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Abstract—Zero-order (ZO) optimization and evolutionary al-
gorithms are powerful tools for scenarios where objective gra-
dients are inaccessible. Building upon contemporary literature,
which often interprets ZO methods as gradient descent on a
Gaussian-smoothed objective, we extend this perspective and
propose a novel framework for ZO optimization by drawing
inspiration from the Bayesian Learning Rule (BLR). Rather
than gradient estimation on a smoothed objective, we refor-
mulate the task as a variational inference problem aimed at
minimizing the Kullback-Leibler (KL) divergence between a
Gaussian distribution and a target distribution defined by the
cost of the problem. This probabilistic formulation provides
a principled foundation for incorporating L-2 regularization,
momentum, and temperature-dependent entropy regularization
into zero-order optimization. Using this framework, we derive
momentum-augmented, tempered, and L-2 regularized versions
of prominent algorithms, including the Cross-Entropy Method
(CEM) and Model Predictive Path Integral (MPPI) control. We
evaluate our proposed variants on several challenging control
benchmarks, where they demonstrate significant improvements
over standard baselines in terms of both convergence rate and
performance.

Index Terms—Optimization, Black-Box, Zero-Order, Bayesian
Learning Rule, Control

I. INTRODUCTION

Zero-order (ZO) optimization [1] and evolutionary algo-
rithms [2] are widely applicable in scenarios where the cost
function C(x) can be evaluated, but its gradient is unavailable
(or expensive to compute). Such settings frequently arise
in robotics [3]–[5], discrete optimization [6], [7]. More re-
cently, ZO methods have also emerged as a highly effective
alternative to Reinforcement Learning (RL) for fine-tuning
Large Language Models [8], [9]. While alternative learned
approaches, such as RL in the context of control [10]–[12]
or diffusion-based samplers in discrete optimization [13],
[14], have shown promise, they remain notoriously prone to
converging toward local minima and often struggle to escape
these suboptimal modes once trapped. Reflecting a growing
consensus in the continuous diffusion sampler literature [15]–
[18], pure simulation-based algorithms often demonstrate a
superior ability to explore the entirety of a complex solution
space [19]. This suggests that zero-order optimization might
be a particularly compelling approach for global exploration in
gradient-free settings, bypassing the manifold collapses often
seen in purely learned models. Notably, globally convergent

methods such as Consensus-Based Optimization (CBO) [20],
[21] have further underscored the potential of simulation-based
approaches for robust global exploration, even in highly non-
convex landscapes.

A common perspective in recent literature is to interpret
ZO algorithms as gradient descent on a smoothed objective
[22]. Here, the objective is defined as the expectation of
the original function with respect to a Gaussian distribution,
and gradients are computed with respect to the Gaussian’s
parameters. Intuitively, this involves finding a region in the
objective landscape where the Gaussian mass fits well.

In this work, we instead draw inspiration from the Bayesian
Learning Rule (BLR) [23], a framework that has been highly
successful in deriving gradient-based optimizers such as SGD,
momentum-based methods, and IVON (a variational variant
of Adam [24]) [25], [26]. Thus, we reformulate the zero-order
optimization problem as a probability approximation problem
in which we aim to find a Gaussian distribution that minimizes
the Kullback-Leibler (KL) divergence to a target distribution
defined by exp(−βC(x)), where C : RD → R. Compared to
prior approaches, this formulation naturally encourages explo-
ration via entropy regularization via a temperature parameter
α = β−1. Furthermore, this framework provides a principled
way to incorporate L2 regularization and momentum into the
optimization process.

We leverage this framework to derive momentum-
augmented, tempered, and L2-regularized versions of promi-
nent zero-order algorithms, such as the Cross-Entropy Method
(CEM) [6] and Model Predictive Path Integral (MPPI) [27].
Through extensive evaluation on standard control benchmarks,
we demonstrate that our proposed variants significantly out-
perform these established methods in both convergence and
final performance.

II. PROBLEM DESCRIPTION

We consider the problem of minimizing a cost function
C : RD → R in a setting where the gradient ∇xC(x) is
unavailable. Instead, we optimize the surrogate objective

L(θ) = Ex∼pθ

[
C(x)

]
, (1)

where pθ is a parameterized search distribution, typically
chosen as a Gaussian distribution N (µ,Σ) with parameters
θ = (µ,Σ). This formulation smooths the cost surface;



Fig. 1: Different chains of our algorithm operating on a GMM mixture optimization problem using different momentum (γ)
and starting temperature (α) parameter values. For all of these plots we chose σp = 30.

Fig. 2: Ablation study of total episode return on CheetahRun over 500 episode steps, varying the momentum parameter
γ′ (left figure) and the initial temperature parameter αstart (right figure). In each plot, the right axis shows the number of
environment interactions required for each parameter setting to reach a target episode length of 100.

in particular, when pθ is Gaussian, L(θ) is the Gaussian
convolution of C(x). The gradient of the surrogate objective
can be expressed using the score-function (or REINFORCE)
estimator [28]:

∇θL(θ) = Ex∼pθ

[
C(x)∇θ log pθ(x)

]
. (2)

Let t denote the optimization step. To account for the informa-
tion geometry of the parameter space, it is common to employ
the proximal natural-gradient formulation as in [22]:

θt+1 = argmin
θ

[
⟨∇θL(θt), θ − θt⟩+

1

η
DKL(pθ ∥ pθt)

]
,

(3)

where η > 0 is the step size and ⟨·, ·⟩ denotes the Euclidean
inner product. Intuitively, this update minimizes a first-order
approximation of the objective while penalizing large changes
in the search distribution through the Kullback–Leibler di-
vergence. The resulting step is therefore small in distribution
space rather than in parameter space, which yields the natural-
gradient direction.

Using the second-order expansion DKL(pθ ∥ pθt) ≈ 1
2 (θ −

θt)
⊤F (θt)(θ − θt), where F (θt) is the Fisher information

matrix, one obtains the natural-gradient descent update

θt+1 = θt − ηF (θt)
−1∇θL(θt). (4)



For a Gaussian distribution N (µ,Σ), the Fisher information
matrix is block diagonal with respect to µ and Σ. For the
full vectorized covariance parameterization, the corresponding
inverse blocks are F−1

µµ = Σ and F−1
ΣΣ = 2(Σ⊗ Σ) [29].

Moreover, the score functions are given by

∇µ log pθ(X) = Σ−1(x− µ), (5)

∇Σ log pθ(X) =
1

2
Σ−1

[
(x− µ)(x− µ)⊤ − Σ

]
Σ−1. (6)

Substituting these expressions into (2) and applying the inverse
Fisher matrix yields the following natural-gradient directions
(see Ap.. A):

∇̃µL(θ) = Ex∼pθ

[
C(x)(x− µ)

]
, (7)

∇̃ΣL(θ) = Ex∼pθ

[
C(x)

(
(x− µ)(x− µ)⊤ − Σ

)]
. (8)

A. Utility Functions

As argued in [22], CEM and MPPI updates can be recovered
within this natural-gradient framework by replacing the cost
with an expected utility term, C(x) → U(C(x), θ∗), where
the utility function may depend on the Gaussian parameters
θ∗, where ∗ denotes a stop-gradient operation, i.e. gradients
are not computed with respect to the Gaussian parameters
that are used within the computation of the utility function.
Defining w(x) := −U(C(x), θ∗), we obtain nonnegative
weights satisfying w(x) ∈ [0, 1]. For the utility functions con-
sidered below, the corresponding normalized weights satisfy
Ex∼pθ

[w(x)] = 1. Using samples {xi}Ni=1 ∼ pθ∗ and weights
wi := w(xi) and η = 1, Eq. 7 and Eq. 8 yield the following
weighted Gaussian parameter updates

µt+1 =

N∑
i=1

wixi, Σt+1 =

N∑
i=1

wi(xi − µt+1)(xi − µt+1)
⊤,

where xi ∼ N (µt,Σt).
a) Cross-Entropy Method (CEM): In CEM, the utility is

defined through hard thresholding based on elite samples. Let
C(1) ≤ · · · ≤ C(N) denote the sampled costs in ascending
order, and let Celite := C(K) be the cost of the K-th best
sample. Then the utility is

UCEM(x, θ∗) = −N

K
I[C(x) ≤ Celite] . (9)

By construction, Ex∼pθ∗ [w(x)] = 1, and, at the sample level,
the normalized weights assign equal mass to the elite set
and zero mass to all remaining samples. Likewise, a utility
definition for MPPI is provided in App. B.

III. METHOD

A. Bayesian Learning Rule for Zero-Order Optimization

Instead of minimizing the expected cost directly, we can
view ZO optimization as finding a search distribution pθ that
approximates a target distribution π(x). We define this target
as a tempered posterior:

π(x) ∝ exp (−βC(x)) pprior(x)

where β = 1/α is the inverse temperature and pprior(x) =
N (µp, Σ̃p) represents a Gaussian prior with covariance Σ̃p =
αΣp which incoporates L-2 regularization [30]. Minimizing
the reverse Kullback-Leibler (KL) divergence DKL(pθ ||π) is
equivalent to minimizing the variational objective:

J (θ) = βEx∼pθ
[C(x)] +DKL(pθ ∥ pprior)−H(pθ).

where we use H to denote the entropy of a probabilistic density
function.

To incorporate momentum while respecting the information
geometry of pθ, we utilize an Accelerated Proximal Natural
Gradient formulation with a momentum term γ̃ = γ

α [23]:

θt+1 = argmin
θ

[
⟨∇θJ (θt), θ − θt⟩

+
(1 + γ̃)

η
DKL(pθ||pθt)−

γ̃

η
DKL(pθ||pθt−1

)
]
.

Thus, increasing γ̃ strengthens both the extrapolative effect
away from pθt−1

and the proximal pull toward pθt , thereby
amplifying momentum while maintaining stability around the
current iterate. For the Gaussian case, where pθ = N (µ,Σ)
and assuming only small perturbations in µ and Σ, we propose
to solve the equations for the stationary condition, where
Σt+1 = Σt and µt+1 = µt, which is equivalent to setting
the natural gradient to zero. With the approximations outlined
in App. C, we get the following equations for the mean and
variance:

0 = −η
[
β(µt − x̄) + ΣtΣ̃

−1
p (µt − µp)

]
+ γ̃ (µt − µt−1) (10)

0 = −η
[
ΣtΣ̃

−1
p Σt − (2− β)Σt − βS

]
+ γ̃ (Σt − Σt−1) (11)

where x̄ :=
∑N

i=1 wixi and S :=
∑N

i=1 wi(xi−µt)(xi−µt)
T

with xi ∼ N (µt−1,Σt−1) and wi is a weighting as introduced
in Sec. II-A. As Eq. 11 does not have a closed form solution
in general, we will simplify it in the following section to the
case where Σ and Σ̃p are diagonal.

1) Parameter Reconfiguration: To ensure the prior and mo-
mentum remain influential in the deterministic limit (α → 0),
we rescale the parameters as β = 1/α, γ̃ = γ/α, σ̃2

p = ασ2
p

and by introducing γ′ = γ
η . Substituting these into Eq. 10

and Eq. 11 and solving for the current parameters yields the
reconfigured updates (see App. C2):

µt = x̄+
1

1 +
σ2
t−1

σ2
p

− γ′

(
σ2
t−1

σ2
p

(µp − x̄) + γ′(x̄− µt−1)

)
(12)

and for the variance (see App. C1):

σ2
t =

2
(
γ′σ2

t−1 + s
)

(γ′ + 1− 2α) +

√
(γ′ + 1− 2α)

2
+ 4

(γ′σ2
t−1+s)

σ2
p

.

(13)
In these equations s refers to the diagonal version of S. In
order to prevent singularities in Eq. 12 γ′ ∈]2α − 1, 1 +

σ2
t

σ2
p
[

must hold and in Eq. 13 singularities can be savely prevented
by choosing α < 1

2 + γ′.



2) Limiting Cases: The following limiting cases demon-
strate how the framework recovers and extends standard algo-
rithms:
Uninformative Prior:

As σ2
p → ∞, the updates simplify to:

µt = x̄+
γ′

1− γ′ (x̄− µt−1)

σ2
t = s+

1

γ′ + 1− 2α

(
γ′(σ2

t−1 − s) + 2αs
)

where α < γ′+1
2 to prevents singularities.

No Momentum:

Next, setting γ′ = 0 recovers the standard weighted updates:

µt = x̄, σ2
t =

s

1− 2α
(14)

where α < 1
2 . Note that when α = 0, depending on the choice

of weights wi, this recovers the CEM for elite-set indicators
or MPPI for softmax cost weighting.

a) Comparison to Conventional Momentum-based CEM
Updates: While prior work has employed momentum to stabi-
lize CEM iterations, our approach differs fundamentally in its
update mechanism. Conventional momentum-based updates,
such as those in [31], typically follow a standard exponential
moving average (EMA) structure:

µt = x̄+ λ1(µt−1 − x̄), σ2
t = s+ λ2(σ

2
t−1 − s)

where λ1, λ2 ∈ [0, 1] are smoothing factors that interpolate
between the previous state and the current sample statistics.
This yields a convex combination, ensuring that the updated
parameters remain within the interval spanned by the previous
iterate and the new observations.

In contrast, our proposed updates (for α = 0) can be written
in the innovation-based form

µt = x̄+
γ′

1− γ′ (x̄− µt−1), σ2
t = s+

γ′

1 + γ′ (σ
2
t−1 − s),

where γ′ ∈] − 1, 1[. This representation reveals a regime-
switching behavior. For γ′ ∈] − 1, 0], the updates behave
similarly to an EMA and therefore act as a damping mecha-
nism. In this regime, however, care must be taken since the
variance update σ2

t is not automatically guaranteed to remain
positive, which is a necessary condition for a valid variance
parameterization. By contrast, for γ′ ∈]0, 1[, the system enters
a momentum regime characterized by extrapolation, where the
update is pushed in the direction of the innovation (x̄−µt−1).

Furthermore, unlike previous approaches in which λ1 and
λ2 are typically tuned independently, our formulation intrin-
sically couples the updates of µt and σt through the single
parameter γ′. Finally, our derivation exposes an asymmetric
scaling: the mean update is weighted by (1− γ′)−1, whereas
the variance update is weighted by (1+γ′)−1. As a result, for
γ′ > 0 the mean can respond more aggressively to directional
trends, while the variance evolves in a comparatively more
controlled and stable manner.

IV. EXPERIMENTS

A. 2-D Toy Problem

We begin with a simple 2-D toy problem comprising 40
Gaussian mixtures. The position of each Gaussian is sampled
uniformly within [−40, 40], with a fixed variance of 3.0 and
randomly sampled mixture weights. Figure 1 illustrates the
performance of our algorithm on this problem for varying
values of the starting temperature αstart and momentum γ. We
employ temperature annealing [32]–[34], gradually reducing
the initial temperature to zero over successive iterations. Each
independent chain of the algorithm is initialized with the same
standard deviation σinit = 6, and the means are sampled
independently from a normal distribution with zero mean and a
standard deviation of 18. The results show how the momentum
parameter γ and the starting temperature αstart affect the
optimization trajectories. While both parameters encourage
exploration, the temperature parameter helps the optimizer to
reliably find the global optimum of the toy example.

B. Robot Control Problems

We address the problem of robot control, where the fitness
function is defined as c(A) = −

∑T
t=1 R(st, at), where the

cost depends on a sequence of actions A = {a1, . . . , aT } and
st representing the state at time step t.

We conduct experiments on the CheetahRun environment
on the Deep Mind Control Suite [35] with an episode length
of 500. The control for each time step is initialized at zero
with a standard deviation of 2.2. A tanh transformation is
applied before the action is fed into the environment. Results
are presented in Figure 2, demonstrating that a wide range of
momentum parameters in the interval ]0, 0.7] enhances both
final performance and convergence speed (as measured by
environment interactions to reach the target). For temperature,
we also apply annealing and observe that increasing the
starting temperature generally improves performance. How-
ever, excessively high temperatures lead to an increase in
the number of environment interactions required to achieve
the performance target of 100, highlighting an exploration-
exploitation trade-off.

V. CONCLUSION AND FUTURE WORK

In this work, we introduced a probabilistic framework for
zero-order optimization, reformulating the problem as varia-
tional inference to minimize the KL divergence between a
Gaussian and a cost-defined target distribution. This approach
enables principled integration of momentum, temperature, and
L-2 regularization, recovering established methods like CEM
and MPPI as special cases. Our experiments demonstrate
significant improvements in convergence and performance on
high-dimensional control tasks. For future work, we plan
to extend empirical validation on simulated and real-world
robotic control tasks.
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APPENDIX

A. Proximal Natural Gradient Formulation

The proximal natural gradient update is formulated as:

θt+1 = argmin θ

[
⟨∇θL(θ), θ − θt⟩+

1

η
DKL(pθ ∥ pθt)

]
,

(15)
where:

• η is the learning rate,
• ⟨·, ·⟩ is the dot product,
• DKL(pθ ∥ pθt) is the Kullback-Leibler (KL) divergence

between the distributions parameterized by θ and θt.
This update minimizes a first-order approximation of the
loss L(θ) while penalizing changes in the model distribution
through the KL divergence. The KL divergence acts as a trust-
region constraint in distribution space, ensuring that updates
remain small in an information-geometric sense.

Taylor Expansion of the KL Divergence

The KL divergence can be approximated using a second-
order Taylor expansion around θt:

DKL(pθ ∥ pθt) ≈
1

2
(θ − θt)

TF (θt)(θ − θt), (16)

where F (θt) is the Fisher Information Matrix (FIM) eval-
uated at θt. The FIM is defined as:

F (θ) = Ex∼pθ

[
∇θ log pθ(x)∇θ log pθ(x)

T
]
. (17)

Derivation of the Natural Gradient Update

Substituting the Taylor expansion into the proximal update
and solving for θ yields the natural gradient update:

θt+1 = θt − ηF−1(θt)∇θL(θt). (18)

Here, F−1(θt) acts as a preconditioner, transforming the
gradient ∇θL(θt) into the natural gradient direction. This
direction accounts for the curvature of the parameter space
induced by the statistical model.

Fisher Information Matrix for a Gaussian Distribution

For a Gaussian distribution N (µ,Σ), the FIM is block-
diagonal with respect to the mean µ and covariance Σ. The
inverse blocks of the FIM are [29]:

F−1
µµ = Σ, F−1

ΣΣ = 2(Σ⊗ Σ). (19)

• F−1
µµ = Σ reflects the covariance of the mean parameters.

• F−1
ΣΣ = 2(Σ⊗ Σ) accounts for the covariance of the co-

variance parameters, where ⊗ is the Kronecker product.

Kronecker Product and Natural Gradients

The Kronecker product Σ ⊗ Σ is used to represent the
covariance structure of the covariance matrix Σ. For a matrix
A, the operation (Σ⊗ Σ) · vec(A) is equivalent to:

vec(ΣAΣT ), (20)

where vec(A) is the vectorized form of A. This operation is
crucial for computing the natural gradient direction for the
covariance parameters.

Natural Gradient Directions

The natural gradient directions for the mean µ and covari-
ance Σ are obtained by applying the inverse FIM to the score
function gradients:

∇µ log pθ = Σ−1(x− µ), (21)

∇Σ log pθ =
1

2
Σ−1[(x− µ)(x− µ)T − Σ]Σ−1. (22)

The natural gradient directions are:

∇̃µL(θ) = Ex∼pθ

[
C(x)(x− µ)

]
, (23)

∇̃ΣL(θ) = EX∼pθ

[
C(x)((x− µ)(x− µ)T − Σ)

]
. (24)

B. Utility-weighted Gaussian update

Let
w(x) := −U(C(x), θ∗),

so that w(x) ≥ 0. Replacing the cost by the utility in the
natural-gradient directions from (7)–(8) yields

∇̃µ = −Ex∼pθ∗

[
w(x)(x− µt)

]
, (25)

∇̃Σ = −Ex∼pθ∗

[
w(x)

(
(x− µt)(x− µt)

⊤ − Σt

)]
. (26)

By setting the learning rate to one, therefore arrives at

µt+1 = µt + E
[
w(x)(x)

]
, (27)

Σt+1 = Σt + E
[
w(x)

(
(x− µt)(x− µt)

⊤ − Σt

)]
. (28)

If, in addition, the weights satisfy E[w(x)] = 1, then the mean
update simplifies to

µt+1 = E[w(x)x]. (29)

Approximating expectations by Monte Carlo averages over
samples x1, . . . , xN ∼ pθ∗ gives

µt+1 =
1

N

N∑
i=1

wixi, (30)

Σt+1 =
1

N

N∑
i=1

wi(xi − µt+1)(xi − µt+1)
⊤, (31)

where wi := w(xi). Thus, if 1
N

∑N
i=1 wi = 1, the update

coincides with the standard weighted empirical mean and
covariance.

Note: Alternatively, these updates can also be derived as
in App. C, where we solve for the stationary point, where
Σt+1 = Σt and µt+1 = µt with the additional asssumtion
that Σt ≈ Σt−1. This is then equivalent to setting the gradient
in Eq. 25 and in Eq. 26 to zero and solving for µt and Σt.

1) Cross-Entropy Method: For CEM, the utility is

UCEM(x, θ∗) = −N

K
I[C(x) ≤ Celite] , (32)

so that

wi =
N

K
I[C(xi) ≤ Celite] . (33)



Since exactly K samples belong to the elite set,

1

N

N∑
i=1

wi =
1

N
· N
K

·K = 1. (34)

Substituting into (30)–(31) yields

µt+1 =
1

K

∑
i:C(xi)≤Celite

xi, (35)

Σt+1 =
1

K

∑
i:C(xi)≤Celite

(xi − µt+1)(xi − µt+1)
⊤. (36)

Hence CEM recovers the empirical mean and covariance of
the elite set.

2) MPPI: For MPPI, the utility is

UMPPI(x, θ
∗) = −

exp
(
− 1

λC(x)
)

EX∼pθ∗

[
exp

(
− 1

λC(x)
)] , λ > 0,

(37)
which gives the weight

w(x) =
exp

(
− 1

λC(x)
)

EX∼pθ∗

[
exp

(
− 1

λC(x)
)] . (38)

Its expectation is

E[w(X)] =
E
[
exp

(
− 1

λC(x)
)]

E
[
exp

(
− 1

λC(x)
)] = 1. (39)

In practice, one uses the Monte Carlo approximation

wi :=
exp

(
− 1

λC(xi)
)

1
N

∑N
j=1 exp

(
− 1

λC(xj)
) , (40)

for which 1
N

∑N
i=1 wi = 1 holds exactly. Substituting into

(30)–(31) gives

µt+1 =

∑N
i=1 exp

(
− 1

λC(xi)
)
xi∑N

j=1 exp
(
− 1

λC(xj)
) , (41)

Σt+1 =

∑N
i=1 exp

(
− 1

λC(xi)
)
(xi − µt+1)(xi − µt+1)

⊤∑N
j=1 exp

(
− 1

λC(xj)
) .

(42)

Thus, MPPI corresponds to a soft, exponentially weighted
update of the Gaussian mean and covariance.

C. Derivation of Zero-Order Accelerated Natural Gradient
Updates

We aim to minimize the composite loss function:

L = DKL(p∥q) +DKL(p∥π)

where the target distribution is π(x) ∝ exp(−βC(x)), and the
variational distributions are Gaussian:

p(x) = N (µt,Σt), q(x) = N (µp, Σ̃p),

where Σ̃p = αΣp We define the weighted empirical statistics
as:

x̄ =

N∑
i=1

wixi, S =

N∑
i=1

wi(xi − µt)(xi − µt)
T

where wi is as in App. B and we sample xi ∼ N (µt−1,Σt−1)
by using the following approximations:

Instead of using samples from the current Gaussian search
distribution pθt , we use samples from the previous iterate pθt−1

instead by introducing importance weights. Formally, for any
f(x),

Ex∼pθt
[f(x)] = Ex∼pθt−1

[
pθt(x)

pθt−1(x)
f(x)

]
.

Assuming consecutive parameter updates are small, pθt ≈
pθt−1

, so the importance ratio is close to one. We therefore
approximate

Ex∼pθt
[f(x)] ≈ Ex∼pθt−1

[f(x)],

and treat the empirical moments x̄ and S as fixed when solving
for (µt,Σt). This gives a one-step-lag approximation and leads
to explicit plug-in updates.

1) Gradient with Respect to Σt: The Kullback-Leibler
divergence between two Gaussians is given by:

DKL(p∥q) =
1

2

[
log

det Σ̃p

detΣt
− d+ tr(Σ̃−1

p Σt)

+ (µp − µt)
⊤Σ̃−1

p (µp − µt)
]
.

Using standard matrix derivatives for symmetric matrices,
∂ log detX

∂X = X−1 and ∂tr(AX)
∂X = A, we obtain:

∂DKL(p∥q)
∂Σ

=
1

2

(
Σ̃−1

p − Σ−1
t

)
.

The natural gradient of the second term, DKL(p∥π), is:

∇̃ΣDKL(p∥π) = β
(
E[C(x)(x− µt)(x− µt)

T ]− E[C(x)]Σt

)
−Σt.

Combining these and applying the Fisher Information Matrix
(FIM) transformation, the total natural gradient w.r.t. Σ is:

∇̃ΣL = ΣtΣ̃
−1
p Σt+βE

[
C(x)(x− µt)(x− µt)

T − E[C(x)]Σt

]
−2Σt.

For the utility functions as in App. B we have E[C(x)] = −1
and substituting the sample covariance S ≈ −E[C(x)(x −
µt)(x− µt)

T ], we have:

∇̃ΣL = ΣtΣ̃
−1
p Σt + βS + (β − 2)Σt.

Incorporating momentum with learning rate η and momentum
coefficient γ, the update equation at the stationary point (i.e
µt = µt+1 and Σt = Σt+1 ) is (see App. D for more details
on the momentum updates):

0 = −η
(
ΣtΣ̃

−1
p Σt + (β − 2)Σt − βS

)
+ γ(Σt − Σt−1).

In the diagonal case (Σt → σ2
t , Σ̃p → σ̃2

p), this simplifies to
a quadratic form:

0 = −η
σ4
t

σ̃2
p

+ η(2− β)σ2
t + ηβs2 + γ(σ2

t − σ2
t−1).

To solve for σ2
t , we use the Citardauq Formula [36] (a numeri-

cally stable variant of the quadratic formula) x = 2c
−b∓

√
b2−4ac

.
Mapping our terms to ax2 + bx+ c = 0 with x = σ2

t :

a =
1

σ̃2
p

, b =
γ

η
+ β − 2, c = −

(
γ

η
σ2
t−1 + βs2

)
.



Selecting the positive root to ensure a valid variance, we arrive
at:

σ2
t =

2
(

γ
ησ

2
t−1 + βs2

)
(

γ
η + β − 2

)
+

√(
γ
η + β − 2

)2

+ 4
σ̃2
p

(
γ
ησ

2
t−1 + βs2

)
(43)

With substituting back γ̃ = γ
α , σ̃2

p = ασ2
p and substituting

γ′ = γ
η we have:

σ2
t =

2
(
γ′σ2

t−1 + s
)

(γ′ + 1− 2α) +

√
(γ′ + 1− 2α)

2
+ 4

(γ′σ2
t−1+s)

σ2
p

.

(44)
When σp → ∞ this formula further simplifies in the

following way:

σ2
t =

γ′σ2
t−1 + s

γ′ + 1− 2α

=
(γ′ + 1− 2α) s− (γ′ − 2α) s+ γ′σ2

t−1

γ′ + 1− 2α

Which leads to the final update formula:

σ2
t = s+

1

γ′ + 1− 2α

(
γ′(σ2

t−1 − s) + 2αs
)

2) Gradient with Respect to µ: The natural gradient of the
loss with respect to µ is:

∇̃µL = βE[C(x)(x− µt)]− ΣtΣ̃
−1
p (µp − µt).

Including momentum, replacing Σt with Σt−1, as Σt ≈ Σt−1

and setting the update to zero for the equilibrium point (see
App. D for more details on the momentum updates):

−η
[
β(µt − x̄)− Σt−1Σ̃

−1
p (µp − µt)

]
+ γ(µt − µt−1) = 0

where we used x̄ ≈ −E[C(x)x] and E[C(x)] = −1. Solving
for µt:

µt =
[
(γ − ηβ)I − ηΣt−1Σ̃

−1
p

]−1 (
γµt−1 − ηβx̄− ηΣt−1Σ̃

−1
p µp

)
.

(45)
In the diagonal case, this simplifies to the following element-

wise update:

µt =

γ
ηµt−1 − βx̄− σ2

t−1

σ2
p
µp

γ
η −

(
β +

σ2
t−1

σ2
p

) . (46)

Then substituting back γ̃ = γ
α , σ̃2

p = ασ2
p and γ′ = γ

η we
get:

µt =
γ′µt−1 − x̄− σ2

t

σ2
p
µp

γ′ −
(
1 +

σ2
t

σ2
p

) (47)

This equation can also be written as:

µt =
x̄+

σ2
t−1

σ2
p
µp − γ′µt−1

1 +
σ2
t−1

σ2
p

− γ′

=
(1 +

σ2
t−1

σ2
p

− γ′)x̄− (
σ2
t−1

σ2
p

− γ′)x̄+
σ2
t−1

σ2
p
µp − γ′µt−1

1 +
σ2
t−1

σ2
p

− γ′

Which leads to the final update formula:

µt = x̄+
1

1 +
σ2
t−1

σ2
p

− γ′

(
σ2
t−1

σ2
p

(µp − x̄) + γ′(x̄− µt−1)

)

D. Derivation of the Gaussian momentum updates from the
KL-proximal objective.

We derive the momentum terms directly from the Gaussian
KL divergence, without using exponential-family duality. Let

q(µ,Σ) = N (µ,Σ), qt = N (µt,Σt), qt−1 = N (µt−1,Σt−1).

The accelerated proximal update is defined by

θt+1 = argmin
µ,Σ

[
⟨∇J (θt), θ − θt⟩+

1 + γ̃

η
DKL(q(θ)∥qt)

(48)

− γ̃

η
DKL(q(θ)∥qt−1)

]
.

(49)

For two Gaussian densities

q = N (µ,Σ), q′ = N (µ′,Σ′),

the reverse KL divergence is

DKL(q∥q′) =
1

2

[
log

|Σ′|
|Σ|

− d+ tr
(
(Σ′)−1Σ

)
(50)

+ (µ′ − µ)T (Σ′)−1(µ′ − µ)
]
.

(51)

a) Mean update.: From (51), the terms depending on µ
are
1 + γ̃

2η
(µt−µ)TΣ−1

t (µt−µ)− γ̃

2η
(µt−1−µ)TΣ−1

t−1(µt−1−µ).

Using

∇µ
1

2
(µ− a)TM(µ− a) = M(µ− a) for symmetric M,

the first-order condition of (49) with respect to µ becomes

0 = ∇µJ (θt)+
1 + γ̃

η
Σ−1

t (µt+1−µt)−
γ̃

η
Σ−1

t−1(µt+1−µt−1).

(52)
This equation is exact. To obtain a simple momentum form,
we use the local proximal approximation that consecutive
covariances are close,

Σt+1 ≈ Σt ≈ Σt−1, (53)



so that in particular

ΣtΣ
−1
t−1 ≈ I.

Multiplying (52) by Σt yields

0 = Σt∇µJ (θt)+
1 + γ̃

η
(µt+1−µt)−

γ̃

η
ΣtΣ

−1
t−1(µt+1−µt−1).

Using (53) and the decomposition

µt+1 − µt−1 = (µt+1 − µt) + (µt − µt−1),

we obtain

0 ≈ Σt∇µJ (θt)+
1 + γ̃

η
(µt+1−µt)−

γ̃

η

[
(µt+1−µt)+(µt−µt−1)

]
.

Combining terms gives

0 ≈ Σt∇µJ (θt) +
1

η
(µt+1 − µt)−

γ̃

η
(µt − µt−1),

or equivalently

µt+1 − µt ≈ −ηΣt∇µJ (θt) + γ̃(µt − µt−1). (54)

Recognizing the Gaussian natural gradient for the mean block,

∇̃µJ (θt) = Σt∇µJ (θt),

we can rewrite (54) as

µt+1 − µt ≈ −η ∇̃µJ (θt) + γ̃(µt − µt−1). (55)

b) Covariance update.: From (51), the terms depending
on Σ are
1 + γ̃

2η

[
− log |Σ|+tr(Σ−1

t Σ)
]
− γ̃

2η

[
− log |Σ|+tr(Σ−1

t−1Σ)
]
.

Using the standard identities

∇Σ log |Σ| = Σ−1, ∇Σtr(AΣ) = AT ,

and the symmetry of Σ−1
t and Σ−1

t−1, the first-order condition
of (49) with respect to Σ becomes

0 = ∇ΣJ (θt) +
1 + γ̃

2η

(
Σ−1

t − Σ−1
t+1

)
− γ̃

2η

(
Σ−1

t−1 − Σ−1
t+1

)
.

(56)
Again, this equation is exact. To obtain the momentum form,
we linearize the inverse locally around Σt. Under the proximal
approximation (53), one may use the first-order relation

Σ−1
t+1 − Σ−1

t ≈ −Σ−1
t (Σt+1 − Σt)Σ

−1
t ,

and similarly

Σ−1
t−1 − Σ−1

t ≈ −Σ−1
t (Σt−1 − Σt)Σ

−1
t .

Substituting these approximations into (56) and multiplying
from the left and right by Σt gives

0 ≈ Σt∇ΣJ (θt)Σt+
1 + γ̃

2η
(Σt+1−Σt)−

γ̃

2η
(Σt+1−Σt−1).

Using

Σt+1 − Σt−1 = (Σt+1 − Σt) + (Σt − Σt−1),

we obtain

0 ≈ Σt∇ΣJ (θt)Σt+
1 + γ̃

2η
(Σt+1−Σt)−

γ̃

2η

[
(Σt+1−Σt)+(Σt−Σt−1)

]
.

Combining terms yields

0 ≈ Σt∇ΣJ (θt)Σt +
1

2η
(Σt+1 − Σt)−

γ̃

2η
(Σt − Σt−1),

and therefore

Σt+1 − Σt ≈ −2ηΣt∇ΣJ (θt)Σt + γ̃(Σt − Σt−1). (57)

Recognizing the Gaussian natural gradient for the covariance
block,

∇̃ΣJ (θt) = 2Σt∇ΣJ (θt)Σt,

this becomes

Σt+1 − Σt ≈ −η ∇̃ΣJ (θt) + γ̃(Σt − Σt−1). (58)

c) Result.: Thus, by differentiating the Gaussian KL
terms directly and using the local approximation Σt+1 ≈
Σt ≈ Σt−1, the accelerated KL-proximal objective yields the
approximate momentum updates

µt+1 − µt ≈ −η ∇̃µJ (θt) + γ̃(µt − µt−1), (59)

Σt+1 − Σt ≈ −η ∇̃ΣJ (θt) + γ̃(Σt − Σt−1). (60)

Hence, the momentum terms arise from the difference of the
two Gaussian KL proximal terms: the first term pulls the new
iterate toward the current distribution qt, while the second term
pushes it away from the previous distribution qt−1.
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