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Abstract

Transformers have demonstrated remarkable capabilities in multi-step reasoning
tasks. However, understandings of the underlying mechanisms by which they
acquire these abilities through training remain limited, particularly from a theoreti-
cal standpoint. This work investigates how transformers learn to solve symbolic
multi-step reasoning problems through chain-of-thought processes, focusing on
path-finding in trees. We analyze two intertwined tasks: a backward reasoning task,
where the model outputs a path from a goal node to the root, and a more complex
forward reasoning task, where the model implements two-stage reasoning by first
identifying the goal-to-root path and then reversing it to produce the root-to-goal
path. Our theoretical analysis, grounded in the dynamics of gradient descent, shows
that trained one-layer transformers can provably solve both tasks with generaliza-
tion guarantees to unseen trees. In particular, our multi-phase training dynamics
for forward reasoning elucidate how different attention heads learn to specialize
and coordinate autonomously to solve the two subtasks in a single autoregressive
path. These results provide a mechanistic explanation of how trained transformers
can implement sequential algorithmic procedures. Moreover, they offer insights
into the emergence of reasoning abilities, suggesting that when tasks are structured
to take intermediate chain-of-thought steps, even shallow multi-head transformers
can effectively solve problems that would otherwise require deeper architectures.

1 Introduction

Transformers [30]—the building blocks of large language models (LLMs)—have demonstrated
impressive capabilities in tasks that require multi-step reasoning [32], where LLMs start to excel
in solving hard problems via taking simpler step-by-step actions, and executing different subtasks
within a single response. Many of these capabilities are further fueled by the remarkable phenomenon
called emergence of reasoning ability, where simply extending the length of intermediate reasoning
steps can dramatically boost accuracy [10].

Spurred by their remarkable success, understanding how transformers enable Chain-of-Thought (CoT)
and multi-step reasoning has attracted considerable research attention recently. Most of the theoretical
studies on the multi-step reasoning mechanism focus on the expressive power [9, 23, 25, 5], statistical
properties [12, 28, 22] or learnability [1, 11, 34, 29, 19, 2] of the CoT mechanism. Notwithstanding,
the training theory of transformers, which examines the optimization and generalization properties of
transformers trained via gradient-based methods, is another important direction for understanding
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Figure 1: An illustration of the path-finding reasoning task in a tree. Solving the forward task (finding
the root-to-goal path) requires solving the backward task (finding the goal-to-root path) first.

the CoT mechanism. This line of work is more closely aligned with practical implementations, as it
investigates how training enables transformers to develop multi-step reasoning capabilities through
CoT. A small but growing number of studies have recently explored this direction, focusing on tasks
such as in-context learning, algorithmic emulation, and parity checking (e.g., [21, 33, 19, 13, 14]).

However, existing theoretical studies do not fully capture the complexity present in real-world appli-
cations that transformers are expected to handle through CoT reasoning: (i) Graph-based structural
complexity: Reasoning over structured relational dependencies introduces a richer level of complexity.
It requires transformers to perform multi-hop traversal and extract rule-based generalizations, making
it more representative of realistic symbolic reasoning scenarios. (ii) Multi-stage reasoning and
autonomous stage transition: In real-world CoT reasoning, achieving a complex reasoning objective
often involves performing multiple consecutive reasoning tasks. Crucially, the model must learn to
autonomously determine when to switch between stages, reflecting a hierarchical and self-regulated
reasoning process.

1.1 Symbolic multi-step reasoning: path finding on trees

In response to the above gap, this paper resorts to a canonical symbolic multi-step reasoning problem
of path-finding on trees, motivated by the empirical investigation in [4]; see Figure 1 for an illustration.
The input prompt is the list of edges in the tree, the root node, and the goal node (which is a leaf
node). We are interested in two fundamental reasoning tasks: (i) backward reasoning, which involves
finding the path from the goal node to the root node; and (ii) forward reasoning, which aims to find
the path from the root node to the goal node. While the backward reasoning task can be solved by
sequentially chaining edges connected to the child node recursively, tackling the forward reasoning
task requires solving the backward reasoning task (i.e., finding the goal-to-root path) first and then
reversing the path, as there can be multiple nodes connected to a parent node. Studying these two
intertwined tasks has the potential to elucidate deeper understandings of CoT on the following front.

* How CoT implements chaining over graphs. Both tasks require step-by-step reasoning, as one
needs to trace the edges connecting the goal node and the root node in a recursive manner.

* How CoT implements subtask control. The harder, forward reasoning task requires solving two
subtasks in a single CoT path, where the transformer needs to automatically identify the turning
point between the subtasks, when it traverses the root node.

The empirical study in [4] revealed that deep transformers, when tasked with forward reasoning (i.e.,
outputting the root-to-goal path), internally implement a backward chaining algorithm across their
layers that effectively from the goal node, “climbs” the tree layer by layer towards the root node. The
discrepancy between the internal reasoning direction (i.e., backward) and the required output format
(i.e., forward) suggests that architectural depth is leveraged by these models to manage intermediate
representations before producing the final answer. While inspiring, it is intriguing to ask if one can
provably train shallow, one-layer, transformers to solving the path-finding task in trees via CoT, and
if extending the reasoning length—rather than using deeper architectures—can be leveraged to solve
the harder forward reasoning task. Answering these questions will lead to new insights into the
multi-head attention mechanism that are unavailable in today’s literature.

1.2  Our contributions

This paper investigates how a one-layer transformer can learn symbolic multi-step reasoning—path
finding in a tree—by employing the CoT mechanism to make sufficient intermediate reasoning steps.
We provide comprehensive analyses covering transformer constructions, training dynamics, and
generalization guarantees, demonstrating that when equipped with CoT, even one-layer multi-head
transformers are capable to solving complex tasks that require multi-stage and multi-step reasoning.
Specifically, our contributions are as follows.



* Construction. We provide explicit constructions detailing how a one-layer transformer can perform
both tasks using CoT. While a single attention head is sufficient for backward reasoning, it takes
two to implement forward reasoning. Our construction elucidates how different attention heads,
through coordination, can specialize for distinct reasoning subtasks.

* Optimization. We prove that gradient descent successfully trains the transformers to acquire multi-
step reasoning capability for solving both tasks via CoT. Our multi-phase training dynamics analysis
demonstrates that the model parameters indeed converge to those specified in our construction,
explaining how attention heads learn their respective roles in a non-asymptotic manner.

* Generalization. We demonstrate that the learned reasoning mechanisms, including the specialized
head functions, generalize effectively to correctly solve path-finding problems on unseen tree
structures. This demonstrates that transformers learn the generalizable rule for path-finding rather
than memorizing paths in training graphs. We also conduct experiments that empirically validate
our theoretical predictions.

Our finding offers a mechanistic explanation for how CoT can empower even shallow models to
tackle tasks that seemingly require the capabilities of deeper architectures, which is particularly
illuminating in the study of forward reasoning. In this setup, the one-layer transformer, utilizing two
attention heads, is trained to perform two sequential subtasks: first, it must generate the path in reverse
order (goal-to-root) as an explicit CoT sequence; then, upon identifying the root, it must sequentially
output the path in the correct forward order (root-to-goal). Our optimization-based analysis reveals
how these two heads learn to coordinate: one head is responsible for identifying the next node in
the current path-finding stage, while the other head acts as a stage controller, monitoring the current
reasoning phase (e.g., backward chaining) and triggering the switch to forward chaining once the root
node is detected. This learned specialization allows the one-layer, multi-head transformer to perform
this entire two-stage process within a single autoregressive pass.

Importantly, by explicitly generating the backward path as a “scratchpad” in CoT outputs, the one-
layer model can then leverage this intermediate information to produce the forward path, rather
than relying on depth like in [4]. This resonates with the emergent reasoning abilities in LLMs
through test-time scaling [10], where generating longer intermediate steps via CoT often unlocks
more sophisticated problem-solving capabilities. Our two-stage setup illustrates how extending the
reasoning trace allows a one-layer model to effectively perform a complex task that, without such
explicit intermediate steps, might necessitate a deeper model.

1.3 Related work

Theoretical understanding of transformers with CoT. A growing body of research seeks to
theoretically demystify the success of CoT reasoning in transformer models. Most existing studies
examine how CoT enhances transformer expressiveness [9, 23, 25, 5], showing that polynomial-
length CoT enables transformers to transcend TCY, a class efficiently handled by constant-depth
transformers without CoT [24]. Other works identify intrinsic limitations, establishing lower bounds
on necessary intermediate steps for certain problems [27, 3, 2]. Another line of research addresses
the learnability [1, 11, 34, 29, 18] and statistical properties [12, 28, 22] of CoT-enabled transformers.

Optimization theory for CoT. Recent analyses explore optimization aspects of transformers trained
with CoT [21, 13, 33, 18, 13, 17]. The most closely related works are [33, 18, 14], which analyze
the optimization dynamics of one-layer transformers trained with CoT to solve parity-check tasks.
However, these studies are limited to the single-head setting. In contrast, our work considers
multi-head transformers solving a more challenging task involving reasoning over graphs as well as
auto-transition over two subtasks, involving specializations and coordination of different heads.

Training dynamics of transformers. Many existing works have investigated the training dynamics
of transformers across a variety of tasks, including in-context learning [15, 35, 36, 20, 6], induction
heads [26, 7], sparse token selection [31], self-supervised learning [16]. Due to the rapid growth of
this area, we are unable to reference all related studies. Particularly relevant to our work are recent
analyses of CoT reasoning [21, 13, 33, 18, 14]. However, the majority of these studies are limited
to the single-head setting. While a few works have considered the multi-head case, they typically
address only simple tasks such as linear regression, leaving open the question of how multi-head
architectures can be trained to solve more complex reasoning problems.



Notation. Let [N] = {1,..., N}. For a matrix A, denote A, _; or A(:, —1)as its last column. I,,
denotes the identity matrix of size n x n. Let ||, represent the £, norm of a vector.

2 Formulation

We consider a path-finding task in randomly generated trees [4], defined formally as below.

Tree. We consider the trees with distinct nodes, i.e., the nodes of the trees are generated by random
sampling from set [S] without replacement. Let 7 = (V(T),&(T), g(T)) denote a tree with node
set V(T), edge set (T ), and a goal node g(7 ), which is a leaf node in the tree. Denote the root node
as (7). For each non-root node 4, i.e., t € V(T )\r(T), let p(¢) = p(i|T) denote the parent node
of node i. Then the edge set is given by £(T) = {(p(7), 1) }icv(7)\r(7)- For k > 2, we recursively

define p* (i) = p(p*~1(i)), i.e., p*(4) is the k-th ancestor of i.

Path finding. Given a tree T, the backward path from the goal node to the root node is given by
Pyr(T) = 9(T) — p(g(T)) = p*(9(T)) — ... = r(T) = p™ T (g(T)), where m(T) > 2 s the
length of the path. Accordingly, the forward path from the root node to the goal node can be obtained
by reversing the backward path, yielding, Prog(7) = r(T) — -+ — p*(g(T)) — p(g9(T)) — g(T).
We aim to understand whether and how transformers can be trained to discover the underlying rule
for identifying both backward and forward paths in a tree 7 through multi-step reasoning. Since a
parent node may have multiple children, determining the forward path requires the transformer to
autonomously perform two-stage reasoning: first, identifying the backward path, and then reversing
it. Therefore, we consider two path-finding tasks:

* Backward reasoning: find the goal-to-root path.
* Forward reasoning: find the goal-to-root path and then reverse it to produce the root-to-goal path.

Input embedding. For each node i € [S], we let a; € R% denote its token embedding. We embed
each edge e = (p(i),1) in E(T) as (z7,y")" = (a,,),a])" € R*" where z = a,(;) and y = a;
denote the parent and child node embeddings, respectively. We let I(7") = |£(T )| denote the number
of edges in 7, and let ey, ..., €7 denote the edges in £(T) in a random order, and let (z,y; )"
be the embedding of edge e;.

Transformer architecture and multi-step reasoning. For both reasoning tasks, we consider a
one-layer transformer f with H > 1 attention heads. Given an input matrix E, the transformer with
parameter € computes the output as
head; (E)
F(E;0) = WO : , head,,(E) = W)Y E - softmax (ETW,f(TW}?E) Yhe[H], (1)
heady (E)

where softmax(-) is the column-wise softmax function and 6 denotes the trainable parameters of
the transformer. For simplicity, we follow standard practice [15, 13, 26] to combine W,f( and W,?
into a single matrix W,f( Q. We consider step-by-step reasoning in an autoregressive manner. At

each reasoning step k > 0, given the input embedding F(*) (T), the output vector is taken as the last
column of the output matrix, which is then concatenated with the input embedding to form the new
input to the next reasoning step, i.e.,

oMH(T30) = f(EM(T);0)-1, EWHV(T350) = (B®(T5:0),0%0(T36)). @

Let the number of reasoning steps be K (7 ), and then 6(7'; 0) = (6(T;0),...,0 KD (T;0))
denote the output matrix of the model given 7.

3 Construction of Transformers

In this section, we show that there exists parameter setting 6 such that the one-layer transformer can
solve both forward and backward reasoning problems through multi-step chaining and reasoning.
Whenever it is clear from the context, we drop the dependency on 7 and 6 in the notation.



3.1 Construction for backward reasoning

For the backward reasoning task, we are interested in outputting the path from the goal node to the
root node (g2r). Let the input embedding of the transformer be

_ (XD _ (71 - mymy a0 agT) 2dy x (I(T)+2)
EEgzr(T)<Y(T))(y1 YT Ae(T) Qo =R TS

where ay € R% is used to fill the empty slots. We set the ground label of 7 as the embedding of the
reversed path:

a Q2 cee Qa
O (T) — (@l W2(e()) "(7) ) e R *¥m(T). 4
oer(T) ( Qg(T)  Ap(g(T)) -+ Apm(D1(g(T) @

We consider a one-layer single-head transformer, where H = 1. We impose the following parameters:
let WO = W} = I4,, and set

KQ _ (0dyxd;  Odyxd,
Wl ( B Oledl)

where B € R% %1 jg trainable. In this case, 0 = { B}.

Multi-step reasoning. We set the first step Eégz = Egor(T), and let X k=1 .= Eégr_ D(1:dy,:) e
R x(+14E) apd Y (k=1) = Eé];r_l)((h +1:2dy,:) e RU*(H14F) obtained recursively following
(2) for k > 1. Then according to the transformer architecture described above, we have the output
oF) at reasoning step k as

(k1)
otk — (‘;((k_l)) - softmax (Y(kfl)TBx(,kl_lv ) ®)

where x(fl_ Y is the last column of X (=1, Reasoning recursively for m(7") steps according to (2),
we obtain the output @ggr(T; 0) = (oW,...,0mM)).
We make the following assumption on the node embeddings for the backward reasoning case.

Assumption 1 (linear independent embeddings (backward reasoning)). Suppose ag = 0q4,, and
{ai}ic[s) are linearly independent.

Let A = (a1,...,as) € R%*5 be the embedding matrix. The following theorem provides a
construction of the transformer that solves backward reasoning.

Theorem 1 (Construction for backward reasoning). Under Assumption 1, for any o € R, there exists
B = B, € R4*% gych that

ATBA = als. (6)
Let 6 = {B,}, then for any tree T, we have 6g2r(T; ) — Ogzr(T) as o — +0.

Theorem 1 suggests that it is possible to learn a sharp attention pattern—when applying softmax to
AT BA—between the node embeddings, where the query node attends to only itself among all nodes.
Figure 2 (b) provides an illustration of the chain of input-output pairs for each backward reasoning
step. This also highlights the path-finding strategy that the transformer learns during training. At
each step, the transformer focuses on the current node on the path (starting from the goal node) and
uses its attention mechanism to assign high weight to the next node (i.e., its parent) in the tree. The
identified node is then selected as the next step in the path and subsequently encoded into the input
matrix for the following iteration, enabling the model to reason sequentially through the structure.

3.2 Construction for forward reasoning

The forward reasoning task is more challenging than backward reasoning, as it requires first identify-
ing the path from goal to root, and then reversing it to obtain the root-to-goal (r2g) path. Crucially, the
transformer must learn to autonomously determine when to switch to the second stage of reasoning.
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Figure 2: The multi-step reasoning process of the constructed transformers for the backward and
forward reasoning tasks. Color indicates the attention association and output in each step.

To this end, we introduce two stage token embeddings sy, s, € R? used to distinguish the two
reasoning stages. We include the stage token embeddings in the input as follows:

X(T) T 1‘1(7-) ap ag . ) en
Er?g(T) =|\Y(TM) ) =|wn YTy ar(T) Gyg7) | € R(2d1+d2) x (U(T)+ )7 @)
Z(T) Sf Sy Sf Sp

where s; marks the start of the first reasoning stage. We require the model to output the path first in
the backward order, then in the forward order, along with a stage indicator at each step. This results
in a total of K (7) = 2m(T) steps. We set the ground truth label Oppg (7)) € R(2d1+d2)x2m(T) of T
as the embedding of both the reverse path and the forward path along with their stage indicators:

ag(T)  p(g(T)) ar(T) Apm(T)=1(g(T)) Up(g(T))
Org(T) = | ap(o(1))  @p2(9(7)) Apm(T=1(g(T))  Apm(T)=2(g(T)) Qg (T) ®)
Sp Sp Sf Sf Sf

We consider a one-layer two-head transformer, where H = 2. We impose the following parameters:

0 1, 0
o _ vV _ dy xdy dy d2 vV _
let W& = I2d1+d2, W1 ( Idl 0d1 d, 0d2> s W2 (Od2><2d1 R Idz)’ and set
K0 Odyxd;  B1 Odyxd, %0 Odyxa;,  C1 Odyxd,
Wl = Odl xXdy B2 0d1 X do a-nd W2 = 0d1 Xdy 02 0d1 X do
Odyxdy  Odyxay,  Bs Odyxdy  Odyxa, O3
with trainable matrices Bi, Bo, B3 and C7,C5,Cs, respectively. In this case, 8 =

{B1, By, B3, C1,Cs,C3}.

(0)

Multi-step reasoning. We set the first step Erzg

= Eipq(T). At the reasoning step k& > 1, let

x(k=1) . Er(;g—l)(l cdy,:) € R x(I+1+k) y(k=1) . Er(gé—l)(dl +1:2dy,:) € R x (I+1+k)
and Z(*k—1) = Er(fg_l)(le +1:2dy + dy,:) € RE2¥UF1HK) where Effg_l) is obtained recursively



from (2). Then we have

(k-1)
G/f(’“)) - softmax <X<’<—1>TBly(_’“f1) + Y DT gy Z<k—1>TBgz(_’“f”)

ZE=1) . softmax (X(k_l)TCly(_kfl) + Y(k_l)Tng(_kfl) + Z(k_l)Tng(_kfl))

(k) —

o))

©))

Here, the upper portion 6(¥) (1 : 2d, ) is the output of the first attention head, predicting the next
node based on the learned path encoded in X *~1) and Y'(*~1), and the lower portion 6(*) (2d; + 1 :
2dy + da, :) is the output of the second attention head, indicating whether the second stage begins.

The process of predicting {5(*) },(Cm(lT) ) is called STAGE 1, where the model outputs the reverse path

from goal to root similarly to backward reasoning. The prediction of 6("(7)*+1) is the turning point,
because in this step the model detects the root and switches to STAGE 2 (indicated by sy), where
the model outputs the path in forward order from root to goal. The entire process includes reasoning

recursively for 2m(T) steps, and the final output is given by Org(776) = (61, ..., 53m™(T)),

We make the following mild assumption on the embeddings for forward reasoning.

Assumption 2 (linear independent embeddings (forward reasoning)). Suppose (i) ag,aq,...,as are
linearly independent; (ii) sy, sy are linearly independent.

Denote A = (ag,a1,...,ag) € R*(E+1) and § = (s4,s;). The following theorem provides a
construction of a one-layer two-head transformer that solves forward reasoning.

Theorem 2 (Construction for forward reasoning). Under Assumption 2, there exist 0 = {B;, C;}e[3]
that satisfies

1 1 1
~ 00 -0 o —b, b
A"BiA = —aay | . . |, ATByA = ailg, STB3S = ( bll _22) . (10a)
00 0
11 1
N 00 --- 0 - N c —c
ATClA = Q2 . . > ATCQA = a2[5'7 STC:gS = Q2 (_él 022> . (10b)
00 -~ 0

When a € (0,1],b; > 0,b2 € (0,a/2) and ¢y > 0, c2 € (0,1/2), we have érzg(T; 0) — Or2g(T) as
o1, g — +00.

Specifically, let m := m(7T’) denote the path length and n(*~1) & [S] denote the node with embedding
y(_kfl) for any k € [2m]. Then we can show that when a1, ag — 400, our construction ensures that

at each reasoning step k, the model performs the following (see Figure 2 (c) for an illustration):

1. when k£ < m, i.e., the model is at STAGE 1. Our construction ensures the first attention
head attends to the embedding of (p(n(*~1)), n(k=1)), switches the parent-child order, and

outputs the embedding of (n(*~1), p(n(k —1))), and the second head attends to and outputs
the stage signal sp;
2. when k = m + 1, i.e., the model is at the turning point. Our construction ensures that the

first attention head attends to (y&kl_l)’T, x(fl_ 1)’T)T and outputs (x(fl_ DT yikl_l)’T)T, and
the second attention head attends to and outputs the stage signal sy, changing the stage
signal.

3. when k£ > m + 1, i.e., the model is at STAGE 2. The first attention head attends to the
embedding of (n(*~1) p(n(*~1))) generated in STAGE 1, switches the parent-child order,

and outputs the embedding of (p(n*~1)), n(*=1) and the second attention head attends to
and outputs sy.

This process demonstrates that the first attention head is responsible for traversing the reasoning path,
while the second attention head manages the stage signal, which dictates the direction of path-finding.
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Figure 3: An example of a perfect binary tree of depth m = 2 and distinct nodes.

The importance of Theorems 1 and 2 lies in demonstrating that even a single-layer transformer
suffices to carry out the above logical steps with enough CoT steps. This highlights the surprising
expressive power of even shallow transformer architectures for multi-step reasoning, in contrast to
leveraging multi-layer transformers for such a multi-step reasoning task in (author?) [4].

4 Training Dynamics and Generalization of Transformers

In Section 3, we showed the existence of a one-layer transformer capable of solving both backward
and forward reasoning tasks. However, those results do not address whether such transformers can
be learned in practice. In this section, we analyze the training dynamics of the transformer in both
settings and demonstrate that gradient descent (GD) can successfully minimize the loss to 0. Upon
convergence, the transformer performs the desired backward and forward reasoning. This establishes
that transformers can, in fact, be trained via GD to acquire multi-step reasoning capabilities. We
further show that the trained model generalizes well to unseen trees.

Training. We train the transformer using standard autoregressive supervised learning. We define
oF)(T) as the k-th column of O(T") := Ogzr(T) or Orzg(T ), the ground truth label for either case.
For each tree T ~ Pyain, where Pygin is the training distribution to be described later, at each reasoning

step k > 2, the input E(kfl)(T) = (EUC*Q) (T), 0 =Y (T)) is the concatenation of the input at step

train train

k — 1 and the (k — 1)-th column of the ground truth output matrix O(7"). We then obtain the output
Oue (T30) = F(EYe P (T);0). -1 at step k. Let Ouain(T50) = (6)(T36),...,6T)(T;0))

train
denote the output matrix of the model given 7.

We train the model by minimizing the squared error loss between the output and the label. The
training loss is given by

1 2
Actrain(@) = §]ET~Ptrain P (1)

O(T) = Ouean(T:0)|

For both cases, we initialize all parameters to be zero, and we train the model using gradient descent
with a learning rate n > 0, i.e.,

9(t+1) = 0(” - ﬁveﬁtrain(e(t))v Vt = 0' (12)

Here, ) is the parameter at the ¢-th iteration.

Training distribution. We make the following assumption on the training set Piajn.

Assumption 3 (training distribution). Let m > 3 and S > 2™+! — 1 := N. The training distribution
Pyain is the uniform distribution over all perfect binary trees T = (V(T),E(T), g(T)) of depth® m
with distinct nodes chosen from [S] and a goal node g(T) being one of the leaf nodes.

We note that we fix the tree to be a perfect binary tree of depth m during training only for simplicity
of analysis and presentation, and our results can be easily extended to other types of trees. Also note
that under Assumption 3, the number of nodes in any tree sampled from Py,in is N = 21 — 1. An
example of a perfect binary tree generated from Pi4jn is shown in Figure 3, where we set m = 2.

Testing. At test time, given any tree 7 (that may not be in the training set), we recursively input

E®D(T:0) = (E(T), 0% (T:6))

5The depth (or height) of a tree is the length of the longest path from the root down to any leaf, measured in
the number of edges.



into the model at the k-th reasoning step and obtain the output 6*) (77 60) = f(E*~1(T;0);6). ;.
The test loss on T is given by

Lus(T30) = 5 [0(T) - O(T30)| (13)

2
.
4.1 Optimization for Backward Reasoning

For ease of analysis, we make the following assumption on the node embeddings for backward
reasoning, which is a slightly stronger version of Assumption 1.

Assumption 4 (Orthonormal embeddings (backward reasoning)). Suppose (i) ap = 0g4,, and (ii)
{ai}ic[s) are orthonormal vectors in R,

Note that commonly used one-hot embeddings are orthonormal [8], and orthogonality of token
embeddings is also assumed in (author?) [15, 26, 6, 21] for analyzing the training dynamics of
transformers.

Training dynamics. We have the following theorem regarding the convergence of the training error
for backward reasoning.

Theorem 3 (Convergence of backward reasoning). We initialize 90 = BO = 04y xd,- Un-
der Assumptions 3 and 4, for any learning rate n € (0,1] and any € € (0,1], there exists

T=0 (TZ—ES log (NTm)) such that for any t = T, we have Liyain(0)) < e.

Theorem 3 establishes that to achieve e-accuracy, it takes at most O (1/e) iterations, omitting the
dependency with other salient parameters. Recall in Theorem 1 (cf. Section 3.1), we construct B such
that H = AT BA = alg, ensuring the test loss approaches zero as o — -+o0. In our convergence
analysis of GD, we track the dynamic of H*) = AT B(®) A, Specifically, during training, the diagonal
entries of H(*) continue to grow while the off-diagonal entries remain small, indicating B® indeed
converge toward our constructed solution.

Generalization. We further provide the following generalization result, which shows that the model
can perform well on unseen trees.

Theorem 4 (Generalization of backward reasoning). Under the same setting as in Theorem 3, given
any tree T with N distinct nodes chosen from [S] and a path length m, there exists small enough
€0 = eo(m, N, m) > 0 such that for any € € (0, €], there exists T = O (%f) such that after
training the model for t = T steps on the training loss, we have

~ 2
N+m-—1 m
CT0) < 1 (05 ) e

Theorem 4 implies that for any tree 7 (including those not seen during training), the test loss
converges to zero, provided the model is sufficiently trained on Pi4jn. This reveals an appealing
insight: the transformer learns a rule for path finding, rather than memorizing training examples.

4.2 Optimization for Forward Reasoning

Similar to Assumption 2, we make the following assumption for analyzing the training dynamics of
forward reasoning.

Assumption 5 (Orthonormal embeddings (forward reasoning)). Suppose (i) ag,a1,...,as are
orthonormal vectors in R4 ; and (ii) s . 8p are orthonormal vectors in Réz,

Training dynamics. The following theorem guarantees the convergence of GD on the forward
reasoning task.

Theorem 5 (Training dynamics of forward reasoning). We initialize 6°) =
{B%O),Béo),Béo),C£0)7C’2(o),C:EO)} all by zero. Suppose Assumptions 3 and 5 hold, and N
is sufficiently large, and learning rate n < ﬁ Then for any n € (0,m0] and ¢ € (0, €], where



no > 0and 0 < eg < 1/poly(N) are sufficiently small, there exists T = O (757 (m)?’/? log (%))

€

such that for any t = T, we have Et,a,-n(ﬂ(t)) <e

Theorem 5 establishes that to achieve e-accuracy, it takes at most 14) (1 / €3/ 2) iterations, omitting the
dependency with other salient parameters. Define the following trainable matrices, which can be
viewed as counterparts to those constructed in (10a) and (10b):

Ul = ATBW A e RETD*S i) .= ATBM A e RS*S | Ul .= STBIS e R**2,  (14a)
Vi) = ATCW A e RS2yl = ATCP A e RS*2, VD = 5TV S e RP¥2. (14b)

Our convergence analysis reveals that U, l(t) and Vl(t), l =1,2,3, converge to the matrices given in
the construction (10a) and (10b), respectively. In particular, we show that

* For U 1(t) (resp. Vl(t)), the first row decreases (resp. increases), and the other entries stay small.
* For both UZ(t) and Vz(t), the diagonal entries are strictly increasing, and the other entries stay small.
e For Uét) and V;t), we have

t t t t t t t t
?E,o,o = _Ué,i,m U?S70,1 = _U?E,;,p ‘/3(70),0 = _V3(,1),0a ‘/3(,0),1 = _‘/}3(71),1- (15)
In addition, Uéf&l first decreases and then increases, Uéf&o (resp. V?,(,to),o) is strictly decreasing

(resp. increasing), and VB(’?J also grows large, but not monotonically.

* At convergence, U, ,gt), Vk(t) are close to the matrices in (10a) and (10b) with large enough a4, a2, a
closeto l,b; = by~ 1/4,and ¢1 > co ~ 1/4.

Generalization. We further provide the generalization guarantee for forward reasoning. We show
that the model performs well on unseen trees at test time, similarly to the generalization result in
Theorem 4 established for backward reasoning.

Theorem 6 (Generalization of forward reasoning). Under the same setting as in Theorem 5, given

any tree T at test time with N distinct nodes chosen from [S] and a path length m, there exists small
S . X (32

enough ey = €o(m, N,m) > 0 such that for any € € (0, €|, there exists T = O (7263/25) such that

after training the model for t = T steps on the training loss, we have

- 2, N2
N+2m—1 N
.9) < 4 cremm i) () gl 1
Liest(T; 6) max <N+2m—1> (N) € (16)

We also conduct experiments to validate the theoretical results. Due to the space limit, we refer the
reader to Appendix A.

5 Conclusion

This work provides a theoretical investigation into how one-layer transformers learn symbolic multi-
step reasoning via gradient descent, focusing on path-finding in trees. We demonstrate through
explicit constructions that transformers can provably solve both backward (goal-to-root) and the
more complex, two-stage forward (root-to-goal) reasoning tasks by employing CoT mechanisms.
Our optimization analysis reveals that gradient descent successfully guides the model parameters
to these effective configurations, with multi-head attention mechanisms learning to specialize and
autonomously coordinate for distinct subtasks—such as path traversal and stage control—within
a single autoregressive pass. We also show that these learned abilities generalize to unseen tree
structures, indicating the transformer acquires underlying algorithmic rules, rather than memorizing
instances. These findings offer a mechanistic interpretation of how shallow transformers leverage
CoT for sequential, multi-stage reasoning procedures.
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NeurlIPS Paper Checklist

1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]

Justification: The claims made in the abstract and introduction accurately reflect the paper’s
contributions and scope.

Guidelines:

* The answer NA means that the abstract and introduction do not include the claims made
in the paper.

* The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or NA
answer to this question will not be perceived well by the reviewers.

 The claims made should match theoretical and experimental results, and reflect how much
the results can be expected to generalize to other settings.

* It is fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

2. Limitations
Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]
Justification: We discuss the limitations of the work.
Guidelines:

* The answer NA means that the paper has no limitation while the answer No means that
the paper has limitations, but those are not discussed in the paper.

* The authors are encouraged to create a separate "Limitations" section in their paper.

* The paper should point out any strong assumptions and how robust the results are to
violations of these assumptions (e.g., independence assumptions, noiseless settings, model
well-specification, asymptotic approximations only holding locally). The authors should
reflect on how these assumptions might be violated in practice and what the implications
would be.

* The authors should reflect on the scope of the claims made, e.g., if the approach was only
tested on a few datasets or with a few runs. In general, empirical results often depend on
implicit assumptions, which should be articulated.

¢ The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution is
low or images are taken in low lighting. Or a speech-to-text system might not be used
reliably to provide closed captions for online lectures because it fails to handle technical
jargon.

* The authors should discuss the computational efficiency of the proposed algorithms and
how they scale with dataset size.

If applicable, the authors should discuss possible limitations of their approach to address
problems of privacy and fairness.
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* While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an important
role in developing norms that preserve the integrity of the community. Reviewers will be
specifically instructed to not penalize honesty concerning limitations.

. Theory assumptions and proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?

Answer: [Yes]
Justification: We provide the full set of assumptions and a complete (and correct) proof.
Guidelines:

* The answer NA means that the paper does not include theoretical results.

e All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

 All assumptions should be clearly stated or referenced in the statement of any theorems.

* The proofs can either appear in the main paper or the supplemental material, but if they
appear in the supplemental material, the authors are encouraged to provide a short proof
sketch to provide intuition.

* Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

e Theorems and Lemmas that the proof relies upon should be properly referenced.
. Experimental result reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]

Justification: We provide the full set of information needed to reproduce the main experi-
mental results.

Guidelines:

* The answer NA means that the paper does not include experiments.

« If the paper includes experiments, a No answer to this question will not be perceived well
by the reviewers: Making the paper reproducible is important, regardless of whether the
code and data are provided or not.

« If the contribution is a dataset and/or model, the authors should describe the steps taken to
make their results reproducible or verifiable.

* Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may be
necessary to either make it possible for others to replicate the model with the same dataset,
or provide access to the model. In general. releasing code and data is often one good
way to accomplish this, but reproducibility can also be provided via detailed instructions
for how to replicate the results, access to a hosted model (e.g., in the case of a large
language model), releasing of a model checkpoint, or other means that are appropriate to
the research performed.

* While NeurIPS does not require releasing code, the conference does require all submis-
sions to provide some reasonable avenue for reproducibility, which may depend on the
nature of the contribution. For example
(a) If the contribution is primarily a new algorithm, the paper should make it clear how to

reproduce that algorithm.
(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.
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(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct the
dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case authors
are welcome to describe the particular way they provide for reproducibility. In the
case of closed-source models, it may be that access to the model is limited in some
way (e.g., to registered users), but it should be possible for other researchers to have
some path to reproducing or verifying the results.

5. Open access to data and code

Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?

Answer:

Justification: We do not provide open access to the data and code since the experiments are
simple and are not central to the contribution.

Guidelines:

* The answer NA means that paper does not include experiments requiring code.

* Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not
be possible, so "No" is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

* The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

* The authors should provide instructions on data access and preparation, including how to
access the raw data, preprocessed data, intermediate data, and generated data, etc.

* The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized ver-
sions (if applicable).

* Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.

6. Experimental setting/details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [Yes]
Justification: We provide all the details necessary to understand the results.
Guidelines:

* The answer NA means that the paper does not include experiments.

* The experimental setting should be presented in the core of the paper to a level of detail
that is necessary to appreciate the results and make sense of them.

* The full details can be provided either with the code, in appendix, or as supplemental
material.

7. Experiment statistical significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer:
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10.

Justification: statistical significance is not reported because it is not central to the contribu-
tion.

Guidelines:

* The answer NA means that the paper does not include experiments.

* The authors should answer "Yes" if the results are accompanied by error bars, confidence
intervals, or statistical significance tests, at least for the experiments that support the main
claims of the paper.

* The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall run
with given experimental conditions).

* The method for calculating the error bars should be explained (closed form formula, call
to a library function, bootstrap, etc.)

* The assumptions made should be given (e.g., Normally distributed errors).

* It should be clear whether the error bar is the standard deviation or the standard error of
the mean.

* Itis OK to report 1-sigma error bars, but one should state it. The authors should preferably
report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis of Normality
of errors is not verified.

* For asymmetric distributions, the authors should be careful not to show in tables or figures
symmetric error bars that would yield results that are out of range (e.g. negative error
rates).

* If error bars are reported in tables or plots, The authors should explain in the text how they
were calculated and reference the corresponding figures or tables in the text.

. Experiments compute resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [NA]
Justification: The experiments are simple and can be run on a single CPU.
Guidelines:

* The answer NA means that the paper does not include experiments.

* The paper should indicate the type of compute workers CPU or GPU, internal cluster, or
cloud provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute than
the experiments reported in the paper (e.g., preliminary or failed experiments that didn’t
make it into the paper).

. Code of ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes]
Justification: We conform to the NeurIPS Code of Ethics.
Guidelines:

¢ The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

* If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special consideration
due to laws or regulations in their jurisdiction).

Broader impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?
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Answer: [NA]
Justification: This is a foundational research paper and does not have any societal impact.
Guidelines:

* The answer NA means that there is no societal impact of the work performed.

* If the authors answer NA or No, they should explain why their work has no societal impact
or why the paper does not address societal impact.

» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations (e.g.,
deployment of technologies that could make decisions that unfairly impact specific groups),
privacy considerations, and security considerations.

* The conference expects that many papers will be foundational research and not tied to
particular applications, let alone deployments. However, if there is a direct path to any
negative applications, the authors should point it out. For example, it is legitimate to point
out that an improvement in the quality of generative models could be used to generate
deepfakes for disinformation. On the other hand, it is not needed to point out that a
generic algorithm for optimizing neural networks could enable people to train models that
generate Deepfakes faster.

* The authors should consider possible harms that could arise when the technology is being
used as intended and functioning correctly, harms that could arise when the technology is
being used as intended but gives incorrect results, and harms following from (intentional
or unintentional) misuse of the technology.

« If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks, mecha-
nisms for monitoring misuse, mechanisms to monitor how a system learns from feedback
over time, improving the efficiency and accessibility of ML).

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]
Justification: This is a foundational research paper and does not have any societal impact.
Guidelines:

* The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

» Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do not
require this, but we encourage authors to take this into account and make a best faith
effort.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [Yes]
Justification: We properly credit and mention the license and terms of use.
Guidelines:

* The answer NA means that the paper does not use existing assets.
* The authors should cite the original paper that produced the code package or dataset.
* The authors should state which version of the asset is used and, if possible, include a URL.
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14.

15.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

* For scraped data from a particular source (e.g., website), the copyright and terms of service
of that source should be provided.

* If assets are released, the license, copyright information, and terms of use in the package
should be provided. For popular datasets, paperswithcode.com/datasets has curated
licenses for some datasets. Their licensing guide can help determine the license of a
dataset.

* For existing datasets that are re-packaged, both the original license and the license of the
derived asset (if it has changed) should be provided.

« If this information is not available online, the authors are encouraged to reach out to the
asset’s creators.
New assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [NA]
Justification: We do not release new assets.
Guidelines:

* The answer NA means that the paper does not release new assets.

* Researchers should communicate the details of the dataset/code/model as part of their sub-
missions via structured templates. This includes details about training, license, limitations,
etc.

* The paper should discuss whether and how consent was obtained from people whose asset
is used.

* At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.
Crowdsourcing and research with human subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]

Justification: We have no crowdsourcing or research with human subjects.

Guidelines:

* The answer NA means that the paper does not involve crowdsourcing nor research with

human subjects.

¢ Including this information in the supplemental material is fine, but if the main contribution
of the paper involves human subjects, then as much detail as possible should be included
in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation, or
other labor should be paid at least the minimum wage in the country of the data collector.

Institutional review board (IRB) approvals or equivalent for research with human
subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]
Justification: We have no crowdsourcing or research with human subjects.
Guidelines:

* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.
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16.

* Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.
Declaration of LLLM usage

Question: Does the paper describe the usage of LLMs if it is an important, original, or
non-standard component of the core methods in this research? Note that if the LLM is used
only for writing, editing, or formatting purposes and does not impact the core methodology,
scientific rigorousness, or originality of the research, declaration is not required.

Answer: [NA]
Justification: We do not use LLMs in the core methods.
Guidelines:

* The answer NA means that the core method development in this research does not involve
LLMs as any important, original, or non-standard components.

* Please refer to our LLM policy (https://neurips.cc/Conferences/2025/LLM) for
what should or should not be described.
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A Numerical Experiments

In this section, we provide experimental validation of our theoretical results.

Setup. We construct the transformer model as in (5) and (9) for the backward and forward reasoning
task, respectively. We use one-hot embedding: we embed a; = e; for all ¢ € [S], where e; is the
one-hot vector with the i-th entry being 1. For training, since the expected loss is not available, for
both backward and forward reasoning, we use stochastic gradient descent with a batch size 256 on
randomly generated perfect binary trees. The tree generation process is the same as described in
Section 4 with m = 4, S = 31 for backward reasoning, and m = 3, .S = 25 for forward reasoning.
We use learning rates 1 and 0.2 for backward and forward reasoning, respectively. To validate the
generalization performance, we randomly generate 1024 trees with various depths and number of
nodes as the test set. Different nodes of every tree in the test set are assigned with a unique number
chosen from [S], and each node can have different numbers of children (range from O to 3).

Parameter Value

0 200 400 600 800 1000
Epoch

Figure 4: Training dynamics of selected entries of H.

Experimental results for backward reasoning. Figure 5 shows the training and test loss curves for
backward reasoning, which (i) validates the convergence of the training process, and (ii) shows the
generalization error also converges to 0. Moreover, same as our construction and training dynamics

2.00

1.75 \ “‘

1.50

1.25

1.00

Loss

0.75

0.00 *
0 200 400 600 800 1000
Epoch

Figure 5: Training and test loss curves for backward reasoning.

analysis, during the training process, the diagonal entries of H®) = AT B A (cf. (6)) increases
while the off-diagonal entries stay small. See Figure 4, where we plot the training dynamics of H; ;
and HLQ .

Experimental results for forward reasoning. Figure 6 shows the training and test loss curves for
forward reasoning, which (i) validates the convergence of the training process, and (ii) shows the
generalization error also converges to 0. Moreover, by tracking U, l(t), Vl(t) (I =1,2,3)defined in (14),
we can see that they converge to our construction, and the true training dynamics also matches our
theoretical analysis, see Figure 7. For example, in the right top figure, we plot the curves of the four
entries of Us. Identical to our analysis (c.f. Appendix C.2.3), Us 90 = —Us 1,0, Us,0,1 = —Us 1,1,
Us 1,0 keeps increasing while Us o 1 first decreases and then increases.

20



17.5

—— Training Loss
— = TestLoss
15.0

12,5

10.0

Loss

15

5.0

25

0.0
0 1000 2000 3000 4000 5000 6000
Epoch

Figure 6: Training and test loss curves for forward reasoning.

U, Entries U, Entries Us Entries
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Figure 7: Training dynamics of selected entries of U;, V; forl = 1,2, 3.

B Construction Analysis

We first present the following lemma, which presents the existence of parameters for the desired
attention patterns.

Lemma 1. Given {u;}icin,] © R™, {v;}e[n,) © R™2, where uy, ..., un, are linearly indepen-
dent, and vy, . . ., vy, are linearly independent. Then for any fixed matrix A € RN1*Nz there exists
a matrix B € R™*™2 gych that

U;FB’UJ‘ = Aij, Vi e [N1]7] € [NQ]
Proof. We let
U= (ur,-oouny) €R™N Vs (v, oy, ) € R, (17)
and use ® to denote the Kronecker product. We have for any B € R™1*™2,
U'BV=A < (V' ®U")vec(B) = vec(A). (18)

Note that since uq, ..., uy, are linearly independent, vy, ..., vy, are linearly independent, we have
rank(U) = N; and rank(V') = N, which implies

rank(V' @ U") = rank(U Nrank(V ") = Ny N,.
Therefore, the linear system

(VI®UT) b= vec(A) (19)
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has a solution b € R ™2, (18) implies reshaping b to a matrix B € R™1*"™2 gives the desired
B. O

B.1 Proof of Theorem 1

When Assumption 1 holds, the existence of B satisfying (6) follows from Lemma 1. Letting o« — 400,
it follows that

softmax(AT BA) = I

converges to an identity matrix. By (4), we know that at the k-th reasoning step,

softmax (Y(k_l)TBa:(_kfl)) becomes a one-hot vector with the j-th entry being 1 if y(.kfl) =gk

and 0 otherwise (note that .I‘(kl_ D will appear exactly once in Y (*~1)), and thus the model will output

o) = (z (k=1)T (’C nT )7,
L

Y5
2*7Y with its parent x(k DT Thus by induction 6 = o(®) for all k € [m].

which is the embedding of the edge that connects the current node

B.2 Proof of Theorem 2

By Assumption 2, the existence of 6 satisfying (10) follows from Lemma 1.

For the forward reasoning task, there are 2m reasoning steps in total, where m represents the path
length. For any k € [2m], we let

N(k—l) — X(k—1)TBly£k1—1) + Y(k—l)TB2y£k1—1) + Z(k—l)TBBZ£k1—1)7 (202)
p=1) e x =0T oy By (k=DT oy (D) 4 7 (=0T o (71 (20b)
Let 1" (resp. 1" ~") denote the i-th entry of (=1 (resp. v*=1)). We also denote E(©)(:,) =

Erog(:,i) = (x Z,y:, 21 )T fori € [l + 2], where z; € R%, y; € R%, and z; € R%2, and [ stands for
the number of edges in the tree 7.

In the following, we will prove by induction that under the assumptions in Theorem 2, for any
k € [2m], we have

oF) = o®)asaq,ap — +00. (21)
Base case (k = 1). Without loss of generality, we can assume

.
EO(1:2d1,1) = (2] ,y])T = (a),)00 )

where a4 is the embedding of the goal node. We compute the attention pattern by checking the entries
in (20).

*i=1 Sincey, =ay = y( 1), 21 = sy, and z( 1) = Sp, by our construction (10), we have

Vk e [m]: Mgo) = B Y 1) + 1y, [ By 1) + 2 B3Z( ) = = (1+b9)ay, (22a)
VO = 2Ty + 4l Coy ) + 27 0521 = (1 = e3)as. (22b)
e 1 =2,3,...,1. We have

T; # ao, yl;ﬁy(l), and Zi = Sf,

where the second relation holds because each node embedding appears exactly once in Y(O)(:, 1 :
I+ 1). Thus we have

Vkel[m]: u\% =27 By +y, BQy( ) + 27 B32"% = by, (23a)
0 _
—1

VO = 2l iy + 4T Coy %) + 2] 052 = —cr0n, Vi=12,3,...,1. (23b)
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e ¢ =1+ 1. Since we have
( )( l+1) = (a07avTaS}r)T

where a, is the embedding of the root node, and a, # yg ). We deduce
:“z(+)1 =a) B y( 1) + aTBgy(_) + sTB 2 1) = (—a+bo)ay, (24a)
Vl(_?_)l = a, Cly 1+ aTng 1+ sf ng 0 = (1—c)as. (24b)
e ¢ =1+ 2. Since
EO1+2) = (#9750 29T) = (o] o]
we have
“1(2)2 =(—a+1-0b)ay, Vl(3)2 = (2+ ¢c)an. (25)

Combining the above relation, we see that

softmax(,u(o)) — e1, softmax(u(o)) — €jy2, asqy,Qg — +00. (26)

Therefore, by (9) we have

YR softmax (p(%) %9\
oW = [ x© — {ap) | £ 0o, asar, a0 — +o, 27
7). softmax (v(0)) 5p

i.e., (21) holds for k = 1.

Induction hypothesis. Suppose (21)istrue fork = 2,....,p — 1 (2 < p < 2m). Below we will
prove that (21) is also true for kK = p. By the induction hypothesis, the input at the p-th reasoning
step satisfies

Y(Pfl)
E®D = (B,007Y) 5 (B,00V) =E" V= [ 7PV | asar,a >+,  (28)
7(1’*1)

where X¥ 7V = Ee-U(1 : dy,:) e RAxCr) YU L Bo-U(g, 41 2dy,) €
R x(+p+1) and VAR E®=1(2d; + 1 : 2d; + dy,:) € RE2xU+P+1) - For notation sim-
plicity, we drop the superscript (p — 1) and let 2;, y;, and z; denote the i-th column of X ®~1),

Y P~V and Z(P~1), respectively, and let 7;, 7;, and Z; denote the i-th column of XDy,

and 2", respectively for all i € [l + p + 1]. We have
@ 9i,7) " = (] ,yl2))T, Vie[l+2], (292)
(i vl 2" — @ 9. 2)T asar,a0 > +o0, Vi=1+3,....0+p+1 (29b)
We also let y(f’fl) = Uiipi1s é(fl_l) ‘= Zi+p+1, and define
=1 = Y(P—l)TB —(p—l) V(P—l)TB —(p—l) 7(p_1)TBgf(fl_l), (30a)
=D = XTI o gD T o peml) | 7T o)), (30b)
We let n € [S] denote the node with embedding y(f’f 1), ie., y(f’f b _ Q-
Case 1: p € {2,...,m} (at Stage 1). In this case, we have f(_pfl) = Qg(n)s y(_pfl) = a,, and
E(_pf D _ sp, Where we define ¢(n) as the child of node n that’s on the path. Same as the backward

reasoning, without loss of generality, we can assume
-
T ,T\T _ (T T
(xlhyl ) - (ap(n)’an) .
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By a similar argument as the backward reasoning, we can compute that for any p € {2,...,m}, we
have

(1+b)ay, ifi=1, (1 —co)ag, ifi=1,
bgal, lfl=2,7l7 —C202, if’i=2,...,l,
ﬁ(p_l) _ (—a+ b2)ay, 1fz =1+1, and 7D _ (1 = e2)an, le =1+1,
v (—a—bo)ay, ifi=1+2, v (1+c)ag, ifi=1+2,
71)20[17 1fz=l+3,,l+p, Ca2Qg, 1fl=l+3,,l+p,
(1—b2)ay, ifi=101+p+1, (14 co)ag, ifi=I1+p+1,
(31)

which suggests

707_1) a —(p—1)
X(p_l) - softmax (ﬁ(p_l)) — ( " ) , Z 7Y softmax (P(p_l)) — S, asaq,qy — +00.

Gp(n)
(32)
Thus by (29) and the above relations, we have
y (-1 a
. (p—1) n
ow — [\ ) -sofimax(uH) ) (amn)) ©o®), asar,ay >+ (33)

Z®=1) . softmax (V(”_l)) Sp

Case 2: p = m + 1 (at the turning point). In this case n = n,., where n,. is the root node, and we

have f(fl_ D _ Ae(n,)s y(f’l‘ b _ Gn,., and E(fl_ b _ sp, where we define c¢(n,.) as the child of node
n, that’s on the path. Then analogous to the above argument, we can compute that
bQOq, ifi e [l] —C20t2, ifi e [l]
(—a+1+bo)oy, ifi=10+1, (2—co)ag, ifi=1+1,
P = (—a— b)), ifi=1+2, and 7PV = (14 cp)an, ifi=1+2,
—bQOél, ifi:l+3,...,l+p, Ca0l2, ifi:l+3,...,l+p,
(1—()2)0&1, ifi=0+p+1, (1+Cg)0[2, ifi=0+p+ 1
(34
Recall that we require a € (0,1], by < a/2 and ¢o < 1/2, which guarantees that
Hpppi1 > Vi#El+p+1, and D1 >0, Vi#El+1, (35)
and thus
3 (p—1)
Y T Qn, AR pr—1)
(X(pl)> - softmax (u ) — Aein, ) Z - softmax (u ) — Sf, asaqp,qp — +00.
(36)
Thus by (29) and the above relations, we have
y (-1 a
. (p—1) n,
o) = X®-1 softmanx ) - (ac(nr)> = o), asay,az — +oo. 37)
Z®=1) . softmax (1/(1’*1)) sf
. _(p—1 —_(p—1
Case3: pe {m+2,...,2m} (at Stage 2). In this case, by (8), we have x(fl ) = Ap(n)» y(fl ) = G,
and E(fl_l) = sy, and flT+3+2m7p = acT(n), §;+3+2m7p =a,, ElT+3+2m7p = s, . Then by a similar
argument as the backward reasoning, we can compute that for any p € {m + 2, ...,2m}, we have
(1—=b1)aq, ife =1,
—bloq, ifi:2,...,l,

(—a—bl)al, ifi:l+1,
(1) _ (—a+b)aq, ifi=1+2,

¢ biay, ifi=01+3,....,0+m+2,i#1+3+2m—p, (38)
(1+b1)a, ifi=10+342m—p,
—b1aq, ifi=0l+4+2m—p,....l +p,

(1—[)1)&1, 1f2=l+p+17
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Figure 8: An illustration of the node ordering of a perfect binary tree with depth m = 3.

(1+cl)a2, ifi =1,
C1Q, ifi:2,...,l,
(1—|—cl)a2, le:Z'|-:|.7
—(p—1) _ (1 - 61)042, ifi =1 + 2,

\ . 39
Vi —cyam, ifi=1+3,...,l+m+2,i#1+3+2m—p, 39
(1—61)0{27 1fz=l+3+2m—p,
—ci1am, ifi=0l+4+2m—p,....l +p,

(1 +c1)ag, ifi=I0l+p+1.
This indicates

?(P—l) a —(p-1)
<D - softmax (ﬁ(p_l)) — (a (")) , Z - softmax (P(p_l)) — S¢, as i,y — +00.
c(n

(40)

Thus by (29) and the above relations, we have
y (p—1)
oP) — X (1)
Z®=1) . softmax (v(P~1)

. (p—1) An
softmax (p ) N (ac(n)> ® o) asay,as — +0o0. 41)

sf
C Convergence Analysis

We use a multi-phase analysis to track the training dynamics of both backward reasoning and forward
reasoning tasks, where the details can be found below.

Tree node ordering. We let N := 2™+! — 1 denote the number of nodes in the tree 7 ~ Pyain,
and let nq, na, - - -, ny denote the nodes in the tree 7. In particular, we let n; denote the root node,
and for each i € [2™ — 1], we let ny; and no; 1 denote the left child and right child of node n;,
respectively. For ¢ € [N], we let s(n;) to denote the sibling node of n;. Without loss of generality,
we assume the goal node is nom, and the sibling of node ng; is ng;11 for i € [2™ — 1], and thus the
path from the root node to the goal node is

Ny — Ny — Ny — -+ — Nom. (42)
See Figure 8 for an illustration of our ordering.

Let (%) == o) (1 : dy), y®) = 0¥ (dy +1: 2dy), 2 == 6®) (1 : dy), g*) == 6F) (dy +1: 2d,).
Under this ordering, we have

¥ _a,

(43)

om—Fk *

(k)

Throughout, let n] denote the node index of the embedding x(fl_ b,

C.1 Proof of Theorem 3

We assume Assumption 3 and Assumption 4 hold throughout the proof.
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Loss simplification and gradient computation. We first simplify the training loss and compute the
gradients needed for the proof, where we drop the dependency with the parameter § = { B} whenever
it is clear from the context. Define

1 2 1 |12
A:(Ek) = i]ET"Ptrain ‘T(k) - x(k) H2 ’ AZ(Jk) = i]ET"’Plrain y(k) - y(k) H2 ° (44)
It follows that
k=1
Define Hy ; = O forall j € {0,1,...,S5},
H := A"BA, (46)
and dz(%) | 5y(*) ¢ RISTDX(S+1) pe as follows:
FIN oA
buyl) o= oyt = 2V i =01, 5. @7)

6Hij ’ i aHij ’

s s

Given a tree T, we let Ni(k) = Ni(k) (T) denote the number of times embedding a; appears in

the columns of Y(®)_ for all i = 0,1,--- ,S. We define the attention matrix o'*) = o™ (T) e
RS+ *(S+1) g5 follows:
N_(kfl) TB )
Vkelm]: o) = T (k_ef;p(“l Taj) . Vi, j=0,1,---,8. (48)
Do N, exp(a; Ba;)
For any 4, j € [S], if s(j) does not exist, we let O‘il&)‘)_i = 0. Assumption 3 and Assummption 4 allow
us to simplify the training loss, as in Lemma 2, whose proof is deferred to Appendix C.1.2.

Lemma 2 (Loss simplification). Under Assumption 3, Assumption 4, we have for all k € [m],

1 1 ? ’
3R (g B, (o) o)
L (49a)

1 ) 2
k)_QjEZ[S]E 1{72@2—]}( Z (Ozl(?) —|—(1 g{?) ) , (49b)

le[SI\{5}

where n( ) denotes the node index of the embedding sc(k b,

The following lemma computes the gradients 6z(*) and §y*), whose proof is also deferred to
Appendix C.1.3.

Lemma 3 (Gradient computation). Under Assumption 3, Assumption 4, we have for all k € [m],
gzl =0, dyst) = 0 forall j = {0,1,..., S}, and

. 1
vjels]: 6 ;@_SE[(ag@) oln (kg_J}
S

(b o) o

=]
nl}

E (1 — a(,k.) — a(k) ) a(k) (kl) = j] (50a)

e
L )
25(5-1) Pe[SI\(7.5(),

JiJ 5(4)3 J»J

s(g 'L,]

1

S

. . 1
Vi e [S\{j} : 5955? = _EE (a(()]fj)) a( )‘ (1) =j:|

1

S

E »(1 — ol — a(’;))’j) k) ( (k )+a§<])”> ‘n(’? _j]
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S—3 2
_25(5—1)E[ 2 ( (k)+ag(1)7)u) afy

pe[S]
pé¢{i,s(3),m1}

1 .
JE (1=l = o)) a®n® = 5 s) =

S(S-1)
S—3 (k) (k) (k) (k) .
R [( N O‘e(‘m) a;jn=y =gyt ¢ {s(), m}] , (50b)

and

: N O (k) *))? *))?
VielS]: dyj; =—<E|a;; ( (O‘p,j) + (1 - %‘,j) )
e[SI\{s}

: . k 1 k )2 k) (k
vielshGY: o - 5B [l X (o) - (1-al) o)~ )|n
pe[SI\{7}

n® =i, Gla

(k)

(51b)

Here, n( ) denotes the node index of the embedding :c(k b,

We’ll repeatedly use the gradient inequality given in the following lemma, whose proof is provided in
Appendix C.1.4.

Lemma 4 (Key gradient inequality). Under Assumption 3, Assumption 4, we have for all k € [m],

(k) ! (k) (k) (k) — < k) (k) L ®\],® _
ox +6y2 /SIE[<1—04“ —as(j)’j)oz’j (N—la” ?,;‘?\)%j}ap’j_N—lao’j)’n_l =)

1 k k k k k .
+5El( o)) §J’<§,f max af) | %) = j, (52)

p#J

(k)

where n_| denotes the node index of the embedding x(k b,

C.1.1 Proof outline
Letting H®) := AT B®) A, by the update rule (12), we have

1D =H" nz(éx”)Jréy(tk), Vi,j=0,1,---,5, (53

2,9

where (%) y(tR) Z(6k) 565 denote the value of (%), y(®) 2(F) 5(*)  respectively. Further, let

agf]k) be the value of a( )

terms of H 1( j)

at the ¢-th iteration when replacing B by B(*), which can be written in

N(k_l) exp(H,"
Vkelm]: ol = p( )(t)
’ Zl oV eXp(H )
satisfying ), a(t’k) = 1. Note that by symmetry, we have for any j € [S], H;’ (¢ ) are equal for all
e [S]\{s}, and H( ) are equal for all j € [S].

In what follows, we divide the training dynamics of H(*) into two phases to prove the convergence of
the backward reasoning task. We show there exists 77 = O (m—n) and 1o, = T7 + O ( ) such
that

* AtPhaseI(t = {0,1, -+ ,T1}): the diagonal elements H (¢ ) are strictly increasing for all j € [S],
and the off-diagonal elements

log N
H
7555

forall i e [S]\{j}.
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o AtPhase Il (t = {T1 + 1,--- ,T5}): the diagonal elements H J(tj) keep strictly increasing, and the

off-diagonal elements H i(fj) are strictly decreasing, and satisfy

(®
_Hi HY < log N
s SHa SN

» After Phase Il (¢t > 15 + 1): H ](t]) (resp. Hi(fj)) keeps increasing (resp. decreasing), and
(t) m
1}z ls ().
and the training loss Lyain(6)) < e.

Training dynamics of Phase I. Let 77 € N U {+0} be the number of iterations of Phase I, defined

as
) ~t) _ 1
T, :=max<teN:q <§ , (54)
where
(t)
exp(H
&l = I<)t(> L OIS (55)
(N —1)exp(Hy ;) +exp(Hy ) + 1
which satisfies
ot =6 vjels). (56)
In the following, we show by induction the following claim holds for all ¢t € [T} — 1]:
Induction Hypothesis I: Vie {0} U [S],je[S],i=j: HY >0 H"Y< 9 g
yp © Vie{0}u[S],je[S]i#y: ii =Y i S N 19
(57)

We start with the base case when ¢ = 0. Since H; ; = 0 for all 4, j, (57) holds true trivially. We next
assume (57) holds up to time ¢. We’ll make use of the following lemma, whose proof is postponed to
Appendix C.1.5.

Lemma 5 (Gradient proportions at Phase I). Under Assumption 3, Assumption 4, Induction Hypothe-
sis I (57), we have for all k € [m],

9
—5a{th) — gyt < ~— (—593(.'?’“) _ 5y<fz’“)) . (58)

2,] ) J5J

We now establish (57) holds for ¢ + 1. From the expression of 6x§f}k> and 6y§f3k) (c.f. (50a) and
(t,k) LR
JJ

(51a)), we can see that H; =™ is increasing, and thus > 0. Moreover, By Lemma 5 and
(53), we have

(t+1) (t) - (t,k) (t,k)
H; ;7" =H;;—n (Z (5%,]' + 0y, ; ))
k=1

0 9 O (< () | s (L) 9 i)
< N_1HM‘N_1”<Z (02l + ay5) | = = HY 69
k=1

where the first inequality follows from the induction hypothesis (57). Therefore, (57) holds for ¢ + 1,
and the induction is complete.

The following lemma guarantees that Phase I terminates within 77 = O (%) iterations, see

Appendix C.1.6 for the proof.
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Lemma 6 (Upper bound of T%). Under Assumption 3, Assumption 4, we have

6S(N N+1
Ty < M log <+> ) (60)
mn 2
In addition, we have
N+1
H) < 310g< . ) : 61)
The above lemma, together with (57), implies that for all 7 € [S]\{j},
1
vie{0,1,.... 11} HY < log(N) (62)

JN N

Finally, we give a lower bound on H l(t]) in the following lemma, whose proof is postponed to
Appendix C.1.7.

Lemma 7 (Lower bound on H; ) )+ Under Assumption 3, Assumption 4, we have

19
vte{0,1,....Th}: HY > —ﬁH;f;. (63)
Combining (61) and Lemma 7, we have
log(N
vie{0,1,...,T}: —HY < Ogé ). (64)

Training dynamics of Phase II. Let 75 € N U {+00} be the number of iterations of Phase II, defined
as

Ty :—max{teN:a<f><1— 6}, (65)
2m

where
exp(H{1)
(N +m = 2) exp(Hy ) + exp(H|']) + 1

a® = (66)

Note that by definition (48) and symmetry, we have

()
exp(H 1) .
af = (t)Ll 70 >at 67
(N +k—2) exp(HQJ) + exp( 1,1) +1
forall j € [S] and k € [m]. Since € € (0, 1], we have Tp > T3.
We’ll show by induction the following claim holds for all ¢ € {T} + 1,...,T5}:
. .. . . . . (t k) (t,k) €
Induction Hypothesis Il: Vie{0}ul[S],je[S],i#j: - 2 ( + 9y, ) e
(68a)
= (6 BF) 4 oy tk)) <0.
k=1
(68b)

We start with the base case when ¢ = T} + 1. By the definition of 77, we have a(TIH D % for all

j € [S]. For any j € [S], when nt 1) = j, we have

~ 1 Co . . 1
oz%”l’l) = &Mt » 3 which implies Vi € [S\{j} : a(?ﬂ k) < ¥ 1
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for all k € [m], where we use the fact that Ni(k) < 2 for any 4, and

(T +1k) 5 N -1 11 69
Jod N+m-2 273 ©9)

where we use the fact that
(t,k)

s N —1)ex ( + ex H(t)—|—1 N -1
Ve N : Zjl) ( ) exp(H. 2, it) p( 171)(15) > - . (70)
3,4 (N +m —2)exp(Hy, 1)+exp(H171)+1 tm—2
Since Hj(tj) =>0= Hé j), we also have
(T1+1 k}) 1
Qp,j
<1, Vke[m]
NOEE k) (T1+1) ) )
@ ]1 EXP(Hj,jl )
Thus we have
N =2 (r41,p) Q(TiHLE) 1 (myiey  N—2 1 1 1 1
— ’ [ e 27.7_7_7.7>07
N — 1% sy i T N =170 N-13 N—-1 N—-1 2
(T1+1,k) (T1+1,k)
3> qnax =0
P#J
(71)
By Lemma 4 and the above relations, we have (68b) holds fort = T} + 1.
Moreover, since §I(T71+1 R < < 0, we have
- T 4+1,k Ty 41,k T 11@(5'”1 Ti+1,m Ti+1,m)\ 2 | (k | 65
Z ( ( 1+ ) 6yj(]1+ )) > 5y§;+ ) SE [a; jﬁ ) (1 — a;-leJr )) ‘n(_l) = ] >
(72)

Thus we have (68a) holds for ¢t = T3 + 1.

We now continue with the induction, by assuming (68) holds for all iterations up to ¢ > 77 + 1 and
all j € [S],7€{0,1,...,S},i # j, and aim to establish it continues to hold at iteration ¢ + 1. By

the induction hypothesis, we have H; @ (¢ # j) decreases after iteration T} + 1 while H; () ; keeps

(t,%)

increasing. Thus we have o monotomcally increases after iteration 77 + 1, and a(t k) @ #7)

J)J
monotonically decreases after iteration 77 + 1. Therefore, by (71), we have

N — 2@(@1,@ ax atLR) 1 NGty

N -1 pels\G) P N -1
N =2 (r,41,p) (Ty+1,k) 1 (m+1k)

> —— "o s s - . s > 07
N — 1O‘J,J per[g?\)%]} p,j N—1 0J
gt;-lk) . OIEfLXS a(tjl k) > a§7;1+1 k) 021;% Oé(i;-&-l,k) >0
P#Jj P#J

for all k € [m]. This suggests that (68b) hold at iteration ¢ + 1.
Moreover, similar to (72), we have

- (t41,k) (t+1,k) (t+1,k) Gl 1 (t+1,m) (t+1,m)\? _ | e
Z (_5%3' —0y;; )2_5% > §E . (1_0‘1»3' ) ‘n* I Z dms

(73)

Thus we have (68a) holds at iteration ¢ + 1. The induction is complete.

Similar as Lemma 7, we give a lower bound on H; (¢ )

proof.

after iteration 71, see Appendix C.1.8 for its
Lemma 8. Foranyi,j € [S], i # j, we have

T+l - (HY - HG) < (H“) HTY.

] ) )
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Combining (64) and Lemma 8, we have
log(N

. (1) 4 o
VizTy+1: —H; gﬁHm +O~T, (74)

~—

where C is an absolute constant.

The next lemma states that the duration of Phase II, 75 — 77, is bounded by 14) (%f) . The proof is
deferred to Appendix C.1.9.

Lemma 9. We have
12ms 2
Ty T < -2 log((N—l—m—l)( m—l)). (75)
ne €

After Phase II. By (50a) and (51a) we know that H j(tj) is strictly increasing after iteration 75. Also,

we can easily see that (68b) holds after iteration 7%, which guarantees H, z(tj) (1 € [SI\{4}) is strictly
decreasing after iteration 75. The following lemma guarantees that the training loss is less than € after

iteration 7%, and gives a lower bound on H ](tj) after iteration 75; see Appendix C.1.10 for its proof.

Lemma 10. After t > T, the training loss Liyain(6Y)) < e. Moreover, for any j € [S], we have

2
Vt>Ty: H) >log <4 [Em 1) . (76)
? €

For notation simplicity, we let n_; = nﬂ? . For any k € [m], let (note that nam is the goal node)

C.1.2 Proof of Lemma 2

(k) . a'SLk;)im71 + asblz)'i+17n—17 ifie [2m - 1]’
agoa if¢ =2™.
We then have
1 2’!’L 2
k
A;k) = 5 Z wz( )ani T Onymoka
1=1 2
1 2 k k
=CEl Y @)+ (1wl )
ipame 1
1 2m_1 (k)
k k k k
B §E Z (O‘?(zz)i,nq + aglz)i+1m—1)2 + (1 o a%f)lanfl - a;s)(nfl)’nfl)2 + (ao’n’l)Z
=1,
| i¢27n7k'71

1 N (k) ) 2 k) _ (B) N2 (R)y2

3 2 E|1{n =3} 3 2 (@F o) )P+ (=aff —ai) )7+ (ag)])
sels] ey g0}

which gives (49a), where the second equality follows from our assumption that {a; };c[s] are orthonor-

mal, and in the third equality we use the fact that nym—r—1 is the parent of n_;. Similarly,

N 2

1
A — E]E Z o g, —ay,

Yy ni,n—1 M
i=1

2

1 . k k
2 2 B[ Mna=db | 3 (el + (- afy?
jels] <
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C.1.3 Proof of Lemma 3

For notation simplicity, we letn_; = nﬂ? .

Computation of 5z(*). The fact that 69:8{? = (0 follows from our assumption that ag = 0. Below we
consider the case when j € [S]. By the chain rule, we have

k s k (k)
o) = ol _ oA oy (78)
6H” =0 aaz(fj) 6Hi’j
We compute the terms in the summand separately.
* When p = j, by (49a), we have
oA 1 . X
71;:7—1[3[1704(»-) a®) ‘n_1=j]. (79)
(k) 753 s(j),j
da,, S
* When p € [S]\{j}, by (49a), we have

. . k k k k k
—E[n{nl—y,sm—p}( > (agy) +alf) )+ (1 =af) —alf)” + (ag))” )1
le[S]
lg{ny,j,1}

(k) , (k) (k) (k) 2
D (g +agy )P+ (1 -af - a4+ (@
le[S
l$("1,[j,]5(j)}

1 ) 1 k k k k
+ 21[5[]1 {n_1=7j,n =p} (5 Z (ozl( J) + ai(l)) J)z (1- a; ]) - ag(j).)’j)2 + (aé7})2)],
(e}

1 o 1
+ 21[*][]1 {n_1 =4,s(4) # p,n1 # p} (5

from which we can compute that when p € [ST\{;},

YN 1 P o
o)~ S(5 - " [1-af - O‘m‘)”—l = J:5(3) =]
5-3 k) (k)
+ g e + allyfno = dsl) # pom £ ). (50

* When p = 0, we have

aA(zk) 1 (k)
- E [a A‘n_l :j]. (81)
Bozgfj)» S 07
In addition, by (48), we have for all ,j € {0,1,..., S5},
o (’J) ( T . (k) (82)
5 = % :E aljala,

which gives

aa(k) a(k) (1 — a(-k-)) , Wwhenp=i,q=7,

) 4] i,j
3 k . .
aH,, ~ | —oialt, whenpe[S\{i},q = (83)
0, otherwise.
Plugging (83) into (78), we have
S (k) k)
(k) _ 0Az ®) ) , OAL o) (k)

0z ; —El 2 PG (* i %u‘) HPNCE (1 7J> (84)

o Ap,j i,
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By (84), (79), (80) and (81), we can compute that

ool = = = (o) ofoor
55 3 Lol el elipes 50 =]
~5E-7 Z[] E[ (03] + o) s |nos = 3.56G) # b # )
- [(1-al — o)) ol (1= o) o = ). (85)

Note that the second term can be simplified as follows:

1
S(S—1) Z[;]EKI afl) = 0‘;])> afag)n-1 = j,s (J)Ip]
p#J

_ 1 (k) (k) (k) (k) _
= EE [(1 - — as(j)’j) oo (J)’j’n,l = ]] , (86)

and we can rewrite the third term in (85) as

Z ]E[( (k)+ai<fm) olaln_y = j,s(j) # p.m #p]
pe[S]

_ ZH E[(al) +a(f) ;) alalnos = 4.50) ¢ (b)) m ¢ . 5)}]
- E;ﬂ E[(af) +alf)),) alal|n_y = j.s(i) & {p.5(0)}m1 ¢ {p,5(0)}
25( :i]E[(a(’“) o) ) alall) ny = 3.s() ¢ (b, 50)}ma ¢ (. s(p)}]
i
- _25‘?5__31) Z[;] E [(a;’“j oll) J)Qa(’“) 1 =,5(7) ¢ {p.s(p)} ¢ {p,S(p)}]
g e
gt B (W el) 1—4

pe{i,s(3)mn1}

where the second equality follows from the symmetry of the tree structure (a node p and its sibling
s(p) are symmetric). Thus we can rewrite (85) as

k 1 .
5335-’].):51[*][(04(()]) () —123]

S-3 (k) (k) (k)
T 25(5 - 1)E[ 2 ( ta (P)x]) ¥ |"

]

pe[S]
p¢{j,s(3),mn1}
1 B _ 0\ W .
e (1—%] a(j)J) O‘j,j‘”—lzﬂ ; (88)

which gives (50a).
Similarly, for i € [S]\{j}, we have

Mg?:_;E[(ag@) agg\n_l:j]+;E[(1_a;g>_ag'g;)d) oMoy = 5]

33



1 (k) OAWNOMNE _
+m Z\:{m}E[( PJ) i Qpj (=1 = J, s(j) = p]

- SES:S‘—?)l) 2, E [( n * O‘gl(cz)m) O‘Eﬁ)ag‘"—l =7, s(j) # p,m # p]

pel ST (i5)
_ ﬁx@: [(1-a) - ) a® (1= ) ns = 4:56) = 1]
= [ (el + o)) @il (1= al) [y = dos() # im ]

——;Ek é@) s =]+ [ (1ol - o) faons -]

s 2 El(-o o) ool _1:]-,5@:4

e[S1\(7}

_ S pe ST [( (k )—&—OAE(I)?)J) ij Qp =1 =7,5(7) #p,m ;ép]
[(1 o) — o) aWlns = 4,0 = i

+S(S:g_31)E[< 5 +alh) ol i = dis() # o # ] (89)

Similar as in (86), we can simplify the third term in (89) as

1
se-n o E[(1-al -a)ae?

noi = j.s() = p|

pe[SI\{j}
1 OB ONSNONC ,
=gt [(1 Qi T A, g) Q55 Xy, J‘n 1= J] ; (90)
and similar to (87) we can rewrite the fourth term in (89) as

2 E[( U(?-) )ag"ja;]))n 1=J,8(4) #p,m #p]
)

__ 53 w . w N\ W]

B _25(51)]E[ Z[S:] ( i T %) ) Qi |n-1=17 1)

pe

p¢{i,s(3),mn1}

Substituting (90) and (91) into (89) and reorganizing the terms, we have

ol =R (o))" ol et 5]+ B[ (1= ol ) (o + 0, ) o =
meone X (o) e

p¢{i,s(3),mn1}
1 (k) ®)\ (k) . .
_S(Sfl)]E[(l_a“ ”) ; n,lzj,s(j)zz]
S5-3 o 4 a® N oWl .
+ S(S—I)E[( T3, )ai,j )n,l —J,Z¢{5(])7n1}]- (92)
This gives (50b).

Computation of §y(*), The fact that 63/(()’3) = 0 follows from our assumption that ag = 0, below we
consider the case when j € [S]. By the chain rule, we have

500 08P [ aal 0yl
yz,g . aHij =) aa(k) aH

)
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S (k) (k)

3 Ay 1y ) . 0Ay o) (k)

VB 3 Sy (i) + Sl (1- 1) | &)
p2e Ypi bJ

By (49b), we have
(k) _
AA ) f%E [1 o |n_q = ]] , ifp=j,
Y _ k . . .
2~ SE|apln_y = J] : if p € [S]\{4}, 94)

’ 0, if p=0.
Plugging (94) into (93), we have

1 2 ) 1 .
05 =5 X E[(agﬂ)) 0‘5‘{3‘)‘”—1:4_5[‘3[(1_“5;) el ‘123]
pe[S\{5}

SgE (X () (1 al))

pe[SI\{7}

no1=7jl, 95)

which gives (51a).
For i € [S]\{j}, we have

1 1 .
=5 3 E[(of) o =]+ g [l (o (1-aff) + (o)) o -

pe[SI\{s}
1 By (k) (K .
+ EE [(1 — ozg ]))0%( ])a§ ])‘n 1= ]]
Lol o® (k) k) B _ o0 ,
_gE i,j < 2 ( PJ) (1 - aj,j) Qjg Qg -1 =T (96)
pe[SI\{5}

which gives (51b).

C.1.4 Proof of Lemma 4

For notation simplicity, we let n_; = n(fl) By (50b), for all j € [S] and i € [S]\{j}.
k 1 ) 2
o) + g [(04(();)) o 3)‘ = J]
= (B) _ %) ONNONING ,
- gE [(1 Y. (J),J) i, ( RN ) ’"—1 = J]

S—3 .
‘25(5—1)E[ (ol ralfy,) ol 1_‘7]

pe[S]
*5(51—1)E[(1*a§kﬂ) o) alfln-1 =4.50) = i

p#{5,s(5)m1}
* Sy (o +alh,) ol iy = (s().m)]

S(5 1)
L B _ 0 ) ) (o) () I
> s (1 -l =) el () + ) [ =50 = ]
@
S—2 B 0B Y a®a®l i)
D [(1-aff) = alf) @il agns = sti) # 4]
52 B _ 0 ) ) () |
gL (1- el o) elfalf s = dis() # 1]
(®)
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S-3 ") . () (k)
_QS(S—l)]E[ 5 (o vall),) olf

n1—j]

pe[S]
pE(Gs(Drn1}
1 0N |
75‘(5'7—1)E [(1 ol - z(‘,j)> ofn_y = j,s(j) = Z] : (97)
(c)

Note that (a) and (c) add up to the following:

(a) + (c) = S(S;—l)IE [(1 —ag) — ai@m) apl) (ay? + ai@m) ’"‘1 =5sld) = Z]
—ﬁE[(l—aﬁ? s'z>> ! w—fl

_ﬁE [(1 —a k (k) ’j)Q S(ﬁj‘n 1= j:| (98)

We could also rewrite (b) as follows:

S—=2 7 (k) (k) (k) (k) - ,
) =5E-n" 7(1 G as(g‘m) i3 ¥s(3).9 ’”—1 A S(J)]
_ 1 NONING) (k) (k) _
T S(S- 1)E (1 g O‘S(j),j) > Y. Ys(3).d ‘n 1=J
i pelSI\Gs ()}
_ 1 [ ® k) N\ k) (k) _
- S(S—l)E (17(1]}.7' 6])]) aﬂas(])]‘n 1=

1 NOBINC (k) (k) _ g
*S(S—l)E[(l %5 ozs@),j) 9 ¥s(5).4 ‘”—1‘]]

__ 1 | B ) )28 ]
S (1 ~ Y _O‘smu‘) O‘sun‘” 1=J
1 5-1 k) B\ ) kD) S ;
TSE-yN-1” [(1- g —al0);) b N = 1Jalf) ffnr =
1 i B B\ W _
Z 56— 1)]E (1 B —as(j),j) “sma‘" 1=
= (@)~ () by 09)
1 k) _ 0 DNOIS
G (1= —alf);) atall | =] ©9)
where the second line follows from the symmetry of the training distribution, and the last inequality
uses the fact that a( ]1{N (k=1) 1}a§]8.) ;- This is because by symmetry we have Hy(;) ; =

H; ;, and NS(Z) R 1 because s(;j) is not on the path.
Plugging (98) and (99) into (97), we have

1 ) .
5x§? + EE [(aé;) OzEkJ) n_y = ]] ]E [(1 k. (k)) ) ozgkj)ozg J) n_1=j5s(j) # z]
(k) a® Do By o —
[( Y@ )%a Yi J]
(k) (k) (k) _
el
peE

p¢{j,s(d)m1}

1 B) 0 ) o®g® ,
- EE [(1 ~ Y _as(j),j) @5 Qg ‘n—l = J]

(d)
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1 ®) (k) 8 (k) o
7mE [(1 % OZS(J')J’) 15 Qg (-1 =3, 8(4) = Z]
()

1
-~ E [(1 N ORINC! ) a®a®ln | — j]

S(N—-1) 3, 5(3).5) 70,3 s
(f)
1 IO RSN .
_QSEl ZS ( +o¢s(p) ) a; iin_1 =7].
Pé{j]-,f([j)]mﬂ B
(9)
(100)
Following the same logic as in the proof of (99), we have that (e) can be expressed as
= 1 (k) (k) (k) k) B
(€)= _mE [(1 YT as(j)vj) 5(7), %5 |1 J]
1 5 _ o Yol ) .
= —mﬂi [(1 S as(j),j) g ]l{N > 1aj ) In_y = j]
1 (k) (k) (k) (k) .
Z—WE[(I—%] _as(ﬂ)d) Xij Yyg |1 =J]- (101)
Thus we have
(d) + (e) = &E 1—a® _q® ) ok ,% . (102)
= S(N—-1) Qg T X)) Yig Y|t T
Furthermore, (g) can be bounded as follows:
1 (k) *) () () .
(9) = —gE [per[%?\)%”aw (1 T 5(3),3) a; fln-1=7j|, (103)

which gives

1 (k) L (k) (k) (k) (k) ,
() +(9) > _SEer’%?\}%}%J Fyios ) (- g —all) ;) el =] a0s

Substituting (102) and (104) into (100), we have
g, 1 k k .
51‘1(.’3.) + EE [(aé’;) Z(]) n_q = j:|

> %E [(1- o) =) ;) el =]

1 (k) L (k) (k) (k) :
En [(per[%?\}?j}%’j IS (1 - afy —alf),) alfn-1 =4

_ 1 k) (k) k) (N=2 k) (k) L _
= gE [(1 —a;; —as(j)d) G\ N 1% per[%?\}ij}ap’j TN 1%, ‘nq =7

(105)

By (51b) we have that

1 ,
0~ 5[ ()" o =]

—-gB el B (o) - (1-af)all -af) o

pe[SI\{5}

WEN T

Lol ® (k) (k) (k) ,
ZigE i Z ( zw) (1 O‘JJ)O‘M n-1=1J
0<p<S

P#J
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1 RONNON NG (k)
> E;HE [ <:1 5.4 ) Xg Jggﬁigé Op,j

P#J

n_q= j} . (106)
We have (52) follows from adding (105) and (106).

C.1.5 Proof of Lemma 5

Recall in Assumption 3 we require m > 3, which implies N > 15 and (57) in turn implies
H(t) H(]) In addition, when n(k) j, we have N(lj < 2,and N;Z_l) = 1. Thus the above

K3

facts together with the definition of « (c.f. (48)) lead to:

atk) 5 Lok

ajj = 5%, VO<i<S i+, (107)
and
vteN,pe [S\}:al® < 2exp(H, )
D Y NEF D exp(HM) + 1
_ 2exp(H( ))
eXp(HJ(-J?) +(N—-1) eXp(Hzgf;)
2 67 2

< < =, (108)
exp(H) ~H)+ N—-1 N

where the second line follows from the symmetry of our training distribution (i.e., H; ;’s are equal

for any i € [S]\{j}). Thus by our choice of T} (see (54)) and the fact that a(t M < aéfj’»l) for any
k € [m], we have whenn_; = j:

(k) o 1 wh) _ k) L2 1

Vt e [T]_] l—O(JJ = 5, and 1—OKJJ as(j),j = §_N > g, (109)

and
(t.k) (tk) 10D 1 MDA
Qjj T gmax o > 9 Juax ap,; > N (110)
P#J p#J

Similarly, we have
L _ QQ(‘t’lk) max a(t k) _ ! a(t’-k) (127) 7]\[ —2 — max a(t k) _ 71
N—177  pefsiy »7 N—-1% 7 \2(N-1) e[Sy 7 2(N —1)

ag (N -2 2 I
~ \2(V-1) N 2(N-1) 2(N-1)

(111)
where in the first inequality we also use the fact that a(t k) < 2, since by (57) we have aét Jk) < a;f}k).
Therefore, we have
1 k) (k) (k) [ k) N+1 (t.k) .
gE [(1 % as(j),j) Y\ Ya T N1 02 Y ‘”*1 =J
p¢{j}
ai 3 (t.) (t0)] .
= 72S(N—1)E[<170‘ *O‘sm,y)o‘ j ]
(109) 9 (t B _ (t ®\?
> -— - R (1 ) ’
25(N — 1) [ %) o =
(107) 9 (t k) _ k) \? B, <5°4> (t k)
= ~S(N - 1)]E [(1 Y OL?(])J) @5 5 : (112)

Analogously, we have

1 .
2 (1) ol (o g ol ) s ]

p#J
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RIS N RN (FONPN (D) ;

> —gyB[(1-af?) alffns =]

(109) 2 [ (t k) (t.k) .

> 5| (-l ) el =

(107) 4 [ 2 (51a) 9

2o | (1= alt) el =] B -l 113)

Combining the above two inequalities with (52), we have the desired bound

(t,k) (t,k) 9 (,k) (t,k)
5:1:1.7.7- + 5%‘7]‘ > ~_1 (517]47]» + Jym ) .

C.1.6 Proof of Lemma 6
By (50a) and (51a), we have

2
Viels]: —oal) — gyl > oyt > E[ (t.k) <l—a(.t’.k)) )n_l—j]. (114)

Besides, when n(_kl) = j, we have N;};—*l) =1, and

ex H(t)) ex ( 1— 2 H(t)>
Vt<TijelS]: a%k) _ pk<1m : (527) p(( (1]3_1;73 115)
20<i<s Ni( - )eXP <Hz(])) 2o<i<s Vi
which indicates
VLT —— <™ <L yics),
N+m 75 2’
(t,k)

where we use the fact that o

" are equal for any j € [S] due to the symmetry of our training
distribution. By (114) we have

1 N+m—1\? 1
g gy R S > 116
e Yig S(N +m) N+m 25(N +m) (116)
(115) also implies that
1 N+1
vt < Ty : H;t}<1710g((N+1) “1)) <310g< ; ) (117)
~ N-1

The above two expressions together with (53) imply that

mmn N +1
™7 <3 ,
2S(N +m) " °g< 2 )

which gives the desired result.

C.1.7 Proof of Lemma 7

For notation simplicity, we letn_; = n( ) . By (50b), we know that

52t < Ly [(1 ENCORINC) ) QR ( 0 | o) ) ‘n_l _ j]

i S g 75 s().d) Qg \ Y 5(4).d
(a)
S-3 () | (6k) ) (t.k) . .
+mE[( + o ()J) o; 7 in_ :],ze}é{s(]),nl}]. (118)
(b)
By symmetry and the fact that Ni(kfl) < 2forall i € [S], we have
9 (1 _ otk _ (R )
(t,k) (k—1) J5J s(5).3 (t,k) (t,k)
a0 <1 {Ni > 1} N3 and Oy <aj;



since Ns(fj;l) = 1. Thus we have
- RN B BN (s R B AN (S BN (YO I N (D) .
(@) < S(N —2) i = T Y% T %G)g) Ya |1
4N —1) k) (tk) \2 (tk) .
SSE-nw -9 [<1 - afy? - al,) el =) (119)

Similarly, we have

3(17 (k) _ (ttk)‘)
%5 Ys(5).j and al(t,‘k)

(tF)
N -2 g '

<
= QO‘M

QbR R {Ni(’“‘l) > 1}

Y] s(i),j =

Further, by (109) we have when ¢ < T7,

2
5 N

~
N =

1—a®® _ 4, (7( _
s(9),
Thus we have

b) < 5 125 =39N [1 {N?’H) > 1} (1 — otk _ k) )2 aMln_y =jyig {s(j)ml}]

S —1)(N —2)2 i JJ 5(4).3 JJ
12N(N - 3) k) (k) \2 (k) . .
SSE-uW -2 [(1 —ajy? =) oflns =i ts)m)
12N k) (k) \2 (tk) L
L [(1 —alth ozs(j)’j) olf: ‘n_l —jl. (120)
Plugging (119) and (120) into (118), we have
(tk) _ 16N _ k) (k) )P (k) _ G 16N (t.k)
T S SN = (1 Y5 as(a‘)u‘) B e N GRSy T )
(121)
Analogously, by (51b) we have
1
by <GB [aggk) ((1=al5) ol +aly?) jnoy = j] . (122)
Note that
X _ 2 2
ol (1-afy?) ol <1 {2 ) G5 (1= al) Y a23)

and when ¢t < 77,

(t0)
2 ) (1_04',‘ )(109) 2
() <1 {N 21} aalP A2 T N 2 —Ng (1-a?) ol

i, i 7.j N _1 — o (.
(124)
Plugging the above two expressions into (122), we have
(t’k) 1 (k?*l) 10 (t,k) 2 (t,k:) Iy
(Syi,j < EE |:]l {Nl = 1} . ﬁ (1 — aj,j ) aj,j n_i=jJ
10 (t,k) 2 (t.k) ] 61a 10 (t.5)
< mE |:(1 — Q. ) Qi |N—1 =7 < —ﬁéyﬁj . (125)

Combining (121) and (125), we have

16N (tk
(S—1)(N—2) (5”“"J‘J‘

This indicates that for all 4, j € [S], ¢ # j,

19
i) 4 oy < — ) 4 5y§t’~k)) <-g 7 (53:@3’“) + 5y§tik)) . (126)

i -1 Js d

1
9 H(t?

0
Vi<Ti: H)>-o—H).
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C.1.8 Proof of Lemma 8

For notation simplicity, we let n_; = n( ) . The proof is similar to that of Lemma 7, except that after
iteration 77, we have the following tlghter bound:

(t.k) (t.k)
oo o 1@ 39, (tF) 3% 12
“0aSyNo1 Samon M Y ST (127)
and thus
2N + ]. (t k) (t,k) 2 (t,k) )
(a) < S(S —1)(N — Z)E [(1 — Q5 O‘s(j),j) a; i n-1 =71, (128)

where (a) is defined in (118). When ¢t < T} + 1, we also have

(t,k) (t,k) (t,k) (t,k) (t,k)
k) 2 (1 B QS(J')J) 69 605 (1 %5 T as(j),j)
a; < <
g N-1 N-1 ’
(t.k) -
)

(129)

where the second inequality also uses the fact that o; "’ increases after ¢ > 7. Therefore, we have

18(S — 3)
S(S—1)2(N —

18 (t,k) k) \2 (k) L .
<5(5—1)(N_2)E[<1_O‘H —alihy) el s m) |, as0

where (b) is also defined in (118).
Plugging (128) and (130) into (121), we have

(t,k) 2N +19 (t,k) k) \2 (k) Iy
T S SE—n—)" (1 ~ as(m) @i ‘“*1 -/

4 (tk) (kR \? (tk) ,
<5(5—1)E[(1_0‘“ O‘SU)J) 5. ‘”*1:7

50
( <a) 4 (t k)

2
) < B[ (1= ol = o) alt ooy =i ¢ fo(i)m)|

] (131)
Moreover, when t > T + 1, (123) still holds, and we have
2 2
4(1-al® ’“)) 12 (1 — a(.ti’“))
CON (=1 5 q L. —( 2 Q (k=1 5 q L. 7 (£,k)
(o57) s {0 = af S S N e Y,
(132)

(¢ k) increases after ¢ > T7. Plugging (123) and

n-1 =j]

where the second inequality also uses the fact that o
(132) into (122), we have

2N +1 2
P < g0 g (1)

S(S—-1)(N - 7 7
< ﬁ[@: [(1 - agt]’“))Qa;ff) Ny — j] o _%5@3’“). (133)
Combining (131) and (133), we have
salM 4 sylH) < % (008 + 3y
This combining with (63) indicates that for all 4, j € [S], ¢ # j,
iz Tt - (B - EE) < o (B - ).
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C.1.9 Proof of Lemma 9
By our choice of T5 (see (65)), we have

exp(H{"?) e

< .
(N +m —2) exp(H) + exp(H{)) + 1 2m

F(12) =

By Induction Hypothesis I and IT we know that for all j € [S]andi € {0,...,S}\{j}:
9

. (®) ()
Vte N: Hi’j < N—lHj’j'
Combining the above two expressions, we have
g
(1<)> a <1
(N +m —1)exp(x—7 9 H1 ) +exp(Hy ) 2m

which gives

1_1110g<(N+m1) <ﬁ1)> <3log<(N+m1) <ﬁ1>>

By (68a), we have

T:
Hyy <

ne(Ty — Tr)

T. T
H{,f)_Hl(,l) = 4mS

Combining the above two expressions, we have

1
T -1 < 2mSlog<(N+m—1)( 2m_1>>.
ne

€

C.1.10 Proof of Lemma 10

For notation simplicity, we letn_; = nﬂ? . From (49a), it gives that

1 1 (tk) | (tk) QR _ () (t.k)\2 ,
k) = BYS Z E B Z (al] + O‘s(l),j)2 +(1- @55 O‘s(j)d)2 + (QO,J ) n-1=7J

le[S]
1¢{n1,4,s()}

(t,k) (t,k) (t,k) (t,k) \2 _
24 Z E UrllL%)é i 0] O<Z<s ai,j - (1 a aj’j - as(j)xj) n-1=J
|\ 1¢{n1.7,5())
1 k)2 .
< 3 Z E[(l—aﬁz )> n_i =]],
JelS]
and similarly, (49b) gives that
t,k t,k
N EE S () 4 (1Y | by =
te[s],
[\ 1%
2 E[(1—a(“‘)) n_y —j].
Thus we have when ¢t > 15 + 1:
Ligain (0 Z (Agct,k) +A?gt,k)) <3 Z 2 l(l _a(t k)) n_y _j] <e
k=1 k=1 je[S




where the last inequality follows from our choice of 75 (see (65)).

Since H J(tj) is strictly increasing after iteration 75, we have

(t)
exp(H;";
Ve=Th+1: 713(@)“) > g.t]tk)> ¢ ,
exp(H; ;) +1 ’ 2m

from which we deduce (76).

C.2 Proof of Theorem 5

For any non-leaf node i, we let ¢;(¢) and c2(¢) denote the left child and right child of node i,
respectively. Let ¢1 (i) = ¢ (¢) for any i that’s not a leaf node, and we define ¢ (g) = ¢ (ngm) = 0.
We also define p(i) = p(4) for any ¢ that’s not the root, and p(r) = p(ny) = 0.

Throughout the proof, we suppose Assumption 3 and Assumption 5 hold, NV is a sufficiently large
constant, n < 5, and € < 1/poly(NV) is sufficiently small.

Loss simplification and gradient computation. Letting
2™ =0 (1:dy), y® =0 (dy +1:2dy), 2% = 0" (2dy +1:2d; + dy),
™ =M@ dy), g™ =W (dy +1:2dy), 2® :=5")(2d; +1:2d; + dy),

and
1 2 1 2 1 2
A(xk) = iETNRrain x(k) - fﬁ\(k))2’ A!(/k) = §ET~Rram y(k) - g(k))2? A,(Zk) = §ET~Rra\n Z(k) - g(k) H27
(134)
we can rewrite the loss function as
2m
Lirain = 2 (A;k) + Al(/k) + Agk)) . (135)
k=1
Recalling A == (ag,a1,...,as) € R4*S+) and § = (s, s,), we further define the following
matrices:
U = ATBAe RETXST)  y— AT A e RETDX(SHD) e (1,2},
(136)

Us:=STB;SeR>?,  V3:=57038 e R?*?,

whose entries are denoted by U; ; ; and V ; ;, respectively. Define the following gradients for all
ke[2m]andl e {1,2,3} as

oA _ 0AYY NG
ozt = T syBR) = v, 620 .~ S (137)
i T Bl id T Bl LAY
since Ag;k) and Al(,k) depend only on U}, and A(Zk) depends only on V.
We define the following attention weights:
k—1
o) L NIS,W) exp (a;Blaj + a;Bgaj + SIB:;SU) ’ (1384)
(p,q,u),(5,v) S N}g/k;l?/ exp (a;Blaj +ay Baaj + SI,Bgsv)
5(k) . NIEZTJ) exp (a;C’laj + CL;—CQCL]‘ + SICgsv) (138b)
(b, () I st,k’qf,z, exp (a;,Claj +a),Coaj + SI/C?,SU) 7

where u,v € {0,1}, p,q,j € {0,1,...,5}, and Néfcq{u = Nékq)u(T) denotes the number of times
(ap,aq, s,) " appearing in the columns of £~ = E*=1 (T (set N,gg{u = 0 if the combination

(ap, aq,5,)" does not exist in £(*~1). Then we have

Vke[2m]: NE-De{o,1,2},
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and
(k) (k)
D W) = b 20 Blpm ) = (139)

p,q,u p,q,u

We simplify the loss function as in the following lemma, whose proof is given in Appendix C.2.4.

Lemma 11 (Loss simplification). Suppose Assumption 3 and Assumption 5 hold. For A;(E ), we have

S
1 2
. (k) _ * (k) _ (k) (k)
Vke[m]: AV = B ZlE[]l{”l = 3}{ (1 Y (p(5),3,0),(j,1) O‘(El(j),j,l),(j,l))
iz

2
(k) (k)
+ Z ‘ (a(P(Q)a%O)v(J»l) T @1 (g),0,1), 0,1 )) }]’

(140a)

S
1 2
_ . m+1) _ _ (k) (k)
k=m+1: A= 3 > E[ﬂ{”l = 3}{ (1 ~Q0,5,0,G.1) T a(o,j,n,(gpl))

(k) (k) 2
+ )] (0‘<p<q>,q,o>,<j,1)+O‘(a(q>,q,1>,<j,1)) }]

(140b)
S
s<k<om: AW =LV E[1p® =il (1-a® —al® ’
ME SRS am: By —22 {n=1 =7} Yp(1).4.0).G.0) ~ H@1).4.1).5.0)

(k) (k) 2
+ _ (a<p<q>,q,o>,<j,o>+a<a<q>,q,1>,<j,o>) }]
(140¢)
For A?(,k), we have

S 2
A _ ® _ Al (1 ® W
Vhem]: AP =2 ) E[l{”—l = J}{ (1 (p(5),5,0),,1) O‘(p(j>7s<j>7o>,<j,1>)

(k) (k) ?
+ (a(O,nl,O),(n_l,l) + a(O,an,l),(n_1,1)>

(k) (k) (k) 2
t ZS] (%,cl(q),o»(j,l) T Xg,e2(9),0),G.1) T Xap(a),1), (j,1>) H
Qq:IE(J])
(141a)
13 (k) (k) o 2
_ . (m+1) _ = o o _
k=m+1: AT =2 ZI]E[W“ = 3}{ (1 Q1 (12),0),0,1) ~ Hna,ea(n2),0),(G:1) ~ Xna,d, 1,0, 1))
o

2
(k) (k)
(a<o7j,0),(j,1> + 0‘<0,n2m,1>7(a‘,1))

—+

2
(k) (k) o)
+ ( g1 (@),0,GD) T Maea(@,0),6.1) T Yap(@) 1,601 )) }]

q€[S]
q#nz
(141b)
m+2<k<2m'A(k)=1 2 ]l{n =j,c1(j) = i} (1—a(k) — ok — o )2
ST T 2 s (5] P Ral (i,e1(),0),(3,0) — F(ie2(9),0),(:0) T Y(i.4,1).(5.0)
i,j€

(k) (k) 2
t (% 11,0,(3:0) T X(0nam 1,3, o>)

2
(k) RO
+ ( (a:¢1(9),0),(,0) T Xa,e2(0),0),(3:0) T Xarp(a >,1>,<a‘,o>) }]

q€[S]

qFi
(141¢)
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For Agk), we have

S r 2 2
1 .
(k) _ = (k) _ - _ (k)
ke[m]: AW =2 3 E|1{nd) —J}{<1 Z B, <J,1>> + ( 2 ﬂ(zxq),q,m,u,l)) }]
Jj=1 *t e q€[S]
(142a)
S r 2 25 7
1
(m+1) _ L _alf(q_
k=m+1: A 5 2 B 1{m —J}{<1 > Blstaa0, (J71)> < > B an )(m)) } )
oL ¢€1] ¢el] /
(142b)
s 9 -
1
A L N (k)
m+2<k<2m: AP =7 ) E|Lm —J}{<1 2 Blota) a0 30)> ( 2 Benanan ) } :
=L 4€1] 4€l] :
(142¢)

Here, n(_kl) denotes the node index of the embedding xﬁ‘ b,

We also provide a simplified expression of le(li.) i 5yl(’z) > ) zl(_lz)j in the following lemma, whose proof
is given in Appendix C.2.5.

Lemma 12 (Gradient expression). We have for all i € {0,...,S}, j € [S], k € [2m], £ € {x,y}:

(k) (k)
oA 0A{ ( (k)

e NG (k)
5e"); = = > B V) G) D 0‘<as,w>,<j,v>)

ale 7
2] ( ) 6@ se[S]
Py (p,q;u),(4,v) we(b1)

oA
It S () _ (k)
* Z (k) a(i,q7u>,(j,v><1 Z %s,w),w))’ (143a)

(@) 9% g0, (5,0 R
(k) (k)
*) 6A5 B 6A (k) (k)
— St S (NN Z a
200 " U, j P (p,q,u),(5,v) (r2,w),(4,v)
B ) (5100, ey
(k)
e (k) _ a®
+ 2D O‘(p,i,u),(j,v)(l 2 i, 010) (143b)
(p,u0) O%(pjiu), (5,v) s

and for any u,v € {0, 1}, we have

(k) (k)
sk _ AT 3 A (W T o
3,u,v OUs 4 (k) Yp,q,uc),(j,0) Y r,5,u0),(,v)

Pead) 0% p,g,ue),(ir0) relly o5
NG
(k) (k)
+ Z a (k) a(p,q,u),(j,’u) <1 B Z a(T7S)u)7(j’v)>7 (143C)
®.4.9) 9%¥(p,q.u), () TE{S%["S']’S}

where u. = 1 — u. Similarly, we have

FING oAw 509
(Szlwzavl,m,: Z (k) ( (pq;u),(5,v) Z B(’LSU}(]’U)

Ty OB . g
@ i v (p,q,u),(4,v) wﬂ:{[o ]

ﬁA(zk) (k) (k)
B(i,q,u),(j,v)<1_ Z B(i,s,w),(j,v))’ (144a)

(g,u,v) B (i,q,u),(5,v) wf{[os]l}

(k)
) 0N _ 6’Az (k)
62271'73' - Vai; - Z (k) ﬂ(qu) (4,v) 2 *B(Mw

oww OB : 0,
o) U (p,q,u),(j,v) T
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oAY )
ﬂiﬂ(plu (3v) (1 - Z B(mw) M)) (144b)
(psu,v) “F(p,iu),(5,v)

and for any u,v € {0, 1}, we have

(k) (k)
(k) _ OAZT gAY (k) (k)
5237%” T WVawe Z (k) o ﬂ(p7q7uc)7(j,') Z B(T 5,u°),(4,v)

(p,a,3 5(1} q,u®),(j,v) Teioe[s]
by Y S S (1440)
0 Fanon (risaw),Gio) ) ¢
@:9:3) OB(p,g,u),Gi0) R
Define
)
W = {qu[SJ ﬁ((,}.z()q),q,o>,(n_1,1>7 kelm+1] , (145)
2gets1 Ppta a0, 0 K EIM A2, 2m]
)
) {qu[s] Je@an o FE [ 1] (146)
2ets1 P @a)nor0p KEM 2,0, 2m)

which represent the attention put on the tokens with stage embedding sy and s; respectively at the
k-th reasoning step. We have

Ve 2m]: wl +w® = (147)
We also define
(k) (k)
Py = {ﬁ((%m’o)’("‘l’l)’ kelbm] o = {ﬁ((%"”‘vl)v(n-l,l)v kelm+1]
B(o,nl,o),(n,l,o)’ ke{m+2,...,2m} ﬁ(o,nsz),(n,l,o)’ ke{m+2,...,2m}
(148)
forall i e {0,...,S}, we define
(k)
pgk) — {B(l ,81(4),0),(n_1,1)? ke [m + 1] pék) o {B((z§2(i)»0)7(n171)7 ke [m + 1]
g ) S
5(1 (.0, (nr 0y KE {m+2,...,2m} Bliea(i),0)(n_1.00 K€ {m+2,...,2m}
(149)
and for any i € [S], we define
(k) (k)
o) {5(%010) (nory ReElm+1] 0 {ﬁg%u),i,l),(n_l,l)a ke [m+1] .
ﬁ(p(z 1,0),(n_1,0)’ ke {m +2,..., 2m} 5(51@),1‘,1),(71,1,0)7 ke {m +2,..., 2m}
(150)
We further simplify 5zl(k) (I € {1,2,3}) in the following lemma, whose proof is given in Ap-
pendix C.2.6.
Lemma 13. We have
[ 2 (k) (®)
2B (w?) wl? (=% + 25 ) [na =], kelm]
; (k) Wy Wo
Vjel[S]: 521,0,3‘ =1 ) i ®\2 ) o) O ) ;
sE (wl ) W —ﬁ—&-ﬁ 'n_lzj , ke{m+1,...,2m}
i (151)
[\ (k alsh P +plt) _
vi.j e [S] 5,0 %E (w(() )) wg (- &; + <1£ ’”—1 =j|, ke[m]
1,] € : Rl = 3 2 (k) (k) (k) 5
2 (w%k)) w (- T:; + :1;((,3 ’n,l =j|, ke{m+1,...,2m}
) (152)
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2 (& (*) () )
o w ZE (w(() )) wg ) _Z;Ek) + % ‘n_l =j|, ke[m]
Vi, j € [S]: 522,1‘,3‘ = , ENZ e o ‘ ;
ZE (wl ) wy | =+ m ‘n_lzj , ke{m+1,...,2m}
0 1
(153)
and
[/ \2
2E (w(() )) wg )] . ke[m]
(k) _ _ s (k) _ i 2 )
02301 = —02311 oF | — (wgk)) w(()k) Ck=m+1 , (154)
0, C ke{m+2,...,2m}
0 ® 0, ke[m+1]
= _ = i 2 ]
5237070 52371,0 oF | — (wgk)) wék) ke {m o, 2m} . (155)
We also have _ _
Vi. i . (k) _ s (k) _
,7€{0,...,5}: 62110 =020 ;=0. (156)

We next give a lemma that simplifies the gradient expressions of (5xl(k) and 5yl(k), forl =1,2,3.

Lemma 14. For any j € [S], we have

o _ el (0 _ W (1) _ W _ W
5331,0,1*5“‘:[ (1 O (p(1).3,0), (1) a(o,j,1>,<j,1))a(o,j,1>,<j,1) (1 O 0n1,0),(5,1) a(o,j,1>,<j,1>)

2
(1) (1) 1)
+ <O‘<0,n1,0>,<:‘,1)) (1 = X0,n1,0),(,1) O‘(o,j,l),(j,l))
(1) (1) (1) (1) (1)
+ (1 = Yp(5),5,0),G.1) T a(o,j,n,(a‘,l)) Y(p(5),4,0),(51) (0‘<0,n1,0),<j,1> + 0‘(0,1',1),(]',1))

2
(1) ) ) ) _
- (0‘<p<q),q,o>,<j,1) +°‘<61<q>,q,1),(j,1>) (O‘w,m,o),(y,l) +0‘<o,j,1>,u,1>) nam —J]'
gelSNGm1)
(157)
Fork e {2,...,m}, we have
w® _ 1 (k) 2 ® L ®
0ry0,; = SE[ (0‘<o,n1,1>,<1,1)) (1 O (0;n1,1),(5,1) a(o,n2m,1>,<]~,1))
(k) (k) (k) (k) (k)
+ (a(p(n2m>,n2m,1>,<j,1> + a(o,an,n,u,n) X(p(ngym )nam 1),(,1) (1 ~ Q0,n1,0),G.1) T X0mam ,1>,u,1>)

(k) (k) k (k) (k)
- (a<p<n2m>,n2m 0.6t a(o,nzm,l),u,l)) X(p(ngm).ngm ,0),(j.1) (O‘(o,m,ox(j,n + O‘(o,an,lm,l))

R0 NG (k) (k) (k) (k)
+ (1 ¥(p(3),3,0).(5.1) 0‘(81@),]',1),(]',1)) (O‘(pm,m),(j,l) + O‘(au),j,l),u,l)) <a<o,n1,o>,<;‘,1) + a(o,nzm,m,(a‘,l))

n-_i :j],

(158)

2
(k) (k) (k) (k)
- (a<p<q),q,0),(j,1) . O‘(El(qxq,l),(a‘,l)) (a(o,m,O),(j,l) + a(o,nzm,l),(a‘,l))
S
Q#nqle,[nz]m,j

for k =m + 1, we have

(m+1) _ l o . (m+1) _(m+1) (m+1) N (m+1) o (m+1
0ty = E[ (1 (0,5,0),.1) O‘(al(jxa‘,n,(j@))O‘(o,j,ox(j,l) (1 (0,4,0),(5,1) a(o,nzm,l),(j,w)

S
+ (QEZZELMW 0,G.1) T aE$:21;,,1>,<j,1>) aEZ’Z’EZJiL>,n2m,o>,<]~,n (1 - aﬁgfjfé)),u,l) - O‘ng:;i,n,(j,l))
+ (1 - aggrf;é)),(j,1> - O‘ng]’,l),u,m) O‘Eg?ﬁij,l),(m) (O‘Eomﬁ)),(j,l) + ‘”Eom,:;r)n ,1>,(j,1>)
- (O‘EZ?E;),W 0.6 T O‘ngvf:i,m,u,l)) a&zzlv)n>,n2m,o>,<j,1> (aES'?f,S;,@,l) + C“ng:;i,n,(j,l))
- Z[;] (0‘52251,31,0»0,1) + aEZ&B’,q,n,u,n)Z (C“ng;folf,u,l) + 0‘537:22,,1),@,1)) n-1= j]7
ge
g#nom ,j

(159)
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forke{m+2,...,2m}, we have

k) _ (k) (k) (k) oW oW
0T 1,0, = SE[( ®(0,n1,0),(.0) T X(n.n1.1).0, o>) ®(0,n1,0),(5,0) (1 ®(0,n1,0),(5,0) a(o,wn,n,(j,m)
(k) (k) (k) o o
+ (% nam,1),G,0) T “(p(n2m>,n2m,0),<j,o)) X(0,n9m ,1),(j,0) (1 (0,n1,0).(5.0) a(o,nm,l),(j,m)
o® (k) (k) (k) (k)
* (1 303),3.0),6:0) ~ Heny.5.0), (mo)) (O‘(p(j>,j,0),<j,o> + C“(zl(j),j,l),(j,m) <°‘<o,m,o>,<;‘,0) + O‘(o,nzm,n,(j,m)
(k) (k) (k) (k)
( ®(0:n1,0).(3.0) T Hnz.m1.1).0, 0)) (nig,n1,1),(3,0) (O‘(o,m,O),u,m T O 0inym 1.0, o>)
(k) (k) (k)
( 0ingm 1).(5.0) T Xp(ngm)ngm .0), (m)) %(p(ngm ) mgm 0),(5.0) ( ®(0,n1,0),5.0) T X0,mgm 1), <J,0))
2
(k) (k) (k) (k) _
) (O‘<p<q>,q,o),(j,o> + O‘(mq),q,l),(a‘,o)) (O‘<o,n1,0),<a‘,0) + O‘(o,ngm,m,u,m) n-1= 9}'
e[S
a3
(160)

For all k € [m], we have

® _ 1 (k) (k) ? (k) (k)
Y105 = S]E[ (O‘(o,m,O),(j,l) + O‘(o,nam,l),(an)) (1 T X0,11,0),(,1) T O‘(o,nzm,lm,l))

a® (k) (k) (k) (k) (k)
+ (1 X(p(5).5.0).(5:1) <p<j>,s<j>,o>,(j,1)) (O‘<p<j>,j,o>,<j,1) + a(p(j),s<j>,o>,<j,1>) (O‘w,nl,o),(j,l) + a(o,nzm,l),u,l))
noy = j},

2
(k) (k) (k) (k) (k)
- (O‘(q,q(q),ox(j,l) T Xq.22(0),0).G.1) +a<q,p(q>,1>,<j,1>) (O‘<0m,o>,<y,1) T Q0nym 1), m))

q€[S]

a#p(3)
(161)
for k =m + 1, we have

(m+1) _ 1 (m+1) (m+1) 2 o m+1) QM+
3Y1,0,5 SE[( ®(0,5,0, (m)+°‘(o,n2m,1>,<g’,1)) (1 ®(0,5,0),(G,1) ~ U0,z 1), <J,1>>

(m+1) (m+1) (m+1)
+ (1 O nger(n2),0), (1) ~ Xz ,er (12),0),G,1) ~ ¥na 1), 0, 1))
(m+1) (m+1) (m+1) (m+1) (m+1)
' ( (n2.e1(n2),0),G.1) T ¥(na.cz(n2),0),(,1) T a<n2,j,1),<y‘,1>) ( ®(0,,0),G.1) T ¥0,nm 1), (a,1>)
2
(m+1) (m+1) (m+1) (m+1) (m+1) .
- ( Xgre1(0),0),G,1) T Xare2(2),0),G,1) T (q,p<q>,1>,u,1>) ( ®(0,5,0),(5.1) +a(o,n2m,1),u,1>) n-1 3}7
S
i
(162)

and for allk € {m + 2,--- ,2m}, we have
2
(k) _ (k) (k) (k)
Y10, = S Z E[ﬂ{”ﬂ m = Z}{ ( ®(0,11,0),(,0) T X0inam 1),(, 0)) (1 ~Q0,01,0),(.0) “(o,nzm,n,(j,o))

_ (k) _ (B _ (k)
+(1 Ai,e1(),0),(5,0) ~ H(i,e2(4),0),(5,0) O‘(i,j,l),(y‘,O))

(k) (k) (k) (k) (k)
' (O‘u,cl(i),oxu,m T Xirea(,0),G.0) T O‘(z‘,j,l),(j,m) (O‘<o,n1,o>,(]’,o> T X 0inym ,1>,<j,o>)

n—i —]:|

2
(k) (k) (k) (k) (k)
- 2 (0‘<q,c1<q>,o>,<j,0) T Xqie2(0).0.G.0) T O‘(q,m),l),u,m) (a(o,mm,(j,m + a(o,n2m,1>,<j,o>) }

q€[S]

q#ny,mom
(163)

For all k € [m], we have

#® _ 1 (k) (k) 2 (k) (k)
02355 = SE[ - (1 ~ Qp(1),5,0),GiD) T a(al(m,l),(g’,l)) (0‘<p<j>,j,0),u,1> G ()40, (,»,1))
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2
(k) (k) (k)
- Z ( Y(p(9),4,0),(5,1) +°‘(81(q),q,1),(j,1>) (O‘<p<j),j,o>,(j,1) +O‘<al(j>,j,1),<j,1))
qe[S]
q#j

n-1 :.7:|a

(164)

for k =m + 1, we have

2
(m+1) _ (m+1) (m+1) (m+1) (m+1)
02355 SE[ - (1 ~ Y0.4,0),G,1) O‘(El(j),m),(j,l)) ( 0,3,0),G.1) T e ()., (171))

2
(m+1) (m+1) (m+1) (m+1) .
B Z[:] (C“(p(q) 2.0,G.1) T X@1(@).a..0, 1>) ( ®0,,0),G.1) T X@1(3).5.1).G, 1)) n-1= ]]v
FEE
qFj

(165)
and for allk € {m + 2,--- ,2m}, we have

& _ ol (4 _.® N0 N0 (k)
6x2JJ_S]E|: (1 O (p(1).3,0).(.0) O‘(Em,j,l),(jm) <O‘<p<j>,j,o>,(j,0>+0‘(61(j>,j,1),<j,o>)

n—1 =j:|

(166)

2
(k) (k) (k)
- ( X(p(q).4.0).(3,0) T &1 (9),0.1), (m)) (O‘<p<j),j,o>,<j,o> +0‘(51(]'),j,1),<j,0))
qe[S]
q#j

For k = 1, we have
O _ Lol _(_ .0 o (1) o o
0Ys ;= SE[ (1 O(p(5),4,0),i,1) a(p(j),s<j),1>,<j,1)) O(p(5),4,0),3,1) (1 O(p(5),4,0),(3,1) 0‘<o,j,1>,u,1>)

(1) (1) (1) (1) (1)
+ (a(O,m,O) G T a(o,j,n,(j,l)) @(0,3,0),(G.1) (1  Ap(3),3,0),G1) T a(o,j,n,(j,l))

otV (1) (1) (1) (1)
+ (1 Xp(5),4,0),(G.1) a(p(j>,s(j),o>,<j,1)) Y(p(5).5.0),(.1) (O‘(p(j),j,ox(j,l) + a(o,j,n,(j,l))

n—i =j],

(167)

(1) (1) (1) & 1
- (O‘(o,m,O),(J‘J) + O‘(o,j,l),(j,l)) X(0,n1,0),(5.1) (0‘<p<j),j,0),(j,1) + 0‘<0,j,1),(j,1>)

2
(1) (1) (1) (1)
- (0‘<q,q(q>,0),(j,1> +a(q,c2<q>,0>,(j,1>) (a<p<j>,j,0),<j,1> +a(o,j,1>,<j,1>)
e[S
qq#rE(JJ)

forallk € {2,--- ,m}, we have
® _ Lol (1 _.® _ B (k) _ B _ B
0Ys g5 = SE[ (1 Y(p(5),4,0), (1) O‘(p(jxs(j)’ow,l)) Y(p(4),4,0).(3.1) (1 Y (p(4),4,0).(3.1) O‘(&(j),j,l)’(j,l))
(k) () (*)
+ (O‘m(j),j,l),(j,l) T Qe (3),¢2(1),0), (1) +a(cl(j>,cz(q(j>>,0),<j,1))
(k) (k) (k)
Xe1(5),,1),3G,1) (1 T X p(4),4,0,(G,1) a(61<j),j,1>,(j,1>)
(k) (k) (k) (k) (k)
+ (1 = Xp(4),5,00,G,1) O‘(p(j>,s(j),o>,(j,1)) X (p(5),5(1),0),(,1) (a(p(j),j,o>,(j,1) + a(EI(j),j,m,(j,l))
2
(¥ (k) (k) (k)
- (O‘mm,ow,n +O‘(o,nmJ),(j,l)) (a(pum,ox(j,l) + O‘<al(j>,j,1),<j,1>)
B PNICD) (k) (k)
(%l(j) 0.6 T e G206 T a(cl(j>,cz(q(j>>,0),<j,1))
(k) (k) (k) (k)
(a(clm 20,61 T <c1(j),C2(c1<j)),0),(j,1>) (a<p<j),j,o>,(j,1) + a(al(mj,l),(j,l))

2
(k) (k) (k)
- (C“(q,q(qxox(j,l) T Qge2(9),0,6,0) T Xap(@),1),0, 1))
qe[S]
a#p(j),c1(d)

n_y = j}, (168)

(k) (k)
' (O‘(p(j),j,O),(j,l) + a(a(a‘),jJ),(j,l))
for k =m + 1, we have

(m+1) _ (m+1) (m+1) (m+1) (m+1)
5y2,],] SE[ - (1 T Ylngier(n2),0),G,1) T Xnz,ea(n2),0),G,1) T a(n2,j11),(j,1)) Y(n2,4,1),(4,1)
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(m+1) (m+1)
' (1 T X0,12,0),G,1) T Yna ,j,n,u,l))

+ (oeé?j&f 621 T Lo 1.0 1)) A0 (i1) (1 (G2 00(51) aggjl,)l),u,n)

+ (1 — Ot 120.00.01) ~ Hmaren(n2).01,G11) ~ Fmatg 1), 1>) ( (s (r2).0,5,1) X rea(na).0), <a‘,1))
' (agt;'?;é)),u,n + aggjl,)l),o,l))

- (O‘E&féi(a‘,n + O‘Eg,l:;gulxu,l)) Gt 10,1 ( G0y + Ofélléfii),u,n)

2
(m+1) (m+1) (m+1) (m+1) (m+1)
- ( Xgier(a),0),G,1) T (q,c2<q),o>,<j’1>+0‘<q,p<q>,1>,<j,1)) ( X0,5,0),.1) T & (nz,j,w,(j,l)) n—

1=j]7

qe[S]
q#no
(169)
and for k € {m + 2,--- ,2m}, we have
k
53/%,]‘),3‘
1 . (k) (k) (k) (k)
=3 Z E{ﬂ{”z’“m = Z}{ - (1 T Xi,e1(2),0),(5,0) T Hire2(9),0),(5,0) T a(i,j,l),(jm) (i,5,1),(5,0)
i€[S]

: (1 - O‘E?z',l),(m) - a?ﬁ?ﬂ,j,m,u,m)
+ (agﬁzm,ox(jm + Aty )00, G0 T aE§Ej>,p2<j>,1),<j,o>) (303),3.0),:0 (1 — a0y~ O‘EI;gﬂ,j,l),(j,o))
+ (1 — Uy (.00 ™ Xt (.0,G.0) agf,)j,l),um) (agf,)cl(n,o»(jm + agf,)czm,om,m)
: (aéf,é,l),(m + agﬁzjm,ox(m))
- (O‘Eg,)nl,o»(jm + O‘EIS,)nzm,l),u,mf (O‘E?Jym,(jm + O‘Eizj»j,o»u,m)
- (O‘gzzﬂ,j,om,m + Aty 51000, G0) T O‘Ei?a‘),p?(j),l),u,m) (O‘Eﬁé,l),um + “Ezzjm,o»(i,m)

n_1 —]:|

2
(k) (k) (k) (k) (k)
2 (O‘(q,cl(q),()),(jm T Qgre2(a).0),3.0) T a(q,p(qm),(j,())) (a(i,j,l),(j,O) + a(p(j),j,0>,<j,0>> }

|
q#p(3)
(170)
For k € [m], we have
028 o = —0a§) =0, a71)
and
k k
61’&,3,1 = _51’;1),1
_ NO (k) (k)
= SE[ - ( Y(p(4),4,0),(G.1) a(alum,l),(j,l)) X (p(4),4,0),(.1) Z]%(q) 4,0),(G.1)
qE

(¥ (k) (%) (k) (k)
+ Z (0‘<5<q),q,0),<j,1) + a(al(q>,q,1),(j,1>) % (5(a),0,0),0,1) X@ (0,0, G | 17 Z[:]O‘@(q),q,ox(j,l)
[SI\{5} e[S

(*) (%) (k)
+ (1 T Xp().5,0),6G.1) T He1(9).4.0), (J,1>) X (e1(4),4.1),33,1) Z a(p(q) 4,0),(3.1)

q€[S]

n—1 =j:|

172)

(k) (k) (%) (k)
- Z (0‘<p<q>,q,0),<j,1> + a(cl(q>,q,1),(j,1>) Y (e1(4),4.1),33,1) Z Y(B(q),4,0),(4,1)
ae[SI\{(5} q€[S]

For k = m + 1, we have

et = —6ai Y =0, (173)
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and

m+1 m+1
6 g’)O 1 ) 6 gl 1 )
1 Q(m+D) (m+1) (m+1) (m+1)
= SE[ - (1 (0,4,0,(,1) ~ (61(3'),1',1),(]',1)) ©(0,5,0),(,1) Z Y(5(9),4,0,(,1)
q€[S]
(m+1) (m+1) (m+1) (m+1) (m+1)
+ Z (0‘<5<q),q,o>,(y,1> T @ (@)a0), <J,1)) (5(4).4.0),06:) Y@ (0,0, G | 17 2 Y(5(9),4,0,(,1)
ae[S1\(5} q€[5]
Un+1) 0n+1) (m+1) (m+1)
+ (1 0,5,0),(5,1) ~ Ye1 ()51, <J,1>) R CTORRIRCRY )y “<p<q>,q,0) Go1)
qe[S]
(m+1) (m+1) (m+1) (m+1) .
- <O‘<p<q),q,o>,<j,1) +a(c1<q>,q,1),<j,1>) Y(e1(),a,1),(5,1) )y Y(5(q),0,0),(G,1) | |2 —J]~
ae[S1\(5} ¢€[S]
(174)
Forke{m+2,---,2m}, we have
(k) (k)
(5.’[}3)071 = —0x 311 = =0, (175)
and
k k
53753,3,0 = *5‘”%,1),0
1 (k) (k) (k) (k)
= SE[ - (1 ~ Qp(1),5.0),G.0) T a(cl(j>,j,1),<j,0)) Uiy 000 | L= 20 ¥(a).0.00.6.0)
q€[S]
(k) (k) (k) (k)
+ ] (0‘<5(q>,q,0),<j,o> + O‘@l(q),q,l),u,o)) Y(5(9),4,0),(5,0) X(21(0),4,1),(5,0) -2 a<p<q>,q,0) (,0)
qe[S1\(7} 4€[5]
_ ) _ (k)
+ (1 Ap(5),4,0),(5,0) a<c1<j>,j,1>,<j,o>) Ye1(4),4:1),(4,0) Z] O‘(p(q>,q,o> (:0)
qe[S

n_ = _7:|

(176)

(k) (k) (k) (k)
- (O‘<p<q),q,0),(j,0> + a(cl(qm,l),(azm) Ye1(9).0.1).(5.0) > Y(5(4).4.0).(3.0)
[ST\{5} 4€[8]

For k € [m], we have
k) _, (177)

and
k k
5y§,3,1 = *5:9:(;,1),1
_ 1 (k) (k) (k) (k) (k)
= SE[ - (1 = X p(5),4,0,(,1) T O‘(p(j>,s<j>,0),<j,1>) (O‘(pm,j,om,l) + a<p<j>,s<j),o>,(j,1>) 1= Z[]]O‘<ﬁ<q>,q,o>,<j,1>
qe[S

(k) (k) (k) (k)
+ (O‘<o,n1,o>,<j,1> + O‘(o,nzm,l),(m)) Xomy, 1,6 | 1 Z[:] X (5(9),9.0).(4.1)
qe[S

+
a€[S\{p()}

(k) (k) (k) (k) (k)
( (2,01(2):0),G:D) T Xarea(0),0),G,1) T a(q,pm),l),(j,l)) (O‘(q,q(q),oxu,l) + a(q,cz<q>,o>,<j,1))

1- Z a(P(q ),4,0),(4,1)
q€e[S]

(k) (k) (k) (k)
- ( (0.m1.0).G.:) T 0‘<o,n2m,1>,(j,1)) (0,n9m,1),(5,1) Z[:]O‘@w),q,o»(j,l)
q€e[S
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q€[SI\{p(4)}

For k = m + 1, we have

and

m+1 m+1
6:&04;) _5§,13)

_1 (m+1)
= SE[ - (1 RGP RIRCA

4 ( (m+1) (m+1)

1
aySoet) =

oM+
Y(ny,e1(n2),0),35,1) —

(m+1)

(m+1)
@ (0,4,0),(,1) T X0,ngm 1), 0, 1)) @(0,,0,(,1)

(m+1) (m+1)
D ( Xg,e1(),0),6G:1) T Xarea(0),0),G,) T

a€[SI\{n2}

A

(n2,5,1),(4,1) — (n2761(n2) 0),(5,1)

a€[SI\{n2}

Forke {m+2,---

and

k k
6y§ (; 0= 5y§,1),0

_ 1 i (k) (k)
=3 Zg E[ﬂ{"zkm = Z}{ — (1= .0,0.0 ~ 0000 @

i€[S]

. (k) (k)
(O‘@,cl(z‘),O),(j,O) + O‘(i,ca(i),O),(a‘,O))

(k) (k) (k)
+ (O‘(o,m,ox(jm - O‘(o,nzm,l),(y‘,O)) (0,n1,0),(4,0)

,2™}, we have

—0y

Xnz,er(n2),0),G,1) T &

(m+1)
X (nz,c2(n2),0),3j,1)

k
51/;(;,3,1 = —dy

(k)
1= ) 300060

(m+1)
Ysa0 =0,

oM+
Y(ny,c2(n2),0),(j,1)

m+1)
%(nz,c2(n2),0),(j,1)

(m+1)
Z Y (5(4),4,0),(5,1)

q€[S]

(m+1)
O‘(q,p(q>,1>,<j,1>) (
(m+1

(m+1) (m+1) (m+1) )
- ((q,q<q>o><1,1>+ <q,c2<q>o><g,)+a<q,p(q>1>(3,1>)0‘<q,p<q>,1>,<g’,1)

" _y

3,1,1 —

q€[S]

(k) (k) (k)
+ (O‘<q,cl<q>,o>,<j,0)+0‘<q,cz(q>,0),<j,o>+a(q,p<q>,1>,u,o>)

qe[SI\{2}

(k) (k)
‘ (a<q,q(q>,0),<j,o> + a(q,cz<q>,o),(j,o>)

_ A _
*(1 i e1(1),0),(,0)

)
Qi,e2(4),0),(,0) ~

52

)
)

(m+1)

qe[S

(m+1)
(p(a),q,0),

(k) (k) (k) (k)
(O‘<q,c1<q>,o>,<a‘,1) T ¥ gea(0).00.G.1) T O‘(qm(q),l)’(j,l)) Yg.p(a).1),(5:1) Z a(p(qm,m G

(178)

(179)

+a (m+1)
®(q,c1(9),0),(,1) T ¥g,e2(9),0),(j,1)

m+1)
(nzml) (5,1)

1-— Z a!
D«
q€[5]

Z“(

qe[S]

(k)
1= D) Ula).00,6:0)
q€[S]

Z O‘<p<q) 4,0),(5,0)

(k) (k)
O‘(z‘,j,l),(j,m) A(i,5,1),(5,0) > %(q) 4,0),(4,0)
q€[S]

(m+1)
(p(q),4,0),(5,1)

(p(q) ,q 0),(5,1)

p(q),4,0),(5,1)

(180)

(181)

n_i =]:|

n— = ]:|



q€[S]

(A _ ) (k)
(O‘<0,n170>,u,o> O‘(Omw@),u,o)) Q(0,n9m ,1),(4,0) (Z %»(q) .0),, 0))

(k) (k) (k) (k)
- (O‘<q,c1<q>,0>,<;‘,0) T Xqie2(0).0).G.0) T O‘(q,p<q),1>,<j,0>> Y g,p(a),1),(5,0) ( > C“(p(q) 0,0), G, m) }

qe[S]\{i} qe[S]

n—i _]:|

(182)
Lemma 14 can be verified by straightforward calculation, whose proof is thus omitted for conciseness.
C.2.1 Proof outline
Let the iteration-varying versions of (136) be
Ul = ATBM A e RETDxS ) .= ATBM A e RS*S, U(t) STBVS e R?*2, (183a)
ViD= ATeW A e RETD*2 vl — ATeP A e RS*? V(P .= TS e R?*2, (183b)

and the index starts from 0 for Ul(t) and V}(t) when ! = 1,2 (ie., Ujp; = agBl(t)aj, Vioj =
aa—Cl(t)aj). Then we have for all [ € [3]:

, , 0 " Y
Vie {0,...,5},j€[S]: U}fj; _ z(?] ”Z (5%”) +5y§ij) (184a)
Vi =y Z 525, (184b)

k=

Therefore, it is possible to analyze the dynamics of U, l(t) and Vl(t) separately.

Similar as the backward case, by symmetry of the training distribution we have for any t € N,
1,7 € [S], 1 # 7, Ul(t) (I = 1,2) are equal to each other, Ul . (I = 1,2) are equal to each other,
and U(O) are equal to each other. Note that ay only appears in X (%) but never appears in Y (¥) | thus
U(t) 0= UQ(tJ) 0= UQ(% = 0 for all £ € N. The same holds for Vl(l) (I = 1, 2). Therefore, we could

1,5,
define the following pattern

0 —a®pl? —a®pul .o _q®,® 0 0 0 - 0
t t t
0o W v Vﬁg 0 <t> 1,%; 1,%;
S ) PR B R (O I R R e
- t t t
0 Zx vy 0 vy v ooop?
(185)
and
0 ny) py) g o0 g) S
O ]/2(t) Véz’? P Véz’? 0 b(t)ﬂ e 1/2 2
t t
v o o8 W0 W e Z o ) b<t V;; . (186)
0 Ay A 0 vy Wb e B0
for some a®, b®  u{? u§0 L0 L0 ﬁ, ft%, ét%, ét%ER We set a(®) = p(0) =

Regarding Uét) and V3(t), by Lemma 13 and Lemma 14, it follows for & € {x,y, z}

Vte N: (55:(,:2)71 = —553 1,1> and 553 0,0 = _5553,0'
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Thus by our initialization (Us, V3 = 0), we have
t 0 t
VieN: Ufg ()),1 = - :§,1),1v and U?S ()) 0= _Ué 1)0
t 0 0
Vs(o) 1= 3(,1),1» and V3,0,0 == 3(,1),0
Therefore, we could define

(t) (t) (t) (t)
t v [ —b b t t c —Cy
03() = NE) ( b(tl) Z(t)) ) Ls( )= Hg) < 1(t) (t) > (187)
1 ) —C

1

for some b\ b () () e R, where u{", ;") is defined in (185) and (186).

C.2.2 Training dynamics of C,Cs, C3

Training dynamics of Phase I.1-C. Define

TC = max {t e N:exp(ul?) < \/QN}. (188)

We show that the following key relations hold during Phase I.1-C.

Lemma 15. Assume the learning rate satisfies n < ﬁ When t € [TF], we have /,Lét) monotonically

increases, and

®) tn
Hy' R W’ (189a)
log N
O = <1 +0 ( Ofv >> mel (189b)
t log N t t log N t t log N t
vl = (N ', =0 (== ) e 1) =) 8o
D> 1/ (189d)
The proof of Lemma 15 is given in Appendix C.2.7. By (189a) and (188), we know that
N32log N
TS < SN°log N (190)
n
Training dynamics of Phase 1.2-C. We let
T¢ = max {t e N : exp(ul?
Y = cexp(ps ) < Np. (191)
We will show the following relations hold during Phase 1.2-C.
Lemma 16. Assume the learning rate satisfies n < . Whent € {TC,--- , T§'}, we have u( )
monotonically increases, and
¢ ey _ n(t =T{)
,ué) _’u; 1) > SNl 7 (192a)
log® N
O P = <1 +0 <°gN)> mel (192b)
t log N t t log N t t log N t
2= 0 (PEN) 0 - o (FER ) - o (M5
(192¢)
D> 1/4. (192d)

C
At the end of Phase 1.2-C, we have ¢\™* ) € [0.25,0.26], and ¢\ ) > 0.48.
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The proof of Lemma 16 is given in Appendix C.2.8. By (192a), we know that

SN log N
TS 7€ < 208 (193)
n
Training dynamics of Phase II-C. We set
N
TS = max{teN: >, =\ (194)

exp (O.47u§t)) + N 6m

We show the following relations hold during Phase II-C.

Lemma 17. Assume ¢y > 0 is small enough obeying ¢x < 1/poly(N) and n < ﬁ When
te{TS, -, TSY, for any e € (0, ¢, we have u( ) monotonically increases, and
c t—T¢ N /e \3/2
)t 2 LT (472 (195)
~ (1
byl = (1 +0 (N>) st (195b)
Or_a(Ly,o Lor—a(Ly,e Lo a(l), o
|V2,1|=O N pe's v’ =0 N Moy |V2,2|=O N Ko™ (195¢)
~ (1
P ef0.24,026), V=0 (N) . (195d)

The proof of Lemma 17 is given in Appendix C.2.9. By (194) and (195a), we have
S 3/2 N
¢ 1 < 2 (T) log () . (196)
n \e €

It’s easy to see from the proof of Lemma 17 that /,Lgt) keeps increasing after T3C and (195b), (195¢)

and (195d) hold forall ¢ > T3C . We give the following lemma to mark the convergence of Zizl A(zk),
whose proof is given in Appendix C.2.10.

Lemma 18. Aftert > T?)c' + 1, we have

2m

M A® < % (197)

C.2.3 Training dynamics of B, B3, B3

Training dynamics of Phase 1.1-B. We define
TP = max {t eN: exp (u@) < N} : (198)

and call the period ¢+ < T as Phase 1.1-B. The following lemma gives the training dynamics of
U1,Us, Us in Phase 1.1-B.

Lemma 19. Whent € {0,1,--- ,T£}, we have ult), b1 ,ul monotonzcally increase, b2 N1 ﬁrst
decreases and then increases, and
) 5 M 1
i NS (199a)
1 N
by < 5. and exp ((1 - 2b§”)u§”) <= whenbl <0, (199b)
m
(t) (t) (t)
t N H t N[ H t N H
v9—0<§>,41—0<&>7ﬁé—0<;), (199)
exp ((1 _ a(t))ugt)) < N. (199d)
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B
The proof of Lemma 19 is given in Appendix C.2.12. By (199b) we know that b(QT1 ) > 0, and by
(199d) we know that a(T1’) > 0. Further, by (1992) we know that

NSlog N
75 < NSle N, (200)
Ui
Training dynamics of Phase 1.2-B. Let
TQB ‘= max {t > TlB : exp ((1 — Qbét))ugt)) = C’ON} , (201)

where C is a sufficiently large constant. Without loss of generality, we assume 7% > T2, We call
the period t € {TB, T8 +2,--- TP} as Phase 1.2-B. The following lemma formally describes the
training dynamics of Uy, Us, Us in Phase 1.2-B, whose proof is given in Appendix C.2.13.

Lemma 20. Whent € {TP, TP +2,--- , T}, we have ugt), bgt)ugt) monotonically increase, and
o By n(t=TP)
Mg) _Mg ) e NS (202a)
exp ((1-a®)pl”) < , (202b)
1
0<b < 5 (202¢)
(t) (t) (t)
t AR t N[ M t SN[ K
W =0 (&) =0 (&) | =0 (R{) . 02d)
At the end of Phase 1.2-B, we have
exp (1 a™)ul)) = N, (203a)
~ 1
b — (1/4 + (’)(N)) o), (203b)
By (202a) and (203b) we know that
NSlog N
T T8 < NSlog N (204)
n
Training dynamics of Phase II-B. We define
N+2m—1
TP = max{teN: +em > - (205)

exp (0.464") + N +2m —1 N 6m

and call the period t € {T)F, T + 1,--- , TP} as Phase II-B. We’ll show that at the start of the
next phase (i.e., shortly after T), exp ((1 — a(t)) ,ugt)) increases to, and stays at O(N), indicating

that when training long enough, a(*) will approach 1, bét) will approach and stay at 0.25, and bgt) is

larger than b(;). The training dynamics of Uy, U, Us in Phase II-B is formally given in the following
lemma, whose proof is given in Appendix C.2.14.

Lemma 21. Whent e {TF, TF +1,--- TP}, we have ugt), bﬁ%ﬁt) monotonically increase, and
_7¢ 3/2
W _ @ (E=T5)n (i) 206
/’Ll :ul ~ S m ) ( a)
exp ((1 - a(t))ugt)) = N, (206b)
b € [0.24,0.26] a®, (206¢)

) - M(t)

~ [
(:o B (206d)
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At the end of Phase II-B, we have

a™) € [0.99,1), (207a)
~ /1
b7 = i) 4 O <> . (207b)
N
By (206a) we know that
S ;m\32 (N
B_mB 2 (M 4V
T TQNH(G) 10g<6). (208)

After Phase II-B. It’s easy to see from our proof that after Phase II-B, ug ) keeps increasing (but
slowly), (206d) and (207) of Lemma 21 still hold. After Phase II-B, the loss reaches € as indicated by
the following lemma, whose proof is given in Appendix C.2.15.

Lemma 22. Aftert > TP + 1, we have
Z( ““)+A“€)> 3. (209)

C.2.4 Proof of Lemma 11

Note that when k € [m] we have n(fl) = ngm-k+1, and hence by (9), when k € [m], we have

1 271
k) _ (k) (k)
AP = iE On_y — Z (O‘(i72i,0),(n,1,1) T Q6,2041,0),(n1, 1)) 42i+1
i=1
m 2
o'® (k) (k)
®0,11,0),(n_1,1) @1 T X0 n0m 1), (n_y,1) Inam 2 Yy mgi—1,1),(no1,1) Ingr-
l=m—k+2 2
1< (k) (k)
=3 ZlE L{n_, = 9}{ (1 = Yp(),5,00,6.1) 0‘<a<j>,j,0),<j,1>> aj
j=
2
(k) (k)
- (O‘<p<q>,j,o>,<a,1> R CIORORE 1)) } (210)
qe[SI\{5} 2
By Assumption 5, we have ag, a1, - - , ag are orthonormal, and hence

S
1 2
W _ 1 _ G N0
AP =2 Elﬂ{”l = 9}{ (1 O (p(4),4,0,3,1) O‘<a<j>,j,o>,<j,1>)

j=1
(k) (k) ?
D <0‘(p<q>,q,o>,<j, 1y TG (00,006, 1)) H 211)

q€[SI\{5}
This gives (140a). The relations (140b) and (140c) can be verified in a similar way.

For A;k), when k € [m], (kl V= = Qn,,, , = Gp(n_,)» and hence by (9), we have
1 W (k)
k ;
Az(; ) = §E Gp(n_y) — Z (O‘(z’,zi,o),(n_l,n + Q3.2i41,0),(n_ 1,1))
i=1
2
(k) (k) (k)
- ( Q0,m1,0),(n-1,1) T X0ingm,1),(n_1, 1)) - Z Xy ngr—1,1),(n1,1) Pt
l=m—k+2 2

1S
P

(k) () (k)
L{n-1 = J}{ ( (pm,],o) G <p<j>,s<j>,o>,<j,1>) 4 (a(07n1,0)7(j71) + a(o,nw,l),(j,l)) %o
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2

(k) (k) (k)
- 2 <O‘<q,c1(q>,o>,<g‘,1> T ¥gea(9),0),G:) T a(qm(q),l),(j,l)) %}

ae€[S1\{5} 2

212)

Since ag, aq, - - - ,ag are orthonormal, we have

1 2 2
w1 Ne (*) ) (k)
AP =35 Ell{"l 3}{ ( Cp(3),3.0),(5,1) a<p<j>,s<j>7o>,<j,1)) + (a<o,n1,o>7<j,1> + a(o,nzm,n,(j,l))

j=1
k) 49 (k) ?
D (0‘<qc1<q)o> G T Ygreala >,o>,<j,1>+a<q,p<q>,1>,<j,1>> H (213)
ge[ST(4)

This gives (141a). The relations (141b) and (141c) can be computed analogously.
Finally, for A%, we have when k € [m],

1 2m 1
k) _ (k) (k)
Ag ) = §E Sb — Z (5(1‘,21,0),(n_1,1) 6(1 2i+1,0),(n_1, 1))
i=1
2
(k)
/8(0 nl, n 1, 1 b _/B(O,nz'rrL,l),(n71,1)8f - Z /B(n2], 21 1,1) (’IL 1,1)Sf
l=m—k+2 2
L8 25 2
=5 2, Ejl{na =j}{<1— > B ,q,1><;1>> ( > Bia ,q,oml) }
j=1 qelS] 2
(214)

This gives (142a). The relations (142b) and (142c) can be computed analogously.

C.2.5 Proof of Lemma 12

It’s easy to verify by straightforward computation that for any b € {0,1,...,S}, c € [S], j € [S],
u,v € {0,1}, k € [2m], we have

( (k) _ (k) ) B .
da EI;,)q, ),(,v) “, i)“) (7:0) <1 ZZZE{E,S}} a(ns,z),(j,@) , ifb=p,c=7, .
oa,BPa, | CeawGo) 2 ) Oz () ifb#p,c=j, (215)
0, otherwise,
(k) _ (k) — .
ﬁa(%q, ),Giv) 04(17,(127;0 ,(4,v) (1 ZZZ?{ESE} a(r,q,z),(jm)) 5 if b = q,c =173, .
m_ Y(p.g.u), (Jv)zzf{[f}) a(rqz) (o) ifb#q,c=j, (216)
L0, otherwise,

and for any b, ¢ € {0, 1}, we have

(k) (k) —_— _
oa RCXEDRERD (1 T2 s G, v)) » ifb=u,c=w,
— S = —aly ) al ifhtuc=v, Q17
8533930 (p,q,u),(G,0) A5 Hrs,b), () ,C =,
0, otherwise.

Then by the chain rule and the above three expressions, we have (143a), (143b) and (143c). Also,
(144a), (144b) and (144c) can be computed analogously.

C.2.6 Proof of Lemma 13
Using (142a) and (144a), we can compute that for any k € [m]:

5oty = SB[ (1wl ) o (1) o) 5wl (1 )
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(=) (o) (6 ) (o) ) -]

(218)
By using the relation wék) + wgk) = 1, we can further simplify the above expression as
(k) (k)
k 2 W\ (k q P ,
Vkelml: 024, = SE l(wg ) wf (—O(k) + Qk)> 1= ]] . @19
Similarly, we can compute that at the turning point where k = m + 1,
(m+1) (m+1)
m+1 2 miD\2  (m+1 p q .
(5,2570’]- ) = EE (wg )) wé - ?mﬂ) + O(m+1) )n_l =7, (220)
Wy W,y
and forany k € {m +2,...,2m},
(k) (k)
k) _ 2 (2,0 [P0, 4o _
0210 = gE [(wl ) Wy (—(k) + (k)> ’n,l = j] . (221)

Combining (219), (220) and (221), we have (151). The other expressions in Lemma 13 can be
computed analogously.

C.2.7 Proof of Lemma 15

We prove the lemma by induction. First note that (189) is true when ¢ = 0 by our initialization. For
induction, we assume (189) holds for all time steps s <t (0 < t < T'C — 1). Below we prove they
hold at time ¢ + 1.

Step 1: showing (189a) holds at step ¢ + 1. By (184b) and (186), we know that

,u(t-&-l) — Z ( 52?013)) (222)

Thus to track the growth of w5 and show (189a) holds at step ¢ + 1, we need to estimate its the terms
in the gradient expression (151).

(k) (k) (k) (k)

We start from bounding the iteration-varying versions of — % + % for k € [m], and — % + q? )
wy Wo Wo wy
fork € {1,...,2m}. Note that for (:t k,;)),
e when & = 1, we have
t,k
Z‘zm ,:) —1, (223)

where q(t *) and w(t *) are the iteration-varying versions of (148) and (146), respectively;
e whenk € {2,...,m + 1}, we have

q((]t,k) - exp ((1 + c(t)),u;) + ét%)

wﬁ““) - exp ((1 + cg))pg) + l/(t)) (k —2)exp (uét% + Iét; + C(Qt)uét)> + exp ( + (b(®) + c( )) g))

<1+0 <1Og N>) P ((1+c<t)) (t))
a N exp ((1 + cét))uét)) + (k—2)exp (cg )u(t)) + exp ((1 + cét)),ugt))

()
2 exp | i 2
_ <1i(’)<10g N)) (14") > (uo(k’g N)) L (224)
N Zexp(())+k—2 N k
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where in the second line we use the fact that when ¢ < TlC , we have

log? N )

exp(x)—1+(’)(1:)—1+(’)<

where © = ugi, ug%, (1- b(t))uét) (note that ug) < log N by our choice of T7);

» when k € {m + 2,...,2m}, similarly, we have
g (1 o (1og2 N)) exp ((1 - fﬁ”)uéﬂ)
wi™ TN e (1= ) 4 (= 1 exp (el )+ exp (1= el )
log” N °xp (@”)
(rro(52) b
2exp (,u?) +m—1

where the last step follows from our induction hypothesis.

(k)
Besides, turning to %’
0

* when k € [m]:

" <1 Lo (1og2 N)) exp ((1 - CE”)MQ”)
wg ) N N exp (1= e)ud”) + (N = 2)exp (=) + exp (00 — §)ud”)

(®)

B log? N €xXp (Mz ) 1
= <1i(9( N )) 2exp(p(2t))+N_2§ N (226)

where the last two steps follow from induction hypothesis and the choice of T'C’;

e when k& = m + 1, we have

p(()t,erl) B (1 ‘o (10g2 N)) exp ((2 — cgt))‘ugt))
;m+1 - -
w(()t 1) N (N —1)exp (—cét)uét)) + exp ((2 - cgt))uét))

(t)
2 exp | 2u
N

. (227)
N —1+exp (QUg))
e whenk € {m +2,...,2m}, we have
)y, @)
p(()t,k) _ (1 Lo <log2 N)) exp ((1 + ¢y )/LQ )
w(()t’k) N (N —4+k—m)exp (cgt)ugt)) + 3exp ((1 + cgt))u(;))

(t)
2 exp
_ <1+0 <1°g N)> ( 2 ) . (228)
N 3exp<,uét))+N—4+k—m

Together, (224) and (226) give that for any k € [m]:

(k) (k)
qok_poikzl_L. (229)
wgt’ ) w(()t’ ) Yk \/N

Besides, from (223) and (224) we can see that when k = 1:

(t,1) (t,1) loe? N exp ,U/ét)
q(’(“)—po —l—(li@(og )) t( ) ~1, (230)
’ N Qexp(ué))—l—m—l

(t,1)
wy Wy

60



and when k € {2,...,m}:

(®) (t)
q(()t7k) B qét’erl) _ (1 Lo <1og2 N)) exp (,uz ) B exp (Nz ) - L
wgt’k) wgt’mﬂ) N 2 exp (,ug)> +k—2 2exp (u?) +m—-1 VN
(231)

where the last inequality follows from the choice of 7'C, which guarentees ,ug) < V/N, and by (226)
and (227), we have

(t,k) p(t7m+1)

Pg 0
COINNCTESVE (232)
W Wo

The above two inequalities imply that for any k € [m]:

(t,k) (t,k) (t,m+1) (t,m+1) 1 2N
—(—qo + 2 >> Po 4 o +O<Og ) (233)

wgt,k) w(()t,k) w(()t,m+1) wgt,erl) N

By comparing (224), (225), (226), (228), we have

q(t7k) p(t,k) q(tvk/) p(t7k')

/ . D 0 0 0

Vke[m], K e{m+2,...,2m}: ORI = T G 0. (234)
wy wy wy wy

N . . m\2 (k) B\ (k)
We next bound the iteration-varying versions of the terms (wo ) wy ~ and (wl ) wy  in the

expression of 5z£]f&j (cf. (151)) fork € [m] and k € {m+1,...,2m}, respectively. By the induction
hypothesis, we have

e Whenk =1,
1) (1 o (log2 N)> (N = 2) exp (=il ) + 2exp (1= §)ul?)
wy = x
exp ((

N 2+ c§)ul?) + (V= 2)exp (~epf”) + 2exp (1 "))
(235)

1) (1+O (10g2 N)) exp ((2+C§”)u§”)
wy = + .
N T exp (@+ ) + (V= 2y exp (—ef ) + 2exp (1 = o)l
(236)

e When k € {2,...,m}:

* log® N
wg ) = (mo(—N
(N —2)exp (—c;t),u,(;)) + 2exp ((1 - c(;))u(;))

2exp ((1+ Sl ) + (k= 2 exp(e ) + (N = 2)exp (~efpl) + 2exp (1= )ud”)

(237)
2
(t.k) log” N
W) = (1 L0 ( ))
N
2 exp ((1 + c;t))u;t)> + (k —2) exp(c{? D)

2exp ((1+ Sl ) + (k= 2 exp(eps”) + (N = 2)exp (~efpl”) + 2exp (1= )ud”)
(238)

e When k = m + 1, we have

2
- (n0(52)
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(N —1)exp ( c(t),uét)) + exp <(2 — c(t)),u(t))

2exp ((1+ ) + (m = Dexp(euf”) + (N = Dexp (~efl”) + exp (2 = ”)d”)

(239)
2
(t,m+1) lOg N
uq :(1i0(———>)
N
2 exp ((1 + c(t))u(t)> +(m—1) exp(c(t),u(t))

2exp ((1+ §ud”) + (m — Dexp(euf”) + (N = Dexp (~efl”) + exp (2 = )d”)
(240)

* When k € {m +2,...,2m}, we have

2
(t,k) _ ( log N
wy; =(1+£0 (
N
2 exp ((1 - c(t))u(t)) + (m—1)exp ( ci%g”)

. (N—4+Fk—m)exp (cp,ug)) + 3exp ((1+c ))/12)) + 2exp ((1 U)ué)) (m fl)exp( cl)pg)>

< max | 128N 2 , (241)
N o (e~ D)

2
- (20(%)
(N—4+k—m)exp (c(t> (t)) + 3exp ((1 + )l ))

(N—4+k—m)exp (cgw,ug)) + 3exp ((1 + cgt))uét)> + 2exp ((1 — cg ))/Lé )) + (m—1)exp (—cgt)ugw)
(242)

By (237), (238) (239), (240) and the fact that exp (u () ) < VN (c.f., (188)), we can compute that
for any s <

2 9 ®)y,,®
: k)2 (. (k) _ 1 NeXp((1+20 i )
et () ) = e e} \ T o (020
(243)
0 0y, ) \?
omeny? (e _ (e (0 2407) !
(wlt H) (wot +1>A 1+%exp((1+20(t)) ét)) 1+%6Xp((1+26 )) (f)) |
(244)

which gives

() (W) N

. - :
(wgt,mﬂ)) (w(()tm+1>> exp ((1 + 2C§t))ﬂ§t))

(245)

With the above expressions, we could derive the following lemma, whose proof can be found in
Appendix C.2.11.

Lemma 23. Under our induction hypothesis, there exist absolute constants C,C" > 0 such that
when n < C , we have

() ot s (-0 () ook

62



By Lemma 23, (233) and (151) we know that

i (-0203,) - 02475" 2 s 2 [( (’“’) 5)]. (247)

k=1

Lemma 23 combined with (245) also implies that

exp ((1 + 2c§t))u§)) < mN. (248)
By (243), (248) and our initialization we know that for any k € [m]:
2 1
E [(wgm) wgt’“] 2+ (249)

Moreover, similar as how we prove Lemma 23 in Appendix C.2.11, using relations (237), (238),
(241), (242), we can show by contradiction that

N2 wy _ logN 2
Vke[m], K e{m+2,- - 2m}: (w§t’k)) wit) < % (w(()t’k)) wit™ . (250)

Recall (151) gives

2 (t,k) (t k)
E k K )
() g. (w(()t )) wgt ) *q;,(m w(f k)) ‘”—1 =j|, ke [m]
Vj S [S] : 5217(’)7. = N

J te)\ 2 (tk (k) (0¥ )
%E (wg )) wé ) _Z[:()t,m""w(tk)) ‘n,1=j , ke{m+1,...,2m}.

Thus by (250) and (234), we have

log N
Viels]: [6203)] < Oif ( 5z fo’“]) Vke[m], K e{m+2,....2m}. (251

Combining (247), (249) and (251), we have

a tk 1 & t\2  (tk 1
3 (48 2 gz L E [(wg ) uf >] S (252)
and thus
2m
DB~y (o) = (;;;/)277, (253)
k=1
where we use the induction hypothesis in the last step. This shows (189a) is true at time ¢ + 1.
Moreover, by (252) we know that u(tH) u(t)

Step 2: showing (189b) holds at time ¢ + 1. By (151), (153) and the induction hypothesis, we have

for any s < ¢:
S (s,k) log N\ "¢ (5,k)
3 ( 521”) <1+0< = )> Z ( 521(“) (254)

k=1

and when k € {m + 2,...,2m},

—520M = 5. (255)

By (251), we have

& s log N Zm <k
3 (—52;1 J’?) (1 +O< > )) 3 (—5256,})' (256)

k=1 k=1
Combining the above expresion with (184a), and summing over s = 0, 1, ..., ¢, we have
log N
pU+D) y(1+1) _ (1 Lo ( O?\f )) (D), 257)
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This shows (189b) holds at time ¢ + 1.
Step 3: showing (189c¢) holds at time ¢ + 1. For any ¢, j € [S] and n(ff = 4, by definition (c.f. (150))

we have (k)
Vke[m+1]: p(Z B(Zm ),(3,1)
Thus we have
e whenk = 1:
(t,k)
Dp(i)
=0, (258)
wy
e Whenk e {2,...,m + 1},
q(t k) (t,k)
”(i 55 = 1{3e {0, k= 2}, nymt = il = 5} p(il)
*) _ log? N exp ((1 + Cét))ﬂ(t))
B B - N oy, ® ®,® 0,0
1p(3) = j1n®) = 7} (1+<9( ))
exp ((1 +ey) )iy ) + (k —2) exp (Cz M2 ) + exp ((1 +ex ) )

2
+1{3€{0,...,k -3}, ngm_t = i|n'") = j} - (1 +0 (k’gNN))

exp (c(”u“))

exp ((1 + c(t))u(t)) + (k—2)exp <cgt)u<2t)) + exp ((1 + cét))uét))

8

(224) 1

< 1{p() = jln®) = g}% +1{3€{0,....k -3}, ngmt = ijn*) = iy (259)
1

In addition, we have

* Whenk € {1,...,m}:
(t.k) (t.k) (t,k) (t,k)

plz +p2z . tk plz +p2z
—an - 1{i € V(T),iis not a leaf|n_ ( )_]}W
wy !

1{c1(i) = jln" = 5} <1 +0 (10%2 N)) exp (1= i) + exp (—li”)
= 1Lalr) =Jn_1" =1 T
N )T (N = 2)exp (- cgw) +2exp (1))

log? N
+1{i € V(T),iis not a leaf, 1 (i) # jjn'" = 5} (1 +0 ( 08" ))

N
2exp ( cgt)p(;))

. (N —2)exp <_Cét),ué )) + 2exp ((1 o C(t))ug ))

(227) (tk p((f k) (t,k) 1
< e (i) = jlny —j} +]l{ieV( T),iisnotaleaf, ¢1 (i) # jln> _j}N’
0
(260)
* When k =m + 1,
(t,m+1) (t,m+1)
Y 4
Pi a mfl) = 1{i € V(T), i is not a leaf and root|n'"7" ") = j}
Wo
log2 N 2exp( cé)ug))
\oTN @ ,(t) o) D)
(N —1)exp (ﬂ:z 145 ) + exp ((2 ks )
m o1
< 1{i € V(T ), is not a leaf and root|n (tm+1) ]}N. (261)
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Thus we have for all k € [m + 1]:

(t.k) ( k) (t,k)
‘5 (t,5)] 152 2]E (w(()t,k))zwgt,k) 4y Pi; Do

“1,i,5 < S wgt,k) w(()t k)

2 1 1o ( (t, k))Qw(t,k) Q((Jt’k) n P(()t'k)
N S 1 wgt’k) w(()t»k)
IOgN ( 52 (t, k))

N 21 ,0,7

where the second line follows from (259), (260) and (261), and the last line follows from (151), (224)
and (227). When k € {m + 2,...,2m}, similarly, we can compute that

Tl_1=j

.21 &0\, (tR)
nl]} +N SE[(wO ) w,

A

A

tk)| - J0gN | ¢ (k)] 3D log N log N o
02| < 2B ol ST o 22 (o)) v e [ml. (262)
Combining the above two expressions, we have
2m
o k)| o log N tk
Vi,j e [9] : 0| s = —54}03) . (263)
k=1

t+1 t tk) IOgN n  nlogN & tk log N (441
45 < |+ 6 G0 < 2l + T8 N (—oa) = Sl Y, 26w
k=1
log N log N} log N
‘ (t+1) ’ ) QI - 2 5z f]kj) < og ,uét) I Ui (js (_52%,@;) ozgv (t+1) (265)
k=1
where the second inequality follows from (263) and the induction hypothesis.
Analogously, we can show that
5] < log N g+, (266)
Combining (264), (265) and (266), we know that (1890) holds at time ¢ + 1.
Step 4: showing (189d) holds at time ¢ + 1. We show cgtﬂ) > 1/2 by contradiction. If
ST <12, (267)
since ) < Nm, by (245) we have
2
Sy (wf)” (i) | N
5 =(1+0 Tl 1 z log N,
(wgt,m-&-l)) (w(()t,m+1)) Nm exp ((1 + 205 + ))Mé + ))
which combined with (151), (154), (251) and Lemma 23 indicates that for any j € [S]:
2m . 2m 5
- Y oA = - ) s (o). (268)
k=1 k=1
This indicates that B
t 2m t,
(t+1) Cig,%,l - 102 Lgl 1 1
2 oA 2m5(tk)
1,0,j #1,0,5

)

where the last inequality follows from (268) and our hypothesis that ¢’ > 1/2. The above expression

contradicts (267), thus we have c(2t+1) >1/2.
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C.2.8 Proof of Lemma 16
We prove by induction that (192a), (192b), (192c), (192d) and

2m t\2 (tk
k=m+2 (wi )) w(() )< log? N

< (269)
2 b)

(wgt,m+1)) w(()t,m+1) N

exp ((1 ¥ 2c§t>) ug“) >N (270)

hold for all t € [TC, TS].

Base case. When ¢ = T, (192a), (192b), (192¢) hold. By (189d) we know that (192d) and (270)
hold at time t = TIC. By (189d), (239) and (240), we have

¢ m+1)\2  (TC,m+1 1
(“’51 ' )) wp " = (T7) Ty’ @71
exp((2c2 —1) o )

and by (242) and (241), we have

T )\? (1€ k 1
(w0 ™ = — Ty @)
NZ2exp (2 (201 — 1) 1) )

Thus we have

2
(DY IR ey (o) 1) )

(nglcva"l))Q wéTlc,nH-l) N2 exp (2 (20§T1C) _ 1) HéTF)>

17 ¢
mexp ((20§ ) + 1) u; t )) (248) log2N
- (1) (1) S TN 73)
NZ?exp (401 Vgt )
: : (t) (8D () (1)
where the last inequality also uses the fact that Vs g o =" ¢y us” > 0 for any ¢, because by (155),

we know that V3(,%).,0 strictly increases with ¢. By (273) we know that (269) holds at time ¢ = TIC .

Induction. Assume that (192a), (192b), (192c¢), (192d) and (269) hold for all time steps s € [Tlc , ]
(TF <t < TS —1). Below we prove that (192a), (192b), (192c¢) and (269) hold for ¢ + 1.

Step 1: Showing (192a) for ¢t + 1. By (227) and (224) and the induction hypothesis, we have

pgt,m+1) (145 1 exp (2#&”) (146 1 2
tmt) — \ 7T AN ®y " \nN)) 3
wy N —1+exp (2u2 )
q(()t,m+1) ~ /1 exp (M?) ~ /1 1
wy’ N Qexp(ug))+mfl N 2
and thus by (151) and the above expression, we have
—5,2%?64-“) = EE [(w%t H)> w((Jt" H)’nA = ]] . (275)
By (224), (226) and (151), we have —0z{'y""") > 0, and by (269) we have
2m 2
log® N m
> ) s 5 (Hee). (276)
k=m+2
Thus we have
g™ 2 g — oY, (277)
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By (239) and (240), we have

——1 — — whenc D> 05
(w(t,m+1)>2 w(t,m+1) - exp((2c; )—l)ufz')) 2 (278)
' ’ ; @y oy when Cét) <05
exp(2(1—2c2’ )u2 )
and when ¢! > 0.5, by (237) and (238), we have Vk € [m]:
tk tk
(k) 2 (k) N2 <wé )) wg ) N2
(wo’ ) W= o) oy 24 2 = ® )
exp (2 (202 + 1) 1y ) (wgumﬂ)) w(()t,m+1) exp (( N 3) )
279)

Following the same argument as we show (248) in Phase 1 by leveraging (245), here by leveraging
(279), we can show that when n < N and c(t) = 0.5,

exp ((2c§) + 3) ug”) < mN?2. (280)

This combined with (278) suggests that when cg) > 0.5, we have

). P (4“( )>

2 1
(t,m+1)) (t,m+1 - = 281
(wl %o ~ mNZ ~m (281)
Thus by (277) and the above relation, we have
t+1 (T) t (T) 1 nt+1-— TC)
Mg )*UQI Zﬂé)*/bl +77%27SN L, (282)
where the last step follows from our induction hypothesis.
On the other hand, (280) suggests that
P < 0.5 after 5 = m4V/N. (283)

After cét) < 0.5, by (278) and (192d), we have

m+1)\2  (tm 1 1
(w ) w2 s> (284)

Thus by (277) and the above relation, we have

41 ¢ t TE 1 p(t+1-T7)
M§+)—M51)ZM§)—M51)+UN257N17 (285)

where the last step follows from our induction hypothesis. (285) and (282) suggest that (192a) holds
fort + 1.

Step 2: Showing (192b) and (192c¢) hold for ¢ + 1. Note that (269) indicates that

t,k) logN t,m+1
T sl < = (o). (286)
k=m+2

Following a similar argument as we show (189b) and (189c) in Phase 1 in Appendix C.2.7 (Step 2
and Step 3), we can show that (192b) and (192c) hold for ¢ + 1. Here we omit the details to avoid
repetition.

Step 3: Showing (270) hold for ¢ + 1. We prove this by contradiction. Assume that
exp ((1 + 20(t+1)) u;t+1)) <N (287)

then when 7 is small enough, we have

exp ((1 n zcgt)) ug)) < 2N. (288)
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Then by (237) and (238), we have

exp ((20&” + 1) ,ug’))

vhelm: (wi®) wfth < - (289)
By the above relation and (278), we have
pI (w((f’k))2 wgt’k) mexp ((3 — QCét)) uét)> mexp (4u§t)>
(s g N v < O
where the first inequality follows from (288). Thus by (154), we have
22m (—5z§f’1’f{) =S 22m (—5z§f6’f;) : 291)
k=1 k=1
indicating that
exp ((1 + 2c§“>) Mgt“)) > exp ((1 + 2c§t>) uét)) > N, (292)

where the last step follows from our induction hypothesis. This contradicts with the fact that (287).

Step 4: Showing (192d) hold for ¢ + 1. By (270), we have after cét) < 0.5,

2
Zm= w(()t,k:) w%t,k) N2
i ( ) - m (293)

5 )
(w§t7m+l)) w(()t,erl) exp (SCét),uét))

By a similar argument as in Step 3, we can show that when 7 is small enough, cgﬂ) > 0.25, by
leveraging the above relation.

Step 5: Showing (269) hold for ¢ + 1. We can compute that for any & € [m + 2, 2m],

2 t t t
(wgt’k)) wi™ oxp( (267 H14)i”) o o0 > 0.5
Emi)\2 (tmal) exp((4—40§\)’2—4c<”)ug’)7 275 (@99
(wl ' ) wy” ~2 - , when cé) <05
When cét) > 0.5, by (280) and the above relation, we have
2
2m t+1,k t+1,k
k=m+2 (“’5 )) wi T m2N? _m? (295)
~ N .

<
m 2 m ~ t+1
(wgtﬂ, +1)) w(()t+1, +1) exp <2H§+ )) N2

When cgt) < 0.5, we can show (269) also holds at time ¢ + 1 by contradiction. First by contradiction
similar to Step 3, using (293) we can show that

2
2m (t+1,k) (t+1,k)
k=m-+2 (wl ) Wo

3 < m. (296)
( (t+1,m+1)) (t+1,m+1)
wy Wo

This together with (151) and induction hypothesis implies that

2m

O (o) s m (o). (297)

k=m+2

By the induction hypothesis, there exists an absolute constant C' such that

o (W)
=m+
<2 (298)

2 ~
(wgs,m-&-l)) w(()s,m+1) N
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for all s € [T'C, t]. We now claim

Ccm?
2 < J

(t4+1,m+1) (t+1,m+1) N
w, wy

2m @+1,0)0\2  (t+1.k)
k=m+2 (W1 Wo

which can be shown by contradiction. If

2m t+1,8)\ 2 (t+1,k)
k=m+2 (W1 Wy

Ccm?

>
2
(w§t+1,m+1)) wét+1,m+1) N

) (299)

then when 7 is small enough sunilar as in the proof of Lemma 23 in Appendix C.2.11, we can show
that when learning rate

S ()
Akl N > (300)
(w(t,m+1)) N EES)) 2N
1 0
By (151) and (155) we have
m29 (297) mS
t,m+1 t,m+1) t,k)
—oaflet) 2 2 o~ (—52107]. ) Z( 5z h)]) (301)

indicating 4 — 4(:5” — 4c§t) decreases from step ¢ to step ¢ + 1, i.e.,

4—4c§) 4 <4 - ael) — . (302)
Thus by (294), we have

2 2
2m (t+1,k) (t+1,k) om (t.k) (t,k)
k=m+2 (w1 ) Wo - k=m+2 \W1 Wo - Cm?2

2 = 2 x .
(w§t+1,m+1)) wét+1,m+1) (wgt,erl)) wét,erl) N

(303)

This contradicts with (299). The induction is complete.

(T)

Step 6: Showing ¢\ ) < 0.26, ¢\™*) > 0.48. Recall in Step 1 we demonstrated that (c.£.(283))

P < 0.5 after 1 = m'/4V/N. (304)

After cg ) < 0.5, using a similar argument as we show (291), by (293) we know that before c( ) < <

0.26,

2m 2m
3 (—543’2) 25)Y (—54%’3) : (305)
k=1 k=1
indicating that cgt)pg) decreases approximately S’ times faster than uo increases, and will decrease
below 0.26 before T5 .

In addition, after cét) < 0.5, by (269) and (294) we know that for any k € [m + 2, 2m],

exp ((4 — 4ch2 ) 4c§ )> ,ué )> log N
< .

e S (306)
. . (15) (T At
This together with the fact that ¢; * * < 0.26 and exp ( p5 = N implies that
C
AT > .48 (307)
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C.2.9 Proof of Lemma 17

We first compute some important quantities that will be used in the proof.

Basic computations. When ¢ > T, by induction hypothesis and a similar computation as in Step 1
of the proof of Lemma 15, we have when ¢ is small enough:

(t)
(t1) _ 5 [ H2 1 (t1) _
wy' = exp (+(9 < i )) O oy W= 1. (308)
exp ((1 + 2¢57 ) s )

and for any k € {2,...,m}:

(t)
~ 1
exp ((202 ) )
When k = m + 1, we have
(t;m+1) (t;m+1) ~ 1y 1
Wy =1, w =exp | +O N ( (t) (t)) ’ (310)
exp (1 —2¢3" s

When k € {m + 2,...,2m}, we have

o,
wgt’k) = exp <+(’) ('Lﬁ[)

The above expressions give that

exp (-i—@ <Mgt)>
2 - N
( (th)) w%t,lc) _

wi™ =1 (311)

Wo ~ H(t) 1 (312)
exp i@(f{,) W, k€{2,...,m},
and
tm+1D\2  (tm+1) ~ ug) 1
(wl ) w, =exp | +O N (2(1 5 (t)) (t)). (313)
exp —2¢57 s
and
t)\2 (k) ~ (1Y 1
Yk e {m+2,...,2m), (wl’ ) wi™ = exp | 40 | 2 W. (314)
exp (4c¢;” ps

Below we show Lemma 17 By Lemma 16 we know that Lemma 17 holds for t = T'{'. We assume
that Lemma 17 holds for all s < ¢ (¢t € [T§, TS — 1]). Below we show that Lemma 17 holds for
t+ 1.

Step 1: showing (195a) holds for ¢ + 1. Following the same computation as in Step 1 in the proof of
Lemma 16, we could compute that (277) holds here, i.e., we have

ps Y 2 ) — ozl (315)
and
—62&)’].“) = E]E [(w§lt H)) w((f’ H)’n_l = ]] . (316)
By (313) and induction hypothesis we know that when ¢ is small enough, we have
(w(t,m+1))2w(t,m+1) < 1 B 1 - (i)?)/?
1 0 = - = .
exp ((2(1 —0.48) + 0.01) ug“) exp (1.05@“) 6m

(317)
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This together with (315) implies that

€\ 3/2
Wz + E(S) (318)

indicating that (195a) holds for ¢ + 1.

Step 2: showing (195b), (195¢) hold for ¢ + 1. This step is almost the same as Step 2 and 3 in the
proof of Lemma 15 and is omitted here.

Step 3: showing (195d) holds for ¢ + 1. Similar to Step 3 in the proof of Lemma 16, we could show
by contradiction that when 1 <

m,N:
2
S ()
. —1+0(~), (319)
(t,m+1) (t,m+1) N
w1y ) Wy
since by (154), if
m 2 2
2 (w(()t,k)) wgt’k) < (wgt,mﬂ)) w(()t,erl), (320)
k=1
cg) will increase, i.e., cé”l) > cg) and if
O (2 (k) (t;m+1)\2  (t,m+1)
Z wy wy < (wy wy , (321)
k=1
P will decrease, ie., ci ™) < ). Combining (319) with (312) and (313), we have
N e (21— 2l
exp | £O ~ TTEYNCTEY =1, (322)
€xp ((402 )14 )

indicating that cé”l) € [0.24,0.26].

Next, we show by contradiction that
(1) S (+) _ 3 1
' = cy (N .

By induction hypothesis, there exists some absolute constant C' such that for all s € [T¥, ],

(5) _ (s) < _CpO|y(10gN)
o G Z-——r
where poly(log N) stands for some polynomial in log N. (155), (154) and (319) give that

2m

2m
- Y- Y E|(uf) w).
k=1 k=m+2
2m m
-2 051 =0 <]1v> D E [(w?”“))Qwét””] - (323)

k=1 k=1
Thus if
ly(log N
D D) Cpoly(log )’ (324)
N

then when ) < ﬁ, we have

0 _ v _ Cpoly(log N)

¢’ <y oN .
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By (312), (314) and (323), when C'is large enough, we have

6Z(t m+1)

(t,m+1)
3,00 @ » —0z37;

)

leading to

C(1t+1) _ C(t+1)

Cpoly(log N
( (B 5 D) () poly(log ')

2 Z 4 2 N )
where the last inequality uses induction hypothesis. The above expression contradicts (324), thus we

have
~ (1
c&“”%é“”‘(?( >

> cgt) —

N

C.2.10 Proof of Lemma 18

Note that by our definitions of w(() ), w§ ) and Lemma 11 we could rewrite Zizl Agk) as

Yaw-Se [(wg@“)z] f Y E [(w?”“))Q] - (325)

k=1 k=1 k=m+1

By a similar calculation as in Step 1 of the proof of Lemma 15, Lemma 17 (and the fact that the
relations in Lemma 17 still hold after time 75'), we have for all t > T§ + 1:

N
Vee[m]: wi < t <y, (326)
exp (0.47ué )) +N 6m
. 1
Vee[m+1,2m]:  wi"® < m* <a4/-=. (327)

exp (O.47u§t)) +m+1 6m

Plugging the above into (325), we have

g
o
=
A\
Wl ™

C.2.11 Proof of Lemma 23

We prove this lemma by contradiction. Assume that there exists the first time ¢y < ¢ such that

< wlto))? ok C'm tom+1\ 2 (to,m+1

for some absolute constant C”.

First note that when ¢ = 0, we have

L0 _ | T ke [m] L 00 _ ) wre ke lm]
0 Nikomol © fe{m+1,....2m}° ! il ke{m+1,....2m}’

(329)

which implies that (246) holds when ¢ = 0, thus we have tg > 1.
By (155) we have for any t € N:

2m m 2
Z 5z§ Z [( (k) ) wg,k)] _sE [(wgt,m-kl)) w(()t,mﬂ)] . (330)
k=1

k=1

This implies that




and thus by (184b) we have at time g — 1,
Vg(,too,l Y- tO) +7 Z 525 V3(t001 + Ci~ (33D

Similarly, by (151), (153) and (184a), we have

to—1 to C
U= =g + 0 (NS) (332)

Thus by the expression of w( k) and wlt ) (c.f.(237), (238), (239), (240), (241) and (242)), we know
that

_ C C
Vk e [2m] : w((fo Lk <1 ) (N)) w(()to’k), w(to LR (1 +0 (N)) wﬁt“’“),
(333)
and therefore, we have

m to—1,k to—1,k
o () g

m (to,k) (to,k)
Cw w
< (1 +0 (C)> B (v ) S <)

~
(w§t0_177n+1)>2wéto_l,m+1) N <w§t0,7n+l))2w(()to,m-‘rl)

By (328) and the above expression, we know that when C' is small enough, we have

2
to—1,k to—1,k
m (UJ(() 0 )) wg 0 )

k=1 C’
5 <1-—— (335)
(w§t0_1’77L+1)) w(()to—l,m+1)
By the above expression and (330) we know that
2m,
c’ —1,m 2 —1,m

s §t811 " s NmE[<w§t0 1, +1)) wlto +1)]_ (336)

k7

Thus by (184b) we know that V3 o1 (recall V3 g1 = —copo) will increase from ¢y — 1 to ¢y. , i.e.,

Céto)ﬂgto) < C(Qto_l)uéto_l). (337)

Furthermore, by (219) we know that

2m —1,m41)) 2 —1,m+1 2C'N 4 1,k
5 —E [(wito + )) wéto + )] < S —];15 §f31 ) , (338)

t(] lk
101

suggesting we could choose the absolute constant C’ large enough so that
(1 + 250Dy o™ 5 (1 4 2c80)y o), (339)

(243), (244) and the above expression imply that we could choose the absolute constant C’ large
enough so that

2 2
(w(()tg,k)) (wgto,k)) > (wétofl,k)) (wgtofl,k)) , (340)
2 2
(wgto,erl)) <wéto,m+1)) < (w§t071,m+1)) (w(()tofl,erl)). (341)
Therefore, by (328) we have
- — 2 — Cl —1m 2 —1m
Z (w((Jto 1,k)) w%to 1,k) - (1_ Nm) (wgto 1, +1)) w(()to 1, +1). (342)

k=1

This contradicts with our choice that ¢ is the first time that (328) is satisfied.
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C.2.12 Proof of Lemma 19
We first define

rk) = Z exp (mEkil)TBw(_kfl) + yfkil)TBzy(_kfl) + ZZ-(kfl)TB;aZ(_kfl)) , (343)
i=1

where we let x(k_l), ygk_l), z£k_1) be the i-th column of X *~1 Y (*:=1) 7 =1) regpectively. (*)

i

is the denominator of the attention score at the k-th reasoning step.

For any i,j € {0, ..., S}, we also define
2m
STEDY (51‘5213 + Jyﬁf}) : (344)
k=1

and we define 55”, 5§t) likewise. Then by (184a) we know that
Uit = ol - gt (345)

From Lemma 3 we can see that each 5l(t) consists of some positive terms and some negative terms.
We denote the sum of all the positive terms as 6l(t’+) and the absolute value of the sum of all the
negative terms as 6l(t’_). Then we have

5 = o) g, (346)

With the above definitions, we prove Lemma 19 by induction. In addition, we’ll also show that after
bét) >0, bgt) ugt) (ie., U?Ef&l) monotonically increases.

By our initialization, Lemma 19 and the above claim hold when ¢ = 0. We assume Lemma 19 and
the above claim holds at time ¢ (¢ € {0,1,--- , 7% — 1}) and prove it at time ¢ + 1.

Step 1: Showing (199a) holds at time ¢ + 1. We break discussion into two cases.

Case 1: bgt) < 0. When bét) < 0, by Lemma 14 and induction hypothesis we can compute that

§§t’7) _ _6x(t,m+1)

Jd T 2,5,3

1 (t,m+1) (t,m+1) 20 (t;m+1) (t,m+1) Iy
= S]El (1 ~ X04,0),6,0) T Y& (j),j,l),u,l)) (a(o,j,om,n + 0‘(&(3’)4,1)7(]*,1)) M=
NZ?exp ((1 + bgt)) ,ugt))
= 3 ) (347)
S (T(t,m+1))
and
) _ N\ Ll (L0 () () ()
2,5, ;2 SEl (0‘<c1<j>,j,1),<j,1> T (3),e2().0,G) T a(cl(j>,c2<c1<j)>,o>,<j,1>) Xer(7).4,1),31)
(k) (k) -1
: (1 = Yp().4.0),6.) T a(zl(j),j,n,(j,l)) ‘” - 9]
mN exp ((2 — bgt)) ugt))
- 348
S (rh)? .
for any k € {2,--- ,m}, where the second and third line is the second term of the expression of
(m+1)

0ys ;i givenin (168).

By induction hypothesis we also have

< (1
p(bmtl) — (1 +0 (N>) ((N —Dexp (B87) + exp (08 + 1 - a®)")
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+exp <(—a(t) - bé”)ﬁ”) +(m—1)exp (_bét)ugt)> +exp ((1 - bét))ugt)) )

= Nexp (bgt) u(lt)) , (349)
where the second relation follows from (199d) and (199b), and for all k € {2, -+ ,m} we have

~ (1
rtk) = (1 +0 <N)) ((N — 2) exp (bg),ugtv + exp ((bét) + 1),u§t)) + exp ((—bét) — a(t))ugt))

+exp (08— a®)l”) + (k= 2 exp (<0871 + exp (1 - 8")u") )
= Nexp (bé” ugw) . (350)

(note that this relations holds during Phase I.1-C, even when bét) > 0.) Thus we have

ptmt1) r(t’k), Vke{2,---,m}. (351)

By (199b) we know that 63@&3) dominates (53:&?, and thus

I ((1 - ng)) ”5”) 1

=035 = 0255 = SN z SN (352)
where the second relation follows from (347), (351), and the last relation follows from (199b). (352)
indicates that (199a) holds at time ¢ + 1 if b < 0,

Case 2: bgt) > (0. When bét) > 0, by Lemma 14 and induction hypothesis we have

t t,—
_5534 = 5§,j’j)
_ i (*) ()

k=1

1 (k) , :
El (1 = Yp().4.0),6,1) T O‘(p(jxs(j),O),(j,l)) Y (p(4).5.0).(5,1)

Wl

(k) (k) P
' (1 ~ w060 O‘(a(ﬂ,j,l),(j,l)) ‘n - 11

mN?exp ((1 + 3bgt)> ,ugt)) mexp (,ugt))
>

S (T(t,k))?’ B SN ~ SN’

(353)

where the first and second line corresponds to the first term of 5yékj) ; given in (168), and k €
{2,--- ,m}, and the last relation uses (350). Therefore, (352) holds at time ¢ + 1 if bg) > 0.

Step 2: Showing (199b) holds at time ¢ + 1 if bét) > 0, then Uéf& 11 ) > Uéf&l. We first show by

bét-q—l)

contradiction that if < 0, then we have

N
exp ((1 _ 2bét+1))ugt+1)) < —.

Suppose for contradiction that bétﬂ) < Oand

N
exp ((1 _ 2b§“))u§t“>) . N (354)

m

By the induction hypothesis we have
b\ <0, Vse{0,1,---,t},

and there exists some absolute constant C' > 0 such that

s s CN
exp ((1 — 268 >) <= Vse {01 1), (355)
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By (354), when the learning rate n < p= N, we have
CN
1= 2)) = 356
exp (( 5 )1 om (356)
Using the induction hypothesis and Lemma 14, we can compute that
(t,+) tmt1) (t,m+1) Em+D) (t,m+1)
95,0, 1 = S]El ( X (n2,7,1),G,1) ~ ¥na,e1(n2),0),G,1) ~ Xna,ea(n2),0),3,1 )) X(ns,5,1),3,1)
(t,m+1) o
> Y (5(4),4.0),(5.1) ‘"1 = J]
q€[S]
1 o (tm+1) (t,;m+1) (t,m+1) t, m+l) .
+ S]El (1 ®(0,4,0),(,1) O‘(a(ﬁ,j,l),(ml)) ®(0,5,0),(,1) ZS (5(4),9.0),(,1) ’"1 =J
qe[
NZ?exp ((1 + bg)) ,ugt)>
= , (357)

g (r(t,m+1))3

where the second and third line corresponds to the fourth term of 5y§"&t1) given in (180), and the

+1)

fourth line corresponds to the third term of (5373 0,1 givenin (174). By the above expression and

(356) we have
Nzexp((l—l—b ) t)) mN
s ) 1 26) = < - exp ((2 - bé’f))u?)) . (358)
S (r(t7m+1)) CS (r(t,erl))
By (348), (351) and the above expression we have when C' is large enough, 59;} + 25§t0+1) is
dominated by 5;2? , leading to
t, (t,+ t, t+)
o5 — a8 —2 (o455 — o) <o. (359)
This implies that
(1 _ 2bét+1)) ,ugtﬂ) < ( b(t)) b )7 (360)
and thus by (355) we have
N
esp (1 - 2 )Y <
m
which contradicts with (354).
We next show 1
b(t+1) <=
2 2
by contradiction. If 65" > L then wh h
y radiction. 5 > 2,t en when n < mN,We ave
1 1
b >- o= ). 361
2 5 N (361)
We can compute by Lemma 14 and induction hypothesis that
mN exp ((2 + bg)) Ngt)) (353) 1
(t —) 5 (k) - - - ( 5(t) ) 62

where the last step also uses (361). This implies that from step ¢ to step ¢ + 1,

u§t+1) _ Mgt) >N <bgt+1)u(1t+1) . bgt)ugt)) ’
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and thus
1
b < b < 5 (363)

This leads to a contradiction.

Lastly, if b > 0, by (362) and (357) we have

5:(56,71) ) _ meXp( ())

(5(t’+) M1 - N )
3,0,1
indicating that 63 01 = 5?()t0_1) - 5§t0+1 increases with ¢ after bgt) > 0. Therefore, Uéf&t 11 ) > U?Ef())ﬁl.

Step 3: Showing (199c) holds at time ¢ + 1. This can be shown by following a similar calculation
as in Step 3 in the proof of Lemma 15, and we omit the details.

Step 4: Showing (199d) holds at time ¢ + 1. If (T > 0, then by our choice of Tlc we know that
(199d) holds at time ¢ + 1. Below we consider the case when a(**1) < 0. By induction hypothesis
and Lemma 14, we can compute that

t—) _ 1 C(tmFl) (tmel) (t,m+1) _ (tm+l) (tm+l) .
01,045 = S]El (1 ®(0.4,0),(3,1) a(a(ﬁ,j,l),(j,l)) ©(0,4,0),(3,1) (1 ®(0,3,0),(3,1) a(nzm,m),(m)) ’”1 = 31
N2 exp ((31)?) +1-— a(t)) ,ugt)>

= . 364
S (T(t,m+1))3 (364)

1)

where the first two lines correspond to the first term of (53:%*; given in (159).

We could also compute that

(t4) < (t,m+1) (t,m+1) 2 (t,m+1) (t,m+1) iy
01,05 = SE[ (0‘(07j,0>,<j,1) X 0,n5m 1,0, 1)) (1 ~ X0,4,0),G.) ~ a(07"2m71)7(j71)> ‘”1 = 3]

N exp ((31)&” +2 - 2a(t)) ,ugt))
S (,,«(t,m-k—l))3

By comparing the above expressions and using a contradiction argument similar as in Step 2 in the
proof of Lemma 20, we can show that

(365)

exp ((1 - a(t)),ugt)> < N. (366)
Step 5: Showing Ul(t(fjl ) > Ul(t()) e
By Lemma 14 and induction hypothesis, we can compute that forall k € {m + 2,--- ;m + 1 + 2™},
w _ L N0 N (k) (k) _
03,00 = SE[ (1 A (p(4).4,0).(7.0) O‘(c1<j>,j,1>’<j,o>) Ye1(4).4,1),(3.0) Z[;S] ¥ (5(4),4.0),(4,0) ’”—1 - J]
qe
_ (2exp (2p1) + Nexp (1)) (N exp (=bap) + (m — 1) exp(bipin)) (367)
S (r®)? ’

and

#k _ 1 _ L ®) _ L ®) (k) (k) _
2300 = S]El (1 Xi,1(),0),(7,0) — Y(ie2(1),0),(5,0) a(i,j,n,(j,m) X,4,1),(3,0) % % (#(9),4.0).(4.0) ‘”—1 —9]
q€e

_ (Nexp ((1=b1) ) +2exp (2 = 1) ) + exp ((L+ b)) (N + 2exp(pn))
S (r)? '

(368)
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Recall that Lemma 14 gives that for all k € [m + 1]:

Sy = dys o = 0. (369)
Thus by the above expressions we can see that
m+1+2™ m
Bo0 =D, Odaiyy+ 29 s
k=m-+2 k=1

is strictly positive, indicating that U. 3t+1 < U. é% 0

C.2.13 Proof of Lemma 20

We follow the same notation as in the proof of Lemma 19. We first show (202) holds by induction.

From Lemma 19 we know that when ¢ = TIB, (202) holds. We assume that (202) holds for all
se{TE, TP +2,--- ,t} (TP <t < TF). We next show that (202) also holds for ¢ + 1.

Step 1: Showing u( o ugt and (202a) holds for ¢ + 1. Similar to the calculation in
Step 1 of Lemma 19, we can compute that (note exp(ugt)) 2 N by induction hypothesis,
exp (( — 2" ) < N by our choice of TP)

(t,m+1) N
r
vk : = 370
€ [m] 71(15,]c) exp (’ugt)) ’ ( )
since
ptm+l) — Nexp(b; )/L(t)) rtF) = exp ((1 + bgt))/igt)) , Yk e[m]. 371)
And we can compute that
QA0
o v ((2 ) )
2,44 3 ) (372)
S (r(t’k))
(o) N2 exp ((1 + bg’)) /15”) mN? exp ((1 + SbS’)) ugt))
52 g = 3 3 (373)
B S (T(t,m+1)) S (r(t,k))
By (370) and the above two expressions we can see that 52 7 j) dominates 62 5o ), and thus
0 oo Vor(( o)) ew((-2)u’)
—057 . =850 > = = =, 374
2,55 = 9244 ~ S (r(t,m+1)> SN SN (374)

where the last inequality follows from the induction hypothesis that bg)

implies that (202a) holds for ¢ + 1, and u(t+1) gt).

< 1. The above expression

Step 2: Showing (202b) holds for ¢ + 1. By Lemma 14 and induction hypothesis, we can compute
that

t,+ tm+1
5%0,] =0 gO,j )

2
_ (t.k) (t.k) D)
- 5 Z El“”?’“ " Z}( 0]0 ),,0) T ¥ 0,mzm 1,0, 0)) (1_ (0,4,0),(7,0) ~ ¥(0,m2m,1),(7,0)

. (t,k) . (t,k) (t,k) (t,k) (t,k)
+(1 Xi,01(1),00,(.0) ~ Yisea(i)0),3,0) ~ (ul)(am) (O‘u,cl(i).,ox(j,oﬁ (i e2(1),0), (3,0

a

( (t,k) 1otk )
(0,4,0),(3,0) T Y(0,n2m,1),(4,0)
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N exp ((Sbg’) +2— 2a(t)) ,ugt)> exp ((bg’) +2— a(t)> ,ugt)) (N + exp ((1 —a®) uﬁ”))

B S (rttmD)? ! $ (rttm0)?
(a) (b)
(375)
And same as (364), here we also have
arL,NQ“p(@@w+1_am)“@) (376)
1,05 = g (r(t,m+1))3 ‘
We show by contradiction that
wpﬁl—d%u@)sN} (377)
By the induction hypothesis, there exists some absolute constant C' > 0 such that
eq%ﬂ—a®M@)<CN,Vseﬂfjf+l~wﬂ. (378)
If at time ¢ + 1, we can compute that
exp ((1 - a(t))ugt)) > CN, (379)
then when 77 < —-, we have
exp ((1 - a(t))ugt)) > CTN (380)

When C is large enough, by (375) and (376) we have the term (a) is larger than 5%}), and thus

58 = atH). (381)

)

Moreover, we have
pltm+l) exp ((1 + bgt) — a(t)) ,ugt)> , r(tk) — exp ((1 + bg)) ugt)) , Vke[m], (382)
and in Step 1 we have computed that
o N2 exp ((1 + bg)) ,ugt)) mN? exp ((1 + Sbét)) ,ugt)>
_52,j,j = 3 + 3
S (r(t,m-kl)) S (T(t,k:))
(¢) (d)

(383)

By (375) we have that

N exp ((bén + 2 — a(t)> Mgt)) CNZ2exp ((1 i b;t) _ a(t)> uﬁ”)
>
S (’I"(t7m+1))3 ~ g (r(t7m+l))3
where the last step uses (380). By (375), (383) and (382) we have that

mN?exp ((1 + 3bg)) ugt)) (r(t,m+1))3

) = 2 C x (¢), (384)

d) =
( ) S (T(t;m+1))3 (r(t7k))3
682 mN?exp ((1 +3b) — 3a(t)> ugt)) - mN? exp ((1 +3b{) — 3a(t)) ugt)) 385)
a S (r(t,erl))S S (r(t,m+1))3 ‘
where k € [m] is arbitrary. On the other hand, by (375) and (380) we have that
CN?2exp <<3bét) +1- a(t)> ,ugt))
(a) 2 2 C x (d). (386)

S (r(t,m+1))3
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By (384) and (386) we have
0tz —Cdy) . (387)

This indicates that we could choose C' large enough such that
(1 — a(t"'l)) ung) < (1 — a(t)> ,ugt). (388)
Combining this with (378) we have that
exp ((1 . a(t“))ugt“)) <CN. (389)

This contradicts with (379).

Step 3: Showing (202c¢) holds for ¢t + 1. Same as (362), (357) given in the proof of Lemma 19, here
we also have

®Y\ , @®
o5 = ;i 5ySo. = m exps( (sz(;)ié )ui’) (390)
and
5:(5&“1) _ N2 exp ((1 + bg)) ugt)) - N2 exp ((1 + bét)) ,ugt)) o)

S (r(t,erl))S ~ S (r(t,k))s

where the last line uses (370). Thus following the same contradiction argument as in Step 2 in the
proof of Lemma 19, we can show that bgtﬂ) < 1/2.

On the other hand, by our choice of TQB we have that

ptm+) > oyn ((1 _ bg>) Mgw) . (392)

This together with (371), (391) yields

N2 exp ((1 + bgt)) ugt))

s < . ex (Gb(t) (t)>
3,0,1 S(T‘(t7k))3 P\ b2 "1y
NZ?exp ((1 + 7bgt)) ,ugt)) N exp ((2 + 7b(t)) ugt))
_ - < (393)
S (r-0) § (rt0)”
By comparing the above expression with (390) we have that if b <0, (5§ ) dominates 63 0, 1 , and

(t+1)

thus it can also be shown by contradiction that b, = 0.

Step 4: Showing (202d) holds for ¢ + 1,and U3/} > US") . (202d) can be shown by following

a similar calculation as in Step 3 in the proof of Lemma 15, and U. étf 3) > U. 3250 can be shown by
following the same calculation as in Step 5 in the proof of Lemma 19. We omit the details here. The
induction is complete.

We now move on to show (203).

Step 5: Showing (203a) holds. After
exp (( —op{Te)y (TP >) =N, exp ((1 - a(T2B)) u§T23>) ~ N, (394)
we can compute that

P20 oxp (1= ) T = exp (1 6)™) L vk e [,
(395)
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and

o Ve (3-8 W) mNe ((3-70) )
S500 ==, Syson = . = 3 . (396)
e g (T(t’k)) S (r(t,m+1))
2 — 9q(®) (t)) (t>)
5(("‘7'*‘) = 5y,(t’m+1) = e <<3 " b2 & (397
3,0,1 3,0,1 S (r(t7m+1))3 .
Note that when b\ = 1/4, the above two terms are equal in magnitude. If 5;?3&;1) (resp. 5§f’ojr1))

dominates 5:(;61) (resp. 5&67_1)), then bgtﬂ) will increase (resp. decrease) to near 1/4. Thus by

contradiction similar as in Step 3 we can show that when Cj in (201) is large enough, there exists
s < T such that

1 ~ (1
Vte{s,s+1,--- TP : o) =(=+0(=))a". (398)
4 N
Step 6: Showing (203a) holds. When (394) is satisfied, by Lemma 14 we can compute that

=) _ Lol men) (tme1) (t,m+1) _ (tm+l)  (t,m+1) .
5170@“5]E[ (1 ®(0,4,0),(7.1) a(a(jm,l),(j’l))O‘(o,j,ox(j,l) (1 ©(0,7,0),(7.1) O‘(o,nzm’lw,l)) )”1—3]

N exp ((bg) 12— a(t)) Mng))

(t,+)
— > ).
S (r(t,m+1))3 ~ 51,04 (399)
In addition,
t, tm+1
5%,(’);‘) = 5y§,0,j+ )
1 (k) (t,k) 2 (t.k) (t,k)
-9 _Z[;] ]El]l{”?""‘ =1} (O‘(o,j,OL(j,O) + a(Omzm71)7(J’>0)) (1 ~ X0,4,0),3,0) O‘(o,nzm,l)7(j70>>
1€
. (t,k) . (t,k) . (t,k) (t,k) (t,k) (t,k)
+ (1 Xi,e1(1),0).(.0) — X(ire2(4),0),(7,0) a(i,j,n,(j,m) (O‘(im(i),ox(jm T ¥iea(),0),.0) T a(i,j,n,(a‘m)

(t,k) (t,k) iy
' (a(o,j,o»(m + O‘(o,nzm,71),<j,0)) = 3]

Nexp (3687 +2-2a0) uf?) exp (88 +2=a®) u?) (N +exp (1= a®) u"))

= 3 + 3
S (r(t:m+1) S (r(t:m+1)
(@) (®)
(400)
By comparing the above two expressions we can see that if
(1 _ au)) WP < CN
for some small enough constant C' > 0, then 636;) dominates 65?63), causing a(*+1) ,u(ltﬂ) <a® ugt).

And since Mgtﬂ) > ugt), (1- a(t“))ugtﬂ) increases faster than ugt) and could reacch O(N) before

t reaches T}P.

C.2.14 Proof of Lemma 21

Proof of (206). We use the same notation as in the proof of Lemma 19, and prove (206) by
induction. By Lemma 20 we know that that (206) holds for ¢t = TQB . We assume that (206) holds
for s € {TP, T8 +1,--- ,t}, and will show that it continues to hold for ¢ + 1. In fact, the relations

(206b), (206¢) and (206d) hold for ¢ + 1, as well as that b {1 > ),V can be shown by
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following a similar calculation as in the proof of Lemma 20. We omit the details here and only
compute that (206a) holds for ¢ + 1.

Similar as in the proof of Lemma 20, we can compute that

~ )
exp (O | £ exp ((1 + bgt))ugt)) , ke [m],
~ ()
P9 — Sexp (O (4 ) Jexp (1=8§Dul”), k=m+1, . @on)
~ ()
exp | O | 5% exp ((1+b(1t))u§t)>, ke{m+2,---,2m}.

Then following a similar calculation as in the proof of Lemma 20, we can compute that

) O\ ()
N P AN exp ((1+057) i)
2,5,J - N S (T(t1m+1))3
) 0 o\ (0
() e )
(TP)
exp ((4 x 0.24 — 2 — 0.01) x\T ) @059 1 /e 32
> < > < (%) (402)

when € is small enough, where the last step uses the induction hypothesis, and thus (206a) holds for
t+ 1.

Proof of (207). By (206b) we know that when e is small enough, (207a) holds. For (207b), by
computation we could verify that (367), (368) is still valid here, and by which we deduce that when

( ) is large enough:

& <+O< m))( > (2650 (267) + Nexp (7)) (W exp (074”) + (m — 1) exp (8" 1”))

= exp -
00 N k=m+1 S (r(t’k))3

(Nexp ((1 - b(lt)> ugt)) + 2exp <( b(t)) (¢ ) +exp( 1+ (t))) (N + 2exp(ul’ )))>

+

)
S (rem)”

don o <+0 (u(t) )) exp ((3 — bg”) ) + exp (EQ + b(t>) ) . 403)

N S ((3 + 3b(t>> b )

On the other hand, we can verify by straightforward calculation that (396) and (397) are still valid,

by which we have
(t) exp ( (3 — b
G (D)

By comparing the above two expressions and using contradiction similar as, for example, Step 2 in
the proof of Lemma 20, we can show that

~ (1
B\ = b — O (N) .

C.2.15 Proof of Lemma 22

By Lemma 11 we know that for all k € [m], we have
_liE 1no =31 (1-alsf ) )2
a4 -1=J (0(1),5:0),:1) ~ X@1(5),5:1),6,1)
=
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(£.k) (k) 2
+ ( (p(q),4.0).0: 1>+O‘<a<q>,q,1>,<j,1>) H

qe[SI\{7}

2
_ k) N
<> Elﬂ{”—l = 9}{ (1 Cp(),5,00,G1) ~ X @ (5),51), (ml)) H
() (N +2m — 1) exp (b(t) (”)
<exp|+0 | “-

o () A7)0 w0 ()

2

(405)

where the second inequality follows from that fact that
n
(uq +...+un)2 > Zuf, Yu; = 0,
i=1

and the last relation uses Lemma 21 (and the fact that the relations other than (206a) in Lemma 21
still hold after time T'9).

Following the same computation we can obtain that when k = m + 1,

2

(tm+1) ! (N +2m = 1) exp (074"
A = exp | £0 N ®\ ® © o |’
exp((lfb2 >H1 ) + (N +2m —1)exp (b2 I )
(406)

when k € {m +2,---,2m},

®) N +2m — 1) exp (b5 itV
AGH — e (m (ul )) (N +2m — 1) exp (0"
exp ((

2

N 1+ bgt)) ugt)) + (N +2m —1)exp (bé )ugt)) ’
(407)
and for Ag(,t’k), we have for all k € [m],
), 2
o - ,ugt) (N +2m—1)exp (1 — by
Ay = e | O T @) 0 @Y |
exp((1+0b0y" )y’ ) +(N+2m—1)exp(1— b2 I
(408)

2

Ve N[ N— Ve N[ N—

~ [ P (N +2m—1)exp (1 — bét),ugt)
Agf’m*l) —exp |10 | B
exp ( (

N 1+ bét)) ,ugt)) +(N+2m—1)exp(1— bét)u(lt)) 7

(409)

and fork e {m +2,--- ,2m},

2
- ,ugt) (N +2m —1)exp <max{1 - bgt), bgt)}ugt))
A( ) = exp +0 p p p ,
N exp ((1 + b§ )) ;A )) + (N +2m —1)exp (max{l — bg ), bgt)}ugt)>

(410)

and by Lemma 21, all A (§ € {z,y}, k € [2m]) can be upper bounded by the following:

2
(N +2m —1)exp (1 bé )ugt))

AP <
exp ((1 + b(;) - 0.01) ugt)) + (N +2m—1)exp (1 — bgt),ugf))

3
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N+2m—1
exp<(024><2><099 0.01)x “))+N+2m—1

2

N+2m—1
_ +om <=, (@11)

exp (0 46u(t)) +N+2m—1 6m

<

as long as € is small enough, where the last inequality follows from (205). This gives (209).

D Generalization Analysis

D.1 Proof of Theorem 4

Notation. Throughout the proof, we suppose Assumptions 3 and 4 hold, and the model is trained for
t = T steps under the training distribution, where T is the same as in Theorem 3. Let

E®=D = (B,0%-1)
be the input at the k-th reasoning step. Define
zi = E™(1:dy,i), yi=E"(dy+1:2dy,i), Vie[N+m+1],
and
g . ’f>(1 di), 9" =36W(dy +1:2d,),
x(k) 1:dy), y® =0®(d +1:2d)).

®)(
Furthermore, let = r(7) and g = g(7) denote the root and goal node of T, respectively. Let p(4)
be the parent of ¢ in 7, with p(r) = 0. Let ¢(¢) = ¢(¢; T) be the child set of ¢, with ¢(0) = {r}. We
also let

p®=HY, = H). (412)

Then for all 7, j € [S], 7 # j, we have Hj(t]) = u® and HZ(? =),

We first give the following lemma, whose proof is provided in Appendix D.1.1.

Lemma 24. Forany q € [N + 1 + i), there exists { B _, such that
Ta) = N gl (e d @ =1, 89>0 v0<i<$. 413
(%) ;}ﬂz ( a; >’ “ ;}@ X ’ ' “13)

Main proof. We begin with reformulating the test-time loss. Define

a(l) _ GNXp(/L) _ 5§N+2)7 (414)
exp(p) + (N - 1) exp(v) +1

which is the attention weight of m(_of =y = q, on a,. Further, define

Vke[m]: o =gt 415)

P*1(g)
Then a*) is the proportion of 0(*) in 6(*). By our definition, we have for all k € [],

o0 = ao® 1 Y gt ( ) 0(k>=<aafk<lg> ) 416)

i€V (T) pF9)
i#pk—1(g)

and

oy N =, 417)

i€V (T)
i#pP=1(g)
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Thus we have

1 2
L9y = = oF) _ o(F)
Liest(T56') = B Z o o H2
k=1
2
1 « (k)  Qp; k Apk(g)
== A <p(1))_(1_a()) P*(g
2 1;1 ie;ﬂ @i Apk—1(g)
i#pk—1(g) 2
2
_ 1< (k) 1 o® IS (k) 1—a®
=3 Z Z ﬂl Qp(i) — -« apk(g)| T 3 Z Z ﬂl a; — -« Qpk—1(g)
k=1| iev(T) k=1| iev(T)
i#pk—1(g) 2 izpk—1(g)
(418)
The first term can be bounded via
2
(k) 1—a® WY 4 (1 o)
Z B; ap(,;)—(—a )apk(g) = Z (Bl- ) +<—a )
ieV(T) ieV(T)
i#pk—1(g) 2 i#pk=1(g)
2 (417)
_ O (k) _ (k)) (k)2
Y +(1-a) < 201 a2,
i#pk—1(g) i;§k=£ng)
Similarly, we have
2
Z ﬂi(k)ai — (1 - Oé(k)) apk—l(g) < 2(1 - Oé(k))2.
ieV(T)
i#pk=1(g) 2
Substituting the above two inequalities into (418), we have
Lrest(T500) < 2/ (1 — a))2. (419)
=§(k)
Therefore, we can bound the test-time loss by bounding
) =1 — o), (420)

We give the following lemma, where 75 is defined in (65). The proof is deferred to Appendix D.1.2.
Lemma 25 (bounding §(®)). For all k € [m], we have

N+m—1
5®) < max {1, 1\71211—2} .25, 421)
where
5= 1 exp(ut") S (422)
o (N +m —2)exp(v®) + exp(p®) +1 ~ '\ 2m
fort > Ts.

By Lemma 25 and (419), we have

. (423)

~ 2
N+m-—1 7
Liest(T:0)) < max L( o ) 4
m

N+m-—2
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D.1.1 Proof of Lemma 24

We prove this lemma by induction on k. First, (413) holds trivially for 1 < ¢ < N + 1 (wg,yq) " is

in E©). Assume that (413) holds forg < s — 1 (N + 2 < s < N + 1 + 7). We prove that (413)
holds for s.

For notational convenience, weletk = s — 1 — N , and let
) = (7§k), e ,’yg )1) = softmax (Y(kfl)TBﬁ(k*1)> . (424)
Then by (5), we have

()= Goo) -2 (5) - 5 (S ()

where the second equality uses the induction hypothesis. Let 3; () _ Zf;ll 'yi(k) Bj(-i), then we have

() -2 (), =

and by the induction hypothesis, we have 3; () > 0, Vj € [S] and

S S
S0 5 (5oi) a0 S 2

Jj=0 Jj=0 j=0
This completes the induction.
D.1.2 Proof of Lemma 25

We prove by 1nduct10n When k£ = 1, by (422) and (414) we immediately know that if N + m —2 >
N —1, wehave ) < 8. If N +m — 2 < N — 1, we have

s (N - 1) exp(v®) +1 exp(u®) + (N +m — 2) exp(v®) + 1_ N-—1
0 (N +m—2)exp(v®) +1 exp(p®)) + (Nf—l) exp(v®) + 1 N+m—2

<% <1
427)
Thus in either case, we have (421) holds for k = 1.
Assume that (421) holds for all s € [k] (1 < k < m — 1). We aim to show that (421) holds for k + 1.
Let B = B®, where t > T,. Then a pE(g) = 2(®) = (++1) " And note that ﬂ is the proportion of
(0,a,)" in 6%, thus we have

ay (g BEW = a4 (1—a®) — g0y, (428)
For all i € V(T)\{p*(g)}, we have
a; B2 < (1 —a® — ")), 4+ oy, (429)
We define p~!(g) = 0 for all s € [k], and recall ¢(0) = {r}, we have
T
]/J\(S)TB.%(k) = )a s=1(g) + Z Bfg)az B a(k)apk(g) + Z ﬂt(z)(lp(z)
ieV(T)u{0} ieV(T)u{0}
i#pS—1(g) i#pk—1(g)
R DT
i€V (T) {0} jee(i)

i#p5—1(g),pF (g9)

A

86



+ ((1 — B - 57) — (a“)ﬁpsz tBga®+ Y AT Y ﬁ}“) >u.

i€V (T) {0} jee(d)
i#pS~1(g),pF (9)

A
(430)
Note that
A <a®(1-a® = p) +a® (1 -0 = 5Y) + (1- 0l — 557)(1 - ol — 5)
= (1-8M)(1 - 557) - aWa®, (431)
and by Theorem 3, we have px > v and p > 0. Thus we have
T B < ((1 — BEY (1 — By — a<s>a<k>) 4+ a®a®y
< (1 — gk — a(s)a(k)) g+ Doy, (432)

Combining (428), (429), and (432), and denote &*) = mincp;{a(*)}, we have

T (k)
QD) _ eXp (ap’“(g)Bx )

exp (a], ) BEM ) + X sevry exp (] BEO) + X[ exp (50T B20) +1
exp (a<k> gt (1—ath — wm)
exp (@M p+ (1= a® — g0 ) + (F =2+ m)exp (1= 85 = (@®)%) o+ (@9)*v) +1
exp ((aW + (@) -1+ 55“) (1 — V))
exp (80 + (@0)" =1+ 50 (=) + N =2+ 0+ exp (- (@) v)

exp ((&(k) + (54(’“))2 - 1) (u— V))

WV

\%

> _ _ . (433)
exp ((&(k) + (a®)” — 1) (p— 1/)) + N —2+m+exp (— (ak)) 1/)
where the second line uses the following fact:
(1—a® — g0), 1 oy < (1 O a(a)aw)) g+ a®a®y
2 2
< (1 O (&““)) )u + (&(k>) . (434)
Define
60 =1 —a® = max{s()
selk]
then we have
2 ~
1- (&<k> + (&<k)) - 1) - (2 + a<k)) (1 - a<’€>) < 3300, (435)
Combining the above inequality with (433), we have
exp ((1 =300 (u—wv)
ab+) > - (( - ) ) B (436)
exp ((1 - 36(k)) (u— 1/)) + N —2+m + exp (f (a(k)) 1/)
which gives
N-—2+m+ exp (— (5[“”)2 V)
kD) — 1 _ o+ < . (437)

exp ((1 — 35(’“)) (u— 1/)) + N — 2+ + exp (f (&(k))Q 1/)
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On the other hand, (422) gives
1
u—v =log ((N+m—2+exp(—1/)) (5 —1)) : (438)
Thus if exp(—v) < N — 2 + 7, we have

uu<log(2(N+m2)(;1>>. (439)

If exp(—v) > N — 2 + in, we have

uw—v <log (2 exp(—v) (; — 1)) < log (2 (; — 1)) - (440)

By (74) and Lemma 10, we know that there exists €; (m) > 0 such that for all € € (0, €1 (m)], after
t > Ty, we have

S 2ps ), (441)

where the second inequality uses the fact that v < 0, since exp(—v) = N — 2+ . Combining the

above two inequalities, we have
1
uy<210g<2<61>). (442)

Combining (439) and (442), we have when ¢ € (0, ¢1(m)],

M—V<210g<2(N+m—2) <(15—1>> (443)
Note that

§1og(2(N+m—2)(—1>>—>0 asd — 0 +. (444)

Thus we could choose €y(m, N, ) < e;(m) small enough such that for all € € (0, eo(m, N, )],
we have

N

N+m—1
—f(u—v) < log2, 44
N g0 v) <log (445)
which gives
—(k) N+m—1
) — ) < 1, —— }0(u— < 2, 446
exp(?) (p—v) exp <6max{ N+m—2} (1 1/)) (446)
where the first inequality uses induction hypothesis.
Define
N+m—1
=2 1, —m— . 447
“ max{’N—i—m—Z} (@47)
Then

. if]\7+ﬁ1—2<N+m—2,wehavea:2and

N +m — 2+ exp(—v) - %21 ifv=0 448
~ ~an2 \ ~ ) MEmo2dexp(-y) 5 g ifv<0 '’ (448)
N+m—2+ €xXp (_ (a(k)) V) Jv+;ﬁ—2+exp(—1/) =
which gives
1 1 1/1 (3 =1) (N +m—2+exp(—v))
——1l=—=-1<_-(--1]< 449
ad 20 2 (6 ) (449

2 (Kf +m — 2+ exp (— (51(’“))21/)) '
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cif N+m—2>N+m—2, wehavea =2 - %i% 1>1,and

2(1Q>ZW<1Q><W<11>. (450)
a\¢ N+m—1\0 N+m—1\0

Moreover, we have

N +m— 2+ exp(—v) s jjzﬁg Ziz%g*j ifv <0 st
]\Nf+ﬁ1—2+exp (— (&(’f))Qy) %IZ ? ifv>0.
Combined with (450), we have when N + 1 — 2=2N+m—2,
1 1 N -2 /1 =1 (N+m-2+ _
RN +m< 1>< (5= 1) (V +m — 2+ exp( M) sy
a0 2 N+m—1\0 2(N+m—2+exp(_(a<k>) ,,))

By (449) and (452), we have the above relation holds for both cases. Furthermore, from this relation
we derive that

exp(p —v) 439 (N +m —2+exp(—v)) <(15 — 1>

(452) ~ 2
= 2 (N—I—ﬁ%—?—!—exp (— (&(k)> V)> (a1§_1)

(446) - ~ N 1
> exp (35(k)(u — 1/)) (N +m —2+exp (— (&(")) y)) <a§ — 1) . (453)
Thus we have

exp (( — 35" (u —1/)) > <N+m—2+exp <_ (a<k>)2y)> <a15 _1)

exp ((1-35") (=) !
S d = ~ ~ 5 = % -1
N +m—2+exp (— (ak)) V)

N+m—2+ exp (— (&(k))Q 1/>

- - < ad. (454)
N +m — 2+ exp (— (&(k))2 y) + exp ((1 - 35(k))(u - y))

S d

Combining the above with (437), we have
6D < ad. (455)

The induction is complete.

D.2 Proof of Theorem 6

Assume the tree 7 at test time is 7~ with N distinct nodes chosen from [S] and a path length 7, and
Assumption 3, 4 hold, and the model is trained for ¢t > max{Tf, T{'} + 1 steps with the trianing
distribution, where T3 and TC are defined in (205) and (194). We let

E(kfl) _ (E,O (k—1) )
be the input at the k-th reasoning step, and define
zi = E™(1:dy,i), yi=FE"™(d+1:2dy,i), Vie[N+m+1]. (456)

We let 6%) = 6(F)(T) € R?41+42 denote the output of the k-th reasoning step of the model at test
time for all k € [2m]. We define

20 =50 (1 dy), g® =W (dy +1:2dy), 2P =056 (2d, +1:2d) +dy), (457)
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and let
) = o(k)(l dy), y(k) = o(k)(dl +1:2dy), 2 ) = o) (2d; +1:2d; +da)  (458)
denote the label of the k-th reasoning step.

N+k
By the same argument as Lemma 24, we know that at each reasoning step &, there exist {Bi(k) } L
N+k "
{fyi(k)}. ) such that
T+  N+k i - N+k i
(O g0T) =Y A0 @)L 29 =Y A0,
i=1 =1
N k N k k) _(k
Yo=Y =1, g4 >0 (459)
i=1 i=1
Especially, we let ﬂik) denote the proportions of (2T, y*)T)T in (ZF)T G T)T and let 'yik)
denote the proportions of z(*) in 2(¥), We let
a®) = min {Bﬁk),'yﬁk)} . 60 = max {1 —pk 1 — A/Ek)} . (460)
We define
u = T Biy ) 4y Balh) 4 27 Bya, @612
pF) = T By k=) (BT Boge(k=1) | ()T By o (k1) (461b)
Vi(k) = 2] Oy 4yl Cort=D 4 T O 1) (461c)
v = g OT Oy k=) g (T 0 (k=) g (T O (k=) (461d)
We also define for some absolute constant C' > 0,
vi=Cu + p2), (462)

where 11, po are defined in (185) and (186). By Lemma 17 and Lemma 20 we can see that there
exists C' > 0 such that for any 4, j, k,l € [S], and any p, q € {0,1},

|a;rBlaj + angal + s;Bgsq| < v(k), (463)
}aiTC'laj + a;chQal + s;C’gsq| <o, (464)
We set C' to make the above relations hold. We define

ke [2im], 0 =1-p0, o =1 4" (465)

NGO (s) (k) ._ (s)
51 = max {51 } 347 = max {52 } (466)
3 — i { (s)} k) . i { <s>} 467
B min By e min %" (467)

and

N+2m -1 N
5y = el <=, 5= <a /-, (468)
exp (046;U'§ )) +N+2m—1 6m exp (047M2) + N 6m

where the inequalities follow from (205), (194) and that ¢ > max{Tf , T3C } + 1. We first prove by
induction that

o N +2m—1 ~(k N
Vk € [Qm], 5§k) < 2max{]\[-i-27’n—171} (51, 5;k) < 2maX{N71} 52. (469)
We define
N +2m—1
=2 _ 1. 470
a maX{N+2m_1, } (470)
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When k = 1, we have

1) N ~
o (1)
551) <1- < = N (4%8) max{N,l}dl.
exp ( ) + Z]LVTI exp ( (1)) N + exp (0.4641) N +2m -1

471)
where we use * to denote the index of ,u&l), and the second inequality follows from Lemma 21.
Similarly, we have

s \max{N, }52. 472)

Thus (469) holds for & = 1. Now we assume (469) holds for k& (1 < k < 2m — 1), and prove it for
k+1.

‘We have
~ 2 ~ 2
exp (( ik)) uik) — (1 — ( £k>) )v)
B+ >
00N (1 (30 Ntk S0\2 (0 O AR
exp ((ﬁ* ) e (1 ( N ) )v) +Z;i exp((ﬂ* ) w; + <1 (ﬂ* ) v
(473)
indicating
N+k—1
5D < - . (474)
N4k—1+exp (046( (k)) —2(1—( i’“)) )v)
Note that
~ 2 ~ ~ ~,
- (59’)) - (1 - 35’0) (1 + ﬁﬁ’”) <28 < 246, (475)

where the last inequality follows from induction hypothesis and the definition of a (c.f. (470)).
Plugging this into (474) we have

(5§k+1)§ N+k—1

, 476)
N +k—1+exp <0.46u1 —2ad; (2v + 0.46u1)>

(a)

On the other hand, by the definition of §; and J, we have

1 1 1 1
- log( = -1 - 1). 477
A T (51 ) H2 =047 % (52 ) “77)

| € | €

Also observe that zlogz — 0, as x — 0. Thus we could set ¢; = €;(m, N, m) small enough
such that (a) in (476) is smaller than log 2 for any € € (0, €1 ]. Thus by (476) we have

and

N+k—1 N+k—1 N+k—1
S0 < +k <9 +k <2ma"{]\f:2kl’1}5l'
N+k—1+Llexp <O.46u1> N4k—1+exp (0.46u1> m
(479)
Similarly, there exists ez = €5(m, N, M) small enough such that
N
sFFD < 2maX{N,1}52. (480)
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We let €9 = min{ey, e}, then (469) holds for k + 1.

Following a similar calculation as in the proof of Lemma 22 and Lemma 18, we can show that

2 2 2
AP < (o), Al < (o), Al < (69, 81)
and thus
Nrom—1\" ()
+2m —
:0) <4 — | = ,1}e 482
Liest(T0) < 4 max <N+2m—1> (N) ‘ (482)
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