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Abstract001

Chain-of-Thought (CoT) explanations are002
widely used to interpret how language models003
solve complex problems, yet it remains unclear004
whether these step-by-step explanations reflect005
how the model actually reaches its answer, or006
merely post-hoc justifications. We propose007
Normalized Logit Difference Decay (NLDD),008
a metric that measures whether individual rea-009
soning steps are faithful to the model’s decision-010
making process. Our approach corrupts individ-011
ual reasoning steps from the explanation and012
measures how much the model’s confidence in013
its answer drops, to determine if a step is truly014
important. By standardizing these measure-015
ments, NLDD enables rigorous cross-model016
comparison across different architectures. Test-017
ing three model families across syntactic, log-018
ical, and arithmetic tasks, we discover a con-019
sistent Reasoning Horizon (k∗) at 70–85% of020
chain length, beyond which reasoning tokens021
have little or negative effect on the final answer.022
We also find that models can encode correct023
internal representations while completely fail-024
ing the task. These results show that accuracy025
alone does not reveal whether a model actually026
reasons through its chain. NLDD offers a way027
to measure when CoT matters. 1028

1 Introduction029

CoT prompting (Wei et al., 2022) has emerged as030

the standard paradigm for eliciting complex rea-031

soning in Large Language Models (LLMs). By032

generating intermediate reasoning steps, models033

have achieved state-of-the-art performance on tasks034

ranging from arithmetic to symbolic logic. How-035

ever, the opacity of these models raises a question:036

As models produce increasingly long CoT expla-037

nations, does the resulting reasoning faithfully038

explain the model’s prediction, or does it instead039

become a plausible post-hoc rationalization?040

1Code: https://anonymous.4open.science/r/ACL_
2026-F98F

Recent studies suggest that LLMs often behave 041

like “Clever Hans” (Turpin et al., 2023), relying on 042

spurious correlations or pre-training priors rather 043

than the generated logical chain. For instance, a 044

model may produce a flawless derivation for a math 045

problem but remain unaffected if that derivation 046

contains critical errors, provided the final answer 047

aligns with its memorized priors. This phenomenon 048

renders CoT unreliable for deployment in domains 049

requiring verifiable reasoning, such as medical di- 050

agnosis or legal analysis, where causally under- 051

determined reasoning traces could mask critical 052

errors. 053

Existing methodologies for evaluating CoT faith- 054

fulness primarily rely on behavioral interventions, 055

such as corrupting or truncating the reasoning 056

chain, to measure the impact on the final prediction 057

(Lanham et al., 2023; Turpin et al., 2023). While 058

these approaches reveal whether a model relies on 059

its CoT, they often treat faithfulness as a binary 060

property of the final answer. This fails to capture 061

the graded causal contributions of individual rea- 062

soning steps. 063

We introduce NLDD, a metric that quantifies 064

step-level faithfulness by measuring how a model’s 065

confidence changes when reasoning steps are cor- 066

rupted. Critically, NLDD operates in logit space 067

and normalizes for cross-model comparison. Raw 068

sensitivity metrics are often not comparable across 069

architectures due to differences in output scaling 070

and baseline confidence (Edin et al., 2025). NLDD 071

addresses this by normalizing the observed logit 072

degradation against the model’s intrinsic output 073

variability, providing an architecture-agnostic mea- 074

sure of causal reliance. A 50% NLDD drop indi- 075

cates the corrupted chain produces half the stan- 076

dardized logit margin of the clean chain, enabling 077

consistent comparison even between models with 078

different output calibrations (e.g., standard softmax 079

vs. soft-capping). 080

We complement NLDD with a suite of structural 081
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(a) Faithful Regime (DeepSeek, GSM8K). NLDD is high and
positive,the final prediction depends on the reasoning chain.
Horizon at k∗ = 5.
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(b) Anti-Faithful Regime (Gemma, PrOntoQA). NLDD is neg-
ative, CoT distracts from pre-computed answers. Horizon at
k∗ = 11.

Figure 1: NLDD reveals divergent faithfulness regimes. Both models maintain stable RSA, indicating consistent
internal representations. Yet causal dependence differs: DeepSeek relies on its reasoning chain, while Gemma’s
accuracy improves when reasoning is corrupted.

diagnostics designed to probe the model’s internal082

geometry. We employ a Representational Similar-083

ity Analysis (RSA) (Kriegeskorte et al., 2008) to084

measure the alignment between clean and coun-085

terfactually corrupted reasoning trajectories. We086

couple this with linear probes to track the evolution087

of solution-relevant information across layers. To088

characterize the geometry we utilize Trajectory089

Alignment Score (TAS) (Park et al., 2025). These090

metrics allow us to quantify the geometric drift of091

reasoning paths in latent space following a counter-092

factual intervention. By performing counterfactual093

interventions that corrupt specific reasoning steps094

while maintaining surface coherence, we isolate the095

degree to which models causally depend on their096

generated reasoning.097

Using this diagnostic suite, we vary chain length098

and task complexity to test whether faithfulness099

remains stable beyond critical thresholds. We ap-100

ply this framework across a spectrum of ambigu-101

ity: Dyck-n (syntactic control), PrOntoQA (logi-102

cal inference), and GSM8K (multi-step arithmetic).103

This progression allows us to understand whether104

faithfulness degradation stems from task ambigu-105

ity or from sheer chain length. Our multi-metric106

approach enables us to observe a Reasoning Hori-107

zon (k∗), of maximum causal faithfulness NLDD,108

after which additional reasoning steps contribute109

minimally to predictions. Beyond this horizon,110

NLDD drops sharply while geometric properties111

TAS remain stable, suggesting reasoning affects112

surface-level behavior without altering underlying 113

computational trajectories. 114

We evaluate our framework on three model fam- 115

ilies representing distinct axes of the transformer 116

design space. This design allows us to distinguish 117

architecture-invariant patterns (observable across 118

all three models) from architectural idiosyncrasies. 119

We select DeepSeek-Coder-6.7B-Instruct 120

(Guo et al., 2024) to assess whether faithfulness 121

trends are robust to models optimized for explicit 122

reasoning behavior. To provide a general-purpose 123

baseline, we employ Llama-3.1-8B-Instruct 124

(Dubey et al., 2024), establishing the normative 125

faithfulness slope for standard dense architectures. 126

Finally, we test Gemma-2-9B-Instruct (Gemma 127

Team, 2024) to evaluate metric robustness under ar- 128

chitectural variance. Gemma-2’s logit soft-capping 129

mechanism, which rescales output distributions. 130

We use this model to evaluate whether NLDD 131

remains interpretable across architectures. 132

2 Related Work 133

Early evaluations of CoT faithfulness involved 134

modifying reasoning steps and tracking the impact 135

on model outputs (Lanham et al., 2023; Turpin 136

et al., 2023). Turpin et al. (2023) showed that CoT 137

explanations can act as post-hoc rationalizations, 138

with predictions driven by biasing features rather 139

than stated reasoning. Recent benchmarks like 140

FAITHCOT-BENCH (Lyu et al., 2023) and PRO- 141

CESSBENCH (Zheng et al., 2024) provide fine- 142
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grained process-level error detection, revealing that143

over 50% of correct answers on complex tasks144

mask significant internal reasoning errors. While145

continuous faithfulness metrics like Area Over the146

Perturbation Curve (AOPC) capture nuanced sen-147

sitivity patterns, they suffer from a limitation: raw148

sensitivity measures vary across architectures due149

to different baseline sensitivities and output scaling.150

Edin et al. (2025) introduced Normalized AOPC to151

enable fair cross-model comparison of feature im-152

portance. We apply this principle of scale-invariant153

normalization to logit-based measurements, allow-154

ing comparison of reasoning stability across mod-155

els with different confidence calibrations.156

Several approaches ground faithfulness in for-157

mal causal or mechanistic analysis. FRODO (Paul158

et al., 2024) applies mediation analysis to estimate159

indirect effects of reasoning steps, while Causal160

Structural Regularization (Stolfo et al., 2023) en-161

forces alignment with predefined causal graphs162

during training. Circuit-level methods (Vig et al.,163

2020) isolate specific attention heads responsible164

for logical operations, and Sparse Autoencoders165

(SAEs) (Cunningham et al., 2023; Templeton et al.,166

2024) decompose activations into interpretable fea-167

tures. While these white-box approaches reveal168

how models mechanistically implement reason-169

ing, they require architectural access or predefined170

causal structures. Our method instead quantifies171

what degree of causal influence each reasoning step172

exerts through behavioral counterfactuals, remain-173

ing applicable to any model with logit access.174

In this context, we examine the ’performance175

cliff’ or R-Horizon (Lu et al., 2025), where task176

success drops as sequential dependencies increase.177

Pipis et al. (2025) attribute this to deviation from178

training distributions, though the underlying mech-179

anism remains unclear. Building on geometric in-180

terpretations of model states (Park et al., 2025),181

we complement causal measurements NLDD with182

RSA (Kriegeskorte et al., 2008) to track when in-183

termediate representations lose semantic distinc-184

tiveness. This multi-metric approach lets us test:185

do reasoning steps actually control how the model186

computes, or are they just for show? If reasoning187

truly drives computation, then corrupting it should188

break both behavior NLDD and internal represen-189

tations (TAS). If reasoning is just decorative, then190

corrupting it might change behavior while leaving191

internal computation unchanged.192

3 Mechanistic Framework and 193

Experimental Design 194

We propose a framework to quantify CoT faith- 195

fulness through three complementary perspectives: 196

behavioral NLDD, representational (RSA), and 197

geometric (TAS). Our approach combines counter- 198

factual interventions, corrupting specific reasoning 199

steps, with analysis of internal model states to re- 200

veal both whether reasoning steps causally influ- 201

ence predictions and how internal representations 202

evolve during multi-step inference. This dual lens 203

distinguishes genuine reasoning breakdown from 204

superficial output changes. 205

We evaluate three instruction-tuned decoder- 206

only transformers. Details are provided in Ap- 207

pendix A.4 and A.5. 208

3.1 Task Design and Dataset Construction 209

We evaluate reasoning faithfulness on three bench- 210

marks spanning syntactic, logical, and arithmetic 211

reasoning, allowing us to isolate whether faith- 212

fulness degradation stems from task ambiguity or 213

chain length. 214

Benchmarks We evaluated faithfulness across 215

three established reasoning benchmarks spanning 216

increasing semantic ambiguity: Dyck-n for syntac- 217

tic state tracking (Srivastava et al., 2022), PrOn- 218

toQA for multi-hop logical entailment (Saparov 219

and He, 2023), and GSM8K for multi-step arith- 220

metic reasoning (Cobbe et al., 2021). All tasks 221

are formatted with explicit intermediate reasoning 222

steps, enabling localized counterfactual corruption 223

(see Appendix A.2). 224

Dyck-n PrOntoQA GSM8K

Syntactic
(Symbolic)

Logical
(Formal)

Semantic
(Natural)

←− Increasing Complexity & Semantic Ambiguity−→

Figure 2: The spectrum of ambiguity across reasoning
tasks.

For each task, we construct evaluation datasets 225

(N=100 per task) of clean CoT traces paired with 226

counterfactual variants. Following standard prac- 227

tice in faithfulness evaluation (Lanham et al., 2023; 228

Paul et al., 2024), we condition on samples with cor- 229

rect final answers to isolate reasoning quality from 230

task failure. This filtering ensures observed NLDD 231

values reflect causal dependence on the reasoning 232
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process itself, rather than general task-solving abil-233

ity. Datasets are split into disjoint subsets for eval-234

uation and diagnostic probing to prevent represen-235

tational leakage (see Appendix 4).236

Counterfactual Construction. For each clean237

sample, we generate up to 5 counterfactual variants238

by corrupting intermediate reasoning steps at differ-239

ent positions, then truncating all subsequent steps.240

Task-specific corruption strategies include: depth241

errors for Dyck-n, entity substitutions for PrOn-242

toQA, and arithmetic errors for GSM8K. Each can-243

didate counterfactual is filtered to ensure it remains244

coherent, satisfying: (1) token count delta ≤ 2, and245

(2) a perplexity ratio, computed using the same246

model under evaluation, of ≤ 1.5 (GSM8K) or ≤247

3.5 (Dyck-n/PrOntoQA). We additionally generate248

semantic-preserving paraphrases as controls. Para-249

phrases are not filtered by quality controls since250

they preserve semantic content and only alter sur-251

face form. Examples are found in Appendix 3.252

3.2 NLDD253

NLDD measures how much a model’s confidence254

in the answer degrades when a reasoning step is255

corrupted. Unlike binary accuracy metrics, NLDD256

captures graded causal sensitivity in logit space,257

enabling comparison across reasoning steps and258

across models.259

Global Calibration. To enable cross-model com-260

parison despite architectural differences, we cali-261

brate a global normalization constant S on clean262

reasoning traces:263

S =
1

M

M∑
m=1

σ(zm), (1)264

where zm is the final-token logit vector and σ(·)265

computes the standard deviation across the full266

vocabulary. This normalizes confidence by the267

model’s intrinsic output variability rather than ab-268

solute logit magnitude.269

Logit Difference. For a given prompt, we mea-270

sure confidence as the standardized margin:271

LD =
maxy∈Ycorrect ℓ(y)−maxy′∈Y\Ycorrect ℓ(y

′)

S
,

(2)272

where Ycorrect contains valid token IDs for the cor-273

rect answer, accounting for tokenization variants274

such as leading spaces. For single-token answers275

(Dyck-n, PrOntoQA), this directly measures model276

confidence. For multi-token answers (GSM8K), we 277

use the first-token margin as a stable proxy without 278

requiring full sequence generation. 279

Faithfulness Quantification. NLDD quantifies 280

proportional confidence loss: 281

NLDD =
LDclean − LDcorrupt

|LDclean|
× 100. (3) 282

We exclude samples where |LDclean| < ϵ (with 283

ϵ = 10−6) to avoid noise amplification from near- 284

zero baseline confidence. Positive NLDD values 285

indicate causal reliance, where corruption degrades 286

answer confidence; values near zero indicate weak 287

coupling between reasoning and prediction. Neg- 288

ative values represent confidence reversal, where 289

corruption paradoxically increases the answer mar- 290

gin. 291

We analyze the robustness of this normalization 292

to architectural logit rescaling, vocabulary size, and 293

alternative calibration schemes in Appendix A.3. 294

3.3 RSA 295

RSA quantifies whether counterfactual interven- 296

tions preserve the model’s internal relational struc- 297

ture by comparing hidden state patterns across sam- 298

ples (Kriegeskorte et al., 2008). 299

Representational Dissimilarity Matrices (RDM) 300

For a batch of N samples, we measure pairwise 301

dissimilarity between hidden states using Pearson 302

correlation distance: 303

RDMij = 1− corr(hi,hj) (4) 304

where hi ∈ Rd is a hidden state vector. This 305

creates an N ×N matrix capturing the relational 306

geometry of the batch. 307

Temporal Analysis. We extract complete to- 308

ken trajectories from middle layers (50% network 309

depth) and compute RSA using a sliding window 310

temporal approach. At each token position t, we 311

stack a 3-token window of representations across 312

all samples, forming Xt ∈ R3N×d. We then com- 313

pute RDMs for each window position in both clean 314

and corrupted chains. This reveals when during to- 315

ken processing representational collapse emerges. 316

Similarity Quantification. RSA is the Spearman 317

correlation between upper-triangular portions of 318

clean and corrupted RDMs: 319
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RSA = ρ
(
triu(RDMclean), triu(RDMcorrupt)

)
(5)320

We extract upper triangles to avoid redundant321

comparisons (RDMs are symmetric). High RSA322

values indicate representational resilience, where323

internal states remain sensitive to changes in rea-324

soning. Early-layer resilience suggests fixed, pre-325

computed representations that ignore input pertur-326

bations. In later layers, high RSA implies that the327

generated reasoning steps have become computa-328

tionally irrelevant.329

3.4 TAS330

TAS quantifies the geometric efficiency of reason-331

ing by measuring how directly hidden states move332

from initial state to final answer (Park et al., 2025).333

Trajectory Extraction. For each sample,334

we extract the complete token-level trajectory335

{h0,h1, . . . ,hT } ∈ Rd from the middle trans-336

former layer (50% network depth). We select337

the middle layer to balance early-layer token pro-338

cessing and late-layer task-specific computation,339

maintaining consistency with our RSA analysis340

which also uses middle-layer representations.341

Efficiency Quantification. TAS is defined as the342

ratio of straight-line displacement to cumulative343

path length:344

TAS =
∥hT − h0∥∑T

t=1 ∥ht − ht−1∥
(6)345

where the numerator measures the direct dis-346

tance from initial to final state, and the denominator347

measures the total distance traveled through latent348

space. We compute TAS on 50 samples per task349

and report the mean. Values near 1.0 indicate direct350

trajectories; lower values indicate winding paths351

through latent space. Consistent values across sam-352

ples provide a stable measure of trajectory geome-353

try.354

3.5 Reasoning Horizon Detection355

We identify the reasoning horizon (k∗) as the cor-356

ruption step position with maximum mean NLDD,357

excluding the premise (k = 1) to avoid conflating358

input encoding with reasoning integration:359

k∗ = argmax
k>1

¯NLDD(k) (7)360

For visualization, we compute mean NLDD, 361

RSA, and TAS grouped by corruption position k, 362

reporting standard errors SE(k) = σk/
√
Nk where 363

Nk is the number of samples corrupted at posi- 364

tion k. The identified horizon represents the step 365

of highest causal contribution before faithfulness 366

decay begins, marking the transition from active 367

reasoning to post-hoc formatting. 368

To verify robustness, we compare peak-based 369

detection (k∗) with an alternative criterion (steep- 370

est NLDD decline: k[NLDD(k+1)−NLDD(k)]). 371

Both methods converge within ±1 step across all 372

tasks, confirming k∗ identifies a consistent transi- 373

tion point rather than noise artifacts. 374

Interpretation. In our truncation design, k∗ 375

marks the minimum chain length for reliable task 376

completion. Steps beyond k∗ form a "theoretical 377

pruning zone" where NLDD < 20% of peak val- 378

ues. Convergent degradation across NLDD (be- 379

havioral), RSA (representational), and TAS (geo- 380

metric) validates k∗ as a genuine computational 381

transition rather than sampling artifact. 382

3.6 Linear Probing 383

Linear probes test whether task-relevant informa- 384

tion is explicitly represented in hidden states, inde- 385

pendent of whether the model uses this information 386

for prediction (Alain and Bengio, 2016). We train 387

task-specific classifiers to decode intermediate rea- 388

soning states from layer activations. 389

Task-Specific Probe Targets. For each task, we 390

extract labels from reasoning steps: 391

• Dyck-n: Stack depth at each step (0-10, classifi- 392

cation) 393

• PrOntoQA: Final truth value throughout reason- 394

ing (True/False, binary classification) 395

• GSM8K: Arithmetic operation type per step (ad- 396

dition/subtraction/multiplication, multi-class) 397

We extract step-terminal hidden states from all 398

transformer layers, pairing each with its corre- 399

sponding label to form training data. 400

Probe Training. For each layer ℓ, we train an 401

L2-regularized logistic regression classifier on hid- 402

den states Hℓ ∈ RN×d with corresponding labels 403

y ∈ RN . We use 80/20 train-test splits with fixed 404

random seed (42) and report test accuracy. Probes 405

use L2 regularization (C = 1.0) and are trained on 406

step-aligned positions identified via pattern match- 407

ing. High probe accuracy at indicates the target 408
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information is encoded early in processing. Con-409

versely, low probe accuracy suggests the informa-410

tion is either not captured or is not linearly accessi-411

ble.412

4 Results413

4.1 Faithfulness and Accuracy414

We identify two distinct behavioral regimes based415

on NLDD. In the Faithful Regime, models exhibit416

high positive NLDD, indicating that the final pre-417

diction is causally grounded in the generated rea-418

soning chain. Llama and DeepSeek consistently419

occupy this regime: on PrOntoQA, Llama achieves420

a mean NLDD of 84.3 and DeepSeek 20.6; on421

GSM8K, both exceed 96 NLDD with 100% clean422

accuracy. See Appendix B for full 95% confidence423

intervals.424

Conversely, we observe an Anti-Faithful Regime425

in Gemma, where PrOntoQA achieves 99.0% ac-426

curacy despite a significantly negative NLDD of427

-52.5%. In this regime, the probability of the cor-428

rect token increases when the reasoning chain is429

corrupted (Figure 1). This demonstrates that near-430

perfect task performance can coexist with a lack431

of functional dependence on CoT. For certain ar-432

chitectures, the reasoning trace acts as a post-hoc433

rationalization rather than a causal driver.434

4.2 The Mapping Gap435

We observe a dissociation between internal linear436

separability and external performance, which we437

term the Mapping Gap. In Gemma’s Dyck-n evalu-438

ation, linear probes on hidden states recover stack-439

depth information with 82.0% accuracy, yet the440

model achieves only 0.0% accuracy on the task441

itself when generating a complete CoT. This indi-442

cates that the task-relevant structure is encoded in443

internal representations but is not utilized in the444

final decoding step.445

RSA dynamics further distinguish these regimes.446

Dyck-n maintains moderate representational stabil-447

ity (RSA = 0.422), whereas PrOntoQA shows low448

stability (RSA = 0.254) despite near-perfect accu-449

racy (99.0%). High representational fidelity does450

not ensure causal utilization. In the anti-faithful451

regime (PrOntoQA), the model bypasses the rea-452

soning trace; in the mapping gap regime (Dyck-n),453

the model maintains the correct latent state but454

lacks the decoding mechanism.455

TAS dynamics reinforce this architectural divide.456

Llama exhibits systematic geometric convergence,457

with TAS decaying steadily across all tasks. In con- 458

trast, Gemma and DeepSeek show marginal TAS 459

variance between first and last reasoning steps. For 460

Gemma, this rigidity aligns with anti-faithfulness 461

where the model’s representational path is prede- 462

termined, and the generated reasoning tokens have 463

no effect on the final prediction. 464

4.3 The Reasoning Horizon (k∗) 465

Table 2 summarizes detected reasoning horizons 466

across models and tasks. Beyond k∗, additional 467

reasoning tokens contribute negligible or negative 468

causal influence on the final prediction. 469

The horizon occurs at a consistent relative depth 470

across tasks. GSM8K reaches k∗ at step 5 of 6 471

(∼85% through the chain), Dyck-n at steps 9–11 472

of 12 ∼80%), and PrOntoQA at steps 11–16 of 16 473

∼70–100%). This suggests that causal influence 474

concentrates in early-to-middle reasoning steps, 475

with later portions contributing diminishing returns 476

regardless of absolute chain length. 477

RSA remains stable across the horizon (p > 0.05 478

for most comparisons), indicating that models con- 479

tinue to track task logic internally beyond k∗. The 480

model maintains geometric consistency without uti- 481

lizing those representations to inform the output, a 482

representational echo without causal force. 483

In Gemma’s PrOntoQA, anti-faithfulness deep- 484

ens significantly beyond k∗ = 11. Extended rea- 485

soning does not merely fail to help, it actively in- 486

terferes with the model’s pre-existing correct com- 487

putation. For anti-faithful models, later reasoning 488

tokens act as causal distractors that the model must 489

overcome to produce its pre-computed answer. 490

5 Discussion 491

Our primary contributions are NLDD as a causal 492

faithfulness metric and the reasoning horizon (k∗) 493

as a diagnostic tool. We discuss their implications. 494

5.1 NLDD as a Faithfulness Metric 495

NLDD captures what accuracy can not, whether 496

a model’s reasoning causally influences its an- 497

swer. Our results demonstrate its diagnostic power. 498

Gemma achieves 99% accuracy on PrOntoQA 499

while exhibiting negative NLDD, revealing that 500

high performance can mask complete causal dis- 501

connection from CoT. TAS dynamics, as shown 502

in Llama’s decaying TAS suggests a progres- 503

sive refinement during reasoning. Contrastingly, 504

Gemma’s rigid TAS indicates a predetermined tra- 505
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Table 1: Main Results. Comparison of Accuracy (%) and Faithfulness (NLDD %) across tasks. Llama and
DeepSeek maintain high faithfulness (Positive NLDD), while Gemma exhibits anti-faithful behavior (Negative
NLDD) on logical tasks despite high accuracy. See Appendix B for full 95% confidence intervals.

Dyck-n PrOntoQA GSM8K

Model Acc NLDD Acc NLDD Acc NLDD

Faithful Regime (Causal Reasoning)
Llama-3.1-8B 64.4 3.0 100.0 20.6 100.0 96.7
DeepSeek-Coder-6.7B 47.2 9.5 100.0 84.3 100.0 96.1

Anti-Faithful Regime (Post-Hoc Rationalization)
Gemma-2-9B 0.0 12.5 99.0 -52.5 100.0 61.5

Table 2: Reasoning Horizon (k∗) across models and
tasks. Total reasoning steps: GSM8K (8), Dyck-n (12),
PrOntoQA (16).

Task Steps Llama DeepSeek Gemma

GSM8K 8 6 5 6
Dyck-n 12 11 11 9
PrOntoQA 16 16 16 11

jectory where CoT tokens have little computational506

effect.507

Unlike binary accuracy or surface-level coher-508

ence, NLDD quantifies the degree to which corrupt-509

ing reasoning changes output confidence. NLDD510

also reveals failure modes that accuracy misses.511

The faithful and anti-faithful regimes we observe512

would be invisible to accuracy-based evaluation. In513

Gemma’s Dyck-n, both NLDD and accuracy are514

low, but for different reasons. Low accuracy indi-515

cates task failure whereas low NLDD indicates that516

CoT was not causally responsible. Disentangling517

these failure modes could be helpful for targeted518

model improvement.519

5.2 The Reasoning Horizon as a Diagnostic520

Tool521

The horizon (k∗) identifies where causal influence522

decays. Its consistent relative positioning (70–85%523

through chains) across tasks suggests a general524

property of CoT computation rather than a task-525

specific artifact.526

For practical applications, the horizon theoreti-527

cally marks where chain can be safely truncated.528

Across tasks, (k∗) typically occurs at 70–85% of529

chain length, suggesting the final 15–30% of to-530

kens contribute negligible causal influence and can531

be pruned. An example of this can be shown in Fig-532

ure 1 where GSM8K hits near zero NLDD scores533

indicating that this step is causal neutral for its final534

result. This shows that unlike length-based heuris-535

tics, this pruning is causally justified through our 536

metric NLDD. By computing NLDD across chain 537

positions, one can locate k∗ for any model-task pair 538

and prune accordingly. 539

For anti-faithful models, the horizon reveals 540

where CoT becomes harmful. Gemma’s NLDD 541

drops from −22.9 to −120.2 beyond k∗—extended 542

reasoning interferes with pre-computed answers. 543

This suggests that rigid step-by-step thinking may 544

be counterproductive for certain architectures. 545

RSA remains stable beyond the horizon, indicat- 546

ing that models maintain internal geometric con- 547

sistency even after causal influence decays. This 548

dissassociation, between what models represent 549

and what they use, suggests that surface-level co- 550

herence of CoT is not a reliable indicator of causal 551

faithfulness. Evaluating reasoning quality requires 552

more than just representational analysis. 553

6 Conclusion 554

We introduced NLDD, a metric that quantifies the 555

causal influence of reasoning chains on model pre- 556

dictions. Unlike accuracy-based evaluation, NLDD 557

reveals whether models genuinely depend on their 558

generated reasoning or merely produce post-hoc 559

rationalizations. 560

Our analysis across three models and three rea- 561

soning tasks yields three findings. First, differ- 562

ent architectures exhibit different faithfulness pat- 563

terns on identical tasks. Some models (Llama, 564

DeepSeek) exhibit causal dependence on CoT, 565

while others (Gemma) achieve high accuracy de- 566

spite negative NLDD. Second, the Mapping Gap 567

demonstrates that models can encode task-relevant 568

structure without utilizing it, challenging assump- 569

tions in interpretability research. Third, the reason- 570

ing horizon (k∗) identifies a consistent transition 571

point at 70–85% of chain length, beyond which 572

reasoning tokens contribute negligible or harmful 573

causal influence. 574
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7 Limitations575

We truncate chains rather than replace corrupted576

steps. This measures forward causal dependence577

but conflates two effects: low NLDD at step k578

could mean weak reliance on that step, or that steps579

1 to k − 1 were already sufficient. A replacement-580

based design could address this.581

Our logit normalization assumes architectural582

differences (e.g., soft-capping) affect margins and583

variance proportionally—supported empirically but584

not guaranteed. TAS and RSA use a single layer585

(50% depth); layer-wise variation is small (<0.2)586

but comprehensive analysis may reveal depth-587

dependent effects.588

We evaluate decoder-only models on three tasks589

(100 samples each), two of which are synthetic.590

Generalization to larger models, other architectures,591

or open-ended tasks remains untested.592

We use greedy decoding with fixed prompts.593

Stochastic decoding may shift horizon locations.594

Our step-based analysis assumes explicit chain595

structure, free-form CoT would require different596

segmentation.597
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Dataset Original Step
(Clean)

Counterfactual Step
(Corrupted)

Dyck-n "Seen ’{’, stack depth
is 2."

"Seen ’{’, stack depth
is 1."

PrOntoQA "Every wumpus is a
zumpus."

"No wumpus is a
zumpus."

GSM8K "She has 15×2 = 30
eggs."

"She has 15×2 = 32
eggs."

Table 3: Representative counterfactual interventions
used for NLDD. Corruptions (bolded for clarity here)
are designed to break the causal chain while maintaining
linguistic coherence.
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A Qualitative Examples and701

Implementation Details702

We provide qualitative examples, dataset formats,703

and implementation details that complement the704

main text.705

A.1 Example Counterfactuals706

Table 3 shows representative single-step counterfac-707

tual interventions for each dataset in the spectrum708

of ambiguity. In all cases, the counterfactual modi-709

fies exactly one intermediate reasoning step while710

preserving the original input structure and prompt711

format. These interventions are designed to induce712

a causal change in the expected answer.713

A.2 Dataset Example714

Table 4 provides representative examples of inputs715

and corresponding step-wise reasoning traces for716

each dataset. All tasks are formatted to expose717

Task Input / Question Reasoning Trace (Ex-
cerpt)

Dyck-n Input: [[{⟨⟩}}
Question: What is the
next closing bracket?

Seen [, depth 1
Seen {, depth 2
Seen [, depth 3
Seen {, depth 4
Seen <, depth 5
Seen >, depth 4
Seen }, depth 3
Answer: ]

PrOntoQA Facts: Sam is a zum-
pus.
Rules: All zumpus are
impus. All impus are
rompus. All rompus
are gorpus.
Question: Is Sam a
wumpus?

Since Sam is a zumpus
and all zumpus are im-
pus, Sam is an impus.
Since Sam is an impus
and all impus are rom-
pus, Sam is a rompus.
Since Sam is a rompus
and all rompus are gor-
pus, Sam is a gorpus.
Conclusion: Sam is a
gorpus, not a wumpus.
Answer: False

GSM8K Janet’s ducks lay 16
eggs per day. She eats
3, bakes 4, and sells
the rest at $2 each.
Question: How much
does she make daily at
the farmer’s market?

Janet sells 16−3−4 = 9
duck eggs per day.
She makes 9 × 2 = 18
dollars.
Answer: $18

Table 4: Representative examples from each dataset.
All tasks are formatted to expose explicit intermediate
reasoning steps, enabling localized counterfactual in-
terventions. Counterfactual variants corrupt a single
intermediate step while preserving input structure and
surface coherence.

explicit intermediate reasoning steps, enabling lo- 718

calized counterfactual interventions and step-level 719

mechanistic analysis. 720

A.3 Robustness of NLDD Normalization 721

Architectural Logit Rescaling. Certain archi- 722

tectures apply transformations to output logits that 723

compress or rescale their dynamic range. For exam- 724

ple, Gemma-2 employs a logit soft-capping mecha- 725

nism that limits extreme logit values, and maintain 726

numerical stability during training. Such transfor- 727

mations affect both the margin numerator in Equa- 728

tion (2) and the normalization constant S propor- 729

tionally. As a result, the standardized margin and 730

resulting NLDD values remain comparable across 731

architectures despite differences in absolute logit 732

scale. 733

Vocabulary Size and Output Entropy. Differ- 734

ences in vocabulary size can influence absolute 735

logit entropy and output variability. However, be- 736

cause NLDD normalizes margins by the standard 737
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deviation computed over the same vocabulary dis-738

tribution, relative margin-to-variability ratios re-739

main stable. This ensures that NLDD reflects740

causal sensitivity rather than artifacts of vocabu-741

lary size or output entropy.742

Alternative Normalization Schemes. We743

considered alternative normalization strategies,744

including temperature-scaled probabilities and745

probability-ratio-based confidence measures.746

While viable in principle, these approaches intro-747

duce model-specific tuning parameters or require748

additional calibration procedures, complicating749

reproducibility and cross-model comparison. We750

therefore adopt logit-space normalization via S as751

a simple, architecture-agnostic solution.752

Rationale for Global Normalization. We em-753

ployed a Global Normalization Strategy (S) de-754

rived from the clean calibration set (Equation 1).755

This design was chosen to preserve the model’s756

native confidence calibration across the dataset. A757

per-input normalization approach (e.g., scaling by758

σi) would mathematically force every reasoning759

chain to the same unit variance, inadvertently inflat-760

ing the significance of noise in low-confidence sam-761

ples. By fixing S globally, we ensure that NLDD762

remains sensitive to the model’s absolute operating763

precision.764

A.4 Model Selection and Rationale765

We evaluate three decoder-only transformer models766

spanning 6.7B-9B parameters:767

DeepSeek-Coder-6.7B-Instruct (Guo et al.,768

2024) is optimized for source code generation, test-769

ing whether specialization for rigid logical struc-770

tures (syntax trees, type systems) improves reason-771

ing faithfulness relative to general-purpose models.772

Llama-3.1-8B-Instruct (Dubey et al., 2024)773

serves as our general-purpose baseline, represent-774

ing standard dense transformer architectures with-775

out domain specialization or architectural novelties.776

Gemma-2-9B-Instruct (Gemma Team, 2024)777

employs logit soft-capping to compress output dis-778

tributions, providing architectural variance to vali-779

date that NLDD normalization generalizes across780

diverse output characteristics.781

All evaluated models are instruction-tuned vari-782

ants (Instruct or IT suffixes), fine-tuned via Super-783

vised Fine-Tuning (SFT) and Reinforcement Learn-784

ing from Human Feedback (RLHF). This ensures785

Component Specification

Models Evaluated DeepSeek-Coder-6.7B, Llama-
3.1-8B, Gemma-2-9B

Model Source Hugging Face Transformers (offi-
cial releases)

Numerical Precision bfloat16 inference
Decoding Strategy Greedy decoding (no sampling)
Max Tokens 30 (GSM8K); 10 (Dyck-n, PrOn-

toQA)
Logit Access Final-token logits
Normalization Con-
stant (S)

Std. dev. of final-token logits on
clean calibration set

Counterfactual Genera-
tion

Single-step corruption with trun-
cation of subsequent steps

Token Budget Con-
straint

≤ 2 token difference (clean vs.
corrupt)

Perplexity Filtering Perplexity-ratio filtering (task-
specific thresholds)

Representation Extrac-
tion

Hidden states at step-terminal to-
ken positions

Layers Analyzed Middle transformer layer
(⌊L/2⌋)

Trajectory Metric TAS

Table 5: Implementation details used across all experi-
ments.

models possess consistent instruction-following 786

and CoT generation capabilities, isolating architec- 787

tural and pretraining effects on faithfulness from 788

differences in stylistic competence. 789

A.5 Implementation Details 790

Table 5 summarizes the core implementation 791

choices used across all experiments, including in- 792

ference configuration, counterfactual construction 793

constraints, representation extraction, and diagnos- 794

tic metrics. These settings are shared across models 795

unless otherwise noted, and are designed to isolate 796

causal dependence on intermediate reasoning steps 797

while minimizing confounds from stochastic decod- 798

ing, architectural logit rescaling, or surface-level 799

perturbations. All reported results are obtained 800

using these fixed configurations to ensure compara- 801

bility across tasks and model families. 802

A.6 Statistical Methodology 803

To ensure reproducibility and rigorous comparison, 804

we employed the following statistical procedures 805

for data reporting, uncertainty estimation, and hy- 806

pothesis testing. 807

Sample Size and Filtering. To ensure the NLDD 808

metric reflected genuine causal signals rather than 809

numerical noise, we applied a strict stability fil- 810

ter during aggregation. Samples where the model’s 811

baseline confidence in the correct answer was negli- 812

10



gible (|LDclean| < 10−6) were excluded to prevent813

floating-point underflow from artificially inflating814

the standardized scores. This filtration affected815

a negligible fraction of the dataset. All reported816

NLDD values are conditioned on the model pro-817

ducing the correct final answer in the clean control818

setting.819

Confidence Intervals and Significance Testing.820

To quantify uncertainty in our faithfulness metrics,821

we employed the Bias-Corrected and Accelerated822

(BCa) Bootstrap method, which adjusts for both823

skewness and bias in the estimator distribution. For824

all reported NLDD and RSA point estimates in825

summary tables, we computed 95% Confidence826

Intervals (CIs) using B = 10, 000 resamples with827

a fixed random seed (42) to ensure exact repro-828

ducibility.829
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B Extended Experimental Results830

This section reports extended NLDD, RSA, TAS,831

accuracy, and probability-delta results for all eval-832

uated models. Figures are grouped by model for833

readability.834

Table 6: Full Faithfulness Degradation Results across
all models. NLDD values include 95% Bias-Corrected
and Accelerated (BCa) Bootstrap Confidence Intervals
(B = 10, 000). Negative NLDD values indicate an
"anti-faithful" regime where corruption paradoxically
increases answer confidence.

Model Task NLDD (95% CI) RSA Probe Acc

DeepSeek-6.7B
Dyck-n 7.99 [5.85, 9.41] 0.481 81.1%
PrOntoQA 84.25 [82.00, 85.73] 0.176 91.7%
GSM8K 96.09 [72.20, 118.70] 0.560 81.8%

Llama-3.1-8B
Dyck-n 0.61 [-0.19, 2.06] 0.436 74.9%
PrOntoQA 20.63 [18.46, 23.05] 0.228 91.8%
GSM8K 96.66 [69.39, 122.27] 0.548 71.2%

Gemma-2-9B
Dyck-n 12.44 [9.76, 14.60] 0.422 82.0%
PrOntoQA -52.48 [-57.98, -46.54] 0.254 91.7%
GSM8K 61.46 [51.51, 73.64] 0.568 74.2%
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Figure 3: LLaMA-3.1-8B: NLDD, RSA, and TAS as a function of corruption step index k across tasks.
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Figure 4: LLaMA-3.1-8B: robustness diagnostics under counterfactual step corruption.
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Figure 5: DeepSeek-Coder-6.7B: NLDD, RSA, and TAS as a function of corruption step index k across tasks.
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Figure 6: DeepSeek-Coder-6.7B: robustness diagnostics under counterfactual step corruption.
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Figure 7: Gemma-2-9B: NLDD, RSA, and TAS as a function of corruption step index k across tasks.
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Figure 8: Gemma-2-9B: robustness diagnostics under counterfactual step corruption.
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