated using 500
independent simulations, from which the type I error, statistical power, and coverage probability are estimated.
Additionally, we repeat the experiments 10 times (each consisting of 500 simulations) to construct the 95%
confidence intervals for these statistics.

As shown in Figure 4, the bias of variance estimation is significantly large for small 6]. The variance estimation
improves and type I error increases as convergence gets faster and washout period p gets longer. Additionally,
the sampling variance of type I error increases with faster convergence speed. We also notice that type I error
exceeds the nominal level of 0.05 for larger values of the washout proportion p and convergence speed 0l. Figure 5
shows that statistical power increases with 6! under positive treatment effect (e.g., 7 = 1). Moreover, a larger
washout period proportion p results in an earlier rise in statistical power. Similarly, coverage probability also
improves with 6l in both cases, with a larger p leading to an earlier increase, suggesting that longer washout
periods contribute to more reliable inference.

In Figure 6, we use the same simulation settings but fix the treatment effect at 7 = 1 and plot statistical power
and coverage probability as functions of p for different choices of n. Additionally, we include the approximated
statistical power and coverage probability obtained from the asymptotic expressions in Equations (18) and (19)
(via plug-in estimates from Theorem 3). We observe that for larger sample sizes (e.g., n = 64), the simulated
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Figure 6: Asymptotic and simulated power and coverage probability as functions of p (with 95% CI). Results
are based on 10 runs with n = 8 and 64 periods under a synthetic OU process with o = 1.

statistical power and coverage probability closely align with their asymptotic approximations. Moreover, in
the asymptotic regime where n is large, the effect of p varies depending on the equilibrium convergence speed.
Specifically, when the convergence speed is slow (e.g., 8 = 1), increasing p does not necessarily improve coverage
probability but can enhance statistical power. Conversely, when the equilibrium convergence speed is fast (e.g.,
0l = 5), statistical power remains close to 1 regardless of p. In this case, increasing p may only improve coverage
probability.

B Robustness Analysis under Nonstationarity

An interesting artifact of the standard switchback design is that it is not optimal in a stationary environment,
as the treatment effect estimator remains biased. In fact, a much simpler alternative, referred to as the single-
switchback design, which runs treatment policy for the first half of the experiment and switches to control policy
for the second half, yields a consistent estimator as the experiment duration tends to infinity. However, in
practice, the multiple-switchback design (i.e., the standard approach involving frequent policy switches) is often
preferred, as it produces results that are more robust to non-stationarity.

To evaluate robustness, we consider a class of non-stationary environments where the mean process of the
underlying OU process is a piecewise constant function, i.e., for x € {0,1},

P = s (3),u € 1A, (i + 1)A).

For simplicity, we set A = 2[. We consider two types of piecewise constant mean processes: a linear mean process
and a periodic mean process.

For the linear mean process, we assume the increments of the mean process are identical, i.e., for x € {0, 1},
P (@) = ps(i — 1) = 0n, Vi € [n].

We impose the following assumption about 6, , to make sure the treatment effect is well-defined.
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Assumption 5 (Asymptotic linear trend). For policies k € {0,1}, there exists a finite v, < oo such that

lim nd.n — Vs.

n—oo

The long-run average treatment effect (ATE) 7 is defined as

n—1

T= li7rln % Z (11 (2) — po(2)) = p1(0) — p(0) + n ;70
i=0

For the periodic mean process, we assume that
N H ip sl
(i) = ps, if @ is even,
(i) = p, if i is odd.
The treatment effect 7 is defined as

__mar gy g
2 2

With slight abuse of notation, denote by 7, , the treatment effect estimator under the multiple-switchback design.
The definition of 7,, , follows (12). Let %S’ , be the treatment effect estimator under the single-switchback design,

S 1 nl 2nl
Ty, == Xidt —/ Xedt | .
e nl(l - p) pnl ' nl(14p) '

Proposition 1 characterizes the asymptotic bias and variance of the estimators 7, , and 73 o

Proposition 1 (Asymptotic bias and variance under nonstationarity). Let 7, , denote the estimator under a
multiple-switchback design and %TSW the estimator under a single-switchback design, with interval length | > 0
and washout ratio p € (0,1). Under Assumption 5, as n — oo, the limits

. . . « . ~S . ~S
nlgr;(} E[7,,, — 7], nl;n;OnVar(Tn7p), nl;n;OE[Tn7p — 7‘] , nILrI;OnVar(Tn7p)

exist. They are summarized below for two non-stationary environments.

Multiple-switchback (7x,,) Single-switchback (7 ,)
Asymptotic Bias  Asymptotic Var Asymptotic Bias Asymptotic Var
2
Linear environment B \% Z (y1 —70) — % (1 + 7Y0) %
2
Periodic environment B Vv 0 __207
021(1 — p)

Table 1: Asymptotic bias and variance of treatment-effect estimators under non-stationary environments.

As established in Lemma 4, nonstationarity affects only the deterministic drift of the process and does not alter
its stochastic component. Consequently, the asymptotic variance of both estimators remains unchanged under
nonstationary environments. Moreover, a direct calculation shows that the multiple-switchback design achieves
a strictly smaller variance than the single-switchback design:

lim nVar(%,,,) < Vinterval < lim nVar(7} p)-
n—o00 n—o0 ’

The bias behavior differs markedly across designs. For the multiple-switchback estimator, the asymptotic bias is
invariant to changes in the underlying environment and remains equal to B. In contrast, the single-switchback
estimator exhibits environment-dependent bias: it is nonzero in the linear environment and vanishes in the
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periodic one. This distinction arises because, in the multiple-switchback design, bias primarily stems from
limited time within each treatment interval for the system to approach equilibrium; hence, it depends mainly on
the magnitude of the true treatment effect rather than on long-term trends. The single-switchback estimator,
however, relies on a single extended segment of data, making its bias sensitive to persistent drifts or trends in
the environment.

Due to this robustness property, inferential procedures derived under stationary assumptions, e.g., bias correction,
variance estimation, type-I error control, statistical-power analysis, and coverage guarantees, continue to hold in
the nonstationary setting.

C Variance Analysis under a Single-Switchback Design

We investigate the systematic overestimation of variance that can arise when applying the Huber—White variance
estimator (White, 1980) to a single-switchback design within the CTMC model. Consider a single-switchback
design with total horizon T" = 2[, where the experimental process X starts from the stationary distribution of
the control policy, i.e., Xy ~ mg, then evolves under the treatment policy P; for [ time units, followed by the
control policy Py for another ! time units. Recall that the average rewards during the first two intervals are I(()l)
and I(go). Under stochastic monotonicity and monotone rewards, the covariance between the average outcomes
of the two periods is non-negative, i.e., Cov([éo)7 Iél)) > 0. We formalize a more general result in the following
lemma. The proof relies on the Markov property to show that, under these assumptions, average rewards across
any two periods are positively correlated.

Proposition 2. Under Assumptions 1 and 4, and the standard switchback design in Definition 1, the covariance
of average rewards between any two periods (whether under the same policy or different policies) is non-negative,
i.e., Cov(Ii(qL),Ij(q))) >0 for any i,j € [n] and u,v € {0,1}.

To enable variance estimation for such a single-switchback design, we assume K i.i.d. replications of the single-

switchback period, each yielding averages {(Iéo), Iél))}k for k € [K]. By stacking these 2K average outcomes into

a regression framework, we can apply the DM estimator, denoted 7, using linear regression with the Huber—White
variance estimator. From Proposition 2, we observe that the asymptotic variance

Var(#) = Var(I{") + Var(I{") — 2 Cov(1{”, I{").
In this setting, the HW variance estimator, denoted 32, satisfies

lim E[3%] = Var(I§”)) + Var(1{") > Var(?),

k—o0
thus asymptotically overestimating the true variance of 7.
As observed, the asymptotic overestimation of the HW variance estimator arises from the positive covariance
established in Proposition 2 and from the fact that it ignores covariance across intervals (both inter- and intra-
policies). In a multiple-switchback design, however, the situation is more nuanced: covariances of the same
policy across periods are positive and contribute to the asymptotic variance, whereas covariances between dif-
ferent policies are negative and reduce the asymptotic variance. A similar variance decomposition appears in
Theorem 3 for the OU process. In such settings, additional model specification is required to determine whether
the asymptotic variance is ultimately overestimated or underestimated.

D Proofs for Section 3
D.1 Proof of Lemma 1
Proof of Lemma 1. For each policy k € {0, 1}, the function g, : X — R is defined as
gn() = / (Erlre(X) | Xo = 2] — mere) dt,
0

which represents the total deviation of the expected reward r.(X;) from its stationary average m,r, over time,
starting from state x. Define hy(x, s) = Ei[rx(Xs) | Xo = x] — mx7r, as the deviation of the expected reward at
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time s. For any © € X, we bound h(z, s) using the uniform bound M on 7,(x) and the total variation distance
as follows

(2, 8)] =

/ 7 (y) [Pe(z, dy; s) — Wﬁ(dy)]‘ < M/ |Pe(, dy; ) — mi(dy)| = 2M || Pe(z, 5 8) — TV
X X

By Assumption 3, the total variation distance decays exponentially as
|h(2,8)] < 2MCe™ 5.

Substituting this bound into the integral defining g, (z), we obtain

lgs (x |—‘/ w(x,8)ds

Thus, g (z) is well-defined and bounded as stated. O

2MC

K

7/ 2MCe M3ds =
0

D.2 Proof of Lemma 2

1(-0) as the distributions of the states Xo; and X211y, corresponding to

Proof of Lemma 2. Define u(-l) and p

K3
the initial states of the switchback intervals associated with Ii(l) and Ii(o), where the preceding interval (if any)
was under the alternative policies Py and Py, respectively. Observe that for any period i > 1 and state 2’ € X,
it follows that

iV (a') = / 1 (@) Po (2,2’ 1) dx,  p” (2) = / w$ (@) Py (2,273 1) da.
X

For simplicity, we denote this as /%(‘ ) = =, )1P (1) and /%(‘ = ull)P (1). Additionally, for the initial state Xg, we

have ,u(()l) = 7, and for the state X; at the end of the first treatment interval, we have uéo) = moP1(1).

We aim to show that for any ¢ € [n], the following bounds hold

2 2
‘IE [Ii(o)} _1:(0)’ < 4J\/<f0f ( “Xol _’_e—/\ll), ‘IE [Ii(l)] _1:(1)’ < 4]\;.2? (64\01 _’_67>\1l).

First, we can write down the expected average reward of the i-th control interval I Z-(O) as

1 2l
- / To (Xt) dt s
U J i1y

where X evolves under Fy from the initial state X(;41);. For any z € X, conditioning on the initial state
X(2i+11 = z, the expected cumulative reward over the period of length I evolving under P, can be written as
(recall that E,; denotes expectation under policy x € {0,1})

Eq MTO (X.)ds

where the expected reward at time s can be written as

E [I}O)} )

0

l
onx] :/ Eo [ro (Xs) | Xo = 2] ds,

Eq [’I“o (XS) | Xo = x] = ToTo + (Eo [’/‘0 (Xs) | Xo = x] — 7T'07“0).

Define h,(x,s) as the deviation of the expected reward from its stationary value at time s, starting from the
initial state x under the policy k € {0,1}. Specifically, we have

he(z,8) =Eg[re (Xs) | Xo = 2] — e, gulx) = /000 hy(z, s)ds.

/Ol ro (Xs)ds

It follows that

Eq

1 1
Xo = x] = / (moro + ho(x, 8)) ds = lmro + / ho(z, s)ds.
0 0
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Denote the cumulative deviation of the expected reward over the period as

1
G,.i(x,l):/O he(x, s)ds

E (1] :/XEO l/ol %ro (X,)ds
:/X(mro—i-;Go(x,lo EO)(d)

1
:7T0T0+7/ Go(x,l)‘ugo)(dx),
X

Then, we can write

X = x] i (dx)

where G (x,1) is related to g.(z) by

Therefore, we have

1 (oo}
E[I;O)} :woro—&—f/ go(m)—/ ho(zx, s)ds MEO)(dx)
I Jx I
1 1 >
= moro + 7 / go(@)u” (dz) — 5 / / ho(, s)dsp” (dz),
X x Ji

and the corresponding bias can be expressed by

1 1 &
B[10] =10 =5 [ ao@n”@) —gmao—7 [ [ ot sasnl® (aa).
[ l UJx i

Since r,; is bounded by a sufficiently large M, and by the definition of the total variation bounds, for any initial
state z € X and policy & € {0,1}, we have

|hl€($73)| = |EN [Tn (Xs) | Xo = -73] - ernl

[ 1) PaCodis) - (dy)]\

/m ) |Pue dy: 5) — maldy)

<M [ Py s) = malay)
x
=2M ||Ps(z, " s) — 7TRHTV :
By Assumption 3, we can derive the upper bound for any x € X as

|h(z,8)] < 2MCe =5,

/ / (z,s) dsy( ~) (dx) / / (z,s) \ds,u( )(dx)
/ / 2MCe~ “%lsu (da:)

oM
/ 7 (dx) C o
N )

2MC
X, el

Then, it follows that
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Additionally, Lemma 1 implies that [/g.| ., < % Consequently, for i € [n], we have

/ g0(@)u® (dz) — 7190
X

/X g0(2)u® (dz) — /X go(x)m (d)

= ‘ /X gol) (" (dz) - m(dﬂf))‘

0
< 2|90l ’ n )—MHTV
=290l || P2() — |
llgolloo ||t Pi(l) — 1 v
<2lanll | W) PG5 = il
_amcet
et

Combining those results, we have

(1] - 0] -

i +

/ g0(@)® (dz) — mg0
X

> AMC?
/ / ho(m’s)dsﬂgo)(d@D < 222 (el y M),
x N Mol
Similarly, one can show that

~ 1 1 1 >
B[] - 10 = /X gi(@)p (dw) = 709 — 5 /X /l ha (i, s)dspl (da),

where for all ¢ > 1 (and for ¢ = 0, since u(()l) = 7o, the argument still applies), we have

- ‘ /X g1 () (dz) — /X g1(x)mo(dz)
_ ‘ /X g1() (1" (dz) - m(dw))]

/ 01(@)pP (dx) — mogs
X

< 2|lgall

o0 ’

-l
H; ) v

o
i1 Po(l) —mo v

=2llg1.c |

0
<2l /X 1O, (dz) | Po(z, 1) — mollpy

< 74M02 e~ Mol
=Ty

Finally, we conclude that

e 1] - 100] = 1 +

/ (@) (dz) — mog,
X

* AMC?
// hl(x,s)dsugl)(dx) S C (e—Aol+e—All>.
xJi bW

D.3 Proof of Lemma 3

Proof of Lemma 3. Under Assumption 2, for any bounded, measurable, non-decreasing function f : X — R and
all t > 0, it follows that

[ Bals(x0) | Xo = almo(do) < [ EALF(X0) | Xo = aimo(do),
X X

Given 7 is the stationary distribution under Py, for all ¢ > 0, we have

/X Eolf(X.) | Xo = almo(dx) = /X /X £ (9) Po (, dys; t) mo(dz) = mo .
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Since P; is also ergodic, by the mixing condition in Assumption 3, for any initial state z € X and any bounded
measurable function f, we have

Tim B [ (X,) | Xo =] = /X F)mi(dy) = i ]

Additionally, since f is bounded, there exists N > 0 such that |f(x)] < N for all € X'. Then, one can apply
the Dominated Convergence Theorem and derive

IM1XEﬂﬂXQL%:xMMMO:AKE&EQﬂXQM%:momwm%:/wﬁmMM:wJ

t—o0 X
Putting everything together, we conclude that

mof = Jim [ Balf(X0) | Xo = almo(ds) < Jim [ Balf (X0)| Xo = almo(de) = m.

D.4 Proof of Theorem 1
Proof. For T' > 0, define

gr(z) = /OT Pyr(x) dt.
Since X is stochastically monotone, for every ¢ > 0 and every = < y,
Py(z,-) =gt Pi(y,").
Because 7 is non-decreasing, it follows that
Pir(z) < Pir(y), t>0, v <y,

Hence
gr(z) < gr(y), =<y
By the assumed absolute integrability,

gr(z) = g(x) = /OOO Pir(x)dt as T — oo,

for every x € X. Therefore g is non-decreasing.

Next, for ¢t > 0,

o0 o0 o0
Pigl(z) < / P, Ps|7|(x)ds = / Pys|7|(z) ds = / P,|7|(z) du < oo,
0 0 t

so Pig(x) = E,[g(X})] is well defined. By Fubini-Tonelli’s theorem and the semigroup property,

ag@:Amagmmwzémaﬂmwwzlmmmmm.

Therefore,

Dividing by t gives
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Since Ps7(x) — 7(z) as s | 0, Cesaro’s mean theorem implies

t
% / P,7(x) ds — 7(x) ast 0.
0

Hence p
o Pio@) = g(a)

i ; = —7(z) = mr — r(x).

Thus g € D(A) (i.e., g belongs to the domain of the generator A), and since A is the infinitesimal generator,
Ag(z) = mr —r(x).

i.e. g solves Poisson’s equation. O

D.5 Proof of Theorem 2

Proof of Theorem 2. By Lemma 1 and Theorem 1, the function g, is bounded, measurable, and non-decreasing
for k € {0,1}. It follows that

oo (oo}
TeGr = / / (Ex[re(X:) | Xo = 2] — mxry) ms(dx)dt = / (i — TrTe)dt = 0.
0o Jx 0
Then, applying Lemma 3, we conclude
mog1 < m1g1 = 0 =mogo < m1go-
Therefore, the estimand discrepancy ¢, is non-positive as mpg; — 7190 < 0. O

D.6 Proof of Corollaries 1 and 2

The proofs of Corollaries 1 and 2 follow directly from Lemmas 1 and 2.

E Proofs for Section 4

E.1 Proof of Lemma 4

Proof of Lemma /. Define the rescaled process

g

Zt/:%

Zot.

Recall that the canonical OU process Z; satisfies

t
Zt = —/ ZSdS—f—Wt

0

Thus,
ot

th:*\/ ZUdU+W9t.

0

Multiplying both sides by %, we obtain

ot
a g

Zy = Z, dv +
Vo

ot t
/ Zydv = / 079, du.
0 0

Wos.

Now perform a change of variables v = Qu:
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Hence,

t
2 =7 | 9Zpdu+ L
RV N NG

Define a rescaled Brownian motion

t
W, :,9/ Z du+ =Wy,
ot 0 \/é ot

Wt = Wgt.

NG

Then W; is again a standard Brownian motion, and we obtain

t o~
7 = fa/ 7' du + oW,
0

Thus, Z; solves the SDE
dZ, = —0Z, dt + o dW,

whose solution is .
Zy = 0’/ e~ 0= g,
0
Now consider the OU process X; defined in (8). Its solution is
X = (Xo—pe " +pu+ 7.

Substituting Z; = %= Zy; yields

Vo o
Xo= (Xo—me™ S nt oo
This establishes the canonical representation of Xy, completing the proof. O

E.2 Proof of Theorem 3

Proof of Theorem 3. We begin by analyzing the asymptotic bias. The expectation of the integral Ii(";) for both

policies x € {0,1} can be expressed as

efp0l _ 6701

01(1 — p)
©) B e—POl _ o0l
]E[Ii,p] — Mo = W(E[X(%H)z] — fi0)-

E[I)] — = (E[Xai] — 1),

Then the asymptotic bias in (12) follows

— _g; n—1
e pOl —e ol

nh_{I;OE [%n,p - 7'] = nh_{go m Z ((E[XM] —p1) — (E[X(2i+1)l] - MO))-
i=0

Notice that under the switchback design, we have the following recursive formula,

E[X2u] = e "E[X(2i—1y] + (1 — e ") puo,
E[X(2ir1] = e "E[Xaq] + (1 — e ).
To analyze the limiting behavior of E[X2;] and E[X (9;11);] as i — oo, we consider the recursive system formed

by the two equations. Iterating this process and leveraging the contraction property of the coefficients (as
e % € (0,1)), the system converges to a steady state, where

—0l
. e "y + Ho
Am BlXau] = ===
e’eluo + 1

iligloE[X(QiJrl)l] = 1+ el
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These steady-state expectations substitute into the expression for the asymptotic bias, yielding

e=POl _ =0l (=0l 4 o e~ o + i
lim E[#, , — 7] = & Rt
o0 [ = 7] 01(1 — p) ( 1+e 0 i 1+e 0 i MO)
e Pl _ =0l or
01 —p) 14e O
The variance of the estimator 7, , can be expressed as
IESLe W 10 1 0
~ 1 0 1 0
Var (7)) = — > 3 Cov (IW — 1910 - Ij7p>
i=0 j=0
ESle W © 7(0) W 1(0) ©
1 1 0 0 1 0 0 1
= >3 (Cov (1. 1) + Cov (1. 1)) = Cov (15, 119)) = Cov (119).10))))
i=0 j=0
n—1
_ 1 (1) (0) 1) (1) (0) 7(0) 1 (0
= — [ > var(15)) + Var (1)) + " Cov(1(), 1)) + Cov (1), 19) = 3~ 200v (1) 1)) |
i=0 i#j ()

() ; : 1 7@ 0) (0 i :
where Var(1;") are t(li)e Vz(xg)lance of each interval x € {0,1}, Cov(I; ), I; ), Cov({; ;. I; ;) are the within-policy
77 I

covariance and Cov/( i dip ) are the inter-policy covariance. It therefore suffices to analyze the variance structure
of the canonical OU process Z in Lemma 4. We omit the variance contribution from the initial condition Xy, since
its influence decays exponentially in the asymptotic regime n — oco. Specifically, the coefficient of Xy — E[X(] in
the interval average is of order 0(6_9“). Consequently, its contribution to n Var(7,,,) can be bounded as

nd (20(69%) — oMY = o,

and is therefore asymptotically negligible.

To derive the variance term, we first consider the variance of a general interval I;, i.e.,

L= 7/ Xudt, i€ 2],
I(1—p) (i+p)l

1
where one can observe I, 1( )

» = I and Ii(?p) = Iy for all i € [n].

Then, the variance of a general interval I; is given by
o2 1 (i41)1
Var(Il;) = — Var 7/ Z(6u)du
(1) = GVer gy | 200
2

o . 1 ) 1 .
_ 01(1 — —0l(2i+1+p) _ = —20l(i+p) _ — —20l(i+1) —0l(1—p) _ 1) .
G =) < (1—-p)+e 5¢ 5¢ +e

i+p)l

Moreover, the covariance term between any two intervals I; and I; (¢ < j) can be derived as

i+p)l (G+p)l

o2 (i+1)1 (F+1)1
2
_ g —0(2+i+j+20)(0lp _ 01\2( 0(2i+1+p)l _ |
20312(1 — p)2 (e (77 =) (e ))'
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Therefore, the asymptotic variance follows

n—1
- ~ N qin A (1) (0) . M 7 0) 7(0)
nlgr;onVar(Tn_,p) = nl;rrgo - ¥Var(fi7p> +Var(]i7p> JrnhﬁnéO - ZCOV(Ii7p,Ij7p) + COV(IW ,Ij,p>

i#£]
Vinterval Vintra
1 1) (0
— lim — g 2Cov<Ii( ),I(. )),
n—sco 1, 4— P J,P
2,7
‘/Inter

where

. 1 n—1
Vinterval = nh—{go ﬁ <ZO Var([z(,lp)) + Var([,ff?))

2n—1
= nlgr;oﬁ z_% Var(Ii)
2n—1
lim o2 ”Z: 01(1 — p) + o~ 0l2i+14p) _ 16720l(i+p) _ 167201(”1) 1 0l-p) _q
n—oo n@312(1 — p)? — 2 2

0_2 2n—1 2n—1 ol 1 2n—1 )
= 1 _ —01(2i+1+p) _ = —201(i+p)
i ] 3 M0+ S e 1

=0
1 2n—1 2n—1 2n—1
= —201(i+1) —0l(1—p) _
3 Z e + ; € Z 1}

i=0 i=0
' o2 e~ 0l(1+p) (1 _ e—4eln) 1 67201,)(1 _ 6740m)
- nh—>Holo nB3i2(1 — p)? 20U = p) + 1—e200 2 1 —e20
—20l(1 _ ,—40ln
B % e 1(1 _6291 ) +271(6—01(1—@ _ 1)}
—e

2

Y o —61(1— L 1—e i s I oo, 1 _op
nli%ewzu—p)z{Q(“”“P)”e 00) o g (O = g = 5 )

- L(Gl(l —p)—1+ ee(pfl)l)
BIE(1— p)? '

Similarly, it can be shown that

1
Vinga = lim %~ Cov(I{}), I)) + Cov(I[3), I}7))

P 70P LP 7 TIP
i#]
.1
= nILrI;o E ; Cov (Izi, Izj) + Cov (IQiJrl, IQjJrl)

0.2670l(1+4n+2p) (60lp o e@l)Q
= 1‘
oo (€20l — 1)26312(1 — p)?

+ 2€0l(2+2n+p) _ 260[(4n+p)n)

(60l(2n+1) _ 30l | Bl(2n43) _ 0l(dnt1) 4 o 0l(4n+2+p) (n—1)

2 o1 01\2
_ 20 (e — eP?") e 00Hn)
9312(1 _ p)2 (629l _ 1)
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and
o L 1) 700
Vintcr - nILII;o;ZQCO Ilp"[] P)
i,j
o1
= nh~>nolo % Z 2 Cov (Igi, 12j+1)
i,j
~ lm _026_291(2"“)(6‘”” — efl)? ( 0L _ 9o(1+2m)00 | J(1+4n)01 _ ,(2n-+p)0l
n—00 n(e%l — 1)29312(1 - p)2
 OUEHED) (] 9 4 (Um0l (9 4 1))
_ 252 (e — epal)ze_pel
g312(1 — p)2 (200 — 1) :
We next show lim,,_, E[éfhp] = Vinterval. Denote
1 ._ (1) 0) ,_ (0)
,u'i L E[Ii7p]7 /’Li T E[Ii,pL
and
1 n—1 0)
1 _
Zu‘ Lo == > .
n 4
1=0
Then, we obtain
1 n—1 ( ) 1 n—1 )
E[s 1 I 1 1(1) ElZ 0 7(0)

w2 (L B 1)
1=0 1=0

n—1

1 <1> =1 1
== Vi [ —V (1) et
- ZO ar( ar(I}1)) + — ;(uz — ),

1
V. — Var(I{)
+nz ar(1 ar(I0) + = > (ui” — i)

It remains to show that the additional terms vanish as n — oco. Since

—ol —ol
. e 1+ Ho . e "o +
ili{gOE[Xm] = i ilggo]E[X(ziﬂ)l] = o

and the convergence is exponential at rate e 2" we have

_ e(2+2n+p)0l

e—@l'uo + + 0(6_29“).

e %1 + po a0t
E[Xou] = g et +O(e 201 ), E[X (2i41)] = 11 0l
Substituting these into
) o—POl _ =0l
E[I(W)] w1 = W(E[Xgll] ﬂl)
POl _ =0l
(E[X(2i+1)l] - M0)7

70 _
E[ 'Lp] Ho = m

yields
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Therefore, defining

—p0l —0l —0l
)iy 4 O € (T
Moo = M1 + 9[(1 — p) 1+ e,gl M1 ],
—p0l =0l /-6l
) ._ € € e ot
Mo - Ho + Gl(l — p) ( 1 I 6791 Mo |
we obtain
’u( ) M(()i) _ 0(6—2011’)7 (0) :U'((x;) 0(6_20”).

In particular, ugk)

— ,ugé) for k € {0,1}, and thus by Cesaro’s lemma,
D =, ) - Q).
Moreover, the exponential decay implies

— n—1

1
Z ™ _ ’ 0, Z ) ,ao — 0.
=0 n =0
Next, using the covariance decomposition,
Var (' ZVar (1)) + g S CovW L), kef0,1},
0<i<j<n—1

it suffices to control the two terms on the right-hand side. Since Var(l;) converges to a finite limit, we have
sup; Var(I;) < oo, so

Z < supVar( i) — 0.

=0

Moreover, from the explicit covariance formula for I; and I, for 7 < j,
|COV(Ii7 IJ)‘ < Ce_c(j_i)
for some constants C, ¢ > 0. Therefore,

2 K
n2 Z ’COV ZP’IJ(P))‘

0<i<j<n-—1 h
C & _
e ch

I
—

2 5
n2

| A

(n — h)Ce=<"

Il
-

IN
)

— 0.

Hence

Var(/, (1)) — 0, Var(I(O,))) 0.

Combining the above estimates yields

—

n—

% Z (Var I(1 Var(I(O))> +o(1).

=0
Therefore, by the definition of Vipterval,
1 0 (0)
. ~2 o 1 0 _
Jim E[5; ] = Jim. - EO(VM(IW) +Var(Ii,p)> = Vinterval-
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E.3 Proof of Theorem 4

Proof of Theorem 4. Recall that the estimator 7, , is defined as

n—1
. 1 1 0
o= P00 1),
=0
where (2i+1)1 2(i+ 1)1
1 1 ’ 0 1 ’
W Xpdt, 1= X, dt.

(1= o) J2itpy (1 =) J2it14p)

Since X; is an OU process, it is Gaussian. Each Ii(':)) is a linear functional of X;, hence Gaussian. Therefore,

— [ _ ©
Yii=1) ~ 1

ip
. . ~ n—1 . . .

is Gaussian, and 7, , = + > 'Y; is Gaussian for each finite n.
From Theorem 3, we have

Elfn,) — 7= B+O<:L) :

This follows from the geometric convergence of the two-cycle recursion for E[Xo;] and E[X 2,41y, which implies
that the transient bias decays exponentially fast in ¢, and hence the averaged bias is O(1/n).

Consequently,
Vn(E[#,,] —7— B) — 0. (20)

Again by Theorem 3,
nVar(7,,) = V.

Hence,
Var (vn(#n,p — E[fy,,])) = n Var(s,,) = V.

Since 7, is Gaussian for each n, the centered and scaled estimator
\/ﬁ(%nvp - ]E[’]A—"»PD
is Gaussian with variance converging to V. Combining this with (20), we obtain

Vn(tn, — 7 — B) = V/n(fn, — Elfn ) + Vn(E[7n ] — 7 — B) = N(0,V).

E.4 Proof of Corollary 3

The proof of Corollary 3 follows directly from Theorem 3.

E.5 Proof of Corollary 4
Proof of Corollary 4. Recall the absolute asymptotic bias of 7, , is given by

B| = 27(e= P9 — =)
COl(1—p)(1+e )’

Taking the derivative with respect to p, we have

dB|  2e71% (—el% + e (1+10(—1+p))) T
dp (14 €)Y 10(—1 + p)2 '
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Since we assume a positive treatment effect 7 > 0, to demonstrate that | B| is monotonically decreasing with p,
it is sufficient to show that

A(p) == —€l% + (1 4160(—1+p)) <0 forall pe[0,1).
Note that for all p € [0,1), the derivative of A(p) is

dA(P) 16 10
Tp:lg(e — € l))>0

Therefore, A(p) is increasing with p. Next, evaluate A(p) at p = 1, we have
A(l)=—€? 4% =0
Thus, as A(p) is increasing with p, we conclude that A(p) < 0 for all p € [0,1).
To derive the lower bound, we apply L’Hopital’s rule for p — 1~ (approaching from the left) and obtain

-0l
lim

lim lim E[7, , — 7]

‘ 2Te
n—oo

T 10

Finally, the upper and lower bounds are summarized as follows

2re~ 0 . . 2(1 —e %7
m S lim E[T»,LP — T}

< ° U7
n—0o0 = 0l(1 + e %)

E.6 Proof of Corollary 5

Proof of Corollary 5. For simplicity, let us denote x = pfl and y = 0l. Note that for p € [0,1), we have z € [0,y).
Then, the asymptotic variance can be written as
202

— _ Ty z+y 1 _ 2y —r—1 Yy _ ,T\2 —=x v _1)).
V=g T A oy Ny a1 4 (= e (e - )

The derivative of V' with respect to x is

dV 202 e (" +1)(e"(—2+z—y) + /2 + 7 —y))
dr 0 (z —y)3(1+ev) '

To show V' is monotonically increasing with p, we only need to show that for all = € [0, y),

Alz) =e*(—2+z—y)+e'2+2—y) <O.

To show this, we observe that the derivative of A(z) is

%(f) =l +e"(—1+a—y),
and its second derivative is
P’Al@) _
oz ¢ (z —y).
Then, one can observe that diﬁ(f) < 0 for all z € [0,y), indicating that dAdg(f) is decreasing. Furthermore, it
follows that %Ef) > %S’) —— 0 for all z € [0,y), indicating that A(x) is increasing. Finally, we have

A(z) < A(y) =0, forall x € [0,y).

Therefore, the asymptotic variance of 7, , is monotonically increasing with respect to the washout period pro-
portion p. Consequently, we can establish both a lower bound and an upper bound as follows

o? (eel — 1)
0 +1)

20%(2 + e%1(01 — 2) + 01)
0312(ef + 1)

<V<
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Properties for the asymptotic variance components. It can be shown that

d(vlnterval) _ 2€_y0'2A(l‘)

dx - (z—1y)30 >0,
d(‘/inter - VvIntra) _ _2€_$_y(_e$ + ey)U2A($) <0
dx B (14 ev)(xz —y)30 '

These derivatives indicate that the asymptotic variance within the switchback intervals, denoted as Vinterval,
increases with p. Conversely, the difference between the asymptotic variance under inter-policy and intra-policy
conditions, Vipter — Vintra, decreases as p increases. Therefore, we can derive the upper and lower bounds as
follows

20%(01 — 1 + =)
6312
202 202 (e —1)2

7<Vn r_Vnr S—
(14 eflyg = “nter — TInora = 31201 1 1) 0l

Qb‘qw

S Vinterval é

)

F Proofs for Appendix

F.1 Proof of Proposition 1

Proof of Proposition 1. For notational simplicity, assume throughout that n is even; the odd case only changes
O(n~1!) boundary terms and does not affect any limit. Set
e_pel —a 1— a2
a:= e_‘%, Cp =

Swn=p U7 o

We first note a common fact that will be used several times. Let
Xt = Xt - ]E[Xt]

Since the nonstationarity enters only through the deterministic mean process, X always satisfies the same centered
OU equation B _
dXt = —HXt dt + O'th.

Hence the covariance structure is independent of the nonstationary drift, and only the mean changes. Therefore
the asymptotic variance of the multiple-switchback estimator is the same as in the stationary case:

nleréonVar(%TL7p) =V

Multiple-switchback bias: linear environment. For each switchback block 7, define
u; = E[Xai], vi = E[Xipin),  7() = pa(i) — po(d).

Over the treatment sub-interval [2il, (2¢ + 1)I), the mean is (), so

: 1 L : :
B~ (0) = gy [ 7t (= 9) = (= ().
P
Similarly,
B — (i) = ¢, (v; — po(0))
Therefore e o
E[fn,— 7] = 7;’ Z(uz —v; —7(i)) + - @ _ 7 (21)
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Now write
D,L' = U — V5.

The endpoint means satisfy, for ¢ > 1,
u; =avi—1+ (1 —a)puo(i — 1), v, = au; + (1 —a)p (7).
Hence

D;=a’D;_1+a(l —a)r(i — 1) + (1 — a) (o (i — 1) — pu1(4))
=a’Diy—(1—a)’r(i— 1)+ (1 —a)(p(i — 1) — p1(4)). (22)

Under the linear environment,
() = s (0) + 2 0 m, 7(i) = 7(0) 4+ (1,0 — d0,n)-

To isolate the stationary two-cycle term, define

_ 1—
D, .= — a’T
14+a

2

(Z), &E; = -Dz - Dz
Substituting (22) into this definition yields
gi=a%ei_1+ {2(51 n— 00 n) —(I=a)dnl.
1+a’ ™ ’ ’

=ir,

By Assumption 5, nd,.n — Vs, 50 7, = O(n~'). Iterating,

i—1
g, =a*eg+ 1y Z af,
k=0
and therefore _
LS B LS ot -0
n 4 "= o n “ '
1=0 1=0 1=0 k=0
Thus
n—1 n—1
1 ) 2 1 .
EZ(Dl —7(i)) = 14 n- 7() + o(1).
=0 =0
Since 7 = lim,, oo n ™' 20 7(4), (21) gives
2c 27(e= P — =)
1. E An — = — P = — —
A Bl = 7] = =T 0l(1— p)(1 + e %)
Multiple-switchback bias: periodic environment. Let
xg = "}i_I)HOOE[X4ml], xy = mli_{HOOE[X(szH)zL X 1= 77}51100E[X(4m+2)l]; X3 1= n}i_lgoE[X(zmerg)z]-

Because one full four-step cycle contracts by the factor a* < 1, this fixed point is unique. It solves the explicit
four-state system

r1 = azxo + (1 — a)pll, Ty = azy + (1 — a)pdl, r3 = azy + (1 — a)ul, zo = axs + (1 — a)uy.
Solving gives
a®pit + aPpl + apl + g
1+a+a?+a3

Ty = )
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_ pi Pl + a?py + apg

1+a+a?+ad ’

e+ apt + dPuy + aPug

Ig = )
1+a+a?+a®

vq = M@ Fapg + g

l+a+a?®+a?

Since the sequence of endpoint means converges geometrically to this four-cycle, the Cesaro average in the bias
converges to the cycle average. Hence

(zo — pt!) = (21 — pi)) + (2 — pt) — (w3 — pgy)

lim E[7,,—7]=c¢,

n—oo 2
I o e i
=c, .
1+a
Using
oy g g
2 2 ’
we obtain ( ol 91)
2c 21(e P — e~
lim E[7, =—"P ;r=_ =B
A Bl =7l = =0T 0l(1— p)(1+ e %)

Single-switchback variance. Let
T, :=nl(l — p), G, = pnl.

Because only the centered process contributes to the variance, it suffices to study

1 nl ~ 1 2nl ~
An = Xt dt, Bn = Xt dt,
pnl T’ﬂ (14+p)nl

so that

The centered OU covariance is ,
COV()’(VVS7)FZ}) = %e_alt_sl + O(e—e(€+t))

The O(e~?¢+1) term contributes only O(T}; ?) to each averaged covariance, hence is negligible after multiplication
by n. Using only the leading kernel g—;e"g't’S', we obtain

o2 Tn pTn
W / / e_glu_”‘ du d’U —|— O(TTL_Q)

_ 29T2 ( / / (v-u dudv> +O(T?)

Var(A,)

70T ) y
Likewise,
2T, +Gp
COV(An,Bn) = 29T2 / / —9(1; u) dv du+O( —2,—0Gn )
o?(1—e T )2 _GG —2__6G
= 203T3 +O(Tn e ).
Therefore

n Var(7,, p) = n(Var(4,) + Var(B,) — 2Cov(A,, B,)) = 2n Var(A,) + o(1),
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because nCov(A,, B,) = O(n~te=%%") — 0 (including the case p = 0). Since T}, = nl(1 — p),

202
. S
A nVar(t,) = g =y

Single-switchback bias: linear environment. Let

pnw n
n-— | 7= | N’ﬂ =5 T My
" [ 2 2 "
Replacing the retained intervals by the union of the complete 2i-blocks with indices i = m,,,..., 5 — 1 changes
the expectation by only O(n~!), because at most one partial block is lost at each boundary. Hence
1 n/2—1
B, =+ > (BUY-EU™)) + 0™, (23)

’ Nn i=m
where 2(i+1)1 (n+2i42)1

1 3 1 n 7

J = — Xpdt, JO=— / X, dt.
21 2il 2 (n+2i)l

For the treatment half, define u; := E[X3;]. Since the process stays under treatment on [2il,2(i + 1)),

iyt = a’ui + (1= a®)p (i), E] = (i) +b(ws — ().

Writing e; := u; — p1(i), we obtain

i—1
2 2% 2%
€ir1 = a“e; — 01 p, e; =a“"ey —O1n E a™”.
k=0
Thus
n/2—1
LS o
— e; — 0.
N, . ¢
i=mn

For the control half, define w; := E[X(,,12;);]. Then

o= 0P+ 3). H =i 3) (i),

With f; :=w; — po(i +n/2), we have

i—1
fit1 = a*fi — Son, fi=ad"fo —50,nzazk>
k=0
so again
1 n/2—1
Substituting these estimates into (23),
1 n/2—1 1 n/2—1
. .S T . N AT
nlLII;OE[Tn7p 7] 7n1LH;o N Z i (4) N, 2 u0<z+ 2) T

Since
Hﬁ(i) = .UR(O) +1 5%,7“
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the two arithmetic means are

n/2—1
1 _ my, +n/2-1
N, 2 ) =m0+ b,
/2-1
1" o My 4 3n/2 — 1
A Z 1o (Z + 5) = #o(0) + ————"——do.n-
Moreover, under the linear environment,
1~ =
. . 1~
7= lim — > (i) = pro() = 1(0) = po(0) + ==
=0

Using m,,/n — p/2 and ndy,, — 7., we conclude

. . 1
lim E[7] , — 7] = =(y1 — ) — 1(71 +7%)-

n—0o0

~1

Single-switchback bias: periodic environment. As above, it suffices up to O(n~!) to work with complete 2/-blocks.
For the treatment half, the block-start means u; := E[X5;| satisfy

,ulf, 1 even,

uip1 = a’u; + (1 — a®)p (i), pa (i) =
uh, i odd.

Hence (ugm, ugm+1) converges geometrically to the unique two-cycle (zy, x1,) solving

ry = a’xy + (1 — a®)pll, oy = a’ry + (1 —a®)pk.
Therefore ) H . sl
g = M g = Tt
H 1+a2 ) L 1+a2 5

and in particular
wH 4oL =y + g

This is the intermediate computation behind the endpoint limit:

lim EX(n-oy] + E[Xu]  au+ar  pl +uf
n—oo 2 o 2 - 2

Since
E[J] = ua(0) + b(u; — (@),

the two-cycle average of the treatment-block expectations is exactly

1 p il b pt 4 b
5 (BU )+ B = BB o P an 4 aw) — ol 4+ )| = B0

The control half is identical. If yy, yr, denote the control-side two-cycle, then

2 H L H, 2L
yH=%7 L:%a Y + YL = po + 4G,
SO
i E[X (2n—2y] + E[X2n] _ pbl + pk
n—00 2 2 ’
and . .
3 B+ B0 = A
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Thus the Cesaro averages of the retained treatment and control blocks converge to

'+ pr [ + 1§
2 2

respectively, and therefore

—7=0.

H L H L
lim E[ ]:/’61 +/j/1_:u’0 +MO

n—»00 2 2

This completes the proof. O

F.2 Proof of Proposition 2

Proof of Proposition 2. Without loss of generality, suppose 0 < i < j < n — 1. Consider the case v = 1 and
v = 0, where the two periods are assigned to different policies (treatment and control), and we examine their
covariance. Recall that

1 @Dl 2(j4+1)1

R r(Xy)ds, IV =

7 T‘O(Xt) dt.
l 24l l (254+1)1

Then, the covariance can be written as (by Fubini)

W o 1 (2i+1)1 2(+1)!
Cov(I; 1 )= Z—ZCOV / r1(Xs) ds, / ro(X:) dt
> (

il 2j+1)1

(2i4+1)1 2(J+1)l
/ Xs)ro(Xt)dtds| — E
2il (25+1)1

(2i+1)1 p2(j+1)1
/ / E [ry (X) ro(X)] — IE[rl(XS)}IE[ro(Xt)]) dt ds.
21l 2

(25+1)1

(2i+1)1
/ r1(Xs)ds| E

24l

2(j+1)l
/ ro(X,)dt
(25+1)1

By the Markov property and tower property,
E[rl(Xs)ro(Xt)] =E [rl(Xs)/ ro(y)P(Xs,dy;s — t)] ,
x

where P(x,A; s — t) = P(X; € A| X; =x) is the compound transition kernel of the experimental process
under the switchback design in Definition 1, obtained by composing the policy-specific kernels (i.e., Py and
Py) between times s and t. Since both the treatment and control kernels are stochastically monotone, their
composition P(-,-;s — t) is also stochastically monotone.

Given both rg and 71 are nondecreasing and the compound kernel P(-,-; s — t) is stochastically monotone, the
mapping = +— [ vroy) P (m, dy; s — t) is itself nondecreasing in z. Hence, by Chebyshev’s sum inequality,

E [rl(XS) /Xro(y) P(X,,dy;s —t)| = E[ri(X,)] E [/X ro(y) P(Xs, dy; s — t)

Then, the integrand is nonnegative and Cov (I i(l), I ](0)) > 0. By a similar argument, the covariance is nonnegative
as well when both periods are assigned to the same policy (either treatment or control). O
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