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ABSTRACT

We study the problem of selecting a pruned neural network from a set of candi-
dates generated by various pruning methods. The goal of a learner is to identify a
near-optimal model that achieves low generalization error. Although model selec-
tion techniques such as cross-validation are widely used in practice, they often fail
to provide guarantees on generalization error or offer only asymptotic guarantees.
To address these limitations, we propose an algorithm that jointly selects a pruned
network and updates its parameters using an L -regularization, thereby encourag-
ing sparsity while ensuring low generalization error. For a given error tolerance e,
we establish a sample complexity lower bound of 2 (E% log M ) where M is the
number of candidate models, demonstrating that our algorithm remains sample-
efficient even when the candidate pool is large. Extensive numerical experiments
confirm both the practical effectiveness and the theoretical guarantees of the pro-
posed method.

1 INTRODUCTION

Deep neural networks (He et al., 2016; [Vaswani et al., [2017; Brown et al., [2020) have become in-
dispensable in modern machine learning, but their large parameter counts and high computational
demands create challenges for efficient deployment. Consequently, the growing emphasis on reduc-
ing resource demands is fueling interest in neural network pruning. By substantially reducing model
size, pruning facilitates cost-effective storage and deployment, making it particularly advantageous
for businesses and organizations employing the neural network for inference (Gale et al.,[2019; Ben-
baki et al.,|2023)). Nevertheless, given the variety of pruning techniques, a central question remains:
how can we systematically select the best pruned model for deployment from a pool of candidates?

A straightforward solution is to rely on empirical selection methods such as Cross-Validation
(CV) (Allen, |1974; |Geisser, [1975; |Stone, |1977). While these methods are widely used in prac-
tice, they suffer from a crucial limitation: their guarantees are asymptotic. In finite-sample regimes,
CV can fail to ensure that the selected model achieves near-optimal generalization performance.
This shortcoming is particularly problematic when data collection or computation is costly, since it
leaves open the risk of choosing a suboptimal model without a rigorous performance guarantee.

To address this challenge, we conceptualize a pruned neural network as a combination of (i) a repre-
sentation—the feature map induced by the frozen, pruned hidden layers—and (ii) a last-layer weight
vector that linearly combines those features, as in recent representation selection literature (You
et al., 2019; |Bolya et al., 2021} |Shao et al., 2022} [Yang et al., 2024). Under this formulation, the
pruned neural network selection problem naturally reduces to a feature map—based model selection
problem: given a set of candidate feature maps derived from different pruned networks, the learner
must identify the optimal representation and learn its corresponding inference head to minimize
generalization error.

As there is no formal definition of generalizability in the context of model selection involving multi-
ple models, we introduce the inter-model excess risk, which is defined as the difference between the
generalization error of a candidate and that of the best model in the pool. This metric captures the
essence of model selection: the chosen network must not only generalize well on its own but also be
competitive relative to all alternatives.
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Based on the newly introduced inter-model excess risk measure, we propose an elimination-based
selection algorithm that first filters out suboptimal models and then identifies a near-optimal one
from the remaining candidates. In the elimination step, suboptimal models are iteratively removed
using confidence bounds on their risks, ensuring computational efficiency while retaining the best
model with high probability. In the subsequent selection step, the last-layer weights of the surviving
candidates are updated via L;-regularized loss minimization, promoting additional sparsity. As a
result, the algorithm selects either the true best model or one that is empirically superior based
on the sampled data. Given a sufficient finite number of samples, the algorithm guarantees the
identification of a near-optimal pruned network in terms of generalizability.

Our main contributions are as follows:

* We propose a novel pruning model selection framework that identifies a near-optimal
pruned neural network having low generalization error. The proposed algorithm first fil-
ters out suboptimal models based on the confidence bounds on their risk, and selects the
model with the smallest regularized empirical risk. The algorithm not only identifies a
pruned neural network that generalizes well to unseen data, but also improves its sparsity
rate without compromising its performance.

* To evaluate generalizability in the context of multi-model classes, we introduce inter-model
excess risk as an extension of the standard excess risk (Bach}[2024). We show that selecting
the model with the minimal inter-model excess risk ensures that it has acquired parameters
conducive to generalization among the candidates in the pool. Furthermore, we establish
a sample complexity lower bound of € (% log M), where M is the number of candidate
models and € is an error tolerance. This result implies that the proposed algorithm remains
sample-efficient even when M is exponentially large. Compared to existing model selec-
tion methods such as CV, our approach offers both finite-sample guarantees and improved
computational efficiency.

* We extensively evaluate our algorithms through experiments and show that (1) the proposed
algorithm efficiently identifies a pruned network having low generalization error, and (2)
the model selected by the algorithm shows higher sparsity rate without deterioration in its
performance.

2 PRELIMINARIES

2.1 NOTATIONS

For a positive integer N, [N] := {1,..., N} is the index set up to it. For a vector v € R,
[v]; represents its j-th component. For any index set I C [d], the vector filtered by I is v; :=
([V]1.15- -5 [V]ar) T, where for all j € [d], [v];; := [v];1{j € I}. For a matrix V. € R™*",
'V (i, 7) is the entry of the i-th row and j-th column.

2.2 PROBLEM SETUP

Pruned neural network selection. We consider a pruned neural network selection problem. Let
{fw,.(-) + & = R%},ca be a set of pruned neural networks where W, represents the re-
maining parameters of the m-th network after pruning. Let W,,, = {WmJepr, W, }, Where Won repr
is the parameters of all of the frozen hidden layers and w,, € R% denotes the parameters of
the last layer. Then, we conceptualize each pruned neural network as a function of the form
fw,, (x) = ¢,,(x)"w,, where ¢,, = R R?~ denotes the feature extractor in-
duced by the pruned hidden layers, and w,,, corresponds to the last-layer weight vector. From this
standpoint, we consider the pruned neural network selection problem as a model selection problem
where, a learner must identify an optimal model from a set of candidate models {¢,, (-) " Wu, } e ]
using i.i.d. samples {(x;,y;)}?_; of size n.

Inter-model excess risk. However, to claim that one model is more optimal than another, we
must first establish a proper comparison criterion. Since the goal is not merely to identify the best
model for the given sample, but rather to find the model that performs best with respect to the entire
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data distribution, it is natural to adopt generalizability (Definition 9.3 in|Hazan et al.| (2016))) as the
central criterion for comparison. As there is no formal definition of generalizability in the context
of model selection involving multiple models, we introduce the inter-model excess risk, which not
only enables an (¢, §)-PAC framework across multiple model classes, but also recovers the standard
excess risk (Bach,[2024) in the case where there is only a single candidate model. Before introducing
the definition of inter-model excess risk, let us first revisit the some standard definitions such as
excess risk and generalization error commonly used in the ERM literature.

Let X C R% be the set of inputs, Y C R% be the set of labels, and P be an unknown distribution
over (X, ). Let {¢,,(-) " Wi }me[ar) be the set of candidate models, where ¢,,, : X — R and

w,, € RémXdy and let ¢ (+,) be aloss function. For the sake of simplicity in notation, we denote
a model with its index, such as referring to model ¢,,(-) " w,,, as simply model m. First, we define
the risk and the optimal parameter of the model m as follows:

Definition 1 (Risk & Optimal parameter). The risk of the model m € [M] is p(m,wp,) =
E (x,y)~P (@, (X) " Wiy, ¥)], the expectation of the loss { over P. The optimal parameter of the
model m is w}, := argminy, p(m, w), the parameter minimizing its risk.

Similarly, given a set of i.i.d. samples {(x;,y;)}_, drawn from P, we define the empirical risk and
the corresponding empirical estimator as follows:

Definition 2 (Empirical Risk & Estimator). The empirical risk of the model m is [i,(m, W) :=
% o U (xi) TWi, yi), the average of its loss over the samples. An estimator of the model m
is W' := argminy, fi,,(m, W), the parameter minimizing the empirical risk.

Then, the generalization error and excess risk of the model m is defined as follows:

Definition 3 (Generalization Error & Excess Risk). The generalization error of the model m with
respect to its estimator W, is p(m, W™ ), the expectation of its loss over P when it has its esti-
mator wWi,. The excess risk of the model m is (m, W) — u(m,w?), the difference between the
generalization error with respect to estimator and the risk with its optimal parameter.

When considering only a single model, excess risk serves as a standard measure for evaluating the
generalizability of an estimator. In particular, a smaller excess risk indicates that the estimator is
more robust to unseen data. For a given tolerance level €, the number of samples required to en-
sure that the excess risk falls below € reflects the effectiveness of the estimation method, and the
sample complexity of various estimators has been extensively studied in the ERM literature. How-
ever, in the multi-model setting, excess risk is not suitable for comparing generalizability across
different models. In other words, a smaller excess risk does not necessarily imply that the cor-
responding model is more generalizable. For example, consider two models, m; and mo, with
corresponding estimators Wy, and Wy, . Suppose that the excess risk of m; is smaller than that
of mo. Nevertheless, if the ordering of the generalization error and the minimum risk satisfies
p(my, W ) > p(me, wy, ) > p(me, Wy, ) > pu(ma, wy,, ), then model my is actually more
robust to the underlying data distribution, despite its higher excess risk.

This example highlights the necessity of comparing estimators relative to the best achievable risk
across models. That is, each model’s generalization should be measured against the smallest min-
imum risk attainable within the candidate pool. This motivates the need for a new metric—inter-
model excess risk—which we formally define as follows:

Definition 4 (Inter-Model Excess Risk). Let us denote the best model m* =
argmin,, cia) 1(m, wy,), the model with the minimum risk when each model has its optimal
parameter. Then, the inter-model excess risk of the model m with respect to its estimator W\, is
E(m, W) = p(m,wh) — p(m*,wr.), the difference between the generalization error of the
model m and the minimum risk of the best model.

In contrast to the excess risk of an individual model, the inter-model excess risk compares the gen-
eralization error against the minimum risk attained by the best model. Thus, the selection of a model
characterized by low inter-model excess risk not only ensures that the chosen model has learned
well generalized parameters but also signifies that the selected model itself is adept at handling
unseen data compared to other models in the candidate pool. Also, we would like to note that the
inter-model excess risk recovers the standard excess risk in the case where there is only a single
candidate model.
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Algorithm 1 Elimination-based Pruning Model Selection via Lasso (L1Sel)

1: Inputs: Pool of candidates {&,, () " Wy, }me [, sample size N, number of epochs H
Sample {(xi,yi)}f\il ~ P, set epoch lengths ny < -+ < nyg_1 < nyg = N, regularization
parameters {\,, }/_, and confidence radii {c,,, }1_,

N

3: Initialize My «+ [M]

4: forh=1,...,H —1do > Elimination Step
5: Wik = argming, fin, (m, w) + Ap, L1(w), Vm € M,

6: ucb(m, h) := fin, (m, W) + ap, , leb(m, h) := fin, (M, W) — a,,, Ym e M,

7: My, := argmin,, ¢ 4, uch(m, h) and My, := {m € My, : Icb(m, h) > uch(ry, h)}

8: Mpq1 — My, \Mh

9: end for

10: for all m € My do > Selection Step
11: wh = argminy, fiy(m,w) + Ay Li(w)

12: end for

13: mY = argmin,, ¢ v, fin (m, W) + Ay Ly (w))

14: Return: ¢,,~(-)Twly

Our objective is to design an algorithm A and verify its required sample size n such that, for given
eand d € (0,1), the model m(A) € [M] selected by the algorithm, along with its estimator W}, 4,
satisfies the following PAC guarantee: with probability at least 1 — 4, the inter-model excess risk is
less than ¢, i.e., P(E(m(A), Wy, 4)) > €) <.

3 MAIN RESULTS

3.1 ALGORITHM

In this section, we introduce an algorithm, referred to as L1Sel, which aims to identify a near-
optimal model from a set of candidate models {¢,,(-) " Wi, }me[ar) based on N i.id. samples
{(xi,9:)}Y,. One intuitive approach is to estimate an appropriate estimator for each model using
sampled data and then select the model whose estimated estimator exhibits the smallest approxi-
mate inter-model excess risk. However, this strategy can be computationally inefficient, especially
when the candidate pool includes clearly sub-optimal models—i.e., models that can be ruled out
as non-optimal with far fewer samples. To address this, we propose an elimination-based selection
algorithm that first filters out sub-optimal models using a subset of the data, and then identifies
a near-optimal model from the remaining candidates. Moreover, since our candidate models are
pruned neural networks, we expect the selected model—and its associated estimator—to be at least
as sparse as the original pruned network. To this end, we adopt Lasso (Tibshirani, |1996) estimation
with L -regularization to estimate the last-layer weights of each candidate model.

As illustrated in Algorithm[I] L1Sel samples N data points from the population. Then the algo-
rithm sets H epoch lengths n; < --- < ng_; < nyg = N of the sampled data. For each epoch £,
the algorithm utilizes a subset of size n, of the sampled data. The elimination steps are executed for
epochs h € [H —1], with the final epoch being reserved for the selection step.

Elimination Step (line 4-9). For each epoch h € [H —1], we maintain confidence bounds of each
model’s minimum risk using a subset of the sampled data of size ny. Then, we obtain w)» =
argming, fin, (m, w) + A, L1(w) , the estimator of the m-th model, where fi,,, (m, w) is the em-
pirical risk and A, L1 (w) is the L;-regularization term. Based on the estimator we set the upper
and lower confidence bounds of each model’s minimum risk as ucb(m, h) = fi,, (m, Wlt) + oy,
and leb(m, h) = [in, (m, W) — a,, . Then we remove all of the models m’ from the pool that
have a lower confidence bound lcb(m/’, h) which is larger than the minimum upper confidence bound

ucb(rp, h), i.e., ucb(mp, h) < lcb(m/, h). We move to the next epoch k41 and repeat the process.

Selection Step (line 10-13). At the final epoch h = H, we compute w7 for each m € Mg using
the entire sampled data of size N and select the model with the smallest L;-regularized empirical
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risk. By employing L;-regularization, the algorithm performs variable shrinkage, eliminating in-
significant entries of each model’s last layer parameters. Consequently, the selected pruned network
achieves a sparser representation without compromising its performance.

We establish that under the survival of the best model, m* € M, the model chosen by the se-
lection criterion (line 13) exhibits an inter-model excess risk bounded by (’)(\/Lﬁ) (Lemma (3| and
Lemma [T3), hence ensuring near-optimal selection if the sample size NV is large enough. This re-
sult motivates our focus on determining the necessary sample size for the algorithm to adhere to
the (e, )-PAC framework. In the following section, we verify the sample complexity required to

guarantee: P (|u(m™, wh ) — p(m*, wi.)| <e) >1-4.

3.2 SAMPLE COMPLEXITY

In this section, we verify the sample complexity lower bounds for scenarios selecting a near-optimal
model from a pool of regressors. Due to space limitations, the results for classifiers are deferred to
the Appendix [C] First, we introduce some notations to enhance clarity and analytical precision.

In the regression scenario, the algorithm selects from a pool of candidate models that predict a
continuous scalar value y € Y with the input x € X. As Y C R, we notate the parameters w, as
a d,,,-dimensional vector 6,,, € R Algorithmnecessitates the specification of the loss function
and L;-norm. We use the squared error as the loss function £(¢,,(x) " 0,y) = (y — ¢,,,(x) " 0)2,
and the Ly-norm is L1(60,,) = ||0,,||1- Now, we introduce some regularity assumptions used in the
design and analysis of our algorithm.

Assumption 1 (Boundedness). There exist constants ¢max, R, Ymax > 0 such that for all m € [M]
and x € X, it holds that ||@,,,(X)||co < Pmax |00, |l2 < R, and |y| < Ymax for all y € V.
Assumption 2 (Sub-Gaussian). Forall m € [M], the true error defined by &,,,.; = yi— @, (x:) ' 07,
is o2-sub-Gaussian. That is, for any t € R, E [exp(t&,,.1)] < exp(t?0?/2).

Assumption 3 (Compatibility). For eachm € [M), let the active set Sy, :== {j € [dy] : [0,]; # 0}
denote the indices of non-zero entries in 0, and define the sparsity level s, := |Sp,| < dp, as the
cardinality of the active set. We assume that there exists a constant 1*(S,,) > 0 such that

$m0 ' Ex~x (¢, (%), (x)"]0
165, I3

P2 (Sm) < , V0 € C(Sp) == {0 € R : [|6sc ||l < 30s,,[11}-

Discussion of Assumptions. Assumption|l]is standard in model selection literature (Foster et al.,
2019; [Papini et al., [2021} [Tirinzoni et al., [2022} |Kassraie et al., [2023)) to establish results on sample
complexity that are independent of the scaling of the representation feature map and parameter.
When the labels are bounded, the true error &; is also constrained, and therefore, adheres to the
sub-Gaussian assumption with a suitable value of . Assumption |3| guarantees the convergence
property of sparse estimators in the high-dimensional statistic literature (Biihimann & Van De Geer,
2011). Specifically, it ensures that the true set of active parameters are not overly correlated. Under
this condition, the Lasso estimator accurately identifies relevant predictors while setting irrelevant
coefficients to zero as the dataset grows larger.

Now, we are ready to present the sample complexity lower bound of Algorithm [I] that guarantees
arbitrarily small inter-model excess risk with high probability.

Theorem 1 (Sample Complexity of Algorithm [T} Regression). Suppose Assumption [I| 2} and
hold. Let m := argmax,, |y $m/V*(Sm) and d := max,, (s dp. For any 6 € (0,1), € > 0,
and h € [H], by setting the algorithmic parameters in Algorithmas

2
Nz (ACe +2AD + 2B + 4\/ABD) Any, = V/Ann , an, = /BJnn + AC/5ny, |
where

max

C =405, /v*(Sm), D= R?,

A =64¢2, 0% log(4dMH/S), B= %(ymax + Gmax R)* log(4MH /) ,

then we have P (|u(mN,0%N) —u(m*,0;,.)] < e) >1-0.



Under review as a conference paper at ICLR 2026

Discussion of Theorem(l} Theorem|l|establishes a sample complexity of 2 (% log(d}M)), ensur-
ing that a model selected w1th this num ber of samples, with high probability, achieves inter-model
excess risk below the target error €. The required sample size [NV grows only logarithmically with the
number of candidate models M, indicating that our algorithm remains sample-efficient even when
M is exponentially large. In particular, when M = 1 and H = 1, the sample complexity of our pro-
posed algorithm matches the known sample complexity of the standard Lasso estimator (Biihlmann
& Van De Geer, [2011)).

The key challenge in deriving the sample complexity for model selection lies in analyzing the inter-
model excess risk, which compares two inherently incomparable quantities: the generalization error
of the selected model and the risk of the best model. We address this by decomposing the inter-model
excess risk into model-specific components that are individually analyzable, leveraging structural
properties satisfied by both the optimal model and the empirically selected model. This analytical
approach is novel, as it is specifically designed to handle the inter-model excess risk, a concept
newly introduced in this work (Lemma 3]and Lemma I3).

4 EXPERIMENTS

In this section, we present numerical experiments to evaluate the performance of the proposed algo-
rithm L1Sel.

4.1 EXPERIMENT 1: GENERALIZATION ERROR

We demonstrate that L1Sel effectively selects a model with low generalization error. We report
results from two classification and two regression model selection scenarios, each using a pool of 100
pruned neural networks derived from an original network. In this experiment, we note that accuracy
on the test set is not the primary objective. Rather, our goal is to evaluate the effectiveness of the
proposed method in selecting the relatively better-performing model from a given set of candidates.
To this end, we employ random pruning to efficiently generate the candidate models. We generate
20 randomly pruned classification models at sparsity rates of 50%, 60%, 70%, 80%, and 90% and
20 pruned regression models at sparsity rate of 30%, 40%, 50%, 60%, and 70%.

In the classification model selection scenarios, the original network for each is an MLPNet trained
on MNIST (LeCun et al.||1998) and a Resnet20 (He et al.| |2016) trained on CIFAR10 (Krizhevsky
et al., [2009). For the regression model selection scenarios, the original architecture is an MLPNet
with a 1-dimensional output, referred to as MLPNetR. The datasets for regression model selection
are the Superconductivity Data (Super) (Hamidieh) 2018)) from the UC Irvine Machine Learning
Repository and the California Housing Dataset (Cal) (Pace & Barryl, [1997).

For each scenario, we assume the entire training dataset as the population and that only a maximum
of 50% of the population can be sampled. This configuration is implemented to illustrate the gener-
alizability of the selected model. To verify that the selected model is near-optimal, we must compute
the difference between its generalization error and the minimum risk of the best model. However,
accessing the true population of any dataset is impractical (e.g., for MNIST, the population data
would encompass all handwritten digits worldwide). Hence, employing a bootstrap approach, we
resample from the entire training dataset, which is essentially a sample itself, to simulate the process
of sampling from a population.

Figure (1] gives the results for the first random seed, with each scenario running for # = 10
epochs. Results for the remaining trials are provided in Section [D.3] Note that with high prob-
ability, leb(m*,h) < ucb(m,h) for all m € [M], as else, it would lead to a contradiction,
implying p(m/,w?,) < p(m*,w},.) for some m’ € [M]. Thus, the best model m* sur-
vives during the elimination step with high probability. At the selection step, our algorithm en-
sures that the selected model’s generalization error p(m?”, wa ~ ) is sufficiently low to keep the
inter-model excess risk below an error criterion €. Given that the experiments were conducted
with a sample complexity amount of data points, the confidence interval length 2« is smaller
than e with high probability (Eq. for regression and Eq. for classification). As both

p(m™N,wh ) and p(m*, w},.) fall within the confidence interval in the figures, it follows that

p(mN w0y — p(m*, wr,.) < 2an < €, guaranteeing the selection of a near-optimal model.
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Figure 1: Results for (a) MLPNet (MNIST), (b) ResNet20 (CIFAR10) (c) MLPNetR (Super), and (d) MLP-
NetR (Cal). The gray lines represent the empirical risk of the surviving models. The gray shades depict their
confidence intervals for their minimum risks. The blue line and shades describe the selected model’s minimum
empirical risk and confidence interval of its minimum risk. The cyan dashed line and purple solid line are the
selected model’s generalization error and the best model’s minimum risk respectively. The red line depicts
the remaining models for each epoch. During the elimination step, the algorithm removes the models whose
lower confidence bound exceeds the minimum upper confidence bound for each epoch. This results in the steep
declines observed in the gray lines and shaded areas at each epoch.

4.2 EXPERIMENT 2: COMPARISON WITH EXISTING MODEL SELECTION METHODS

In this experiment, we evaluate our algorithm in a classification model selection setting by compar-
ing the generalization error of the model it selects against those selected by other model selection
methods. We compare our method with 5-fold and 10-fold cross-validation, which are commonly
used in practice (Ding et al.| 2018)), denoted as CV (5) and CV (10), respectively. Additionally,
we evaluate our algorithm against several deep model selection methods, TS (Yang et al.| [2024),
PARC (Bolya et al., [2021)), and SFDA (Shao et al., [2022)).

To give a harsher model selection task, we generate a candidate pool having 50 randomly pruned
models at sparsity rates of each 50% and 60%, and use a smaller sample size of N = 10,000. To
make the model selection task more challenging, we construct a candidate pool consisting of 50
randomly pruned models at sparsity levels of 50% and 60%, and we use a smaller sample size of
N = 10,000. To correspond with the reduced sample size, we also lower the number of training
epochs to H = 5, while keeping all other hyperparameters unchanged. Since not all methods include
a training procedure (Yang et al., 2024} Bolya et al.| 2021} [Shao et al., 2022)), for fair comparison,
we train the model selected by each method before evaluating its generalization error.

Table [I] compares our algorithm and other methods in terms of generalization error and runtime.
LlSel, CV(5), and CV(10) outperform in identifying a model with low generalization error
compared to the other three methods. Though the other methods may have advantage in runtime,
as they are primarily designed for choosing a representation model for transfer learning (PARC
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Selection |

MLPNet (MNIST)

ResNet20 (CIFAR10)

Method

| Generalization Error

Runtime (sec)

| Generalization Error

Runtime (sec)

Cv(5)

LlSel
CVv(10)

0.3957 £ 0.0222
0.3961 £ 0.0222
0.3961 £ 0.0235

441.33 £ 35.05
964.13 £ 95.46

2,203.26 + 151.60

1.6762 + 0.0254
1.6841 £ 0.0342
1.6905 + 0.0366

2,624.00 + 186.44
3,254.94 + 23.45
6,654.92 + 386.59

PARC
SFDA

0.4543 £ 0.0569
0.4923 £ 0.0829
0.5518 £ 0.0668

21.17 + 2.69
213.80 £ 20.67

1.7594 £ 0.0658
1.7026 +£ 0.0381
1.8460 £ 0.0633

1,046.94 + 89.82
60.70 + 4.42
918.68 £ 30.16

TS 291.76 £ 20.43

Table 1: Comparison of the generalization error of the selected model and the runtime of proposed algorithm
and other methods. The top three methods involve a learning process, leading to a long runtime, while the
bottom three do not.

Network \ Accuracy(%) \ Last Layer Sparsity Rate(%)
Architecture | Pruning | oy pae cgrra LiSel GM M-FAC CHITA LiSel
(Dataset) Rate
0.7 93.55 93.95 93.89 94.24 + 0.03 7.95 6.65 7.50 18.40 £+ 0.77
MLPNet 0.8 92.88 93.64 93.69 94.01 + 0.12 | 10.20 11.10 9.50 20.75 + 0.42
(MNIS%) 0.9 90.03 92.73 92.41 93.17 + 0.16 | 14.85 17.55 15.00 26.15 + 0.75
0.95 79.37  90.54 86.60 9149 +0.25 | 19.20 27.75 19.00 32.45 + 1.67
0.98 23.00 80.57 31.13 85.18 +0.59 | 41.80 48.05 24.50 48.05 + 1.77
0.5 87.31 89.79 90.56 90.99 + 0.07 7.91 7.70 7.81 19.83 +2.32
ResNet20 0.6 85.89  88.88 88.71 90.36 + 0.11 8.80 9.14 8.75 17.78 + 1.86
(CIFARIO) 0.7 82.00 86.94 82.42 89.08 + 0.12 | 10.59 11.09 10.47 15.95 + 1.60
0.8 71.30  81.82 66.81 85.49 + 0.17 | 14.31 15.52 13.75 18.07 + 0.97
0.9 41.96  66.20 32.97 75.81 +£0.62 | 20.86 24.19 20.31 25.25 + 0.90

Table 2: Test set accuracy and last layer sparsity rate of the pruned networks in each pool and the model
selected by the proposed algorithm.

and SFDA) or unsupervised domain adaptation (TS), they show inferior performance in selecting
a model with low generalization error. Compared to CV, our algorithm offers distinct advantages.
Since CV selects the model with the highest average accuracy across folds, it can favor models that
overfit to specific folds, resulting in inflated average accuracy. Consequently, models selected by CV
often exhibit weaker generalizability compared to those chosen by our algorithm. Additionally, our
algorithm achieves greater runtime efficiency through its elimination step, which reduces computa-
tional overhead. Furthermore, it is the only algorithm with theoretical guarantees on finite sample
complexity for selecting a model with low generalization error. This property is particularly crucial
in scenarios where data acquisition is costly, ensuring both efficient and reliable model selection.

4.3 EXPERIMENT 3: ACCURACY AND SPARSITY RATE OF THE IDENTIFIED MODEL

In this experiment, we show that our algorithm selects a model with an improved or at least pre-
served sparsity rate and accuracy compared to the top-performing model in the candidate pool.
For this experiment, we prune MLPNet and ResNet20 with several benchmark pruning algorithms:
Global L;-Magnitude Pruning (GM) provided in the PyTorch library, M—FAC (Frantar et al., |[2021),
and CHITA (Benbaki et al., 2023). For each original network, we apply 5 different pruning rates,
generating 3 models per rate. This creates a candidate pool of 3 state-of-the-art (SOTA) pruned
neural networks for each original network and pruning rate. We run our algorithm for each pool,
and measure the selected model’s accuracy on the test dataset and its last layer sparsity rate.

The results are aggregated in Table [2] For both MLPNet and ResNet20, the model selected by our
algorithm shows higher accuracy in all of the pruning rates. Moreover, we examine the last layer
sparsity rate significantly increases for low pruning rates, and even increases when the pruning rates
are high. Experiment 3 shows that our method consistently selects pruned networks with at least
improved sparsity and accuracy to the top-performing model in the candidate pool. Notably, the
algorithm enhances these key performance measures even for already highly sparse networks.
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®
2 2

Figure 2: Illustration of L1Sel+ (Algorithm . The network in the first figure illustrates the neural network
selected by L1Sel. As L1Sel promotes sparsity in the last-layer weights, the weights of the penultimate layer
connected to these now deactivated last-layer weights (indicated by red lines in the second figure) no longer
influence the network output. By further pruning these weights, the network’s sparsity can be increased without
incurring a loss in performance (third figure).

4.4 EXPERIMENT 4: FURTHERING GLOBAL SPARSITY RATE WITH L1SEL+

Additionally, we propose L1Sel+ (Algorithm [2)), an algorithm that further improves the global
sparsity rate when the candidates are neural network regression models. As regression models have
an output dimension of 1, the components of the feature extractor ¢,,,(x) connected to the entries
of the last layer weights 6, that are 0 do not impact the loss. Leveraging this concept, L1Sel+
prunes the columns of the penultimate layer weights corresponding to the feature map components
linked to the 0 value entries of @,,, (Figure[2). The algorithm ensures at least increasing the global
sparsity rate without altering the loss.

Algorithm 2 L1Sel+
1: Input: Output of Algorithm |1} ¢,,~ (-) Tw?

mN
2: Extract the penultimate layer weights W N penult from the feature extractor ¢,,~ (- ;me,fem)
where WmnN feat = (WmN,feat—penult ; me,penult)
For every j such that [w’¥ \]; = 0, prune all of the weights of the j-th column of W,,~ penuic

4: Return: ¢,,~ ( y Wi N feat—penult » WmN,penult)

w

Table [3]shows the results applying CHITA — L1Sel — L1Sel+ to an MLPNetR (Super) in a se-
quence. Comparing CHITA and L1Sel, the last layer sparsity rate shows substantial improvement,
and the loss gets lower particularly in high pruning rates. Indeed, the loss after applying L1Sel+
does not change at all. Notably, L1Sel+ even stretches the global sparsity rate of already highly
pruned networks, enhancing the global sparsity rate from 98% up to 99%.

Pruning | Loss | Last Layer Sparsity Rate(%) | Global Sparsity Rate(%)
Rate | CHITA LlSel(=LlSel+) | CHITA LlSel(=LlSel+) | CHITA LlSel  LlSel+
0.80 0.4915 0.4185 + 0.0097 0.00 66.00 + 5.68 80.02 80.35  84.37 +0.49
0.85 0.7550 0.4702 + 0.0247 0.00 71.00 + 3.16 85.00 85.35  89.09 £+ 0.32
0.90 0.9736 0.5561 + 0.0278 5.00 73.50 + 4.74 90.02 90.36  93.02 + 0.28
0.95 3.3042 0.7191 + 0.0376 5.00 72.50 + 5.40 95.00 95.33  96.38 + 0.45
0.98 3.9384 0.9280 + 0.0077 15.00 92.00 + 2.58 98.00 98.38 99.07 £+ 0.20

Table 3: Test set loss, last layer sparsity rate, and global sparsity rate of MLPNetR (Super) after applying each
method.

5 CONCLUSION

In this paper, we study the problem of identifying a near-optimal pruned neural network from a set of
candidates. By conceptualizing each neural network as a combination of a feature representation and
last-layer weights, we propose a model selection algorithm that integrates representation selection
with sparse estimator learning, ensuring low generalization error. We establish that the sample
complexity lower bound scales logarithmically with the number of candidates, demonstrating that
the proposed algorithm is sample-efficient even for a large number of models. Through numerical
experiments, we demonstrate that our algorithm efficiently identifies pruned neural networks with
minimal generalization error while improving the sparsity rate without compromising performance.
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Neural network pruning. Neural network pruning methods can be classified by their pruning cri-
terion and its overall pruning strategy. The straightforward criterion is magnitude-based pruning,
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which decides whether to prune a parameter or not based on the absolute value of its weight (Han-
son & Pratt, [1988; Mozer & Smolensky, [1989; (Gale et al.,[2019). On the other hand, impact-based
methods raise concerns that small weight parameters may play a role in the network structure. Orig-
inating from the well-known Optimal Brain Damage/Surgeon framework (LeCun et al.| [1989; Has-
sibi & Stork, [1992), these methods approximate the loss function as a local quadratic model, and
seek a parameter or set of parameters to remove subject to minimizing the increase in the loss. Re-
cent studies show improvement in estimating the Hessian matrix (Singh & Alistarhl [2020; Yu et al.,
2022)) or even furthering to a matrix-free framework (Frantar et al., 2021} Benbaki et al., 2023)).

A common practice in pruning is utilizing an update strategy to improve the performance of a pruned
neural network compared to its one-shot—a network pruned only by applying a pruning criterion. The
gradual pruning strategy (Han et al., [2015; [Zhu & Guptal, |2017) has gained widespread acceptance
within the field. The strategy starts from a pre-trained dense neural network and runs through an
iterative process scheduled to gradually reduce the network until it reaches a target sparsity, show-
ing significant improvement for both magnitude-based pruning (Gale et al.,2019) and impact-based
ones (Singh & Alistarh, 2020). The dynamic pruning strategy trains a dense neural network by
updating its parameters using the gradients of its period-wise optimal pruned variation (Lin et al.,
2020). Multi-stage pruning employs a scheduled, iterative process that progressively tightens the
sparsity constraint by taking incremental steps towards a greater degree of sparsity (Benbaki et al.,
2023). Unlike gradual pruning, this method avoids the overhead of retraining, and hence signifi-
cantly boosting speed.

While existing frameworks offer valuable pruning algorithms, a comprehensive framework and the-
oretical guarantee for selecting an optimal pruned neural network remain largely absent in the lit-
erature. Developing effective methods that provide clear guidance in this selection process would
constitute a significant contribution to the field of lightweight neural network deployment.

Model Selection. Model selection is the task of choosing a model from a set of candidates in
accordance with a predefined objective. It is employed across a wide range of fields, including
variable selection (Marill & Greenl (1963 |Chen & Chen, 2008; |(Chandrashekar & Sahin, 2014),
selecting a pre-trained deep model for transfer learning (Bolya et al., [2021} [Shao et al., |2022) or
unsupervised domain adaptation (You et al., [2019; |Yang et al.| [2024), determining the number of
components in mixture models (McLachlan & Rathnayake| 2014} (Celeux et al., [2019), and policy
selection in interactive learning (Foster et al.| [2019} |Zitovsky et al., [2023)).

Towards seeking a generalizable model, Akaike Information Criterion (AIC) (Akaikel [1974) and
BIC (Schwarz, [1978) have become the cornerstones for parametric model-based model selection
methods. AIC is more focused on prediction while BIC is more focused on finding the true model.
Various improvements or balanced approaches have since been proposed, including the Hannan-
Quinn Criterion (HQC) (Hannan & Quinn, [1979), Extended BIC (Chen & Chen, 2008), and the
Bridge Criterion (Ding et al.,[2017). Beyond information criteria, other methods have been inspired
by Bayesian (Djuric, (1998} |Andrieu et al.| 2001} |Shao et al. [2019), information-theoretic (Wallace
& Boulton, |1968; Rissanen, |1978), or decision-theoretic (Dawid, |1984) perspectives.

For model selection frameworks without the requirement for candidates to be parametric, CV (Allen,
1974; |Geisser, 1975} |Stonel [1977) is widely employed in almost every machine learning pipeline,
emphasizing the importance of model selection for successful machine learning deployment. It is
important to note that the performance guarantees of these methods are asymptotic with respect to
sample size and do not provide explicit quantification of model selection performance with finite
samples. For a comprehensive review of various model selection methods, please refer to (Ding
et al., |2018) and the references therein.

B SAMPLE COMPLEXITY LOWER BOUND OF ALGORITHM [I] FOR
REGRESSION TASK

In this section, we present the rigorous proof of Theorem |}
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B.1 PRELIMINARY

Let ¢ > 0 be the error criterion, n; < ny < --- < nyg = N be the epoch lengths, and M,
be the index set of models remaining in the candidate pool at epoch h € [H]. For notational
simplicity, we denote n := ny, for a fixed epoch h € [H] when it is clear from the context. We
denote the empirical process as v, (m, 0,,) = fin(m,0,,) — u(m,0,,) and define model m as
M 1= argmax,,c(as Sm/ 12(S,). We also introduce some events utilized in the subsequent proofs.

& = {u(mN, 0N ) — u(m*,6%,.) > e} : the event that inter-model excess risk of the
model selected by Algorithm [T|exceeds €.

o Snm = {|vn(m,0;,)| <n,}: the event that empirical process of the m-th model having
its optimal parameter is bounded.

° yn = ﬂmth fjﬂn,'rn

o T = {||% S i@ (%) oo < ;\n} : the event that model m’s maximum absolute

)

deviation across all feature dimensions is bounded, where &, ; = y; — ¢,,,(x;) T 6,.

° % = mmEM}L yn,m

* Xy = {ﬂZ,:l(Ynh, N %h’,)}: the event that .7, , and .7,,, both hold for all of the
epochs b/ € [h].

Before we present the main proof of Theorem [I] we first introduce the following key lemmas.
Lemma 1. For all h € [H], if the regularization parameters {\,, }}_, and confidence radii

{an, YE_, of Algorithm |l| are set as \n, = \/A/np and o, = \/B/n, + AC/5ny, , where
A, B and C are the values specified in Theorem|l| then event Z occurs with probability at least

1-6.
Lemma 2. Under #Zy -1 and by setting o, = M, + 8/\%hsm/¢2(5ﬁl)for epochs h € [H—1], the
best model m* survives for the selection step, i.e., m* € My.
Lemma 3. If m* € My, under /N N T, the inter-model excess risk of the selected model m™
is upper bounded as follows:
* )\2 m
u(m™, 0N ) — pu(m*,60%,.) < 20y + 2ANR + 40#;) .

inter-model excess risk

Lemma establishes that by setting {\,,, }/__, and {a,, }H | in Algorithm according to Theo-
rem[I] a desired event Zy = Zp—1 N %N N I occurs with high probability. Lemma [2]indicates
that under #; 1 and by configuring the confidence radii as specified in Theorem [I} the candidate
pool retains the best model m* for the selection step, m* € M . Lemma[3|demonstrates that under
the survival of the best model for the selection step along with the occurrence of event .y N Ty, the
inter-model excess risk of the selected model m” is bounded by O(\/—lﬁ) The proof of Theorem
leverages Lemmas [I]and [3]to derive a sample complexity lower bound required for our algorithm to
meet the (e, §)-PAC criteria.

A brief overview of the following sections is as follows. In Section we establish Lemma [I]
In Section [B.3] we verify Lemma[2] In Section we demonstrate Lemma [3] In Section
we prove Theorem [I] In Section [B.6] we provide the proofs for the technical lemmas used in this
section.

B.2 PROOF OF LEMMA[I]

Proof of Lemmall] The proof of Lemma|I] utilizes the following lemmas.

Lemma 4. Let My, = | My be the number of remaining models for epoch h. For a given 61 € (0, 1),
if

— \/(ymax + ¢maxR)4 log(2Mh/61)
77n 271 9
event ., occurs with probability at least 1 — 9.
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Lemma 5. Let M), = | My,| be the number of remaining models for epoch h. For a given § € (0, 1),
if

)

')“\ _ \/¢?naxo—2 log(Zth/(sQ)

n
where d = max,,c(rr) dm, event Iy, occurs with probability at least 1 — 6.

Note that setting the regularization parameters {\,, }._, and confidence radii {a,, }/L, of Al-
gorithm |1| as A\, = \/A/ny and o, = /B/n, + AC/5n;, implies setting {n,, }_, as
Ny, =/ B/nh.

For all h € [H], by setting {\,, }_, and {cv,, }HL, as specified in Lemma and by choosing 47,
d2,and A\, as d; = dy = % and A,, = 8\,, = /A/np, we have,

M = \/W - \/(ymax + ¢maxR)4 ]'Og(4MH/5) > \/(ymax + ¢maxR)4 log(QMh/al)

27’L}L th

and

3 1 2 o02log(4dMH 2 o2log(2dM,
)"ﬂh — g /A/Tlh _ \/¢max0 Oi( d /5) Z \/ max? Og( d h/62) :
h

np

where for the last inequality of each, we use M > M), for all h € [H]. Thus, under the conditions
established in Lemma[I] Lemmas [4] and [5] hold.

Using the results of Lemmas @] and 5] we get
P(Zn) =1 -P(Zy)

. l]P’ (}Q%ﬁh) +F (,@ 9)]

51~ [ix@(fm +iﬂ»(%)]

h=1
>1—Hé — Hés
=1-9,

where the first inequality uses union bound, the second inequality follows by the results of Lemmas]

and and the last equality comes from the choice of §; = d = %. [

B.3 PROOF OF LEMMA[Z]

Proof of Lemma 2| We introduce the following lemma which provides the validity of the confidence
interval.

Lemma 6. For any h € [H—1], let n := ny,. Suppose events .%,, and I, both occur. Then, for all
m € My, by setting \,, = 8\, and v, = 0y, + 80255, /1*(Si), the following holds:

:u(m’ ‘9:@) € [ﬂn(m7 0%) — Q, fin(m, 9%) + an] :
For the remaining, we use proof by contradiction. Assume that m* gets eliminated at a previous
epoch b/ € [H —1]. This means there exists a model m’ such that ucb(m/,h’) < lecb(m*,h’).

On the other hand, the occurrence of #_; implies that event ., , N %h, takes place. Thus, by
Lemmal 6] for each model m € My, we have

(m, 8%, € lleb(m, 1), uch(m, )] .
where ucb(m, h') = fin,, (m, 0, ) + a,, and Icb(m, h') = fin,, (m, 07" ) — oy, -
However, this represents u(m’,0;.,) < ucb(m’,h’) < leb(m*,h’) < u(m*,6,,), which is a
contradiction since p(m*,0;) < u(m,O,,) for any m € [M]. Thus, under Zy_; and by setting

Oy, = Ty, + 82, $m/1?(Sm) for epochs h € [H —1], we conclude that the best model m* does
not get eliminated at any previous epoch b’ € [H —1]. O

16
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B.4 PROOF OF LEMMA[3]

Proof of Lemma[3] Establishing Lemma [3] consists of two steps. Step 1 bounds the inter-model
excess risk with the sum of the model-wise excess risk of the selected model and an additional A
term. Step 2 bounds the sum of these terms and completes the proof.

STEP 1: BOUNDING THE INTER-MODEL EXCESS RISK

As m* € My, we know that the best model is in the candidate pool for the selection step. We begin
with decomposing the inter-model excess risk:

N(mNa O%N) - :U‘(m*a 0:”*) = [N’(mNa Q%N) - :U'(va G:nN)} + [:u‘(mNa e;an) - N(m*v etn*()%)

Let us denote fiy (m, ) := [L ~(m, 8)+A]|0]|1 the empirical risk with an L, -regularization term and

A := maxepm,, |in (m, 0Y) — p(m,67,)| the maximum of the model-wise difference between
the minimum empirical risk with L;-regularization and the minimum risk. For each m € M,
since p(m, 07,) belongs to the following interval,

p(m, 0;,) € [uzv(m Om) — v (m,05) — p(m, 6;,)|, i (m, 03,) + |fune (m, 07,) — p(m, 6},)

we have,

]

fin(m, 03) — A < pu(m, 0,) < fin(m,05) + A. 2)
Note that since . 2) holds for all m € My, for the best model m* and model selected by Algonthml
N the followings hold:
fin (m*,00.) — A < p(m*,6;,.) < fin (m*, 00.) + A, 3)
An(m™,00x) = A < p(m™, 05,v) < fin(m”, 0px) + A @)
By combining (3) and (@), we have
in(m*,00.) = A < p(m*,05,.) < p(m™,05,x) < fin (mN, 055) + A 5)
Then, by plugging (3) into (II]) we have
@ < [u(m™,0)x) - )| i (m™,0x) + A] = i (m*, 0)).) = A
= [um™,0x) ~ n)|  [n (m™,00x) = i (m*, O] + 2

< [u(mN,efo) — p(m® ,emm} +24,

where the last inequality holds since jiy(m?®, OZN) — fn(m*, 0%) < 0 due to the selection
of Algorithm 1} i.e., m" = argmin,,, My N(m", OZN). Therefore, we bound the inter-model
excess risk as

pm™00x) = p(m*,85,) < [u(m™, O} ) = p(m™,0;,x)| + 2A. ©)

inter-model excess risk

STEP 2: BOUNDING [u(mN,OzN) — p(m?, OLN)} +2A

We begin with examining A.

mrg.%i{H HN(m T)’L) (m 7”)

= max [ (m, O) + Ax 1611 — u(m, 07,
meMpg

= mIg%(H ﬂN(m’ Or]\rlzv) - ﬂN(m7 Orn) + >\N||0%”1 + ﬂN(ma O:n) - /U’(ma O:n)

< ~ N A * ‘
s [y (m, 030) — oy (m, 05,) + AwOX [+ max o (m, 03,

() Ay

17
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We rewrite the first and second terms in (%), fiy (m, 0Y)
)

— [N ( 0;.), using notations &, ; :=
Yi = G (i) ' 05, and G i = (07, — 07) T b,,,(x:) 9y, (x:) T (67,

—Bfn).

|
2| =
_MZ

s
Il
-

i (m, 03) — i (1, 6) = = 37 [0 = B, 0) TON)? = (i — by ()7 65,7

I
=N
] =

N
N 1
gmzd) ( ) ( _Bm)"i_N;Cm,zW

N
Il
-

Returning back to (*), we obtain,

() = e,

N N
2 . 1
=1

i=1

N N
2 T /pn* N 1 N
< = ) ) _ — )
> mIg%/)fH N ; gm,z¢m(xl) (om em) +mnelja\/)l(H N ; Cm,i + )\NHBmHl
For (xx), under the event J,
1 N
() % s (2 03— 0l < s 3w} 03 )

where the first inequality comes from Holder’s inequality.

To continue the proof, we introduce the following lemmas.

Lemma 7. Under 9, for all m € [M], the following inequality holds:

/\ism
7Z<mz_ gmz = wQ(Sm)

Lemma 8. For each m € [M], the following holds:
n *\2 n *
E[C’mﬂl] = EXNX |:(¢m(X)T0m - ¢m(X)T0m) :| = /’[’(m7 em) - ,U'(m7 Hm) .

Applying Lemmas[7|and[8]to (x x x), we get

A2 Sm "
(x*%) < max WA([ a7 p(m, 85%) = u(m, 65,) + Anll0 11
)\fvsm N * N *
< mnel.%/}l(H ’(/}2( ) + H(m, Om) - M(mv 0 ) + )‘N”am”l + )‘N”ern - Om”l
< ma 4>\?Vm+ma)\\|0\|
X a—F—— X
T meEMpy 1/)2(5 ) meMpg NlPm i1
A,
N * N *
+ max [u(m,60) — u(m, 8,) + A6} — 65l ()
meMpy
X,

2
Note that we omit the absolute value notation at the second inequality since 4 w/\;z g.) > 0,
u(m, ON) — p(m, 87,) > 0 and Ay 011 > 0.

m

Plugging in (7) and (8) into (*), and with the choice of \,, = % which implies \,, < 2=, we obtain

18
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(+) < (8) + (5 % %)

< A% S

< N _p* m

< max ‘2/\Nl|0m 07 |1 ’+4 B(on )+A2+A3

< ma )\ 16 — 67 |1 )\?Vsm + A+ A

X .
= memy |27 TR,y Tt
remind that m := argmax,,, ¢y $m/¥?(Sm). Thus,

. . Loy S .
A<(x)+A; < max 105, — 6511 +4¢2(Sm) + A+ Ay + Az, 9)

Combining everything, we get,

[1(m™,0)) = u(m™, 0;,)| + 22

o A2,
N pN N p* N * NPm
< [pm™, 65) — u(m™, 0)] + mas A0 = 07,1 + 28+ 285 + 285 +8. 50,
A2 S
< 2A1 +2A2+4A5+8 (10)

2 (Sm)
where the last inequality holds since [u(m, 0")—pu(m, Ofn)] < Az and A\y||0N —67 ||, < Aj for
allm € My.

Under the event .y, we have A1 < nn. For Ag, we have Ag < ANnR by Assumptlonl The last
term Ag is commonly referred to as the oracle inequality. For As, we invoke the following lemma:

Lemma 9 (Oracle inequality for regression models). For any h € [H], let us denote n,, = n.
Suppose that event 7y, holds. Then, for any m € My,
(m.03) — i, 83,) + M, 107, — 031 < 820
MM, Uy ) — A, Uy nl|Ym = UYmlll = :
$2(Sm)

By Lemma[9] we have
< A% Sm A sm
Az < max 8 =8

TomeM) Y2 (Sm) ¥ (Sm)

Remind that m = argmax,, ¢y S V3 (Sm)-

Combining the results of () and (10), we complete the proof of Lemma 3}

~ ~ - )\2 -
M(mN’ HZN) —pu(m*,0;,.) <241 + 20 + 475 + 8#;*)
inter-model excess risk m
)\?VSm
:2nN+2/\NR+401/}2(Sm) . (11)
O

B.5 MAIN PROOF OF THEOREMIII

Proof of Theorem([l} According to Lemmall] the constraints on {\,,, }/L | and {a,, }1_| specified
in Theorem [I] ensure that the event % occurs with probability at least 1 — §. The occurrence of
event Zg implies the occurrence of event Zg_; and event .y N Iy .

If Z 1 takes place, Lemrnaholds as the confidence radii {a,, } h= 1 are set to meet the conditions
of Lemma@ Hence, with high probability, the candidate pool retains the best model m* for the final
epoch H, i.e., the selection step.

19
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Additionally, when m* € My and if .#y N Iy occurs, Lemma [3| applies. Therefore, with high
probability, p(m™, 00 x) — u(m*,6%,.) < O(7=)-

Recall that & := {,u(mN, 0" \) — u(m*,05,.) > e}. Starting from the law of total probability, we

»m*

have

P

P(&) E | Zu)P(Zn) +P(& | 2y )P(Xy)
& | Zu) +P(Z5;)
& | Ru) + 6

g|%HflvvayN)+6a (12)

IAINA

—~ o~~~

P
P
P

where the second inequality results from Lemma [ By Lemma |2} the occurrence of event Zp—1
and the constraint on {a,, }hH:_11 guarantee that the best model survives for the selection step, m* €
My . For the selection step, we have

P(éa) < P((g) ‘ R, SN, yN) +4
)\?VSﬁl

$?(Sm)

gIP’(QnN+2)\NR+4O >6|%Hfl,yN,yN)+(5

()
<9 (13)

where the second inequality employs Lemmal[3] Regarding to the last inequality, as 7x and Ax both

have 1/ VN terms, by setting N large enough, we can make the LHS of (*) always be smaller than
or equal to ¢, i.e., P((*) | 1, N, In) = 0.

To summarize, the sample complexity is any number that exceeds N satisfying the following state-
ment:

2
/\Né‘m

2 22N R + 40
NN + 2AN R+ 02 (Sm)

<e. (14)

From the proof of Lemma we know that setting \,,, = \/A/np, and vy, = /B/ny + AC/4ny,
implies setting 7, = +/B/ny, forall h € [H|. Using Ay = /A/N andny = \/B/N, we get

B AD  AC AZsm
NN Ty T 2R A0S )

where A, B, C, and D are

A = 64¢% , 0% log(4dMH/S6),

max

1
B = 5 (Ymax + GmaxR)* log(4MH/5)

5
C=40—2_, D=R2.
¥2(Sm)

20
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By combining (T4) and (13), we get
| B + 9 AD AC
N = <e
= AC+2(\/AD +VB)VN < eN

= 2(V/AD + VB)VN < eN — AC
= 4(AD + B +2VABD)N < éN? — 2ACeN + A*C?

= 2N? 9 (ACe +2AD + 2B + 4\/ABD) N+ A%2C% >0

1
= N> | (ACe+24D + 2B + 4VABD)
€

2
+ \/ (ACe + 24D + 2B + 4\/ABD) — 24202

2
= N> 5 (ACe+24D + 2B + 4VABD) . (16)
€
For such N, we have the desired result P(&") < 6. O

B.6 PROOFS FOR TECHNICAL LEMMAS

B.6.1 PROOF OF LEMMA @

Proof of Lemma First, we show that the complementary event of ., ,,, is rare. We can write the
complementary event as

%1 ,m {|:un(ma OTYL) - u(m, ern)‘ > Wn} )

where
. , N
p(m, 05,) =E [0(,,(x;) " 65,,v:)] and fi,,(m = Z m(x:) 105, y)] -
i=1
Since the data points (X1, 1), , (Xn, yn) arei.i.d., the losses £(¢,, (x;) " 05, v:), i € [n] are inde-

pendent too. Thus, by finding the bounds of the loss £ (&, (XZ)TOm, yi), we can apply Hoeffding’s
inequality to upper bound the probability of .77 .

By Assumption|[I] we have
0 < U, (x )Tejjmyi) < (Ymax + ¢maxR)2 .

Applying Hoeffding’s inequality, we get
P (|fin(m, 07,) = p(m, 63,)| > nn)

:P<

<9 < 2n’n >
X - n
N p Zi:l(ymax + ¢maxR)4

) ( 2ni, )
=2exp | —
(ymax + ¢maxR)4
= 60
for some d¢ € (0, 1).

n

%Z [é((ﬁm(xb)Terrmyl)] —-E [é(qsm(xt)—r ;krwy'i)]

i=1

> T]n)

Rearranging the last inequality with respect to 7,,, we get

_ \/ (Ymax + Gmax ) 10g(2/50)
NMn = 5
n

A7)
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Thus, if ,, satisfies (T7), for given m € My, we have P (.5 ,,) < do.

Now for every m € My, we have

meMy,
>1- ) P(I,0)
meMy,
>1— Mpdo
=1- 51 )

where the first inequality comes from union bound. Replacing dy in 7, as d1 /M, we get,

4
N = \/(ymax + ¢max§3l log(QMh/(sl) ] (18)

Thus, if 7, satisfies (I8), P(.#,,) > 1 —4; . O

B.6.2 PROOF OF LEMMA[

Proof of Lemam 5] The proof strategy for this Lemma basically follows that of Lemma[] First, for
a given &y € (0, 1), we will show that P (.7, ) < 8. The complementary event is

1 n ~
= {”nzgm,l¢m(xz)”oo > )\n} .
i=1

For each m € [M] and j € [dyn], let zp, i = &m (@, (%i)];. As [@,,(x;)]; is bounded with
(D (xi)]; < P (xi)|| < Amax> and &, ; is o%-sub-Gaussian by Assumption [2] it follows that
Zm,i.j is also sub-Gaussian. Specifically, for any o € R, E [exp(azy.i.j)] < exp(a®d?2,.0%/2).

Applying union bound, we get,

I -
P <||n D mibm(xi)loc > An) (jgl[g;;] I sz

i=1

j=1 i=1
)\2
<2dexp | — L
( 12naX02>
< 60 )

where d = max,e[ns) d,- Rearranging the last inequality with respect to Ans We get

\/ 02,050 1og (2d/d)

19)
Thus, if \,, satisfies (T9), for each m € M;, we have IF’ (5 m) <o -

Now for every model, we have
=1-P ( U y,;m>
meMy,
>1- Tm)

meMy,
>1— Mydo
=1-149,
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where the first inequality comes from union bound. Replacing §y in A as 0y /My, we get,

\/ $2,,.02 1og (2d M, /52)

(20)
Thus, if A, satisfies @0), P (.,) > 1 — 45 . O

B.6.3 PROOF OF LEMMA[6]

Proof of Lemmal[f] Define A,, := max,,c am,, |fin(m, 07,) — pu(m, 07,)|. Since pu(m, 07,) belongs
to the following interval for any m € My,

1,03, € [fin(m, 03,) — i (11, 03,) — . 03 i (11, 03,) + |11, 03) — u(m, 07, |,
we have,

fin(m, 07,) — An < u(m, 65,) < fin(m, 07,) + An

Notice that

An - mmax |/Ln( gm) - M(m7 g;kn)|
= mnelax |,un( 9 ) u(m, gm) + ,u(m, 977711) - ,u(mv Otn)|
< max | (m, 0y,) — u(m, 0p,) + max |u(m, 0,) — p(m, 07,)|
meM meMy,
< max lfin(m, 07,) — p(m, 07,)| + max p(m, 07,) — p(m, 67,) + A |07, — 07, |11
meM meMyp,
A Ano

Note that under the event .%,,, we have An,l < .
By Lemma[9] we have

An < 8 :8 5
2= et 62(Sm)  02(Sm)

where m = argmax,, ¢ Sm/¢2( Sm).

)\2 Sm )\%sm
(

Combining the upper bounds of An}l and Amg, we have
A28
P2 (Sm)
Therefore, under the event .7, for all m € M, the following holds:
fin(m, 0,,) — an < pu(m, 0;,) < fin(m, 07,) + an

Ay < +38 21

)\iSﬁm
where o, = 1y, + 8w2(sﬁ)' O]

B.6.4 PROOF OF LEMMA[]]

Proof of Lemmal7] The key idea is to start from (29) but derive a basic mequahty different to (30).
Note that &m.i 1= yi — @y, (2:) 0, and Ci o= (07, — 07,) 7 @,,,(x:) by, (x:) " (67, — 67,). For
eachm € My,

fin (1, 0,7,) + Anl|07 [[1 < fin(m, 07,) + An[[07,]]2

3 [ B T02)” = (31— () 057 < N0 1 — a0

i=1

1 n

EZ m,i meﬂ}b X7 70:;:) SAWHGZ’L”l An ||0 ||1 (22)
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Then, under .%,,,

- Z C’rn i ng ld)m Xl ( - gjn) + An”B:;LHI - An”e?n”l
2 n *
< 5Z£m,i¢m(xi)T(9m—9m) + A6, 11 = Anl|07,]11
i=1

1 n
SQHEZ&L,@m(Xi)HmH@Z mllt + Anll07, ]l = Anll67, 12
i=1

< 22,107, = 7Ll + A6l = Aall67, 1

where we use Holder’s inequality in the second inequality. Next, as the choice of Ap = %" implies

An < ’\4", we obtain

1 - 3 * n * n
52%,1» < 20167, — 05l + Anll67, [l — An |67, (11

Ly ign
< 5AallOn = Ol + Anl6r, ||1—/\ 167111

A X %
< 1655, = Onss,, ||1+ 5 107,55, = Omns, It
+ M55, 1L = Al SmHl Anll€7 se, 11

< 7” m,Sm — O, 11 A 5 100,55, = s, It = Al sc
3)\
= 5 1055, = Ons,. I — Ilem sg, ~ Om.ss, 11 (23)
Since £ 31" | (i > 0, from 23) we get |6, se =0 s |1 <3105, 5,, — Or,.s,, |11 This is the

point where we reach at the conclusion for Lemma@

Continuing the proof, by Assumption 3] we have
_ sm(0 = 65) "Ex ox [¢ (%), (x) "] (67, — 67,)

V*(Sm) < 0 7 (24)
1675, — Orm.s, 17
By adding \[|6};, 5 — 6}, s, |1 to both sides of (23) and by rearranging, we get
- Z C’m it An H m m||1 < 4/\7LH077L Sm gfn,Sm ”1 . (25)

We lower the LHS of@]) using = Zl 1Cmyi > o LS G >0

ﬁZCm,Hr/\nlI@" — 0,0 < ZCm,iJr/\nIIBZ—@fnlll <4055, — O s, Ml (26)

By plugging (24) into (26), we have

7ZCTI’LL +>\ ||07n 7rL||

< 08— 1) T [ (K) b (X)) (6 — 0 2

P(Sm)
. Ton _ Toe\2] VSm
Cm,i
ElGy] + 4—nsm @7
R (5
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where the last inequality follows by using 4uv < u? + 4v? with

w= B (6,070,  6,0070;,)*] and
V= Ap/Sm /¥(Sm) -
We conclude with rearranging (27),

1< 1 < A2s
n i§:1< , [C ) ] = n ;Zlc gt || m mHl [C , } = wg(sm)

B.6.5 PROOF OF LEMMA 8]

Proof of Lemmal8| Let £(0X) := p(m,0%) — p(m, @7,). Then for the mean square error loss, the
2nd order Taylor expansion of £ (07 ) with respect to 87, is given by

1
E(0) = £(6;,) + (VeE(6;,)" (67, - 6;,) + 5 (O — 05, V5E(6,,)(0,, — 07,)
1
= 5(65, = 07,) 'V5E(0,,) (6, — 67,). (28)

where the second equality holds since £(8;,,) = 0 and since £(0) is a non-negative quadratic func-
tion with respect to 8, the minimality of £(8},,) implies Vo&(0;,) = 04, .
Note that we have

VQ(‘:(O) = VG,LL(m, 0) = VGIE [(y - ¢m(X)T0)2] =E [_Q(y - ¢m(X)T9)¢nL(X)] ’

and

V5E(0) = 2E [, (%), (%) ] -
Then, from (28)) we have

EON) = E [¢,,()T (O} — 0,,)6,,()T (0}, —03,)] -

B.6.6 PROOF OF LEMMA

Proof of Lemmal9] Utilizing the methodologies outlined in (Biihlmann & Van De Geer, [2011), we
derive an upper bound for p(m, 0,) — u(m, 07) + |05, — 67 |1

For each m € My, since we have
fin (m, 073) + |07, [[1 < fin (1, 07,) + |67, 1 - (29)
By adding and subtracting ;(m, 0;,) and p(m, 6;,,) to both sides respectively, we have
fin(m, 0;,) — pu(m, 0,,,) +u(m, 67,) + An[|07, |1

U (m,07)

*

< fin(m, 0;,) — pu(m, 0;,) +1(m, 07,) + |6, |1 -

Vn(m,07,)

By rearranging the terms we obtain a basic inequality:
1(m, 02,) — u(m, 05,) < v (m, 05,) — v (m, 07) + Al 051 = AulO5 1. (30)

As the loss is the squared error £(¢,,,(x) "0, y) = (y — ¢,,(x) " @)2, we can write the concentration
of the empirical process as

Vn(m; em) - Vn(m7 em) = E Z Xm,i — ]E[an,i] + E Z Cm,i - E[Crn,z} 3 (31)
=1 =1
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where Xom.i = 26m.i@ (xi) T (05, — 07,) and G i == (0, — 07,) " ,,, (i) ,,, (x:) T (67, — O7,).
For the first concentration term of

i=1 =1 i=1

’TL ;Xm,i + E[; ;X'm,i}

IA

1< 1 <
<= xomi| HEl|= D xomai]
ni:l ni:l
<4\, )|07, — 6, l1 (32)

where the second inequality comes from Jensen’s inequality. The last inequality holds since, under
the occurrence of event .7},

1 ¢ 2 w T
P |n§i_135 9(x:)" (65, — 07,)

1 . * 3
< 2|~ Y mid(xi)loc|6, — 671
i=1
< 20,167, — 05,11 -
Plugging in (32) and the result of Lemma[7|to (31), we obtain,

2
AL Sm,

(M, 07) — vn(m, 07) < 4X,]|07 — 67 ||, + 4=

(33)

Inserting (33) to (30) and by the choice of ), = 4= we get,
p(m, 67,) — p(m, 0,,)

< AN]07 — 07 |1+ A l|OF, |1 — An]|O7 |1 + 4

A2 80,
$?(Sm)

< */\nHOm Hl + /\nHO 1 — )‘anm 1 +4¢2(Sm)

H m,S¢, mSC ||1

- 7”0771 S a;kn,sm

2
As Sm

¥?(Sm)

||‘5’m S~ Oms, ln 4o 5 100,55, = Omss, 1t = AnllOf, sc, 1 + 4752

>‘ ||0mS

wllt = Anll€7, s 1 +4

)\2 Sm

$?(Sm)

\ /\

. )\n A2 > Sm
—7|| =05, — 16005 — e i +4—5ra
2 m,Sm m,Sm 9 ¥Wm,ss, m S, ¥2(S,,)

where the last comes from A, (|0}, 5 [l1 — Anll07, s, l1 < Aull€;, 5, — 05, 5. |1 and the equality
uses the property that ||0], || = H0 sl + \\0m75%||1
To continue the proof, we use the following lemma:

Lemma 10. Under 9, for all m € [M), (0;,, — 0},) meets the compatibility condition, i.e.,

m
165, 5c — 0, sclli < 3(1607, 5 — 07, 51
Note that the proof of Lemma|[T0]is included in the proof of Lemma([7)at Section [B.6.4]
By Lemma([10] 6}, — 0}, € C(S,,). Thus, by Assumption 3] we have

Sm(efn - O:n)TEx ~X [‘p (X)¢m(X)T] (efn - O:n)
1675, — Om.s,. |17 '

P2(Sy) < (34)
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By adding A[|6}, 5. — 6, ¢ ||1 to both sides and by rearranging we have

2 [u(m, 977;) - N’(m7 O:n)] + /\”HG’m S8, :n,Sf, + >\’L||07n Sm Oj:n,Sm Hl

Anll€7, =65 11

)\2 Sm

. 35
32(5,m) 33

<AMI67, s, — Ons, I+ 4T

By plugging into (35)), we have
2[u(m, 07,) — p(m, 0;,)] + A |07, — 07,111 (36)

< 085 = 05 e [0, ()60 (0)T) (6, — 81)- Vs 4

_ n * \2 \/% >\28m
= D B [0 00700, — 6,07 0,7 L 0 S
n " >\n5m >‘n8m
< Exox [(¢m( )Tom - ¢ ( )TGM) } + 477/12(5771) * 41/}2(5771) ’ Gn

where the last inequality follows by using 4uv < u? + 4v? with

w= B [(9,0070% — 6,70:,)°] and
v = )‘n\/Q/@Z’(Sm) .

Finally, by Lemmal[8] we have from

2
)‘n Sm

$?(Sm)

p(m, 07,) — p(m, 0,,) + Anll07, — 6, ] <8

C SAMPLE COMPLEXITY LOWER BOUND OF ALGORITHM (1| FOR
CLASSIFICATION TASK

For the classification model selection scenario, the candidates are pruned networks that classify
an input x to one of the predetermined K classes. For a given data point (x,y), the label y =
(y1,-++ ,yx) ' € {0, 1} is a one-hot vector that indicates the class to which the input x belongs. It
is noteworthy that each model requires only K—1 parameter vectors for a K -class classification task,
as the probability of x belonging to the K-th class is automatically determined by the probabilities
of the first K —1 classes.

For each model, we denote the parameters w,, as a matrix consisting of X — 1 columns ©,,, :=
01, O 1] € RImX(K=1) The loss function is the negative log-likelihood,

U0 (P (x) T Or) Zyk log[o(,,(x) " O]

where the activation function o(-) : RK—1 — R¥ gives

exp(@,, (x )Tem k)]l{k <K}+1Ul{k= K}
1+ Y0 exp(eh,,, (%) 70 1)

Note that ZkK lo(9,,(x)"®,,)] = 1. The Ly-norm of ©,,, is defined as L1(0,) = [|©, [|1,1 =
Z H0m &||1. Now we introduce regularity assumptions for the classification scenario.
Assumptlon 4 (Boundedness). There exist constants ¢max, R > 0 such that, for all m € [M], it
holds that ||@,,,(X)|lcc < Pmax and [|©}, |11 < R.

m

[U(¢7n (X)Tgm)] BT
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Assumption 5 (Compatibility). For each m € [M)], define the active set S, = {(j, k) :
®; (4, k) # 0} and the sparsity index Sp, = |Spm| < dpm x (K —1). For any © :=
[61,...,0k_1]" € C(Sp) == {©® € RE>*E=D . |@g |11 < 3|Osg,, |11}, we assume that
there exists a constant 1)*(S,,) > 0 such that

(S, < 5y DL ff-‘fHziExwwm(x)qu(x)We,;

2
11

m

Assumption 6 (Non-singularity). For any m € [M], x € X, and © € R¥>*E=1D we define
A € RE-DXE=D g5 A(i,§) = [0(¢,(x)TO)]; (6i5 — [0(d,, (x)TO)];), where 6; ; is the
Kronecker delta. We assume there exists a positive constant 0 < kg < oo such that %/\min (A) >
%0, where Amin () is the minimum eigenvalue of given symmetric matrix.

Discussion of Assumptions. Assumption[dand [5|extend Assumption [T]and [3]from the regression
setting to the classification setting, respectively. Assumption [6]is standard in the multinomial logit
model literature (Bohning, {1992 |Oh & Iyengar, 2019; |Amani & Thrampoulidis, 2021} |Perivier &
Goyal,|2022) which is also equivalent to the standard assumption for the link function in generalized
linear models (Filippi et al.| | 2010; |Li et al., 2017)) to ensure non-singularity of the Fisher information
matrix.

Now, we present the sample complexity lower bound of Algorithm |I]for classification model selec-
tion scenarios.

Theorem 2 (Sample Complexity of Algorithm [T} Classification). Suppose Assumption[d) [5] and [6]
hold. Let i = argmax,, c(ag $m/%*(Sm). Forany § € (0,1), € > 0, and h € [H), by setting the
algorithmic parameters in Algorithm|l|as

2
N> (AC’e Y 24D 4+ 2B + 4\/ABD) Amn = VA nn  an, = /Bjnn + AC/4ny, ,

where

max

C =16ko(K — 1)s,n/¥*(Sm), D= R?,

1
A =32¢%, log(4MH/S), B= 5 (20max R + log K)?

then, we have P (|,u(mN, ONy) — u(m*,0%5,.)] < e) >1—0.

Discussion of Theorem 2 Compared to Theorem [I] Theorem [2] also establishes a sample com-

plexity of (k’f#

) . The absence of the log d term stems from the difference in the loss functions
used. This result demonstrates that our algorithm remains sample-efficient for selecting a classifier
from a large pool of candidates, even when the dimensionality of the feature representation is high.
Notably, in the special case where M = 1, H = 1, K = 2, and the sparsity level of @}, matches the
ambient dimension (i.e., s,,, = d,;,), our sample complexity result coincides with the known sample
complexity bounds for logistic regression (Hsu & Mazumdar, 2024). To the best of our knowledge,
for multi-class classification problems with K > 2 under sparsity assumptions, this is the first result
to establish such a sample complexity guarantee.

C.1 PRELIMINARY

The overall flow of the proof for Theorem2]is similar to that of Theorem[I] The primary distinctions
arise from alterations the loss function £(-) and the L-norm. For the sake of brevity, only the points
significantly different from the proof of Theorem [I] will be explained.

Let € > 0 be the error criterion, ny < ny < --- < ng = N be the epoch lengths, and M},
be the index set of models remaining in the candidate pool at epoch h € [H]. For notational
simplicity, we denote n := ny, for a fixed epoch h € [H] when it is clear from the context. We
denote the empirical process as vy, (m, ©,,) = [in(m, ©,,) — u(m, ©,,) and define model m as
M = argmax,, c(ns] Sm / ¢2(Sm). We also introduce the events employed in the subsequent proofs.
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« &= {u(mN, oNy) — u(m*,er,.) > e} : the event that inter-model excess risk of the
model selected by Algorithm|I{exceeds the error criterion e.

o Fm = {|vn(m, O},)] < n,}: the event that empirical process of the m-th model having
its optimal parameter is bounded.

* 0= ey, S

« Ty = {|un(m,®:;) — up(m, ©%)] < An|lO7, — ®;*n||1,1} . event that model m’s

empirical process concentration is bounded by its L-regularization parameter concentra-
tion.

* Tni= ﬂmEM}L ‘%Lvm

* Xy = {ﬂz,:l(ﬁﬂnh, N fnh,)}: the event that .7}, , and .7,,, both hold for all of the
epochs b/ € [h].

The proof of Theorem 2] involves the following three key lemmas.

Lemma 11. For all h € [H|, if the regularization parameters {\,, }}_, and confidence radii
{am, YH_, ofAlgorithmare set as \p, = \/A/ny and o, = \/B/nn + AC/4ny, , where A, B
and C' are the values specified in Theorem[2] then event Zy occurs with probability at least 1 — .

Lemma 12. Under Zp_1 and by setting o, = 1y, + 4%&0 (K —1) for epochs h € [H—1],
the best model m* survives for the selection step, i.e., m* € My.

Lemma 13. If m* € My, under /N N Ty, the inter-model excess risk of the selected model m™
is upper bounded as follows:
A2 s
u(mN, N ) = p(m*, ©%,.) < 2x + 2ANR + 16w2127;7)/€0(K71) ,

inter-model excess risk

Similar to Section[B] in Sections[C.2} [C.3]and [C.4] we prove Lemmas[TT} [[2]and [I3]respectively. In
Section we prove Theorem 2] In Section we provide the proofs for the technical lemmas

used in this chapter.

C.2 PROOF OF LEMMA 11

Proof of Lemmal(Il] The proof of Lemma[TT|utilizes the following lemmas.
Lemma 14. Ler M}, be the number of remaining models for epoch h. For a given 61 € (0, 1), if
B \/ (26max R + log K)2 log(2M}, /61)

=
2n ’

event ., occurs with probability at least 1 — §;.
Lemma 15. Let M), be the number of remaining models for epoch h. For a given §5 € (0, 1), if
5\ _ \/89271%1&)( log(th/52)

n =

n

)

event Iy, occurs with probability at least 1 — 0.

Note that setting the regularization parameters {\,, }/__, and confidence radii {c,, }/_, of Al-
gorithm || as A\, = \/A/np and o, = /B/n, + AC/4n;, implies setting {n,, }_, as
77nh = v/ B/nh.

For all h € [H], by setting {\,,, }/__, and {a,, }L | as specified in Lemma and by choosing 01,
d2,and Ay, as §; = dg = % and A,, = 2\,, = /A/np, we have,

My, = V B/nh

(26max R + log K)? log(4AM H /) o | (2bmaxR + log K)?log(2M,,/51)
2np, - 2ny,
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and

v \/s%axlogmMH/é) . \/8¢§lax10g(2Mh/52)’

Np Ty

where for the last inequality of each, we use M > M, for all h € [H]|. Thus, under the conditions
established in Lemma[T1] Lemmas[T4]and [13] hold.

For the remaining, we conclude the proof using the same argument in Lemma [I] along with the
results of Lemma[I4land

C.3 PROOF OF LEMMA[I2]

Proof of LemmalI2] As with Lemma[2] it is sufficient to prove the following lemma.

Lemma 16. Forany h € [H—1], let n := ny. Suppose events ., and ., both occur. Then, for all

m € My, by setting \,, = 2\, and o, = M + 41;;?“(‘;’;) ko(K —1), the following holds:

/j'(mv G);kn) € [/:Ln(m’ 921) — Qn, ﬂn(mv 621) + an] .

Then we conclude the proof using the same argument in Lemma [2} along with the result of
Lemmal[ld 0

C.4 PRrROOF OF LEMMA[I3]

Proof of LemmalI3] With the same argument in Step 1 in Section[B.4] we have

u(mN, @ﬁw) —pu(m*,0r..) < [u(mN, @%N) — ,u(mN7 O ~)] + 2A . (38)

inter-model excess risk

where A := max, ey, v (m, ON) — p(m, ©F)|.

We adapt Step 2 to accommodate classification scenarios.

STEP 2: BOUNDING {u(mN, eNy) — u(m", @fnw)} +2A
We start from bounding A.

A: ’~ 7(-)N - ’9* ‘
Jnax |y (m, ©;,) — p(m, ©,)

= max |y (m, ©)) + Axl|©] | — u(m, ©,)

= max ’/lzv(m, ©.) — p(m, On) + A0, — O, + Oy [l + u(m, ©r) — u(m, ©;,)
meEMpy
< max IﬂN(mv 6%)_/‘("7‘7@%)'

meMpg

(%)
* N o * N_ *
+ max An|© H1+mrgg§H[u(m7®m) w(m, ©5,) + AN [0, =05 11| -

m

Ag AS
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For () under the event Jy,

meMpg

vy (m,ON)

= max |[vn(m,®)) —vy(m,®F) + vx(m,®F)

meMpy
< max |uy(m, @) — vn(m, ©7,) + max vy (m, ©],)]
Ay
< max Avl|©5 — 7l + Ay
< max 2Ol - 01+ A
where the last inequality comes by the choice of Ay = ATN Thus,

(™, @) = pu(m”, )] + 24

< [um™, @Nx) = u(m™,©;,3)] + max AvON — Ol + 24, + 24, + 244

meMpyg

< 2&1 + 2A2 + 4A3 , (39)

where the last inequality holds since [u(m, Ny~ u(m, @;)} < Azand Ay ||©Y —@©7 |1 < As
for all m € My.

Under the event .y, we have Al < nn. For Ag, we have Ag < ANR by Assumption@ For Ag,
we invoke the following lemma:

Lemma 17 (Oracle inequality for classification). For any h € [H|, let us denote ny, = n. Suppose
that the event 7, takes place. Then, for any m € My,

* n * >‘1218m
p(m, O3) — u(m, ©;,) + A\ |05, — 07 [[11 < 4WS)"GO(K*1) .

Combining and the results of Lemma[I7, we prove Lemma

w(m™, @N ) — u(m*,©%,.) < 2A; + 27, + 473

inter-model excess risk

)\?VSm

C.5 MAIN PROOF OF THEOREM 2]

Proof of Theorem[2] According to Lemma the constraints on {\,,, }/_, and {c,, }HL, specified
in Theorem 2] ensure that the event %y occurs with probability at least 1 — §. The occurrence of
event Zp implies the occurrence of event Zp_; and event .y N Iy .

If Zp takes place, Lemmaholds as the confidence radii {a,, }f:_ll are set to meet the condi-
tions of Lemma|[12] Hence, with high probability, the candidate pool retains the best model m* for
the final epoch H, i.e., m* € My.

Additionally, when m* € My and if .y N Iy occurs, Lemmaapplies. Therefore, with high
probability, u(m™, @Y ) — u(m*, ©7.) < O(F)-
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Recall that & := {u(mN, ONy) — u(m*, %) > e}. Starting from the law of total probability,
we have

P

P(&) = P(& | Zu)P(Zu) + P(E | Z)P( %)
& | An) + P(Zy)
E| X))+ 6

£|%H_1,5ﬂ1\/,<71v)+5, (41)

INIA

P
P
P

—~ T~~~

where the second inequality results from Lemma [T} By Lemma|[I2} the occurrence of event Z g _1
and the constraint on {cv,, }th_ll guarantee that the best model survives for the selection step, m* €
M. For the selection step, we have
P(&) <P(& | Zua, SN, IN)+ 0

)\?v Sm
P2 (Sm)
()

<5 42)

SP(ZT}N+2)\NR—|—16 Ro(K—1)>€|%H_1,yN,<7N)+5

where the first inequality employs Lemma [3] Regarding to the last inequality, as nx and Ay both

have 1/ V/N terms, by setting N large enough, we can make the LHS of (*) always be smaller than
or equal to ¢, i.e., P((*) | Zy1, N, In) = 0.

To summarize, the sample complexity is any number that exceeds [V satisfying the following state-
ment:

2
)\NSm

2 2ANR +16————
NN + 2AN T+ 2(Sm)

ro(K—1) <€, (43)

From the proof of Lemma. we know that setting A, = \/A/ny, and avy,, = /B/ny, + AC/4ny,
implies setting 1, = /B/ny, forall h € [H|. Using Ay = /A/N andny = \/B/N, we get

AD A A5
\/>+2 ]f_anHANRHGw;(VS )H(K—l) (44)

where A, B, C, and D are

= 3202, log(4MH/5), B= %(wmaxR + log K)? log(4M H/§)

C= 1w;&m) ko(K—1), D=RZ.

With the same argument used to derive (L6)), we get

2
N>= (ACe 1+ 92AD 4+ 2B + 4\/ABD) .
€

For such N, we have the desired result P(&") < 6.

C.6 PROOFS FOR TECHNICAL LEMMAS

C.6.1 PRrROOF oF LEMMA [T4]

Proof of Lemma[l4} The main difference from Lemma [] lies in the boundedness of the negative
log-likelihood loss when applying the Hoeffding’s inequality. We define the log-sum-exp function
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as Ise [v] := log {1 + Zszl exp(vk)} for v € RX. Then, for each i € [n],
(¢m(xz)T®m7y1)

=— Zykﬂd)m(Xi)Ta;@,k +lse [¢,,(x;) T O},
S - Z yk,i‘bm(xi)—re:jn,’k + max {07 ¢m )To;kn 1" 7¢m(xi)—r0rn,K—l} + IOgK

K—1
<D kil @i (x0) 105, ]+ max {0, ¢, (x:) 07, 1oy (3x:) T0], iy } o+ log K
k=1
K—1

yk,i(¢rnaxR) + Pmax R+ 10g K
k=1
< 2¢maxR + log K.
The first inequality holds by the upper bound of the log-sum-exp function. The third inequality
holds by Hélder’s inequality. Note that [|6;, [l < [|®},][1,1 < R. The last inequality comes
from Zk:l Yk < Zk:l Yk, = 1. This implies that, for all ¢ € [n], 0 < U, (%) T O, yi) <
20max R + log K.
)

IN

Applying Hoeffding’s inequality, we get
P(|f(m, 67,) — p(m, 6,,)] > 1)

:p<

2n
<2 _
R ( > (20max R + log K)2>

96 2nm;,

= X —

P\ @bk + log K)2
— 5

for some dg € (0, 1).

n

LS (b (20) O )] — B [ (x0) )]

=1

Rearranging the last inequality with respect to 7,,, we get

= \/(2¢maxR+logK)210g(2/6o)
" 2n '

(45)
Then with the same argument in Lemmad] we conclude the proof. O

C.6.2 PROOF OF LEMMA T3]
Proof of Lemam Similar to Lemmal[3] it is enough to check the bound of x; which is denoted as
follows:
Vp(m, ®0 ) — v, (m, ©F)
= [fin(m, ©5,) — p(m, O7,)] — [fin(m, @* m) = p(m, O]
[

= [Ain(m, ©7,) = fin(m, ©F)] = [u(m, O,) — p(m, ©7,)]
1 n
= - Xz z .

where

Z Yk, 1¢ XZ m,k O:nk) + Ise [(ﬁm(Xl)T@gL] —lse [d)m(xl)—r@:n] .
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To apply Hoeffding’s inequality, we need the upper and lower bounds of x;. Let us denote
- Zyk,z‘ﬁbm(xi)—r (Bnmk - ;’Lk) and
k=1

iz = 150 [, () TO%] — Tse [6,0(x0) T3]

Then we have |y;| < € R such that

viie [qsm(x,.f(orn,l—o:n,l),qb (xi) " (00, — 05,,) .

: a¢m(xi)T (92171{—1 - Tn,K—1) ;0.

Examining |x; 1], we get,

illoollvilla

|Xi,1 =

K1
=1- Z ‘(bm(Xi)T (0 — )|

K-1
Z |¢m X HOOHB H:n,kHl
ki

< ¢max||@§2 - :1”171
where the first inequality comes from Holder’s inequality.

, as the log-sum-exp function is convex and continuous, we utilize the mean value
theorem. The following holds for u; = c¢,,(x;) ' ©F, + (1 —c)¢,,(x;) T OF, with some ¢ € (0,1):

il = [1se [,,(x0) TO0] — Ise [, (xi) O3]
= [Vise[u)" (@}, - ;)" ¢,,(x)

< [ Vise[w) oo (O, — ;)" ¢y (x:)lla
K-1

<1 Z | D (x0) T (O = 07t |

Z m (Xi)[loo |05k — O el

k=1
< (bmaxuezz - :n| )

N

where the second inequality holds as ||V Ise [u] [ oo = max,epx1 {Hzfj‘ﬁ)(”’“;()} <1.
o —1 exXP(ugs

By the above results, we get |xi| < 2¢max||©y;, — Oy, [l1,1. Therefore, —2¢max Oy, — Oy, [[11 <
Xi < 2¢max||®ﬁq - ejnHLl’

Applying the Hoeffding’s inequality, we get
P (|un<m,e:;> — v (m. ©},)| > A0}, — O}, 1.1

(g

~ 2
n? (Anne:z ARy
Y (fmax| O, — O, [111)°

> \allO], — ;kn”l,l)
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Rearranging the last inequality with respect to s We get

< 82 . 1og(2/6
A, = Phax 108(2/00) ] (46)
n
Then, with the same argument in Lemma 5] we conclude the proof. O

C.6.3 PROOF OF LEMMA [16]

Proof of LemmalI6] Define A, = maxmenm, |fin(m, ®F) — pu(m,®%)|. Since u(m, ©F,) be-
longs to the following interval for any m € My,

u(m, ©;,) € |fin(m, ©},) = |jin(m, ©7,) = u(m, ©},)],
fin(m, ©3) + |fin (m, ©3) = u(m, ©7,)] |,

we have,

Notice that

A, = fi(m, ®") — , 0
Jmax |i(m, ©,) — p(m, O,)|

= max |j(m, ©y,) — p(m, ©y,) + p(m, ©y,) — p(m, ©;,)|

< ~ n _ n n _ *

< max |i(m, ) — p(m, O)] + max |u(m, Op,) — p(m, O,)|

< ~ n _ n

< max |i(m, ©,) — p(m, O,)]

An.l
+ max pu(m, ©,) — p(m, 0,) + X[ ©F, — O, [l11
meMy,

An,?

Note that under .%,,, we have Aml < M. Also, by Lemma we have

A,2 < max 4)\%lm (K-1) = )\%&/{ (K-1)
M2 i) 92 (Sm) T P2(Sn) ’
where we denote /m = argmax,, ¢ as) Sm /9> (Sm)-
Combininig the upper bounds of An,l and An,Q, we have
A, <n 44 nsm_ (K—1) 47)
n St g,y e

Therefore, under the event {.#,, N 7, }, for all m € M,,, the following holds:
ﬂ(m’ an) — Qn S /U’(mv Q:n) S la(m7 Qﬁz) + Qnp

25
where o, = 1, + 4%/@0(1(—1). O

C.6.4 PROOF OF LEMMA [T7]
Proof of Lemmall7] For each m € My, since we have

f(m, ©7,) + Anl|O0, (111 < fu(m, ©7,) + An[|O7, |11 -
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By adding and subtracting p(m, ©},) and pu(m, @},) to both sides respectively, we have
fi(m, ©5,) — p(m, ©,) +u(m, ©7,) + An[[©7, [[1.1

m

Vn(m,©7,)
< f(m, ©5,) — p(m, ©7,) +u(m, ©7,) + An [0, 1,1 -
vn(m,@%,)

By rearranging terms we have

w(m, ©7,) — pu(m, 0y,) (48)
< vn(m, ©,) — vn(m, an)\ + AllO5, [0 — AnllO7,
< >‘ ”@m 6* m /\71”®m”171
< l||@n e, mlli = Anl|OF (11,1
*||@m S~ Oms, g+ *H@ s, = Om,se 11
+)\ 107 s, = \ll®5, s,” 11— O, sl
< 3n H@m S~ Oms, i Lo ||@m se. — Omse (11— MO0, s (1,1
= Hem s = Ons i — ||®m se — O s [l11, 49)

where the second 1nequa11ty holds under the event ﬂn, the third inequality follows by the choice of
Ay = mlli1 =105 s, 11+ [1©7, s [[1,1. Since
,u(m, G)m) > :u(mv G:n)’ from (49) we have ”@m,an - ®m,S$nH171 < 3||('-3m,Sm ®m,Sm”171’
which means ©]), — © € C(S,,). Hence, by Assumption [5|we have

it Sic (OF = 00) "Bl (99 ()10} ~ 65).

U (Si) < sy SEE=ESL ; (50)
e 1675, = Orm.s,. i1
Also, from (@9) by adding \,,||®;,, s @fn s, |l1,1 to both sides and by rearranging we have
2 (M(m7 (-):;7,) - :u’(mv G):;@)) + )‘ H m,S¢, :mSC ||1 1+ )\ ||®m S G);kn,sm 1,1
Anll©5, =07 1,1
<455, —Or s [l (51)
By plugging (50) into (51)), we have
2 (p(m, ©,) = (m, ©7,)) + An[|©7, — O, |11 (52)
n \NT T n = VSm
< S0 0) Bl ()6, 00 (O — 07) + A (K1) 5
= rg(K 1) £ Tk e EURT (S ) ’

k.k

where the last inequality follows by using 4uv < u? 4 4v2 with

1

u= e 0k 0 Bl (06, 7](6} — 67) and
k,k

RN e ey

To continue with the proof, we introduce the following lemma.
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Lemma 18. For each m € [M] with ©,, € R4m>E=1) the following holds:

ﬁ D (0% = 00) "Eax [0, (x) B, (x) T1(0F — 67) . (54)
k.k

,u(m, em) - ﬂ(mv Q:n) >
Finally, by Lemma|[I8] we have from

)\25

$?(Sm)

,u’(mv e, ) (m ®er) + )‘ ||®m ||1 1<4 Ko (K_l) .

C.6.5 PROOF oF LEMMA[I8]

Proof of Lemma The model-wise excess risk is
u(m, Om) — p(m, )

K-1 K-1
= Yrbm(x) O s + log <1 +) exp(gbm(x)—r@m’k/))}
k=1

k'=1

K1 K1
- z:(yk@n(x)TB;"n),C + log (1 + Z exp(cﬁm(x)TOL)k,))] .
k=1

k'=1

For simple notation, we omit the subscript m everywhere. Also, we denote the model-wise excess
risk as £(O) := u(m, ®) — u(m, OF).

Viewing each matrix and vector as a tensor, the Taylor expansion of £(®) up to the second order
term with © = (0y,---,0k), where for each k € [K—1], 08, = c0;, + (1 — ¢)80y, for some
€ (0,1), gives

K—1 dg 1 K-1 dy K-1 dg B
EO©)=E(O7)+) D [VEO)], ;A0 +5 ) [VZE(©)], ;7.5 A0k A0 5,
k=1 j=1 he=1 j=1 k=1 j=1

where Af), ; is the j-th component of A@y, [VE(O)], ; is the (k, j)-th component entry of the
gradient of £(©”), and [V2£(@)], ik is the (k, 7, k, j)-th component of the Hessian of £(®).

By the definition of the model-wise excess risk, we have £(@*) = 0. Also, by Assumption 4} we
have [|©7||p < R, and at that point, [VE(®)], ; = O forall k € [K—1], j € [dy]. Hence, by

showing that the second order term of £(®) is larger than the RHS of (54)), we conclude the proof.

We organize the second order term of £(@®) term and write it in matrix notation. First, we have

ve@©),, exp(6(x) 1), ]

T TSR (00 0)

where ¢, represents the j-th component of ¢(x), and

0
[V2E(©)], 5= 53 VE©k
9 exp(p(x) ' 0y)d;
— E | —vy.0.
8915,5 ukd; + 1+ f,_ll exp(qﬁ(x)TOk/)]

O exD(9(x) 013005 (1 + 30, exp(aﬁ(x)Tek/))}
(1+ Yo exp(9(x)T0x))?
exp(P(x) T05)p; eXp(gb(x)TO,;)qu]
(1+ S5 exp(d(x) T 0r))?
— (5, 066 T@) - [o(6(x) @)ulo(6() 7O ) 565

+E
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Thus,
V2E(O)], 5= B[ (54l0(@ 600k — [#(® 6(x))]i[o(® 6(x))]; ) 6565]

and finally,

K-1 dy, K-1 dp,

%Z DD [VPE®)], 5 A0k A

k=1J=1k=1j=1
K—1 K-1
= S| (5,40(0T 0k ~ [0(0 pklr(® T 6(x))]p)) ()T A8y (9(x) A6)
k=1k=1
= JE 6007 (A0)A(5(x), ©)(40) T 6(x)] .

where (A®) := [0, — 07, - ,0x 1 — 0} ;] and A(¢p(x), ©) is the matrix given in Assumption@
A(¢(x),©)(i, ) := [o(d(x) "O)]; (61,5 — [0(6(x) " O)];) -

On the other hand, we write the RHS of (54) in matrix form as follows:

K-1 K-1

1
K ) ZkZE (A0, 0(x)6(x) T A0, ;] = i E [6(x) T (AG)I(AO) T6(x)] .
(55)

where J € RUCDX (K1) g the matrix of all ones, i.e., [J],, ; = 1 forall k, ke [K-1].

Note that J has eigenvalue K —1 with multiplicity 1 and eigenvalue 0 with multiplicity K —2. Thus,
J is positive semi-definite, as it is symmetric and only has non-negative eigenvalues.

The end of the proof utilizes Assumption[6] In order to employ Assumption|[6] it is necessary to first
demonstrate that A\yin (A (¢(x), ®)) is at least positive.

Lemma 19. For ©® € R>*(K) 1ot © = ¢® + (1 — ¢)®* for some c € (0,1). Then, A(¢(x), ©)
is positive definite.

By Lemma |19} we have Apin (A(4(x), ©)) > 0. Also, as A(¢(x), ®) and J are both symmetric,
we have

A((x),0) = Amin(A(d(x), @) Ix 1 and Apayx (NI = J.

Using the above properties, we get
£(©) = SE [¢(x) " (A®)A(¢(x),0)(A0) " $(x)]

> S Auin(A(6(x), ©))E [6(x) " (A©)(A8) T (x)]

> HiE [6(x)T(A©)(A0) T o(x)]

— # X T T X

= D) e (DB [60) T (A0)(28) T (x)]
1

Ko(K —1)

— DN =

>

E [¢(x) " (A©)I(AB)T¢(x)] (56)

where the second inequality comes from Assumption E] and the equality comes from Apax(J) =
K —1. Then, by combining (53) and (36)), we conclude the proof. O
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C.6.6 PROOF OF LEMMA[IQ]

Proof of Lemma For simple notation, we use the same notations of Section[C.6.5] Furthermore,
we denote as A := A(¢(x),®), and p(k, ®) := [0(d(x) " O)]y.

A symmetric and strictly diagonally dominant matrix having positive diagonal entries is positive
definite (Theorem 6.1.10 of [Horn & Johnson|(2012)). Obviously, A is symmetric.

Also, all of its diagonal entries A (k, k) = p(k, ©)—p(k, ©)? are positive since p(k, ®) are neither 1
nor 0 for all k& € [K—1]. Note that for all k # k, p(k, ®) = 1and p(k, ®) = 0 only if ¢(x) T 8}, = co
and ¢(x) " @; # oo, and p(k,®) = 0 while p(k,©) # 1 only if ¢(x) T8, = —oco. However, as
© lies in line segment between ©* and @, where |[©*[|;; < R and ® € R¥>(K71)  at Jeast
—00 < @), < oo forall k € [K—1]. As ¢(x) is bounded by Assumption $(x) "0y & {—00, 0},
and thus, p(k, ®) & {0,1}, forall k € [K —1].

We finish the proof by showing that A is strictly diagonally dominant. A strictly diagonal dominant
matrix is a square matrix such that for every row (or column), the absolute value of the diagonal entry
is strictly larger than the sum of the absolute values of the off diagonal entries. As A is symmetric,
it is suffice to show that A is strictly diagonally dominant for rows. For k € [K —1],

A(k7 k) = p(k, C:)>(1 —p(k, (:)))

ke[K—1]
L k#£k
ke[K-1]
k+#k
> > p(k,©)p(k,®)
ke[K—1]
k#k
> ’A(k,k)‘
ke[K—1]
k#k

D ADDITIONAL EXPERIMENTAL SETTINGS AND RESULTS

All experiments were held in a computing cluster with four NVIDIA GeForce RTX 3090 GPUs,
forty Intel(R) Xeon(R) Silver 4210R CPUs, and 187GB of RAM.

D.1 SUMMARY OF NETWORK-DATASET PAIRS USED IN THE EXPERIMENTS

Summary of the network-dataset pairs used in the experiments are given in Table ]
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| Exp. 1 Exp. 2 Exp. 3 Exp. 4
Measure S N Accuracy & Loss &
to Demonstrate Generalization Error  Generalization Error Sparsity Rate Sparsity Rate
Dataset for Half of the N = 10.000 Half of the Half of the
Model Selection Training Dataset - Training Dataset Training Dataset
Dataset for Entire Entire
Measurement Training Dataset Training Dataset Test Dataset Test Dataset
Used Network MLPNet (MNIST) MLPNet (MNIST)
& Dataset All ResNet20 (CIFAR-10)  ResNet20 (CIFAR-10) MIEPNetR (Super)
Used - CV, TS, PARC, SFDA GM, M-FAC, CHITA CHITA
Benchmarks

Table 5: Summary of the objectives and methods of the experiments.

Network (Dataset) | No. of Params. Input Dim. Feature Map Dim.  Training Set Size ~ Test Set Size

MLPNet (MNIST) 30K 784 20 60,000 10,000
ResNet20 (CIFAR-10) 200K 3,072 64 50,000 10,000
MLPNetR (Super) 4K 81 20 17,010 4,253
MLPNetR (Cal) 1K 8 20 16,512 4,128

Table 4: Summary of network-dataset pairs used in the experiments. The number of parameters refer
to the ones of the original neural network before applying any pruning method. For y = ¢(x) " w,
the input dimension is the dimension of x, and the feature map dimension is that of ¢(x).

For MLPNet (MNIST) and ResNet20 (CIFAR-10), we utilize the checkpoints from the official
repository of (Benbaki et al |2023). We use the Superconductivity Data (Super) (Hamidieh, 2018)
and California Housing Dataset (Cal) (Pace & Barry}, [1997) to train the MLPNetR (Super) and
MLPNetR (Cal) respectively. Each dataset was standardized and randomly split into training and
test datasets with an 80% to 20% ratio. The mean squared error on the test set is 0.1039 for MLP-
NetR (MNIST) and 0.2416 for MLPNetR (Cal) after training. We provide the checkpoints of each
network along with the training and test datasets.

D.2 DETAILS ON THE EXPERIMENTAL SETTINGS

The objectives and methods of the experiments are summarized in Table[5]

Experiment 1. Figure [1|is the result of L1Sel executing an elimination-selection process and
choosing a pruned neural network from M = 100 candidate models. We explained how we gener-
ated the pruned neural networks in Section[d.1 We used H = 10 epochs for each model selection
scenario. The epoch lengths ny < --- < ng < mig = N can be set using the optimal method
found through experimentation. For classification model selection, we double the epoch length with
each increasing epoch. For regression model selection, we increase the epoch length by a constant
increment. In both cases, the final epoch uses the entire sample.

We use hyperparameters Ao and o, named initial regularization parameter and initial confidence
radius, and set the regularization parameter and confidence radius for each epoch as \,, = Xo/\/nn
and o, = g/ \/nh. If we had complete information of every variable and constant in Theorems
and@ we could set A\g and oy so that ), and «,, slightly exceed the theoretical values. However,
due to the lack of precise values for certain variables and constants, such as s, /1/%(S), we employ
conservative estimates for aig and A\g. We set the initial confidence radius o as 10 for the classifi-
cation model selection scenarios, and 8 for the regression model selection scenarios. For the initial
regularization parameter \g, we consider the input and/or feature map dimension of each network-
dataset pair. The values are set as follows: 20 for MLPNet (MNIST), 60 for ResNet20 (CIFAR-10),
2 for MLPNetR (Super), and 0.5 for MLPNet (Cal).

Experiment 2. For comparing our algorithm with other model selection methods, we design a
more challenging model selection task. The total number of models in each pool are same, 100, but
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this time we generate the candidate pool with 50 randomly pruned models at only sparsity rates, 50%
and 60%. Also, we use a smaller sample size of N = 10,000, and corresponding to sample size
reduction, we adjust the number of epochs to I = 5. Other hyperparameters remain unchanged.

Experiment 3. As explained in Section we utilize three pruning benchmarks, Global L-
Magnitude Pruning (GM) provided in the PyTorch library, M—FAC (Frantar et al. 2021), and
CHITA (Benbaki et all |[2023), to create a candidate pool for each network and pruning rate. We
generated the pruned networks in a one-shot manner using the official codes of CHITA and M—FAC
without altering any hyperparameters. As a result, the test set accuracy may differ from those re-
ported originally. Since GM is deterministic, we gave Gaussian noise to the pruning rate when
generating the models.

Given that there are only three pruned models in each pool, the need for elimination is minimal.
Thus, we set the number of epochs as H = 2. Except for this change, we maintain consistency
by using the same total number of samples N (half of the entire training dataset), initial confidence
radius oo and initial regularization parameter A as in Experiment 1.

Experiment 4. For Experiment 4, we only use one pruned model, MLPNetR (Super) pruned with
CHITA, for each sparsity rate. Thus, we set the number of epochs as H = 1. Except for this, we
use the the same IV, o and Ao for MLPNetR (Super) in Experiment 1.

D.3 ADDITIONAL RESULTS OF EXPERIMENT 1

We report the additional results corresponding to the rest of the random seeds of Experiment 1.
The figures show consistent results. As both p(m”, wl¥ ) (cyan dashed line) and p(m*, wi,.)
(purple line) reside in the confidence interval (blue shade) in the figures, the algorithm guarantees a

near-optimal selection with high probability.
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Figure 4: Additional results for MLPNet (MNIST).
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Figure 5: Additional results for ResNet20 (CIFAR10).

43

Remaining Models Remaining Models Remaining Models

Remaining Models



2322
2323
2324
2325
2326
2327
2328
2329
2330
2331
2332
2333
2334
2335
2336
2337
2338
2339
2340
2341
2342
2343
2344
2345
2346
2347
2348
2349
2350
2351
2352
2353
2354
2355
2356
2357
2358
2359
2360
2361
2362
2363
2364
2365
2366
2367
2368
2369
2370
2371
2372
2373
2374
2375

Under review as a conference paper at ICLR 2026

Empirical Risk

Empirical Risk

Empirical Risk

Empirical Risk

0.99

0.75

0.50

0.25

0.00

1.01

0.75

0.50

0.25

0.00

1.03

0.78

0.52

0.26

0.00

0.92

0.69

0.46

0.23

0.00

MLPNetR-Super (seed 1)

fA(m, w2,): model emp. risk
¢ [i(m", w}»): sel. mod. emp. risk
u(m”, wj.): sel. mod. gen. err.

p(m*, w,,-): best mod. min. risk
# of remaining models

1000 2000 3000 4000 5000 6000

No. of Samples (n)
MLPNetR-Super (seed 3)

7000 8000

~— f(m, w2,): model emp. risk
¢ [i(m", w}»): sel. mod. emp. risk
— — u(m”, wp.): sel. mod. gen. err.

—— p(m*, w,,-): best mod. min. risk
—e— # of remaining models

1000 2000 3000 4000 5000 6000

No. of Samples (n)
MLPNetR-Super (seed 5)

7000 8000

fA(m, w?,): model emp. risk
¢ [i(m", w],»): sel. mod. emp. risk
u(m”, wp.): sel. mod. gen. err.

pu(m*, w,,-): best mod. min. risk
# of remaining models

—=

1000 2000 3000 4000 5000 6000

No. of Samples (n)
MLPNetR-Super (seed 7)

7000 8000

—— [(m, w?,): model emp. risk
¢ [i(m", w},»): sel. mod. emp. risk
— — u(m”, wp.): sel. mod. gen. err.

~ —— u(m”*, w,,-): best mod. min. risk
- —e— # of remaining models

1000 2000 3000 4000 5000 6000

No. of Samples (n)

7000 8000

100

40

100

40

100

40

100

40

Remaining Models Remaining Models Remaining Models

Remaining Models

Empirical Risk

Empirical Risk

Empirical Risk

Empirical Risk

125

1.00

0.75

0.50

0.25

1.22

0.98

0.73

0.49

0.24

1.29

1.03

0.77

0.52

0.26

1.29

1.03

0.77

0.52

0.26

MLPNetR-Super (seed 2)

~—— fi(m, w?,): model emp. risk
= [im", w.): sel. mod. emp. risk
u(m”, wp.): sel. mod. gen. err.

u(m‘,w,:,»): best mod. min. risk
# of remaining models

—

1000 2000 3000 4000 5000 6000

No. of Samples (n)
MLPNetR-Super (seed 4)

7000 8000

~—— fi(m, w?,): model emp. risk
=4 [im", w.): sel. mod. emp. risk
p(m”, wp.): sel. mod. gen. err.

u(m',w,:,»): best mod. min. risk
# of remaining models

1000 2000 3000 4000 5000 6000

No. of Samples (n)
MLPNetR-Super (seed 6)

7000 8000

fi(m, wf}): model emp. risk
=4 [i(m", w.): sel. mod. emp. risk
u(m”, wp.): sel. mod. gen. err.

u(m™, w,,-): best mod. min. risk
# of remaining models

——

e — e ————

1000 2000 3000 4000 5000 6000

No. of Samples (n)
MLPNetR-Super (seed 8)

7000 8000

~—— fi(m, w?,): model emp. risk
=4 [im", w.): sel. mod. emp. risk
p(m”, wi.): sel. mod. gen. err.

u(m™, w,,-): best mod. min. risk
# of remaining models

1000 2000 3000 4000 5000 6000

No. of Samples (n)

7000 8000

Figure 6: Additional results for MLPNetR (Super).
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Figure 7: Additional results for MLPNetR (Cal).
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