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Abstract

We present a novel, and effective, approach to
achieve optimal mesh relocation in finite element
methods (FEMs). The cost and accuracy of FEMs
is critically dependent on the choice of mesh
points. Mesh relocation (r-adaptivity) seeks to
optimise the mesh geometry to obtain the best
solution accuracy at given computational budget.
Classical r-adaptivity relies on the solution of a
separate nonlinear “meshing” PDE to determine
mesh point locations. This incurs significant cost
at remeshing, and relies on estimates that relate
interpolation- and FEM-error. Recent machine
learning approaches have focused on the construc-
tion of fast surrogates for such classical methods.
Instead, our new approach trains a graph neural
network (GNN) to determine mesh point locations
by directly minimising the FE solution error from
the PDE system Firedrake to achieve higher so-
lution accuracy. Our GNN architecture closely
aligns the mesh solution space to that of classical
meshing methodologies, thus replacing classical
estimates for optimality with a learnable strategy.
This allows for rapid and robust training and re-
sults in an extremely efficient and effective GNN
approach to online r-adaptivity. Our method out-
performs both classical, and prior ML, approaches
to r-adaptive meshing. In particular, it achieves
lower FE solution error, whilst retaining the sig-
nificant speed-up over classical methods observed
in prior ML work.
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1. Introduction

Finite element methods (FEM) are currently the most
widely-used tool for the large scale solution of partial differ-
ential equations (PDEs) (Ainsworth & Oden, 1997; Cotter,
2023). Central advantages are robustness, reliable error
estimates, and thoroughly developed code bases (such as
deal.IT (Africa et al., 2024), DUNE (Bastian et al., 2008),
Fenics (Logg et al., 2012), and Firedrake (Ham et al., 2023)),
which are highly parallelisable and efficient. However, even
with such optimised software the simulation of large scale
problems (e.g. weather forecasting, structural simulations
in engineering systems) is computationally costly. An im-
portant ingredient that determines the cost is the number of
degrees of freedom (DOFs) required by a FEM to satisfy
a chosen error tolerance. Since this cost depends on the
number NV, of mesh points z(® of the underlying compu-
tational mesh, it is desirable to keep N, moderate. Mesh
adaptivity based on mesh refinement and/or relocation to
capture important solution features at the right scale can bal-
ance computational cost and accuracy. However, classical
mesh-adaptive methods can be difficult to implement and
require significant computational resources. In contrast, in
the present work, we introduce a cheap, stable and highly
efficient graph neural network (GNN) architecture to imple-
ment learnable mesh relocation (r-adaptivity). Our method
keeps IV, fixed and adapts the mesh point locations to reduce
the overall FE error. Many classical mesh relocation meth-
ods have focused on finding and minimising mathematical
substitutes of the FE error (usually simplified upper bounds)
and solving additional (differential) equations to relocate
the mesh points. For example, one can solve the Monge-
Ampere (MA) equation (Budd et al., 2009) to find mesh
point locations that minimise the interpolation error, which
is an upper bound (up to some parameters and constants) of
the FEM error arising from Céa’s lemma (Huang & Russell,
2011). Recent Machine Learning (ML) approaches rely
on similar mathematical simplifications and learn a surro-
gate for the mesh equations (Song et al., 2022; Zhang et al.,
2024) leading to significant speed-up with comparable error
reduction. In the present work we take an entirely different
approach. We present G-adaptivity, an approach to mesh
adaptivity that trains a GNN to generate meshes that directly
minimise the error of the corresponding FEM solution. We
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couple backpropagation through a novel diffusion-based
GNN-deformer, with mesh point gradients obtained through
an application of Firedrake adjoint (Mitusch et al., 2019;
Ham et al., 2023), to minimise the FEM approximation
error directly (as opposed to the upper bound considered
in (Huang & Russell, 2011)). The result is a model capa-
ble of outperforming the current state-of-the-art r-adaptive
methods, whilst retaining the significant acceleration of ML
based approaches (cf. Figure 1).

N

MA: 28.74% ER in 5183ms

Solution values

3

DirectOpt: 42.96% ER in 9911ms G-Adapt: 39.99% ER in 120ms

Figure 1. Optimised meshes from our new approach (G-Adapt)
on the example of Poissons’ equation: the error reduction (ER)
achieved by classical Monge-Ampere (MA) can be significantly
improved with direct optimisation (DirectOpt) of the FEM loss
with respect to the mesh points, but at prohibitive additional cost.
Our new approach achieves near optimal meshes in a fraction of
the inference time.

Contributions Our work improves earlier ML based ap-
proaches to mesh relocation in the following ways:

* A novel training mechanism capitalising recent ad-
vances in FEM systems, which leads to a fast meshing
algorithm that reduces the FE error even over state-
of-the-art classical meshing methods. This was not
possible in any prior surrogate ML approach;

* An improved GNN architecture based on a diffusion
deformer, which allows for improved mesh relocation
quality and provable non-tangling of generated meshes;

* A novel equidistribution loss regularizer, which en-
forces mesh regularity in unsupervised GNN training;

* Thorough numerical comparison with classical and
recent approaches in terms of accuracy, mesh quality
and computational time. Our experiments include both
stationary and time-dependent test cases.

2. Related work

The effective approximation of PDE solutions is one of
the central problems in computational mathematics. Over
the recent decade, extensive work has been devoted to using
ML for the numerical approximation of PDEs. This includes
physics informed neural networks (PINNS) (Raissi et al.,
2019; Raissi, 2018), Fourier Neural Operators (FNOs) (Li
et al., 2020b; 2023), graph neural operators (Li et al., 2020a),
DeepONets (Lu et al., 2021), Message Passing Neural PDE
Solvers (Brandstetter et al., 2022) and the deep Ritz method
(E & Yu, 2018). The majority of such approaches try to
directly approximate the PDE, or the associated solution
operator, with a machine learning surrogate. Such methods
offer certain advantages (for example in high dimensional
settings (Han et al., 2018)), but are typically outperformed
by traditional numerical methods in accuracy in most set-
tings (Grossmann et al., 2023). Our approach is different.
We use ML as a central ingredient of a finite element dis-
cretisation to construct an improved computational mesh,
which is then coupled to a classical PDE solver. The crucial
advantage is that we retain convergence guarantees and ro-
bustness of FEMs, something that is often lacking in direct
ML-based PDE approximations. At the same time our ap-
proach achieves a significant speed up in the calculation of
the improved mesh compared to classical approaches.

Adaptive mesh methods are a widely used tool for improv-
ing the performance of a classical FEM by varying the local
density of the mesh points. This is necessary if the PDE
solution has small length scales or singularities. Adaptivity
allows achieving high accuracy without resorting to uniform
mesh refinement. The most popular form is h-adaptivity
(Ainsworth & Oden, 1997), in which mesh cells are subdi-
vided when an a-posteriori estimate of the solution error is
large. Such methods have complex data structures (see e.g.
(Burstedde et al., 2011)) and, possibly, poor mesh regularity.
Alternatively, the relocation based r-adaptive methods con-
sidered in this paper move a fixed number of mesh points to
achieve a high density of points where a monitor m(z) of
the solution error is large. Done correctly this can lead to
significant error reduction but at some extra cost (Huang &
Russell, 2011).

GNNs are the dominant approach to applying machine learn-
ing to irregularly structured data (Bronstein et al., 2017;
Battaglia et al., 2018). There has been a proliferation of
architectures inspired by spectral graph theory (Defferrard
et al., 2016), convolutional (GCN) (Kipf & Welling, 2022),
message passing (MPNN) (Gilmer et al., 2017) and atten-
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tional (GAT) (Velickovict et al., 2018) approaches. More meshing modi es the location of the node coordinates. Of-
recently a range of differential equation inspired architecten, and in this workg -adaptivity is particularly concerned
tures (Chamberlain et al., 2021b;a; Giovanni et al., 2023Wvith the reduction of the squarad-error

apply analytical tools to solve known problems with GNNs

including stability, over smoothing and bottleneck phenom- E(Z;Uz):= kUz  uky,, : 3)
ena. This algorithmic alignment along with the powerful

message passing paradigm provide new solutions to sonfedr transient problems, we tacitly assume (3is evalu-

of the most pressing problems in science, including proteirpted at the nal time = T.

folding (Jumper et al., 2021), weather prediction (Lam et al.,

2023), dynamics learning (Pfaff et al., 2023) and new nu3.2. Adaptive Meshing

merical PDE solvers (Brandstetter et al.,, 2022; Lienen &gelocation based-adaptivity turns a mesh with a certain
Gunnemann, 2022; Alet et al., 2019). topology into another mesh with the same topology. For

I _ this, the meslpointsz(!) are moved, but thetonnectivity
East ML based mgthodsreduce the signi cant CO’T‘p“ta . Eggnd hence the associated data structures) is unaltered. Such
tional cost of classical methods for adaptive meshing. Thignethods typically map a xed mesh incmputational do-

includes work orh-adaptive mesh re nement (Foucart et al., main(i.e. a representation of the mesh graph) tteéormed
2023; Freymuth et al., 2023), and many contributions-to meshin the physical domairwhere the PDE is posed. Note
adaptivity based on surrogate ML solvers of classical mesithat, for transient problems, should be replaced by and
movement PDEs (Yang et al., 2023; Hu et al., 2024) andl should be replaced by 1 in the following explanation
supervised learning for mesh adaptivity using Graph Nedcf- Section 3.1). We ﬂenote_ the mesh points in the physical
ral Networks (GNNs) (Song et al., 2022). A notable re-domain byZ = fz00gi4 which form a triangulatiorT of

. . with Nt mesh elements, i.e.
cent development is the universal mesh movement network
(UM2N) (Zhang et al., 2024), which achieves error reduc- L 2 iz e 10 i N
tion on par with MA, but at signi cant speed up, and can = AR

also be applied to multiply connected domains. We de ne the following domains and coordinates: the

o _ “computational” domain ¢ is mapped to the “physical”
3. Preliminaries and background domain p  RY, and the “computational” coordinates
2 ¢ are mapped to the “physical” coordinae2 p.

3.1. Problem speci cation To construct an adaptive mesh we consider a differentiable,

We consider nite element solutions to nonlinear secondpossibly time-dependerdeformation mag-: ¢! p,
order PDEs on general domainsof dimensiond. In ab- sothatz = F( ;t) andF(@ c) = @p. If ) are the
stract form, we can write these PDEs as follows: xed mesh points in the computational domain tizéh =

F( OF t). Assuming the mesh in the computational domain
F(usuru;r?uy=f in ; u+ @u=g on@; isregular, then determining the (properties of the) mesh in

(1) the physical domain, reduces to nding, (and analysifg),

. P - e .
wEeree, . 2 dR lzor dt_ransu?nt plroblti_mlsé . (O_TT)’ Location based methodad F by solving a PDE, or a
where® is a( )-dimensional spatial domain and; T) linked variational principleMonge-Ampgre (MA) methods

is the time-interval of interest. In this case, we employ theassume thak is a Legendre transform with a ‘mesh po-

method of lines and combine the FEM with suitable time~, o ( :t)forwhichF = r : The linearisation of

stepping schemes (Hairer & Wanner, 1996). To compute, givenbyl = @=@ H( ) whereH is the Hessian

hite element solutions, we introduce a megfof the spa- o+~ ejgcation methods usuakguidistributea monitor
tial domain withN, nodes, which we collect in the node functionm(z) so that satis es the MA equation

setZ. The meslHT is used to construct trial and test func-
tions with local support to discretiZ&). For example, for m@2)jH( )j= m(r )jH( )j= ; forconstant
a Poisson problem with homogeneous Dirichlet boundary (4)
conditions we consider the space of piecewise linear fung=¢, example, in (Huang & Russell, 2014)(z) is an a-
tions (vanishing or@ ) Sz onT and solve: FindJz 2. Sz priori monitor of the interpolation error. The PO&) has a
such that unique, convex, solution (Budd et al., 2013) which avoids
mesh tangling. Howeve(4) is expensive to solve and, in
(rUz:r Ve =(fiv)eeg 8v2Sz0 (2 g pure form, only applicable to simply connected domains.
Solution procedures include relaxation methods (Budd et al.,
2009), quasi-Newton methods (McRae et al., 2018), surro-
To minimise the erroE (Z ; Uz ) between the exact solution gates (Song et al., 2022; Zhang et al., 2024), and PINNs
u of (1) and its nite element approximatiod; , r-adaptive  (Yang et al., 2023).

where( ; )_2(y denotes the inner-productir?() .
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Velocity based methodsd an ODE describing the mesh Integral to the G-adaptivity framework is the construction of

point evolution inpseudo-time so that the feature matrix such that the GNN can act as a mesh de-
_ _ former. Similar to (Zhang et al., 2024) we construct the fea-
@®=@ = v(z®;1): (5) ture matrix by concatenating coordinates of a regular mesh

2 RN- 9 with a learnable feature encodihg(Zo; H)
The choice of velocity functiow is critical to the success of which, motivated by(4), is dependent on the Frobenius
such methods, and is often motivated by natural Lagrangiaform of the Hessiatl (Uzo) = k@Qukr : ! Rof
structures of the underlying PDE. These methods providéhe FEM solutiorlJ; o on the undeformed mesh®. When
the basis of our diffusion-based deformer (diffformer) de-igher order nite element functions are used in the approx-
scribed in section 4.1 and while they often lead to meshmation space ob); the Hessian can be obtained by simple
tangling where mesh lines cross (cf. Ch. 7 in (Huang &differentiation, but even in the case of linear elements this in-
Russell, 2011)), our architecture is speci cally designed toformation is recoverable using widely-used techniques such

enforce non-tangling of the mesh (cf. Theorem 4.2). as the one described in Appendix A.2. The nal input fea-
ture matrix is therX = zZ0k X% 2 RNx (d+j); x0 =
4. The G-adaptivity framework h (Z%H); where denotes the index set for the node fea-

_ _ _ tures, which is passed into a GNN mesh deformer that then
The G-adaptive mesh relocation method described belowutputs the relocated mesh points. Previous works (Song
is essentially a velocity based method with learnable coefet al., 2022; Zhang et al., 2024) used a graph attention net-

cients that are trained by calculating the rate of changework (GAT) (Velickovic et al., 2018) as the GNN mesh
of the FE solution erroE with respect to the mesh point deformer

location. As we explain below, the G-adaptivity framework 7 k+1
combines feature selection, structural regularization and kil =
direct optimisation to learn optimal mesh relocation in an
unsupervised manner whilst avoiding mesh tangling. whereX =(Z;X )andW is alearnable linear transfor-
mation matrix. To prevent mesh crossing the non-linearity
4.1. Graph-based adaptive mesh re nement and channel mixing are excluded from the positional chan-
. . ) ) nels in(6). In the aboveA (X ¥) is row-stochastic meaning
For simplicity of exposition we focus our discussion on the 4+ the top row of6) corresponds to a graph-based aver-
2D case, but note that this approach generalises i_n a straigrgging over graph neighbours. Motivated by (Chamberlain
forward manner to 3D cases as shown in Section 5.5. A1 2021b) and velocity-based methods for meshpoint re-
meshT (i.e. a triangulation of the domain) with mesh- ¢4t introduced in section 3.2, in our G-Adaptive frame-
pointsZ gives rise to a natural graph, with the nodeset oy this average is replaced by a diffusion based deformer

V = Z and the edgesdt = f(z';Z) 2V V ;9 (henceforth referred to d3iffformer)
T;stz';Z 2 g i.e. two nodes share an edge if there

is a triangle in the mest which has both nodes as ver- Z()=(A X% Dz() z©O)=2z% ()
tices. The grapi{V;E) can be enriched with node fea- \, hich is solved to a nite end time = ong and leads
tures x; 2 R% :i 2V represented in matrix notation as to the meshpoint upda@**! = Z( enq), i.e. an overall
X 2 RNz d_ For example we could associate to eachyeformer of the form ’
mesh pointz(") the value of the solution eldu(z()) as Co1

a feature. Likewise, we can introduce latent features that % kil = Z( nd )k : (8)
propagate through repeated application of a map on the X A (XHXEW

graph, this is used in our architecture (cf. Figure 2). Mestas before, the learnable attentigh is row-stochastic,
connectivity is stored in the adjacency matAx(where  meaning(7) is essentially a diffusion equation on the graph
aj = 11if (i;j) 2 E and zero otherwise). A graph neu- v Further details on our Diffformer are provided in Ap-

A (X*)ZkK
A (Xk)ka (6)

ral network (GNN)M  : RN= & E I RN: 9 is  pangix A.1. We can stack multiple layers (@), each time
a map from features to features constructed with layergarying the number of hidden feature dimensions which
L, :RNz do1 RN: des acting node wise as are updated using the second row(8f. We denote the

0 1 overall GNN by the mapi and a schematic overview of

X the components d¥l  is provided in Figure 2.
Xt = L ()= O (xOA
J2N 4.2. Structural regularization
where' | is the learnable edge-wise operation, is a  The architectural changes between (6) and (8) lead to several
learnable node-wise aggregation afd= fj 2 V;(i;j ) 2 regularity properties that we refer to as structural regulariza-
Egis the set of nodes adjacent to the meshpioint tion. The Diffformer based architecture has a key advantage
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Figure 3.The action of the graph diffusion pulls nodes into the
convex hull of their graph neighbours.

classical relocation methods.

4.3. Firedrake adjoint optimal gradient computation
and direct FEM loss

) _ _ o Training the GNNM  requires computing the derivative
Flgure 2.Schematic overview of our new graph diffusion-based , g (Z) = E(Z;U) with respect to the node coordinates
architecture. Z. Since evaluatingt (Z ; U; ) requires solving the PDE

(1) rst, a nave application of automated differentiation

over other velocity based methods in the generation of regz}/womd result in the solution of additionéN, ~ d) PDEs

ular meshes. A requirement of FEM meshes is that they "2 (d . 1) in the transient case). To avoid the additional
are not “tangled’, i.e. that they form a well-posed trianglu_computatlonal cost, we employ the well-established method

lation of the domain (i.e. no triangles overlap). This ©f adjoints. Speci cally, we employ Firedrake's automated
follows if each mesh point is in the interior of the convex adjoint capabilities implemented in pyadjoint (Mitusch etal.,

hull of its neighbours on the graph and can equivalently beZOlg)' With pyadjoint, derivatives with respect to mesh

characterised using the Jacobian of the deformation ma oordinat_es can be computgd _in an auto_mate_d fashion as
M hape derivatives & (Z ; Uz ) in directions discretized with

vector-valued linear Lagrangian FEs (Ham et al., 2019a).

Remark4.3. Often, the exact solution to (1) is not known
and must itself be approximated with the FEM (e.g., by
4fterpolating ontdJ; a FE solution computed on a much
ner mesh). In this case, it is essential to correct the direc-
Velocity based methods often lead to tangled meshes due tt(|)onal Qerlvatlves compu'Fed with Flredrake by adding the
. . : . corrections terms stemming from evaluating the formula
the local way in which the mesh point movement is de ned. 7

However, thisdoes not arisén our method.

De nition 4.1. LetJ{) be the Jacobian of the deformation
mapM at simplex (). A mesh is said to be tangled if
there exists a simplex where the determinant of the Jacobi
det(JM) 0 (Huang & Russell, 2011).

(u Uz)ru Vdx
Theorem 4.2(Discrete-Time Non-Tangling)If the diffu-

sion equation(7) is solved with the forward Euler method,

then for suf ciently small pseudo-timestdp< 1=2, the . . o
. . . in the transient case). This is necessary because the shape
discrete mesh evolution under the deformation mWlpre- I . I ) . .
derivative of a FE function in a direction discretized with

serves element orientations, ensuring that no mesh tanglingES is zero (Ham et al., 2019a)
occurs. v '

along each nite element directiodt 2 S$ (V 2 Séd =

A full proof is given in Appendix F but in essence the dif- 4-4- Regularized gradients

fusion process ensures that meshpoints are simultaneously |ine with the concept of equidistribution discussed in
moved along directions that point into the convex hull of Appendix E.2 we introduce a regularizing term in train-
nelghbounng meshpoints, thus ensuring that tangling cannghg which further enforces mesh regularity in an unsuper-
occur (cf. Figure 3). vised manner and leads to improved training of the mesh

The proof relies on the softmax of the attention mechanisnfleformer using only information about a prede ned mon-
normalising the adjacency to be row stochastic and for théfor functionm(Uz) (we follow (Zhang et al., 2024) and
time step of the residual connection to be controllable. Thigisem(Uz) =1+5 %) The motivation is to pro-
is a bene t over (6) and allows (8) to learn an anisotropicvide a global signal that moves mesh points into regions

diffusion which is akin to a learnable monitor function from of the domain where the solution varies and likely requires

5
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more meshpoints to resolve. For this we add the followingDatasets For each experiment described below we build a

regularizing term to our loss: randomised dataset with held-out test data. This means in
2 each case we specify a set of solution values through varying
Lequi(Z) = - m(x)dx  m ; source terms or boundary conditions (adjusted to the PDE
()27 " at hand). We then generate training and test sets of coarse,
wherem = jTj ! P R 5, m(x)dx. Given the area undeforme_d, meshds of varying resolution with associated
() oT FEM solution values and, for each mesh, we also compute a
of a simplex in the mesh ( ) 2 Rl the terms in reference solution (on a ner reference mesh) which serves
the abov$ loss are approximated by, m(x)dx as comparison for the error computation. For most test cases

( Meg ,, o) M(2), wherec, = 1=3;c3 = 1=4. the solution values are generated by randomly sampling
This leads to the following full regularized loss which we Gaussians in the domain. For the example of the Navier—

series simulation of vortex shedding. Full details on the
L =EM )+ Leqi(M ) (9 speci ¢ con gurations for each experiment are provided in
Appendix C.

During training the weighted graph Laplacigh ( | in (7))
will adaptively adjust to minimize both terms, meaning the
mesh evolution will not purely follow the degree weighted
graph Laplacian dynamics but will now be biased toward
error reduction and equidistribution.

Baselines We compare our algorithm against two adap-
tive mesh algorithms: classical MA as described and im-
Splemented by (Wallwork et al., 2024) and the ML based
surrogate GNN method UM2N (Zhang et al., 2024). These
two state-of-the-art approaches serve as a baseline for the
5. Experimental results FEM error reduction and deformation time. As a third base-
. . . line we train UM2N on our regularized PDE lo&), which

we e\_/aluate (_B-adaptlwty on th_ree_ classical r_nesh|lng ProR%e denote by UM2N-G in the tables below, in order to high-
lems in two-dimensions: an elliptic PDE (Poisson's equaIight the performance improvements gained from both our

tion) in a variety of convex domains, a nonlinear time- : ; -
: . . new architecture (Figure 2) and our new training (9).
evolution PDE (Burger's equation), and the time dependent (Fig ) 9

Navier-Stokes equations in a multiply connected domainE

In the following we present the performance improvements xper_lr_nent details Here we refer to our framework .G'
obtained in terms of the FEN?2-error reduction (cf(3)) adaptivity and our model Diffformer synonymously, which

and compute time, using our novel approach for adaptivéve train using the regularized PDE-lo&) (which is the

meshing on each of these problems. Additional experimentgegmar'zed‘ FEM approximation error + equidistribution

e o s . regularizer). Calculation of thie?-error is obtained by cal-
and sensitivity analysis is provide in the Appendix D. Full gllating an)FE solution on the moved mesh and co)r/nparing
code to build the datasets and reproduce our results can l?é'

. . . his to the projection of the reference solution of a ne regu-
found at https://github.com/JRowbottomGit/g-adaptivity. lar referenrée Jmesh onto suf ciently higher order eleme?]ts.

We train our new model (G-Adapt) and UM2N-G for 300
epochs using an Adam optimiser and learning rate of 0.001.
Method Our experimental pipeline consists of three partsOur model hag diffformer blocks as described in Appendix

(i) we build datasets containing information about the PDEC. Each blocked is rolled out using explicit Euler integration
FEM solution on a regular (i.e. not relocated) grid and thefor 32 steps with a step size of 0.1. For the baseline UM2N
corresponding approximation of the Hessian of the soluwe trained using 1000 epochs in order to achieve good per-
tion; (i) then we train either our model or the baseline toformance but we believe further tuning of the training may
predict a relocated mesh on which we perform another Fibe required in order to achieve a similar performance to
solve to obtain the improved solution approximation; (iii) the one reported in (Zhang et al., 2024). UM2N remains
nally, we compare this FEM solution to a reference solu-an important baseline and we expect that with appropriate
tion (calculated on a ne reference mesh) and determindraining the method would be able to achieve a similar error
the change i 2-error over the original undeformed mesh, reduction (ER) as the Monge-Arape (MA) solver, but we

i.e. in the above notation we look at relative error reductionwould like to highlight that even in the best reported results
of E(Uuw ) overE(Uz,). These steps are repeated for theof the original paper, UM2N never achieved a larger error
three PDE datasets as described below. Note that the Fikgduction than MA.

drake adjoint solve is only required during training of our

G-Adaptive network and not during inference. The timesEvaluation We report three metrics to evaluate the per-
reported in the below numerical examples thus contain #rmance of the mesh relocation methods at hand: (i) the
true re ection of the fast online mesh adaption times. relativeL 2 error reduction (ER) of the FE solution on the

5.1. Experimental details
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relocated mesh versus the FE solution on the initial coarsdata which is not available during inference, thus it does not

mesh (larger error reduction means improved performancegonstitute a practical adaptive meshing strategy. In contrast,
(ii) the time taken to relocate the mesh (shorter times meanence trained, our G-Adaptive approach yields fast online

faster relocation); (iii) the aspect ratio of the deformed meshmesh movement without needing reference solution values.

as a measure of mesh quality as described in Appendix F.4

(a single digit aspect ratio is generally acceptable and a

smaller aspect ratio indicates a more regular mesh). Each

experiment is performed in full ve times (training and eval-

uation) with different random seeds to provide the error

bars.

5.2. Benchmarking on Poisson's equation

Our rst benchmark is on the classical Poisson problem

r 2u = f(z) with Dirichlet boundary conditions. Full

details of the FEM formulation are given in Appendix C.1.

We benchmark the results against two datasets on a squatgure 4.The solution elds and corresponding G-Adaptive mesh
(cf. Figure 1) and polygonal domain respectively (cf.with 23.10 % error reduction in 59ms on a polygonal domain.
Figure 4). Further evaluations on ve additional (non-

convex) geometries are provided in Appendix D.4. For

both aforementioned examples we sample source terms amg3. Time-dependent Burgers' equation

boundary conditions corresponding to underlying Gaussian

elds. On the square domain= [0 ;1P we initialise In our second example we highlight that our approach can
the mesh-deformation with a regular grid and to showcas&dually well be applied to time-dependent problems, in
G-adaptivty's ability to work on irregular domains with un- Particular the viscous Burgers' equation:

structured meshes we apply a similar methodology to the @

convex polygonal dataset (a sample is shown in Figure 4). ot (urju r
The results for both datasets are presented in Table 9. The

central observation in these results is that our methodoFFurther details on the speci ¢ FEM implementation (and
ogy provides the very rst ML approach to mesh relocation implicit time-stepper) used are given in Appendix C.2. We
which is able to outperform MA in terms of error reduction, randomly sample Gaussians on the square domain
while retaining the fast mesh relocation times given by th0; 1F as initial conditions for the evolution in Burgers'
state-of-the-art GNN - UM2N (Zhang et al., 2024). equation and perform the following experiments.

u=0:

Table 1.Benchmarking results on Poisson Square and POissoBurgers’ square rollout:  We train the models on a set
Convex Polygon datasets. of Gaussian initial conditions for a timestep = 0:02

with 2 steps and evaluate by following 10 trajectories of
POISSON SQUARE randomly sampled Gaussians in the Burgers equation for
20 timesteps, remeshing after every 2 steps (cf. Figure 5

MODEL ERRORRED. (%) TIME (MS) ASPECT > )

; and Appendix D.3). The results in the top part of Table 2
DIRECTOPT 27.400.00 126028 33.99 0.00  gnqy the average error reduction over achieved over every
MA 12.69 0.00 3780 2.11 0.00 . .

UM2N 683 1.10 70 1.99 0.03 Dblock of two timesteps. While the MA performs well on
UM2N-G 16.40 2.65 30 2.610.17 thistask, we note that the UM2N and UM2N-G baselines
G-ADAPT 21.01 0.33 88 2.92 0.03 appear to lead tomegativeerror reduction (i.e. an increase),
POISSON CONVEX POLYGON which is likely due to the fact that the Burgers' equation
changes the solution shape and thus trajectories will lead to
DIRECTOPT 20.51 0.00 56280 2.07 0.00 o :
MA 10.97 + 0.00 4446 1.95 0.00 plv_lt_-of-dlstr_ll_)utlon cases for methods that are t_ramed only on
UM2N 3.12 0.38 36 1.66 0.03 initial conditions. Due to the structural regularity of our new
UM2N-G 15.00 0.13 16 1.88 0.03 approach (cf. Section 4.2) our approach is able to deal with
G-ADAPT  16.84 0.10 55 1.86 0.02 out-of-distribution data very well, and most importantly is

able to outperform MA in terms of error reduction while
y The direct optimization method is included here purelyretaining a fast mesh relocation time.

for exposition, showing that MA-meshes are not necessarilBurgers' square 10 steps: The interpolation error in
optimal. DirectOpt computes the optimal mesh for a givenremeshing is signi cant and provides a central limitation
PDE with known solution but is extremely slow and relies onto current mesh relocation techniques (cf. (Budd et al.,

7
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Table 2.Benchmarking results on Burgers' Square datasets.

BURGERS' SQUARE ROLLOUT

MODEL ERRORRED. (%) TIME (MS) ASPECT
MA 25.78 0.00 18884 1.99 0.00
UM2N -11.24 2.52 314 2.52 0.39
UM2N-G -2.33 3.73 316 2.83 0.11
G-ADAPT 27.17 0.34 717 2.85 0.12
BURGERS' SQUARE 10 STEPS
MA 12.28 0.00 11566 1.99 0.00
UM2N 3.52 0.60 30 2.33 0.01
UM2N-G 16.38 2.85 41 1.83 0.10
G-ADAPT 21.66 3.13 93 2.82 0.06

2009)). It is thus desirable to relocate meshes only after
several timesteps. It turns out that our approach lends it-
self to targeted training not just of a GNN that reduces the
FEM error in a stationary sense, but a GNN that seeks to
nd an optimal meshgiven a speci edemeshing frequency.
The classical method MA has no means of inferring this
information or adjusting the meshes accordingly. On this
example we trained the GNN on a collection of random
Gaussian initial conditions with the loss attained by solving
the corresponding FEM problem for 10 timesteps of size
t = 0:02 The results in Table 2 highlight that in this way
we can achieve even more signi cant ER over MA thus lead-
ing to ef cient meshes that require less frequent changes in
time-evolving systems.

5.4. Navier-Stokes equation and ow past a cylinder

Our nal example is the canonical ow past cylinder prob-
lem we simulate data using an FE solution for 400 time
steps of sizet = 0:01 of the time series evolution ex-
pressed in Gaussian basis function expansions (cf. Figure 6
and Appendix A.3). The training and test data are 25 and 50
respectively random snapshots from the range1; 4] with
remeshing after every 5 timesteps. Full details of the PDE
and FEM formulation are provided in Appendix C.3. Again
we observe good error reduction and fast mesh relocation
times in our new methodology.

Figure 6.The G-Adaptivity-deformed mesh on the Navier—Stokes
equation (23.57% error reduction in 32ms). The adapted mesh

Figure 5.Snapshots of the velocity eld (x-component) together correctly recognises areas of large solution curvature and resolves
with the corresponding deformed meshes provided by Mongethem more nely (on the upstream side of the cylinder resolving the
Ampere (MA) with 46.52% average error reduction over the full stagnation point singularity and along the path of shed vorticity).
solution path compared to the deformed meshes provided by our

approach (G-Adapt.) with 49.15% error reduction.



G-Adaptivity: optimised graph-based mesh relocation for nite element methods

Our model consistently achieved signi cant mesh adapta-
tion, accuracy improvement, and computational acceleration
compared to Monge-An@ye, matching the performance ob-
served on smaller-scale experiments.

Table 3.Benchmarking results on Navier—Stokes datasets.

NAVIER —STOKES

MODEL ERRORRED. (%) TIME (MS) ASPECT
MA NA - -
UM2NY 1.34 0.57 44 1.65 0.06
UM2N-G 25.55+0.81 30 2.32+0.06
G-ADAPT 26.36+1.37 49 3.51+0.81

Standard Monge—Angre solvers do not converge on mul-
tiply connected domaing. Since no MA data is available
we use the best UM2N model from Section 5.2.

5.5. 3D adaptive meshing

The G-Adaptivity framework and diffusion deformer model

are also easily adapted to the 3D setting. To demonstrate this

we perform an experiment on a 10x10x10 unit cube for the

3D Poisson problem with Dirichlet boundary conditions and

Gaussian solutions, analogous to Section 5.2. An example

_of the correspo_nding results can _be seen in Figure 7. In the Figure 8.G-Adaptivity on large-scale ne meshes

interest of brevity, the full numerical results are presented

iq Appendix 5.6 and show that the method outperforms MA6_ Conclusions and future work

signi cantly (out-of-the-box UM2N does not apply in 3D)

and that it leads to effective mesh point concentration inNe have presented a novel, and effective, approach to the

regions of interest. classical problem of-adaptive meshing for FEM solutions
of PDEs. In particular, we demonstrate, that GNNs together
with a differentiable FEM solver (Firedrake), and a loss
function given by the regularized solution error, can be ef-
fectively used to optimise the location of mesh points to
minimise the FEM error. Hence we can take an entirely
different route from prior work (both classical and ML ap-
proaches) which determine good choices of mesh points by
analysis-inspired heuristics using a location based approach.
We demonstrate the advantages of our method on challeng-
ing test problems in two dimensions, including in a multiply
connected domain, and nd that, on those examples, we are
able to outperform both classical and ML methods in terms

Figure 7.Examples of 3D solution elds and adapted meshes.  of error reduction while retaining similar computational
cost to prior ML work. We note that the direct FEM error

5.6. Scalability of the G-Adaptivity framework optimisation approach extends naturally to more complex

domains, and PDEs, where classical methods may struggle

The G-Adaptivity framework is able to scale to very large providing a basis for future extensions of this work.

meshes. In particular the inductive learning property of
GNNs ensures the ability of GNNs to transfer to unseerfinally, we note that any machine learning-based approach
graphs in this case meaning we can perform super-resolutiois. inherently statistical in nature, meaning that GNN-
In Table 9 we report experiments where the model is trainedased meshing tools are likely to perform worse on out-of-
on 15x15 mesh and inference is performed on larger 60x6distribution data. We observed this in our experiments with
(3,600 nodes) and 150x150 (22,500 nodes) meshes for thmth pre-trained UM2N models and our own G-Adaptive
Poisson problem with 128 sampled Gaussians (see Figuapproach when applied to PDEs whose solutions exhibited
8). In order to scale the transformer encoder, which inmarkedly different scales and features from those seen dur-
naive form scales witlD(N 2) edges we use a sliding win- ing training. Enhancing the scale-generalisation capabilities
dow SWIN (Liu et al., 2021) style transformer to capture of ML-based adaptive meshing therefore remains an impor-
the monitor function embedding at the mid-length scalesant open problem for future investigation.
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