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ABSTRACT

Meta-learning aims to perform fast adaptation on a new task through learning a
“prior” from multiple existing tasks. A common practice in meta-learning is to
perform a train-validation split where the prior adapts to the task on one split of
the data, and the resulting predictor is evaluated on another split. Despite its preva-
lence, the importance of the train-validation split is not well understood either in
theory or in practice, particularly in comparison to the more direct non-splitting
method, which uses all the per-task data for both training and evaluation.

We provide a detailed theoretical study on whether and when the train-validation
split is helpful on the linear centroid meta-learning problem, in the asymptotic set-
ting where the number of tasks goes to infinity. We show that the splitting method
converges to the optimal prior as expected, whereas the non-splitting method does
not in general without structural assumptions on the data. In contrast, if the data
are generated from linear models (the realizable regime), we show that both the
splitting and non-splitting methods converge to the optimal prior. Further, per-
haps surprisingly, our main result shows that the non-splitting method achieves
a strictly better asymptotic excess risk under this data distribution, even when
the regularization parameter and split ratio are optimally tuned for both methods.
Our results highlight that data splitting may not always be preferable, especially
when the data is realizable by the model. We validate our theories by experimen-
tally showing that the non-splitting method can indeed outperform the splitting
method, on both simulations and real meta-learning tasks.

1 INTRODUCTION

Meta-learning, also known as “learning to learn”, has recently emerged as a powerful paradigm
for learning to adapt to unseen tasks (Schmidhuber, 1987). The high-level methodology in meta-
learning is akin to how human beings learn new skills, which is typically done by relating to certain
prior experience that makes the learning process easier. More concretely, meta-learning does not
train one model for each individual task, but rather learns a “prior” model from multiple existing
tasks so that it is able to quickly adapt to unseen new tasks. Meta-learning has been successfully
applied to many real problems, including few-shot image classification (Finn et al., 2017; Snell et al.,
2017), hyper-parameter optimization (Franceschi et al., 2018), low-resource machine translation (Gu
et al., 2018) and short event sequence modeling (Xie et al., 2019).

A common practice in meta-learning algorithms is to perform a sample splitting, where the data
within each task is divided into a training split which the prior uses to adapt to a task-specific
predictor, and a validation split on which we evaluate the performance of the task-specific pre-
dictor (Nichol et al., 2018; Rajeswaran et al., 2019; Fallah et al., 2020; Wang et al., 2020a). For
example, in a 5-way k-shot image classification task, standard meta-learning algorithms such as
MAML (Finn et al., 2017) use 5%k examples within each task as training data, and use additional
examples (e.g. k images, one for each class) as validation data. This sample splitting is believed to
be crucial as it matches the evaluation criterion at meta-test time, where we perform adaptation on
training data from a new task but evaluate its performance on unseen data from the same task.

Despite the aformentioned importance, performing the train-validation split has a potential drawback
from the data efficiency perspective — Because of the split, neither the training nor the evaluation
stage is able to use all the available per-task data. In the few-shot image classification example,
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each task has a total of 6k examples available, but the train-validation split forces us to use these
data separately in the two stages. Meanwhile, performing the train-validation split is also not the
only option in practice: there exist algorithms such as Reptile (Nichol & Schulman, 2018) and
Meta-MinibatchProx (Zhou et al., 2019) that can instead use all the per-task data for training the
task-specific predictor and also perform well empirically on benchmark tasks. These algorithms
modify the loss function in the outer loop so that the training loss no longer matches the meta-test
loss, but may have the advantage in terms of data efficiency for the overall problem of learning the
best prior. So far it is theoretically unclear how these two approaches (with/without train-validation
split) compare with each other, which motivates us to ask the following

Question: Is the train-validation split necessary and optimal in meta-learning?

In this paper, we perform a detailed theoretical study on the importance of the train-validation split.
We consider the linear centroid meta-learning problem (Denevi et al., 2018b), where for each task
we learn a linear predictor that is close to a common centroid in the inner loop, and find the best
centroid in the outer loop (see Section 2 for the detailed problem setup). This problem captures
the essence of meta-learning with non-linear models (such as neural networks) in practice, yet is
sufficiently simple that allows a precise theoretical characterization. We use a biased ridge solver
as the inner loop with a (tunable) regularization parameter, and compare two outer-loop algorithms
of either performing the train-validation split (the train-val method) or using all the per-task data
for both training and evaluation (the train-train method). Specifically, we compare the two methods
when the number of tasks 7" is large, and examine if and how fast they converge to the (properly
defined) best centroid at meta-test time. We summarize our contributions as follows:

e On the linear centroid meta-learning problem, we show that the train-validation split is necessary
in the general agnostic setting: As T' — oo, the train-val method converges to the optimal centroid
for test-time adaptation, whereas the train-train method does not without further assumptions on the
tasks (Section 3). The convergence of the train-val method is expected since its (population) training
loss is equivalent to the meta-test time loss, whereas the non-convergence of the train-train method
is because these two losses are not equivalent in general.

e Our main theoretical contribution is to show that the train-validation split is not necessary and
even non-optimal, in the perhaps more interesting regime when there are structural assumptions on
the tasks: When the data are generated from noiseless linear models, both the train-val and train-
train methods converge to the common best centroid, and the train-train method achieves a strictly
better (asymptotic) estimation error and test loss than the train-val method (Section 4). This is in
stark contrast with the agnostic case, and suggests that data efficiency may indeed be more important
when the tasks have a nice structure. Our results build on tools from random matrix theory in the
proportional regime, which may be of broader technical interest.

e We perform meta-learning experiments on simulations and benchmark few-shot image classi-
fication tasks, showing that the train-train method consistently outperforms the train-val method
(Section 5 & Appendix D). This validates our theories and presents empirical evidence that sample-
splitting may not be crucial; methods that utilize the per-task data more efficiently may be preferred.

1.1 RELATED WORK

Meta-learning and representation learning theory Baxter (2000) provided the first theoretical
analysis of meta-learning via covering numbers, and Maurer et al. (2016) improved the analysis via
Gaussian complexity techniques. Another recent line of theoretical work analyzed gradient-based
meta-learning methods (Denevi et al., 2018a; Finn et al., 2019; Khodak et al., 2019; Ji et al., 2020)
and showed guarantees for convex losses by using tools from online convex optimization. Saunshi
et al. (2020) proved the success of Reptile in a one-dimensional subspace setting. Wang et al.
(2020b) compared the performance of train-train and train-val methods for learning the learning
rate. Denevi et al. (2018b) proposed the linear centroid model studied in this paper, and provided
generalization error bounds for train-val method; the bounds proved also hold for train-train method,
so are not sharp enough to compare the two algorithms. Wang et al. (2020a) studied the convergence
of gradient-based meta-learning by relating to the kernelized approximation. On the representation
learning end, Du et al. (2020); Tripuraneni et al. (2020a;b) showed that ERM can successfully pool
data across tasks to learn the representation. Yet the focus is on the accurate estimation of the
common representation, not on the fast adaptation of the learned prior. Lastly, we remark that there
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are analyses for other representation learning schemes (McNamara & Balcan, 2017; Galanti et al.,
2016; Alquier et al., 2016).

Empirical understandings of meta-learning Raghu et al. (2020) investigated the representation
learning perspective of meta-learning and showed that MAML with a full finetuning inner loop
mostly learns the top-layer linear classifier and does not change the representation layers much.
This result partly justifies the validity our linear centroid meta-learning problem in which the fea-
tures (representations) are fixed and only a linear classifier is learned. Goldblum et al. (2020) investi-
gated the difference of the neural representations learned by classical training (supervised learning)
and meta-learning, and showed that the meta-learned representation is both better for downstream
adaptation and makes classes more separated than the classically trained one. Although the classical
training method in (Goldblum et al., 2020) does not perform a train-validation split, it is not exactly
the same as the train-train method considered in this work as it effectively performs a supervised
learning on all tasks combined and does not do a per-task adaptation.

Multi-task learning Multi-task learning also exploits structures and similarities across multiple
tasks. The earliest idea dates back to Caruana (1997); Thrun & Pratt (1998); Baxter (2000), initially
in connections to neural network models. They further motivated other approaches using kernel
methods (Evgeniou et al., 2005; Argyriou et al., 2007) and multivariate linear regression models
with structured sparsity (Liu et al., 2009; 2015). More recent advances on deep multi-task learning
focus on learning shared intermediate representations across tasks Ruder (2017). These multi-task
learning approaches usually minimize the joint empirical risk over all tasks, and the models for
different tasks are enforced to share a large amount of parameters. In contrast, meta-learning only
requires the models to share the same “prior”, which is more flexible than multi-task learning.

2 PRELIMINARIES

In this paper, we consider the standard meta-learning setting, in which we observe data from 7" > 1
supervised learning tasks, and the goal is to find a prior (or “initialization”) using the combined data,
such that the (7" + 1)-th new task may be solved sample-efficiently using the prior.

Linear centroid meta-learning We instantiate our study on the linear centroid meta-learning
problem (also known as learning to learn around a common mean, Denevi et al. (2018b)), where we
wish to learn a task-specific linear predictor w; € R< in the inner loop for each task ¢, and learn a
“centroid” wy in the outer loop that enables fast adaptation to w; within each task:

Find the best centroid wy € R? for adapting to a linear predictor w, on each task t.

Formally, we assume that we observe training data from 7" > 1 tasks, where for each task index ¢
we sample a task p; (a distribution over R x R) from some distribution of tasks II, and observe n
examples (X;,y;) € R"*4 x R" that are drawn i.i.d. from p;:

n iid
pe ~ 1L (X, ye) = {(Xt,ivyt,i)}izl where (Xt,ivyt,i) ~ Pt- (D

We do not make further assumptions on (n, d); in particular, we allow the underdetermined setting
n < d, in which there exists (one or many) interpolators w; that perfectly fit the data: X;w; = y;.

Inner loop: Ridge solver with biased regularization towards the centroid Our goal in the inner
loop is to find a linear predictor wy that fits the data in task ¢ while being close to the given “centroid”
wo € RY. We instantiate this through ridge regression (i.e. linear regression with Lo regularization)
where the regularization biases w; towards the centroid. Formally, for any wy € R? and any dataset
(X,y), we consider the algorithm

1 -1
Ay (wo X, y) = arg min — [ Xw = y|[? 4+ A w = wo |? = wo + (XX +nLy) X7 (y — Xw),
where A > 0 is the regularization strength (typically a tunable hyper-parameter). As we regularize

by ||w — wo|*, this inner solver encourages the solution to be close to wy, as we desire. Such
a regularizer is widely used in practical meta-learning algorithms such as MetaOptNet (Lee et al.,



Under review as a conference paper at ICLR 2021

2019) and Meta-MinibatchProx (Zhou et al., 2019). In addition, as A — 0, this solver recovers
gradient descent fine-tuning: we have

Ao(wo; X, y) := ;\%A)\(Wo; X,y) = wo + X'(y — Xwp) = arg miny g, [W — wol|?

(where Xt € R4X™ denotes the pseudo-inverse of X). This is the minimum-distance interpolator of
(X, y) and also the solution found by gradient descent ! on | Xw — y]|? initialized at w(. Therefore

our ridge solver with A > 0 can be seen as a generalized version of the gradient descent solver used
in MAML (Finn et al., 2017).

Outer loop: Finding the best centroid In the outer loop, our goal is to find the best centroid wy.
The standard approach in meta-learning is to perform a train-validation split, that is, (1) execute
the inner solver on a first split of the task-specific data, and (2) evaluate the loss on a second split,
yielding a function of w( that we can optimize. This two-stage procedure can be written as

val X\tlalwt(WO)HQ

Compute w;(wo) = Ay (wo; X" y&2in)  and  evaluate |y
i=1
splits of the per-task data (X;,y:) of size (ny,ng), with ny 4+ ny = n. Written concisely, this is to
consider the “split loss”

where (X", yi™") = {(%¢,yr4)}2y and (X7, y7) = {(%¢,6,91.0) i, 4, are two disjoint

E;r—val(wo) - Hyval XvalA)\ (WO Xtraln tram) ||2 . (2)

In this paper, we will also consider an alternative version, where we do not perform the train-
validation split, but instead use all the per-task data for both training and evaluation. Mathemati-
cally, this is to look at the “non-split loss”

1
egr_tr(wo) = % HYt - XtAA(Wo; Xtvyt)”Q . 3)

Our overall algorithm is to solve the empirical risk minimization (ERM) problem on the 7" observed
tasks, using either one of the two losses above:

th:—val( Z Etr—val WO) and Ltr tr Z Etr tr
rs @)
Aét;val Jtr- tr} = arg min Eéﬂtr—vahtr—tr} (WO)
wo

Let Lttt (wo) := B, w11, (X, 50 )pe {E{" valtrtr) (g )} be the population risks.

(Meta-)Test time The meta-test time performance of any meta-learning algorithm is a joint func-
tion of the (learned) centroid wq and the inner algorithm Alg. Upon receiving a new task pr4q ~ II
and training data (X711,y7+1) € R™*4 x R™, we run the inner loop Alg with prior wq on the
training data, and evaluate it on an (unseen) test example (x', ') ~ pr41:

1 2
[2 (x’TAIg(Wo; Xry1,y741) —Y')

Additionally, for both train-val and train-train methods, we need to ensure that the inner loop used
for meta-test is exactly the same as that used in meta-training. Therefore, the meta-test performance
for the train-val and train-train methods above should be evaluated as

Lg\eﬁl(ABr%al) Ltest(’\(t)rq\ial7 »A)\,nl)y Ltest(’\tr tr) . Ltest(’\arthr7 A)\,n)7

where A, ., denotes the ridge solver with regularization strength A > 0 on m < n data points.
Finally, we let

LteSt(Wo; A|g) = EpTJrlNHE

i
(Xr41,y741),(x 9" )N pria

Wo,«(A;n) = arg min L§S; (wo) (5)
wo
denote the best centroid if the inner loop uses Aj ,,. The performance of the train-val algorithm

Wh T 2! should be compared against w 4 (), 71), whereas the train-train algorithm W should be

compared against wg . (A, ).

'with a small step-size, or gradient flow.
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2.1 TASK-ABUNDANT SETTING THROUGH ASYMPTOTIC ANALYSIS

In this paper we are interested in the task-abundant setting where we fix some finite (d, n) and let T
be very large. We analyze such a task-abundant setting through the asymptotic analysis framework,
that is, examine the limiting properties of the estimator (e.g. A{tgpval Ut} as T — co. Here we
set up the basic notation of asymptotic analysis requlred in this paper. We emphdslze that our large
T setting captures practical meta-learning scenarios; for example, 5-way image classification on
minilmageNet (Ravi & Larochelle, 2017) contains ( ) diverse tasks (at train time).

Asymptotic rate of estimation & excess risk Let L be any population risk with minimizer wo_,
(which we assume is unique), L7 be the empirical risk on the observed data from 7' tasks, and
Wwo,r be the minimizer of Ly (i.e. the ERM). We say that W 1 is consistent if Wo 1 — wq , in

probability as 7' — oo. For consistent ERMs, we define its asymptotic parameter estimation error
(in MSE loss) and asymptotic excess risk as follows?:

AsymMSE(wq 1) 1= Tlim T-E||wor — WO‘*H2:|
: —00 :
AsymExcessRisk(wo 1) := Tlim T -E[L(Wor) — L(wo)]
—00

We emphasize that asymptotic statements are more refined than non-asymptotic O(-) style upper
bounds in the " — oo limit: they already imply the {MSE, excess risk} has order O(1/7") and
specifies the leading constant.

3 THE IMPORTANCE OF SAMPLE SPLITTING

We begin by analyzing whether the algorithms vAvétrTVal Mt} defined in (4) converge to the best
test-time centroid wo . (A;n1) or wo ,(A;n) (defined (5)) respectively as ' — oo, in the general
situation where we do not make structural assumptions on the data distribution p;.

Proposition 1 (Consistency and asymptotics of train-val method). Suppose Ex..p, [xx'] = O,
Exwpt[||x||4] < 00 and E(x y)~p, [Ixyll] < oo for almost surely all p; ~ 1. Then for any A > 0

and any (ny,ng) such that ny + ny = n, the train-val method Wto'%a' converges to the best test-time

centroid: W' val s wo (X, n1) almost surely as T — oo. Further;, we have

AsymMSE(W§72') = tr(V 2L (Wo,. (A, n1)) - Cov (V™ (wo (A, n1))) - V2LES (wo (A, 1)),

A,ng A1

ASymEXCeSSRlSkLt;St (W) = tr(V2LES (Wo (A, 1)) - Cov (VA (wo . (A, n1)))).

Ama

Proposition 2 (Inconsistency of train-train method). There exists a distribution of tasks Illond = 1
satisfying the conditions in Proposition 1 on which the train-train method does not converge to the
best test-time centroid: for any n > 1 and any \ > 0, the estimation error [|[ W p — Wo (A, 1)
and the excess risk LSS (Wi ) — L5, (Wo « (A, ) are both bounded away from 0 almost surely as
T — .

Propositions 1 and 2 justify the importance of sample splitting: the train-val method converges to
the best test-time centroid, whereas the train-train method does not converge to the best centroid
in general. The reason behind Proposition 1 is simple: the population loss L' for the train-
val method is indeed equal to the test-time loss Lf\effll, making the train-val method a proper ERM
for the meta-test time we care about, and thus the consistency and asymptotic normality follow from
classical results for the ERM (e.g. (Van der Vaart, 2000; Liang, 2016)).

In contrast, for the train-train method, its expected loss L'"™*" is in general not equivalent to L3

L' measures the in-sample prediction error of the per-task predictor, whereas L"eSt measures the
out-of-sample prediction error. Consequently, the population minimizers of LtESt and L are not
equal in general, which leads to W , converging to the minimizer of L**", not of L¥s:. The proof

of Proposition 2 constructs a simple counter-example in d = 1, but we expect such a mlsmatch to
generally hold in any dimension. Appendix A gives the proofs of Proposition 1 and 2.

These definitions assume that the expectation exists for finite 7'; the more general definition can be found
in Appendix A.1.
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4 IS SAMPLE SPLITTING ALWAYS OPTIMAL?

Proposition 2 states a negative result for the train-train method, showing that it does not converge
to the best test-time centroid without further assumptions on the data distribution. However, such
a negative result is inherently worst-case, and does not preclude the possibility that there exists a
data distribution on which the train-train method can also work well. In this section, we construct
a simple data distribution in which we can analyze the performance of both the train-val and the
train-train methods more explicitly, showing that sample splitting is indeed not optimal, and the
train-train method can work better.

Realizable linear model We consider the following instantiation of the (generic) data distribution
assumption in (1): We assume that each task p; is specified by a w; € R? sampled from some
distribution II (overloading notation), and the observed data follows the noiseless linear model with
ground truth parameter wy:

yi = Xywy, (6)

. iid . .
where the inputs x; ; ~ N(0,I;) and are independent of w;. We assume that IT has a finite second

moment (i.e. By, 11[||w¢]|?] < 00). Note that when n > d, we are able to perfectly recover w; for
all t (by solving linear equations), therefore the problem in the inner loop is in a sense “easy”’; when
n < d, we cannot hope for such perfect recoveries. Our goal in the outer loop is to find the best wy,
measured by the test loss L5 for the train-train method and L§; for the train-val method.

4.1 COMPARISON OF TRAIN-TRAIN AND TRAIN-VAL ON THE REALIZABLE MODEL

We begin by showing that on this task and data distribution, the population best centroids
wo«(\,n) = argming, L3 (wo) is the same for any (A7), and both the train-val and train-
train methods are asymptotically consistent and converge to same best centroid.

Theorem 3 (Consistency of both train-val and train-train methods). On the realizable linear
model (6), the test-time meta loss for all A > 0 and all n is minimized at the same point, that

is, the mean of the ground truth parameters:
Wo,x(A,n) = argmin L5 (Wo) = Wo,, := Ew,~ni[We), forall X >0, n.
Wo
Further, both the train-val method and the train-train method are asymptotically consistent: for any
A > 0, n, and (nq,ny), we have
Wi (n1,n2;A) = wo . and Wi (n;\) = wo almost surely as T — oo.
See its proof in Appendix B.1. Theorem 3 shows that both train-val and train-train methods are
consistent, and they converge to the same optimal parameter wq , which is the mean of w;. Thisis a
consequence of the good structure in our realizable linear model (6): at a high level, wg_, is indeed
the best centroid since it has (on average) the closest distance to a randomly sampled wy.

Theoerem 3 suggests that we are now able to compare performance of the two methods based on their
asymptotic parameter estimation error (for estimating w ). Throughout the rest of this section, let

R? = E[Hwt — W . \2} (7

denote the variance of w;. We are now ready to state our main result.

Theorem 4 (Comparison of asymptotic MSE of the train-val and train-train methods). In the
high-dimensional limiting regime d,n — oo, d/n — v € (0,00), the optimal rate of the train-
train method obtained by tuning the regularization \ € (0, 00) satisfies

. . ~tr-tr . . 2 2
;\r;fo hmd,n—)oc,d/n—'y AsymMSE(W&Tt (n; )\)) = )1\1;% payR7 < max {1 + *27’77 97 + Y} -R%,

where p o =49 [( = 1)*+(y + DAl /(M= /O 7 + 12 = 492/ (A + 7 + 1) = 49) %,
and the inequality becomes equality at v = 1. In contrast, the optimal rate of the train-val method
by tuning the regularization \ € (0, 00) and split ratio s € (0,1) is

inf>\>0,sE(0,1) 1imd,n,—>oo,d/n:’y ASymMSE(‘/?\VH_%al(n& TL(]. - S); )‘)) = (]‘ + ’Y)Rz
As max{l 4 5v/27,5/27 + v} < 1+~ (Vy > 0), the train-train method achieves a strictly better
asymptotic rate than the train-val method when X\ and s are optimally tuned in both methods.
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Implications Comparison between the analytical upper bound max{1 + 5v/27,5/27 +~} R? for
train-train (1 + ) R? for train-val in Theorem 4 shows that the train-train method achieves a strictly
better asymptotic MSE than the train-val method, for any v > 0°. (See Figure 1(a) for a visualization
of the exact optimal rates and the upper bound (x).) Perhaps surprisingly, this suggests that the train-
train method is not only “correct” (converging to the best centroid), but can be even better than the
train-val method, when the data is structured. While the “correctness” of the train-train method is
a consequence of the realizable linear model, we believe its superior asymptotic MSE is due to the
fact that the train-train method is able to use the data more efficiently than the train-val method.

Also, while we reached such a conclusion on this particular problem of linear centroid meta-learning,
we suspect that this phenomenon to be not restricted to this problem, and may hold in more general-
ity when data is structured or when the signal-to-noise ratio is high. As we are going to see, our real
data experiments in Section 5.2 indeed suggests that the superiority of the train-train method may
also hold on real meta-learning tasks with neural networks.

4.2 PROOF HIGHLIGHTS OF THEOREM 4

Here we sketch the technical highlights in proving Theorem 4. We defer the full proof to Ap-
pendix B.5.

Exact asymptotic MSE for both methods The proof begins by calculating the exact asymptotic
MSE for both methods, which we provide in the following theorem.

Lemma 5 (Exact asymptotic rates of the train-val and train-train methods). Suppose that py,t, =
B[S, (00)2/(o +2)1] E{( - >‘2/(U,(:n1)+)\)2>2+(n2+1) 4N (o)

and  py. ,
(5[=, o /™)) i (5[zr /]
where for any n, a§”) > e > O‘Eln) denotes the eigenvalues of the matrix %X;— X, € RIxd

where we recall X, € R" % is a random matrix with i.i.d. standard Gaussian entries. For any
(n,d), we have on the realizable linear model (6) that

. . dR?pyr-y,
AsymMSE (Wi H (73 \)) = dR?pytr,  AsymMSE (W7 (n1,n2; \)) = A Preval,
’ ’ na

See its proof in Appendix B.2. Lemma 5 follows straightforwardly from the classical asymptotic
result for empirical risk minimization (Van der Vaart, 2000) and simplifications of certain matrix
traces in terms of the spectrum of the empirical covariance matrix % Z?:l XX/

Simplifying and optimizing the asymptotic MSEs The asymptotic MSEs of the train-train and
train-val method in Lemma 5 are not yet directly comparable, as the quantities pi.tr and pir_yal
depend on the spectrum of the empirical covariance matrix as well as additional tunable parameters
such as A and (nq, ng) (for the train-val method). Towards proving Theorem 4, we further simplify
the rates and analyze the optimal tunable parameters, using separate strategies for the two methods:

e For the train-val method, we show that the optimal tunable parameters for any (n, d) is taken at a
special case A = oo and (n1,n2) = (0,n), at which the rates only depends on n%X't"ai“TX't"ai”
through its rank (and thus has a simple closed-form). We state this result in Corollary 8. The
proof builds on algebraic manipulations of the quantity pi,_a1, and can be found in Appendix B.3.

e For the train-train method, we apply random matrix theory to simplify the spectrum of %X: X
in the proportional limit where d,n — oo and d/n stays a constant (Bai & Silverstein, 2010;
Anderson et al., 2010), and obtain a closed-form expression of the asymptotic MSE for any A > 0,
which we can analytically optimize over A\. We state this result in Theorem 9. The proof builds
on the Steiltjes transform and its “derivative trick” (Dobriban et al., 2018), and is deferred to
Appendix B.4.

3The same conclusion also holds for the asymptotic excess risk, as the Hessian of the excess risk is a rescaled
identity, see Appendix B.2.
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5 EXPERIMENTS

5.1 SIMULATIONS

We experiment on the realizable linear model studied in Section 4. Recall that the observed data of
the ¢-th task are generated as

y: = Xywy,  with Xt,i 1"1\(/1 N(O,Id>

We independently generate w; id N(wo «, L/ \/&) where wy , is the linear centroid and the cor-
responding R? = 1 here. The goal is to learn the linear centroid w , using the train-train method

and train-val method, i.e., minimizing L% and L2, respectively. Note that both LIt and Liva!

are quadratic in wy, therefore, we can find the close-form solutions v?rét;t”tr'val}. We measure the
performance of train-train and train-val methods using the £o-error [|wq, — W12,

We present the comparison among train-train and train-val methods in Figure 1 with scatter plots
representing the simulation outputs under different settings. Across all the simulations, we well-tune
the regularization coefficient )\ in the train-train method, and use a sufficiently large A = 10000 in the
train-val method according to Corollary 8. The simulated results concentrate around the reference
curves corresponding to our theoretical findings. This corroborates our analyses and demonstrates
the better performance of train-train method on the realizable linear model.

We additionally investigate the effect of averaging the loss over multiple splits in the train-
val method (a “cross-validation” type loss) rather than the vanilla single split. We show that such
cross-validation can indeed improve over the vanilla single-split train-val method. We also experi-
ment with the stronger “leave-one-out” style cross-validation and show that it achieves better MSEs
than the constant-fold cross-validation (Appendix E).

5 10° 6
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Figure 1: Panel (a) presents the optimal AsymMSE(w{ 1) (blue) in Theorem 9 via grid search, and the
optimal AsymMSE(W{ ') in Corollary 8 with ny = 0 (orange) and ny = 5 (green), as well as the upper

bound of AsymMSE(W{ 1) (magenta) in Corollary 4. The optimal AsymMSE(vAvéfrT’"’twa'}) are used as

reference curves in plots (b) and (c). Panel (b) plots the ¢s-error of v?réf;"’tr'va'} as the total number of tasks
increases from 20 to 1000 with an increment of 20. We fix data dimension d = 60 and per-task sample size
n = 20. For the train-val method, we experiment on n; = 0 and n; = 5. Panel (c) shows the scaled (by 1)

~

lo-error of w({)frT'"’tr‘va'} as the ratio d/n varies from 0 to 3 (n = 20 and 7' = 1000 are fixed).

5.2 FEW-SHOT IMAGE CLASSIFICATION

We further investigate the comparison between the train-train and train-val type methods in few-
shot image classification on minilmageNet (Ravi & Larochelle, 2017) and tieredlmageNet (Ren
etal., 2018).

Methods We instantiate the train-train and train-val method in the centroid meta-learning setting
with a ridge solver. The methods are almost exactly the same as in our theoretical setting in (2)
and (3), with the only differences being that the parameters w; (and hence w() parametrize a deep
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neural network instead of a linear classifier, and the loss function is the cross-entropy instead of
squared loss. Mathematically, we minimize the following two loss functions:

T
1 1 : rain rain va va
L wo) = 5 367" (wo) = 7.3 (argmmawt;xz V) A e = woll* 5 X, ) )
t=1 t=1 Wi

T T
1 1 .
LY (wo) == 7 E 0 (wg) = 7 E é(arg min £(we; Xe, 1) + A |[we — wol|? ;tht),
t=1 t=1 wi

where (X, y) is the data for task ¢ of size n, and (X{2in ytrain) and (XY, y¥2) is a split of the
data of size (n1,n2). We note that both loss functions above have been considered in prior work
(L*v'in iMAML (Rajeswaran et al., 2019), and L' in Meta-MinibatchProx (Zhou et al., 2019)),
though we use slightly different implementation details from these prior work to make sure that the
two methods here are exactly the same except for whether the split is used. Additional details about
the implementation can be found in Appendix D.

Experimental settings We adopt the episodic training procedure (Finn et al., 2017; Zhou et al.,
2019; Rajeswaran et al., 2019). In meta-test, we sample a set of N-way (K + 1)-shot test tasks. The
first K instances are for training and the remaining one is for testing. In meta-training, we use the
“higher way” training strategy. We set the default choice of the train-validation split ratio to be an
even split n; = ny = n/2 following Zhou et al. (2019); Rajeswaran et al. (2019). For example, for
a 5-way 5-shot classification setting, each task contains 5 x (5 + 1) = 30 total images, and we set
n; = ng = 15. (We additionally investigate the optimality of this split ratio in Appendix D.1.) We
evaluate both methods under the transduction setting where the information is shared between the
test data via batch normalization. We report the average accuracy over 2,000 random test episodes
with 95% confidence interval.

Results Table 1 presents the percent classification accuracy on minilmagenet and tieredlmageNet.
We find that the train-train method consistently outperforms the train-val method. Specifically, on
minilmageNet, train-train method outperforms train-val by 2.01% and 3.87% on the 1-shot 5-way
and 5-shot 5-way tasks respectively; On tieredImageNet, train-train on average improves by about
6.40% on the four testing cases. These results show the advantages of train-train method over train-
val and support our theoretical findings in Theorem 4.

Table 1: Few-shot classification accuracy (%) on the minilmageNet and tieredImageNet datasets.

é;n method 1-shot 5-way 5-shot 5-way 1-shot 20-way 5-shot 20-way
é train-val 48.76 £+ 0.87 63.56 £ 0.95 17.52 £0.49 2132 £0.54
é train-train 50.77 £ 0.90 67.43 £+ 0.89 21.17 £ 0.38 34.30 + 0.41
:Lc;n method 1-shot 5-way 5-shot 5-way 1-shot 10-way 5-shot 10-way
é train-val 50.61 £ 1.12 67.30 £0.98 29.18 £0.57 43.15£0.72
_E train-train 54.37 £ 0.93 71.45 £ 0.94 35.56 £ 0.60 54.50 £+ 0.71

6 CONCLUSION

We study the importance of train-validation split on the linear-centroid meta-learning problem, and
show that the necessity and optimality of train-validation split depends greatly on whether the tasks
are structured: the sample splitting is necessary in general situations, and not necessary and non-
optimal when the tasks are nicely structured. It would be of interest to study whether a similar
conclusion holds on other meta-learning problems such as learning a representation, or whether our
insights can be used towards designing meta-learning algorithms with better empirical performance.
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A PROOFS FOR SECTION 3

A.1 DETAILED INTRODUCTION ON ASYMPTOTIC ANALYSIS

Here we provide more details on the asymptotic analysis framework sketched in Section 2.1.

In typical scenarios, for consistent ERMs, the limiting distribution of W 1 is asymptotically normal
with a known covariance matrix, as is characterized in the following classical result (see, e.g. Van der
Vaart (2000, Theorem 5.21) and also Liang (2016)).

Proposition 6 (Asymptotic normality and excess risk of ERMS). Assume the population minimizer
Wo 4 is unique and the ERM W  is consistent (i.e. it converges to Wy , in probability as T — o).
Further assume the following regularity conditions:

(a) There exists some random variable Ay = A(py, Xy,y:) such that E[A?] < oo and
[V (wi1) = Vl(w2)|| < Ay |lwr — wa|
for all wy,wo € R?;

(b) E[|[Vee(wo.)|*] < oo
(c) L is twice-differentiable with V*L(wq 4) = 0,
then the ERM W 1 is asymptotically normally distributed, with

VT - (Wor — wo) 5 N(0, V2L(wo.) " Cov(Ve(wo ) ) VZL(Wo ) "') =: P,

T - (L(Wor) — L(wo,)) % ATV?L(wo,)A where A ~ P,
where % denotes convergence in distribution and £, : R — R is the loss function on a single task.

When this happens, we define the asymptotic rate of estimation (in MSE loss) and asymptotic excess
risk Wo 7 as those of its limiting distribution:

AsymMSE(Wo.7) = Eap, [HA||2] = tr(V2L(wo.,) " Cov(VLi(wo.,))V2L(wo.) ")
AsymExcessRisk(Wo 1) := Ea~p, [ATVZL(wo.)A] = tr(V2L(wo ) Cov(VL(wo .)))-

A.2 PROOF OF PROPOSITION 1
Equivalence of test-time risk and training loss for train-val method We first show that

Ltr—val(wo) — Ew;r—val(wo)] _ Ltest (WO)

Ana

12
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for all wy, that is, the population meta-test loss is exactly the same as the population risk of the train-
val method. This is straightforward: as the tasks are i.i.d. and Ay (wq; Xt ytrain) js independent
of the test points (X}?', y¥2'), we have for any wy that

r-va va va rain rainy |2
E[étt: I(WO)] EPtNH (Xt7Yt)Npt l: Hy ! Xt IA)\(WO; X; ’yz )H :l

1 va %2 raln rainy 2
= Ep, o1, (Xs y)~p: {2 (yt 1I IT-AA(WOa D GEN )) }

1 2
(' = X" Ay (Wos X1, y741)) }

Prr~IL (X1, y741), (%7 y") Ny |:2
test
L/\es’ﬂl ( O) N
Therefore the train-val method is acutally a valid ERM for the test loss L% , and it remains to show
that the train-val method is (itself) consistent.

Consistency We expand the empirical risk of the train-val method as

1

E%—val(wo) _ = Z = H val X;{aIA)\(W(); Xiraln’ygram)HQ

vaI _ X¥a| [WO 4 (XirainTxgrain 4 nlAId)—IXErainT(ytraln Xtram )] ||2

T
Z o Iy
T
Z% vaI X;ﬁ/al(XgrainTX;rain+n1)\1d) 1Xtra|nT tram Xvaln )\(XtralnTXtraln+n1>\Id) 1W0H2
=1
1 o7 T
=5Wo Mrwy — wy b + const,
where
1 - 2 train T 5z train 71X¥EITX¥3| trainT g train -1
My = TZ)\ (XtrainTxgtrain iy 4 NIg) ~1 =t (Xtrain T train /0 4 AT,) 70,
n2

t

1

'ﬂ \

T

i i — 1 va va va rain rain rain rain
Z X;ralnTX;raln/nl + AId) 1, ;Xt |T( | X. |(Xt Txt + nl)\Id) 1X; Tyi )
— 2

Noticing that (Xtrain " Xtrain /) 4 AT;)=! < A\~'I, and by the assumption that E () ope [XX 1] <
00, E(x,y)~p, [Xy] < 00, we have E[[|Mr||] < co and E[||br||] < co. Since the task p;’s are i.i.d.,
by the law of large numbers, we have with probability one that

MT — E[MT]

val T yrval
Xt Xt

— Ept,(xt,yt) [AQ(XErainTXErain/nl + )\Id)_l ()q;rainT)(;rain/n1 4 )\Id)_l (8)

_ Epf,,(xmyz) [A2(X§rainTX;rain/n1 + )\Id)—lEt(XgrainTX*;rain/nl + >\Id)_1] . 07
(where 2 = By, [xx "] = 0) and
br — ]E[bT}

_ Ept,(Xt,yt) [A(X;ralnTX;ram/nl + AId)_l . Ex\t/al—r( val XvaI(XtralnTXtraln + n1>\Id) 1X§ra|nTy;ra|n)

< o0

9)

as T' — oo. Therefore, by Slutsky’s Theorem, we have

Wo,r = My by — E[M7] 'E[br] = argmin L™ (w() = arg min L (wo) = wo (A, n1)

A s
Wo Wo

as T' — oo. This proves the consistency of the train-val method.
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Asymptotic normality Similar as above, we can write the per-task loss as

1
ly(wo) = 5 [Aswo — ¢,

where
A . .
At — \/@){}/al()ciralnT)(}:raln/nl + )\Id)_l,
1 v xval(xtr i Xtr i - 1 rai rai
c, = - <ytal . tal( ;anT ;an/n1+>\1d) lnlxzan'l'yzan>.

In order to show the desired asymptotic normality result, it suffices to check the conditions in Propo-
sition 6. First, we have

V&g (Wo) = A: (AtWO — Ct).

This is Lipschitz in w( with Lipschitz constant
1
A7 Al < 1Al < o I

As Exrp, [Ix||*] < oo, the above quantity is clearly square integrable, therefore verifying (a). As
W0« = Wo (A, n1) is finite, we can use similar arguments as above to show (b) holds. Finally, we
have already seen L is twice-differentiable (since it is quadratic in wq) and VQL(W07*) > 0, which
verifies (c). Therefore the conditions of Proposition 6 hold, which yields the desired asymptotic
normality result.

A.3  PROOF OF PROPOSITION 2
High-level idea At a high level, this proof proceeds by showing that the train-train method is also

consistent to the (population) minimizer of L', and constructing a simple counter-example on
which the minimizers of L'"*" is not equal to that of L{st.

Population minimizers of L't and L2 We begin by simplifying the non-splitting risk. We
have

1
G (wo) = o e — XeAx(wo; X, ye)||°

1
5 [lye = Xe[wo + (X X, + nALy) X[ (v — Xowo)] ||

1

Py ||AtWO - CtH2 ,
2

where

1 1
A, = %mxt(xjxt +nMy) " and ¢, = %(In - Xy (X Xt 4+ nALy) ' X[ )y

Using similar arguments as in the proof of Proposition 1 (Appendix A.2), we see that the train-

train method w{7}' converges with probability one to the minimizer of the pouplation risk L',

which is

w( " = argmin L""(wq) = (]E[A;'—At])ilE[A:ct]

Wo

XX, 17" 1
=E [AQ(XZXt/n + )\Id)‘Qtnt] E [nx(xjxt/n +ALy) X (T, — X (X X 4 L) T X )y

-1

.
=E [AQ(XZXt/n + AId)—2Xf{t]

1
E {/\Q(X;Xt/n + AId)—ngjyt )
(10)
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On the other hand, recall from Proposition 1 ((8) and (9)) that the population minimizer of Lf\esr';

Wo,«(A,n) = arg min LY, (wo)
Wo

_ 171 _
=EN (X[ Xy /n+ Mg) P E(X) X /n+ ML) 7Y .{)\E[(X:Xt/n—k)\ld) YE,, () [X'Y]

—AE (X[ X;/n+ M) ' 3(X[] X, /n + )\Id)liXtTyt] }
(11)

Construction of the counter-example We now construct a distribution for which (10) is not equal
to (11). Let d = 1 and let all p; be the following distribution:

o ~ [(1,3) with probability 1/2;
Pei (@i ¥0i) = (3. 21) with probability 1/2.

Clearly, we have &; = 5, s; := X/ X;/n € [1,9], and E; 4, [2'y'] = 0. Therefore we have

(¢ +A)" thzytz]>

wh = E[(st + )\)_23,5] "E

and

wo (A, n) = —E[5A%(s; + A)*Z] ‘E

5\ St+/\ th Yt 1‘|
(st + M)~ thlytz]-

We now show that wi{" # wo (A, n) by showing that

X

for any A > 0. Indeed, conditioning on (%,1, yr.1) = (1,3), we know that the sum-of-squares in s,
has one term that equals 1, and all others i.i.d. being 1 or 9 with probability one half. On the other
hand, if we condition on (z,1, y¢,1) = (3, —1), then we know the sum in s, has one term that equals
9 and all others i.i.d.. This means that the negative contribution in the expectation is smaller than
the positive contribution, in other words

Te,1Y¢,1 1 1
El— | = .3E|——
[(St + A)z} 2 [(St +A)?
1
+ = —BE{

— —E[Msi+ M) E

E

(weaa) = (13)

2

ﬁ (Tt,1,9¢1) = (3, —1)} > 0.

This shows w{" # wo (A, n) and consequently the w{”;" does not converge to w (A, n) and the
difference is bounded away from zero as 7' — oo.

Finally, for this distribution, the risk LtfsfI (wo) is strongly convex (since it has a positive second

derivative), this further implies that Lt)\eSTtL (WoT) — L5 (wo,«(A,n)) is bounded away from zero

almost surely as 7" — oo.

B PROOFS FOR SECTION 4

B.1 PROOF OF THEOREM 3
We first show that wg , = E,~11[W;] is a global optimizer for L** and L' with any regulariza-

tion coefficient A > 0, any n, and any split (n1,n2). To do this, it suffices to check that the gradient
at wo , is zero and the Hessian is positive definite (PD).
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Optimality of wy , in both L't and L'V, We first look at L'"": for any w, € R? we have
Ltr—tr (WO) — El}g;r—tr(wo)]

1 _ 2
= [thwt - X, [(ijt + L) T X (Xewy — Xowo) + wo} H ]

1 -1 2
- %E[th (Id — (X] X, + nALy) ijt) (wy — wO)H } (12)
Similarly, "2 can be written as
Ltr—val(wo) (13)
= E[({(wo)]
1 . . _ . . . 2
= THQE I:HX\t/alwt _ X\t/al [((Xiraln)TX;ram + nl)\Id) 1 (Xiram)T (Xiralnwt _ X;ralnwo) + W0i| H :|
1 . . _ . : 2
= 271[.3{”)(\{& (Id _ ((Xgram)TX;ram + nl)\Id) 1 (X;ra|n)TX;ra|n) (Wt _ WO)H } (14)
T2
We denote
Mt — X, (Id — (XTI X, +nAL) T X Xt> and (15)
M;r—val _ X\t/al (Id _ ((Xgrain)TX;rain + nl/\Id)_l (Xgrain)TXErain> (16)
to simplify the notations in (12) and (14). We take gradient of L'-*" and L2 with respect to wy:
1
vwoLtr—tr(Wo) — _EE [(M?_tr)TM?_tr(Wt _ WO)] ; (17)
1
VWO Ltr—va|(wo) — _;E [(Mzr—va|)TM§r—va|(wt _ WO)] . (18)
2
Substituting wo_, into (17) and taking expectation, we deduce
1
Vo L (Wo.0) = = [(MJ) M (w, = wo.)] = 0. 19)
To see this, observe that by definition E[w; — wq ,] = 0. Combining with w, being generated

independently of X;, we have the first term in RHS of (19) vanish. In addition, z, is independent
white noise, therefore, the second term in RHS of (19) also vanishes. Following the same argument,
we can show

VWOLtr—vaI(WO"*) — 0’

since X is also independent of w;. The above reasonings indicates that wg , is a stationary point
of both L™* and L¥3. The remaining step is to check Vy, L™ (W 4) and Vy, L¥?(wq ) are
PD. From (17) and (18), we derive respectively the hessian of L"*" and L' as
1
V?)vo Ltr_tr(Woy*) — EE[(MEr—tr)TMEr—tr] and
-V 1 -V -V,

vgvoLtr al(WO,*) _ E]E[(Mztfr aI)TMEr al].
Let v € R? be any nonzero vector, we check vTva,o L**"(wo,.)v > 0. A key obser-
vation is that (Id - (XX + n)\Id)_1 X, Xt) is positive definite for any A # 0. To see
this, let 017 > --- > o4 be eigenvalues of %XtT X, some algebra yields the eigenvalues of
(Id — (XtTXt + n/\Id)_1 X,TX,,) are M-% >0forA#0andi=1,...,d. Hence, we deduce

1 _ 2
VIV, L (wo, v = ~E[v X/ (Id — (XX +nALy) T X[ Xt) X,v] >0,  (20)

since X is isotropic (an explicit computation of the hessian matrix can be found in Appendix B.2).
As a consequence, we have shown that wy , is a global optimum of L**. The same argument
applies to L'"2', and the proof is complete.
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Consistency of vAvéf;”’tr'va'}. To check the consistency, we need to verify the conditions (a) — (c) in
Proposition 6.

For condition (a), we derive from (17) and (18) that

r-tr,tr-v. r-tr,tr-v. ]. r-tr.tr-v. r—tr tr-v.
vat{t trt al}(Wl) 7v€§t trt al}(wz)H < = H(Mt{t tr,t al})TM;{t trtr-val}

‘ [w1 — wall,
op

where n should be replaced by ns for the split method (we slightly abuse the notation for simplicity).
Tt suffices to show E {H (Mftrtntvaly T plttrtroval)

} < 00, which follows from the same argu-
op

ment in the proof of Proposition 1. In particular, we know 0 < I;— (XtT X; + n)\Id) -t XtT X <1,
and IEI[HX]‘T XtHOp] < oo since X; is Gaussian. As a consequence, for the no-split method,

we have E {H(M;FH)TM;FUH;] < oo. For the split method, we also have 0 < I; —
((Xtraim) TXtrain 4 AT,) ™" (XEin) TX i < T, and E[[| (X)) "X|,] < oo, which implies
E |:||(Mir—val)TMEr—val||zp:| < 00.

For condition (b), using a similar argument in condition (a) and combining with R? = E[||wo. —
wi||2], we have E[|| V£ (wy ,)[|2] < oo.

{tr-tr,tr-val} is

For condition (c), using (20), we directly verify that L twice-differentiable and

v2L{tr—tr,tr—va|} -« 0.

B.2 PROOF OF LEMMA 5

Proof. In this section we prove Lemma 5. Using the the asymptotic normality in Proposition 6,
the asymptotic covariance is V2L {tr-trtrval} oy [w e rtrtrvall )y —2 f {trtrtrval} Therefore, in the
following, we only need to find V-2 L{tr-trtr-vall apd COV[VE?FU’“_VBI}].

e Asymptotic variance of w{’;’. We begin with the computation of the expected Hessian

%E[(Mgr—tr)TMgr—tr}.
E[(Mgr-tr)TMgr-tr]
T 1T T T T 1T
_E (Id — (X Xy +nALy) X, Xt) X, X, (Id — (X Xy +nALy) X, Xt)
2E Vi (L~ (DD, +nAL)"'D/Dy) DD, (I — (D] Dy +nALy)~'D/D,) V/ |,
2D

where the equality (i) is obtained by plugging in the SVD of X; = U;D;V, with U; € R**",
D, € R™*? and V, € R¥? A key observation is that U, and V, are independent, since X is
isotropic, i.e., homogeneous in each orthogonal direction. To see this, for any orthogonal matrices
Q € R**™ and P € R**?, we know X, and QX,P T share the same distribution. Moreover, we
have QX PT = (QU;)D;(PV;)" as the SVD. This shows that the left and right singular matrices
are independent and both uniformly distributed on all the orthogonal matrices of the corresponding
dimensions (R™*" and R?*4, respectively).

—
2

Recall that we denote ain) > . > UEI”) as the eigenvalues of X, X;. Thus, we have D/ D, =

Diag(no%n), cee nac(l”)). We can further simplify (21) as

E [Vt (I — (D; D, + nAL,)"'D; D,) D, D, (I, — (D; D, + nAL,)~'D; D,) VZ]

_E | V,Diag [ Y1 n¥lo) \
t g (n) 9 gty (n) 9 t
(077 + ) (O'd +A)
2 _(n)
_p | M v (22)
i=1 (Uz(n) + )‘)2 S

17
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We will utilize the isotropicity of X; to find (22). Recall that we have shown that V, is uniform
on all the orthogonal matrices. Let P € R%*? be any permutation matrix, then VP has the same
distribution as V. For this permuted data matrix VP, (22) becomes

n/\Q ")

—_— with 7, () denotes the permutation of the i-th element in P.
i=1 (Uz(n) +A)?

.
Vit,7p(3) Vi, (3)

Summing over all the permutations P (and there are totally d! instances), we deduce

d!E[(MEr—tr)T M;r—tr]

d (n)
n\%o; T

(n)
all permutation 7, i=1 (gi +A

4T Az
=(d—1)E Z[Z

j:]. n) + )‘)

i d (n) d 42 (w)
Ao A2
=(d—1)IE VtDiag<Za1,...,ZU’>VtT]

(A+op T oMy

T
Vi,iVi g

d 2,
— — | e
(d—1)IE ; o+ a@))?VtIdV (23)

Dividing (d — 1)! on both sides of (23) yields

]E[(M)tfr—tr) TMEr—tr] _ %]E

d 2_(n)
ZAl 1L, (24)

A+

Next, we find the expected covariance matrix 5 E[V& (wo ) (V™ (wo)) .

B[V (wo, ) (VA (Wo ) ']
_ E[(M?_tr)TMEFtr(WQ,* _ Wt)(WO,* _ Wt)T(MEr—tr)TMEr—tr]

i TL)\QO'(n) )\2 (”)
@ E {VtDlag =) L . o) VtT (Wo« — W) (Wo « — wy)
(@ + 227 (0 + A2

' nA2o(™ 2o
- ViDiag | — L .. o) d \'A ] (25)
(017 +A)? (04" +A)?

Here step (7) uses the SVD of X; and the computatlon in (22). Combining (24) and (25), we derive
the asymptotic covariance matrix of using L' a

AsymCov(wg7)

= E[V 207" Cov [V (wo ) B[V 24

-2
d2 d )\2 (”)

=~ |E Z%
n -1 (A + oy )2

) /\20. n) n)\QO.(")
E {VtDlag o) L T d V] (Wox — wi)(Wo — W) T
(07" + )\) (07 +N)?
2 _(n) 2 (”)
. V,;Diag ”(A) a__ T) v/ } . (26)
(o + 22 (0 + )2

Taking trace in (26), we deduce
AsymMSE(W(7)

18
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= tr(AsymCov(wg'7'))

)
d2 d )\2 (”)

=— |E Z%
n o1 (Ao )2

) i 2/\4( (n))Q 2)\4( (")) Tlwn o —w ) — T
t (E VtDag<( (")Jr/\) (ad)+)\)4 V, (wo« ¢)(Wo,« t)

(z_') de - d )\2 (" -2
IR =10t (”))

G - X VI,V T

T ;um VALV o~ ) )

E |35, M(oi™)? /(A + o)
=d [ ]2 (E[(Wo,* — W) (Wo . — Wt)T])

(B[l 2o/ + o))

B[S o™/ + o)

= dR? 27

EERT))

where step (4) utilizes the independence between w; and X; and applies the permutation trick in
(n) e

(23) to find E [VtDiag (" MoV)F N (oy )2> V;}

(o_(n)+A)4 ) 9 (O_L(in)+A)4

e Asymptotic variance of vAv“‘q‘ia'. Similar to the no-split case, we compute the Hessian
1 E[ertr val] 1 ]E[(Mtr vaI)TMtr—val] first.

]E[(M;r_val ) TMir—vaI]

. . 1 . NT
— E|: (Id o ((X*;ram)TXtt:raln + nl/\Id) (Xiram)TX;ram) (anl)TX:‘I/al

. . 1 . .
. (Id _ ((Xtram):X;ram + n1>\Id) (Xgram)TX?am) :|

. . _ . N T
(’_) HQ]E|: (Id _ ((Xiraln)TXEram + nl)\Id) 1 ((Xiraln)TX‘;raln)

. (Id _ ((Xtrain):XErain + nl)\Id)_l (Xgrain)TX?ain) ]

(i9)

= noFE {Vtram (Id o ((D*;rain)TD;csrain + 77,1)\:[(1)_1(D;rain)TD;rain)2 (Vgrain)T] , (28)

where (i) uses the data generating assumption E[(X}?') T X}?'] = n,I, and the mdependence be-
tween X" and X2, and (i4) follows from the SVD of X!rain = trainptrain (ystrain) T

Here we denote cr(nl) > e 2 0("1) as the eigenvalues of n%(xztsrain)TXirai". Thus, we have

(Dtraimy TDtrain — D1ag(n10§n1), N O'((inl)) We can now further simplify (28) as

an |:V§rain (Id _ ((Dgrain)TDirain 4 nl)\Id)—l(D;rain)TDirain)2 (Vgrain)T:I

. 2 2
@nQE[nga‘"Diag ( )A s )A (Vgrai“)T]
"™+ X2 (0 4 )2
y d 2
(i) M2 A
~ " [Z (Hm)] o @

Step (7) follows from the same computation in (22), and step (i%) uses the permutation trick in (23).
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Next, we find the expected covariance matrix %E[Vﬁ%r'”(wo’*)(V@"”(wo,*))T].

B[V (o) (VE (w ,*))T]

— E[(Mgr—tr)TMEr—tr(WO)* _ WO .= )T Mtr tr)TMtr tr]
: A
_ trainy; traln val
_E{Vt D1ag< (n1)+)\ . (n1)+)\> (Viraimy T xyah T
valyrtrainy: A A train T
- X'V Diag ) nl) (VIR T (wo , — W) (Wox — Wi)
oy U+ A + A
. ‘[;rainDiag A Vtraln Xval)
Ugnl) + A (nl + A
. A A
. )(val‘/tram]:)iag ) (Vtraln) ] (30)
t t ( (n1) +)\ Uflnl) +)\>
Combining (29) and (30), we derive the asymptotic covariance matrix of using L' as
AsymCov (Wi

— E[V 25? vaI]COV[v&tfr—val(WO’*)]E[V—2€;r—vaI]

a2 d A2 -
= — E _—
Al bre)

) A A
-E|V}™"Diag .
o BRI D WL Y

A
O_inl)+)\7""o_((in1)+)\

A A rain va
T T (Viem T (xyeEh
o A+ A oy A

) (Vzrain)T(X:ﬁ/al)T

Xy Diag ( > (VP T (woe — W) (Woe — wy)

- ViainDiag <

. )(valetram])iag e, (Vtraln)T:| . (3])
t t (O_gnl) +A O_élnl) + )\> t

Taking trace in (31), we deduce

AsymMSE(w(7)
= tr(AsymCov(wg 7))

a2 d A2 ”
= —_— E —_—
i \® |2 0o

: A A :
trainy; trainy T val\ T
tr(E[Vt Diag (U%nl) 3 (n1 )\) (Vi) (X))

A A
O_gnl)_’_)\”"’agnl)_’_)\

A rai %

. )(\t/al‘/;rain]:)iag ( ) (Vztsrain)T(WO,* o Wt)(WO,* o Wt)T

- VIRinDiag ( i\
ni + )\

. A A .
. valystrainy: train\ T
X}V Dlag< (m)+)\ . ,at(inl)-i-)\)(” ) ])
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wd [ [&K -
=5 |E Z pYC
ny 1 (A+0;7)2
tr (E [VE““‘Diag i i\ ,e ( ?\ (V;rain)T(X;&/al)T
o+ £ YA

A2 A2
(") + 02 (@ )

A .
e, (VIR T (wo , — wi)(Wox — W )T]>,
o_gnl) +)\ O_élnl) +)\> t t t
(32)

_X%/alvzrainDiag ( > (V';rain)T(X%/al)T

. XgalvirainDiag (

where (i) follows from the cyclic property of the matrix trace operation. Due to the isotropicity of
Xtrain and XY?', we claim that

E [VgrainDiag = ;\ v /)\ (V*;rain)T(X\t/al)T
o1+ A o; "+ A

A2 A2
(o™ 4+ 227 (0§ + 02

. X}/alvgrainDiag ( ) (V‘;rain)T(XXal)T

. A A .
. )(;t/al\fltsram]:)iag o e (V;raln)T:| (33)
o+ A o5+ A

is a diagonal matrix cI; with all the diagonal elements identical. We can show the claim bying
taking expectation with respect to X2 first. Since V" is an orthogonal matrix, X}V has
the same distribution as X2 and independent of X;. We verify that any off-diagonal element of the
matrix expectation

. . )\2 )\2
A = Feow |:(Vtra|n)T(XvaI)TXvaIVtralnDiag : e, :
Xy t t t t (O_gnl) + )\)2 (O—((jnl) + /\)2

. (Virain)T (Xzal ) TX;/aIV;rain:|

is zero. We denote X}y2'Viain — [x, ... x,]T € R"*4 with x; Y N(0,1;). For k # £, the
(k,£)-th entry Ay ¢ of A is

= 3 (g (S (S

/\2
=E Z 5 thmxj,mxj,nxf,n

L J (G](’nl) + )\) m,n

@

where 2; ; denotes the j-th element of x;. Equality (¢) holds, since either ., or x , only appears
once in each summand. Therefore, we can write A = Diag (411, .. Ad7d) with Ak, & being

Ak,k,:E Z (Z kmzjmxj’nxﬂn>

J

)\2
=E|———— Tl,mTk mTknlkn .
l(o,i”“ +A)? <mz )1

21

(o (”1)+/\



Under review as a conference paper at ICLR 2021

Observe that Ay, ;, only depends on 0,(C m) . Plugging back into (33), we have

E \/vtramDiag e (Vtram)T(Xval)T
|: t <O’§n1) +)\ (711) +)\> t t
. )(\t/al\/—grainDiag o /\2 (Vzrain)T<X¥al)T
n1) + )\ (O_C(lnl) + )\)2

. :)(val\/traml)iag ., (Vtraln)T:|
13 t ( nl) + )\ o_gnl) + )\> t

. A
=FE |:V§ra|nDjag (nl) ™Y Diag(ALl, R 7Ad’d)
oy + A o5+ A
. A A :
- Diag (m) . (m) (vire ")T}
+ A +A
: A2A A2A .
—E {V;”““Diag e (VE”'“)T}
(01" + )2 (04" +A)?

- CIda
where equality () utilizes the permutation trick in (24). To this end, it is sufficient to find ¢ as

1 i A A i
= Ztr| E |:\/tra|nDiag N (Vtraln)T(Xval)T
d ( ! cr%nl) +A UL(;”) +A ' '

/\2 /\2 trainy T val\ T
n 1ttt n (Vt ) (Xt )
(" 02 o+ )2

. )(val\[traml)iag e, (Vtraln)T:|)
t t <0_£n1) +A O_K(an) + )\) t

. )(\t/al\/—grainDiag (

1 ( [ | inTy; A2 A? i\ T T
= Ztr| E Xva Vtra'“Dlag e (Vtraln) (Xva )
d s <w¥”+AP (@ +n2) T
- XyElvireinDigg a5 ... a5 (ngai")T(X;a')T} ) (34)
(") 227 (o) + 02
Observe again that X}2'Virain ¢ Rm2x4 jg 3 Gaussian random matrix. We rewrite (34) as
2
1 A2 A2
c=-E Z v, Diag ( - ) - ) vj , (35)
d 521 (1)+)\)2 ((1)+)\)
where v; i N(0,1,) is i.i.d. Gaussian random vectors for i = 1, ..., no. To compute (35), we need

the following result.

Claim 7. Given any symmetric matrix A € R and i.i.d. standard Gaussian random vectors

v,u " N(0,I4), we have

E[(vTAv)?] =2||A[% + tr*(A) and (36)
E[(v Au)’] = [|A[}. (37)

Proof of Claim 7. We show (36) first. We denote A; ; as the (¢, j)-th element of A and v; as the i-th
element of v. Expanding the quadratic form, we have

E [(VTAV)Q} =FE Z V0 VKV A j Al g
i3k 0<d
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=E > A7 | +E | Y 0ol (A7, + AiiAjj + AijAj)

i<d i#j
=3) A2+ (A2 + Ay A+ AijAj)
i<d i#]
=tr2(A) +2> A7+ (A7, + A jA;)
i<d i#£]

— u”(A) + 2| A3
Next, we show (37) by the cyclic property of race.
E [(VTAu)Q} =tr (E [uuTAvaAD =tr(A?%) = ||A|3,.

O
We back to the computation of (35) using Claim 7.
M 2
1| & A2 A2
c=-=E v,iTDiag e A\
d _i;1< ((UEM) )2 (U((inl) +>\)2> J)
r 2
1 n2 /\2 /\2
=_F v/ Diag Vi
d ; ( ((ai’“’ +02 (o + A)?) )
2
1 A2 A\?
+ -E V;Diag ey v,
d ; ( ((ngl) + )2 (Gz(inl) +/\)2> ]>
2 2
= @E tr? | Diag i ? i i\
d (o™ + 2027 (o + A2
2
2 2
+ 22 Diag ( A e ( A
d (o™ + 027 (i + 02 )|,
2
1 2 2
+ nz(nz )E Diag ( (mi‘ s (m;\ )
(01" +A)? (0" + 2%/ I,
d 2 2 d 4
N9 A A
== |E ———| + (2 +1E —_— (38)
d lz (0" + A)2 ; (o) + A4

Combining (38) and (33), by the independence between w; and X’t:'ai", Xv we compute (32) as
AsymMSE(w§7)

d2 d )\2 -2
d 9 2
Up) A
B [Z

B [(wo. — wi)(wo. —wi) ]
aR2 B[S 0260+ 02 4 (e + DE [, X/ (0 4 1]

"2 (B[xL, 2/ 0]

The proof is complete. ]

d

)\4
2

i=1 (Uinl) +A)4
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B.3 OPTIMAL RATE OF THE TRAIN-VAL METHOD AT FINITE (n, d)

Corollary 8 (Optimal rate of the train-val method at finite (n, d)). For any (n,d) and any split ratio
(n1,n2) = (n1,n—ny), the optimal rate (by tuning the regularization A > 0) of the train-val method
is achieved at

(d+n2+1)R?

inf AsymMSE (W77 (n1,n2;\)) = Jim AsymMSE (W72 (n1, ng; A)) = -

A>0
Further optimizing the rate over na, the best rate is taken at (ny,ne) = (0,n), in which the rate is

(d+n+1)R?
—

~tr-val

infyo0, nyefn) AsymMSE (W72 (n1, no; A)) =

Discussion: Using all data as validation Corollary 8 suggests that the optimal asymptotic rate of
the train-val method is obtained at A = oo and (n1,n3) = (0,n). In other words, the optimal choice
for the train-val method is to use all the data as validation. In this case, since there is no training data,
the inner solver reduces to the identity map: A o(Wo; X¢,y:) = Wo, and the outer loop reduces
to learning a single linear model w on all the tasks combined. We remark that while the optimality
of such a split ratio is likely an artifact of the data distribution we assumed (noiseless realizable
linear model) and may not generalize to other meta-learning problems, we do find experimentally
that using more data as validation (than training) can also improve the performance on real meta-
learning tasks (see Table 2).

Proof of Corollary 8  Fix n; € [n] and no = n — ny. Recall from Lemma 5 that

Jr2 E [(Zf_l 22/ (o™ + /\)2)2 + (g + 1)L A0 4+ A4

AsymMSE (v?rf{“%a'(m, na; \)) = 2
" (B[xL, 2/ +2])

Clearly, as A — oo, we have

_dR? &+ (np+1)d _ (d+ns+1)R?

lim AsymMSE (w(7?! ;A =
Jim AsymMSE (W77 (n1,n2; 1)) s i e

It remains to show that the above quantity is a lower bound for AsymMSE (W§72'(n1,ng; \)) for
any A > 0, which is equivalent to

B[ (S 22/ 4 A7) 4 (DT 0+

d 1
5 > +7;2+ , forall A > 0.
(B[ 22/ + 02))
(39)
We now prove (39). For ¢ € [n,], define random variables
)\2
X;=—————€[0,1] and Y;:=1-X; €][0,1].

(O_Ewu) +)\)2
Then the left-hand side of (39) can be rewritten as
E[(d—m + £ X0)* + (n2 + 1)(d = m + 272, X2)]
(Eld —ny + X0, X))?
E[(d = X3, Yo + (ne + 1)(d = 25002, Vi + 5002, V2)
(Eld - Y12, Vi)

A+ (ng+1)d — 2(d + ng + DE[Y Y] + E[(XY0)?] 4 (n2 + DE[Y V7]
- @ — 2dE[Y Vi) + (B[ Vi)
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By algebraic manipulation, inequality (39) is equivalent to showing that
E[(CY)?!] + (e + DE[FY?] d+nat1

> (40)
(E[> Vi) d
Clearly, E[(D]Y;)?] > (E[>_ Y;])2. By Cauchy-Schwarz we also have
1 2 1 2
2 : = 3
sy = Le[(n)] > 2 (elxv)’
Therefore we have
E[(XY)?] +(n2+21)E[ZK-2] Lyl metl dimetl
(ER-Y]) m d d
where we have used that n; < n < d. This shows (40) and consequently (39). ]

B.4 RATE OF THE TRAIN-TRAIN METHOD IN THE PROPORTIONAL LIMIT

Theorem 9 (Exact rates of the train-train method in the proportional limit). In the high-dimensional
limiting regime d,n — oo, d/n — ~ where v € (0,00) is a fixed shape parameter, for any A > 0

UMy s o00,d/ney AsymMSE (W{F (n; A)) = pa, R*.

where py , =4~> [(fy — 124+ (y+ 1))\] /()\—|—1—|-=y—\/(>\ +y+1)2 - 47)2/(0\ +y+1)* - 47)

3/2

Proof of Theorem 9  Let 3, := %XtXtT denote the sample covariance matrix of the inputs in a
single task (¢). By Lemma 5, we have

~

AsymMSE(WH (n; \)) = R? - E[Zle Ui(EN)Q/(Ui(in) + )\)4}
o ( E[E;’izl Ui(in)/(ai(in) + /\)2})2

= e fn(80 a0 052)] /] Befe( 0 m8)] )

In,d IIn,d

Ul

Ul

(41)

We now evaluate quantities I,, 4 and I, 4 in the high-dimensional limit of d,n — oo, d/n — v €
(0, 00). Consider the (slightly generalized) Stieltjes transform of X, defined for all A;, Ao > 0:
1 ~
AL de) = i fIE[t (/\I A3, —1)}.
S( ! 2) d,n%ool,nall/nﬁ'y d ’ ( 1la + A2 )

As the entries of X; are i.i.d. N(0, 1), the above limiting Stieltjes transform is the Stieltjes form of
the Marchenko-Pastur law, which has a closed form (see, e.g. (Dobriban et al., 2018, Equation (7)))
1 oy=1-M e+ Ve +1+49)2 4y
A2 271/ Az
= 1=M/ A+ V1 /Ao +1+7)2 — 4y

2’}/)\1 ’

Now observe that differentiating s(A1, A2) yields quantity IT (known as the derivative trick of Stielt-
jes transforms). Indeed, we have

s(A1,A2) = Ay ts(A /e, 1) =
(42)

d d 1 ~
_ - “E I )7t
Iy Anre) =—g | lim [“((Al a A% )]
1 d N
= li —E|-—— I )t 43
d,n%ool,nall/nﬁ'y d |: d)\g tr((Al d+ AQ n) ):| ( )

= lim éE[tr((AlldnL)\gf]n)*zf]n)].

d,n—o00, d/n—y
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(Above, the exchange of differentiation and limit is due to the uniform convergence of the deriva-
tives, which holds at any A1, A3 > 0. See Appendix B.4.1 for a detailed justification.) Taking
A1 = Xand Ay =1, we get

d

lim  Ig=  lim CllIE[tr(()\Id +8,728,)] = I

5(A1, A2) [ =a20=1-
d,n—oo, d/n—y d,n—o0, d/n—y

Similarly we have
1 d d?
—o—s(
6 d\1 d)3
Evaluating the right-hand sides from differentiating the closed-form expression (42), we get
. 1 A+147y 1
lim Ljag=—"- - —,
d,n—00, d/n—~ 2y \/()\ +14+79)2 -4y 2y
—1)2 HA
lim . = (v—D*+ (v + )5/2 '
d,n—o00, d/n—~ (()\ +1+ ,Y)Q _ 4/7)
Substituting back to (41) yields that
lim AsymMSE(W(7 (n; \)) = lim R? - 1,4/10% 4

d,n—o0, d/n—y d,n—o00, d/n—y

lim  Lug= lim lE[tr(()\Id—i-ZAJn)_‘lfJi)] - AL A2) Aot

d,n—o00, d/n—y d,n—o00,d/n—y d

A (v — 12+ (v + 1)A]

= R2.
2
2 _ 5/2 . A4y
(Ot (e 1)
42 [(y = 1) + (v + D]

= R?. 5
(()\+1+7)2—47)3/2~()\+1+'y—\/()\+1+7)2—47)

This proves the desired result. O

B.4.1 INTERCHANGING DERIVATIVE AND EXPECTATION / LIMIT

Here we rigorously establish the interchange of the derivative and the expectation / limit used in (43).

For convenience of notation let 3 = f],,l, = XI X /n denote the empirical covariance matrix of X;.
We wish to show that

d 1 d
— li “ENr((MIg 4+ X2) ] = li “E|——tr((\Ig 4+ A32)H) .
D anoi o, L (Oalet W2 = |:d)\2 H(da+ 23) )}

This involves the interchange of derivative and limit, and then the interchange of derivative and
expectation.

Interchange of derivative and expectation First, we show that for any fixed (d, n),

d d
— Eftr((MIg+ X2) )| =E| ——tr((MIg+ X2)7Y) .
d\s [r((1d+ 2 ) )] [d)\2 r((1d+ 2 ) ):|
By definition of the derivative, we have

tr((ALg + A +12)7) — tr((A\Ig + W)~
t

d - .
d—)\QE[tr((/\lId +203) )] = }%E[

For any A > 0, the function ¢ — tr((A+¢B) ™) is continuously differentiable at ¢ = 0 with deriva-
tive —tr(A ~?B), and thus locally Lipschitz around ¢ = 0 with Lipschitz constant [tr(A~2B)| + 1.
Applying this in the above expectation with A = A\ I; + X232 = A\ I; and B = 3, we get that for
sufficiently small ||, the fraction inside the expectation is upper bounded by |tr(Af22)\ +1<o0
uniformly over ¢. Thus by the Dominated Convergence Theorem, the limit can be passed into the
expectation, which yields the expectation of the derivative.
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Interchange of derivative and limit Define f, 4(\2) := 2E[tr((ALg + A2X)™1)]. It suffices
to show that

d
—_— li n.d(A2) = li " (\a),
d}\g (1,'r1,—>oé{2/'ri,—>'yf ’d( 2) (l,il,—)bg,ll}/n—)'y fn,d( 2)/
where
1 1
fhahe) =E thr(()\lld + AQE)—l)] = —gE[tr((/\lld + A%)?%)]
2

by the result of the preceding part.

As fn.a(A2) — s(A1, \2) pointwise over Ay by properties of the Wishart matrix (Bai & Silverstein,
2010) and each individual f,, 4 is differentiable, it suffices to show that the derivatives f{,,_’ 2(A2)

converges uniformly for Xg in a neighborhood of 5. Observe that can rewrite f7’17 4 as

Fra(e) = g, o [Bre, o |95,V .
where i, 4 is the empirical distribution of the eigenvalues of 3, and

A 1
g5, (\) = ~ < —— forall A > 0.
: </\1 + )\2)\)2 )\])\2

Therefore, as ji,, 4 converges weakly to the Marchenko-Pastur distribution with probability one and
95, 1s uniformly bounded for A in a small neighborhood of Ao, we get that f;, ;(\2) does converge
uniformly to the expectation of gxz()\) under the Marchenko-Pastur distribution. This shows the

desired interchange of derivative and limit.

B.5 PROOF OF THEOREM 4

Throughout this proof we assume that R? = 1 without loss of generality (as all the rates are constant
multiples of R?).
Part I: Optimal rate for L'""" By Theorem 9, we have

inf i A MSE (W52 (12: A
ir;()d,nﬂolor,%/n:»y sym (WO,T(ny ))

it 2 [(y =12+ (v + DA
MOA4+ 1479 — O+ 7+ 12 —47)2- (A+7+1)2 —4y)*/2
=F(A)

In order to bound inf ¢ f(A,7), picking any A = A(y) gives f(A(7),~) as a valid upper bound,
and our goal is to choose A that yields a bound as tight as possible. Here we consider the choice

A=A(y) =max{l —v/2,7y=1/2} = (1 -7/2)1{y <1} + (v = 1/2)1{y > 1}

which we now show yields the claimed upper bound.

Case 1: v <1 Substituting A\ = 1 — /2 into f(\, ) and simplifying, we get

2(v% — 3y +4)
1—n/2,y) =2~ T2 .
Clearly, ¢1(0) = 1 and ¢1 (1) = 32/27. Further differentiating g1 twice gives

2
YV ATy +H4
J'() = W >0 forally € [0,1].

Thus g; is convex on [0, 1], from which we conclude that

7)< (1=7) - 02(0) + 7 g2(1) = 1+ .
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Case 2: 7 > 1 Substituting A = v — 1/2into f(\, ) and simplifying, we get
T YT
We have g2(1) = g1(1) = 32/27. Further differentiating g» gives

1 _ 6 _ 6
4y =12 (y-17° (Hy-1*
Therefore we have for all v > 1 that

(y—1/2,v

95(7) = — +1<1 forally > 1.

5

g2(7) = g2(1) + /j go(t)dt < go(1) +7 -1 =7+ 77

Combining Case 1 and 2, we get

inf f(A7) < 01(7)
s at> 1< (14 20 )il s+ (S 40 )16 1)

ma 1+5 5+
* 97 o7 T

This is the desired upper bound for L™,

IN

Equality at v =1 We finally show that the above upper bound becomes an equality when v = 1.
At~ =1, we have

8A 8\
A1) = -
fx1) A+2=VAZH4N)2(A2 +40)3/2 (14 2/X — /1T +4/N)2(1 4+ 4/1)3/2

Make the change of variable ¢ = /1 + 4/ so that \™! = (#? — 1)/4, minimizing the above
expression is equivalent to minimizing
2 —-1)*/32  (t+1)*
(t2/2 —t+1/2)2t3 83

over t > 1. It is straightforward to check (by computing the first and second derivatives) that the
above quantity is minimized at ¢ = 3 with value 32/27. In other words, we have shown

)
7=1

. 32 ) 5
}\r;%f()\,l)—w—max{l—i—w 7+'y}

that is, the equality holds at v = 1.

Part II: Optimal rate for L' We now prove the result on L'"?', that is,

inf li A MSE Str-val 1—35): )\
,\>0,lsne(0,1)d,n—>olo%/n:7 o (WO sl & ))
@ lim inf AsymMSE (VAvg%al (n1,n2; X)) =

d,n—o00,d/n=~y A>0,n1+n2=n

@)

1+7.

d+n+1
n

First, equality (ii) follows from Corollary 8 and the fact that (d + n + 1)/n — 1 + ~. Second, the
“>” direction of equality (i) is trivial (since we always have “inf lim > lim inf”). Therefore we get
the “>” direction of the overall equality, and it remains to prove the “<” direction.

For the “<” direction, we fix any A > 0, and bound AsymMSE(vAvg%a'(nl,ng; A)) (and conse-
quently its limit as d,n — co.) We have from Lemma 5 that

AsymMSE(vAv(t)r%al(nh na;A))
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E[(Ef—l 220" £ 0)2) 4 (g + 1) S, M (0™ 4 21

d
= 2
n d n
: (B[ 22/ (0 +a72])
o d d? + (ny +1)d
< —- D)
n n
2 (E[ZL /0™ +a2))
- d+ns+1 1
= . >
n 1
2 (B[DL /e +a2))
Observe that
1< A2 (i) A2
E|Z> = 2
i=1 (07 + A)? (Zle o™ /d + )\)
(i1) 2 iii 2
< A (ii)) A

(E{Zil“g"l)/dMA)Q ICEYE

where (i) follows from the convexity of t + A2/(t + A\)?2 on t > 0; (ii) follows from the
same convexity and Jensen’s inequality, and (iii) is since [Zle 05”1)] =FE [tr( n—llxj Xt)} =
E [||Xt ||,2:r / nl} = d. Applying this in the preceeding bound yields

1 (1 2
AsymMSE(V/\\/(t)rf;xal(nlﬂh;/\)) < d+Z§ = ( _;2/\) :

Further plugging in n; = ns and ny = n(1 — s) for any s € (0, 1) yields

y+1—5 (1+XN)?
1—s A2

lim AsymMSE(vAvB:‘%a'(ns, n(l—s); ) <

d,n—o00,d/n—y
Finally, the right-hand side is minimized at A — oo and s = 0, from which we conclude that

inf li AsymMSE (w2 A)) <1
)\>0,1;1€(0,1)d,n~>o<},nc1l/n~>'y sym (Wor™ (n1,m2; A)) < 1+,

which is the desired “<” direction. O

C CONNECTIONS TO BAYESIAN ESTIMATOR

Here we discuss the relationship between our train-train meta-learining estimator using ridge regres-
sion solvers and a Bayesian estimator under a somewhat natural hierarchical generative model for
the realizable setting in Section 4. We show that these two estimators are not equal in general, albeit
they have some similarities in their expressions.

We consider the following hierarchical probabilitistic model:

2

2
g, iid R
w
“’O.,*NN<O7 ‘I(l>7 Wt|“0,* ~ N<“0,*7

J 7 Id>, y: = Xywy; + 0z; where z; id N(0,L,).

This model is similar to our realizable linear model (6), except that w( has a prior and that there is
observation noise in the data (such that data likelihoods and posteriors are well-defined). We also
note that the R?/d variance for w; guarantees that E[||w; — wq,||?] = R?, consistent with our
definition (7).
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Bayesian estimator We now derive the Bayesian posterior mean estimator of wy ,, which requires
us to compute the posterior distribution of wy , given the data {(X;, yt)};f:l“.

We begin by computing the likelihood of one task by marginalizing over wy:

P(Xt, yi[wox) o< /P(Wt|W0,*) p(ye| X, wi)dwy
« /exp we = woul? cexp [ — lye — Xowe|* dw
2R?/d 202
. 2 T T T -1 T
i 1 X X, X I . X
&) exp [ — ||W02,*|| L1 WQo,* i tot ¢ : t oy 2d W20, n t2yt
2R?/d 2\ R?/d o o R?/d R?/d o

1 do® \ T X[X do? N\ X[
X exp (—2WJ*<(X:Xt+ 2 Id) Rt2/dt wo}*—f—w(—)r,* <X;'—Xt+ 2 Id) Rg/}:; )

where (i) is obtained by integrating a multivariate Gaussian density over w;, and “oc”” drops all the
terms that do not depend on wy .. Therefore, by the Bayes rule, the overall posterior distribution of
W, 1s given by

T
p<W0 *|{(Xt7Yt)}t 1) X p(Wo,x) Hp X, ye|wo,x)
=1

2
_lwosll”
X exp 502 /d 2 /4

do? \'X/X do® \7'X]
T L Xy T T t Yt
HeXp ( w0*<(X X:+ e Id) R2/d >W0,* + Wo i (Xt X+ R2 Id) RZ/d )

This means that the posterior distribution of wy , is Gaussian, with mean , i.e. the Bayesian estima-
tor, equal to’

S = Ewo | (X} | = (A5 b=,

where

T -1
d do XX
B 2 : t
ATayes — 0_721(1 + (X;Xt + Id) ot A
t=1

) R? R?jd’
T 1
do? X
c?ayes = Z <XTX,5 + 2 Id) R;/y{;
=1

We note that wBayes has a similar form as our train-train estimator, but is not exactly the same.

Indeed, recall the Closed form of our train-train estimator is (cf. (10))

‘/R\/,(t)r—tr o (Atr tr) 1Ct72 1:r7
where
a 2
Atj:—tl’ — Z (X:Xt + nX[d) X:Xt,
t=1
& 2
CtTr tr _ Z (X:Xt + n)\Id)7 X:yt.
t=1
~ Bayes Str-tr

As w7 uses the inverse and w7 uses the squared inverse, these two sets of estimators are not
the same in general, no matter how we tune the \ in the train-train estimator. This is true even if we
set o, = 00 so that the prior of w , becomes degenerate (and the Bayesian estimator reduces to
the MLE).

“Hereafter we treat X; as fixed, as the density of X, won’t affect the Bayesian calculation.
5 Any density p( ) x exp(—w Aw / 24+ w ' ¢) specifies a Gaussian distreibution N(g, X), where A =
S tandc ="'y, sothat p = A~
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D DETAILS ON THE FEW-SHOT IMAGE CLASSIFICATION EXPERIMENT
Here we provide additional details of the few-shot image classification experiment in Section 5.2.

Optimization and architecture For both methods, we run a few gradient steps on the inner argmin

problem to obtain (an approximation of) wy, and plug w; into the Vwoéftr'val’”_tr} (wo) (which
involves w; through implicit function differentiation) for optimizing wq in the outer loop.

For both train-train and train-val methods, we use the standard 4-layer convolutional network
in (Finn et al., 2017; Zhou et al., 2019) as the backbone (i.e. the architecture for w;). We further
tune their hyper-parameters, such as the regularization constant A, the learning rate (initial learning
rate and its decay strategy), and the gradient clipping threshold.

Datasets We experiment on minilmageNet (Ravi & Larochelle, 2017) and tieredImageNet (Ren
et al., 2018). MinilmageNet consists of 100 classes of images from ImageNet (Krizhevsky et al.,
2012) and each class has 600 images of resolution 84 x 84 x 3. We use 64 classes for training, 16
classes for validation, and the remaining 20 classes for testing (Ravi & Larochelle, 2017). Tiered-
ImageNet consists of 608 classes from the ILSVRC-12 data set (Russakovsky et al., 2015) and each
image is also of resolution 84 x 84 x 3. TieredImageNet groups classes into broader hierarchy
categories corresponding to higher-level nodes in the ImageNet. Specifically, its top hierarchy has
20 training categories (351 classes), 6 validation categories (97 classes) and 8 test categories (160
classes). This structure ensures that all training classes are distinct from the testing classes, provid-
ing a more realistic few-shot learning scenario.

D.1 EFFECT OF THE SPLIT RATIO FOR THE TRAIN-VAL METHOD

We further tune the split (n1, 1) in the train-val method and report the results in Table 2. As can
be seen, as the number of test samples ny increases, the percent classification accuracy on both the
minilmageNet and tieredImageNet datasets becomes higher. This testifies our theoretical affirmation
in Corollary 8. However, note that even if we take the best split (n1,n2) = (5,25) (and compare
again with Table 1), the train-val method still performs worse than the train-train method.

We remark that our theoretical results on train-train performing better than train-val (in Section 4)
rely on the assumptions that the data can be exactly realized by the representation and contains no
label noise. Our experimental results here may suggest that the minilmageNet and tieredImageNet
few-shot tasks may have a similar structure (there exists a NN representation that almost perfectly
realizes the label with no noise) that allows the train-train method to perform better than the train-
val method.

Table 2: Investigation of the effects of training/validation splitting ratio in the train-val method
(iMAML) to the few-shot classification accuracy (%) on minilmageNet and tieredImageNet.

datasets ‘ ni =25mn2 =5 ny = 15,n2 =15 ni = 95,ng =25
minilmageNet 62.09 £+ 0.97 63.56 £+ 0.95 63.92 £+ 1.04
tieredImageNet 66.45 £ 1.05 67.30 £ 0.98 67.50 £ 0.94

E COMPARISON WITH CROSS-VALIDATION ON SYNTHETIC DATA

We test the effect of using cross-validation for the train-val method on the same synthetic data
(realizable linear centroid meta-learning) as in Section 5.1.

Method We fix the number of per-task data n = 20, and use 4-fold cross validation in the fol-
lowing two settings: (n1,n2) = (5,15), and (n1,n2) = (15,5). In both cases, we partition the
data into 4 parts each with 5 data points, and we roulette over 4 possible partitions of which one as
train and which one as validation. The estimated optimal w¢" is obtained by minimize the averaged
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train-val loss over the 4 partitions:

gCV(W ) fp— li 1
! 0 4 < 2nyal
J=1

. . L L2
val,j val,j . ~wtrain,j _ train,j
‘Yt - Xf, A)\ (WOa Xt » Yt ) )

T
CV o 1 ('
W' = argmin th (wo),

Wo t=1

where superscript j denotes the index of the cross-validation. The performance is depicted in Figure
2.

15¢
4
Q_
-~
s 4
= tr-val, nl = 15,
]
> 10+ ref. curve 1+ 4d/n <
£
jg ¢ tr-val + cross-validation,
0 4
& nl=15
o
<B tr-val, n1 = 5,
| 5¢F ¢ ref. curve 1 +4d/3n
x x
3
~ - tr-val cross-validation,
tr-tr, ref. curve nl—5
0 L L L L i

0 0.5 1 1.5 2 2.5 3

~{tr-tr, tr-val .
{5 error of wé; ntrvalev) g d/n ratio
’

Figure 2: The scaled (by ") /5-error of v?/é,t;tr’tr_val’cv} as the ratio d/n varies from 0 to 3 (n = 20

and T" = 1000 are fixed). For the cross-validation method, the regularization coefficient A = 0.5 is
tuned.

Result As showin in Figure 2, for both (ny,n2) = (15,5) and (ny,n2) = (5,15), using
cross-validation consistently beats the performance of the train-val method. This demonstrates the
variance-reduction effect of cross-validation. Note that the best performance (among the cross-
validation methods) is still achieved at ny = 5, similar as for the vanilla train-val method. However,
numerically, the best cross-validation performance is still not as good as the train-train method.

Leave-one-out cross-validation Figure 3 left further tests with an increased number of per-task
samples n = 40, and incorporates the train-val method with the leave-one-out cross-validation, i.e.,
(n1,n2) = (39,1) and (ny1,n2) = (1,39). We repeat the experiment 10 times for plotting the error
bar (shaded area). We see that the train-train method still outperforms the train-val method with
leave-one-out validation.

We further increase the per-task sample size n to 200, and test the leave-one-out method with a
sample split of (n1,n2) = (1,199). We adopt a matrix inverse trick to mitigate the computational

overhead of finding Ay (wo; X;"™7, y;™"™7). To ease the computation, we also vary d from 0 to
400 on a coarse grid (with an increment of 80). From Figure 3 right, we see that the leave-one-out
method can slightly beat the train-train method for some d/n values. Compared to n = 20 and
n = 40 experiments, this is the first time of seeing leave-one-out method outperforms the train-
train method. We suspect that the per-task sample size n plays a vital role in the power of the
leave-one-out method: a large n tends to have a strong variance reduction effect in the leave-one-out
method, so that the performance can be improved. Yet using the leave-one-out method with a large
n invokes a high computational burden.
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3
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Figure 3: The scaled (by T') {2-error of w{tr v} a5 the ratio d/n varies from 0 to 3 (n € {40,200}
and T = 1000 are fixed). For the cross- Vahdatlon method, the regularization coefficient A = 0.5.
Left: n = 40. Leave-out-out CV performs worse than the train-train method. Right: n = 200.
Leave one-out CV appears better than the train-train method for d/n € {1.2,1.6}.

F NONASYMPTOTIC ANALYSIS UNDER GENERAL SCALINGS OF d,n, T

We sketch an nonasymptotic analysis of the train-train method in the realizable linear model in
. . . iid 2
Section 4. We assume in addition that w; ~ N(W0 R7111)6.

We begin by recalling from Appendix B.1 and B.2 that the train-train and train-val estimators have
closed-form expressions

T -1 7
VAVEJr,_:}r = <Z At) ZAtwt; (44)
=1
T -1 7
Wi = ( Bf,> > Biwy, (45)
1

where

n n

XtrainTxtrain -1 XvalTxvaI XtrainTxtrain -1
Bt::v(t ! +)\Id) Lt ( - : +AId) :

ni UP) ny

A= )\2<X Xy )\Id> % Xe

Nonasymptotic result for w7’ For simplicity, we restrict attention on the analysis of the train-

train estimator w}{%’, whose closed form expression is given in (44). Analysis of the train-val esti-
mator can be done in a similar fashion.

We sketch a proof for the following
Result: Let 7' = Q(d) and (d, n) is such that
E[L S (o) /(0 + ) }
ftr-tr(dv TL) = (n) ( = 6(1)
(LE[SL, 0 /0™ +02])

This Gaussian assumption on w; is mainly for technical convenience, and can be relaxed to that w; ; —
Wo,; are i.i.d. with variance R?/d and sub-Gaussian with parameter O(R? /d) without changing the proof.
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(which for example holds if (d, n) are in the proportional limit), then with high probability we have

MSE(R) = T(liO(\}g» . % <d~ftr-tr(d,n):|:0<d W))]

R2 1 tr-tr
~ T Serr(d,m) = TAsymMSE(W(LT)7

that is, the MSE for the train-train method concentrates around the asymptotic MSE.

Proof Sketch  We first define the matrix

T -2 7 T 2T
1 > A > A2
o 2 _ t=1 =143
zT.<§ At> EAT( - ) =
t=1 t=1

which will be key to our analysis. Observe that conditioned on A; (and only looking at the random-
ness of w;), we have

T Lo R
W(t)r;_’]t‘r —Wox = Z At Z At (Wt — W()’*) ~ N (O7 dET> .
t=1 t=1

Therefore, applying the Hanson-Wright inequality (Vershynin, 2018, Theorem 6.2.1) yields that

et 2 R? 1 1
MSE(WB’%) = wa”t« — WO,*H € i (tr(ET) + max{||ET|Fr log 5 HETHOP log 5})

with probability at least 1 — ¢. In the following, we argue that tr(3) is the dominating term in
the above bound and concentrates around the asymptotic MSE in Lemma 5, whereas the error terms
within the max are lower order errors compared with tr(3r).

Concentration of tr(X7) Recall that A; are i.i.d. PSD matrices in R?*¢, We have

T 2 T 9
tx(Sr) = & <<Zt—; At) A >

- ;{ (E[A1]7%, E[A3]) + < (ZtT—TlAt> o E[Al]Q,E[A%}> + < (ZfT‘Tl At) _ : ZtT‘Tl A _ E[A?]> }
I

II 111

We argue that I is the main term that depends on (d, n) and is independent of 7. Further, A, has

eigenvalues A\%0; /(A + o) where {;}_, are the eigenvalues of X[ X, /n, and A, has uniformly
distributed eigenvectors. Following the same analysis of Lemma 5, we see that

o e o]
(st o ol + 7))

= for-wr(d,n)

This is exactly the same quantity that appeared in the asymptotic MSE for the train-train method in
Theorem 4. In the following we assume that d, n is such that fi,+(d, n) = O(1).

I:d2'ptr—tr:d'

We further argue that terms II and III are low-order terms compared with term I. Indeed, term I
is O(d). Applying matrix concentrations (e.g. the matrix Bernstein inequality), we can get that

terms IT and IIT are of order max{+/dlog(T/§)/T,dlog(T/&)/T} with probability at least 1 — 4.
Combining the terms yields that

tr(Xr) € jlw{d’ftr-tr(d» n)+d log(;:/@}

with high probability.
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Controlling the error in the MSE We now control ||27||¢, and (consequently) [|Zr|,,. We

wish to show that
1
1E7lg < O(ﬂ) tr(X7)

with high probability. This can be seen from the combination of two results: (1) tr(X1) = Q(d/T)
by the preceding part, and (2)

T

S AT

t=1

1 1
T Amin(Z:tST At)Q

The above requires (1) [|Allg, < O(\/E), which is true since we have 0 < A; < A, and thus

1Zr e <

< O(Vd/T).

Fr

|A?||g, < A2Vd, and (2) Amin(>" <1 A¢/T) = Q(1) with high probability, which is true whenever
T = Q(d) because of matrix concentration and the fact that A,in (E[A4]) = Q(1).

Putting together We have with high probability that

: log(T'/6)
T <d-ftr-tr(dvn):to<d T ))]

MSE(wi) — 1 (1 4 0( L )) .
0,7 d \/E
as long as T = Q(d) and d, n is such that fi,,(d,n) = ©(1). O

F.1 SYNTHETIC EXPERIMENT

We verify our theoretical findings under general scalings of d,n,T. We adopt the data generating
model in Section 5.1 again. To compare the performance of the train-train and train-val methods,
we choose the number of tasks 7" = 300 and per-task sample size n = 100. We vary d from 0 to
300. Note that now 7' is comparable to n and d and much smaller than 7" = 1000 used in previous
experiments. Figure 4 shows the close fit of reference curves to the simulated ¢5 errors.

6 -
o 5t $
—~
i
(S
Eoap
- /tr-vnl, nl = 0,
‘f e tr-val, nl = 20, ¢ ref. curve 14+d/n
5 3} ref. curve 1+ 5d/4n
~
(B >
|
* 2r
S
B ,
e~ 1t ¥ *F
0 1 ) L . | ;
0 0.5 1 1.5 2 2.5 3
~ {tr-tr, tr-val} .
{5 error of wy 1 v.s. d/n ratio

Figure 4: The scaled (by T") {5-error of v’s\/({]f;tr’tr'val} as the ratio d/n varies from 0 to 3 in the general

scaling setting (n = 100 and 7" = 300 are fixed). The regularization coefficient A is fine tuned for
the train-train method and A = 2000 for the train-val method.
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