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Abstract

Foundational Large Language Models (LLMs)
demonstrate proficiency on a wide range of gen-
eral tasks, and achieve remarkable results on var-
ious specialized tasks via domain-expert LLMs.
With the ever-growing list of available LLMs, in-
ference routers are being proposed to select the
most appropriate LLM for each prompt. How-
ever, existing routing methods either optimize
cost across weak-to-strong generalist LLMs or
require substantial training to support domain-
expertise routing. In this paper, we propose
IR3DE, a Ridge Regression-based Router for
Domain Experts that provides cheap and fast
routing decisions for each prompt. We evalu-
ate IR3DE in two Causal Language Modeling
(CLM) settings where the tasks are next-token
prediction for all domains, and one reasoning
setting where each domain has its own distinct
reasoning task. Despite being a linear router,
IR3DE achieves performance comparable to the
other baselines in both CLM settings, and sur-
passing them in the reasoning setting, with a
normalized performance of 98.4%. Moreover,
IR3DE enables the addition or removal of new
domain experts without requiring the router to be
retrained from scratch, allowing a dynamic set of
LLMs to be served with minimal disruption to the
router itself. Our code is available here: https:
//github.com/gensyn-ai/IR3DE.

1. Introduction

Large Language Models (LLMs) have shown remarkable
performance gains on both language and cognitive tasks in
recent years. Foundation (or generalized) models perform
well across a wide range of tasks (Radford et al., 2019;
Touvron et al., 2023; Bai et al., 2023), whereas expert (or
specialized) ones excel on specific tasks such as code gener-
ation (Chen, 2021), mathematical problem-solving (Cobbe
et al., 2021), and instruction following (Zhou et al., 2023).
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Depending on a user’s needs or the prompt, different models
can be used. Routing all queries to a generalist model can
be suboptimal because such models may lack the necessary
domain knowledge or be unnecessarily expensive. Thus, it
is beneficial to route each query to the most relevant (expert)
model.

LLM routing allows us to dynamically assign each query to
the most appropriate model based on selection criteria. A
common selection criterion is the cost-performance trade-
off between weak and strong LLMs, where the models have
similar capabilities but differ in capacity (Ong et al., 2025;
Feng et al., 2025; Song et al., 2025; Jitkrittum et al., 2025).
Here, the router makes the selection mainly based on the
difficulty of the query, i.e., sending difficult queries to the
strong (but large) model and vice versa, rather than on their
expertise. There are also routers that assign queries based
on each LLM’s expertise, aiming to maximize accuracy (Si-
monds et al., 2024; Stripelis et al., 2024). However, such
expert routers utilize additional (language) models either to
classify each query or to obtain token embeddings using the
last hidden layer representations. Therefore, they require
collecting domain datasets to train the router, which may not
be feasible due to privacy concerns, or they use a language
model as the router.

In this paper, we propose IR3DE, which enables efficient
routing to the most suitable domain expert. IR3DE utilizes
a closed-form solution via ridge regression, inspired by its
use in federated learning (Afonin & Karimireddy, 2021;
Cai et al., 2022; Huang et al., 2022; Fani et al., 2024) and
MOoE routers (Fani & Ersoy, 2026). We use a linear ridge-
regression token router and select the expert LLM based
on the confidence of the top-k tokens. Since the domain
statistics can be computed asynchronously for the solution,
IR3DE does not require collecting the datasets in a single
location. Moreover, the cost of running IR3DE is irrelevant,
as it only requires token embedding with any desired em-
bedding layer and the inversion of a small matrix (typically
about a 1k-by-1k matrix) to be performed only one time.

Our contributions can be summarized as follows:

* We introduce IR3DE, a linear expert router for LLMs.
IR3DE router consists of two components: a foken
router (TR) based on ridge regression and a sample
route selector (SRS). Thanks to its linear construction,
IR3DE is cheaper and faster than LM-based baselines.
Moreover, it enables the addition or removal of new


https://github.com/gensyn-ai/IR3DE
https://github.com/gensyn-ai/IR3DE

IR3DE: A Linear Router for Large Language Models

domain experts without requiring the router to be re-
trained from scratch.

* We evaluate IR3DE in two CLM settings and one
reasoning setting, across several domains and tasks.
IR3DE achieves performance comparable to the other
baselines in both CLM settings, and surpasses them in
the reasoning setting.

* We present three variants of IR3DE (specifically, of the
SRS) based on averaging, majority voting, or entropy
of TR outputs. Experimental results show that the
entropy-based approach achieves the best performance
on complex reasoning tasks, where precision becomes
more crucial.

2. Related Work

With the increasing number of LLMs, including both gen-
eralist and expert models, routing has become increasingly
important for dynamically assigning each query to the most
appropriate model. Early work on LLM routing primarily
focused on the cost—quality trade-off in fixed pools of gen-
eralist models (Ding et al., 2024; Ong et al., 2025; Song
et al., 2025). By estimating prompt difficulty, these methods
route queries to an adequate model rather than always in-
voking the most powerful (and costly) one. In addition to a
single LLM selection, cascading approaches have been pro-
posed in (Chen et al., 2024; Zheng et al., 2025; Dekoninck
et al., 2025), where first a weaker LLM generates the output
and depending on the quality or confidence, it is escalated
to a stronger LLM. Subsequent work has broadened this
paradigm by taking into account the reasoning strategies
and task profiles (Shao et al., 2026; Xue et al., 2026; Liu
et al., 2026), and by enabling routers to accommodate previ-
ously unseen models without retraining from scratch (Feng
et al., 2025; Jitkrittum et al., 2025; Wang et al., 2026).

Another selection criterion for routing decisions is accuracy.
In accuracy-oriented routing, where the router assesses the
domain of a prompt and forwards it to the most relevant
(specialist) model (Simonds et al., 2024; Stripelis et al.,
2024). Finally, there are extensions using multiple experts:
Symbolic-MoE (Chen et al., 2025) selects several experts
for a given query and combines their outputs using an ag-
gregator, and HierRouter (Gupta et al., 2025) proposes a
hierarchical routing approach that selects expert models in
a multi-hop inference setting.

The most relevant works are MoDEM (Simonds et al., 2024)
and PolyRouter (Stripelis et al., 2024). The MoDEM router
uses a DeBERTa v3 model (He et al., 2021) trained on the
union of all domain datasets used to train the domain ex-
perts. Because of this, this method is unsuitable in cases
where it is not possible to collect data from all domains
on a single node due to privacy constraints or limited com-
munication budget, or when the computational or memory
budget is insufficient for additional training. PolyRouter
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Figure 1. Given an input text x, our IR3DE router selects the most
appropriate expert solely based on the token embeddings.

presents multiple routing methods: (i) BERT-router that
trains a BERT model (Devlin et al., 2019) to classify the
domains; (ii) MLP-router that trains a 2-layer perceptron
using a Bag-of-Words representations of training queries;
and (iii) /NN-router, which uses sentence-transformer em-
beddings to find the nearest training query and select the
corresponding expert. All these methods require additional
(language) models either to classify each query or to obtain
token embeddings.

3. Method

We have access to a set of LM experts {fq}2_,. Each
expert has been trained on a different domain dataset Dy,
d = 1...D for some upstream or downstream task (e.g.,
math, biology, coding, ...), whose samples belong to dif-
ferent distributions. Our objective is to construct a routing
mechanism that, given an input text, is able to select the
expert who would maximize the performance for that input.
Performance could be any desired metric, depending on the
tasks for which the experts have been trained. For instance,
for causal language modeling, the desired metric could be
perplexity, while for coding it could be pass@1. The setting
is represented in Figure 1.

Our IR3DE router is constituted of two components: a
Token Router and a Sample Route Selector. We provide an
overview of our IR3DE method in Figure 2.

3.1. Token Router (TR)
Given an input x, we first construct the Token Router R:

R(zx) = softmax(E(T (x))W).

Without loss of generality, assume that the input text x
is composed of T tokens. The tokenizer T returns a list
of token ids, which are then forwarded to a pre-trained
embedding layer £ to construct a matrix of embeddings
E(T(z)) € RT*", Finally, linear weights W € R"*¢
are multiplied to the matrix of embeddings, to construct
softmax probabilities for each token. Therefore, each input
token will be associated to a softmax probability vector
R(z):. Please note that any choice for the tokenizer T
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Figure 2. (a) Construction of the Token Router. Input samples are forwarded to the tokenizer and the embedding layer. The embeddings
and one-hot encoding vectors are stacked together and eventually used to compute the optimal RLS weights. (b) At inference time, the
input samples are forwarded to the token router to extract softmax probabilities associated with each token. Then, entropy is computed for
the softmax probabilities of each token, and only the top-k tokens with the smallest entropy are retained (In the image, k=6). Finally, each
of the surviving tokens cast a vote to elect the final expert to whom « will be forwarded.

and embedding layer £ works, given that the £ has been
trained using the tokenizer 7. In other words, their choice
is independent from the tokenizers and embedding layers
actually used by the experts, which could also vary.

Now, let £(T(X)) € R™C be the matrix of stacked
embeddings of all the tokens of each sample of each
domain dataset, and Y € R"*C be the matrix of
stacked one-hot vectors associated with each sample, such
that Y;; = 1 iff the original sample of token i be-
longs to domain j, O otherwise. We obtain the linear
weights W by solving the regularized least squares prob-

lem minyy ¢ grxc [||5(T(X)> Y+ ||W||2}, which
admits the following closed form solution:

W* = (E(T(X))TE(T(X)) + An) T E(T(X))Y,

where A € R* controls Tikhonov regularization, and Iy,
is the identity matrix of size h x h. To avoid large matrix
multiplications, it is possible to collect RLS statistics batch-
wise by exploiting the properties of the closed-form RLS
solution. For instance, for batches j of J tokens, we can
equivalently compute:
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This formulation also demonstrates that our solution is suit-
able for decentralized settings where domain datasets cannot
be easily collected on a single node, since each dataset can
be treated as a separate batch (or multiple separate batches).
Moreover, it allows new expert models to join at any time
without having to reconstruct the router from scratch. Al-
ternatively, it is also possible to train R with any desired
loss function, e.g., using the cross-entropy loss, and using
E(T(X)) and Y as the dataset.

3.2. Sample Route Selector (SRS)

Given an input text x, the Token Router returns a matrix
of T softmax probabilities s = [s{, 53 ,...,s5] ", where
st = R(x); for each token ¢ of x. Then, the Sample Route
Selector computes the entropy vector e € R”, such that
e = — 25:1 Stq log s¢q is the Shannon entropy of s;. SRS
then selects the tokens with the min(k,T") smallest entropy
in e, returning § € R™(%T)_ Finally, SRS computes the
arg max of each row of 3, returning the vote cast by each
token of = of where to route the input text z, and the final
expert to which z is routed is selected via majority voting.

Motivations on the Sample Route Selector construction are
provided in Section 4.2.

Variants. In addition to our chosen SRS, we also present
two additional variants:

* IR3DE-all: in this variant, instead of top-k, we use all
tokens in each prompt (and the number of tokens per
prompt is capped at 1024 in our experiments). There-
fore, in this scenario, there is no entropy-based filtering,
and all tokens contribute to selecting the final expert
via majority voting. In Section 4.2, we explain how this
can introduce noise into the majority-voting process.

e IR3DE-avg: in this variant, we modify our SRS by
first computing the average of the token embeddings
and selecting the final domain with the argmax of the
softmax probabilities computed on the average token
embedding vector. This is a cheap variant that does
not require the SRS but could hinder the single tokens’
ability to determine the correct routing domain, since
a strong signal compression is applied.

4. Experiments

4.1. Setup

We conduct experiments in three settings: two Causal Lan-
guage Modeling settings, CLM and CLMLARGE, where
the task is next-token prediction for all domains, and one
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Table 1. Datasets used for evaluating the reasoning experiments, and their evaluation metrics.

Dataset Description Metric

HumanEval Code generation benchmark consisting of programming tasks specified pass@1: fraction of tasks solved cor-
(Chen, 2021) by natural-language prompts and associated unit tests. rectly by the first generated completion.
GSMS8k (Cobbe  Grade-school mathematics benchmark containing linguistically diverse =~ Accuracy: fraction of examples for
etal., 2021) word problems that require multi-step reasoning. which the final answer is correct.
M_ARC (Lai Multilingual version of the ARC challenge benchmark, consisting of ~ Accuracy: percentage of questions an-
et al., 2023) multiple-choice question-answering tasks that test reasoning ability. swered correctly.

IFEval (Zhou Instruction-following benchmark for LLMs, with prompts containing  Task compliance rate: percentage of re-
et al., 2023) verifiable constraints that allow automatic evaluation of compliance. sponses that satisfy all instructions.

Reasoning setting (REASONING), where each domain has
its own distinct reasoning task. Below, we present the de-
tails of our settings and the baselines compared with our
method. All experiments run on an NVIDIA H100 GPU
with 80 GB of HBM3 memory.

Expert Models and Domain Datasets. In the CLM set-
ting, we train our expert models starting from a shared base
model. Both the base and expert models are trained using
the hyperparameters and datasets outlined in (Ersoy et al.,
2025). Initially, we pre-trained a 115M Llama3 seed model
(Grattafiori et al., 2024) on the OpenWebText corpus dataset
(Gokaslan & Cohen, 2019), then finetuned the expert models
on M2D2 domains (Reid et al., 2022) (coding, mathematics,
physics, history and events, and philosophy and thinking).
For CLMLARGE experiments, we finetuned expert models
using a 1B Llama3 base model on these domains: mathemat-
ics (OpenWebMath (Paster et al., 2023)), biology (peS2o0
(Soldaini & Lo, 2023)), legal (Pile of Law (Henderson et al.,
2022)), and dialogue (UltraChat 200k (Ding et al., 2023)).
In both CLM settings, the metric used for evaluation is
perplexity.

For the REASONING experiments, we use domain-specific
LLama3-3B experts from MergeBench (He et al., 2025)
on the following domains: coding, mathematics, multilin-
gual understanding, and instruction following. We use the
following downstream task datasets for the evaluation: Hu-
manEval (Chen, 2021) for coding, GSM8k (Cobbe et al.,
2021) for mathematics, M_ARC (Lai et al., 2023) for mul-
tilingual understanding, and IFEval (Zhou et al., 2023) for
instruction following. Details on the evaluation metrics for
each REASONING dataset can be found in Table 1.

Following the same practice as in (Fani & Ersoy, 2026),
we report the final results using normalized metrics relative
to the performance each domain expert achieves in their
respective domain (across all settings, the higher, the better).

Baselines.
baselines:

We compare our method with the following

* “Domain” expert: as in (Hu et al., 2024; Stripelis et al.,
2024), we compare our proposed method against do-
main experts’ performance across all domains.

» Experts average: similarly, we compare our method
against the average of the expert models.

* Random routing: also used by (Stripelis et al., 2024)
as a lower bound, the expert is randomly selected for
any given prompt.

* MoDEM: proposed by (Simonds et al., 2024), it uses a
DeBERTa v3 model (He et al., 2021) trained on the do-
main datasets. We present two versions of this baseline:
MoDEM-small, which uses a DeBERTa v3 small model
with 44M parameters, and MoDEM-large, which uses
a DeBERTa v3 large model with 304M parameters.

* INN router: proposed by (Stripelis et al., 2024), it
uses the BERT model (Devlin et al., 2019) to extract
embeddings for each input prompt. Then, at inference
time, the test samples are embedded using the same
BERT model, and each test sample’s embedding is
compared with all training embeddings using cosine
similarity. Finally, the nearest training embedding is
selected, and the test sample is forwarded to the expert
with the corresponding domain.

* kNN router: expands the /NN router strategy by select-
ing k experts, and then letting them elect the winning
domain via majority voting. Like the /NN router, it
uses a BERT model to extract the embeddings.

Note that we omit the two other baselines proposed
in (Stripelis et al., 2024), namely BERT-router and MLP-
router, given that MoDEM provides a similar solution using
a language model, DeBERTa v3, that is supposed to perform
better than a BERT model. Additionally, please observe that
MoDEM-large router is even larger than the experts in the
CLM setting, making this baseline too expensive and im-
practical for real-world deployment.

For the kNN router, in all our settings, we tried all k €
1,5,10. Moreover, for our IR3DE, we tried all £ €
1,2,5,10, 20, 50, 100, 200, 500 for our top-k entropy-based
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Table 2. Results in the CLM setting.

Table 3. Results in the CLMLARGE setting.

Method | Coding Math Physics History Philosophy | Average
Coding expert 100.0 76.1 84.9 99.4 85.8 86.3
Math expert 93.5 100.0 84.7 79.7 81.1 87.8
Physics expert 86.9 68.2 100.0 75.1 86.0 853
History expert 742 49.3 74.6 100.0 98.7 79.4
Philosophy expert 75.6 51.4 75.5 98.1 100.0 80.1
Experts average 90.9 722 88.4 93.5 94.4 87.9
Random router 84.9 67.0 84.1 89.1 90.3 83.1
MoDEM-small 97.0 95.9 942 98.5 102.0 97.6
MoDEM-large 97.4 95.5 97.3 99.4 102.0 98.3
kNN router 99.9 100.2 99.5 99.5 100.7 100.0
IR3DE-avg (ours) 99.9 94.4 100.6 97.5 97.5 98.2
IR3DE-all (ours) 99.8 101.6  101.2 98.5 98.6 100.0
IR3DE (ours) 99.1 94.6 99.5 98.1 98.6 98.2

selection rule.! For both kNN router and IR3DE, in the
following tables, we show only the best-performing result.

Metrics. Following the same practice as in (Fani & Ersoy,
2026), we report the final results using normalized metrics
relative to the performance each domain expert achieves in
their respective domain (across all settings, the higher, the
better). In particular, for both the causal language modeling
settings, for each method, and for each domain score, we
divide the perplexity score of the expert associated with
that domain (pg) by the perplexity score achieved by the
method in that domain (pg): pg = %. For REASONING,
we adopt a similar approach, but in this case we invert the
equation, given that in the REASONING setting a higher
(non-normalized) final score means a better performance:
Pa = %Z' Finally, all our normalized scores are presented
as percentages (so we multiply all the values by 100). With
these definitions, scores above 100 are possible because of
randomness in the generation process, as detailed in the
following section.

In the following section, we present the experimental re-
sults. In all experiments, the best and second best results
(excluding the corresponding expert of each domain) are
highlighted in bold and underlined, respectively.

4.2. Results

Causal Language Modeling results. Tables 2 and 3
present the results for the CLM and CLMLARGE settings,
respectively. For kNN router, we report results for k = 10
in the CLM setting, and k = 1 in the CLMLARGE setting;
for IR3DE, we report results with £ = 100 in the CLM
setting, and £ = 10 for the CLMLARGE setting. These
values provided the best results for these methods.

As shown in the tables, our proposed methods are competi-
tive with the baselines and, unlike kNN-router and MoDEM,
do not require either an additional language model for em-
bedding generation or the centralization of domain datasets.
In particular, in CLM, they even surpass all of them in the

'We use “k” for kNN router and “k” for IR3DE, to empha-
size that the two are used in different contexts and with different
meanings.

Method | Math Biology Legal Dialogue | Average

Math expert 100.0 91.5 41.2 89.5 74.1
Biology expert 71.4 100.0 30.9 65.4 65.4
Legal expert 71.4 86.0 100.0 89.5 91.8
Dialogue expert 66.4 87.8 33.0 100.0 73.6
Experts average 79.8 93.5 49.7 89.5 77.5
Random router 75.7 88.3 45.1 87.2 73.5
MoDEM-small 93.5 89.0 86.2 84.2 86.5
MoDEM-large 97.5 95.8 85.8 79.4 87.0
kNN router 98.4 96.2 98.8 98.8 97.9
IR3DE-avg (ours) | 88.1 90.3 82.7 99.4 90.8
IR3DE-all (ours) | 86.6 90.1 87.0 98.8 92.0
IR3DE (ours) 98.5 95.8 2.5 97.1 953

Table 4. Results in the REASONING setting.

Method ‘ Math Multilingual Coding Instruction ‘ Average
Math expert 100.0 95.7 78.4 43.8 79.5
Multilingual expert 6.1 100.0 73.1 212 50.1
Coding expert 11.7 99.1 100.0 552 66.5
Instr. following expert | 28.9 99.7 80.1 100.0 712
Experts average 459 100.0 83.9 534 70.8
Random router 37.7 98.4 83.8 59.3 69.8
MoDEM-small 29.5 98.6 69.5 100.3 74.5
MoDEM-large 29.5 96.7 67.7 95.3 72.3
kNN router 95.8 99.5 96.3 98.7 97.6
IR3DE-avg (ours) 97.3 99.9 85.6 101.2 96.0
IR3DE-all (ours) 91.5 99.1 89.2 100.1 95.0
IR3DE (ours) 98.4 99.9 94.5 100.6 98.4

Coding, Math, and Physics domains, and also in terms of
average performance. It is worth noting that, in this setting,
both kNN router and our IR3DE-all achieve an average per-
formance of 100.0, meaning that, on average, they perform
as well as each expert domain does in its own domain.

REASONING. Table 4 shows the results in the REASON-
ING setting. For kNN router, we report results for k = 1;
for IR3DE, we report results with k£ = 10, as these values
provided the best results for these methods.

In this setting, IR3DE achieves the best average perfor-
mance and the best or second-best performance across all
single domains. In particular, it achieves a normalized av-
erage performance of 98.4. Comparably, kNN router, the
second-best performing method in terms of average perfor-
mance, achieves 97.6. Notably, some of the scores exceed
100, indicating performance better than that of the domain
expert in their respective domains. In principle, this should
not be possible, since regardless of the router’s decisions,
only one of the original domain experts handles each sam-
ple. However, given that the text has a random component
(we use a temperature of 0.7 for all text generation), this
is actually possible by chance when the routing accuracy,
i.e.,, the percentage of samples correctly routed to their
corresponding expert, approaches 100.

In the next section, we analyze the routing accuracy of
IR3DE for various values of k.
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Figure 3. IR3DE routing accuracy (%) with various values of k for the top-k smallest entropy token filtering, on the CLM (left),

CLMLARGE (center) and REASONING (right) settings.

On the Sample Route Selector routing mechanism of
IR3DE. The Sample Route Selector in IR3DE filters
tokens based on entropy. In particular, only the £ tokens,
whose softmax predictions are among the k smallest, are
used to cast a final vote to determine the routing expert. This
section answers the following question: Why not allow all
the tokens to participate in majority voting? In the previous
sections, we have answered this question empirically, by
showing that IR3DE-all performs worse than IR3DE in
all three settings in terms of the average score. The motiva-
tion is that, when constructing the Token Router with ridge
regression, the same (common) tokens can have different
domain labels, as they likely appear in different domains.
For instance, it is very likely that the token “the” will appear
in all domains. However, when solving the RLS problem,
having the same input vector repeated with different labels
will yield uncertain predictions. For example, if there are
only two domains, and the token “the” appears the same
number of times in each domain, the probability score of
the Token Router for “the” would be the vector (0.5, 0.5).
Therefore, the motivation for filtering based on entropy is
that the tokens for which the Token Router is more uncertain
are likely the ones that appear with equivalent frequency
across all domains. Such tokens are therefore not discrim-
inative and should be excluded from the decision-making
process, as they will have a higher entropy score.

Figure 3 confirms our intuition. In this figure, we present
the routing accuracy ( i.e., the percentage of prompts cor-
rectly routed to their corresponding domains) in all three
settings with various values of k. As can be observed, the
three settings follow the same trend. When only a bunch
of tokens participate in the majority voting, the signal from
each prompt is too shallow and IR3DE provides a smaller
routing accuracy. Similarly, when too many tokens partici-
pate, they introduce noise into the selection of the routing
domain, since tokens with uncertain predictions are allowed
to vote alongside those with more confidence. The best solu-
tion is always to allow a sufficiently large pool of confident
tokens to participate, while excluding the uncertain ones.

5. Conclusion

As the number and diversity of available LLMs continue to
grow, effective routing becomes increasingly important for
selecting the most suitable model for each query. Existing
routing methods have largely focused on cost—performance
trade-offs among generalist models. Recently proposed
routers also consider domain accuracy, assigning queries to
specialist models based on their domain relevance. However,
existing work often relies on language-model-based classi-
fiers or embedding models, which increase routing cost and
typically require access to domain datasets for training, rais-
ing privacy concerns. These limitations underscore the need
for lightweight, adaptable routing methods for expert LLM
selection. Despite being a linear router, IR3DE achieves
performance comparable to other baselines across all set-
tings and even surpasses the second-best baseline, k-NN
router, in the REASONING setting, achieving a normalized
performance of 98.4%. Moreover, in CLM, IR3DE-all
performs, on average, on par with expert domain models
evaluated on their own domains. Together, these results
highlight the strengths of IR3DE and its variants as a cheap
and fast alternative for inference routing.

While IR3DE is lightweight and efficient thanks to its lin-
ear construction, it is also less expressive than stronger
LLM-based routers; as a result, it may be less effective on
queries that require richer semantic understanding or com-
plex decision boundaries. This trade-off motivates several
directions for future work. First, the current ridge-regression
formulation could be extended to kernel ridge regression
to capture non-linear structure while retaining much of the
method’s analytical simplicity. Second, it would be valuable
to evaluate and adapt the router for more complex reasoning
tasks, where domain relevance alone may be insufficient,
and routing may need to account for multi-step reasoning
requirements. Third, future versions of the router could
explicitly incorporate system-level costs into the routing ob-
jective, including not only predictive performance but also
computation, latency, and memory usage, enabling more
practical deployment in resource-constrained settings.
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Figure 4. Final accuracy (%) of the MoDEM router with various values for the learning rate (/r) in the CLM setting: small router (left)

and large router (right).
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Figure 5. Final accuracy (%) of the MoDEM router with various values for the learning rate (/r) in the REASONING setting: small router

(left) and large router (right).

A. Details on MoDEM router training

We have trained the MoDEM routers for both CLM and REASONING using a merged dataset across all domains, in
the corresponding settings. For each domain, we fixed the number of samples at 1750 to avoid class imbalance. In the
REASONING setting, we trained both the small and large MoDEM routers for 100 epochs. Similarly, we trained the small
MoDEM in the CLM setting for 100 epochs, whereas we found it sufficient to train the large MoDEM for only 10 epochs, as
the best validation routing accuracy plateaued after a few epochs. For both the large and small MoDEM, in both settings, we
trained MoDEM with a batch size of 16, clipped the gradient norms to 1, and a cosine annealing scheduler with a warmup.
Figures 4 and 5 show the final test routing accuracies in both the CLM and REASONING settings, respectively, with
Ir €107°,1074,1073,1072, 10~ L. In all cases, we eventually selected the MoDEM router trained with the largest learning

rate, i.e., Ir = 0.1, as it provided the best test routing accuracy.



