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Abstract

We develop an online method that guarantees calibration of quantile forecasts at multiple quantile
levels simultaneously. In this work, a sequence of quantile forecasts is said to be calibrated provided
that its a-level predictions are greater than or equal to the target value at an « fraction of time steps,
for each level a. Our procedure, called the multi-level quantile tracker (MultiQT), is lightweight and
wraps around any point or quantile forecaster to produce adjusted quantile forecasts that are guaranteed
to be calibrated, even against adversarial distribution shifts. Critically, it does so while ensuring that
the quantiles remain ordered, e.g., the 0.5-level quantile forecast will never be larger than the 0.6-level
forecast. Moreover, the method has a no-regret guarantee, implying it will not degrade the performance
of the existing forecaster (asymptotically), with respect to the quantile loss. In our experiments, we find
that MultiQT significantly improves the calibration of real forecasters in epidemic and energy forecasting

problems, while leaving the quantile loss largely unchanged or slightly improved.

1 Introduction

Probabilistic forecasts are commonly conveyed via quantiles. An a-level quantile forecast attempts to predict
the value below which some unknown target outcome y; falls with probability «. Consider a forecaster that,

at each time ¢, outputs a vector of quantile forecasts

q = (¢ ™),
for prespecified quantile levels A = {ay, aa,...,am}, where 0 < @ < ag < -+ < ayy,. Forecasts of this type
inform decision making in a wide range of applications, such as public health (Doms et al., 2018; Lutz et al.,
2019), inventory management (Cao and Shen, 2019), and energy grid operation (Hong and Fan, 2016). When
decisions are made on the basis of forecasts that are calibrated, this can lead to a reliability guarantee. For
example, if a retailer has access to a sequence of calibrated 0.95-level quantile forecasts of weekly demand,
and they ensure their inventory level meets these demand forecasts, then this guarantees that they run out
of stock at most 5% of weeks.

Although a single (m = 1) quantile is sometimes sufficient for decision making, this is not true in general.
When there are multiple downstream users, each with different risk tolerances and uses for the forecasts, it is
often more useful to provide forecasts at multiple (m > 2) quantile levels. In this work, we seek to produce

multi-level quantile forecasts that satisfy the following two useful properties:

1. Calibration. For any sequence of target values y1,yo, ..., including sequences chosen adversarially, the

long-run coverage of the a-level quantile forecasts should converge to « for each o € A. That is, if we



define covy = 1{y; < ¢/}, then we want

T
o1 o
Tlgréo T ;covt =aqa, forallac A (1)
This ensures a coherence between forecasts and realized values, even if the distribution of the target

changes over time.

2. Distributional consistency. Forecasts should also be ordered across quantile levels. That is, we want:
Gt < g < <gpm, forallt=1,2,.... (2)

Without this ordering, the vector of forecasts would not correspond to a valid probability distribution,

making it difficult for decision makers to interpret or trust.

There are many methods for producing quantile forecasts, including classical time series models such as
ARIMA and exponential smoothing, as well as modern machine learning approaches such as random forests,
and deep neural networks. However, these forecasts often fail to satisfy calibration. Our aim is to take
any existing forecaster and transform its predictions online (in real time) so that the resulting forecasts
satisfy both (1) and (2) for any sequence of outcomes. Henceforth, we refer to this joint goal as calibration
without crossings. Furthermore, subject to calibration without crossings, we want the forecasts to remain
sharp: all else equal, the forecasts should correspond to a probability distribution with low variance (the
quantile predictions should not be too dispersed), so that they provide the least possible uncertainty about
the outcome.

Our first objective, online calibration, has been studied extensively for the single (m = 1) quantile setting
in the online conformal prediction literature, beginning with Gibbs and Candés (2021). Online conformal
algorithms achieve distribution-free calibration (1) for a single level a. Of particular relevance to our paper is
the quantile tracker (QT) algorithm from Angelopoulos et al. (2023). The idea behind this method is simple:
to track the a-level quantile over time, we should increase our current quantile estimate if it is smaller than
ye (it “miscovers”) and we should decrease our estimate if it is larger than or equal to y; (it “covers”). The
amount by which we increase or decrease these estimates is chosen to yield a long-run coverage of «, which
is guaranteed whenever the target values are bounded in magnitude.

It is natural to try to use QT to solve the multi-level quantile calibration problem. However, simply
applying this algorithm to multiple levels separately often results in quantile crossings, violating (2); in
experiments on the COVID-19 Forecast Hub dataset from Cramer et al. (2022a), QT produced crossings at
87% of time steps on average (see Appendix A). To solve the problem of simultaneously calibrating multiple
quantiles without producing crossings, we develop a procedure that we call the multi-level quantile tracker
(MultiQT), which combines a QT-style update for each level with an ordering step to ensure forecasted
quantiles are distributionally consistent. As we later show, various naive ways of combining individual
quantile calibration and ordering techniques do not achieve calibration, but our method provably does.

To derive the calibration guarantee for MultiQT, we first connect our goal of calibration without crossings
to a more general problem of constrained gradient equilibrium. Many statistical objectives in online settings
(including calibration) are special cases of a condition introduced by Angelopoulos et al. (2025) called gradient
equilibrium, which says that the average of the loss function gradients evaluated at the chosen iterates
converges to zero as the number of time steps goes to infinity. They show that to produce iterates which

achieve gradient equilibrium, one can simply run online gradient descent, provided that the losses satisfy



certain weak conditions. However, it was heretofore not known whether gradient equilibrium can be achieved
if the iterates must obey constraints, such as in our multi-level quantile forecasting setting, where our forecasts
must lie in the set of ordered vectors. We provide an affirmative answer by showing that lazy gradient descent,
which combines online gradient updates with a projection step to satisfy the iterate constraints, provably
achieves gradient equilibrium as long as the loss function and constraint set jointly satisfy an additional
condition we call inward flow.

We show that the loss function and constraint set for the calibration without crossings problem satisfy
inward flow. Thus, MultiQT, which can be written as lazy gradient descent on that loss function and
constraint set, inherits a calibration guarantee from our more general analysis of constrained gradient equi-
librium. Finally, we prove a no-regret guarantee for MultiQT with respect to the quantile loss. Due to
the standard decomposition of the quantile loss into calibration and sharpness terms, this result can be
informally interpreted as saying that MultiQT achieves calibration without paying a steep price in terms of

sharpness.

1.1 A peek at results: calibrating COVID-19 forecasts

To illustrate the behavior of our method in practice, we begin with a brief case study. During the COVID-19
pandemic, forecasting teams submitted forecasts each week to the United States COVID-19 Forecast Hub of
COVID-19 deaths in each state one, two, three, and four weeks into the future. In Figure 1a, we display one
team’s one-week-ahead forecasts for weekly COVID-19 deaths in California. We can see that these quantile
forecasts are too narrow and biased downward; focusing in on the calibration plot shown in the right panel,
we see that the forecasts fail to cover the true death count at the desired rate and convey more certainty than
is appropriate. To remedy this, our proposed MultiQT method can be applied in real time to recalibrate
such forecasts. Figure 1b shows the results of running MultiQT online, where at each time ¢, the method
uses the performance of the forecasts up through time ¢ — 1 to correct the current forecast. We observe that
MultiQT corrects the downward bias, particularly present in the upper quantiles, and the resulting forecasts
achieve close to perfect calibration. By improving the coherence of the forecasts with eventual death counts,
the use of a recalibration method such as MultiQT can improve the quality of public communication about
the expected trajectory of pandemics and help inform timely public health decisions regarding allocation of
scarce resources and hospital staffing (Cramer et al., 2022a). We will return to this COVID-19 forecasting

application in Section 5.

1.2 Related work

Online calibration of a single quantile in the presence of distribution shift has been studied extensively in the
context of online conformal prediction, beginning with Gibbs and Candeés (2021). The central idea underlying
many of these methods is to run online gradient descent on the quantile loss, applied to an iterate either in
a-space (Gibbs and Candes, 2021) or in y-space (Angelopoulos et al., 2023). The latter has the advantage of
leading to fewer infinite sets in general (as well as not requiring an expensive quantile computation at each
time step). Later developments in this line of work include ways to adaptively set the learning rate (Zaffran
et al., 2022; Gibbs and Candes, 2024), extensions to losses besides coverage (Feldman et al., 2022; Lekeufack
et al., 2024), approaches tailored to multi-horizon forecasting (Yang et al., 2024; Wang and Hyndman, 2024)
or that exploit error predictability (Hu et al., 2025), and methods that consider strongly adaptive regret
(Bhatnagar et al., 2023; Hajihashemi and Shen, 2024). Gradient equilibrium, proposed in Angelopoulos
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(b) Forecasts and calibration after applying MultiQT.

Figure 1: One-week-ahead forecasts of weekly COVID-19 deaths in California from July 11, 2020 to October
22, 2022 by forecaster RobertWalraven-ESG, before (top) and after (bottom) applying MultiQT. Forecasts
are made at 23 levels, roughly equally-spaced in between 0.01 and 0.99. To visualize these forecasts, we plot
colored bands where the lightest opacity connects the 0.01 and 0.99 level forecasts, the next lightest connects
the 0.025 and 0.975 level forecasts, and so on.

et al. (2025), generalizes the concept of online calibration to a setting with arbitrary losses, and in doing so,
generalizes the analysis of online gradient descent that underlies work on online conformal prediction.

A complementary line of work on calibration uses Blackwell approachability and related ideas, resulting
in procedures that are generally more complex than those based on gradient descent but also offer stronger
(conditional) guarantees. The basic idea underpinning many papers on calibration (Foster, 1999; Foster
and Hart, 2021) and defensive forecasting (Vovk et al., 2005; Perdomo and Recht, 2025) is that certain
properties defined in terms of time-averages can be cast as special cases of Blackwell approachability. For
example, the convex set in Blackwell approachability can be defined to encode zero calibration error. Gupta
et al. (2022) builds on these ideas to develop algorithms for group-conditional quantile calibration, which
are then applied to online conformal prediction in Bastani et al. (2022). This was later extended to the

high-dimensional setting by Noarov et al. (2023). While this framework could in principle accommodate



multiple quantile calibration without crossings, it lacks a practical implementation for this problem setting,
since it would require solving nontrivial inner optimization problems at each time step. In contrast, our
approach is easily implementable and wraps around any existing forecaster, albeit targeting a weaker goal
of unconditional calibration. Also related are Deshpande et al. (2023) and Marx et al. (2024), which use
Blackwell approachability to calibrate probabilistic forecasts that specify a distribution over y;.

Quantile prediction has a long history of study in statistics, dating back to the seminal work of Koenker
and Bassett (1978). Though it is traditionally studied in the offline setting (with i.i.d. data), the problem of
mitigating quantile crossing when jointly learning multiple quantiles has been present from the start (Bassett
and Koenker, 1982). In the offline setting, solutions have been proposed in the form of post-processing
(Chernozhukov et al., 2010; Fakoor et al., 2023), constrained optimization (Liu and Wu, 2009), or neural
network learning architectures that enforce monotonicity of the output vector (Gasthaus et al., 2019; Park
et al., 2022). In the online setting, Zhang et al. (2024) proposes a method that enforces monotonicity but
achieves only a no-regret guarantee and not a calibration guarantee. Li and Rodriguez (2025) make use of
ideas from Angelopoulos et al. (2023) to design a loss function for training a forecaster that targets coverage
with no quantile crossings, but in practice their method still produces crossings (at roughly 10% of time
steps in their experiments).

Finally, our work relates to a broader literature on forecast recalibration, which considers ways to improve
the calibration of an existing forecaster (Brocklehurst et al., 1990) or an ensemble of forecasters (Hamill and
Colucci, 1997; Raftery et al., 2005; Gneiting and Ranjan, 2013; van den Dool et al., 2017).

2 Methods

In this section, we present our online method for generating calibrated, distributionally consistent quantile
forecasts given an arbitrary base forecaster. We do so by learning offsets that result in calibrated forecasts
when added to the base forecasts. All omitted proofs in this and subsequent sections are deferred to Appendix

B or C unless otherwise stated.

Notation. We use by = (b5, b2, ..., bi™) € R™ to denote the vector of base forecasts at time ¢, where by
is the base forecast for level a. We use 6; € R™ to denote the offset vector at time ¢ (which we adjust online)
and g = by + 6; € R™ to denote the corresponding vector of recalibrated forecasts at time t. As with the
base forecasts, we will often index elements of the offset and recalibrated forecast vectors by the quantile
level, as in 6§ and ¢ for a level a. We define cov{ = 1{y; < ¢{*} to be the coverage indicator for the a-level
forecast. For a closed convex set C' C RY, we use IIc(z) = argmin, . ||z — z||3 to denote the projection of
2 onto C. We define K = {z € Re:gy <o <--- < x4} to be the d-dimensional isotonic cone, where the
dimension d can be understood from context (in general, d = m). We refer to the projection Il onto K as

isotonic regression.

Base forecasts. We assume the base forecasts are distributionally consistent:
b?l S b?z S . S b?'m.’

for all t. These base forecasts can be constructed in any way, e.g., b¥ = ff(x;) where f2 is some (possibly
time-varying) predictor that optionally incorporates information from features z; and is trained on past data

(zs,9s), s < t. In problems with no base forecaster, we can set the base forecasts equal to zero (i.e., b3 =0



for all & and t). If instead there is a point forecaster that forecasts the mean or median p; at each time ¢,

we can set the base forecasts to this point forecast (i.e., b = p; for all o and t).

We begin by presenting some relevant background on the quantile tracker, which we then build on to

present our proposed method, MultiQT.

2.1 Background: quantile tracker

Given a desired coverage level a, the quantile tracker (QT) method from Angelopoulos et al. (2023) works as
follows. Given some initial offset 8¢ € R and learning rate n > 0, at each ¢t = 1,2,..., we issue the adjusted

forecast ¢ = b¢* + 07, observe y;, and then update the offset according to:
0741 = 07 —n(covi — o). (3)

The update rule (3) is intuitive: we increase the offset by na if we miscover, which makes it more likely we
will cover at the following time step, and decrease the offset by n(1 — «) if we cover.
The next result is from Proposition 1 of Angelopoulos et al. (2023). It shows that the QT is guaranteed

to achieve long-run coverage, as long as the errors from the base forecaster are bounded.

Proposition 1 (Angelopoulos et al., 2023). Assume that |y — bf| < R for allt and some R > 0. Then, for
all T > 1, the QT iterates (3) satisfy the coverage error bound

T
1 o 2108+ R+
R

Consistent with this guarantee, the QT algorithm usually works well in practice. Unfortunately, applying
the QT updates separately to multiple quantile levels often results in crossed quantiles, which is undesirable.
A natural solution idea is to run QT separately for each level and then simply order the forecasts at each
time step before revealing them to the user. Two ways of enforcing ordering are by sorting the given vector
of quantile forecasts, or by applying isotonic regression. Perhaps surprisingly, neither one is able to achieve

calibration in general, as the next result shows.

Proposition 2. For a set A of m quantile levels, and for each o € A, let gf* be obtained by the QT update
rule (3). Given a map G : R™ — R™, let

G = G(q) € R™

be the vector obtained by using G to post process the vector gz = (¢**,¢*2,...,q7™) € R™ of QT forecasts at
time t. Then, for both G(v) = (v(),-..,V(m)), which sorts the entries of its input, and G(v) = Uk (v), which
performs isotonic regression, there exists a set of quantile levels A and sequence of target values and base
forecasts (ys,b) with bounded errors (i.e., |y — bY| is bounded for all o and t) such that for any learning
rate n > 0, there is an o € A where limp_, o 7 Zle T{y: < 42} # o — that is, the a-level forecasts fail to

achieve calibration.

The intuition for this result is simple: by Proposition 1, for each a, we know that the sequence ¢f* of QT
iterates is guaranteed to achieve long-run coverage «. If we replace a nonvanishing fraction of the values
in this sequence with some arbitrary value, then we should not expect the resulting sequence to still have
coverage «. This is precisely what happens when crossings happen sufficiently often: whenever a crossing
occurs, applying G maps ¢ to a value not equal to ¢ (under sorting, it gets mapped to qtﬁ for some 8 # «,
and under isotonic regression, it gets mapped to some local average). As a result, the long-run coverage of ¢*

will differ from that of ¢f*. Based on this intuition, we construct a formal negative example in the appendix.



2.2 Multi-level quantile tracker

We now describe our method, called the multi-level quantile tracker (MultiQT), which adapts QT to the
multiple quantile setting. This method is simple and, as we will later show, has compelling theoretical
guarantees and strong empirical performance. At a high level, MultiQT maintains two vectors of offsets: one
hidden and one played. The hidden offsets, denoted 0, € R™, do not generally result in ordered forecasts
when added to the base forecasts, but the played offsets, denoted 0; € R™, do. MultiQT is described in

Procedure 1.

Procedure 1. Choose some initial value 6§, € R™ and learning rate n > 0. Fort =1,2,..., repeat the

following.
1. Compute the played offset 0, = H;C,bt(ét).
2. Play the forecast q¢ = by + 0;.

3. Observe y; and update the hidden offset: for each a € A,

071 = 07 — n(covy — a). (4)

Note that steps 1 and 2 can be combined into a single step:
qr = T (by + 0). (5)

This is equivalent because Il¢(x + b) = b+ Io_(z) for any closed convex set C' C R? and vectors z,b € R?
(where C —b={z—b: 2z € C}). Writing the MultiQT forecast ¢; in this way makes it clear that it belongs
to KC and is thus distributionally consistent. However, when running MultiQT in practice, it is convenient to
implement each iteration as (5) followed by (4). When reasoning about its properties (calibration or regret),
it is more convenient to use the form in Procedure 1. It is worth noting that each isotonic projection step
IIx can be computed efficiently in O(m) time (where recall m = |A] is the number of quantile levels), using
the pool adjacent violators algorithm (PAVA) (Ayer et al., 1955; Barlow et al., 1972).

We highlight that in (4) the hidden offset vector is updated based on the coverage induced by the played
one: what appears in this update is cov® = 1{y; < b® + 6%}, rather than 1{y, < b® 4+ #>}. More abstractly,
the update takes a gradient step starting from the hidden offset but uses the gradient evaluated at the played
offset. As we will see, this combination (known generally as lazy gradient descent) turns out to be crucial

for achieving the desired calibration guarantee.

MultiQT with delayed feedback or lead time. Procedure 1 assumes that at each time ¢ we are able
to observe the outcome y; before making our next forecast ¢;1. However, there are settings where this is
not the case. We model such settings using a general framework of delayed feedback, in which the outcome
associated with a forecast made at time t is revealed only after the forecast is made at time ¢ + D for some
constant delay D > 0.

This framework naturally captures forecasting problems with a positive lead time, defined as the number
of time steps between forecast issuance and outcome realization. For example, in weekly COVID-19 death
forecasting, a four-week-ahead forecast has a lead time of four and corresponds to a feedback delay of D = 3.
A lead time of one (D = 0) corresponds to the standard MultiQT setting, whereas D > 1 can be understood

as a delayed feedback problem. The lead time is also referred to as the forecast horizon.



In the delayed feedback setting with delay D > 0, we can run a modification of MultiQT that is exactly
like Procedure 1 except the hidden offset update in (4) is replaced with

071 = 07 —nlcovip — ) (6)

for ¢ > D and 9~t°‘+1 = é,? for t < D. In other words, at time ¢ we update the hidden offset with the (delayed)
feedback observed at time t, except for the first D time steps where no feedback is observed. Compared
to the original MultiQT update (4), the difference is that the coverage indicator used in the above update

corresponds to the forecast from time ¢ — D, rather than time t.

3 Gradient equilibrium

To show that MultiQT solves the problem of calibration without crossings, we will first solve a more general
problem we call constrained gradient equilibrium and then show that MultiQT is an instance of this general
solution (Figure 2). Thinking about our problem at the more abstract gradient equilibrium level gives us a

framework for cleanly proving the desired calibration guarantee.

i is an instance of ( .
[ MultiQT J =L Lazy gradient descent ]
achieves achieves™
: (inherits guarantee) (Proposition 5)
v A
Calibration is an instance of (
. . w > Constrained GEQ
without crossings J L

*“under conditions on losses and constraints

Figure 2: Nlustration of the relationships between the MultiQT procedure, lazy gradient descent, calibration

without crossings, and constrained gradient equilibrium.

We begin by recalling the definition of gradient equilibrium, from Angelopoulos et al. (2025).

Definition 1. A sequence of iterates §; € R, t = 1,2,... is said to satisfy gradient equilibrium (GEQ)

with respect to a sequence of real-valued loss functions by, t =1,2,... if

T
) 1
Am ;gt(gt) =0, (7)
where each g¢(0) is a gradient (or subgradient) of ¢y at 0, assumed to be differentiable (or subdifferentiable)

on its domain, and 0 is the d-dimensional zero vector.

There are many problems in online learning in which the iterates should be restricted to constraint sets

(which may vary over time). This motivates the following definition.

Definition 2. A sequence of iterates 6, € R%, t = 1,2,... is said to satisfy constrained gradient equilibrium
(constrained GEQ) with respect to a sequence of loss functions y, t = 1,2,... and sets C; CR?, t =1,2,...
if gradient equilibrium (7) holds and, additionally, 6; € Cy for allt =1,2,....



It is worth noting that, in optimization, it is common to reformulate a constraint set C' via a characteristic
function, denoted I (zero on C' and oo otherwise) that is added to the loss ¢; and then treated as an
unconstrained problem. However, constrained gradient equilibrium as we define it here is not the same as
gradient equilibrium with respect to the modified loss sequence ¢; + I,. This is an important distinction

that we will revisit shortly.

Calibration without crossings as constrained GEQ. For a € [0,1], let p, : R xR — R be the a-level

quantile loss, where

X aly — 9 ify>9
pa(9,y) = X (8)
(1—-a)ly—9| otherwise.
Given a set of levels A with m = |A|, and a vector of forecasts ¢ € R™ at these levels, let p4 : R™ xR — R

be the aggregated quantile loss, where

pa(a:y) = pald®y). (9)

acA

Now, for each t, define a loss function ¢; on 6; € R™ that applies the aggregated quantile loss to ¢; = b; + 60,

and y;, where by € R™ is a vector of base forecasts:

6 (0:) = pa(be + 6, y:) = Z pa (b + 07 ye)- (10)
acA

We will call (10) the MultiQT loss. A subgradient of the MultiQT loss at 6; is

(03}
cov, m — Qg

as
covy? —

9:(0:) = : (11)

(e}
covy ™ — Qup

where we recall that cov® = 1{y; < ¢} = T{y: < b? + 62}, To streamline presentation, we will often refer

to (11) as the “gradient” of the MultiQT loss. We now observe the following equivalence:

T T
o1 .1 o
Tllfiof;gt(et)*o = Tlgréoft_zlcovt =aq, forall o € A.
In other words, for a sequence of quantile forecasts ¢;, t = 1,2,... to be calibrated, it suffices to show that
the offsets 6;, t = 1,2, ... satisfy gradient equilibrium with respect to the MultiQT loss defined in (10).
Furthermore, recall that our goal is to derive offsets that, once added to the base forecasts, yield forecasts

that are not only calibrated but are also distributionally consistent. Setting the constraint set at time ¢ as
Cy =K — by, (12)

which is the isotonic cone shifted by the base forecast b, ensures that the resulting forecast ¢; does not have
crossed quantiles. Thus, calibration without crossings is an instance of constrained gradient equilibrium, for

the losses and constraints defined above.



3.1 Background: gradient descent

Before solving the constrained gradient equilibrium problem, we first consider the (unconstrained) gradient
equilibrium problem. It turns out that we do not need to devise new algorithms in order to produce iterates
that satisfy gradient equilibrium. Online gradient descent, a standard algorithm in online learning, can also

be used to solve the gradient equilibrium problem.

Gradient descent achieves GEQ. Given some initial point #; € R? and learning rate n > 0, recall that

online gradient descent, which we will often simply call gradient descent (GD), obtains iterates via

0141 =0y —nge(0r), (13)

fort =1,2,..., where g:(0;) is a (sub)gradient of the loss at 6;. As explained in Angelopoulos et al. (2025),
we can rearrange (13) to get ¢¢(0:) = (6 — 0++1)/n and then average over ¢ to yield

01— 041
T Z gi(0:) = 77T (14)

Since 6, is chosen by us, it is bounded. Thus if we can bound 671, this would imply a bound on the average
gradient. Angelopoulos et al. (2025) show that a sufficient condition for 6711 to be bounded or sublinear in
T is for the loss functions to satisfy two conditions. The first is Lipschitzness; this is a standard condition,
and we recall that a loss £ is said to be L-Lipschitz if for all 0, all of its subgradients g(0) satisfy ||g(6)||2 < L.

The second is a new condition that they call restorativity, which we describe below.

Definition 3. A loss ¢ is said to be (h,p)-restorative, for a constant h > 0 and nonnegative function ¢, if

it has a subgradient g(0) at each 6 which satisfies

0,9(0)) > ¢(0), whenever |02 > h, (15)

where {(u,v) = u'v.

Intuitively, restorativity (15) tells us that whenever the iterates get too far from the origin, the negative
gradient will push the iterate back towards the origin. This can be seen most easily in the one-dimensional
setting where 6 € R and ¢(6) = 0: in this case, restorativity says that sign(f) = sign(g(#)) whenever |6] > h.
In other words, if 0 is large in magnitude, then the negative gradient will be anti-aligned with it, so following
the negative gradient will decrease the magnitude of 6.

This intuition is formalized in the following result, which appears as Proposition 5 in Angelopoulos et al.

(2025). It says that gradient descent produces iterates that grow slowly when the losses are restorative.

Proposition 3 (Angelopoulos et al., 2025). Assume that for each t, the loss function £ is L-Lipschitz and
(hy, 0)-restorative. Then, for all T > 1, the gradient descent iterates produced according to (13) satisfy

T
107 41ll2 < 4| 162113 + 72 L2T +2nL > b
t=1

If h; is nondecreasing, then this implies

T

H}thwt)

t=1

2
< 2||161]|2 n L2 2LhT7
s T nT

which goes to zero asT — 0o as long as hp is sublinear in T.
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When all loss functions ¢; are (h,0)-restorative, note that the rate at which gradient equilibrium is
obtained in Proposition 3 is 1/ VT. Angelopoulos et al. (2025) show that gradient equilibrium rates of order
1/T are possible under stronger conditions, including when ¢ is lower bounded by a positive constant (rather
than zero, as assumed in Proposition 3). They also show that the one-dimensional case is special: when
d =1, L-Lipschitzness and (h, 0)-restorativity are sufficient for achieving the fast 1/7 rate.

By the calculations at the start of this section (8)—(11) specialized to the singleton A = {a}, we can see
that the QT update (3) is simply online gradient descent with respect to the loss £4(0) = po (b + 6, y:). This
loss is Lipschitz with L = 1 and, under bounded errors |y; —bf| < R, it can be shown to be (R, 0)-restorative.
Hence, the calibration guarantee for QT can be derived as a special case of Proposition 3. Indeed, the exact
result in Proposition 1 (which shows calibration is achieved at the rate 1/T") can be derived as a special case

of the one-dimensional refinement of Proposition 3. We refer to Corollary 1 of Angelopoulos et al. (2025).

Projected gradient descent does not achieve constrained GEQ. Perhaps the most common way
to enforce iterate constraints is via projection. Now that we have seen gradient descent achieves gradient
equilibrium (under some mild conditions), a natural first guess for achieving constrained gradient equilibrium
would be to run projected gradient descent. Given closed convex constraint sets Ci, t = 1,2,..., an initial

0, € C1, and learning rate n > 0, projected gradient descent obtains iterates via the update rule:

Orv1 = e, ,, (00 — 1ge(6:)), (16)

for t = 1,2,.... Unfortunately, projected gradient descent does not guarantee constrained gradient equilib-
rium in general, and, in fact, provably fails to achieve our goal of calibration without crossings.
To see why, first observe that we can view projected gradient descent as ordinary gradient descent on the

modified loss sequence Oy =0 + 1, c,, where

0 iffdeC,
Ic,(0) =
oo otherwise

is the characteristic function of C;. Subgradients of £, at # are of the form g, = g;(8) + v;(6), where v;(6) is
a subgradient of I, at 6, i.e., an element of the normal cone of C; at 6.

Next, as noted in Appendix B of Angelopoulos et al. (2025), due to the gradient equilibrium guarantee
of gradient descent (Proposition 3), the projected gradient descent iterates will achieve gradient equilibrium

with respect to this modified sequence, meaning limp_, o, % 23:1 g:(6;) = 0. This implies

1 & 1 &
lim — 0;) = — lim — 0;).
Tl—rgoT;gt( t) TI_EHOOT;W( t)
Since the right-hand side is not zero in general, projected gradient descent is not guaranteed to achieve
constrained gradient equilibrium. The next proposition goes further and shows that projected gradient

descent provably fails to solve our calibration without crossings problem.

Proposition 4. There exists a set of levels A and sequence of target values and base forecasts (yi, by) with
bounded errors (i.e., |ys — b¥| is bounded for all a and t) such that for any learning rate n > 0, projected
gradient descent (16), with the gradient g; as defined in (11) and constraint set Cy as defined in (12), fails
to achieve calibration: limy_, o 7 ZtT:l T{y: <& + 62} # a for some o € A.
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3.2 Lazy gradient descent

As we saw above, incorporating constraints into gradient descent in the standard way (via direct projection
at each step), fails to achieve constrained gradient equilibrium. Another way to incorporate constraints
into online gradient descent is to use what are known as lazy updates (Shalev-Shwartz, 2012; Hazan, 2019).
Presented with the same constraint sets as in projected gradient descent, we implement lazy updates by
maintaining two sequences: a hidden sequence 6, and a played sequence 6;. More precisely, lazy online
gradient descent (lazy GD) begins with an initial point 6, € C, and learning rate > 0, and obtains iterates

via a two-step procedure:

0, = Ilc, (6,), (17)
ét+1 = ét - ngt(et)o (18)

“Lazy” refers to how (18) takes the gradient step starting from the hidden iterate 0, rather than the played
iterate ;. If we instead took the gradient step starting from 6, in (18), then this would be equivalent to
projected gradient descent (16).

The utility of the lazy updates can be seen immediately; by rearranging (18) and averaging over ¢, just

as in unconstrained gradient descent, we get

1 51 - éT+1
- th(et) = 77711 . (19)

This calculation leverages the fact that in lazy gradient descent we have effectively decoupled the updates of
the hidden iterates from projection, and thus to track the average gradient, we can track total movement in
the hidden sequence. The only difference from the previous result (14) for ordinary gradient descent is that
the hidden iterates appear on the right-hand side in (19), rather than the played iterates.

Thus, to bound the average gradients of lazy gradient descent, we want to bound the hidden iterates.
Recall that to control the growth of the played iterates in standard gradient descent, we controlled the inner
product between 6; and g;(6;) via restorativity. To control the growth of the hidden iterates of lazy gradient
descent, the relevant inner product is now between 6, and g:(6;). Note carefully that we seek to measure
the alignment of an iterate 6, with the gradient at a different point: the result ; of projection onto the
constraint set C;. Restorativity of the loss alone is not sufficient for this purpose. We need to introduce an

additional condition that controls the joint behavior of the loss and the constraint set.

Definition 4. For a loss ¢ and set C, the pair (¢,C) is said to satisfy inward flow if there is a subgradient
9(0) at each 0 that satisfies
_9(9) € TC(9)7 fO’F RS bd(C), (20)

where To(x) denotes the tangent cone of C at x, defined as
Te(x) = cl{y : there exists § > 0 such that x + ey € C for all £ € (0,6]}.
In the above, bd(S) denotes the boundary of a set S, and cl(S) denotes the closure of S.

Informally, inward flow (20) says that if we start at any 6 on the boundary of the constraint set and take
an arbitrarily small step in the direction of the negative gradient, then this will keep us within the constraint
set. In other words, following the direction of steepest descent will lead us inward, “flowing” further into the
constraint set. Figure 3 provides a visualization.

Combining both restorativity and inward flow, we are able to establish the following result.
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Figure 3: Visualization of inward flow, with the arrows representing the negative gradient —g evaluated at

different points on the boundary of the constraint set C.

Proposition 5. Assume that for each t, the loss function l; is L-Lipschitz and (hy,0)-restorative, the set
Cy is closed and convex, and the pair (¢, Cy) satisfies inward flow. Then, for all T > 1, the lazy gradient
descent iterates produced by (17) and (18) satisfy

T
10741112 < 4| 162113 + n2L2T + 20> he.

t=1

If h; is nondecreasing, then this implies

0 2
_ 26l L2 2Lhe

o T T nT ’

H;igtwt)

t=1

which goes to zero as T — oo as long as hr is sublinear in T.

We remark that Proposition 3 can be recovered as a special case of the above result: gradient descent is
an instance of lazy gradient descent where the constraint set at every time ¢ is C; = R, thus the projection
is the identity, and 6, = 6,. Since R? has no boundary, inward flow is trivially satisfied, and in this way
Proposition 5 exactly reduces to Proposition 3.

The above result can also be extended to the delayed feedback setting. With delay D > 0, we can

generalize lazy gradient descent and update the hidden iterates according to:
0141 =0 —mg1—p(0:—p), (21)
where we set g;(6;) = 0 for ¢ < 0. We maintain the projection step (17) for obtaining the played iterates.

Proposition 6. Under the conditions of Proposition 5, in the setting with feedback delay D > 0, the lazy
gradient descent iterates produced by (17) and (21) satisfy

T
107+p1alle < (| 10113 + 72 L2 (2D + )T + 2Ly hy.

t=1

If h; is nondecreasing, then this implies

H;igt(@)

t=1

2(16 L2(2D +1) 2Lh
< I 1H2Jr ( )+ r
2 nT T nT

which goes to zero as T — oo as long as hr is sublinear in T.

13



Summary of positive and negative results on constrained GEQ. In Table 1 we review the results
we have established thus far on constrained gradient equilibrium from Propositions 2, 4, and 5. Post hoc
projection is the method from Proposition 2, with G = Ilx; recall in that proposition we showed it fails to
attain calibration without crossings, and hence it fails to achieve constrained gradient equilibrium in general.
Projected gradient descent similarly fails according to Proposition 4, whereas lazy gradient descent achieves

constrained gradient equilibrium (under restorativity and inward flow) by Proposition 5.

Table 1: Summary of results on online methods that incorporate gradient updates and projection onto
constraints. Note that the post hoc projection and projected gradient descent methods are rewritten here

using a hidden sequence to make the differences between methods more salient.

Post hoc projection Projected GD Lazy GD
Projection [ 0; = T, (6;) ]
Hidden update { ét+1 = ét — gt (ét) ] [ ét+1 = 9,5 — ntgt(ﬁt) } [ ét-l—l = ét — ntgt(et) ]
Enforces con- v v v
straint?
Achieves GEQ? X X v

*under restorativity and inward flow

Why does lazy gradient descent succeed in achieving constrained gradient equilibrium, while the other two
methods fail? Here we give some intuition. First, post hoc projection discards current information, as feedback
from the played iterate is never incorporated into subsequent updates. Specifically, the observed gradient
9¢(6;) is not used to inform future updates, and this turns out to be problematic when the goal is to drive
the average of such gradients to zero. Second, projected gradient descent discards past information, since the
hidden update does not depend on the hidden iterate 6,. The hidden iterate encodes accumulated knowledge
about the gradients of interest over the sequence thus far (recall (19)), and “forgetting” this information again
turns out to be problematic. Observe that lazy gradient descent combines both sources of information: it
preserves past knowledge by starting its update from 0,, while at the same time incorporating current feedback
via the gradient evaluated at 6;. This blend of retaining history and responding to present information is

what distinguishes lazy gradient descent and enables it to achieve constrained gradient equilibrium.

4 MultiQT theory

Having introduced the framework of constrained gradient equilibrium in the last section, we are now ready
to present the theoretical guarantees for MultiQT. Recall the proof roadmap illustrated in Figure 2, and
note that we have already shown (i) calibration without crossings is an instance of constrained gradient
equilibrium, and (ii) lazy gradient descent solves constrained gradient equilibrium problems that satisfy
Lipschitz, restorativity, and inward flow conditions. What remains to be shown are (iii) MultiQT is the
appropriate instantiation of lazy gradient descent for the problem of calibration without crossings, and (iv)
the calibration without crossings problem satisfies the needed conditions (Lipschitz, restorativity, and inward

flow). We address (iii) in the next paragraph, and (iv) in the following subsection. After this, a calibration
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guarantee for MultiQT will follow directly from the gradient equilibrium theory developed in the previous

section.

MultiQT is lazy gradient descent. This follows directly from the calculations already given at the start
of Section 3. Referring back to Procedure 1, we can see that the hidden update (4) is equivalent to (18) with
respect to the MultiQT gradient in (11), and the played update is equivalent to projection onto C} as in (12)

(indexed slightly differently because Procedure 1 is clearer in the context of forecasting).

4.1 Calibration guarantee

It remains to show that the MultiQT losses and constraints satisfy the Lipschitz, restorativity, and inward

flow conditions. Lipschitzness is straightforward to show: examining the gradient in (11), we see that

I @2 = |3 (covg — )2 < % S 1=y,

acA acA

so each loss is \/m-Lipschitz.
The second condition, restorativity, is satisfied by the MultiQT losses as long as the errors between the

base forecast and target values are bounded, as the following lemma establishes.

Lemma 1. Assume that |y — bY| < R for all a. Let d 4 = minge 4 min{e, 1 — a} be the minimum distance
between any level in A and the boundary of [0,1]. Then the MultiQT loss defined in (10) is (h,0)-restorative
for any h > Rm3/2 /d 4, where recall m = | Al.

We next verify the third condition, inward flow, for the MultiQT loss and (shifted) isotonic cone.

Lemma 2. The MultiQT loss defined in (10), with gradient in (11), and the constraint Cy defined in (12),
together satisfy inward flow: —g.(0) € Tc,(0) for all 6 on the boundary of C;.

Before moving on, we reflect on the above two lemmas. While restorativity of the MultiQT loss is to be
expected based on results from the single quantile case (Angelopoulos et al., 2025), the fact that the MultiQT
loss satisfies inward flow over the isotonic cone is perhaps more surprising. Inward flow is highly nontrivial,
and requires the gradients of the loss to “cooperate” with the geometry of the constraint set. This can fail
to hold even in seemingly natural optimization problems, which is a point we return to in Section 6.

We now state the main result for MultiQT, which follows directly from the previous results.

Theorem 1. Assume that |yz — b3| < R for all a,t. Then, for oll T > 1, the MultiQT iterates from

Procedure 1 satisfy the {5 coverage error bound

T 2 5
1 2|11 |2 m  2Rm?
E o= E covi —a | < +4/ =+ ;
acA (T t=1 ' ) nr T ndaT

where recall m = | A|, and d4 is as in Lemma 1. Since ||z||co < ||z||2 for any vector x € R™, the right-hand
, for each a € A.

, . 1T a
side above is also an upper bound for ‘T Do covy —a

Proof. We apply Proposition 5 to the current problem setting. Its conditions are verified by Lemmas 1 and
2, with L = \/m and h = Rm?/?/d 4. O
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Theorem 1 tells us that MultiQT is guaranteed to achieve calibration, as described in (1). Moreover, the
projection step ensures that the forecasts satisfy the distributional consistency property from (2). Thus, we
have shown that the MultiQT method is guaranteed to satisfy our initial desiderata. This is true even in

the delayed feedback setting, as the next generalization shows.

Theorem 2. Under the conditions of Theorem 1, in the setting with feedback delay D > 0, the MultiQT

iterates from Procedure 1 with the modification in (6) satisfy

T 2 A
- a _ < .
Z(Tzcovt a) e

acA t=1

Proof. We apply Proposition 6 to the current problem setting. Its conditions are again verified by Lemmas
1 and 2. O

We can see from the above theorem that the bound worsens with increasing delay, which is unsurprising.

4.2 Regret guarantee

In this subsection, we provide a regret guarantee for MultiQT with respect to the MultiQT loss (the ag-
gregated quantile loss). Beyond being the loss we take gradient updates with respect to, its relevance can
be motivated by the fact that it admits a decomposition into terms that can be interpreted as emphasizing
calibration and sharpness. To be precise, suppose that the set A4 of quantile levels is symmetric around 1/2,
and can therefore be written as
A= J{B/2.1-8/2},
BeB
for some set B C [0,1/2]. Then it can be shown (Bracher et al., 2021) that the aggregated quantile loss p4

in (9) has the following alternative representation:

palg,y) = {diSt(y, [95/2: 1-p/2)) + g(qkﬁm —qs/2) | (22)
BeEB

“calibration” “sharpness”

where dist(y, [a,b]) is zero if y lies inside [a,b], and otherwise equals the distance to the closest endpoint.
The expression on the right-hand side corresponds to the weighted interval score of a collection of equi-tailed
prediction intervals [gg/2,q1-/2], 6 € B. In each summand, the first term—which measures the distance of
the target y to the interval [gg/2,q1—g/2]—can be interpreted as a calibration penalty, whereas the second
term—which measures the length of the interval—can be interpreted as a sharpness penalty.

Given that we have already shown via gradient equilibrium theory that the MultiQT method achieves
calibration (which as we have defined it, means long-run coverage per quantile level), the regret theory
below can be interpreted in light of the decomposition (22) as saying that MultiQT-adjusted forecasts also
encourage sharpness, i.e., they give rise to prediction intervals that are as concentrated and informative as
possible. Moreover, the quantile loss is a proper scoring rule for quantile forecasts (Gneiting and Raftery,
2007; Gneiting et al., 2023), commonly used in the applied forecasting community, and regret results with
respect to quantile loss may therefore be meaningful in their own right.

We now turn to our regret guarantee for MultiQT. We will study

1 <& 1 &
— inf =
; ét(at) eler]i{m T ;@(9)7

N
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called the (average) regret of MultiQT iterates 6; with respect to the MultiQT losses ¢; defined in (10).
The analysis of regret in this setting is somewhat nonstandard, because of the time-varying constraints Cy,
t=1,2,.... In the appendix we derive a more general regret bound for problems with constraints satisfying

inward flow, of which the following is a consequence.

Theorem 3. Assume that |y, — bY| < R for all a and t and define £,(0) = pa(by + 0,y). Then, for all
T > 1, the MultiQT iterates from Procedure 1 satisfy the regret bound

T
H 2 R*m nqL?
E E < _
— +(01) eler]%kfm I (0 + n1 + 2 (23)

When 6; = 0, the learning rate that minimizes the right-hand side in (23) is n = Rv2m/(Lv/'T); plugging
this in gives the bound

’ﬂ \

T T
1 1 RI~2m
— — 1 — < -
;:1 IACH) Gler]gm él 24(0) < T (24)

This is a no-regret result: the right-hand side converges to zero as T — oo, at the rate 1/ VT. Note that we
can take as the comparator the vector of all zeros (§ = 0), hence (24), or more generally (23), also bounds
the excess average quantile loss suffered by MultiQT compared to no adjustment, i.e., compared to that
incurred by the original base forecasts.

Furthermore, the above result bounds the regret of MultiQT iterates compared to the vector 6* of
empirical quantiles in hindsight. More precisely, each entry §*“ is an a-level empirical quantile of y; — bf,
t=1,...,T. In fact, 8* is the optimal comparator — that is, it minimizes the average loss through time T'.

The next theorem generalizes the previous one to the setting of delayed feedback.

Theorem 4. Under the conditions of Theorem 3, in the setting with feedback delay D > 0, the MultiQT

iterates from Procedure 1 with the modification in (6) satisfy

'ﬂ \

T
\91||2 *m  n(2D +1)L?
g o(0r) = inf Zf nT + 2 '

4.3 Calibration-regret tradeoft?

When the learning rate 7 is chosen appropriately, the bounds in Theorem 1 and Theorem 3 guarantee that
the ¢y calibration error and regret, respectively, vanish at the rate 1/ VT. However, the choice of learning
rate is pulled in opposite directions by these results: the theoretical bounds tell us that calibration improves
with larger 7, whereas regret improves with smaller 7.

To balance the bounds provided in these theorems, we can identify the dominant terms: O(1/y/nT) in
Theorem 1, versus O(n) in Theorem 3. Equating these two leads to the choice of learning rate n = O(T~1/3),
which then yields a O(T~'/3) bound on both calibration error and regret.

This leads to an interesting question: is this tradeoff fundamental? That is, must any method necessarily
trade off calibration and regret (as we have defined them here)? And if so, is O(T~'/?) the optimal common
rate at which they both can be controlled?

More refined results on MultiQT calibration error, which we will describe later in the discussion, suggest
that the answer to the latter question may be no in general, and most certainly no in a more specialized
case. When the base forecasts are point forecasts (i.e., b = u; for all a and t), we can obtain faster rates
for the calibration error of MultiQT, with dominant term O(1/(nT)); balancing this with the regret bound
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leads to a choice of learning rate n = O(T~'/?), which provides a O(T~'/?) bound on calibration error and
regret. Whether this can be extended beyond point forecasts is an open question, as is the general tradeoff

between calibration and regret (or gradient equilibrium error and regret, even more generally).

5 Experiments

We apply the MultiQT method to two real forecasting datasets relating to COVID-19 deaths and renewable

1

energy production.! To evaluate calibration, we will investigate plots of the actual (empirical) coverage

T
a1 o
cov. = — covy
T
t=1

versus the desired (nominal) coverage a, over the given set A of quantile levels. We will also examine the ¢;

calibration error, normalized by the number of levels m = |A|, defined as

Calibration error = e Z cov” — al.
acA

In the applied forecasting literature, it is common to measure miscalibration by first computing the proba-
bility integral transform (PIT) values associated with the forecast distributions and target values over time
and then reporting the entropy of these PIT values (Gneiting et al., 2007; Rumack et al., 2022). As this
metric is not specific to quantile forecasts and requires a conversion to the cumulative density function, we
primarily study calibration error as defined in the above display, but we provide results using PIT entropy
in Appendix E.1 for completeness.

We additionally study the quantile loss, normalized by the number of levels, defined as

T
1

tile loss = — E .

Quantile loss T 2 pa(at,yt)

As explained in Section 4.2, this loss function is proper, emphasizes sharpness, and is commonly used in the
forecasting community (where it is often written in an equivalent form, called the weighted interval score).

Lastly, to set the learning rate n in MultiQT, we modify a heuristic proposed in Angelopoulos et al.
(2023) for the learning rate in QT. They set the learning rate adaptively: the learning rate at time ¢ is set
to be 0.1 times the largest absolute error |ys — b%| seen in the last 50 time steps s =t — 50,...,t — 1. We
replace this max of recent errors with a 90% quantile to avoid setting excessively large learning rates after

encountering a single large error. Specifically, we set the learning rate at time ¢ as

7 = max {0.1 . Quantile0'9< U {lys — b&] 2_150>, e},

acA

for € = 0.1. The lower limit of € ensures that the learning rate is positive even if the residuals are zero.

5.1 COVID-19 death forecasting

During the COVID-19 pandemic, forecasts of the pandemic’s trajectory were used to help guide short-term
decisions relating to policy and resource allocation, as well as for general public communication. The United

States COVID-19 Forecast Hub is a repository of forecasts made in real time of topline COVID-19 outcomes

1Code for reproducing our experiments is available at https://github.com/tiffanyding/multiQT.
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collected over the pandemic, in a large collaborative effort between researchers and the United States Center
for Disease Control and Prevention (Cramer et al., 2022b). The COVID-19 Forecast Hub ran from April 2020
through April 2024, and it collected forecasts of COVID-19 cases, hospitalizations, and deaths for subsets of
this full four-year period, at varying spatial and temporal resolutions. For our analysis, we focus on forecasts
of weekly COVID-19 deaths at the state level, which were collected for 23 quantile levels,

A = {0.01,0.025,0.05,0.1,0.15, ..., 0.85,0.9,0.95,0.975,0.99},

and at h weeks ahead, for horizons (lead times) h € {1,2,3,4}.

We apply our MultiQT procedure to weekly state-level COVID-19 death forecasts generated by 15 fore-
casting teams, corresponding to 15 x 50 = 750 time series for each forecast horizon h. This set of forecasters
is obtained by starting from the set of forecasters considered in Cramer et al. (2022a), then filtering out fore-
casters with missing forecasts or forecasts for fewer than 50 time steps for any state. The selected forecasters
have forecasts for periods ranging from 68 to 152 weeks.

We apply MultiQT separately to each forecaster-state combination. When applying MultiQT to forecasts
that are h = 1 week ahead, we use the implementation described in Procedure 1; for h € {2, 3,4}, we run the
delayed feedback version of MultiQT with the modification in (6), where D = h — 1. For some forecasting
teams, their forecasts are well calibrated to begin with, while for others, their forecasts are systematically
biased in some way (too low or too high, or their confidence bands are too narrow or too wide). In general,
we find that wrapping the MultiQT method around these base forecasts successfully corrects such biases and
improves calibration, as we now describe.

Figure 4a displays the calibration of one-week-ahead death forecasts from the COVID-19 Forecast Hub.
Each colored line corresponds to a single forecaster for a single location. When one of these lines is below
the black dashed line, it means that forecasts are biased downward for the corresponding levels, whereas
being above the dashed line means that forecasts are biased upward. Both forms of miscalibration generally
dilute the utility of forecasts to decision makers. Figure 4b plots the calibration of the same forecasts after
applying MultiQT. We see that MultiQT reduces both types of bias (it brings lines closer to the diagonal,
from above and below). Furthermore, Figure 14 in the appendix shows that MultiQT similarly improves
two-, three-, and four-week-ahead forecasts.

Figure 5 illustrates the change in calibration error and quantile loss induced by MultiQT, with one
panel per forecast horizon h. Each arrow represents one forecaster averaged over all states. The tail of
each arrow represents the performance of the raw forecasts, while its head represents the performance after
we apply MultiQT. All arrows point downward, which tells us that MultiQT achieves its goal of improving
calibration. In fact, after recalibrating with MultiQT, most forecasters achieve calibration error close to zero,
corresponding to perfect calibration. We also see that this improvement in calibration does not significantly
degrade the quantile loss and, in fact, often leads to a slight improvement. This is consistent with the regret
guarantee stated in Theorem 3 (and we note that our choice of learning rate in this section is more aligned
with improving calibration, whereas if we were to target regret, we would choose a learning rate decreasing
with time).

In Figures 15-18 in the appendix, we provide visualizations of the MultiQT-adjusted forecasts for each
individual COVID-19 forecaster.
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Figure 4: Actual versus desired coverage for one-week-ahead COVID-19 death forecasts before (left) and

after (right) applying MultiQT. Each line corresponds to a single forecaster for a single location.
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Figure 5: Calibration error versus quantile loss for raw forecasts (tail of arrow) and MultiQT forecasts (head)
for h-week-ahead COVID-19 death forecasts, where h € {1,2,3,4}. Each color represents a forecaster, and
the coordinates of the head and tail are determined by averaging the given metric across all 50 states for the

specified horizon. For each metric, lower is better.

5.2 Energy forecasting

While renewable energy sources such as wind and solar hold great promise for reducing carbon emissions, a
significant downside is that they suffer from uncertain production due to the inherent stochasticity of weather.
This uncertainty must be properly accounted for in order to successfully integrate renewable energy sources
into the energy grid. Grid operators rely on accurate forecasts of renewable energy production to determine
whether (and for what times) it is necessary to procure additional energy reserves via what are known as
balancing capacity markets (Hirth and Ziegenhagen, 2015; Regelleistung, 2024).

The ARPA-E PERFORM dataset was assembled to help develop more efficient and reliable energy grids
(Bryce et al., 2023). It consists of probabilistic forecasts made by the National Renewable Energy Laboratory,
a national laboratory of the U.S. Department of Energy, for wind and solar energy generated at various sites
in the United States along with the actual values, all measured in megawatts. Quantile forecasts are made
at 99 levels A, which are evenly spaced from 0.1 to 0.99. For our analysis, we focus on day-ahead forecasting
for sites belonging to the Electric Reliability Council of Texas (ERCOT), the main operator of the electrical
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Figure 6: Actual versus desired coverage for day-ahead wind (a) and solar (b) energy forecasts for the 10:00
a.m. time period. In each of (a) and (b), the left panel corresponds to raw forecasts, and the right panel to

MultiQT-adjusted forecasts; each line corresponds to a different site.

grid in Texas. For wind power, there are 264 sites, and for solar power, there are 226 proposed sites, making
a total of 490 sites. Day-ahead forecasts are made at 12:00 p.m. CST each day for energy production during
each hour of the subsequent day. The dataset provides forecasts for each day of 2018.

We run MultiQT separately for each hour of the day. For example, one sequence of targets we consider
is the wind production of a particular site at 10:00 a.m. on January 1, 10:00 a.m. on January 2, 10:00 a.m.
on January 3, and so on. Motivated by how balancing capacity products are available in four-hour blocks
(Regelleistung, 2024), we specifically focus on the hours 2:00 a.m., 6:00 a.m., 10:00 a.m., 2:00 p.m., 6:00 p.m.,
and 10:00 p.m. Each of these hours belongs to a different four-hour block and its forecasts can be used to
inform whether a balancing capacity product will be needed for that time block. For the first three hours we
consider (2:00 a.m., 6:00 a.m., 10:00 a.m.), feedback from the previous day’s forecast is available before the
next day’s forecasts are issued at 12:00 p.m., so there is no delay in feedback. However, for the afternoon
and evening hours (2:00 p.m., 6:00 p.m., and 10:00 p.m.), there is a one-day delay because we do not observe
feedback for these hours before issuing the next day’s forecasts. Therefore, for these hours, we run MultiQT
with a feedback delay of D = 1.

Figure 6 displays the calibration of quantile forecasts before and after applying MultiQT to the forecasts
for energy production at 10:00 a.m. We can see that the raw wind forecasts are generally biased upward,
with calibration curves falling above the diagonal line, and the solar forecasts are generally too narrow, with
calibration curves that are too flat (nearly horizontal). MultiQT corrects each of these issues and delivers
near perfect calibration. A similar improvement in the calibration of energy forecasts can be seen for other
hours of the day, displayed in Figure 19 in the appendix.

Figure 7 again illustrates the change in calibration error and quantile loss induced by MultiQT for
all six hours we consider, in the same format as Figure 5 for the COVID-19 dataset. Here, each arrow
corresponds to a different site. The results are qualitatively similar to those for the COVID-19 dataset:
MultiQT consistently improves forecast calibration and never substantially increases the average quantile
loss. In particular, for the solar forecasts, we generally see a strong improvement in quantile loss due to the
extremely poor calibration of the raw forecasts.

As a case study to better understand how MultiQT changes the raw forecasts, we visualize the forecasts
before and after applying MultiQT for a wind energy site whose raw forecasts were particularly miscalibrated

in Figure 8. For visual clarity, we show forecasts only for a 50-day period starting from March 1, 2018 but
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Figure 7: Calibration error versus quantile loss for raw forecasts (tail of arrow) and MultiQT forecasts (head)
for day-ahead wind and solar energy production at 2:00 a.m., 6:00 a.m., 10:00 a.m., 2:00 p.m., 6:00 p.m.,

and 10:00 p.m. Each arrow represents a different site. For each metric, lower is better.

the underlying experiment covers the entire year of 2018. We can see that the raw forecasts are upwardly
biased and too narrow in many places compared to the true energy output. MultiQT largely corrects for
this and provides a better representation of the uncertainty. In Figures 21-22 in the appendix, we present

analogous plots for additional wind and solar sites.

6 Discussion

In this paper, we proposed a simple procedure which wraps around any existing online quantile forecaster
to produce corrected forecasts that are guaranteed to be calibrated without crossing, meaning quantile
forecasts at successive levels are always properly ordered. Our method, MultiQT, is an instance of lazy
gradient descent applied to a particular online learning problem, involving quantile losses and the isotonic
cone. To establish a calibration guarantee (for arbitrary and potentially even adversarial data sequences), we
abstract to a more general problem of achieving constrained gradient equilibrium (GEQ) via lazy gradient
descent, and we derive new gradient equilibrium theory for this algorithm. We also derive a regret guarantee
with respect to the quantile loss. In experiments with datasets from COVID-19 and energy forecasting,
we find that MultiQT significantly improves the calibration of real forecasters, for the most part without
sacrificing quantile loss, and often slightly improving it.

We finish by discussing some topics related to the main thrust of our paper, and ideas for future work.
From quantile forecasts to prediction intervals. Throughout, we have touched on some reasons why
achieving calibration while maintaining distributional consistency is an important problem. Here is yet
another useful consequence: these two properties together allow us to construct nested prediction intervals
with the correct long-run coverage, where “nested” means that the (1 — «)-level interval will always be
contained in the (1 — 8)-level interval when « > 5. We emphasize that properly ordered quantiles is critical
for obtaining nested intervals; otherwise nestedness may not be satisfied, e.g., at a given time step we might

have one or both of the endpoints of the 0.5-level prediction interval lying outside the 0.9-level prediction
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(b) Forecasts and calibration after applying MultiQT.
Figure 8: Day-ahead wind energy forecasts for the site Wind_Power_Partners_94_Wind_Farm for 10:00 a.m.

each day from March 1, 2018 to April 20, 2018, before (top) and after (bottom) applying MultiQT.

interval. Coverage of such intervals can be verified directly: to construct equi-tailed (1 — «)-level intervals,

we can define I} = (¢*/%, g} ~*/?], and then

T T T
1 . 1 o 1 o
Tzll{yteftl }=1—lel{ytSqt/z}—fzﬂ{yﬁqi %
t=1 t=1 t=1

=l-a/2—a/2=1-a.

Note that have implicitly relied on properly ordered quantiles in using q;" 2 < a ~2/2 for all t. Further, if
each y; is continuously distributed, then using closed intervals [g;" / 2, qtl 70[/2]7 t =1,2,... will achieve the

correct coverage with probability one.

Faster rates for GEQ and calibration error. In Section 4, we showed that the calibration error of
the MultiQT forecasts approaches zero at a 1/ VT rate. This was established based on new theory for
constrained gradient equilibrium in Section 3. Here we refine these analyses to give faster rates under
stronger assumptions. Proofs are given in Appendix D.

We first refine the gradient equilibrium result in Proposition 5 by assuming that the function ¢ that
appears in the definition of restorativity (15) can be lower bounded by a positive constant, and that the

distance between pairs of hidden and played iterates remains bounded.
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Proposition 7. Under the conditions of Proposition 5, additionally assume that each loss s is now (h, ¢ )-
restorative, with ¢¢(0) > nL?/2 for ||0|la > he, and that each pair of hidden and played iterates (6y,06;)
remains within a bounded distance of each other: ||0; — ;|2 < B. If h is a nondecreasing sequence, then,
for all T > 1, the lazy gradient descent iterates in (17) and (18) satisfy

167-41]l2 < max{]|6: |2, hr} + B + L.

This implies
< 2161 ]|2 L hr+B

1z
s T T nT

T th(9t>

t=1

which goes to zero as T — oo as long as hy is sublinear in T .

When h; = h for all ¢, Proposition 5 gives a 1/ VT rate for gradient equilibrium. By adding a stronger
assumption on ¢, and importantly, the assumption that hidden and played sequences do not diverge away
from each other, we see that Proposition 7 improves this to a 1/T rate.

The assumption that ¢ is lower bounded by a positive constant, which Angelopoulos et al. (2025) refer to
as a “positive curvature” condition, is not strong. We can show that quantile loss satisfies this condition as
an extension of Lemma 1. The assumption that ||6; — 6|2 remains bounded is trickier to analyze. Though
it seems intuitive that in most instances we would expect this to be the case, it is nonetheless challenging
to verify formally. Fortunately, the next lemma shows that this is true for MultiQT in a specialized setting,

where the base forecasts are point forecasts.

Lemma 3. If the base forecasts are point forecasts, i.e., b} = uy for all « and t, and |y — pt| < R for all ¢,
then the MultiQT iterates starting from initialization 61 € K satisfy ||9~t — 04l < ym>/%/\/3 for all t.

Combining the previous results we get the following 1/7 rate on the calibration error of MultiQT when

the base forecasts are point forecasts.

Corollary 1. Under the conditions of Lemma 3, for allT > 1, the MultiQT iterates from Procedure 1 obey

the {5 coverage error bound

T 2 = [
1 216 3/2 RmA/? 3/2
S (LS cov —a <Aoo | vm  mTE BmEE me
Z\T & nT T " 2d4T " danT ' BT
where recall m = |A|, and d4 is as in Lemma 1. Additionally recall that, since ||z]|c < ||z||2 for any vector

x € R™, the right-hand side above is also an upper bound for |% Zthl covy — a’, for each a € A.

It is an open question whether MultiQT maintains a bounded distance between hidden and played iterates
in general, when each b, is an arbitrary ordered vector of quantile forecasts, and hence whether the 1/T rate

of Corollary 1 extends to this general setting.

Inward flow. A key condition we used in our analysis is inward flow, which says that the negative gradient
field points inwards at the boundary of the constraint set. We showed that lazy gradient descent achieves
constrained gradient equilibrium when inward flow is satisfied, and our calibration guarantee for MultiQT
relied on the fact that the MultiQT loss and constraint set jointly satisfy inward flow. This property is far
from trivial, and can fail even in seemingly natural modifications of the MultiQT problem; for example, we

might seek e-separated quantiles, and define for a constant € > 0 the constraint set

Cf:{meRm:wi+s§wi+1,i:1,2,...,m71}fbt. (25)
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Notice that setting e = 0 recovers the original constraint set (12). Unfortunately, the MultiQT loss and the
e-separated constraint set C§ do not satisfy inward flow. This is visualized in Figure 9b: we can see that the
negative gradient, denoted by the small arrows, does not point inwards at all points on the boundary of Cf.
We can contrast this with Figure 9a, which visualizes the constraint used in MultiQT.

Violating inward flow means that the result in Theorem 1 does not apply but leaves open the possibility
that other analyses may be used to establish a calibration result; however, we show that this is not the case

for the e-separated constraint set, and construct a formal negative example in Appendix C.

07 07
- -
C/ I:
e EN
yi 4 < Nyt
| A |
Yt o7 Yt 6
/ /
/
f v v
(a) Original constraint set (b) e-separated constraint set

Figure 9: Visualization of the negative gradient field of the MultiQT loss (arrows) for two quantiles, with no
base forecaster (by' = by? = 0), and with the target value y; as drawn. The inward flow property is satisfied

for the original MultiQT constraint set (left), but not the e-separated constraint set (right).

In general, it is unclear to us to what degree inward flow is necessary for lazy gradient descent to achieve
constrained gradient equilibrium, and if not, whether there are other sufficient conditions that may be more
naturally satisfied in some settings. The study of gradient equilibrium under iterate constraints is still

nascent and requires further development.

Future work. We close with some ideas for future work, in addition to ones already mentioned. In multi-
horizon forecasting settings, such as the COVID-19 forecasting problem (where forecasts were simultaneously
issued for outcomes one, two, three, and four weeks ahead), the forecast residuals share correlation between
successive horizons, and one may leverage scorecasting techniques as in Angelopoulos et al. (2023); Wang
and Hyndman (2024) to improve sharpness at an individual quantile level. Combining this with MultiQT
would be an important practical development.

Another idea is to approach conditional notions of calibration, which require coverage to be obtained at
each quantile level conditional on the quantile prediction between issued. This is of course stronger than the
notion considered in our paper (which does not perform any conditioning). It is worth noting that our notion
of coverage in this paper corresponds to a discretization of what is called probabilistic calibration (also called
PIT calibration) in the forecasting literature, see, e.g., Gneiting et al. (2007). Conditional versions will have
different names, depending on what precisely is being conditioned on, with the strongest version being called

auto-calibration, see, e.g., Gneiting and Resin (2023). As a future direction, it would be desirable to be able
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to encode conditional notions of calibration as a form of gradient equilibrium, and show this can be obtained
with standard lightweight online methods such as (lazy) gradient descent, as existing methods for achieving
conditional calibration such as Noarov et al. (2023) are more computationally complex.

A final idea would be to consider an infinite-dimensional version of our problem, where the base forecasts
take the form of a quantile function b, : [0,1] — R. This could be seen as taking m — oo in our current setup.
This poses numerous challenges (algorithmically and theoretically), but would nonetheless be an interesting

direction.
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A Distributional inconsistency of QT

To demonstrate that running the quantile tracker (QT) separately for each quantile level cannot be used
to solve calibration without crossings, we run this method on the COVID-19 dataset from Cramer et al.
(2022b), as described in Section 5. We also use the learning rate heuristic described in that section. We
run QT on 750 time series of one-week-ahead forecasts of weekly COVID-19 deaths at the state level (15
forecasters x 50 states). Figure 10 plots the fraction of time steps in each time series that have at least
one pair of crossed quantiles (where we say a crossing has occurred at time ¢ if there exists quantile levels
a < 8 where the corresponding QT-adjusted forecasts satisfy ¢ > qtﬁ ). We see QT produces distributionally

inconsistent quantiles at 87% of time steps on average, which is practically undesirable.
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Figure 10: Histogram of the fraction of time steps with crossings after applying QT to one-week-ahead
COVID-19 death forecasts separately for each quantile, over the 15 forecasting teams and all 50 states.

B Proofs for Sections 3 and 4

We prove results for the delayed feedback setting with a constant delay of D > 0. Results for the no-delay
setting follow immediately by setting D = 0. The object of our analysis is lazy gradient descent (lazy GD)
with constant delay, which we now discuss in some further detail.

With delay D > 0, we do not observe y; at time ¢ (except when D = 0); rather, it is observed after we
play our action at time ¢ + D, at which point we use it to take a gradient step. Recall that lazy gradient
descent in the current setting is given by (21) followed by (17), where for convenience we set g;(6;) = 0 for

t < 0. By unrolling (21) we obtain
t—D

ét-i-l = él -1 Z 93(‘95)7 (26)

s=1
where we adopt the convention that the summation from a to b is zero if b < a. Using (26), we get two
simple facts that we will use below. First, substituting (26) into (17) allows us to rewrite the whole lazy
gradient descent algorithm as

B t—D
9t+1 = HCt_H (91 —-n Z gs(es)> . (27)

s=1
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Second, by rearranging (26) and using the triangle inequality, we get that the average gradient satisfies

012 + |0r+p
< [16]]2 7|l 1||2. (28)
2 1

H;im(@

t=1

B.1 Constrained gradient equilibrium for lazy gradient descent with delay

In this section, we prove the results needed to show that lazy gradient descent (with delay) achieves con-
strained gradient equilibrium when inward flow holds.

B.1.1 Proof of Proposition 6

We follow the general proof structure from Proposition 5 of Angelopoulos et al. (2025). We begin by
expanding the square in (18):

107+ p111l3 = 1074013 + 22 lgr(07)|13 — 2n(97(01), 074 D)
< ||07+p3 + n*L* — 2n(g7(07), b4 D), (29)

where the second line uses Lipschitzness. We focus on bounding the third term in (29), which we rewrite as
~29(gr(07), 0r+0) = =2n(gr(07),07) — 2097 (07), 071D — Or). (30)

We start by bounding the first term in (30). Due to inward flow, instead of bounding the inner product of
the gradient and the hidden iterate, we can instead bound the inner product with the played iterate: by part
(ii) of Lemma 4 below, we have —(gz(07),07) < —(g7(07),07). Proceeding in cases, if ||07||2 > hr, then

the restorativity condition kicks in and we have
—(g7(0r),07) <0.
Otherwise, if ||0r]|]2 < hp, then we have
—(gr(07),07) < [lgr(O7)|2/072 < Lhr

by Cauchy-Schwarz, Lipschitzness, and the assumption on ||@7|2. Combining the above arguments, we have
—({gr(01),0r) <max{0, Lhp} = Lhy.
The second term in (30) is the penalty we incur for delayed feedback. To bound it, note that

—~(97(01), 074D — 01) < |lgr(01)|2)|014+D — b7 |2

T+D—-1
<Ngr@n)lalln S al0)
t=T 2
T+D—1
gn||gT<eT>||2( )y ||gt<et>||2)
t=T
<nDL?,

where the first line uses Cauchy-Schwarz, the second line is due to (21), the third uses the triangle inequality,
and the fourth uses the Lipschitzness assumption.

Inserting both of these bounds into (30), we get

—20(g7(07), 07+ p) < 2nLhy + 29> DL
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Plugging this back into (29), we obtain

107+ D12 < |0r2pl3 + n*L? + 2nLhy + 29 DL?
= 1074 b2 + n*L*(2D + 1) + 2nLhy

T
< ||0p41ll3 +n*L*2D + )T +20L > hy
t=1

T
< |61[13 + n*L*2D + 1)T +20L Y hy,
t=1

where the last line uses ||§t||2 = Hél |l2, for all t < D+ 1. Taking a square root gives the bound on ||§T+D+1 Il2
stated in the theorem.

To get the bound on the £5 norm of the average gradient, we first simplify the ||(§TJr D+1]|2 bound by observ-
ing that the nondecreasing property of h; implies ZZ;I hy < Thy. We then apply the fact va + b < \/a + Vb,
and lastly invoke (28).

B.1.2 Gradient alignment lemma

We now state and prove a fact used in the previous proof about the effect of projection on the inner product
of an iterate and its gradient when inward flow is satisfied. We use N¢(z) = {v: v (x—y) > 0for all y € C}

to denote the normal cone of a set C' at x.

Lemma 4. If a loss ¢ (with gradient g) and a closed convex set C satisfy inward flow, then:
(i) (v,g(2)) >0 for all z € bd(C) and v € N¢(z).
(ii) (2 9(Tc(2))) > (e (=), g(Te(2))) for all =.

Proof. For part (i), by definition of inward flow, we know that there exists € > 0 such that z —eg(z) = w for

some w € C. We can thus write

(v,9(2)) = =(v,e9(2))

| = | =

(v, 2 —w)

S o

>

9

where the inequality holds as v € N¢(z). For part (ii), if z € C, the result is trivial. Now consider z ¢ C.
Abbreviating zg = II¢(z), by definition of Euclidean projection, there exists v € N¢(2g) such that z = zg+v.
As (v,9(20)) > 0 by part (i), it follows that (z,9(20)) = (20,9(20)) + (v,9(20)) > {(20,9(20)), and this
completes the proof. O

B.2 Calibration theory for MultiQT

What remains now is to prove Lemmas 1 and 2, which we do below.
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B.2.1 Proof of Lemma 1

Suppose ||6¢||2 > h. This implies there exists a* € A such that |08 | > h/y/m, because otherwise we would
have |63 = Y"1, (05%)? < >t h?/m = h?. Now expand the inner product:

(01, 9:(00)) = Y _ 67 (covy — )

acA
= Z 0% (covy — ar) + Z 0y (covy’ —a) + Z 03 (covy — a). (31)
a0 <—R a0 >R a:—R<02<R

We will show that the first two sums must be positive and then argue that at least one of the sums must
be large. In the first summation, since 0y < —R, we must have covy =0, so covy —a = —« is nega-
tive; thus each summand is positive. In the second summation, since 6% > R, we must have covy =1,
so covy —a =1 — « is positive; thus each of these summands is also positive.

To see that at least one of the sums must be large, observe that since h > Rm?/? /d 4 by assumption, we
have |09 | > h/\/m > Rm/d4 > R. Thus we know that a* must appear in the indices of one of the first
two summations. If o* appears in the first summation, this means 93* < —h/y\/m, so the first summation
can be lower bounded by ha*/y/m. If o* appears in the second summation, the second summation can be
similarly lower bounded by h(1 — a*)/y/m. Combining, we conclude that the first two sums in (31) can be

lower bounded as

hmin(a*, 1 —a*) _ hda
Z 05 (covy —a) + Z 0y (covy — a) > > .
a0 <—R a0 >R \/m m

The third sum in (31) is lower bounded by —Rm, since covy¥ — o € [—1, 1]. Plugging this all back into (31),

we get

00, 9:(0,)) > ’jlni; ~ Rm. (32)

Note that the right-hand side is nonnegative for any h > Rm?/? /da.

B.2.2 Proof of Lemma 2

We will show that for any 6, € Cy = K — by, there exists 6 > 0 such that 0; —eg:(6;) € C;, for all e < §. That
is, we will show that if we took a small enough step in the direction of the negative gradient in (11) starting
from 6;, then the quantiles would remain uncrossed. We do so by first arguing that we do not have to worry
about crossings between quantiles on the same side of y;, then arguing that the quantiles which sandwich y,
must be separated by a positive distance, allowing us to maintain proper ordering for small enough §.

For e > 0, let w = 0; — €g:+(0;), with elements w® = 6 — e(cov{¥ — ), @ € A. We want to show that for
small enough ¢, we have w € Cy. In other words, we must verify w® + b < w®+1 + b fori=1,...,m—1.
First we show that for any pair o < 3, if covy = covf, then w® 4 by < Wl + bf for any € > 0. To see this,

observe
WP b — (W b)) =67 — e(cov? — B) + b — [0 — e(covi — @) + b
=07 + 07 — (67 +b5) — e(covl — cov® — B+ a)
> 07 + 0 — (67 +b9)
>0,
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where the third line uses cov{® = covf and 8 > a, and the fourth uses 6; € C;. Because

07" + by <077 + b < <07 b

we know that

0 < covy! <covy? <--- < covy™ < 1.

Thus, there exists k € {—1,0,...,m} such that covy” =0 for all i < k and covy” =1 for all i > k. Fori < k
and i > k, we have w® + by < w*+1 + b for any € > 0 by the fact above. The only case that remains
to check is i = k. If k = —1 or k = m, then this means cov{ is the same for all quantile levels, so we are

done, by the fact proven above. Now consider 0 < k < m — 1. Since cov{’* = 0 and cov;**' = 1, this implies
o € (0% + b, 07 4 7,

which implies (6" 4 by *1) — (08 + b3*) > 0. Informally, since 65** and 6;**" are separated by a positive
amount, we can increase " by a little and decrease 0, *™" by a little and still maintain the ordering. Formally,
setting & = [(0,%" + b ") — (05 + by*)] /2, we see that for any e < 6,

WL pERL (% 4 pOR) = 07— g(covy BT — agyq) + by T — [00F — e(covit — ay) + bYF]
> 07 0T — (07 + b)) - 2
>0,

where the second line is due to |cov{ — | < 1 for any « € [0, 1], and the third line is due to the choice of .

B.3 Regret of lazy gradient descent with delay

To build up towards a proof of Theorem 4, we first derive a general bound on the regret of lazy gradient
descent with delay, in a setting with time-varying constraint sets C; C R™, ¢t = 1,2,.... The time-varying
constraint sets are what makes this problem unusual, and to our knowledge, standard regret bounds do not
apply in this setting. While it might be possible to adapt more general results for lazy gradient updates
(or follow the regularized leader) under adaptive regularization, e.g., as surveyed in McMahan (2017), we

provide a relatively simple and self-contained analysis below, which leverages inward flow.

Theorem 5. Assume that for each t, the loss function Uy is L-Lipschitz and convez, the set Cy is closed and
convezx, and the pair (¢, Cy) satisfies inward flow. Then, for all T > 1 and u € R™, the lazy gradient descent
iterates produced by (18) and (17) satisfy

T T ~
1 1 16 —ull3  n(2D+1)L?
= -2 < .
T 2 6(0) = 7 2 be(u) < T 2

Proof. By convexity, 0i(u) > €:(6;) + (9:(6t),u — 6;). Rearranging and summing over ¢ gives

[M]=

T
(C(02) — () <) (ge(6r), 00 — w). (33)

t

Il
-

By the representation (27), note that we can write

t—D—1

0, -7 Z 9s(0s) = 0, + v,
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for some v; € Ng, (6;). (Recall our convention that we set g,(6;) = 0 for t < 0.) In other words,

t—D—1

=0 —n Y gs(6s) =i,
s=1

and therefore we have

T
Z<gt(0t)a 0:) =

t=1 t

MH

t—D—1 T
<gt 9t 91 Uz<gt 9t Z 99 > th 9t Ut

s=1 t=1

1
t—D—1

(g:(6:), 772<9t (0:), Z gs(93)>7

s=1

MH

t

1

where the second line holds because each summand in the third sum satisfies (g:(6;), v¢) > 0: if 6; € int(Cy),
then vy = 0, otherwise if §; € bd(C}), then this inner product is nonnegative by part (i) of Lemma 4 as a

consequence of inward flow. Plugging this into (33) gives

T T t—D—1
Z Et 9t *ft Z gt 9t ‘91 *U 772<gt 9t Z gs > (34)
t=1

t=1

and from here on, we follow standard arguments for online gradient descent (or follow the regularized leader,

more generally). Beginning with the second term in (34), observe

<gt<9t>7t§195<95>>=<gt<9t>,:§_jigs<es>> (a00), S g6 2)

s=t—D
> (00,300 ) - DI, (33)
s=1

where the second line uses Lipschitzness. For the first term above, note that

<gt(9t)7§gs(es)> = ;( :1

Summing over t = 1,...,T, the right-hand side telescopes, yielding

Z<9t (01) ng >= 5 égt(‘gt)

s<t

2

0s)

- ||9t(9t)||§>

T

~ 5 g 0IB.

t=1

Substituting back into (35), we get

t—D—1 1 T 2 1 T
Z< 00, Y (6 > >3 th(et) - 52 l9:(0) |13 — DL>T
t=1 s=1 =1
1
2 th (6| — 52D+ DLT,

where the second line again uses Lipschitzness, and from (34) we then have

T T
thet _gt thet 91—16—*
t=1 t=1

2

(09)| + 32D +1)I°T. (36)

2

35



Now we bound the first two terms in (36). Observe

T 2 T T 2
0< ‘ b w00 = 18— ul3 - 2n<91 - u7zgt(et>> 2| S|

t=1 2 t=1 t=1 2

which implies
T ) 1 . T 2
D (90(60), 00 — ) < 50— uls+ 5| D 9r(61) )
t=1 t=1

Plugging this into (36) yields the desired result. O

B.4 Regret theory for MultiQT

In this section, we prove the regret bound for MultiQT, which follows easily by combining our above result

on the regret of lazy mirror descent with a lemma characterizing the optimal comparator.

B.4.1 Proof of Theorem 4

This is a direct consequence of Theorem 5, specialized to the MultiQT setting. By this result, for any 6

(which was written as u in the previous theorem),

T N
1 1 61 — 013 n(2D +1)L?
th(et) - th(ﬁ) < ST + 2

_ 163 L ol 77(2D+1)L27
nT nT 2

where the second line uses ||a + b||3 < 2||a||3 + 2||b]|3. Now we plug in an optimal point §*, which is defined

to minimize the aggregate quantile loss, and we use the optimal comparator lemma below, which says that
|6*]]3 < R*m. This completes the proof.

B.4.2 Optimal comparator lemma

We state and prove a result used above regarding the ¢5 norm of the optimal comparator in the MultiQT

setting.

Lemma 5. Let 0* be an optimal fixed offset in hindsight, according to the MultiQT loss — that is, 0*
minimizes 23:1 0.(0) over all 8 € R™, where £,(0) = pa(bi+0,y). Then, under the conditions of Theorem 4,

we have ||0*]|3 < R?*m.

Proof. In brief, 8* is the vector of empirical quantiles of the residuals, which is guaranteed to lie in between
the extremes of these residuals, implying the claimed result after a comparison inequality between /., and
¢5 norms. In more detail, recall that in (8) we defined the quantile loss p, for a single level «. From the

definition, it is immediate that
Pa (b + 0%, yi) = pa(07, ye — b7),

and therefore the MultiQT loss ¢; defined in (10) can be rewritten as

&(9) = Z pa(gtaayt - b?)

acA
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Summing this over t =1,...,T, we get

T

T
SN pal0 ye —b5) =D pal67 ye — b7,
t=1 ac A acAt=1

of which 6* is the minimizer over all § € R™. This minimization decouples into separate minimizations per

quantile level. For each level «, by a standard result, minimizers of the loss

T
Zpa(9?7yt - bta)
t=1

are empirical a-level quantiles of the given data, here the residuals y; — 0%, t = 1,...,7. In general, this
will not be unique, but any such minimizer will lie in between the maximum and minimum values of the
data, which are bounded by —R and R by assumption. Hence, we know that [|6*|| < R, and therefore
[|0*]l2 < Ry/m by a standard comparison inequality between £, and ¢5 norms. O

C Miscellaneous negative results

In this section, we prove the negative results stated in the paper.

C.1 Proof of Proposition 2

We prove this by constructing a counterexample, which is valid both when G is the sorting operator and the
isotonic projection operator. Take b§* = 0 for all & and ¢. This implies ¢, = 6, so below we will reference 6,
directly. For simplicity, we consider only two quantile levels A = {«, 8}, where a = 0.5 and 8 = 0.75. Recall
that 07 is the a-level QT forecast at time ¢, and let éf‘ denote the a-level forecast after applying the map
G. We initialize ¢ = Hf = 0. We now define a sequence y; with crossing events at a nonvanishing fraction
of time steps, resulting in the incorrect long-run coverage after applying G. Consider the following sequence

of outcomes, visualized in Figure 11:
e 1y lands above both forecasts, so both forecasts increase and become separated by a positive gap;

e o lands in this gap, so the a-level forecast decreases and the S-level forecast increases, and the quantiles

are now crossed;
e y3 lands in between the two crossed quantiles;

e y4 through ys are a sequence of values that cause the forecasts to reset to the starting point of zero at

time t = 9, at which point we repeat the entire subsequence ad infinitum.

Of the eight time steps in each subsequence, 65 covers y; four times, yielding the desired coverage of 0.5,
and 95 covers y; six times out of eight, yielding the desired coverage of 0.75.

When G is the sorting operator, the crossing means the coverage events at the third time step are swapped,
causing the sorted quantiles éta and é? to yield coverages of 3/8 and 7/8, respectively.

When G is the isotonic regression operator, the crossing at the third time step similarly causes a problem.
By the pool adjacent violators algorithm (PAVA) (Barlow et al., 1972), we know that isotonic regression
maps any pair of crossed quantiles to the same value. Thus, rather than swapping the coverage events at

t = 3, the use of isotonic regression causes one of the coverage events to flip. Let ég denote the common
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Figure 11: An example where post hoc ordering the QT iterates (via either sorting or isotonic regression)
fails to achieve the correct coverage with two quantile levels, a = 0.5 and 8 = 0.75. The sequence y; relative
to 2 and 67 is (1) above both, (2) in between, (3) in between the crossed quantiles, (4-6) below both, (7-8)
in between both. Both forecasts are initialized to zero at time ¢ = 1 and return to zero at time ¢t = 9,
at which point the sequence of y; is repeated. Success and failure of coverage is marked with v* and X,
respectively. Averaging across each row, we see that 67 achieves a coverage of 0.5 and Hf a coverage of
0.75, as desired. However, after applying post hoc ordering, the coverage events at ¢ = 3 are modified: for
sorting, the coverage events are swapped with each other, and for isotonic regression, either both coverage
events become successes or both become failures. In all cases, the ordered iterates fail to achieve the correct

coverage for at least one quantile level.

value that 05 and 95 are mapped to by isotonic regression (their average). Now, if y3 < ég, then the coverage
indicators for the ordered quantiles at ¢ = 3 will both be one; conversely, if y3 > 9A§, then both indicators will
both be zero. In either case, coverage will fail to be obtained by the ordered quantiles at one of the levels

(the one whose indicators flipped after applying isotonic regression).

C.2 Proof of Proposition 4

We construct a counterexample where projected gradient descent fails to yield coverage. As in the proof of
Proposition 2, let b¢ =0 for all @ and ¢, and A = {«, 8}, where now o« < 8 and a + 8 = 0.5. Initialize

¥ = 6{3 = q for some ¢ € R. Suppose we observe y; > ¢, so 93 = q+ na and ég = g+ np. Since a < B, the
quantiles are ordered and therefore we have 63 = 65 and 05 = 55 .

Now suppose we observe ya € (05, 95 |, so we updates the hidden iterates to

0$ = q + 2na,
05 =q+nB—n(l—B)=q+n28-1).

Since f = 0.5—«, we have 20 —1 = —2q, so a crossing has occurred: ég‘f‘ > ég By the pool adjacent violators
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algorithm (PAVA) (Barlow et al., 1972), we know that isotonic regression will map these two values to their
average: ) )
05 + 05 2(a+B) -1
40 n@etB -1 _
2 2
where the last equality uses a4+ 8 = 0.5. This puts us back to the starting point from ¢ = 1; we can therefore

05 =05 =

repeat this process, so that the a-level forecasts achieve a coverage of 0 and the -level forecasts achieve a

coverage of 0.5.

C.3 MultiQT with sorting

The next result highlights the importance of using isotonic projection to enforce the ordering constraints in

MultiQT, as it shows that replacing this with sorting does not achieve calibration in general.

Proposition 8. Let g, t = 1,2,... be forecasts obtained by running Procedure 1 but where the projection
step in (5) is replaced with sorting—that is, ¢ € R™ is set equal to the vector which results from sorting the
entries of by + 0, € R™. Then, there exists a set of levels A and sequence of target values and base forecasts
(yt, bt) with bounded errors (i.e., |y — b¥| is bounded for all o and t) such that for any learning rate n > 0

the forecasts fail to achieve calibration : limp_,oc 7+ Zle 1{y: < ¢} # a for some a € A.

Proof. As in previous counterexamples, we set b = 0 for all o and ¢, thus ¢; = 0; for all ¢, and A = {«, 8},
where 0 < a < 8 < 1 and a = 1 — . Initialize 65 < éf, such that éf — 09 < 2na. Since these are ordered,
we have ¢ = 69 and 916 = éf

Suppose we observe y; € (6, 9?], so the hidden iterate updates are
05 =07 +1a,
05 =07 —n(1-p).
These are crossed, as 55 — 55“ = éf — 5? —nl-pF+a)= éf — éf‘ — 2na < 0, by assumption. Sorting yields
the played updates: 65 = 95 and 95 = ~§‘, and the key realization for this counterexample is that the played
iterates now have a positive gap (instead of zero gap, as with isotonic projection), which can be exploited to

continue driving them farther away from each other.

In particular, suppose y2 € (0%, 95 ], so the hidden iterate updates are
05 = 05 + na,
O3 =05 —n(1-B).

Since ég and ég are already crossed, this update keeps them crossed (and increases the gap in between them).
Sorting yields played iterates 65 = 5? and 9? = §§‘ This can be repeated ad infinitum, causing éf‘ — 0o and

5;3 — —oo as t — 0o. Hence, the 3-level coverage goes to 1 and a-level coverage goes to 0. O

C.4 MultiQT with positively separated quantiles

The next result highlights the importance of not only projection, but specifically projection to the (shifted)
isotonic cone; modifying the constraint set to induce quantiles separated by ¢ > 0 fails to achieve calibration

in general.
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Proposition 9. Consider the set defined in (25), which can be equivalently written as C{ = K — by, where
e = {xeRm:xi—i—ESxiH, i:1,2,...,m—1}

fore > 0. Let q;,t =1,2,... be forecasts obtained by running Procedure 1 but where the projection step in
(5) 1is replaced with q; = = (by + ét) Then, for any € > 0, there exists a set of levels A and sequence of
target values and base forecasts (yi,by) with bounded errors (i.e., |ys — b%| is bounded for all a and t) such
that for any learning rate n > 0 the forecasts fail to achieve calibration : limp_ o % Zthl Hy: < ¢} #a

for some a € A.

Proof. We adapt the construction from the proof of Proposition 8. Consider the same initialization and initial
target y;. Under projection onto K¢, the played updates satisfy 95 — 05 > ¢, creating a strictly positive gap.
By choosing ya € (0%, 95 ], we can continue driving the played iterates away from one another. This results
in the same limiting behavior as in the previous construction, where coverage at the upper level converges

to 1 and coverage at the lower level converges to 0. O

D Fast rates for constrained gradient equilibrium

We derive fast rates for constrained gradient equilibrium and, consequently, calibration without crossings
by refining the analysis to leverage a positive curvature assumption. We note that these results could be
extended to the setting of delayed feedback, but for simplicity, we state and prove all results in the no-delay
setting (D = 0).

D.1 Proof of Proposition 7

We follow the general proof structure from Proposition 5 of Angelopoulos et al. (2025). For convenience, let
us redefine i, = max{||0; |2, b} and let hy = ||6||2. We will use induction to show ||f71 2 < hy + B +nL
for all T' > 0. The base case for T' = 0 holds trivially. For the inductive step, assume the inequality holds
up through 7. We split into two cases. First, if ||7||2 < hy + B, then by the triangle inequality we have

107+1]l2 < 10712 + nllgr (O7)|2
<hr+B+ 77L,

where the second inequality invokes Lipschitzness of the loss. Second, if ||07||z > hp + B, then

10741113 = 167115 + n°llgr(07)113 — 20(br, g (67))
< 073 +n°L* — 2n(0r, gr(61))
< 10713 +n*L* — 20¢7(07)
<673
< (hr + B +nL)?
< (hr41+ B +nL)?

where second line applies Lipschitzness, the third is discussed below, the fourth uses the assumed curvature
condition on ¢r(0r), the fifth applies the inductive hypothesis, and the sixth uses the increasing property

of hy. Taking a square root would conclude the inductive step.
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It remains to verify the third line above, which uses (7, gr(67)) > ¢r(f7). This is due to restorativity,

inward flow, and the bounded distance assumption. In particular, note that by the triangle inequality
10z]l2 > [|07ll2 = |07 — Orll2 > h+ B — B = h.

Thus, by restorativity of ¢, we have (01, gr(0r)) > ¢7(6r). By inward flow, we can then apply part (ii) of
Lemma 4 to get (A7, g7 (07)) > ¢r(07) as desired. This completes the proof of the iterate bound.

For the average gradient bound, we simplify the iterate bound using max{a,b} < a + b, and then apply
(28) with D = 0.

D.2 Proof of Lemma 3

Our proof has two main steps. First, we will show that if the base forecaster is a point forecaster, then the
entries of 6, cannot get too crossed: specifically, 91“ — 9?”1 <npforalli=1,2,...,m — 1. We then bound
the projection distance ||6; — 64]|2 = ||6; — Hx_s, (6;)||2 for any 6, satisfying this crossing bound to obtain
the desired result.

Before beginning with the first step, we make the following important observation about the MultiQT
iterates when the base forecasts are point forecasts: if bf* = p; for all o, then the played iterate is simply the

result of running isotonic regression on the hidden iterate, i.e.,
et = H]C (ét)

To see why, recall that by definition 6; = I _s, (ét), but for by = p;1, where 1 € R™ denotes the vector of
all ones, the isotonic cone is shift-invariant: 1 — p;1 = K.

We now show that % — 65+* < for all i =1,2,...,m— 1 and all times ¢, by induction on ¢. The base
case holds by assumption: 6 in the lemma is assumed to lie in K. Now assume the statement holds through
time ¢. Define Al = 67+ — %' where A! < 0 means a crossing has occurred, and A% > 0 means entries i

and i + 1 of 6, are ordered. Fix any ¢. We break our analysis into two cases.

o Case 1: Al <0 (the entries are crossed at time ¢). In this case, isotonic regression will pool entries i

and i + 1 so that ¢/ = ¢,"*" (Barlow et al., 1972), which implies cov{" = cov;"*'. Thus,
Abpy = Ap = nf(covy™ = aipr) = (covy? — ;)] = Af + nlaips — i) > Ap > -,
where the last inequality follows from the inductive hypothesis.

e Case 2: Al >0 (the entries are ordered at time t). In this case, ¢ < ¢;""™", so covy" ' > cov{, and

Aty = Af = nf(covy ™ —covi) = (aip1 — ;)] = A = (1 = (@41 — o).
Since A! > 0 and (41 — ;) > 0, it follows that A}, ; > —n.

In both cases, A}, ; > —n, which establishes é?—s—l - éfﬁl < 7, completing the inductive proof.
Now fix any 6; satisfying 05" — 0, < for all i = 1,2,...,m — 1. Consider constructing the ordered
vector @, as follows: iterate through the indices of 6, and, whenever we encounter an unordered entry, we set

its value equal to that of the previous index. To make this more explicit:

o we set 6] =07
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e fori=2,...,m—1, we set

Ni—1 f N Nei—1
Gor — 0, if 0, <0,
0 otherwise.

Since 6, € K, we have
16 — Tk (8|2 < (16 — 622 (37)

To bound the right-hand side, observe that é,‘f“ — 62" =0 and, for any i > 2,

o Eeee wie <a
6o — g =" ¢ t too
0 otherwise.

As 6% > 07"~' —n, the above display implies
ot g < B B <0

Therefore |02 — 0| < n(i — 1), and

= ) =y 32— 17 = g D)

o 3/2
[0 — 042 <

I

2

Plugging this bound back into (37) completes the proof.

D.3 Proof of Corollary 1

If we inspect the conclusion (32) from the proof of Lemma 1 carefully, then we see what was shown here is
actually stronger than the conclusion stated in the lemma. Rephrased, this proof showed that for any ¢ > 1,
the MultiQT loss #; is (he, ¢c)-restorative at all times ¢, for h. = cRm>/?/d 4, and ¢.(0) = (c —1)Rm. Thus

to satisfy the positive curvature condition in Proposition 7, we require
(c—1)Rm >nlL*/2 <= c¢>nL?/(2Rm) + 1.

The smallest allowable value of ¢ here is ¢* = nL?/(2Rm) + 1. Recalling that L? = m for the MultiQT loss,
this leads to the value h* = he- = (/2 + R)(m?®/?/d 4).

Note that we have shown that each MultiQT loss is (h*,nL?/2)-restorative. Since, additionally, the
hidden and played iterates remain within an ¢, distance of B = nm?3/2 / V/3 from each other by Lemma 3, we

can apply Proposition 7, which yields the result.

E Additional experimental results

In this section, we provide supplementary empirical results that further illustrate the behavior of MultiQT
across our forecasting datasets. First, we recompute the main experimental results using PIT entropy as
an alternative calibration metric, in place of the ¢; calibration error. We find that our conclusions remain
qualitatively unchanged. Then, we present additional case studies (comprehensive calibration curves and
forecast visualizations) for COVID-19 death forecasting and energy forecasting, which confirm that MultiQT

consistently improves calibration.
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E.1 Results using PIT entropy

PIT entropy (Gneiting et al., 2007; Rumack et al., 2022) is a calibration metric based on the entropy
of the distribution of the probability integral transform (PIT) values, computed from forecasts and their
corresponding targets. Specifically, given forecasts represented via cumulative distribution functions (CDFs)
F, t = 1,2,3,..., and associated target values y;, t = 1,2,3,..., the PIT values are defined as F}(y:),
t=1,2,3,.... The PIT entropy is then defined as the Shannon entropy of the empirical distribution of these
PIT values.

To compute this entropy in practice, we divide the unit interval into K = 10 equal-width bins. Let pj
be the empirical frequency of PIT values for bin k. As our metric, we use the normalized Shannon entropy:

K

. 1
H=— E pi log p
logKkzlpk Og Pk,

where the division by log K ensures that H lies in [0,1]. Note that under perfect calibration, the PIT values
should be distributed uniformly on [0, 1], which has maximal entropy. Thus, a value of H near one indicates
good calibration, while a value near zero indicates poor calibration.

In our setting, we have quantile forecasts q;, t = 1,2,3,... and not CDFs. To construct CDFs from these
forecasts (so that we can compute PIT entropy), we follow the procedure from Appendix A.1 of Buchweitz
et al. (2025). This uses linear interpolation in between intermediate quantiles combined with exponential
tails for values outside the extreme quantiles. Below we describe the procedure for constructing F; from g;.
o If there exists i < m — 1 such that y € [¢", ¢, ™'], then Fy(y) = a; + %(aiﬂ — ).

— Note that when ties occur (i.e., ¢, ™" = ¢{**), the interior slope on this segment is undefined, so
when y equals a tied forecast value, we set Fi(y) to be the largest quantile level in the tied block.

Formally, Fy(y) = o’ where i* = max{i : ¢ = y}.

o If no such i exists (so y < ¢ or y > ¢;'™), then we use exponential tails, chosen so that the density

at the boundary matches that at the nearest interior segment.

— For y < ¢'*, we first find the smallest i such that ¢, ™" # ¢{**, and compute p = % Define
a t —dt
A= 2. We then let F;(y) = a;eMv—% Y.

(e 5] :
— Similarly, for y > ¢i'™, we first find the largest i such that ¢, "' # ¢{'*, and compute p = ﬁ

am

Define A = —2—. We then let Fy(y) = 1 — (1 — ay,,)e M=),

l—am,

After performing this procedure to translate a given sequence of quantile forecasts into CDFs, we compute
the PIT values and PIT entropy as described above.

We now reproduce the main figures from Section 5 using PIT entropy in place of average calibration
error, as used in the main text. Figure 12 is the analog of Figure 5, and Figure 13 the analog of Figure 7.

We see qualitatively very similar trends, and MultiQT again results in strong improvements in calibration.

E.2 Additional COVID-19 forecasting results

To complement Figure 4 in the main paper, which shows actual versus desired coverage for one-week-ahead
COVID-19 death forecasters before and after applying MultiQT, Figure 14 shows the same calibration plots
for all forecasting horizons (one, two, three, and four weeks ahead). We observe that MultiQT consistently

improves calibration across all forecasting horizons.
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Figure 12: PIT entropy versus quantile loss on the COVID-19 death dataset, analogous to Figure 5. For

PIT entropy, higher is better.
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Figure 13: PIT entropy versus quantile loss on the energy dataset, analogous to Figure 7. For PIT entropy,
higher is better.

Figures 1518 display individual COVID-19 death forecasts before and after applying MultiQT, analogous
to Figure 1 in the main text. To provide a sense of the effect of MultiQT on forecasts for states having
large and small populations, the first pair of figures (Figures 15 and 16) show the effect of using MultiQT to
correct one-week-ahead forecasts for California (the largest state by population) from each of the forecasting
teams, and the second pair of figures (Figures 17 and 18) show the same for Vermont (one of the smallest
states).

Recall that forecasts are made at levels 0.01, 0.025, 0.05, 0.1, 0.15, 0.2, 0.25, 0.3, 0.35, 0.4, 0.45, 0.5, 0.55,
0.6, 0.65, 0.7, 0.75, 0.8, 0.85, 0.9, 0.95, 0.975, and 0.99. To visualize these, we plot colored bands where the
lightest opacity connects the 0.01 and 0.99 level forecasts, the next lightest connects the 0.025 and 0.975
level forecasts, and so on. We can use these plots to inspect calibration—if the 0.01 and 0.99 level quantile
forecasts are calibrated, then we should see that the true value falls within the lightest opacity band 98% of
the time. Zooming in on the raw forecasts, we can see that this is not the case for many of the forecasters

initially, but after applying MultiQT the coverage of the extreme quantiles is much improved.
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Figure 14: Actual versus desired coverage for COVID-19 death forecasting, analogous to Figure 4. Here the

top row represents base forecasts, and the bottom row the forecasts after applying MultiQT.

E.3 Additional energy forecasting results

To complement Figure 6 from before, which shows calibration curves for daily energy forecasts at 10:00 a.m.,
we provide analogous plots for 2:00 a.m., 6:00 a.m., 2:00 p.m., 6:00 p.m., and 10:00 p.m., in Figure 19 (wind
energy) and Figure 20 (solar energy). MultiQT produces near-perfect calibration at all hours. We note that
in practice, it would be unnecessary to generate solar energy forecasts for 2:00 a.m. and 10:00 p.m. At these
nighttime hours, the solar energy production is always zero, and the raw quantile forecasts are also zero for
all levels. Figures 21 and 22 visualize the forecasts before and after applying MultiQT for the 10:00 a.m.

time block at eight randomly sampled wind and solar farm sites.
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Figure 15: One-week-ahead forecasts of weekly COVID-19 deaths in California (part 1 of 2). Each row
corresponds to one forecaster, each with their own forecast date range. The first column shows the raw
forecasts, the second column shows the forecasts after using MultiQT, the third column shows actual versus

desired coverage for the raw forecasts, and the fourth shows the same for the MultiQT forecasts.
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Figure 16: One-week-ahead forecasts of weekly COVID-19 deaths in California (part 2 of 2), as in Figure 15,

for the remaining forecasters.
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Figure 17: One-week-ahead forecasts of weekly COVID-19 deaths in Vermont (part 1 of 2). This is analogous
to Figure 15, but for Vermont.
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Figure 19: Actual versus desired coverage for wind energy forecasting, analogous to Figure 6. Here the
top row corresponds to the raw forecasts, and the bottom row corresponds to the forecasts after applying
MultiQT.
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Figure 20: Actual versus desired coverage for solar energy forecasting, analogous to Figure 6. Here the

top row corresponds to the raw forecasts, and the bottom row corresponds to the forecasts after applying
MultiQT.
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Figure 21: Day-ahead wind energy forecasts for the 10:00 a.m. time block at eight randomly sampled wind
farm sites, where each row is a different site. For the sake of illustration, forecasts are plotted only for
September 1, 2018 to October 31, 2018, but calibration is computed using forecasts for every day in 2018.
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Figure 22: As in Figure 21, now for solar energy forecasting.
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