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Figure 1. Generated samples on ImageNet-256x256 using 8 steps.

Abstract

Diffusion models and Flow Matching generate
high-quality samples but are slow at inference,
and distilling them into few-step models often
leads to instability and extensive tuning. To
resolve these trade-offs, we propose Inductive
Moment Matching (IMM), a new class of gen-
erative models for one- or few-step sampling
with a single-stage training procedure. Unlike
distillation, IMM does not require pre-training
initialization and optimization of two networks;
and unlike Consistency Models, IMM guarantees
distribution-level convergence and remains sta-
ble under various hyperparameters and standard
model architectures. IMM surpasses diffusion
models on ImageNet-256x256 with 1.99 FID us-
ing only 8 inference steps and achieves state-of-
the-art 2-step FID of 1.98 on CIFAR-10 for a
model trained from scratch.
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1. Introduction

Generative models for continuous domains have enabled
numerous applications in images (Rombach et al., 2022; Sa-
haria et al., 2022; Esser et al., 2024), videos (Ho et al.,
2022a; Blattmann et al., 2023; OpenAl, 2024), and au-
dio (Chen et al., 2020; Kong et al., 2020; Liu et al., 2023),
yet achieving high-fidelity outputs, efficient inference, and
stable training remains a core challenge — a trilemma that
continues to motivate research in this domain. Diffusion
models (Sohl-Dickstein et al., 2015; Ho et al., 2020; Song
et al., 2020b), one of the leading techniques, require many
inference steps for high-quality results, while step-reduction
methods, such as diffusion distillation (Yin et al., 2024,
Sauer et al., 2025; Zhou et al., 2024; Luo et al., 2024a) and
Consistency Models (Song et al., 2023; Geng et al., 2024,
Lu & Song, 2024; Kim et al., 2023), often risk training
collapse without careful tuning and regularization (such as
pre-generating data-noise pair and early stopping).

To address the aforementioned trilemma, we introduce In-
ductive Moment Matching (IMM), a stable, single-stage
training procedure that learns generative models from
scratch for single- or multi-step inference. IMM operates
on the time-dependent marginal distributions of stochas-
tic interpolants (Albergo et al., 2023) — continuous-time
stochastic processes that connect two arbitrary probability
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density functions (data at t = 0 and prior att = 1). By
learning a (stochastic or deterministic) mapping from any
marginal at time t to any marginal at time S < t, it can
naturally support one- or multi-step generation (Figure 2).

IMM models can be trained efficiently from mathematical
induction. For time s < r < t, we form two distributions
at S by running a one-step IMM from samples at r and
t. We then minimize their divergence, enforcing that the
distributions at S are independent of the starting time-steps.
This construction by induction guarantees convergence to
the data distribution. To help with training stability, we
model IMM based on certain stochastic interpolants and
optimize the objective with stable sample-based divergence
estimators such as moment matching (Gretton et al., 2012).
Notably, we prove that Consistency Models (CMs) are a
single-particle, first-moment matching special case of IMM,
which partially explains the training instability of CMs.

On ImageNet-256x256, IMM surpasses diffusion models
and achieves 1.99 FID with only 8 inference steps using
standard transformer architectures. On CIFAR-10, IMM
similarly achieves state-of-the-art of 1.98 FID with 2-step
generation for a model trained from scratch.

2. Preliminaries
2.1. Diffusion, Flow Matching, and Interpolants

For a data distribution q(X), Variance-Preserving (VP) dif-
fusion models (Ho et al., 2020; Song et al., 2020b) and
Flow Matching (FM) (Lipman et al., 2022; Liu et al., 2022)
construct time-augmented variables X as an interpolation
between data X ~ q(X) and prior ~ A(0; 1) such that
Xt = X+ ¢t where 0= OZOVP
diffusion commonly chooses = cos st ; ¢=sin 5t
and FM chooses ¢ = 1 —t; ¢ = t. Both v-prediction
diffusion (Salimans & Ho, 2022) and FM are trained by
matching the conditional velocity v = Ix + ! such
that a neural network G (X¢; t) approximates Ex. [V¢|X¢].
Samples can then be generated via probability-flow ODE
(PF-ODE) & = G (x; t) starting from  ~ A(0; 1).

1=1; 1=

Stochastic interpolants. Unifying diffusion models and
FM, stochastic interpolants (Albergo et al., 2023; Albergo &
Vanden-Eijnden, 2022) construct a conditional interpolation
Ge(Xe|X; ) = N(1e(X; ); 21) between any data X ~ ¢(X)
and prior ~ p( ) and sets constraints 11(X; ) = ,
lo(X; ) =X,and 1 = ¢ = 0. Similar to FM, a determin-
istic sampler can be learned by explicitly matching the con-
ditional interpolant velocity Vi = @cl¢(X; ) + "tz where
z ~ N(0;1) such that G (X¢;t) & Ex. .z[Ve|X¢]. Sam-
pling is performed following the PF-ODE % =G (X 1)
similarly starting from prior ~ p( ).
When ¢=0and I¢(X; )= X+

t for ¢; ¢ defined
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Figure 2. Using an interpolation from data to prior, we define a
one-step sampler that moves from any ¢ to s < ¢, directly trans-
forming g:(X+) to gs(Xs). This can be repeated by jumping to an
intermediate r < t before moving to s < r.

in FM, the intermediate variable Xy = X+ ¢ becomes
a deterministic interpolation and its interpolant velocity
vi = Ix+ ! reduces to FM velocity. Thus, its training
and inference both reduce to that of FM. When ~ N(0; 1),
stochastic interpolants reduce to v-prediction diffusion.

2.2. Maximum Mean Discrepancy

Maximum Mean Discrepancy (MMD, Gretton et al. (2012))
between distribution p(x); q(y) for X;y € RP is an inte-
gral probability metric (Miiller, 1997) commonly defined
on Reproducing Kernel Hilbert Space (RKHS) H with a
positive definite kernel k : RP x RP — R as

MMD?(p(x); a(y)) = |Ex[k(x; )] = Ey[k(y;)][F (D

where the norm is in H. Choices such as the RBF kernel
imply an inner product of infinite-dimensional feature maps
consisting of all moments of p(x) and q(y), i.e. E[xJ] and
E[y!] for integer j > 1 (Steinwart & Christmann, 2008).

3. Inductive Moment Matching

We introduce Inductive Moment Matching IMM), a method
that trains a model of both high quality and sampling ef-
ficiency in a single stage. To do so, we assume a time-
augmented interpolation between data (distribution at t = 0)
and prior (distribution at t = 1) and propose learning an
implicit one-step model (i.e. a one-step sampler) that trans-
forms the distribution at time t to the distribution at time S
for any s < t (Section 3.1). The model enables direct one-
step sampling from t = 1 to s = 0 and few-step sampling
via recursive application from any t to any r < t and then
to any S < r until S = 0; this allows us to learn the model
from its own samples via bootstrapping (Section 3.2).

3.1. Model Construction via Interpolants

Given data X ~ q(X) and prior ~ p( ), the time-
augmented interpolation X defined in Albergo et al. (2023)
follows Xt ~ Q¢(X¢|X; ). This implies a marginal interpo-
lating distribution

zZ

Ge(Xe) = Ge(XeX; )A(x)p( )dxd : ©)
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We learn a model distribution implicitly de ned by a one- 3.2. Learning via Inductive Bootstrapping

step sampler that transformgx;) into gs(xs) for some . . L .

s t. This can be done via a special class of interpolants\d/)vrt].”e.sognd’ th?. na(ta) object|ver|]2 .E?(Y)f|s dif ctuhlt t.o
which preserves the marginal distributiqy{xs) while in- ptlrg.lzte.tl)n tprac Ice ecaubse fW f"B atrh rotm s, the in-
terpolating betweem andx;. We term thesenarginal- put distributiong,(x;) can be far from the targeg(xs).

preservinginterpolants among a class of generalized interFortunately, our interpolant construction implies that the

polants. Formally, we de n&s as a generalized interpolant model ije nition In Eq'((:ﬁ) Sat'? es bolimdary Zond'r:'_oﬂ
betweerx andx; if, for all s 2 [0; t], its distribution follows 95()_(5) = Pgs(Xs) regardless o (see. emma 4), whic
indicates thapsjt(xs) 0s(Xs) whent is close tos. Fur-

' . - vyl 2 >

Gt (Xs]X; %) = N (Fsje (X3 X)5 gjil) () thermore, the interpolant enforcpg, (Xs) Py (Xs) for
and satis es constraints;i (X; Xt) = X, | gjt(X;X¢) = x, ~ anyr < t close tot as long as the model is continuous
gt = o = 0, andgja(Xejx; ) G(X¢jx; ). When aroundt. Therefore, we can construct an inductive learning

t = 1, it reduces to regular stochastic interpolants. Next, wealgorithm forpg, (xs) by using samples from;, (Xs).

de ne marginal-preserving interpolants. For better analysis, we de ne a sequence numbdor
De nition 1 (Marginal-Preserving Interpolantsp general-  parameter,, and functionr (s;t) wheres  r(s;t) <'t

ized interpolank is marginal-preservingf forall t 2 [0;1]  such thap_" (xs) learns to matcip_! *(Xs).> We omitr's

; . " ) Sit sjr
and for alls 2 [0;t], the following equality holds: arguments when context is clear andrlgg; t) be a nite

22 i _ decrement from but truncated a¢  t (see Appendix B.3
O (Xs) = Gsje (Xs)X; X1) @ (XX )G (xe)dxedX; (4)  for well-conditioned (s; t)).
where General objective. With marginal-preserving interpolants
o z G (xejx; )q0p( ) and mapping (s; t), we learn ,, in the following obj.ective:
G (xjx1) = i 4O h ) i
‘ L( n)= Est W(S;MMD 2(pg, *(xs); Py (Xs))  (8)

That is, this class of interpolants has the same margireal at
regardless of. For allt 2 [0; 1], we de ne ournoisymodel
distribution ats 2 [0;t] as

zz

wherew(s; t) is a weighting function. We choose MMD as
our objective due to its superior optimization stability and
show that this objective learns the correct data distribution.

Pgji (Xs) = Gsjt (XsJX; Xt) Psje (X)X 1) G (X )dX dx (6) Theoremll. Assgming(s;t) i_s weII—co.nditiorje'd,.the in-
terpolant is marginal-preserving, ang, is a minimizer of

where the interpolant is marginal preserving age(xjx,)  E0.(8) for eachn with in nite data and network capacity,
is our clean model distribution implicitly parameterized forall't 2 [0;1] s 2 [0;t],
as a one-step sampler. This de nition also enables multi- _ 5
step sampling. To produce a clean samplgiven x, lim MMD “(6s(Xs); Pjy (Xs)) = 0 : )
& (X¢) in two steps via an intermediage (1) we sample
R psjt(xjxt) followed by®s i (XsjR; Xt) and (2)
if the marginal offs matchesy(xs), we can obtairx by
X pojs(xjks). We are therefore motivated to minimize di- _ _ ) )
vergence between E@) and(6) using the objective below. 4. Simpli ed Formulation and Practice

In other words, ,, eventually learns the target distribution
0s(Xs) by parameterizing a one-step sammg[(xjxt).

Na've objective. As one can easily draw samples from the We present algorithmic and practical decisions below.

model, it can be rigely learned by directly minimizing ) ) ) )
i 4.1. Algorithmic Considerations

L) = Est D(G(Xs): Psjt (Xs)) ™ Despite theoretical soundness, it remains unclear how to

with time distributionp(s; t) and a sample-based divergence empirically choose a marginal-preserving interpolant. First,
metricD( : ) such as I\’/IMD or GAN (Goodfellow et al we present a suf cient condition for marginal preservation.
2020). If an interpolank s is marginal-preserving, then the De nition 2 (Self-Consistent InterpolantsiGivens;t 2
minimum loss is 0 (see Lemma 3). One might also noticd0; 1], s t, an interpolanxs  ji (XsjX; X¢t) is self-
the similarity between right-hand sides of E4) and(6).  consistentf for aIIZr 2 [s; 1], the following holds:
However, g (Xs) = psjt(XS) does not necessarily imply G (XeiXX) = G (KaiX: X0 ) e (e X)X, (10)
Py (XiXt) = G (Xjxq). In fact, the minimizep, (xjx.) is JEAsIT Ir ARSI AR IR AR

not unique and, under mild assumptions, a deterministic Note tham is different from optimization steps. Advancing
minimizer exists (see Section 4). fromn 1ton can take arbitrary number of optimization steps.
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In other wordsxs has the same distribution if one (1) di-
rectly samples it by interpolating andx; and (2) rst sam-
ples anyx, (givenx andx;) and then samples; (given

x andx, ). Furthermore, self-consistency implies marginal
preservation (Lemma 5).

DDIM interpolant. Denoising Diffusion Implicit Mod-

els (Song et al., 2020a) was introduced as a fast ODE sam-

pler for diffusion models, de ned as

DDIM( x¢; x;s;t) = t (12)

S
s -
t

X+ —Xq
t
and samplexs = DDIM( x¢; Ex[xjXt]; s;t) can be drawn
whenEy [xjx;] is approximated by a network. We show
in Appendix C.1 that DDIM as an interpolante. j
0 andl ;¢ (x; xt) = DDIM( x¢;X;s;t), is self-consistent.
Moreover, with deterministic interpolants such as DDIM,
there exists a deterministic m|n|m|zp;lt(x1xt) of Eq. (7).

Proposition 1. (Informal) If ¢;  Oandl g (x; X¢) satis-
es mild assumptions, there exists a determinipgq(xjxt)
that attains 0 loss for E((7).

Figure 3.With self-consistent interpolants, IMM uskt particle
samplesi = 2 is shown above) for moment matching. Samples
from pg;, (xs) are obtained by drawing fromy;, (xjx.) followed

by aji (XsjX; xt). Solid and dashed red lines indicate sampling
with and without gradient propagation respectively. Afi€rsam-
ples are drawn, sample is repulsed by and attracted towards
samples oks andx? through kernel functiot( ; ).

See Appendix B.6 for formal statement and proof. This

allows us to de nepg; (xjxi) = (X g (x¢;s;1)) fora
neural networlg (X¢;s;t) with parameter by default.

Eliminating stochasticity. We use DDIM interpolant, de-
terministic model, and prigp( ) = N (0; 21) where ¢

An empirical estimate of the above objective uskgparticle
samples to approximate each distribution indexed. by
practice, we divide a batch of model output with si&énto
B=M groups within which share the sarte t) sample, and

is the data standard deviation (Lu & Song, 2024). As ahe objective is approximated by instantiatBgM number

result, one can draws from model viaxs = f ¢ (x;) =
DDIM( Xt; g (X¢;S;t);s;t) wherexy ¢ (Xt).

Re-usingx; for x,. Inspecting Eq(8) and (6), one re-
quiresx; G (Xr) to generate samples from the target
distribution. Instead of sampling, given a new(x; )
pair, we can reduce variance by reusiigandx such that

Xy = DDIM( X¢;x;r;t). This is justi ed because, de-
rived from x; preserves the marginal distributiap(x, )
(see Appendix C.2).

Stop gradient. We setn to optimization step numbeig.

advancing froom  1ton is a single optimizer step where
n is initialized from , 1. Equivalently, we can omih

from , and write , ; as the stop-gradient parameter.

Simpli ed objective. Letx;;x? be i.i.d. random variables
from g (x;) andx,;x? are variables obtained by reusing

x¢; x? respectively, the training objective can be derived"

from the MMD de nition in qu. Q) (ﬁee Appendix C.3) as

Limu( )= Ext;x?;x,;xP;s;t w(s;t) k ys;t;yg;t . (12)
]
+K Ysri¥e K YsuYe K YoVsr
whereys;; = fg (Xt):yg;t = fg (XD, Vs = for (Xr),

yor = for (X0), K( ;) is a kernel function, and(s;t) is
a prior weighting function.

of M M matrices. Note that the number of model passes
does not change with respecthb (see Appendix C.4). A

M = 2 version is visualized in Figure 3 and a simpli ed
training algorithm is shown in Algorithm 1. A full training
algorithm is shown in Appendix D.

4.2. Other Implementation Choices
We defer detailed analysis of each decision to Appendix C.

Flow trajectories. We investigate the two most used ow
trajectories (Nichol & Dhariwal, 2021; Lipman et al., 2022),

« Cosine {=cos 3t , {=sin 3t
«OT-FM. (=1 t, (=t.

t

Network g (x¢;s;t). We setg (Xi;S;t) = Ceuip(t)Xt +
Cout(t)G (Cin(t)Xt; Cnoisd(S); Cnoisd(t)) With a neural net-
work G , following EDM (Iﬁarras et al., 2022). For all
choices we lefg,(t) = 2+ 2= 4 (Lu & Song,
2024). Listed below are valld ch0|ces for other coef cients.

« ldentity . Cskip(t) = 0, Cour(t) =
» Simple-EDM (Lu & %ong 2024) Cskip(t) =

Bcolt)= q = f+ 2
* Euler-FM. cgip(t) = 1, Coult) =

to OT-FM schedule.

2
it

t=(

t 4. Thisis specic

We show in Appendix C.5 thdt,, (x;) similarly follows the
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EDM parameterization of the foriry, (X¢) = Cskip(S; )¢+  Algorithm 1 Training (see Appendix D for full version)

Cout(S; t)G (Cin(t)xt ; CnoiSE(S); Cnoise(t))- |nput: parameter, DD||\/|( Xt;X;S; t), B,M, p
Noise conditioningCoise{ ). We choos&ngisdt) = ct for Output: learned
some constant 1. We nd our model convergence  While model not convergedo
relatively insensitive t@ but recommend using largere.g Sample dat, labelc, and prior with batch size
1000(Song et al., 2020b; Peebles & Xie, 2023), because it B and split intoB=M groups. Each group shares a
enables suf cient distinction between nearbgindt. (s;r;t) sample.

. , , For each groupt;  DDIM( ;x;t; 1).
Mapping function r(s;t). We nd thatr(s;t) via constant For each groupt;  DDIM( x¢;x;T;t).
decrementiny = =  works well where the decrement is For each instance, set ? with prob. p.
choseninthe form of max  min)=2¢ for some appropriate Minimize the empirical los€wu ( ) in Eq. (67).
k (details in Appendix C.7). end while

Kernel function. We use time-dependent Laplace kernels of
the formks; (x;y) = exp( w(s;t) max(kx yk,; )=D)

for x;y 2 RP, some > 0to avoid unde ned gradients,  Input: modelf ,ftigli,, N (0; 3I), (optional)w
andw(s;t) = 1 Sjcou(s;t)j. We nd Laplace kernels pro-  Output: X,

vide better gradient signals than RBF kernels. (see Ap- Samplexy N (0; 3I)

Algorithm 2 Pushforward Sampling (details in Appendix F)

pendix C.8). fori = N;:::;1do
X fo o (Xg)orfo oo (Xe).
Weighting w(s;t) and distribution p(s;t). We follow endtlfolr ot () O (%)
VDM (Kingma et al., 2021; Kingma & Gao, 2024) and
de ne p(t) = U(;T) andp(sjt) = U(;t) for constants o .
:T 2 [0; 1]. Similarly, weighting is de ned as put. Similarly, we de ne our guided model &g, (xt) =
Cskip(S; )Xt + Cout(S; ) G (X¢; S t; €) whereGY (X¢; s; t; €)
w(s:t) = 1 b d t £ (13) IS as de ned in Eq(14)and we dropin( ) andcnisd ) for
' 2 dt 2+ 2 notational simplicity. We justify this decision in Appendix E.

Similar to diffusion models¢ is randomly dropped with

where () is sigmoid function, ; denotedog-SNR and probability p during training without special practices.

a2fl;2g9, (),b2 R are constants (see Appendix C.9).
We present pushforward sampling in Algorithm 2 and detail
4.3. Sampling both samplers in Appendix F.

Pushforward sampling. A samplexs can be obtained by . . .
directly pushingx; g (X¢) throughf ¢ (x¢). This can 5. Connection with Prior Works

be iterated for an arbitrary number of steps starting fromg; work is closely connected with many prior works. De-
N (0; 1) until's = 0. We note that, by de nition, (ajled analysis is found in Appendix G.

one application of g, (x;) is equivalent to one DDIM step . _

using the learned network (x;;s;t) as thex prediction. ~Consistency Models.Consistency models (CMs) (Song

This sampler can then be viewed as a few-step sampléit al., 2023; Song & Dhariwal, 2023; Lu & Song, 2024)

using DDIM whereg (x;;s;t) outputs a realistic sample ~ Uses a networlg (x;t) that outputs clean data given noisy

instead of its expectatioy [xjx] as in diffusion models. ~ INPUtx:. It requires point-wise consistengy (x;t) =
g (Xr;r) foranyr <t wherex, is obatined via an ODE

Restart sampling. Similar to Xu et al. (2023); Song et al. gq|ver fromx, using either pretrained model or groundtruth
(2023), one can introduce stochasticity during sampling byysta  Discrete-time CM must satisfiy (xo:0) = xo and
re-n_oising a sample to a higher noise-level before sampling5ins via loSEy, .x [d(g (xi;t);9  (Xr;r))] whered( ; )
again. For example, a two-step restart sampler flm s commonly chosen ds, or LPIPS (Zhang et al., 2018).

requiress 2 (0;t) for drawing sample® = f 5. (xs) where _ _ o _

Xs  Os(Xsif o1 (X)) We show in the following Lemma that CM objective with
’ L, distance is a single-particle estimate of IMM objective

Classi er-free guidance. Given a data-label paiix;c),  with energy kernel.

during inference time, classi er-free guidance (Ho & Sal-

imans, 2022) with weightv replaces conditional model

outputG (Xi;s;t; c) by a reweighted model output via

Lemma 1. Whenx; = x% x, = x%, k(x;y) = k x yk?,
ands > 0 ispa small constant, Eq(12) reduces to
CMlossEy, .x+ W(t)kg (Xi;t) g0 (xr;r)k2 for some
WG (xg;site)+ (1 w)G (Xi;sit?)  (14)  yaiid mapping (t) <t.

where? denotes the null-token indicating unconditional out-This single-particle estimate ignores the repulsion force

5
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imposed byk( ; ). Energy kernel also only matches the Stochastic interpolants (Albergo et al., 2023; Albergo &
rst moment, ignoring all higher moments. These decisions/anden-Eijnden, 2022) extend these ideas by explicitly
can be signi cant contributors to training instability and de ning a stochastic path between data and prior, then
performance degradation of CMs. matching its velocity to facilitate distribution transfer. While

Improved CMs (Song & Dhariwal, 2023) propose pseuolo_IMM builds on top of the interpolant construction, it di-

huber loss asl( ; ) which we justify in the Lemma below. rectly learns one-step mappings between any intermediate

marginal distributions.
hemma 2. Negative pseudo-huber logs(x;y) = ¢ o o o
—_— Diffusion distillation. To resolve diffusion models' sam-

2 . .. ..
~ kxyk®+ ¢ forc > Ois a conditionally positive def- jing inef ciency, recent methods (Salimans & Ho, 2022;
inite kernel that matches all moments»ofandy where Meng et al., 2023; Yin et al., 2024; Zhou et al., 2024; Luo
weights on higher moments dependoon et al., 2024a; Heek et al., 2024) focus on distilling one-step

From a moment-matching perspective, the improved pefr few-step models from pre-trained diffusion model_s. This
formance is explained by the loss matching all moments ofWO-stage approach currently has the best generation qual-
the distributions. In addition to pseudo-huber loss, manyty and ef ciency. However, such methods usually require

other kernels (Laplace, RBE}c) are all valid choices in Jointly optimizing two networks and training requires care-
the design space. ful tuning in practice to avoid mode collapse (Yin et al.,

) S ~ 2024). Another recent work (Salimans et al., 2024) ex-
We also extend IMM loss to the differential limit by taking pjicitly matches therst moment of the data distribution
r(s;t) ! t, the result of which subsumes the continuousyyajjaple from pre-trained diffusion models. In contrast, our
time CM (Lu & Song, 2024) as a single-particle estimatemethod implicitly matchesll moments using MMD and
(Appendix H). We leave experiments for this to future work.can pe trained from scratch with a single model.

Diffusion GAN and Adversarial Consistency Distillation. Few-step generative models from scratch.Early one-
Diffusion GAN (Xiao et al., 2021)pgrameterizes the genersiep generative models primarily relied on GANs (Good-
ative distribution ag;, (XsjXt) = Ogje(XsjX;Xt) (X fellow et al., 2020; Karras et al., 2020; Brock, 2018)
G (Xt;z;t))p(z)dzdx for s as a xed decrement froh  and MMD (Li et al., 2015; 2017) (or their combination)
andp(z) a noise distribution. It de nes the interpolant but scaling adversarial training remains challenging. Re-
Gsjt (XsjX; X¢) as the DDPM posterior distribution, which is cent independent classes of few-step models,Consis-
self-consistent (see Appendix G.2) and introduces randoniency Models (CMs) (Song et al., 2023; Song & Dhariwal,
ness to the sampling process to matdlxjx:) instead of  2023; Lu & Song, 2024), Consistency Trajectory Models
the marginal. Both Diffusion GAN and Adversarial Consis-(CTMs) (Kim et al., 2023; Heek et al., 2024) and Shortcut
tency Distillation (Sauer et al., 2025) use GAN objective,Models (SMs) (Frans et al., 2024) still face training instabil-
which shares similarity to MMD in that MMD is de ned as ity and require specialized components (Lu & Song, 2024)
an integral probability metric where the optimal discrimina-(e.g., JVP for ash attention) or other special practices (e.g.,
tor is chosen in RKHS. This eliminates the need for explicithigh weight decay for SMs, combined LPIPS (Zhang et al.,
adversarial optimization of a neural-network discriminator.2018) and GAN losses for CTMs, and special training sched-
Generative Moment Matching Network. GMMN (Li ules (Geng etal., 2024_1)) to r_emain stable. In c_ontrast, our
et al., 2015) directly applies MMD to train a generatormethOd trains s_tably with f_;lsmg_le_loss ano! achieves strong
G (z) wherez N (0:1) to match the data distribu- performance without special training practices.

tion. It is a special case of IMM in that wheén= 1 and

r(s;t) s=0 ourloss reduces to ne GMMN objective. 7. Experiments

We evaluate IMM's empirical performance (Section 7.1),
6. Related Works training stability (Section 7.2), sampling choices (Sec-

Diffusion, Flow Matching, and stochastic interpolants. t?on 7'3)'_ s_caling beh_avior (Section 7.4) and ablate our prac-
Diffusion models (Sohl-Dickstein et al., 2015; Song et al.,tlcal decisions (Section 7.5).

2020b; Ho et al., 2020; Kingma et al., 2021) and Flow )
Matching (Lipman et al., 2022; Liu et al., 2022) are widely /-1. Image Generation

used generative frameworks that learn a score or velocCitije present FID (Heusel et al., 2017) results for uncondi-
eld of a noising process from data into a S|_mple PrOT. tional CIFAR-10 and class-conditional ImageNEi6 256
They have been scaled successfully for text-to-image (Romp Tapje 1 and 2. For CIFAR-10, we separate baselines into
bach et al., 2022; Saharia et al., 2022; Podell et al., 2023;iftsion and ow models, distillation models, and few-step

Chen et al., 2023; Esser et al., 2024) and text-to-video (Hgnodels from scratch. IMM belongs to the last category
et al., 2022a; Blattmann et al., 2023; OpenAl, 2024) tasks.

6
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Family Method FID# Steps#) Family Method FIO#) Steps(#) #Params
BigGAN (Brock, 2018 6.95 1 112m
DDPM (Ho etal., 2020) 3.17 1000 GAN GigaGAr\(l (Kang et al.), 2023) 3.45 1 560M
ng'l\\lﬂ:: ((gg:g :tt :Il-’ 228585)) 322(; 11%%% StyleGAN-XL (Karras et al., 2020) 2.30 1 166M
Diffusion  DPM-Solver (Lu et al., 2022) 4.70 10 \l\//gigl\ll T(?gf]‘;e‘ §|$|2022012)2) 2661582 1%24 5577,\"2'
& Flow iDDPM (Nichol & Dhariwal, 2021) 2.90 4000 Masked MAR (Li et al., 2324) " 1.§8 100 200M
EDM (Karras et al., 2022) 2.05 35 &AR  VAR-d20(Tian et al., 2024a) 257 10 600M
Flow Matching (Lipman et al., 2022) 6.35 142 VAR-d30 (Tian et al., 2024a) 1.92 10 28
Recti ed Flow (Liu et al., 2022) 2.58 127 - -
ADM (Dhariwal & Nichol, 2021) 10.94 250 554M
PD (Salimans & Ho, 2022) 451 2 CDM (Ho et al., 2022b) 4.88 8100 -
2-Recti ed Flow (Salimans & Ho, 2022) 4.85 1 SimDiff (Hoogeboom et al., 2023) 277 512 2B
DFNO (Zheng et al., 2023) 3.78 1 LDM-4-G (Rombach et al., 2022) 3.60 250 400M
KD (Luhman & Luhman, 2021) 9.36 1 Diffusion U-DiT-L (Tian et al., 2024b) 3.37 250 916M
TRACT (Berthelot et al., 2023) 3.32 2 & Flow U-ViT-H (Bao et al., 2023) 2.29 50 501M
Few-Step Diff-Instruct (Luo et al., 2024a) 5.57 1 Bi:itg (w= 152) (Pgeb:)els &&X;(ev 2%2 gg; ggg g;gm
via Distillation EL%L(QE? geggéf)"' 2024) 337'32 11 DITXL2 Ea - 125;5)(|£e2§|e§3& Xif'zoza)) 227 250  675M
CD (LPIPS) (Slc;ng etal., 2023) 2 03 2 SIT-XL/2 (w = 1:0) (Ma et al., 2024) 9.35 250 675M
° N . SiT-XL/2 (w = 1:5) (Ma et al., 2024) 2.15 250 675M
CTM (w/ GAN) (Kim et al., 2023) 1.87 2
SiD (Zhou et al., 2024) 1.92 1 iCT (Song et al., 2023) 34.24 1 675M
SiM (Luo et al., 2024b) 2.06 1 20.3 2 675M
sCD (Lu & Song, 2024) 252 2 Shortcut (Frans et al., 2024) ; ég.so . 1 67§’ZA5M
iCT (Song & Dhariwal, 2023) 2.83 1 3.80 128 675M
2.46 2 Few-Step IMM (ours) (XL/2, w = 1:25) 7.77 1 675M
ECT (Geng et al., 2024) 3.60 1 from Scratch 533 2 675M
Few-Step 211 2 3.66 4 675M
from Scratch  sCT (Lu & Song, 2024) 2.97 1 2.77 8 675M
2.06 2 IMM (ours) (XL/2, w = 1:5) 8.05 1 675M
IMM (ours) 3.20 1 g-g? i g;gm
1.98 2 1.99 8 675M

Table 1.CIFAR-10 results trained without label conditions. Table 2.Class-conditional ImageNe&56 256 resullts.

Figure 5.More particles indi-  Figure 6.ImageNet-
cate more stable training on 256 256 FID with different

Figure 4.FID convergence for different embeddings (left). CIFAR-
9 g gs (left) ImageNet256 256. sampler types.

10 samples from Fourier embedding (scal&6) (right).

in which it achieves state-of-the-art performance of 1.98'-2- IMM Training is Stable

using pushforward sampler. For ImageN86 256 we e show that IMM is stable and achieves reasonable perfor-

cause of its scalability, and compare it with GANs, masked

and autoregressive models, diffusion and ow models, and0sitional vs. Fourier embedding. A known issue for
few-step models trained from scratch. CMs (Song et al., 2023) is its training instability when us-

ing Fourier embedding with scalés, which forces reliance
We observe decreasing FID with more steps and IMMgn positional embeddings for stability. We nd that IMM
achieves 1.99 FID with 8 steps (with = 1:5), surpass- does not face this problem (see Figure 4). For Fourier em-
ing DiT and SiT (Ma et al., 2024) using the same architecbedding we use the standard NCSN++ (Song et al., 2020b)
ture except for trivially injecting time (see Appendix I).  architecture and set embedding scald@pfor positional
Notably, we also achieve better 8-step FID than the 10smpeddings, we adopt DDPM++ (Song et al., 2020b). Both
step VAR (Tian et al., 2024a) of comparable size. At 16embedding types converge reliably, and we include samples
steps, IMM also achieves 1.90 FID outperforming VAR's 2B from the Fourier embedding model in Figure 4.
variant (see Appendix 1.4). However, different from VAR, . ) o
IMM grants exibility of variable number of inference steps. Particle number. Particle numbeM for estimating MMD
Lastly, we similarly surpass Shortcut models' (Frans et al.iS @n important parameter for empirical success (Gretton
2024) best performance with only 8 stp#/e defer infer- €t al., 2012; Li et al.,, 2015), where the estimate is more
ence details to Section 7.3 and Appendix I.2. accurate with large . In our case, rigely increasingv

can slow down convergence because we have a xed batch

’NFE is twice the number of steps. sizeB in which the samples are grouped ilBeM groups
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Figure 7.IMM scales with both training and inference compute, and exhibits strong correlation between model size and performance.

Figure 8.Sample visual quality increases with increase in both model size and sampling compute.

means fewet's are sampled for each step, thus slowing con-
vergence. A general rule of thumb is to uslai@e enough
M for stability, but not too large for slowed convergence.

Noise embeddingc,eise( ). We plot in Figure 9 the log ab-
solute mean difference ofandr (s; t) in the positional em-
bedding space. Increasiogncreases distinguishability of
nearby distributions. We also observe similar convergence
on ImageNe256 256across different, demonstrating the
insensitivity of our framework w.r.t. noise function.

Figure 9.Log distance in embedding space @gis{t) = ct (left).
Similar ImageNe®56 256 convergence across differenfright).

of M where each group shares the sam&he largeiv
means that fewears are sampled. On the other hand, using

extremely small numbers of particlesg M = 2, leads  we investigate different sampling settings for best perfor-
to training instability and performance degradation, espemance. One-step sampling is performed by simple push-
cially on a large scale with DiT architectures. We nd that forward from T to (concrete values in Appendix 1.2).
there exists a sweet spot where a few particles effectivelpyn CIFAR-10 we use 2 steps and set intermediate time
help with training stability while further increasing slows  t, such that t, = 1:4, a choice we nd to work well empir-
down convergence (see Figure 5). We see that in ImageNekally. On ImageNe56 256we go beyond 2 steps and,
256 256, training collapses whekl =1 (whichis CM)  for simplicity, investigate (1) uniform decrementtirand
andM = 2, and achieves lowest FID under the same com¢2) EDM (Karras et al., 2024) schedule (detailed in Ap-
putation budget wittM = 4. We hypothesizé! < 4does  pendix I.2). We plot FID of all sampler settings in Figure 6
not allow suf cient mixing between particles and lardédr  \ith guidance weightv = 1:5. We nd pushforward sam-

7.3. Sampling
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id/cos id/FM sEDM/cos SEDM/FM eFM

FID-50k

CIFAR-10 3.77 3.45 2.39 2.10 2,53
w(s;t)=1 40.19

ImageNet256 256 46.44 47.32  27.33 28.67 27.01
+ ELBO weight 96.43
Table 3.FID results with different ow schedules and network + 33.44
parameterization. 17 2+ P 2743

plers with uniform schedule to work the best on ImageNet- Table 4.Ablation of weight-

256 256and use this as our default setting for multi-stepFigure 10.ImageNet256 256 ing function w(s;t) on
generation. Additionally, we concede that pushforward comFID progression with differertt r  ImageNet256 256.

bined with restart samplers can achieve superior results. Waap withM = 4.

leave such experiments to future works.

7.4. Scaling Behavior

Similar to diffusion models, IMM scale with training and

inference compute as well as model size on ImageNet-

256 256 We plot in Figure 7 FID vs. training and in-

ference compute in GFLOPs and we nd strong CorrEEIEmon[:igure 11 FID progression on different types of mapping function
between compute used and performance. We further Vi) for CIFAR-10 (left) and ImageNe256 256 (right).
sualize samples in Figure 8 with increasing model size,

i.e. DIT-S, DiT-B, DiT-L, DiT-XL, and increasing inference the form of( max  min)=2¢ for an appropriately chosen

stepsj.e. 1, 2, 4, 8 steps. The sample quality increases alon% We show in Figure 10 that the performance is relatively

both axes as larger transforme_rs with more mferen(_:e Stepstable acrosk 2 f 11: 12 13g but experiences instability
capture more complex distributions. This also explains thaf

more compute can sometimes yield different visual conten ork = 1.4' This suggests that, for agven particle number,
from the same initial noise as shown in the visual results. here exists a largektfor stable optimization.

Weighting function. In Table 4 we rst ablate the weight-
7.5. Ablation Studies ing factors in three groups: (1) the VDM ELBO factors
1 O & v () weighting | (i.e.whena=1),and
(3) weightingl=( 2+ 2). We nd it necessary to use;
jointly with ELBO weighting because it convergspred net-
work to a -pred parameterization (see Appendix C.9), con-
Flow schedules and parameterizationWe investigate all ~ sistent with diffusion ELBO-objective. Factar( 2+ 2)
combinations of network parameterization and ow sched-upweighting middle time-steps further boosts performance,
ules: Simple-EDM + cosinesEDM/cos ), Simple-EDM & helpful practice also known for FM training (Esser et al.,
+ OT-FM (SEDM/FM), Euler-FM + OT-FM €FM), Iden-  2024). We leave additional study of the exponett Ap-
tity + cosine {d/cos ), Identity + OT-FM {d/FM ). Iden-  pendix I.5 and nd thata = 2 emphasizes optimizing the
tity parameterization consistently fall behind other typesloss whert is small whilea = 1 more equally distributes
of parameterization, which all show similar performanceweights to larget. As a resulta = 2 achieves higher
across datasets (see Table 3). We see that on smaller scéléality multi-step generation than= 1.
(CIFAR-10),sEDM/FMworks the best but on larger scale
(ImageNet256 256), eFMworks the best, indicating that 8. Conclusion

OT-FM schedule and Euler paramaterization may be more
scalable than other choices. We present Inductive Moment Matching, a framework that

. ) : ) learns a few-step generative model from scratch. It trains
Mapping function r(s;t). Our choices for ablation are (1) ., ¢ jeveraging self-consistent interpolants to interpolate
constant decrement_ n, (2) cor;staznt decrement tp () petween data and prior and then matching all moments of
constantdecrementin =log  {= { , (4) constantincre- < o distribution interpolated to be closer to that of data.
mentinl= (see Appendix C.6). For fair comparison, We o, method guarantees convergence in distribution and gen-
F:hoose ghe decrement gap so that the mlnmnu.rrr(?,; H eralizes many prior works. Our method also achieves state-
is 10 * and use the same network parameterization. FIDy¢ yne art performance across benchmarks while achieving
progression in Figure 11 show that (1) consistently outpers, 4o o of magnitude faster inference. We hope it provides a

forms other CEOiC‘?S' We a(rj]ditionally ab(ljate the mapping, o\ herspective on training few-step models from scratch
gap usingM = 4 in (1). The constant decrementis in 4, ingpire a new generation of generative models.

All ablation studies are done with DDPM++ architecture for
CIFAR-10 and DiT-B for ImageNe?56 256. FID compar-
isons use 2-step samplers by default.
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A. Background: Properties of Stochastic Interpolants

We note some relevant properties of stochastic interpolants for our exposition.

Boundary satisfaction. For an interpolant distributiog (x¢jx; ) de ned in Albergo et al. (2023), and the margirgp(x)
as de ned in Eq. (2), we can check thg{(x1) = p(Xx1) andg(Xo) = q(Xo) sothatx; = andxg = X.

7
Ch(X1) = G (x1jx; )a(x)p( )dxd (15)
zZ
= (X2 )a(x)p( )dxd (16)
zZ
= a(x)p(x1)dx (17)
= E(%l) (18)
Oo(Xo) = Go(XojX; )a(x)p( )dxd (19)
zZ
= (X0 x)q(x)p( )dxd (20)
zZ
= a(xo)p( )dx (21)
= d(xo) (22)

Joint distribution. The joint distribution of andx; is written as

Z
a(x0) = a(xex; )a(x)p( )d (23)
Indepedence of jointatt = 1.
Z
q(x;x1) = q(xajx; )ax)p( )d (24)
z
= (xx )a(x)p( )d (25)
= g(x)p(x1) (26)
= g()p( ) (27)

in which casex; =

B. Theorems and Derivations
B.1. Divergence Minimizer
Lemma 3. Assuming marginal-preserving interpolant and mebi€ ; ), a minimizer of Eq.(7) exists,.e. psjt(xjxt) =

¢ (Xjxt), and the minimum is 0.

Proof. We directly substituteg (xjx:) into the objective to check. First,

7

Psjt (Xs) = Ojt (XsJX; Xt) Psje (X]X1) 0k (X1 )X dX (28)
Y4

Ojt (Xs]X; X ) 0k (XXt ) G (Xt )X dX (29)

© g (xs) (30)

13



Inductive Moment Matching

where(a) is due to de nition of marginal preservation. So the objective becomes

h i
Est w(s;t)D(0s(Xs); psjt(xs)) = Es; [W(s;t)D (0s(Xs); 0s(Xs))] = 0 (31)

In general, the minimizeg (XjXx;) exists. However, this does not show that the minimizer is unique. In fact, the minimizer
is not unique in general because a deterministic minimizer can also exist under certain assumptions on the interpolant (see
Appendix B.6). O

Failure Case without Marginal Preservation. We additionally show that marginal-preservation property of the interpolant

Gsjt (XsjX; X¢) is important for the nae objective in Eq(7) to attain 0 loss (Lemma 3). Consider the failure case below
where the constructed interpolant is a generalized interpolant but not necessarily marginal-preserving. Then we show that
there exists & such tha'pSjt (Xxs) can never reachs(xs) regardless of.

(1 $x+ xeand g = 1 FL(t< 1), thenD (gs(Xs); Pg;e(Xs)) > Oforall 0 <s <t< 1regardless of the

learned distributior’psjt(xjxt) given any metri® ( ; ).

Proposition 2 (Example FaiIHre Caseletq(x) = xX),p( )= ( 1), and suppose an interpolah;; (X; Xt) =

Proof. This example rstimplies the learning target

27

s (Xs) = Gs(Xsjx; )a(x)p( )dxd (32)
27

= (xs (@ s)x+s)) (x) ( 1)dxd (33)

= (Xs 9 (34)

is a delta distribution. However, we show that if we selecttanyland0<s <t , Psit (Xs) can never be a delta distribution.

zZ
Psjt (Xs) = Osjt (XX Xt) Pgje (X[X 1) G (X )dX X (35)
zz ) 5
_ S S .S S .
= N(@  x+ oxep@ 0 Z)Dpsi(xixe) (xe dxedx (36)
z s s? s? .
= N@ Ix+siz@ Z)pg(xixe = Hdx (37)

Now, we show the model distribution has non-zero variance under these chotcasds. Expectations are ovqersjt(xs)
or conditional interpoland;; (XsjX; X¢) for all equations below.

Var(xs) = B x§  ElXJ (38)
= E xZxixe pg(Xixo)a(x)dxdx;  E[xs]? (39)
727
= E X3t pg(Xix)a(x)dxdx;  E[xs]’ (40)
27 R i
= Var(xsjx; x¢) + E[xsjx; x> g (Xixe)a (x)dxdx;  2E[xs] + E [xs]° (41)
27 R i
= Var(xsjx; x¢) + E[xsjx; (7 pgj (xixe)a (x)dxdx; (42)
Y4
E [Xs] E [XsjXX (] Pgj; (XjXt) Gt (X )dX X + E[Xs]?
27 h i
= lVar(xsix;xt)+E[xij;xtlz{ E[xs]E[xij;xt]+E[xslz}psjt(xjxt)q(xt)dxdxt (43)
Z

(a)

14



Inductive Moment Matching

where(a) can be simpli ed as
2
Var(xsix; o)+ Elxsix;xJ* Elxs] >0 (44)

becaus&/ar(xsjx;x;) > Oforall0<s <t< 1due toits non-zero Gaussian noise. Therefdes(xs) > 0, implying
psjt(xs) can never be a delta function regardless of mtpgj@(xjxt). A valid metricD ( ; ) over probabilitypsjt(xs) and

0s(Xs) implies

D (Gs(Xs); Psje(Xs)) =0 0 Psjt (Xs) = Gs(Xs)
which means

Psjt(Xs) & G(Xs) =) D(G(Xs);Psji(Xs)) > 0

O
B.2. Boundary Satisfaction of Model Distribution
The operator outpqlsjt(xs) satis es boundary condition.
Lemma 4 (Boundary Condition) For all s 2 [0; 1] and all , the following boundary condition holds.
OG(XS) = psjs(XS) (45)
Proof.
7
Psjs(Xs) = FG;S (xf%'x; XS} Psjs (XiXs) Gs;1(Xs)dXsdx
7 (Xs Xs)
psjs(XjXS)QS(XS)dX
z
= qS(XS) psjs(XjXS)dX
= Os(Xs)
O
B.3. De nition of Well-Conditioned r(s;t)
For simplicity, the mapping function(s; t) is well-conditioned if
r(s;t)=max(s;t ( t) (46)

where ( t) > 0is a positive function such tha{s;t) is increasing fot  cy(s) wherecy(s) is the largest that
is mapped tes. Formally,co(s) = supft : r(s;t) = sg. Fort  co(s), the inverse w.r.tt exists,i.e. r (s; ) and
r 1(s;r(s;t)) = t. All practical implementations follow this general form, and are detailed in Appendix C.6.

B.4. Main Theorem

Theorem 1. Assuming (s; t) is well-conditioned, the interpolant is marginal-preserving, apds a minimizer of Eq(8)
for eachn with in nite data and network capacity, for atl2 [0; 1], s 2 [0; t],

1im MMD 2((Xs); Py (xs)) = 0 ©)

Proof. We prove by induction on sequence numherFirst, r (s;t) is well-conditioned by following the de nition in
Eq. (46). Furthermore, for notational convenience, werlgt(s; ) := r (s;r (s;r (s;:::))) ben nested application
ofr (s;) onthe second argument. Additionalm,l(s;t) =t.
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Base casen =1.Givenanys O, r(s;u)= sforalls<u c¢y(s), implying
b
MMD 2(p,2, (Xs): Pl (X)) & MMD ?(c5(xs); gty (xs)) €0 (47)
foru co(s) where(a) is implied by Lemma 4 anb) is implied by Lemma 3.

Inductive assumption: n 1. We assum@sj”u '(Xs) = G(xs) foralls u r, 12(s;c0(s)).

We inspect the target distributiQJgj”r(;u)(xs) in Eq. (8) if optimizedons u r, 11(5; ¢ (8)). On this interval, we
can applyr (s; ) to the inequality and get = r(s;s) r(s;u) r(s;r, 11(3;00(5))) =r, 12(5; c(8)) sincer(s; ) is
increasing. And by inductive assumptipg"r(;u)(xs) = G(xg) fors r(s;u) r, 12(5; ¢o(S)), this implies minimizing
h i
Esu W(s;u)MMD z(psfr(;u)(XS); pSJ!‘u (Xs))

ons u r, 11(5; Co(S)) is equivalent to minimizing
h i
Esu w(s;u)MMD Z(QS(XS); psjnu (Xs)) (48)

fors u r, 11(s; C(8)). Lemma 3 implies that its minimum achievpz§u (Xs) = Gs(Xs).

Lastly, takingn ! 1 implieslimni; . 1(s;c(s)) = 1 and thus the induction covers the enfsel] interval given each
s. Thereforelimpi;,  MMD( gs(Xs); psj"t(xs)) =0 forall0 s t 1 O

B.5. Self-Consistency Implies Marginal Preservation

Without assuming marginal preservation, it is important to de ne the marginal distributior ofhder generalized
interpolantsy; (XsjXx; Xt) as
zz

Gsjt (Xs) = Gsjt (X)X X ) G (XX ) G (Xt )X dX (49)

and we show that with self-consistent interpolants, this distribution is invariant.ef gsj; (Xs) = 0s(Xs).

Lemma 5. If the interpolanta;; (Xsjx; X¢) is self-consistent, the marginal distributiag; (xs) as de ned in Eq.(49)
satis esgs(Xs) = Gsji(xs) forall t 2 [s;1].

Proof. Fort 2 [s;1],

ZZ
Ot (Xs) = Okjt (XsJX; Xt)) G (X)X ) ok (X )dx dx (50)
22 % q(xiix; )ae0p( )
Gt (s X G (x) == SEmd dxed (51)
y z Glx
Osjt (XsjX; Xe)a(x) e (xejx; )p( )d dxidx (52)
ZZ Z
= ax)p( ) Ge(Xsixs xp)a (xejx; )dx; d dx (53)
ZZ Z
= aoop( ) G (XsiX;Xe) a1 (XejX; )¢ d dx (54)
@ zZ
a .
= O;1(XsjX; )a(x)p( )d dx (55)
o) ZZ
= s (Xsix; )a(x)p( )d dx (56)
= Gs(Xs) (57)
where(a) uses de nition of self-consistent interpolants gl uses de nition of our generalized interpolant. O
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We show in Appendix C.1 that DDIM is an example self-consistent interpolant. Furthermore, DDPM posteior (Ho et al.,
2020; Kingma et al., 2021) is also self-consistent (see Lemma 6).

B.6. Existence of Deterministic Minimizer

We present the formal statement for the deterministic minimizer.

Proposition 3. Ifforall t 2 [0;1], s 2 [0;t], ¢ O, Is:(X;X¢) isinvertible w.rt.x, and there exist€; < 1 such that
lj1(x; ) <Cikx  k, then there exists a functidn; : R° | RP such that
zZ

Gs(Xs) = Gsjt (XsjX; Xt) (X hgje(Xt)) G (Xe)dxdxy: (58)

Proof. Letl ! (;x:) be the inverse ofg;; w.r.t. x such that (1 5t (; xt); %) = x andl (1 g (Y5 Xe); %) = y for
all x;x¢;y 2 RP. Since there exist§; < 1 such that [1(x; ) <C1kx k for all t 2 [0; 1], the PF-ODE of the
original interpolant j1(x; ) = 1¢(x; ) exists for allt 2 [0; 1] (Albergo et al., 2023). Then, for ail2 [0; 1], s 2 [0; t], we
let

Z, @
AyiC) = xe+ Ex glul ) xu du; (59)
which pushes forward the measwgé€x.) to gs(Xs). We de ne:
hgje(Xt) = |1 Sjtl(ﬁsjt(xt);xt): (60)
Then, sincesj; 0, Gsjr(XsjX;Xt) = (Xs  1sje(X;X¢)) wherex (X hgjt(xt)). Therefore,
Xs = lgjt(hsje(Xt): Xe) = e (1 Sjtl(ﬁsjt(xt)§ Xt); Xp) = ﬁsjt(Xt) (61)
whose marginal followsg (xs) due to it being the result of PF-ODE trajectories starting figp(®). O

Concretely, DDIM interpolant satis es all of the deterministic assumption, the regularity condition, and the invertibility
assumption because it is a linear functiorxadndx. Therefore, any diffusion or FM schedule with DDIM interpolant will
enjoy a deterministic minimizepSjt (XjXt).

C. Analysis of Simpli ed Parameterization
C.1. DDIM Interpolant
We check that DDIM interpolant is self-consistent. By de niti@g (XsjX;Xt) = (Xs DDIM( x¢; X;t;s)). We check

thatforalls r t,
Z Z

Osjr (Xs)X5 X ) Grje (Xr JX5 Xt )X, (xs DDIM(x;;x;r;8)) (Xr DDIM( X¢;X;t;r))dX,

(xs  DDIMDDIM( Xt X6 1);X;1;5))

where

DDIM(DDIM( x¢;%;tr);x;68) = oX+( 5= ) X +( = )Xt X)]  X)
X+( s= ) r= )Xy tX)

X +( s= )Xt tX)

=DDIM( x¢;X;t;s)

Therefore, (xs DDIM(DDIM( xi;X;t;r);x;r;s))= (Xs DDIM( x¢;X;t;s)). So DDIM is self-consistent.

It also implies a Gaussian forward procegéjx) = N ( (x;_2 3l) as in diffusion models. By de nition,
Z

G 1(Xtjx) = (Xejx) = q(Xejx; )p( )d

so thatx; is a deterministic transform givenand , i.e.,x; = DDIM( ;x;t;1)= (x+ ¢ , whichimpliesq (x;jx) =
N( tx; 2 3l1).
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C.2. Reusingx; for x,

We propose that instead of sampling via forward ow x + | we reusex; such thatx, = DDIM( x;;x;r;t) to
reduce variance. In fact, for any self-consistent interpolant, one canxews®x, ¢ (X jx;X) andx, will follow
o (X ) marginally. We check

zZ zZ Z
Q(Xr)(é)ont(xr): Grje (Xr X5 Xe) G (XX t) G (X )dxdx, = Gie(XrjX;Xe)  (Xejx; )a(x)p( )d dxdx;

where(a) is due to Lemma 5. We can see that sampking, rstthenx,  j:(X,]X; X¢) respects the marginal distribution
G (Xr).

C.3. Simpli ed Objective

We derive our simpli ed objective. Given MMD de ned in Eq. (1), we write our objective as

h i
Lina( )= Esg WS B k(T (0 ] B, IK(F g (x0)i 0] (62)

h I

@ Eg WS Exon, K(Tag (101 ) k(g (<)) (63)
h D H Ei

= Esi hW(S?t) S [k(fﬁ;t (x0); ) K(f g (%0); s Exomo K(F s (XD): ) K(f g (X7); )] (64)

= Est W(s;t) Exx:XrJX?:XP hk (f s;t(xt); ) k(f sit (X?); )i+ h(f sir (Xr); )i Kk(f sir (X9); )' (65)

1
A T]k(f st (X5 )i K(F gy (XP); )i h K(F g (XD); )i K(F gy (Xr); )i
= B xOxoist W(Sit) K(F g (Xt);F gy (X?))"' K(fgr (Xr):fsr (X?)) (66)

ii
k(f sit (XI);fs;r (XE))) k(f sit (X?);fs;r (Xr))
whereh; i isin RKHS,(a) is due to the correlation betwegn andx; by re-usingx;.

C.4. Empirical Estimation

As proposed in Gretton et al. (2012), MMD is typically estimated with V-statistics by instantiating a matrix & sizé/
such that a batch d8 x samples,fx(')ngl, is separated into groups & (assumeB is divisible by M) particles

fx (i )gizl'\";j"il where each group shardsi;r';t') sample. The Monte Carlo estimate becomes

BeM 4 M W h ) )
w(s'it) s K(f g 00?0 g N+ (g ()i g () (67)
i=1 j=1 k=1

|i\||v||v|( )= B=M

) o
2K(f g (X)) F g (x(EFY)

ri

Computational ef ciency. First we note that regardless M, we require only 2 model forward passes - one with and one
without stop gradient, since the model takes irBalhstances together within the batch and produce outputs for the entire
batch. For the calculation of our loss, although the needffguarticles may imply inef cient computation, the cost of this
matrix computation is negligible in practice compared to the complexity of model forward pass. Suppose a forward pass for
a single instance i®(K ), then the total computation for computation loss for a batdh @fistances i©(BK )+ O(BM ).

Deep neural networks often hdks M, soO(BK ) dominates the computation.

C.5. Simpli ed Parameterization

We derivef ¢ (x¢) for each parameterization, which now generally follows the form
f o (Xt) = Cskip(Si )Xt + Coud(S; )G (Gin(S; 1) X+ Cnoise(S) s Cnoisd(t))
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Identity. This is simply DDIM withx-prediction network.
!

X
fS?t (Xt):( S 7? t)G ﬂ%;cnoise(s);cnoise(t) + *?Xt
d t t

Simple-EDM.

" 1#

fea(X)=( s it) : Xt P :
: e P

S

X
4G 49%; CnoisdS); Cnoiselt) + jxt
d t t
!

X
! Xt el L s ! dG 49%; Cnoise('S); Cnoise(t)
d t t

N »
N
+
N

When noise schedule is cosirfe, (x;) = cos % (t s) x¢ sin % t s) 4G ﬁo%;cnoise(s);cnoise(t)
d t t

And similar to Lu & Song (2024), we can show that predicting= DDIM( Xi;X;s;t) with L, loss is equivalent to
v-prediction with cosine schedule.

2
W(S;t) fs;t(xt) (S = t)X+7SXt
t t
! 2
. t+ t t t Xt . .
= w(s;t) > 2 2 Xt ﬁzisz dG %y%oise(s):cnoise(t) (s = t)X+iXt
tTot T d t7F i t t
Xt | P t2+ t2! S s sttt st
= w(sit) oG —P—=—=:CnoisdS); Cnoist) —— (s — Xt =Xt —H X
d 1 i s t s t t t t+
| {z }
G target
where
p I
2+ 2 +
t t
Grarget= —t t (s = t)X+iXt 52+ : Xt
s t st t t t t
P i+ t2| s s £t s ¢t s tt s 2
= —— (s — ox+ 2 > ( X+ )
s t s t t t( £+ ©)
P— 2| 2 2 3 2 2
_ Tt (st s ) £+ O+ s i s ¢t s s tt
= 2. 2 X+ 2. 2
st st t( £+ § tt {
pi.
- i+ (st s+ D (s St)t2X (st s )t
s t s t t2+ t2 t( t2+ t2)
_ ot tX
= p—"
24 2

This reduces t@-target if cosine schedule is used, and it deviates fvetarget if FM schedule is used instead.
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Euler-FM. We assume OT-FM schedule.
" I#
s Xt S
fax)=(@ 8 (@ 1) Xt t 4G —P==piCroisdS);Croisdt) + Xt
W d t1 ¢ ”
S Xt S
=@ D Xt 16 P CoisdS)i Croisdl) Xt
d t t
!

X

=xt (U 8) G —P=—i Croied(S); Croisd)
d t t

This results in Euler ODE from; to xs. We also show that the network output reduceg-twrediction if matched with
Xs = DDIM( x¢;X;s;t). To see this,

S S 2
Wsit) o) (@9 @ O)x+ X

2

w(sit) fo(x) (1 ?)x+ ?xt
|

=WSD X (9 a6 Pg—iGsdDiGosd) (1 DX F X
d t t
! 2
- . Xt e reve 1 S s
= w(s;t) oG W,Cnolse(s)vcnmse(t) t s (1 f)X+(f 1)x¢
! 2
= w(s;t) «G ﬂ@%;cnoise(sxcnoise(t) (tls) 1 ?)x+(? e
LA | z )
G target
where
1
Gage= g (@ OX*(7 DA Ox+t)
- (tls) (1 ?)x+(§ s 1+t)x+(s 1)
= ﬁ ((t S)X+(S t))
= X

which isv-target under OT-FM schedule. This parameterization naturally allows zero-SNR sampling and satis es boundary
condition ats = 0, similar to Simple-EDM above. This is not true for Identity parametrization u€ings it satis es
boundary condition only & > 0.

C.6. Mapping Functionr (s; t)

We discuss below the concrete choicesrf(; t). We use a constant decrement 0 in different spaces.

Constant decrementin (t) := = (= . Thisisthe choice that we nd to work better than other choices in practice.
First, let its inverse be (),

r(s;ity=max s; (1) )

We choose = ( max  min)=2 for somek. We generally choosenax  160and min 0. We nd k = f10;:::; 159
works well enough depending on datasets.
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Constant decrement int.
r(s;t)=max(s;t )

We choose = (T )=2%.
Constant decrement in (t) := log-SNR = 2log( (= ).

Letits inverse be (), then
rs;ty=max s; (1) )

We choose = ( max min)=2¢. This choice comes close to the rst choice, but we refrain from this becg(ss®)
becomes close tbboth whent  Oandt 1instead of just 1. This gives more chances for training instability than the
rst choice.

Constant increment in 1= (t).

1 1

r(s;t)=max s; =M+

We choose = (1= ()min 1= (t)ma)=2".

C.7. Time Distribution p(s;t)

In all cases we choog&t) = U(;T) andp(sjt) = U(;t) forsome 0andT 1. The decision for time distribution is
coupled withr (s; t). We list the constraints op(s;t) for eachr (s;t) choice below.

Constant decrement in (t). We need to choosg < 1 because, for example, assuming OT-FM schedule, t=(1 t),
one can observe that constant decrementimhent 1 results inr (s; t) that is too close tb due to 's exploding gradient
aroundl. We need to de ndl' < 1such that(s; T) is not too close td for s reasonably far away. Withnax 160 we
can choosd = 0:994for OT-FM andT = 0:996for VP-diffusion.

Constant decrement int. No constraints needed. =1, =0.

Constant decrement in ;. One can similarly observe exploding gradient causifgjt) to be too close tad at both
t Oandt 1, sowe can choose> 0, e.g 0:001, in addition to choosing = 0:994for OT-FM andT = 0:996 for
VP-diffusion.

Constant increment in 1= . This experience exploding gradient for 0, so we require> 0, e.g 0:005 AndT =1.

C.8. Kernel Function

For our Laplace kernéd(x;y) = exp( w(s;t)ymax(kx yk,; )=D), we let > 0 be a reasonably small constaeiy
10 8. Looking at its gradient w.r.,

(

W(sit) o w(sit)kx yk,=D _X Yy .
5 € 2 kg if kx  yk, >

r.e w(s;t)max( kx yk,; )=D —
X - .
0; otherwise

one can notice that the gradient is self-normalized to be a unit vector, which is helpful in practice. In comparison, the
gradient of RBF kernel of the form(x;y) = exp %W(s;t)kx yk2=D ,

(e MO v o WO g wan o po () (69)
whose magnitude can vary a lot depending on how farfromy.
Forw(s;t), we nd it helpful to write out thel , loss between the arguments. For simplicity, we de@btéx;;s;t) =
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G —PE— ! CnoisdS); Cnoisd(t)

2
d tt i

W(S; t) fs;t (Xt) fs;r (X?) 2

W(S;t) Cop(Si DXt + Cou(SiG (XtiSit)  Couan(Si)XP + Coul(S; TG (xP;8;1)

W(S; )Cou(Sit) G (Xiisit) Cokip(S; F)XP + Cou(S 1) G (X7;8iT)  Cakip(Si )X

1
Cout(S; 1) 2

We simply setr(s; t) = 1 =cu(S; t) for the overall weighting to bé. This allows invariance of magnitude of kernels wir.t.

C.9. Weighting Functionw(s; t)
To review VDM (Kingma et al., 2021), the negative ELBO loss for diffusion model is

1 d
Lewso( )= 5B a g o K (i) K (69)

where is the noise-prediction network and = log-SNR. The weighted-ELBO loss proposed in Kingma & Gao (2024)
introduces an additional weighting functiar{t) monotonically increasing it(monotonically decreasing ing-SNR)

understood as a form of data augmentation. Speci cally, they use sigmoid as the function such that the weighted ELBO is
written as

1 d
Lugiso( )= 5B (0 ) o k (i) K (70)

where () is sigmoid function.

The . is tailored towards the Simple-EDM and Euler-FM parameterization as we have shown in Appendix C.5 that the

networks 4G amounts tov-prediction in cosine and OT-FM schedules. Notice that ELBO diffusion loss matches
instead ofv. Inspecting the gradient of Laplace kernel, we have (again, for simplicity wé Iék;s;t) =

G (—PE—; CnoisdS); Croisd1)))

2 2
d £

@
_ W(S:t)e w(sit) fo (x0) fg (x;) =D foi(X) for (X)) @

D fs;t(xt) fs.;r (Xr) 2@

W(S;t)  w(st) fy (x) fg (x;) =D G (xi;s;1) étarget @
D € 2 @f s;t (Xt)
é (Xt;s51) étarget )

@e w(sit) fo (xt) fgr (Xr) Z:D

fs;t (Xt)

for some constar‘tﬁtarget. We can see that gradielgf st (Xt) is guided by vecto (X¢;s;t) étarget. Assuming

G (x¢;s;t) isv-prediction, as is the case for Simple-EDM parameterization with cosine schedule and Euler-FM parame-
terization with OT-FM schedule, we can reparameteviz® -prediction with as the new parameterization. We omit
arguments to network for simplicity.

We show below that for both cases  taget= (G Garge) fOr some constantsargetandGiarger For Simple-EDM,
we knowx-prediction fromv-prediction parameterization (Salimans & Ho, 2022)= (X G, and we also know
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x-prediction from -predictionx = ( x; t )= t. We have

Xtitt = Xt Ié (71)
0 Xt t = tZXt t té (72)
0 (1 tZ)Xt + G = (73)
0 Xttt G = (74)
0 = e+ (G (75)
0 target= tXt + G tXt + tétarget (76)
0 target= t (é é target) (77)

For Euler-FM, we know-prediction fromv-prediction parameterizatior, = x; tG and we also know-prediction
from -predictionx =(x; t )=1 t). We have

th tt =x t& (78)
0 x t =1 tx t@ G (79)
0 txe+td G =t (80)
0 =x +(1 t)G (81)
0 =xi+ (G (82)
0 target= Xt + té Xt + tétarget (83)
0 target= t (é G targea (84)

In both cases(G (X¢;s;1) Gtargea can be rewrittent¢ (X¢;S;t)  targe) Dy multiplying a factor ¢, and the guidance
vector now matches that of the ELBO-diffusion loss. Therefore, we are motivated to incorpprate w(s;t) as proposed.

The exponena for 2 takes a value of either 1 or 2. We explain the reason for each decision here.a¥Henwe guide
the gradient@@f st (Xt), with score differenc¢ (xi;s;t) targed - 10 Motivatea = 2, we rst note that the weighted
gradient

1 @

JCout(s; )] @
and as shown above thaprediction is parameterized as

W) o o0 () = fux)= 26 (xisiv
(xe;s;t) = X+ (G (x;st):

Multiplying an additional ; to @@é (xt; s;t) therefore implicitly reparameterizes our model into gprediction model.
The case ok = 2 therefore implicitly reparameterizes our model into gorediction model guided by the score difference
( (x¢;s;t) targed .- Empirically, 2 additionally downweights loss for largecompared to ¢, allowing the model to
train on smaller time-steps more effectively.

Lastly, the division of 2+ 2 is inspired by the increased weighting for middle time-steps (Esser et al., 2024) for Flow
Matching training. This is purely an empirical decision.

D. Training Algorithm

We present the training algorithm in Algorithm 3.

E. Classi er-Free Guidance

We refer readers to Appendix C.5 for analysis of each parameterization. Most notably, the nétwiarkoth (1) Simple-
EDM with cosine diffusion schedule and (2) Euler-FM with OT-FM schedule are equivalgraptediction parameterization
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Algorithm 3 IMM Training

Input: modelf , data distributiorg(x) and label distributiory(cjx) (if label is used), prior distributiol (0; 31),
time distributionp(t) andp(sjt), DDIM interpolatorDDIM( x¢; X; s; t) and its ow coef cients ; ¢, mapping function
r(s;t), kernel functiork( ; ), weighting functionw(s; t), batch sizeB, particle numbeM , label dropout probability
Output: learned modef
Initializen  0; ©
while model not convergedo

Sample a batch of data, label, and prior, and split B groupsf (x(); c(i); (i ))gi Vil

For each group, sampfés';t )g™>," andr’ = r(s';t') for eachi. This results in a tuplé(s'; r'; t )g™,"

XE:;j ) pDIM( G xGatz 1)y = xG) + 0 G (i)

x( DDIMOx{ x5, 8 )

(Optional) Randomly drop each labél ) to be null toker? with probabilityp

n+1  optimizer step by minimizind’m ( ) using modef  (see Eq(67)) (optionally inputtingcii ) into

network)

end while

in diffusion (Salimans & Ho, 2022) and FM (Lipman et al., 2022). When conditioned on tatheting sampling, it is
customary to use classi er-free guidance to reweight vhgediction network via
G™ (Gin(t)Xt; Cnoise(S); Croise(t); C) (85)
= WG (Cin(t)Xt; Cnoisd(S); Cnoisd(t); €) + (1 W)G (Gin(t)Xt; Croise(S); Croise(t); ?)

with guidance weightv so that the classi er-free guided, .., (Xt) is
fsow (Xt) = Cokip(S; )Xt + Cout(S; 1)G™ (Cin(t) X+ ; Croisd(S); Choisdt); €) (86)

F. Sampling Algorithms

Pushforward sampling. See Algorithm 4. We assume a seried\Nofime stepdt; gi’\‘:0 withT =ty >ty 1> >
th,>t1>tg= forthe maximum timé& and minimum time . Denote 4 as data standard deviation.

Restart sampling. See Algorithm 5. Different from pushforward sampling, time stepstigll, do not need to be

strictly decreasing for all time stepsg T =ty tn 1 to t; to= (assumingl > ). Different from
pushforward sampling, restart sampling rst denoise a clean sample before resampling a noise to be added to this clean
sample. Then a clean sample is predicted again. The process is iterdiedtigps.

G. Connection with Prior Works
G.1. Consistency Models

Consistency models explicitly match PF-ODE trajectories using a netgvdrs ; t) that directly outputs a sample given any
Xt G(Xt). TRe network explicitly uses EDM parameterization to satisfy boundary condjtiom; 0) = X, and trains

vialossEy, xt kg (Xt;t) g (Xr; r)k2 wherex, is a deterministic function of; from an ODE solver.

We show that CM loss is a special case of our simpli ed IMM objective.
Lemmg 1. Whenx; = x{, x; = x?, k{x;y) = k x yk?, ands > 0is a small constant, Eq12) reduces to CM loss
Ex,xt W(t)kg (Xi;t) g (xr;r)k2 for some valid mapping(t) <t.

Proof. Sincex; = x?, x; = x?, we havef ¢ (x;) = f¢ (x{) andfg, (x;) = fg, (XP). Sok(fg(xi);fs(XD) =
K(fgr (Xr )i fay (x9)) = 0 by de nition. Sincek(x;y) = Kk x yk2, it is easy to see Eq. (12) reduces to
h |
EXt it W(S; t) f s;t (Xt) f s;r (Xr) (87)
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Algorithm 4 Pushforward Sampling

Input: modelf |, time stepgt;gl, , prior distributionN (0; 3I), (optional) guidance weight

Output: Xy,

Samplexy N (0; 3lI)

fori = N;:::;1do
(Optional)w  1if N =1 /I can optionally discard unconditional branch fr= 1
Xt 1 fti 1;[i(xti)orf1i 1;ti;w(xti)

end for

Algorithm 5 Restart Sampling

Input: modelf , time stepst;igly, , prior distributionN (0; 31), DDIM interpolant coef cients  and ¢, (optional)
guidance weightv

Output: X,

Samplexy N (0; 3I)

(Optional)w  1if N =1 /I can optionally discard unconditional branch for= 1
x o (Xe) orfy e w (X))
if i 61 then
~ N (0; 31)
Xt 4 R L T /I or more generally, , G (Xy ,j%; )
else
Xty = X
end if
end for

wherew(s;t) is a weighting function. Ifs is a small positive constant, we further hdvg (x;) g (x;t) where
we drops as input. Ifg (x¢;t) itself satis es boundary condition at= 0, we can directly takes = 0 in which case
f o1 (Xt) = g (X¢;1). And under these assumptions, our loss becomes

h i
Exoxt WDkg (xi;t) g (xr;n)K (88)

which is simply a CM loss using, distance. O

However, one can notice that from a moment-matching perspective, this loss signi cantly deviates from a proper divergence
between distributions, and is problematic in two aspects. First, it assumes single-particle estimate, which now ignores the
entropy repulsion term in MMD that arises only during multi-particle estimation. This can contribute to mode collapse and
training instability of CM. Second, the choice of energy kernel is not a proper positive de nite kernel required by MMD.
At best, it only matches thest moment (its Taylor expansion cannot cover all moments as in RBF kernels), which is
insuf cient for matching two complex distributions! We should use kernels that match higher moments in practice. In fact,
we show in the following Lemma that the pseudo-huber loss proposed in Song & Dhariwal (2023) matches higher moments
as a kernel. q

Lemma 2. Negative pseudo-huber lokg(x;y) = ¢ kx yk2 + ¢2 for ¢ > Ois a conditionally positive de nite kernel
that matches all moments wfandy where weights on higher moments depend.on

q__
Proof. We rst check that negative pseudo-huber loss  kx yk2 + 2 is aconditionally positive de nite kerngAuffray

& Baghillon, 2009). By de nition,k(x; y) is conditionally positive de nite if forx:; 5 xn 2 RP andc;; ;¢ 2 RP
with 1, ¢ =0

XX

GGk(xi;xj) O (89)
i=1 j=1
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We know that negative ; distancek x yk is conditionally positive de nite. We prove this below for completion. Due to
triangle inequality,k x yk k xk k yk. Then

XX XX
GG (k xi  xjK) G¢ (k xik k xjk) (90)
i=1 j=1 i=1 j=1 0 1 !
X X X X
= 6@ ¢kxkA G cikxik (91)
i=1 j=1 j=1 i=1
@
) (92)
; P n ; a 2
where(a) isdueto ;_; ¢ =0. Now sincec kzk®+ ¢ k zkforallc> 0, we have
X X 49— XX
GG C kxi  xjk”+ ¢? cc (k xi xjk) 0 (93)
i=1j=1 i=1 j=1

So negative pseudo-huber loss is a valid conditionally positive de nite kernel.

Next, we analyze pseudo-huber loss's effect on higher-order moments by directly Taylor expamdk?g+ ¢z cat
z=0

q__
1 1 1 5
2, o = L2 4 6 8 9
kzk“+ c? ¢ 2Ckzk —BCskzk + 168 ckzk 128 kzk™ + O(kzk™) (94)
_ 1 2 1 4 1 6 5 8 9
= Ekx yk @kx yk™ + @kx yk 128:7kx yk® + O(kx  yk%) (95)

(96)

where we substitute = x y. Each higher ordekx ykk for k > 2 expands to a polynomial containing upkeh
momentsj.e., fx;x?2;:::xKg; fy; y?;:::yKg, thus the implicit feature map contains all higher moments wheantributes
to the weightings in front of each term. O

Furthermore, we extend our nite difference (betweadn;t) andt) IMM objective to the differential limit by taking
r(s;t) ! tin Appendix H. This results in a new objective that similarly subsumes continuous-time CM (Song et al., 2023;
Lu & Song, 2024) as a single-particle special case.

G.2. Diffusion GAN and Adversarial Consistency Distillation

Diffusion GAN (Xiao et al., 2021) parameterizes its generative distribution as
z

Pjt (XsiXt) = Gji(XsJG (Xt;2); xt)p(2)dz

whereG is a neural networkp(z) is standard Gaussian distribution, amd(Xsjx; X) is the DDPM posterior

Gsjt (XsjX;Xt) = N( st g;tl) 97)
.2 2 2
Q= ngt + (1 %%)X
S t s t
2 2 :
Q= s( 7%)
5t

Note that DDPM posterior is stochastidnterpolant, and more importantly, it is self-consistent, which we show in the
Lemma below.

Lemma6. Forall0 s<t 1, DDPM posterior distribution front to s as de ned in Eq(97) is a self-consistent
Gaussian interpolant betweenandx;.
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Proof. LetX; G ji(XrjX;X¢) andXs  Gjr (XsjX; Xr), we show thaks follows ¢j¢ (XsjX; X¢).

S
2 : 2 : 2
Xr = 2Xt+ r(l 7272)X+ r 1 77 1 (98)
rt r t r t
S
2 : 2 2 2
XS = 2Xr + 5(1 77))("‘ s 1 7272 2 (99)
Sr s t s t
where 1; » N (0;1) arei.i.d. Gaussian noise. Directly expanding
" S # S
r &l 7 7 Pl F 2
XSI 2 ZX’( + r(l 77))("' r 1 77 1 + 5(1 77))("' s 1 7272 2 (100)
st rot rot rot st s i
n s # S
¢ 5 P s ¢ 7 Pr r : ¢ 7 r 2
= > Xt + -1 =)+ A S5 x+ > 1 551+ s 1 —— 2 (101)
S t S r r t s t S r r t s t
S S
(& t s r & 7 ¢ g
= sXt+ s(1 S —35)x+ 1 =51+ s 1 552 (102)
s i s t s r rot st
S
2 2 2 2 2
@ ts t s t s
= —Xtt+ (I S5)x+ s 1 ——53 (103)
St s t s t

where(a) is due to the fact that sum of two independent Gaussian variables with vagaaoet? is also Gaussian with
variancea® + I?, and 3 N (0;1) is another independent Gaussian noise. We show the calculation of the variance:

2 4 t2 2 ) 2 2 2 4 t24 ’ 2 4
r S r r S\ — r S S r S
-0 52+t @ 53)= 55 3t s 3
S r r t s t S r t s s t
2 e
_ S
= s(l 77)
s t
This showsxs follows gj; (Xsjx; X¢) and completes the proof. O

This shows another possible design of the interpolant that can be used, and diffusion GAN's formulation generally complies
with our design of the generative distribution, except that it learns this conditional distributiogieénx; directly while

we learn a marginal distribution. When they directly learn the conditional distribution by matpg}j(ugjxt) with ¢ (xjx¢),

the model is forced to leamp (xjX;) and there only exists one minimizer. However, in our case, the model can learn multiple
different solutions because we match the marginals instead.

GAN loss and MMD loss.We also want to draw attention to similarity between GAN loss used in Xiao et al. (2021); Sauer
et al. (2025) and MMD loss. MMD is an integral probability metric over a set of functioms the following form

DF(P;Q)=§gg Ex poof (X)) Ey omf(y)

where a supremum is taken on this set of functions. This naturally gives rise to an adversarial optimization algBrithm if

is de ned as the set of neural networks. However, MMD bypasses this by seléctisghe RKHS where the optimfl

can be analytically found. This eliminates the adversarial objective and gives a stable minimization objective in practice.
However, this is not to say that RKHS is the best function set. With the right optimizers and training scheme, the adversarial
objective may achieve better empirical performance, but this also makes the algorithm dif cult to scale to large datasets.

G.3. Generative Moment Matching Network

It is trivial to check that GMMN is a special parameterization. W& % 1, and due to boundary condition(s;t) s=0
implies training targepg;, (s (Xs) = os(xs) is the data distribution. Additionallyqut(xs) is a simple pushforward of prior
p( ) through networlg ( ) where drop dependency ¢rands since they are constant.
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H. Differential Inductive Moment Matching

Similar to the continuous-time CMs presented in (Lu & Song, 2024), our MMD objective can be taken to the differential
limit. Consider the simplifed loss and parameterization in @#8), we use the RBF kernel as our kernel of choice for
simplicity.

Theorem 2 (Differential Inductive Moment Matching)Let f ¢, (x;) be a twice continuously differentiable function
with bounded rst and second derivatives, kdt; ) be RBF kernel with unit bandwidth; x°  q(x), X G (X¢jX),

x?  gs(xPjx9, x, = DDIM( x¢;x;t;r) andx? = DDIM( x2;x%t;r), the following objective

h

. 1
Limvr (1) = l:r!nt WExt;X?;xr:XP K for(Xt):fat (X?) + K fo (X)ifg, (x9) (104)

|
K fs;t(xt);fs;r (X?) k fs;t(xg);fs;r (Xr)

can be analytically derived as

df s;t (Xt) g df s;t (X?)

Evo € KOs 0D 1o 00K . = (105)
I#
df .. (x¢)~ > df o, (x9)
% fs;t(xt) fs;t(X?) fs;t(xt) fs;t(x?) %

Proof. Firstly, the limit can be exchanged with the expectation due to dominated convergence theorem where the integrand
consists of kernel functions which can be assumed to be upper bounded.gyRBF kernels are upper bounded hyy

and thus integrable. It then suf ces to check the limit of the integrand. Before that, let us review the rst and second-order
Taylor expansion ogk yk* \We leta;b2 RP be constants to be expanded around. We note down the Taylor expansion

to second-order below for notational convenience.

o ek x B2 gy = g

ek a bP=2  gka bk2:2(a D> (x  a)+ %(x a)” ek a bk? =2 @ @ b | (x a

o gk Yy a2 gy =y

ek b ak’=2 kb a2 g (y b+ %(y B> ek b ak?=2 b ab a” | (y b

e ek X YK=2 5ty = gy = Dy
ek a bk?=2 ek a bk2:2(a B> (x a) ek b akzzz(b a>(y b
R A e R CRE VA
R A R CRE VA
+(x a7 ek 2 (@ pa B> (y b
Putting it together, the above results imply

k x yk*=2 gk a bk?=2 k x bk?=2 ek ak?=2

e e

(x aek? =2 | (@ ba b> (y b
since it is easy to check that the remaining terms cancel.
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Substitutingk = f g, (x¢),a= fg (Xr),y = fs (XD, b= g, (xP), we furthermore have

lim i(x a) = lim 1 for(Xe) fgor(Xy) (106)
rl tt r rt tt r.>> ’ #
— i 1 df s;t (Xt) . .2
= Irlgnt ra—y (t r)T + O(jt  rj9) (207)
_ df s;t (Xt)
= @ (108)
Similarly,
. 1 T 1 oy df s;t (X?)
im = B=lim — f () fo () = —g— (109)
Thereforel ym-1 (;t) can be derived as
EX x0 € %kf sit (X?) fs;t (Xt)kz M (110)
vt dt
df 5 ( O)#
> . X
l f sit (Xt) f s;t (X?) f s;t (Xt) f s;t (X?) % (111)
_ 1K (x9) o (xOK df 5 (Xt)> df o (x)
EXt;X? € dt dt (112)
df o, (x¢)” df (Of#
4 (Xt > 4+ (X
—S fs;t (Xt) 1:s;t (X?) fs;t (Xt) fs;t (X?) —S
dt dt
O

H.1. Pseudo-Objective
Due to the stop-gradient operation, we can similarly ngseudo-objectivevhose gradient matches the gradient of
Livv-1 (;t) inthelimitofr ! t.
Theorem 3. Letf ¢, (x¢) be a twice continuously differentiable function with bounded rst and second derivatives,
k(; ) be RBF kernel with unit bandwidth; x°  q(x), x¢ g (x¢jx), x{  a(x%x9, x; = DDIM( x¢;x;t;r) and
x? = DDIM( x{; x%t; 1), the gradient of the following pseudo-objective

h

. 1
r Lva (51)= uﬂnt ﬁr Exiin0ix, 0 K Fp(Xe)ifsy (x)) +k for (Xr)ifor (%) (113)
i

k 1:s;'[ (Xt);fs;r (X?) k 1:s;'[ (X?);fs;r (xr)

can be used to optimizeand can be analytically derived as

1 2
EX[;X? e ? fo (X?) for (Xt) (114)
> . 1
df g, (x) P > df, (x)N is
% for (X)  Foq (XD) % for (X)) for (X)) 1 ()
> h ; h 1 I#
df 5 (Xt) > df o (X¢) >
S’tTt fs;t (Xt) fs;t (X?) S’(Tt fs;t (Xt) fs;t (X?) r fs;t (x,([))
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Proof. Similar to the derivation of Liviv-1. (1), let X = F((X¢), @ = Fo.p (Xr), Y = .o (X}), b = 5. (X}), we have

lim (tir)v (x—a)Te X a&*=2 | _(a_p)ya—h)> (y—b)
" !
~ lip (tir)e ko akP=2 (v = a_b)T(y—b) (a—b)" V x+
) "
(x—a)” - (a-b)~(x—a) (a—b)~ Vy
where .
. 1 dfg¢ (%) | . 1 _df (%)
Map*¥d=—x > WMoY " —a

df,. . . . L .
Note that S’ét(xt) is now parameterized by  instead of because the gradient is already taken w.r.t. g.(Xt) outside of

the brackets, so (X — a) and (y — b) merely require evaluation at current with no gradient information, which  satisfies.
The objective can be derived as

V Lyma (30

2
_ E 0 e % fs;t (Xg) fs;t (Xt)
— =X Xt

>
df¢ (x) h

i~ gf_ )N i
- fs;t (Xt) - fs;t (Xot) ﬂ

fs;t (Xt) - fs;t (Xot) \% fs;t(xt)+

dt dt
- , . | LE:4
Wt 0 e ) ) IO ) ) 9 )
dt s;t \ /Mt s;t \ Mt dt s;t \ /Mt s;t \ Mt s;t\ Mt

H.2. Connection with Continuous-Time CMs

Observing Eq. (105) and Eq. (110), we can see that when Xy = X% and X, = X?r, S being a small positive constant, then
To (X)) = Fop(Xe), and exp —5 T (X}) — Fsp(Xe) > —1,and fs..(x}) ~ g (X¢;t) where since s is fixed we discard
the dependency on S as input. Then, Eq. (105) reduces to

" o L
df.. Xt
Ex, —oo 115

Xt It (115)

which is the same as differential consistency loss (Song et al., 2023; Geng et al., 2024). And Eq. (110) reduces to

df k) i
+ (Xt

Exe % V fo(Xe) (116)

which is the pseudo-objective for continuous-time CMs (Song et al., 2023; Lu & Song, 2024) (minus a weighting function
of choice).

I. Experiment Settings

L.1. Training & Parameterization Settings

We summarize our best runs in Table 5. Specifically, for ImageNet-256x256, we adopt a latent space paradigm for
computational efficiency. For its autoencoder, we follow EDM2 (Karras et al., 2024) and pre-encode all images from
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CIFAR-10 ImageNet-256x256
Parameterization Setting
Architecture DDPM++ DiT-S DiT-B DiT-L DiT-XL DiT-XL
GFlops 21.28 6.06 23.01 80.71 118.64 118.64
Params (M) 55 33 130 458 675 675
Cnoise (1) 1000t 1000¢ 1000t 1000t 1000t 1000¢
2" time conditioning s s s s s t—s
Flow Trajectory OT-FM OT-FM OT-FM OT-FM OT-FM OT-FM
go(Xt, s, t) Simple-EDM Euler-FM Euler-FM Euler-FM Euler-FM Euler-FM
od 0.5 0.5 0.5 0.5 0.5 0.5
Training iter 400K 1.2M 1.2M 1.2M 1.2M 1.2M
Training Setting
Dropout 0.2 0 0 0 0 0
Optimizer RAdam AdamW AdamW AdamW AdamW AdamW
Optimizer 10 8 10 8 10 8 10 8 10 8 10 8
b1 0.9 0.9 0.9 0.9 0.9 0.9
B2 0.999 0.999 0.999 0.999 0.999 0.999
Learning Rate 0.0001 0.0001 0.0001 0.0001 0.0001 0.0001
Weight Decay 0 0 0 0 0 0
Batch Size 4096 4096 4096 4096 4096 4096
M 4 4 4 4 4 4
Kernel Laplace Laplace Laplace Laplace Laplace Laplace
r(s.1) max(s, ) (n, — Cpeed)) max(s,n (n — Cprned))
Minimum ¢, r gap - - - - - 10 4
p(t) 1(0.006,0.994) U(0,0.994)  1(0,0.994) U(0,0.994) U(0,0.994)  1£(0,0.994)
a 1 1 1 1 1 2
b 5 4 4 4 4 4
EMA Rate 0.9999 0.9999 0.9999 0.9999 0.9999 0.9999
Label Dropout - 0.1 0.1 0.1 0.1 0.1
x-flip True False False False False False
EDM augment (Karras et al., 2022) True False False False False False
Inference Setting
Sampler Type Pushforward Pushforward  Pushforward Pushforward Pushforward Pushforward
Number of Steps 2 8 8 8 8 8
Schedule Type t1 =14 Uniform Uniform Uniform Uniform Uniform
FID-50K (w = 0) 1.98 - - - - -
FID-50K (w = 1.0, i.e. no guidance) - 42.28 26.02 9.33 7.25 6.69
FID-50K (w = 1.5) - 20.36 9.69 2.80 2.13 1.99

Table 5. Experimental settings for different architectures and datasets.

ImageNet into latents without flipping, and calculate the channel-wise mean and std for normalization. We use Stable
Diffusion VAE? and rescale the latents by channel mean [0:86488; —0:27787343; 0:21616915; 0:3738409] and channel std
[4:85503674; 5:31922414; 3:93725398; 3:9870003]. After this normalization transformation, we further multiply the latents
by 0:5 so that the latents roughly have std 0:5. For DiT architecture of different sizes, we use the same hyperparameters for
all experiments.

Choices for T and . By default assuming we are using mapping function r(s; t) by constant decrement in ¢, we keep

max =~ 160. This implies that for time distribution of the form U( ;T), we set T = 0:996 for cosine diffusion and
T = 0:994 for OT-FM. For , we set it differently for pixel-space and latent-space model. For pixel-space on CIFAR-10,
we follow Nichol & Dhariwal (2021) and set to a small positive constant because pixel quantization makes smaller
noise imperceptible. We find 0.006 to work well. For latent-space on ImageNet-256x256, we have no such intuition as in
pixel-space. We simply set = 0 in this case.

Exceptions occur when we ablate other choices of r(S; t), e.g. constant decrement in ¢ in which case we set
prevent r(s; t) for being too close to t when t is small.

= 0:001 to

Injecting time S. The design for additionally injecting S can be categorized into 2 types — injecting S directly and injecting
stride size (t — s). In both cases, architectural designs exactly follow the time injection of t. We simply extract positional
time embedding of S (or t — s) fed through 2-layer MLP (same as for t) before adding this new embedding to the embedding
of t after MLP. The summed embedding is then fed through all the Transformer blocks as in standard DiT architecture.

3https://huggingface.co/stabilityai/sd-vae-ft-mse
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1-step 2-step 4-step 8-step
1-step 2-step 4-step 8-step
10-step  16-step  32-step TF32w/a=1 1797 4.01 2.61 2.13
a=1 1797 4.01 2.61 2.13
FIDw/w =15 198 1.90 1.89 FPlo6w/a=1 873 4.54 3.03 2.38

a=2 828 4.08 2.60 2.01
FPlo6w/a=2  8.05 3.99 2.51 1.99

Table 6. FID of ImageNet-256x256 be-
yond 8 steps presented in the main text. o . Table 8. Ablation of lower precision training
At 16 steps, IMM already outperforms ~ the weighting function on ImageNet- | ImageNet-256x256. For lower precision
VAR with 2B parameters (1.92 FID) and ~ 256x256. We see that a = 2 excels training, we employ both minimum gap A =
its performance saturates beyond that, &t multi-step generation while lagging
with 32 steps performing marginally bet- ~ slightly behind in 1-step generation.

ter.

Table 7. Ablation of exponent a in

10 *and (¢ — r) conditioning.

Improved CT baseline. For ImageNet-256x256, we implement iCT baseline by using our improved parameterization with
Simple-EDM and OT-FM schedule. We use the proposed pseudo-huber loss for training but find training often collapses
using the same r(s;t) schedule as ours. We carefully tune the gap to achieve reasonable performance without collapse and
present our results in Table 2.

I.2. Inference Settings

Inference schedules. For all one-step inference, we directly start from ~ A(0; 31) at time T to time through
pushforward sampling. For all 2-step methods, we set the intermediate timestep t; such that ¢, = 1:4; this choice is purely
empirical which we find to work well. For N > 4 steps we explore two types of time schedules: (1) uniform decrement in t
with o< 1---< N where

N —i

=T+ (-T) 117)

and (2) EDM (Karras et al., 2022) time schedule. EDM schedule specifies o < 1---< pn where

1 N—i 2 1
i = max+T( min max) and =7 (118)

We slightly modify the schedule so that o = ., is the endpoint instead of 1 = 1, and ¢ = 0 as originally proposed,
since our ¢ can be set to 0 without numerical issue.

We also specify the time schedule type used for our best runs in Table 5 and their results.

L.3. Scaling Settings
Model GFLOPs. We reuse numbers from DiT (Peebles & Xie, 2023) for each model architecture.

Training compute. Following Peebles & Xie (2023), we use the formula model GFLOPs - batch size - training steps - 4 for
training compute where, different from DiT, we have constant 4 because for each iteration we have 2 forward pass and 1
backward pass, which is estimated as twice the forward compute.

Inference compute. We calculate inference compute via model GFLOPs - number of steps.

L.4. Scaling Beyond 8 Steps

We investigate when the performance saturates for ImageNet-256x256 in Table 6. We see continued improvement beyond 8
steps and at 16 steps our method already outperforms VAR with 2B parameters (1.92 FID).

L.5. Ablation on exponent a

We compare the performance between @ = 1 and a = 2 on full DiT-XL architecture in Table 7, which shows how a affects
results of different sampling steps. We observe that a = 2 causes slightly higher 1-step sampling FID but outperforms a = 1
in the multi-step regime.
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I1.6. Caveats for Lower-Precision Training

For all experiments, we follow the original works (Song et al., 2020b; Peebles & Xie, 2023) and use the default TF32
precision for training and evaluation. When switching to lower precision such as FP16, we find that our mapping function,
i.e. constant decrement in ¢, can cause indistinguishable time embedding after some MLP layers when t is large. To
mitigate this issue, we simply impose a minimum gap A between any t and r, for example, A = 10 *. Our resulting
mapping function becomes

r(s;t) =max s;min t—A; ( (t)— )

Optionally, we can also increase distinguishability between nearby time-steps inside the network by injecting (r — s) instead
of S as our second time condition. We use this as default for FP16 training. With these simple changes, we observe minimal
impact on generation performance.

Lastly, if training from scratch with lower precision, we recommend FP16 instead of BF16 because of higher precision that
is needed to distinguish between nearby t and r.

We show results in Table 8. For FP16, a = 1 causes slight performance degradation because of the small gap issue at large
t. This is effectively resolved by a = 2 which downweights losses at large t by focusing on smaller t instead. At lower
precision, while not necessary, a = 2 is an effective solution to achieve good performance that matches or even surpasses
that of TF32.

J. Additional Visualization

We present additional visualization results in the following page.
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Figure 12. Uncurated samples on CIFAR-10, unconditional, 2 steps.
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Figure 13. Uncurated samples on ImageNet-256x256 using DiT-XL/2 architecture. Guidance w = 1.5, 8 steps.
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