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Abstract

In safety-critical or regulated deployments,
practitioners often wish to use simpler or in-
terpretable surrogate models that approxi-
mate a more accurate but expensive black-box
model, yet lack formal guarantees of when
they are sufficiently accurate. Model rout-
ing addresses this by deciding, for each input,
whether a surrogate can safely replace the ex-
pensive model without degrading predictions
beyond a tolerance 7. A lightweight classi-
fier (the gate) predicts from input features
alone whether the surrogate is safe. A con-
formal procedure based on Clopper—Pearson
bounds then selects a routing threshold on
held-out data, guaranteeing that the viola-
tion rate among routed inputs is at most «
with probability 1 — §. We establish a formal
separation between probabilistic calibration
and distribution-free safety. While confor-
mal thresholding guarantees validity regard-
less of the gate’s Expected Calibration Error
(ECE), we empirically demonstrate that ap-
plying post-hoc calibration (e.g., Beta scal-
ing) stabilizes the conformal procedure. Cali-
bration selectively filters borderline instances,
reducing empirical violation rates closer to
the target nominal level across 35 OpenML
datasets, and yields a highly interpretable
routing threshold.

1 Introduction

In high-stakes applications, practitioners deploy ac-
curate black-box models but prefer simpler or inter-
pretable surrogates for transparency or compliance.
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The key question is not whether the surrogate is glob-
ally accurate, but on which inputs it can be used with-
out exceeding a degradation tolerance 7. Model routing
addresses this by deciding, for each input, whether the
surrogate is safe. A lightweight gate predicts whether
the surrogate is safe; however, its predicted probabili-
ties are often miscalibrated |Guo et al. 2017].

We show that probabilistic calibration is neither nec-
essary nor sufficient for safe routing. Instead, we use
conformal risk control [Bates et al.,[2021] with Clopper—
Pearson binomial bounds [Clopper and Pearsonl, [1934)
to pick thresholds with exact finite-sample guarantees:
Pr(V(t*) > a) < §, no matter the gate’s ECE. This
separates two ideas that are easy to conflate:

e Probabilistic calibration (ECE — 0): predicted
probabilities match true frequencies. This controls
routing precision, namely which inputs are routed
and how clean the routed set is.

e Conformal calibration (Clopper—Pearson thresh-
olding): distribution-free control of the violation rate.
This controls validity: the safety guarantee holds at
any ECE.

We test this separation by applying beta calibra-
tion [Kull et al.| [2017] and temperature scaling [Guo
et al., 2017] to our gate. The results show that recali-
bration does not increase coverage but does improve
the quality of routing decisions: it selectively removes
borderline-unsafe inputs from the routed set, reducing
the violation rate and pushing the guarantee tighter
toward the target 4.

We also derive a feasibility condition (Proposition
linking the gate’s likelihood ratio to the base safe rate =
and risk budget a. Our work builds on split conformal
prediction [Vovk et al., [2005] and conformal risk control
[Bates et al.| {2021} |Angelopoulos et al.,2022]. Unlike se-
lective prediction |Geifman and El-Yaniv, 2017], which
abstains on hard inputs, we route to a cheaper model.
Dynamic input-based routing methods such as SkipNet
[Wang et al.,|2018] and BlockDrop [Wu et al., |2018] also
make routing decisions before full computation, but
they optimize accuracy—efficiency trade-offs without
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providing distribution-free guarantees on the condi-
tional error of the routed subset. Unlike cascading
|[Chen et al., |2023], which requires running the cheap
model on every input, our gate decides from input
features alone before either model runs and provides
explicit risk control. Unlike agreement-based routing
(e.g., |f(xz) — g(z)| < 7), which measures consistency
with f rather than ground truth [Ribeiro et al. [2016],
Lundberg and Lee| [2017], our degradation criterion
controls surrogate error relative to true labels. Confor-
mal thresholding then yields a finite-sample bound on
the violation rate over routed inputs.

2 Setup and Method

Problem. Let f be an accurate black-box model and
g a simpler surrogate. For input x with label y, define
degradation d(z,y) = ly—g(z)|—|y— f(x)|. Aninput is
safe if d(z,y) < 7. Let Y = 1[d < 7] and 7 = Pr(Y'=1).
A routing policy 7(z) = 1[s(x) > t] sends input z to the
surrogate when gate score s(x) exceeds threshold ¢. The
violation rate among routed inputs is V(t) = Pr(Y=0 |
s(X) > t). We want the threshold ¢ that maximizes
coverage Pr(s(X) > t) subject to V(t) < a.

Gate. We train a logistic regression gate to predict Y
from input features xz, with Platt scaling via cross-
validated sigmoid calibration [Platt, 1999]. We use
logistic regression deliberately, as it represents a rela-
tively weak gate, to demonstrate that the framework
does not rely on strong classification performance.

Conformal threshold selection. Following con-
formal risk control [Bates et al., 2021} |Angelopoulos
et all 2022], we use a held-out calibration set of n
exchangeable points {(s;,Y;)}; to select the routing
threshold. We pick the lowest threshold where the
Clopper—Pearson |Clopper and Pearson, (1934] upper
confidence bound on the violation rate is at most «:

t* =min{t: B '5(k(t) + 1, n(t) —k(t) <a}, (1)

where n(t) = [{i:s; > t}], k(t) = |{i:s; >t,Y; =0},

and B!, is the 1 — § quantile of the Beta distribution.
If no valid t exists, we set t* = oo and route nothing.

This yields an exact finite-sample guarantee:
Pr(V(t*) > «) < 6 for any gate and any data
distribution, requiring only exchangeability between
calibration and test data.

Data splits. We use a strict 55/15/15/15 split: train
(f, g, gate), validation (surrogate depth and recali-
bration fitting), calibration (¢*), test (evaluate). No
information leaks between splits.

3 Routing Feasibility

Proposition 1 (Feasibility condition). The constraint
V(t) < a can be met with positive coverage if and only
if there exists t with:

TPR(t) . (1-m)(1—a) 5
FPR(t) = . -

C(m, ). (2)

Proof. By Bayes’ rule, V(t) = (1_ﬂ)(é;§%gilj‘r(%jmt).

Setting V/(¢) < a and rearranging gives (2)). O

Three factors interact here: (i) 7, set by 7 and the
model pair, (ii) «, the risk budget, and (iii) the gate’s
likelihood ratio, which depends on its ranking qual-
ity. The condition has the form of a likelihood-ratio
constraint in the Neyman—Pearson sense [Neyman and
Pearson), [1933]. When = is small (strict 7), C(m, a) is
large and only strong gates can route. In practice, ™
matters more than gate quality. When most inputs are
safe, even a weak gate works.

3.1 Critical AUC

Theorem 1 (Sufficient AUC for feasibility). Define
the critical AUC:

Q. (m,a) = min(l7 C’(7;,oz)> = mm<17 W
3)

If AUC > ®.(m, ), then there exists a routing thresh-
old t satisfying V (t) < a with positive coverage.

Proof Sketch. If no threshold satisfies the feasibility
ratio, then TPR(u) < C(m, ) u for all w € (0, 1]. Inte-
grating over the ROC curve yields

AUC < C(W’a).

Taking the contrapositive gives the sufficient AUC con-
dition. Full details are provided in Appendix A. O

4 Experimental Results

Setup. We evaluate on 35 datasets from
LCBench |[Zimmer et al. [2021, [Vanschoren et al.l
2014], each with 2000 configurations. We treat random
forest [Breiman| 2001] with 1500 trees as a black box.
The surrogate is a decision tree, with depth selected
on the validation set. We test six tolerance levels
T € {-1.5,-1.0,0,0.5,1.0,2.0} and ten risk levels
a € {0.05,...,0.80}, with 6 = 0.10.
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Baselines. We compare against several baselines:
Naive routing at a fixed threshold (¢ = 0.5, no for-
mal guarantee), an Oracle that routes iff d(z) < 7
(upper bound on achievable coverage), Always-BB
/ Always-CM (never/always route), and Random
routing at conformal’s coverage level. We also compare
against Regression conformal, which trains Ridge
regression to predict d(z) from input features, com-
putes a split conformal prediction interval, and routes
when the upper bound < 7. We use Ridge (a linear
model) to match the linear gate, ensuring any perfor-
mance difference reflects the classification-vs-regression
formulation rather than model capacity.

Architectural robustness. Repeating the confor-
mal guarantee experiments with XGBoost and MLP
as the expensive model yields similar behavior: viola-
tion rates remain near § = 0.10 across « values, and
naive thresholding continues to fail substantially more
often. This indicates that the validity of input-based
conformal routing is not specific to tree ensembles.

Table 1: Gate properties across tolerance levels. AUC
is moderate (~0.58) and ECE is high (0.07-0.25), yet
conformal routing maintains guarantees. Coverage and
violation at a = 0.2, means over 35 datasets.

T T AUC ECE Conformal a=0.2
Cov. Viol.
—1.5 0.13 0.71 0.07  0.000 —
—-1.0 0.16 0.70 0.09 0.000 —
0.0 0.43 0.54 0.25 0.003 0.03
0.5 0.66 0.57 0.20 0.243 0.15
1.0 0.74 0.58 0.17  0.446 0.14
2.0 0.82 0.59 0.12 0.661 0.12

Table 2: Fraction of (dataset, 7) pairs where the viola-
tion rate exceeds a. Conformal remains near § = 0.10.
Naive thresholding fails much more often.

o Gate Conf. Reg. Conf.

Naive

0.10 7/34 (21%) 31/50 (62%) 151/172 (88%)
0.20 8/66 (12%) 57/102 (56%) 128/172 (74%)
030 6/82 (7%) 80/144 (56%) 106/172 (62%)
050 8/112 (7%) 64/181 (35%)  62/172 (36%)

Gate properties (Table : At strict tolerances
(7 <0), 7 is low and the conformal procedure abstains,
yielding zero coverage because cannot be satisfied.
At practical tolerances (7 > 0.5), 7 exceeds 0.66 and
the gate routes 24-66% of inputs at o = 0.2, despite
moderate AUC and high ECE.

Guarantee reliability (Table [2): Conformal rout-
ing typically violates v on 7-12% of datasets, matching

our § = 0.10 confidence level. While violations reach
21% at the strictest risk level (o = 0.10), likely due
to finite-sample noise and calibration-test mismatch,
the method remains highly reliable compared to naive
thresholding (36-88%) and conformal regression base-
lines (35-62%).

Calibration—efficiency separation (Figure [1)).
The left panel shows gate ECE peaking at 7 = 0 where
class balance is worst. The right panel shows that con-
formal violation stays well below a = 0.1 at every T,
while naive violations are 4-8x higher.

Gate Calibration Error vs T Violation vs T (4=0.1)

- a=01
4 Conformal
Naive

Figure 1: Left: gate ECE varies from 0.07 to 0.28
across 7. Right: despite high ECE, conformal violation
remains below a = 0.1. Naive violations are 4-8x
higher.

4.1 Coverage—Violation Pareto Frontier

Pareto: Coverage vs Violation (a=0.2)

~&- Gate Conformal @
Regression Conformal
Naive (t=0.5)
1 = Random (matched)
A~ Oracle
Always BB
Always CM

«=0.2

o 4 o
ES Y Y

o
N}

Violation rate (fraction unsafe among routed)

0.01 A& £ & & A

0.0 0.2 0.4 0.6 0.8 1.0
Coverage (fraction routed to CM)

Figure 2: Coverage vs. violation rate at a = 0.2. Each
point is a 7 value, averaged over 35 datasets. Gate
conformal stays below «; regression conformal and
naive operate above it.

Figure [2| shows the Pareto frontier at o = 0.2. Gate
conformal traces a frontier consistently below the «
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line, reaching 66% coverage at 7 = 2.0 with only 12%
mean violation. Regression conformal achieves lower
coverage (58%) at higher violation (15%), and naive
thresholding violates « at every operating point. Gate
conformal dominates on both axes at all practical
values (> 0.5). At low 7, regression conformal routes
a tiny fraction (0.1-3%) with massive violation (8-
51%), while gate conformal correctly abstains. This
illustrates the value of the conformal abstention mech-
anism: routing nothing is preferable to routing with
violated guarantees.

The Pareto results confirm that gate conformal controls
violations while maximizing coverage. We next ask:
does improving the gate’s calibration further improve
these routing decisions?

5 The Calibration—Efficiency
Separation

5.1 Calibration, Validity, and Efficiency

The conformal guarantee holds for any gate, regardless
of calibration. This yields an exact finite-sample guar-
antee: Pr(V(t*) > «) < § for any gate and any data
distribution, requiring only exchangeability between
calibration and test data. A gate with ECE = 0.25
gets the same safety guarantee as one with ECE = 0.
The procedure compensates automatically: if scores
are shifted or compressed, it pushes t* upward until
the bound is satisfied.

Calibration does affect which inputs get routed. A
perfectly calibrated gate has s(z) = Pr(Y=1 | z), so
the conformal procedure picks t* ~ 1 — a and routes
all inputs scoring above this. A miscalibrated gate
distorts this mapping. An overconfident gate assigns
unsafe inputs scores that are too high, allowing them
into the routed set. An underconfident gate assigns
safe inputs scores that are too low, excluding them
from the routed set. In both cases the guarantee holds,
but the routing decisions differ.

5.2 Empirical Test: Post-Hoc Recalibration

To test this, we applied three post-hoc recalibration
methods to the gate outputs: beta calibration |[Kull
et al.| [2017], temperature scaling [Guo et al.l 2017], and
isotonic regression |[Zadrozny and Elkan| 2002]. Each
recalibrator was fit on a held-out validation set and
then applied to the calibration and test scores before
conformal threshold selection. The calibration set itself
was used only for conformal thresholding and was not
used to fit the recalibration models.

Table 3] shows that beta calibration reduces ECE from
0.184 to 0.060 at 7 = 1.0, a 3x improvement. Cover-

Table 3: Effect of post-hoc recalibration at o = 0.2
(means over 35 datasets). Recalibration reduces ECE
by 3x. Coverage changes minimally, while violation
decreases, particularly for isotonic regression.

T Recalibration ECE Cov. Viol.
0.5 None (Platt) 215 243 .059

0.5 Beta .066  .243  .059
0.5 Temperature 077 243 .059
0.5  Isotonic .050 .216  .043
1.0 None (Platt) 184 446 .091
1.0 Beta .060 421  .085
1.0 Temperature 071 421  .085
1.0 Isotonic .048 398  .072
2.0 None (Platt) 141 661 .092
2.0 Beta 052 .651  .095
2.0 Temperature .061 .644 .091
2.0  Isotonic .036  .622 .077

Table 4: Fraction of active (dataset, 7) pairs violating «
by recalibration method. Beta and temperature remain
near d_= 0.10. Isotonic is more conservative.

Recalibration a=01 «a=0.2 «a=0.3
None (Platt)  20.6% 12.1% 7.3%
Beta 21.2% 10.9% 8.5%
Temperature  21.2% 11.1% 7.4%
Isotonic 4.0% 1.6% 2.6%

age barely changes (—2.5pp for beta/temperature), but
violation drops from 9.1% to 8.5%. This means the in-
puts removed by recalibration were disproportionately
unsafe. At 7 = 1.0 with approximately 300 test points,
the Platt gate routes about 134 inputs, of which 12 are
unsafe. Beta calibration routes about 126 inputs, of
which 11 are unsafe. Roughly 8 inputs left the routed
set, of which 1-2 were unsafe, corresponding to an un-
safe rate of ~15-25% among the removed inputs, much
higher than the 9% overall. Recalibration is selectively
filtering out the worst routing decisions.

Table @] shows this at the dataset level. The conformal
guarantee is a ceiling: V (t*) < « with probability 1 —d.
Better calibration pushes the realized violation rate
further below that ceiling. At o = 0.2, the fraction of
problem instances violating « drops from 12.1% (Platt)
t0 10.9% (beta), bringing it closer to the target 6 = 0.10.
Isotonic is more aggressive: 1.6% violation, well below
§, meaning it is being overly conservative and wast-
ing coverage. Beta calibration hits the right balance:
tighter guarantees without unnecessary conservatism.

After recalibration, the threshold ¢* also becomes more
interpretable. For a perfectly calibrated gate, t* ~
1 — a = 0.8 carries direct meaning: “route inputs
where the estimated safety probability exceeds 80%.”
With the Platt-scaled gate, the threshold lives on a
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distorted scale. Beta recalibration moves t* closer to
this interpretable regime, which is useful for auditing
and debugging.

5.3 Decomposing the Efficiency Gap

At 7 = 1.0 and « = 0.2, the oracle routes 74% of inputs,
corresponding to all safe ones. Our Platt-scaled gate
routes 45%. After beta calibration, it routes 42%. The
29pp gap between gate and oracle is almost entirely
from ranking limitations: with AUC = 0.58, the gate
cannot reliably separate safe from unsafe inputs regard-
less of calibration. Recalibration does not recover this
gap. Instead, it refines the decisions being made within
the gate’s ranking capacity.

6 Discussion

The value of calibration for routing. Our results
give a precise answer to “when does calibration mat-
ter?” Calibration does not affect whether the safety
guarantee holds. Conformal procedures ensure validity
regardless. But calibration improves the precision of
routing: better-calibrated scores selectively filter out
the inputs most likely to be unsafe, reducing the actual
violation rate below the a ceiling without meaning-
ful coverage loss. For safety-critical applications, this
matters even when the formal guarantee is satisfied.
Calibration improves interpretability of gate scores. Af-
ter beta recalibration, s(x) = 0.8 roughly corresponds
to an 80% chance of safety, which is useful for auditing
and combining with other decision criteria.

In this sense, the routed subset defines a formally con-
trolled deployment region for the surrogate model under
tolerance 7 and risk budget («,d). Practitioners may
interpret this as a finite-sample guarantee that, with
probability at least 1 — §, the surrogate will not exceed
the allowed degradation rate on routed inputs. This
connects calibration analysis with deployment-level re-
liability.

Where calibration falls short. The efficiency gap
between our gate and the oracle is almost entirely from
ranking quality, not calibration error. Reducing ECE
from 0.18 to 0.06 recovers at most 2.5pp of coverage.
For decision tasks like routing, calibration methods
that also improve discrimination would be most valu-
able. Standard post-hoc methods (temperature scal-
ing, beta calibration, isotonic regression) are monotone
transforms that fix calibration while leaving ranking
unchanged. An interesting direction is to test whether
a deliberately underconfident gate, such as raw logistic
regression without Platt scaling, responds differently.
In that case, recalibration could push scores upward
and increase coverage, rather than decrease it as in our

overconfident setting.

Limitations. The guarantee is marginal over the
calibration/test split and does not ensure conditional
validity on specific input subregions. In particular,
subpopulations with distinct feature distributions may
exhibit higher violation rates, even when the overall
guarantee holds. Extending the framework to condi-
tional or subgroup-aware conformal guarantees is an
important direction for future work.

We evaluate on tabular regression tasks using a ran-
dom forest as the primary black box model and a
decision tree surrogate, with additional robustness ex-
periments using XGBoost |[Chen and Guestrin), 2016)
and MLPs |Goodfellow et al., |2016]. While this con-
trolled setting isolates the routing mechanism, broader
evaluation on vision, NLP, and large-scale models would
be needed to assess generality.

Finally, our experiments assume exchangeability be-
tween calibration and test data. Performance under
distribution shift, where exchangeability is violated,
remains an open question.
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A Proof of Theorem [1I

The ROC curve {(FPR(t), TPR(t)) : t € R} satisfies
AUC = fol TPR(u) du where u = FPR. Suppose no
point on the ROC satisfies (2)), i.e., TPR(u) < C(m, a)-
u for all u € (0,1]. Then:

1 1 C
AUC=/ TPR(u)du</ C-udu:§.
0 0

Taking the contrapositive: if AUC > C/2 = ®.(r, o),
then there exists a point satisfying . Since AUC
< 1, we clip at 1. Note this is a necessary condition for
infeasibility, not sufficient for feasibility: AUC > &,
guarantees some point on the ROC has high enough
likelihood ratio, but a non-concave ROC could still
have that point at a degenerate threshold.

B Additional Results

Regression conformal baseline. A regression con-
formal baseline using Ridge regression to predict degra-
dation d(z) with split conformal intervals, routing when
the upper bound is below 7, violates o on 35-62% of
instances (Table , substantially more often than gate
conformal. This occurs because predicting the magni-
tude of degradation from input features is more difficult
than predicting a binary safe or unsafe label. Figure
visualizes this across the full o range: gate conformal
stays near the § = 0.10 line, while regression conformal
and naive thresholding remain far above it, converging
only at very permissive a.

Guarantee Reliability: Fraction Violating Target a

°
o

o
o
L

—e— Gate Conformal
Regression Conformal
Naive (t=0.5)
6=0.10

o
IS
L

o
N

Fraction of (dataset, T) pairs violating a

001 T T T T T T T T
0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8
Target a

Figure 3: Fraction of (dataset, ) pairs violating tar-
get . Gate conformal stays near the § = 0.10 line
across all a values.

C Additional Model Pair: XGBoost vs.
Decision Tree

To verify that our conclusions are not specific to the
random forest / decision tree pairing used in the main
text, we repeated the full conformal routing evaluation
using XGBoost as the expensive model and a decision
tree as the surrogate on the same 35 OpenML regression
datasets. All data splits, calibration sizes, tolerance
levels 7, and risk levels a were kept identical.

Guarantee reliability. The conformal guarantee
remains well-calibrated across risk levels:

e o= 0.10: 14.3% violation rate.
e o= 0.20: 12.1% violation rate.
e o = 0.30: 14.5% violation rate.

e o = 0.50: 5.1% violation rate.

For o > 0.20, violation rates remain close to the nomi-
nal confidence parameter 6 = 0.10, matching the behav-
ior observed in the random forest setting. In contrast,
regression conformal violates « at substantially higher
rates (31%-37% for « € {0.10,0.20,0.30}).

Coverage comparison. Across practical operating
points (7 > 0.5), gate conformal achieves higher cover-
age than regression conformal while maintaining compa-
rable or lower violation rates. For example, at 7 = 1.0,
a = 0.2, gate coverage is 0.419 compared to 0.310 for
regression conformal.

These results indicate that the validity and coverage
advantages of classification-based conformal routing
are not specific to tree ensembles.

D Additional Model Pair: MLP vs.
Decision Tree

We further repeated all experiments using a multilayer
perceptron (MLP) as the expensive model and a deci-
sion tree surrogate, keeping all experimental settings
identical.

Guarantee reliability. Violation rates remain near
the target confidence level:

e o= 0.10: 10.3% violation rate.
e o= 0.20: 16.5% violation rate.
e o= 0.30: 13.6% violation rate.

o o = 0.50: 5.5% violation rate.
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As in the main experiment, regression conformal vi-
olates « far more frequently (50%-71% for a €
{0.10,0.20,0.30}).

Coverage comparison. At practical tolerances, gate
conformal consistently achieves higher coverage. For
example, at 7 = 1.0, a = 0.2, gate coverage is 0.471
versus 0.342 for regression conformal, with lower viola-
tion.

These experiments show that the proposed routing
framework is robust across tree-based, boosting-based,
and neural network black-box models.
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