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Abstract

Learning with expert advice and multi-armed
bandit are two classic online decision problems
which differ on how the information is observed
in each round of the game. We study a family
of problems interpolating the two. For a vector
m = (mq,...,mg) € N¥, an instance of m-
MAB indicates that the arms are partitioned into
K groups and the i-th group contains m; arms.
Once an arm is pulled, the losses of all arms in the
same group are observed. We prove tight minimax
regret bounds for m-MAB and design an optimal
PAC algorithm for its pure exploration version, m-
BATI, where the goal is to identify the arm with
minimum loss with as few rounds as possible.
We show that the minimax regret of m-MAB is

© <\/T Z,{;l log(my, + 1)) and the minimum

number of pulls for an (e, 0.05)-PAC algorithm
of m-BAT is © ( LK log(mg + 1)) Both

€
our upper bounds and lower bounds for m-MAB
can be extended to a more general setting, namely
the bandit with graph feedback, in terms of the
clique cover and related graph parameters. As
consequences, we obtained tight minimax regret

bounds for several families of feedback graphs.

1. Introduction

A typical family of online decision problems is as follows:
In each round of the game, the player chooses one of N arms
to pull. At the same time, the player will incur a loss of the
pulled arm. The objective is to minimize the expected regret
defined as the difference between the cumulative losses of
the player and that of the single best arm over 7" rounds. The
minimax regret, denoted as R*(T'), represents the minimum
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expected regret achievable by any algorithm against the
worst loss sequence.

There are variants of the problem according to amount of
information the player can observe in each round. In the
problem of multi-armed bandit (MAB), the player can only
observe the loss of the arm just pulled. The minimax regret

is © (\/ N T) (Audibert & Bubeck, 2009). Another impor-

tant problem is when the player can observe the losses of all
arms in each round, often refered to as learning with expert
advice. The minimax regret is © (\/ T'log N ) (Freund &
Schapire, 1997; Haussler et al., 1995). Bandit with graph
feedback generalizes and interpolates both models. In this
model, a directed graph G, called the feedback graph, is
given. The vertex set of G is the set of arms and a directed
edge from i to j indicates that pulling the arm ¢ can observe
the loss of arm j. As a result, the MAB corresponds to when
G consists of singletons with self-loop, and learning with
expert advice corresponds to when G is a clique. A number
of recent works devote to understanding how the structure
of G affects the minimax regret (Alon et al., 2015; Chen
et al., 2021; He & Zhang, 2023; Eldowa et al., 2024; Kocdk
& Carpentier, 2023; Rouyer et al., 2022; Dann et al., 2023).

In this paper, we consider a natural interpolation between
learning with expert advice and multi-armed bandit. Let
m = (my,ma,...,mg) € NX be a vector with each
m; > 1. An instance of m-MAB is that the all N arms
are partitioned into K groups and the pull of each arm can
observe the losses of all arms in the same group. In the lan-
guage of bandit with graph feedback, the feedback graph G
is the disjoint union of K cliques with size m1,mo, ..
respectively. We show that the minimax regret for m-MAB

is © (\/T kel log(mk + 1)) As aresult, this gener-

alizes the optimal regret bounds for both MAB and learning
with expert advice.

L, M

A closely related problem is the so-called “pure exploration”
version of bandit, often referred to as the best arm identifi-
cation (BAI) problem where the loss of each arm follows
some (unknown) distribution. The goal of the problem is
to identify the arm with minimum mean loss with as few
rounds as possible. Similarly, we introduced the problem
of m-BAT with the same feedback pattern as m-MAR. We
design an (g,0.05)-PAC algorithm for m-BAI which ter-
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minates in T = O (E% >ke(x) log(mk + 1)) rounds for

every € < %. This means that after 7" rounds of the game,
with probability at least 0.95, the algorithm can output an
arm whose mean loss is less than € plus the mean of the
best one. We show that our algorithm is optimal by proving

a matching lower bound (E% > re(x) log(mk + 1)) for
any (e, 0.05)-PAC algorithm.

Both our upper bounds and lower bounds for the minimax
regret of m-MAB can be generalized to bandit with graph
feedback. To capture the underlying structure necessary for
our proofs, we introduce some new graph parameters which
yield optimal bound for several families of feedback graphs.
The main results are summarized in Section 1.1.

Our algorithm deviates from the standard online stochastic
mirror descent (OSMD) algorithm for bandit problems. We
employ the two-stage OSMD developed in (He & Zhang,
2023) and give a novel analysis which yields the optimal
regret bound. For the lower bound, we prove certain new
“instance-specific” lower bounds for the best arm identifica-
tion problem. These lower bounds may find applications in
other problems. We will give an overview of our techniques
in Section 1.2.

1.1. Main Results

We summarize our main results in this section. Formal defi-
nitions of m-MAB, m-BAT and bandit with graph feedback
are in Section 2. All the proof details can be found in the
appendix.

Theorem 1.1. There exists an algorithm such that for any
instance of (my, ..., mg)-MAB, any T > 0 and any loss
sequence () ¢ ((T=1) ¢ [0,1]N, its regret is at
most

K

c-a|T- Zlog(m;c +1),
k=1

where ¢ > 0 is a universal constant.

Given an instance of m-BAT, for e,6 € (0,1), an (g,4)-
PAC algorithm can output an arm whose mean loss is less
than ¢ plus the mean of the optimal one with probability
at least 1 — §. Using a reduction from m-BAT to m-MAB
(Lemma A.1), we obtain a PAC algorithm for m-BAT:

Theorem 1.2. There exists an (g,0.05)-PAC algorithm for
(ma,...,mg)-BAI which pulls

K
1 1
Tgc.zoﬁmiy)
13
k=1

arms where ¢ > 0 is a universal constant.

Let Ber(p) denote the Bernoulli distribution with mean p.

We complement the above algorithm with the following
lower bound:

Theorem 1.3. There exists an instance ¢ such that for
every (g,0.05)-PAC algorithm A of (mq,...,mg)-BAI
withe € (0, %), the expected number of pulls T of A on

satisfies
T

log(my, + 1)
/
k=1

)

where ¢’ > 0 is a universal constant. Moreover, we can pick

H as the one in which each arm follows Ber ().

Using the reduction from m-BAT to m-MAB (Lemma A.1)
again, we obtain the lower bound for m-MAB.

Theorem 1.4. For any algorithm A of (my, ..., my)-MAB,
for any sufficiently large T' > 0, there exists a loss sequence
00O ) 0T such that the regret of A in T rounds
is at least

K
T Zlog(mk +1),
k=1

where ¢’ > 0 is a universal constant.

Our results generalize to the setting of bandit with graph
feedback. Let G = (V, E) be a directed graph with self-loop
on each vertex. Let V7,..., Vg C V be subsets of vertices.
We say that they form a (V1, . .., Vi )-clique cover of G if
each induced subgraph G[V;] for k € [K] is a clique and
Uke[K] Vi=V.

Corollary 1.5. Let G be a feedback graph with a self-loop
on each vertex. If G contains a (V1, ..., Vi )-clique cover
where |Vi| = my, for every k € [K)|, then the minimax
regret of bandit with graph feedback G is at most

K
c- T~Zlog(m;C +1)
k=1

for some universal constant ¢ > 0.

Our lower bounds generalize to bandit with graph feedback
as well. The terms “strongly observable feedback graphs”
and “weakly observable feedback graphs” are defined in
Section 2.

Theorem 1.6. Let G = (V| E) be the feedback graph. As-
sume that there exist K disjoint sets Sy, ...,Sx C V such
that

o each G|[Sy] is a strongly observable graph with a self-
loop on each vertex;

* there is no edge between S; and S for any i # j.
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Then for any algorithm A and any sufficiently large time
horizon T > 0, there exists some loss sequence on which

the regret of A'is at least ¢ - \/T SR log (|Sk| + 1) for
some universal constant ¢’ > 0.

The following lower bound for weakly observable feedback
graphs confirms a conjecture in (He & Zhang, 2023) and
implies the optimality of several regret bounds established
there, e.g., when the feedback graph is the disjoint union of
loopless complete bipartite graphs. The notion of ¢-packing
independent set is defined in Section 2.

Theorem 1.7. Let G = (V, E) be the feedback graph.
Assume that V can be partitioned into K disjoint sets
V=ViUVyU---UVg such that

o for every k € [K], each G|V}] is observable;

o for every k € [K|, there exists a ty-packing indepen-
dent set Sy, in G[Vy] such that every vertex in Sy, does
not have a self-loop;

* there is no edge from V; to S; for any i # j in G.

Then for any algorithm A and any sufficiently large time
horizon T > 0, there exists some loss sequence on
which the regret of A with feedback graph G is at least

1
2 K : 3 .
d-Ts - (Zk:l max {log [Sk|, %}) for some univer-

sal constant ¢’ > 0.

Theorem 1.7 implies tight regret lower bounds for several
weakly observable graphs. We summarize the minimax
regret for some feedback graphs, weakly or strongly observ-
able, in Table 1.

1.2. Overview of Technique & Contribution

We note that a simple reduction (Lemma A.1) implies that
any algorithm for m-MAB can be turned into a PAC algo-
rithm for m-BAT. As a result, Theorems 1.1 to 1.4 follow
from a minimax regret upper bound for m-MAB and a lower
bound for m-BAT.

1.2.1. UPPER BOUNDS FOR m-MAB

We design a new two-stage algorithm (Algorithm 1) to es-
tablish an upper bound for m-MAB. The algorithm is similar
to the one used in (He & Zhang, 2023) to study weakly
observable graphs with a few tweaks to accommodate our
new analysis.

The algorithm maintains a distribution Y'*) over K groups
and for each group k£ € [K], it maintains a distribution
X ]it) for arms in that group. In each round of the game,
the algorithm pulls an arm in a two-stage manner: First
pick the group according to the distribution over groups and

then pick the arm in that group following the distribution
in the group. At the end of each round, all distributions are
updated in the manner similar to online stochastic mirror
descent (OSMD) with carefully designed loss vectors and
various potential functions. Each group can be viewed as
a super arm, and Y () updates with the corresponding loss
sequence L") (k) for k € [K], while X ,gt) updates with the

corresponding loss estimator 6,(:) in group k.

Our main technical contribution is a novel analysis of this
two-stage algorithm. We design auxiliary two-stage piece-
wise continuous processes whose regret is relatively easy to
analyze. Then we view our algorithm as a discretization of
the process and bound the accumulated discretization errors.

Our new analysis is the key to the tight regret bound. If
we apply the classical analysis for OSMD to the two-stage
algorithm, as done in (He & Zhang, 2023), the regret de-
composes into two parts: (1) the regret due to choosing
the group and (2) the regret due to running in the optimal
group k*. Let R®)(¢) denote the ¢-th instant regret for loss
sequence /. That is

RD(0) <0 (R(t) (L) + R<t>(2,€*)) .

The first part is easy to bound, while the second part is
challenging because it contains a factor w%(k) (the inverse
of the probability to choose the optimal group at each round)
which is usually hard to bound. However, with our new
analysis for OSMD, the regret in the second part can be
improved to the expectation of the regret for each group.

That is

ROy <O [RO(L)+ > YO (k)- RD(Ly)
]

ke[K

Technically, the Y ) (k) term will eliminate the ﬁ(k)
factor, making it possible for the optimal bound (see
Lemma B.4 for details).

Since the notion of m-MAB generalizes both learning with
expert advice and multi-armed bandit, we remark that our
analysis of Algorithm 1 can specialize to an analysis of
both ordinary mirror descent (MD) algorithm and OSMD
algorithm. We believe that the viewpoint of discretizing
a piecewise continuous process is more intuitive than the
textbook analysis of OSMD and may be of independent
pedagogical interest.

1.2.2. LOWER BOUNDS FOR m-BATI

Our lower bound for the number of rounds in an (g, 0.05)-
PAC algorithm for m-BAT where m = (my,...,mg) is

Q(ilog(nzg+l))’

k=1
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Table 1. Minimax Regret Bound on Various Feedback Graphs

Graph Type

Previous Result

This Work

General strongly observable
graphs with self-loops

o(va1)

Disjoint union of K cliques
o (VKT)
General weakly observable
graphs
Disjoint union of K loopless
bipartite graphs

(0] (\/ﬁlog NT)

) (\/ﬁ log NT)

Q (T% (logN)%>

0] (,/Tzfj_l logmk) 2

See Theorem 1.6 for the lower bound

S) (y/TEf_l logmk>

1

0 (T-?a max{il,log|5|}é) 30 (T§ (Zszl max{log|5k|7 li:bé)

0 (T§ (Zszl logmk)é>

! Here « is the independence number of the graph.

2 Here K is the clique cover number of the graph and my, ma, . .

.mx are the size of the K cliques respectively.

® Here S is a t-packing independent set of the graph. Sy and ¢, are defined in Theorem 1.7.
4 Previous results are from (Alon et al., 2015), (Alon et al., 2017) and (Chen et al., 2021).

which is the sum of lower bounds on each (my)-BAI in-
stance. To achieve this, we show that the instance where
all arms are Ber(%) is in fact a universal hard instance
in the sense that every (g,0.05)-PAC algorithm requires

Q ( Zle log(”;izkﬂ)) to identify. Via a reduction of “direct-

sum” flavor, we show that every (e, 0.05)-PAC algorithm,
when applied to this instance, must successfully identify
that each group consists of Ber(3) arms. As a result, the
lower bound is the sum of the lower bounds for each “all

Ber(3)” (my)-BAT instance.

We then prove the lower bound for “all Ber(3)” (m)-BAI
instance for every m > 2. We use %’f)(m) to denote this
instance. The %(m) specified lower bound is obtained by
constructing another m instances %(nl), ™ and

compare the distribution of losses generated by %(m)
and the distribution of losses generated by a mixture of
%ﬁ(m), ey %n(lm). For technical reasons, we first prove
the lower bound when all arms are Gaussian and reduce the
Gaussian arms to Bernoulli arms.

1.3. Related Works

The bandit feedback setting as an online decision problem
has received considerable attention. The work of (Audibert
& Bubeck, 2009) first provided a tight bound for the ban-
dit feedback setting, while the full information feedback
case has been well studied in (Freund & Schapire, 1997;
Haussler et al., 1995). Building upon these works, (Man-
nor & Shamir, 2011) introduced an interpolation between
these two extremes and generalized the feedback of the
classic bandit problem to a graph structure. Several prior
studies, such as (Alon et al., 2015; Zimmert & Lattimore,
2019; Chen et al., 2021; He & Zhang, 2023), have proposed

various graph parameters to characterize the factors that
influence regret. However, the algorithms proposed in these
works for more general graphs do not yield a tight bound in
our specific setting.

The pure exploration version of the bandit problem, known
as the best arm identification (BATI) problem, has also re-
ceived significant attention in the literature (Even-Dar et al.,
2002; Mannor & Tsitsiklis, 2004; Bubeck et al., 2009; Au-
dibert et al., 2010; Karnin et al., 2013; Chen et al., 2017).
While the BAT problem may appear deceptively simple,
determining the precise bound for BATI under the bandit
feedback setting remains an open question. However, for
the problem of identifying an e-optimal arm with high prob-
ability, (Even-Dar et al., 2002) established a tight bound
for the bandit feedback setting, while the bound for the full
feedback model is relatively straightforward (see e.g. Chen
et al. (2021)).

1.3.1. COMPARISON WITH PREVIOUS WORK

The very recent work of (Eldowa et al., 2024) studied in-
terpolation of learning with experts and multi-armed ban-
dit as well from a different perspective. They proved an

0 (\/Ta(l + log (N/a))) upper bound for the minimax

regret of bandit with strongly feedback graph G where «
is the independence number of G. The parameter is in
general not comparable with clique covers used in this
work for feedback graphs. Particularly on an m-MAB
instance where m = (mq,...,mg), the independence
number is K and therefore their upper bound becomes

to O ( TKlog(N/K )) while our results showed that

the minimax regret is indeed © <\/T ZkK:l log(my + 1)) .
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Another work (Foster et al., 2020) using the idea of the two-
stage algorithm bears similarity to ours. But applying their
algorithm and analysis to our problem can only derive an
upper bound of O (/T K maxye|x) log my), which is also
suboptimal. To see the difference, assume K = |log NV |
andm = (1,1,...,1, N — K 4 1), then the minimax regret
is © (\/T log N ) while the upper bounds in both (Eldowa

et al., 2024) and (Foster et al., 2020) are O (\/Tlog N )

We believe that the algorithms and the analysis of previous
work cannot achieve the same bound in our setting without
significant extra effort.

2. Preliminaries

In this section, we formally define the notations used and
introduce some preparatory knowledge that will help in
understanding this work.

2.1. Mathematical Notations

Let n be a non-negative integer. We use [n] to denote the set
{1,2,...,n} and A1 = {xeRZ : > " x(i) =1}
to denote the n — 1 dimensional standard simplex where
R> is the set of all non-negative real numbers. For a real
vector x € R™, the i-th entry of x is denoted as x(i) for
every i € [n]. We define eE”] as the indicator vector of
the i-th coordinate such that e" (i) = 1 and ! (j) = 0
for all j # i and j € [n]. We may write eE”] as e; if the
information on n is clear from the context.

Given two vectors X,y € R"”, we define their inner prod-
uct as (x,y) = Y., x(i)y(i). For any a,b € R, let
[a,b] = {c € R| min{a,b} <c<max{a,b}} be the in-
terval between a and b. For any x,y € R", we say
y > x if y(i) > x(i) for every i € [n]. Then we can
define the rectangle formed by x and y: Rect(x,y) =
{zeR":y >z >x}.

For any positive semi-definite matrix M € R"*", let
Ix|lar = vVxTMx be the norm of x with respect to M.
Specifically, we abbreviate ||x||(g2,)-1 as [|x||¢-2, Where
V24 is the Hessian matrix of a convex function ).

Let ' : R®™ — R be a convex function which is differ-
entiable in its domain dom(F'). Given x,y € dom(F),
the Bregman divergence with respect to F' is defined as
Br(x,y) = F(x) — F(y) — (x —y,VF(y)). Given
two measures P; and P> on the same measurable space
(Q, F), the KL-divergence between P; and Py is defined

as Dy (P1,P2) =3 o P1[w]log g;m if Q2 is discrete

or Dyt (P1,P3) = [, log g;m dP; [w] if © is continuous

provided P, is absolutely continuous with respect to Ps.

2.2. Graph Theory

Let G = (V,E) be a directed graph where |V| =
N. We use (u,v) to denote the directed edge from
vertex u to vertex v. For any U C V, we denote
the subgraph induced by U as G[U]. For v € V, let
Nin(v) :={u € V: (u,v) € E} be the set of in-neighbors
of v and Now (v) := {u € V': (v,u) € E} be the set of out-
neighbors. If the graph is undirected, we have Nj,(v) =
Nout(v), and we use N(v) to denote the neighbors for
brevity. We say S C V is an independent set of G if for ev-
eryv € S, {u€S|u#uv,u€ Niy(v)UNow (v)} = 2.
The maximum independence number of G is denoted as
a(G) and abbreviated as o when G is clear from the context.
Furthermore, we say an independent set .S is a ¢t-packing in-
dependent set if and only if for any v € V/, there are at most
t out-neighbors of v in S, i.e., | Noys (v) N S| < ¢. We say
the subsets V1,..., Vi C V form a (Vi,..., Vik)-clique
cover of G if each induced subgraph G[V;] for k € [K] is a
clique and Uy ¢ (s Vi = V.

2.3. m-MAB and m-BAI

Let K > 0 be an integer. Given a vector m =
(my1,ma,...,mg) € ZI>_<1 with ZkE[K] my = N, we now
define problems m-MAB and m-BAT respectively.

2.3.1. m-MAB

In the problem of m-MAB, there are N arms. The arms are
partitioned into K groups and the k-th group contains my,
arms. Let T' € N be the time horizon. Then m-MAB is the
following online decision game. The game proceeds in T'
rounds. Atround¢t =0,1,...,T — 1:

* The player pulls an arm A; € [N];
+ The adversary chooses a loss function /() € [0,1]V;

* The player incurs loss £() (A,;) and observes the losses
of all arms in the group containing A;.

Clearly the vector m encodes the amount of information
the player can observe in each round. Two extremes are
the problem of learning with expert advice and multi-armed
bandit, which correspond to (N)-MAB and (1,...,1)-MAB
respectively.

We assume the player knows m and 7" in advance and use A
to denote the player’s algorithm (which can be viewed as a
function from previous observed information and the value
of its own random seeds to the arm pulled at each round).

The performance of the algorithm A is measured by the no-
tion of regrer. Fix a loss sequence L = {¢(0), ... ¢(T-D1.
Let a* = argmin, ¢y, S°7_, £®)(a) be the arm with mini-
mum accumulated losses. The regret of the algorithm .A and
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time horizon T on L with respect to the arm a is defined
as Ry(T,A,L) = E [ LAy ] = ST @), 1

there is no ambiguity, we abbreviate R, (T, A, L) as Ry (T).
We also use R(T') to denote R, (T).

We are interested in the regret of the best algorithm against
the worst adversary, namely the quantity

R:(T) = inf sup Ro (T, A, L).
AL

We call R, (T') the minimax regret of m-MAB and usually
write it as R*(T).

We may use the following two ways to name an arm in
m-MAB:

* use the pair (k,j) where k € [K] and j € [my] to
denote “the j-th arm in the k-th group”;

* use a global index ¢ € [INV] to denote the i-th arm.

Following this convention, we use ¢(*) (i) and K,(:) () to de-
note the loss of arm ¢ and arm (k, j) at round ¢ respectively.

2.3.2. BEST ARM IDENTIFICATION AND m-BAT

The best arm identification (BAT) problem asks the player to
identify the best arm among /N given arms with as few pulls
as possible. To be specific, each arm 7 is associated with
a parameter p; and each pull of arm ¢ gives an observation
of its random loss, which is drawn from a fixed distribu-
tion with mean p; independently. The loss of each arm is
restricted to be in [0, 1]. The one with smallest p;, indexed
by ¢*, is regarded as the best arm. An arm j is called an
e-optimal arm if its mean is less than the mean of the best
arm plus ¢ for some € € (0, 1), namely p; < p;- +¢. With
fixed €,6 > 0, an (e, §)-probably approximately correct
algorithm, or (e, §)-PAC algorithm for short, can find an e-
optimal arm with probability at least 1 — §. In most parts of
this paper, we choose 6 = 0.05. For an algorithm A of BAT,
we usually use 7" to denote the number of arms A pulled
before termination. Similarly for any arm ¢, we use 7; to
denote the number of times that the arm ¢ has been pulled
by A before its termination. We also use N; to denote the
number of times that the arm 4 has been observed by A.

Let m = (my,ma, - ,mp) € ZX, be a vector. Similar
to m-MAB, the arms are partitioned into K groups and the
k-th group consists of my arms. Each pull of an arm can
observe the losses of all arms in the group. As usual, the
goal is to identify the best arm (the one with minimum p;)
with as few rounds as possible.

Similar to m-MAB, we use ¢ € [N] or (k, j) where k € [K]
and j € [my] to name an arm. For a fixed algorithm, we use

T;; or T(x, 5 to denote the number of times the respective arm
has been pulled and use IV; or N, ;) to denote the number
of times it has been observed. For every k € [K| we use
T®*) to denote the number of times the arms in the k-th
group have been pulled, namely 7) = > j€imal Tk,
By definition, it holds that T = 3", ;) T*) and Ny, ;) =

T for every j € [my].

2.4. Bandit with Graph Feedback

A more general way to encode the observability of arms is to
use feedback graphs. In this problem, a directed graph G =
(V, E) is given. The vertex set V' = [N] is the collection of
all arms.

The game proceeds in the way similar to m-MAB. The only
difference is that when an arm A; is pulled by the player at
a certain round, all arms in N,y (A;) can be observed. As a
result, given a vector m = (my,ma, -+ ,my) € ZX,, the
m-MAB problem is identical to bandit with graph feedback
G = (V,E) where G is the disjoint union of K cliques
G1 = (‘/17 El), Gg = (‘/27E2), e ,GK = (VK, EK)
with my, = |Vi| and Ej, = V2 for every k € [K].

According to (Alon et al., 2015), we measure the observabil-
ity of each vertex in terms of its in-neighbors. If a vertex has
no in-neighbor, we call it a non-observable vertex, other-
wise it is observable. If a vertex v has a self-loop or Nip(v)
exactly equals to V' \ {v}, then v is strongly observable. If
an observable vertex is not strongly observable, then it is
weakly observable. In this work, we assume each vertex
is observable. If all the vertices are strongly observable,
the graph G is called a strongly observable graph. If G
contains weakly observable vertices (and does not have non-
observable ones), we say G is a weakly observable graph.

We can also define the notion of regret for bandit with
graph feedback. Assume notations before, the regret of
an algorithm A with feedback graph G and time horizon T'
on a loss sequence L with respect to the arm « is defined
a5 Ra(G, T, A, L) = B [ L] 00(A)| - S15 10w,
If there is no ambiguity, we abbreviate R, (G, T, A, E) as
R.(G,T) or R,(T). We also use R(T) to denote R« (T).
Then minimax regret is again

R;.(G.T) = infsup Re- (G, T, A, L).
L
When G is clear from the context, we write it as R*(T').

3. The Upper Bounds

In this section, we prove Theorem 1.1 and Theorem 1.2.
We describe the algorithm for m-MAB in Section 3.1 and
analyze it in Section 3.2. The algorithm for m-BAT is ob-



On Interpolating Experts and Multi-Armed Bandits

tained by a reduction to m-MAB described in Appendix A.
Finally we discuss how to extend the algorithm to bandit
with strongly observable feedback graphs and prove Corol-
lary 1.5 in Appendix B.3.

3.1. The Algorithm

As discussed in the introduction, our algorithm basically
follows the framework of the two-stage online stochastic
mirror descent developed in (He & Zhang, 2023). However,
our updating rules is slightly different from the one in (He &
Zhang, 2023) in order to incorporate with our new analysis.

Given a K-dimensional vector m = (myq,...,mg) as in-
put, in each round ¢, the algorithm proceeds in the following
two-stage manner:

+ A distribution Y'(*) over [K] is maintained, indicating
which group of arms the algorithm is going to pick.

* For each k € [K], a distribution X ,gt) is maintained,
indicating which arm in the k-th group the algorithm
will pick conditioned on that the k-th group is picked
in the first stage.

* The algorithm then picks the j-th arm in the k-group
with probability Y () (k) - X ().

The algorithm is described in Algorithm 1 and we give
an explanation for each step below. Assuming Y () and
X ]io) for all k € [K|] are well initialized, in each time step

t =0,1,...,T — 1, the player will repeat the following
operations:
Sampling: For each arm (k, j), the algorithm pulls it with
probability

ZO(k, ) =YD (k) - XD (5).

The arm pulled at this round is denoted by A; = (k¢, j¢).
Our algorithm can guarantee that Z(*) is a distribution over
all arms.

Observing: Observe partial losses €( )( j) for all j €

[m,].

Estimating: For each arm (k,j), define the unbiased
estimator lﬁg)(j) = L=k é(t)( j). It is clear that

Prlk= k,]
E[i00)] = 6 0).

Updating:

e For each k € [K], update X ,it) in the manner of stan-
dard OSMD:

1
Vor(Xy ) X

= V(X)) - i,

= argmin By, (x, X,(;H)),

XEAm, —1

where @5 (x) = 1, ' >, 2(i) log z(i) is the negative
entropy scaled by the learning rate 7y.

* Define Y(t) in the way that, for any & € [K]

1 1
\/?(Hl)(k) - \/y(t)(k)—k
= 2x00-on (1)
jE[mi]

ey

where 7 is the learning rate. Then let Y (**1) be the

t4+1)

projection of v on Ag_q:

yt+h = arg min By (y, Y(Hl)),
YEAK 1

where ¥(y) = —2),+/y(i) for any y =
(y(1),...,y(K)) € RE, referred to as Tsallis entropy

in literature. Note that when x is small, 1 —exp (—x) =
x. So when 7, is small (and it is so), the updating rule
is approximately for any k € [K]

1 1 ® (.50
= +n X, (),
\/?(tﬂ)(k) VYO () Z

which is equivalent to

JE€[m]

—(t+1) —(t) =~

V(Y ) = Ve ) - LY,

where L = (LW(1),...,LO(K)) € R¥ satisfy-
. k> t . (t .

ing L(t)(/lj:) = > ieima] X,g )(5) - Eé)(.]). One can
think of L(*)(k) as the “average loss” of the arms in
the k-th group at round ¢. Nevertheless, we use rule
Equation (1) in the algorithm to guarantee the result in
Lemma B.1 since it is convenient for our analysis later.

In the realization of Algorithm 1, we will choose n =
log(mg+1) )
\/T Zi-{:] IOg(mk +1)

Sl

and n, =

3.2. Regret Bound for MAB
We prove the following theorem, which implies Theo-
rem 1.1.

Theorem 3.1. For every T' > 0 and every loss sequence
0O (T ¢ [0, 1], the regret of Algorithm 1 satis-
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Algorithm 1 Two-Stage Algorithm for m-MAB
Input: An (m, ..., mg)-MAB instance
X}go) <+ argmin ¢y(a), forall k € [K];
A€EA,, —1
Y(©) < arg min ) (b);
beEAK_1
fort < OtoT"—1do
ZW(k,§) « YO(k) - X1V (j), for all k € [K] and
J € [mal;
Pull A; = (k¢,j¢) ~ Z® and observe E,(:t) (4) for all
J € [myl;
Update V¢, (Y,(:H)) = V(X7 — 0,

t+1 . < (t+1)
AXV;c ) _ argMinyen,, By, (x, X, );

1 o 1
Update Vk S [K}’ \/7(t+1>(k) - \/Y(t)(k:)—’_

e X4 G) (1= exp (< 67 ):

] —(t+1)
y (t+1) — argming e, B’L/J(Ya Y );
end for

Instead of directly bounding the regret of the sequence of the
action distributions { Z we study an auxiliary

se[0.T)" We define

in Appendix B.1.1,

(t)}
0<t<T—1’
piecewise continuous process {Z(S)}

and bound the regret of {Z(S) }SE[O )

and compare it with the regret of {Z(t) }0<t<T_1 in Ap-
pendix B.1.2. Finally, we prove Theorem 3.1 in Ap-
pendix B.1.3

4. Lower Bound

In this section, the main work is to prove a lower bound
for m-BAI. A natural way is to prove a lower bound for
each group and then sum up all in a “direct sum ” flavor. A
conventional method is to design a family of hard instances
and claim that there exists some instance requiring a suffi-
cient number of pulls. However, different groups may have
different hard instances, preventing a direct summation of
the lower bound for each group. Instead, we prove that the
instance with all m arms following a Ber(1,/2) distribution,

denoted by %(m), is always the most challenging one.

Lemma 4.1. Let A be an (g,0.05)-PAC algorithm. Assume
m > 2. There exists a universal constant ¢c; > 0 such that
A terminates on %(m) after at least & log(m + 1) rounds
in expectation.

Armed with above lemma, we can establish the lower bound
for m-BAT.

Lemma 4.2. Let ¢ be a number in (O,%). For
every (£,0.05)-PAC algorithm of m-BAI, we have
Eyem [TW] > % for every k € [K] with

my, > 2 and E g [T] > S0, culoslmitl) it the total

22

number of arms Zszl my > 2, where ¢y is the constant in
Lemma 4.1, T'®) is the number of rounds that arms in group
k is played and T is the total pull times.

Moreover, these lower bounds still hold even the algorithm
can identify the c-optimal arm with probability 0.95 only
when the input arms have losses drawn from either Ber (%)

or Ber (% - 6).

Now let us fix m = (mq, ..., mx). We then derive a regret
lower bound for m-MAB and thus prove Theorem 1.4 using
Lemmas 4.1 and A.1.

Lemma 4.3. For any algorithm A of (m1, ..., my)-MAB,
for any sufficiently large T' > 0, there exists 7 € H such
that the expected regret of A satisfies

K

T- Zlog(m;€ +1)

k=1

E [R(T)] > -

where ¢’ > 0 is a universal constant. Here the expectation
is taken over the randomness of losses which are drawn
from F€ independently in each round.

We can,of course, apply our more powerful Lemma 4.1 to
a broader class of graphs, thus obtaining improved lower
bounds for both strongly and weakly observable graphs.

5. Conclusion

In this study, we delve into the m-MAB and m-BAT, and
reduce the the latter to the former. We propose a two stage
algorithm for m-MAB and prove a lower bound for m-BAT,
thereby providing both problems with tight bounds. Further-
more, we utilize the bound proven for BAT to more general
graphs and yield some improved lower bounds. The tech-
nique developed in the upper bound is more intuitive than
standard methods. The proof of the lower bound for BAT
reveals that to address the failure error of m arms, calcula-
tions must consider them together, such as using mixture
distribution, instead of assuming m failures to distinguish
one distribution from all others one by one to construct a
contradiction. We believe our approach may inspire others
to enhance the logarithmic factor in other problems.

Impact Statement

This paper presents work whose goal is to advance the field
of Machine Learning. There are many potential societal
consequences of our work, none which we feel must be
specifically highlighted here.
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A. A Reduction from BAI to MAB

In this section, we construct a PAC algorithm for m-BAT by leveraging an algorithm designed for m-MAB, employing
Lemma A.1. We then reduce BAT to MAB. Consequently, the upper bound of an algorithm for MAB is also applicable to the
constructed algorithm for BAT, and a lower bound for BAT implies one for MAB.

Let (T, E) be a real valued function with the time horizon 7" and loss sequence L= (f(l), e ,E(T)) as its input. Let 7
be a BAT instance. With fixed T' > 0, we use E [r(T, E)} to denote the expectation of (T, E) where £(*) in L is drawn
from 47 independently for every ¢ € [T]. Let H be a set of BAT instances.

Lemma A.1. Let A be an algorithm for m-MAB with regret R, (T, A, E) <r(T, E) for every time horizon T and every
loss sequence L. Then there exists an (g,0.05)-PAC algorithm A’ for m-BAT that terminates in T* rounds where T* is the
solution of the equation

2500 - max (T, L)
. .

T*

Moreover, if we only care about identifying an c-optimal arm with probability 0.95 when the input is chosen from a known
family H, we can construct an algorithm solving this problem that terminates in T}, rounds where I}, is the solution of the
equation

2500 - max ey B {T(T;;, E)}

Ty =

H €
Proof. Given an instance .5 of m-BAT, we run A for 7™ rounds. Let T; be the number of times that the arm ¢ has been
pulled, ie., T; = Z;T:(;lJA‘[At =il.Let Z = (Z1,2>,...,ZN) = (&, 22,..., 2% be a distribution on N arms. We

e T* > T s T
construct A’ by simply sampling from Z = (%, %, ceey ?X ) and outputting the result.

Recall that p; is the mean of the i-th arm in J# and arm a* is the one with the minimum mean. Define the gap vector
A = (p1 — o=, - ;DN — Do~ )- Note that Z is a random vector and define conditional expected regret R(Z) = (A, Z) - T*
given Z. Thus the expected regret E [R(Z)] < max; r(T*, L). By Markov’s inequality, R(Z) < 100 max; r(T*, L)
with probability at least 0.99. Now we only consider Z conditioned on R(Z) < 100 maxz r(T*, L). Let B C [N]

denote the “bad set” which contains arms that are not e-optimal. Then e7* Y, 5 Z; < 100 max; r(T*, L). Note that

7 = 2000maxp r(T7L) pperefore Y icB Z; < 0.04. In total, this algorithm will make a mistake with probability no more

than 0.05 by thae union bound.

When we only care about the input instances chosen from #, we run A for T3, rounds and similarly, we output an arm

drawn from (TTL , %13 ey ?X ) It is easy to verify via the same arguments that this algorithm can output an e-optimal arm
H H H

with probability 0.95 when the input is chosen from . O

B. Upper bound

In this section, we first prove the regret bound for MAB, and then reduce BAT to MAB to give a bound for BAT with the help
of Lemma A.1. Finally we can easily apply the algorithm to more general graph.

B.1. Regret Upper Bound for MAB

B.1.1. THE PIECEWISE CONTINUOUS PROCESS

Assuming notations in Algorithm 1, the process {Z () }S c0.7) is defined as

ZO) (k) = YO (k) - X)), Yk € [K],j € [mul,

where {y<8> } S€[0,T) and {X,ES)} 0.1 for every k € [K] are piecewise continuous processes defined in the following
b ’ s€|0,
way.

* For every integer t € {0,1,...,7 — 1}, we let Y = Y® and X,gt) = X,it) for every k € [K].

10
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* For every integer t € {0,1,...,T — 1} and every k € [K], the trajectory of {X,ES)} e is a continuous path in
s€[t,t4+1
R™* governed by the ordinary differential equation

AV i (") 0)
= —é . 2
P k 2
* Forevery integer t € {0,1,...,T — 1}, the trajectory of {y<8> }se[t.t+1) is a continuous path in R¥ governed by the
ordinary differential equation '
(s) ~
% - _ L(S)7 (3)
ds

where L(9) = (E(S)(l)7 ., LB (K)) € RE satisfies L) (k) = 2 jelmal X;SS) (4) jg)(j).

Clearly the trajectories of Z(*), V() and Xk(f) for every k € [K] are piecewise continuous paths in the time interval

)

s € [0,T). An important property is that the end of each piece of the trajectories of Y (s) and X,gs coincides with its discrete

counterpart before performing projection to the probability simplex.

Formally, for every ¢t € [T] and k € [K], define X,gtr = limg_,,— X,Es) and Y := lim, ,,- Y. We have the
following lemma.

Lemma B.1. Foreveryt € [T] and k € [K], it holds that X,Et)i = Y,(f) and YV~ = v,

Proof. To ease the notation, for any fixed ¢ € {0,1,...,7 — 1} and fixed k € [K], we now prove that X,E”lr = Y,(;H)
and YD~ = yiry respectively.
In fact, X,Etﬂr = Y,(fﬂ) immediately follows by integrating both sides of (2) from ¢ to ¢ + 1 and noting that X,gt) =X ,it).

More efforts are needed to prove the identity for V(). Recall ¢x(x) = n !> ;2(j) logz(j) for every x =
(z(1),...,2z(my)). It follows from (2) that for every s € [t,t + 1) every k € [K] and every j € [my],

x0(5) = 206 - exp (~(s = (7))
As a result, we know that

LO®) = > 20G) - exp (~(s =l (7)) - 40 G).

JE[mu]

Integrating (3) from ¢ to s, plugging in above and noting that Y(*) = Y () we obtain

1 1 n ). ) -
==t > X)) (- (-m-(s=0)-570)),
VIO k) VYO®F) e L 4§ ( ( k ))

(t+1)

which is exactly our rule to define Y in Line 1 of Algorithm 1 (take s =t + 1). O

We define the regret for the piecewise continuous process as follows.

Definition B.2. The continuous regret contributed by the process {Z () }S c0.7) with respect to a fixed arm a € [N] is

defined as
T—1

t+1
%.(T) :=ZE[ [ -

t=0

Then we are ready to bound %, (T"). Recall that we may write el as e, if the information on IV is clear from the context.

11
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Lemma B.3. For any time horizon T > 0, any loss sequence (0 () .. ((T=1) ¢ [0,1]N, and any arm a = (k, j), it
holds that X« .
Aa(T) < By(el Y O) + By, (™, X(7).

Proof. Assume a = (k, j). Forevery ¢t € {0,1,...,T — 1}, we compute the decreasing rate of the Bregman divergence
caused by the evolution of Y*) and X, ,55) respectively.

First consider the change of By (ex, Y(*)) over time:

d d
= By(en, V) = = (vler) = (V) = (er = Y, Ty(y))))

dv (s)

= (L), V) —ey).

Integrating above from ¢ to ¢ + 1, we have

t+1
T S - L t+1
/ (L, Y —ep)ds = By (er, V) — Byler, YD) = Byer, Y ) — By(ep, T, (4)
t

where the last equality follows from Lemma B.1.
Note that projection never increases Bregman divergence; that is, we have

By(er, V') = By(er, YD)

= ¢(y(t+1)) _ qp(?(t—kl)) <V1/J(Y(t+1)) e — Y(t+1)> _ <Vz/1(?(t+1)) _ ?(H—l))
= (D) @) (v v P 4 (wp(TY) - wp(v D) y ) ey

A B

Since 1) is convex, we have A > 0. By the definition of Y (¢+1),

YD = argmin By (y, Y ) = argmin(y) — (v, V(¥ ).
YEAK 1 YEAK 1

The first-order optimality condition (see Section 26.5 in (Lattimore & Szepesvdri, 2020)) implies that B > 0. As a result,
By(er, Y'™) > By (en, Y*+1) and it follows from Equation (4) that

t+1 .
[ EOY0 - e ds < Bylen VY1)~ Byer, V) )
t

Then we consider the change of By, (e;, X ,ES)) over time. Likewise we have

AV i (X))

d s
T Bonlen A7) = (4

as A o) = {6, 47 —ep).

By an argument similar to the one for Y (¢) above, we can obtain

t+1
|0 s < By (e X() — By (e X[, ©)
On the other hand, we have for every s € [t,t + 1) and any arm a* = (k*, j*),

E [<Z(s) 7ea*’£(t)>} [<Z(s) — ey, G } Z Z Y s) X(s)( ) - g(t)( ) — g(w(a*)

ke[K]je[ms]

12
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Recall that for every k € [K], it holds that L() (k) = 3° X(s)( ) - ﬁ(t)( ). Rearranging above yields

JE[my]

E {<z<8> — ey, £ } E Z YO (k) - IO (k) — 6D (a*)

ke[K]
—E {(y(s)7L(s)> N g(t)(a*)]

—E [V — e, L) + L) = 42 (5]
—E [0 — e, L) + B [(x) e, 07)].

Integrating above from ¢ to ¢ + 1 and plugging in Equations (5) and (6), we obtain

t+1 t+1 R t+1 .
/ E [<z<8> - ea*,ﬁ(t)>] ds = / E [<y<s> - ek*,L<s>>} ds + / E [<X,§S> - ej*,z,?)ﬂ ds
t t t

< By(er, Y®) = By(er, YV + By, (ej,X,it)) — By, (ej,X,gtH)).

Summing above over ¢ from 0 to 7" — 1 finishes the proof. O

B.1.2. COMPARISON OF R, (T) AND Z,(T)

For any fixed loss sequence (9, ¢(D) . ¢(T=1 we bound the difference between the regret R, (T") of Algorithm 1 and
the continuous regret %, (T) for any arm a. Formally, we establish the following lemma:

Lemma B.4.

T-1
1 ~ ,
Rul(T) = (1) < 5 3B s T e+ 3 YOW) s 01 e,
=0 | g€Rect(Y(H), YY) ke|K] (reRect (X XYTY)

Proof. By the definition of the regret, we have

T-1
Z<Z(t) —e, g(t)ﬁ

E[ — ey, >}

R, (T) =E

“ETF

t+1 .
= EU (26) — e, £<>>ds+/ (z® — z6) 10y g
t

t=0

=R, (T) + Z E U (Zz® — z() ) ds] ,
t=0 :

where the first equality holds due to Fubini’s theorem. Therefore, we only need to bound the term
SB[z - 20,00) as].

Fixt € {0,1,...,T — 1}. We have shown in the proof of Lemma B.1 that
20 (5) = X0 G) - exp (~(s = omd () < X7 ()
forany s € [t,t + 1) and any j € [my].

Recall that L(*) (k) = > jeima] X (§) - 8 () for every k € [K]. Then by the discussion above, we have L(*) < L for
any s € [t,t + 1). As aresult, it follows from (3) that for any s € [t,t + 1),

V(W) = vy W) = / L) dw > (s — ) - O, )
t

13



On Interpolating Experts and Multi-Armed Bandits

Recall that for any two vectors x, y of the same dimension, Rect(x,y) is the rectangle between x and y. Since our ¢ is a
separable function (and therefore V21 is diagonal), we can apply the mean value theorem entrywise and obtain

Vp(YE)) — V(YD) = V() (P

for some £(*) € Rect(Y(*), Y (1)),

By our choice of v, it holds that VQw(é(s)) > 0 for any £(*) € Rect (Y)Y
and (8), we have

- Y1) ®)

t)). Therefore, combining Equations (7)

VO >y (s — 1) W 2pe®) . L,

Similar argument yields that
7 2 X0 = (6= Vo) 4
°) e Rect(Xés),Xlgt)).

Therefore for any k € [K], j € [my,] and any s € [t,¢ + 1), we can bound the difference between Z®) (k, j) and Z(*)(k, j):

for some ( ,(C

20 (k.g) = 29 (k,5) = YO (k) - X7 () = YO (h) - %7 ()

<O X0 G) = (YOR) — (s =0 [V20ED) - IO] (1) - (X006) — (s = 1)+ [V 20 - 1] ()
~(s =12 [V 2(E) - LO] (1) - [0 20k(() - 8] ) + (s = 1) X0 () - [VTRuE®) - 2O (k)
(5= 8) - YO (k) - [V 200(¢) - 0] ()

< (=) X0) [V LO] (k) + (s = ) - YOR) - |V 200 - 0] ()

for some () € Rect (Y, Y®) and ¢ € Rect(X”, X ).

We are now ready to bound the gap between R, (T") and %, (T):

aT
T

_ { 70 _ 5 <t>>]

t=

T— t+1 ~ ~
Se[[Men[Y Y x00. e (V) L0 k) | 67 6) ds
t=0 ke[K] j€[ma] genect(ym,?““’)

)

T-—1

B[ Ten( X T vome s [V 0] 0)) - i800) ds
t=0 ke[K] je[my] CkERect(X,(ct)7Y§:+1>)

(B)

Note that in both expressions (A) and (B) above, only the term (s — t) depend on s. So we can integrate and obtain:

_(Z > x0)

ke[K] j€[mx]

sup[V2() - L] <k>) 070)

£€Rect(Y 0, 7Y

-1 [ T
1 _
=3 E E sup [V 2¢(§) } E ’ X(t) g(t) ()
=0 | ke[K]EERect(Y ™D YY) j€lma] i
-1 [
1 ~
=SS E[Y sw [VURE L9 (k) LOm)
2 S(t+1)
t=0 [K] §€Rect(Y MY )
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1= -
32 B|  sw ||L(t)||2v2w(€)] |
2 t=0  |le€Rect(y() YT
Similarly,
= ) )
(B)=32 B Z 2. YOk sup (V20000 - 87) () | -0 G) (10)
t=0 ke[K] j€[mu] gkenect(x£t>,7g+1>)
=
At
P Z YO(k)- sup 1015 20,00
t=0 | ke[K] CreRect (XD XU
Combining Equations (9) and (10), we have
=
17 5(t
Ra(T) = %a(T) = 5 > F sup 1L -2 + D2 YO R sup 181 -2, o)
=0 |&eRect(y . YY) kelK] Crerect (X[ XY
Y
O

If we apply the “regret decomposition theorem” in (He & Zhang, 2023) and use the standard OSMD bound for each stage,

we will get the term
) 12
i ||€](€*)||V72¢k*(€hk*) (12)
Cre* ERect(X}(Ci) 7Y§ct*+1))

where £* is the index of the group containing the optimal arm instead of the term

(¢ 7(t))12
Z YO (k sup 1451157 -2, ()
ke[K] Ckenect(Xxi’)aX1(c+ )

in Equation (11). The new Y () (k) term is crucial to our optimal regret bound since it cancels a Y (*) (k) term hidden in the
) [E

V2 () This will be clear in Appendix B.1.3.

denominator of Hf,(:

B.1.3. THE REGRET OF ALGORITHM 1

Note that the regret of Algorithm 1 is composed of the two parts in Lemma B.3 and Lemma B.4. In this section, we will
prove Theorem 3.1 by providing more specific bounds for the terms in these two lemmas.

Proof of Theorem 3.1. By definition of Bregman divergence,
By(er, YV) =(er) — (Y ) — (Vo (V) e = Y().

Since we initialize Y(©) = argmin,c 5, %(b), YO (k) = £ for k € [K] and (V§(Y(?), e, — Y(@) > 0 follows the
first-order optimality condition for Y (%), Thus

-2+ 2VvK 2VK
By(ex, Y¥) < wlex) —p(y(¥) = I < TR
Similarly we have X\*(j) = - for j € [my] and
log my
By, (e, X)) < ¢nle;) — on(X”) = e
Therefore
2\/ 10 m
Fa(T) < 5%, (13)
n Nk
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(kt, j¢) is the arm pulled by the algorithm at round ¢. Now we plug our estimator 6,(:) (j) = ]i,[]ff) (:) é(t)( /)

Recall that A; =

and V21 (§) = diag (2775(11)3/2, 2%(12)3/2 R W) into the first term on the RHS of Lemma B.4.
2
E sup LYY, ] = 2B sup KSR W > ao)x6)
£€Rect(Y ) YTy geRect(Y .YV ek j€[ma]
r 2
Com | T (y(t)(k))g/ * (2 [kt = kf T d06)x06)

ke[K] J€[my]

(b) 1kt =k
< 2E |E ZM |y(t)

G VYO
K
= 2nZE {,/Y@ )} (g) 27> \/E[YO(k)] < 2pVK.
k=1

In the calculation above: (a) follows from v H)(k) <Y®(k), (b) is due to 2 jelma] ,(f)(j)X,Et)(j) € [0,1], and (c) is

due to Jensen’s inequality.

Similarly we have for the second term with V2¢y({;.) = diag (m(}c(l)’ nkci-(2) o "]kal(mk))

E|Y YO%)- sup 187120, 0
| kE[K] CkGRect(XIE:t)’YiHl))

B S ar0m- s 3 a6 (i)

~ 1
CreRect(X() X)) jelma)

| kE[K]
() 1k =k RE
<E Z Uky(t Z X(t) [ : ]El(ct)(])
YO (k)
ke[K] JE[my]
(e) 1k =k
BB Y a3 x00) A=A Tyog,
Y ( )(k)
L kE[K] jE€[my]
= > m oy, X709 = > m
k€[K]  jE€[my] ke[K]

In the calculation above: (d) follows from X,(:H)( ) < X,gt) (7) and (e) is due to E,(f)(j) € [0, 1].

Hence, summing up above two terms from 0 to 7' — 1, we obtain

1
Ro(T) — %o(T) < npWKT + 57 > e (14)
ke[K]
log(mi+1) , we obtain for any fixed arm a,

Combining Equations (13) and (14) and choosing n = % and n, = TSR dogomi D)
k=1 08Tk

K
2VK ] T
Ro(T) < 205 4 28 L 2 N™ 4 TVE <O | T log(my + 1)
" "Ik 2 ke[K] k=1
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B.2. Upper Bound for BAI

We can use the Algorithm 1 and Theorem 3.1 to give an upper bound for m-BAT through Lemma A.1.

Proof of Theorem 1.2. We use Algorithm 1 to construct an (¢, 0.05)-PAC algorithm for m-BAT as described in Lemma A.1.

Since the regret satisfies R(T") < C\/ T Zszl log(1 + my,) for some constant ¢ on every loss sequence by Theorem 1.1,

2 K
running Algorithm 1 with 7% = (22009) Z’“:; log(Ltmk) e can get an (e, 0.05)-PAC algorithm which always terminates

inO (ZkK:l W:%”) rounds. O

B.3. The Strongly Observable Graph with Self-loops

We can generalize our results to any strongly observable graph G = (V, E) with each vertex owning a self-loop. Assume
G contains a (V7, . .., Vi)-clique cover. We construct a new graph G’ = (V, E’) by ignoring the edges between any two
distinct cliques. It is clear that R*(G,T) < R*(G’,T). Then we can prove Corollary 1.5 by directly applying Algorithm 1
with feedback graph G’. This proves Corollary 1.5, which asserts that

K
RY(G,T)=0 | ,|T- log(my +1)
k=1

Although we assume that each vertex contains a self-loop for the sake of simplicity, we note that our algorithm can still
be applied to strongly observable graphs that have some vertices without self-loops. In such cases, we can incorporate an
additional exploration term into our algorithm, and a similar analysis to that in Section 3.2 still works.

There have been several works using the clique cover as the parameter to bound the minimax regret of graph bandit. For
example, (Erez & Koren, 2021) applies FTRL algorithm with a carefully designed potential function which combines the
Tsallis entropy with negative entropy. It achieves a regret of (log T’ )O(l) -0 (\/ KT ) Our new bound takes into account
the size of each clique and is always superior.

C. Lower Bounds for m-BATI

Let A be an algorithm for m-BAT where m = (my, ..., m) is a vector. Given an instance of m-BAT, we use 7' to denote
the number of rounds the algorithm A proceeds. Recall that for every group k& € [K] and j € [my], we use T(x ;) to denote
the number of times that the arm (k, j) has been pulled. For every k € [K], let T®®) = 3 jetmy] Lik,j) be the number of
rounds the arms in the k-th group have been pulled. We also use N(;, ;) to denote the number of times the arm (k, j) has
been observed. Clearly N, ;) = T™.

In the following part, we only consider stochastic environment. That is, /() is independently drawn from the same
distribution for each ¢t € N. Therefore, we omit the superscript (¢) and only use £(3) or £;(j) to denote the one-round loss of
arm ¢ or arm (k, j) respectively when the information is clear from the context.

In Appendix C.1, we lower bound the number of rounds for a PAC algorithm on a specific m-BAT instance with m = (m)
and then prove the result for m-BAT in Appendix C.4. We then use these results to prove a regret lower bound for m-MAB
and bandit problems with general feedback graphs in Appendix E.

C.1. An Instance-Specific Lower Bound for (m)-BAT

In this section, we study the number of rounds required for (m)-BAT in an (g, 0.05)-PAC algorithm. In this setting, the pull
of any arm can observe the losses of all arms. We will establish a lower bound for a specified instance, namely the one
where all arms follow Ber (). This is key to our lower bound later.

We focus on instances of (m)-BAI where each arm is Bernoulli. As a result, each instance can be specified by a vector

(p1, -+ Pm—1,Pm) € R™ meaning the loss of arm ¢ follows Ber(p;) in each round independently.
Lete € (O, %) In the following context, when we denote an instance as 7#™, the superscript m indicates that it is an

17
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m-BAT instance. Consider the following m + 1 (m)-BAI instances {L%;-(m)} il }:
JjeM]U{0
¢ The instance %(m) is (%, %, %, cee %) That is, p; = % for every i € [m] in %ﬂo(m);

* For j € [m],

4
the j-th arm
that is, the instance satisfies p; = % —cand p; = % for every i # j.

We say an algorithm .4 distinguishes {,%”j(m)} mlU{0} with probability p if
: JjEe[M]U{0

Pr {.A outputs j ‘ the input instance is %’}(m)} > p,

and the output can be arbitrary among {0, 1,...m} when the input is not in {ji?(m)} im0} We refer it as a distin-
jem]u{o
guishing algorithm, which is different from the (¢, 0.05)-PAC algorithm.

The main result of this section is
Lemma C.1 (restate Lemma 4.1). Let A be an (¢,0.05)-PAC algorithm. Assume m > 2. There exists a universal constant
c1 > 0 such that A terminates on %(m) after at least 25 log(m + 1) rounds in expectation.

We will demonstrate in Lemma C.6 that an (&, 0.05)-PAC algorithm can be adapted into an algorithm to distinguish
{%(m)} im0} with few extra samples. Thus, we first establish a lower bound for distinguishing algorithms. For
je[m]u{o

technical reasons, we begin by proving a lower bound for distinguishing algorithms for Gaussian arms in Appendix C.2 and
subsequently reduce the Bernoulli arms to Gaussian arms in Appendix C.3.

C.2. The Gaussian Arms

In this section, we relax the constraint on the range of each arm’s loss and allow the losses to be arbitrary real numbers. Let

€ (0,1)ando € (2\/1%, \/%) We construct m + 1 instances {4} }

je{0}Um] with Gaussian distributions:

* In the instance .4, for each i € [m], £(i) is independently drawn from a Gaussian distribution A'(0, o%);
« In the instance 4] for j € [m], £(j) ~ N (—¢,0?) and £(i) ~ N(0,0?) for each i # j and i € [m] independently.

Lemma C.2 (Bretagnolle-Huber inequality, see e.g. (Lattimore & Szepesvari, 2020)). Let P1 and Py be two probability
measures on the same measurable space (), F), and let E € F be an arbitrary event. Then

— 1
Py[E] + Po[F] > e DalPrP)
Let A5 be the mixture of {4 }j €m] meaning that the environment chooses & from [m] uniformly at random and generates
losses according to .44 in the following BAI game. Let A be an algorithm distinguishing {.4; }je[m]u (o} Let 2 be the set
of all possible outcomes during the first ¢* rounds, including the samples according to the input distribution and the output

of A (if A does not terminate after the ¢*-th round, we assume its output is —1). Note that if the algorithm terminates in
t' < t* rounds, we can always add t* — ¢’ virtual rounds so that it still produces a certain loss sequence in R"**?"

As a result, each outcome w € €2 can be viewed as a pair w = (w,z) where w € R™*!" is the loss sequence and
x € {-1,0,1,...,m} indicates the output of A. Thus @ = W x {—1,0,1,...,m} where W = R™**".

To ease the proof below, we slightly change A’s output: if the original output is z € {—1,0,...,m}, we instead output a
uniform real in [z, z + 1). Therefore, we can let @ = W x X where W = R™**" and X = R. The benefit of doing so is
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that we can let F be the Borel sets in {2 which is convenient to work with. Clearly it is sufficient to establish lower bounds
for the algorithms after the change.

For any instance 57 (m) 1et P () be the measure of outcomes of A in ¢* rounds with input instance ¢ (m) and P (m)
be the corresponding probability density function (PDF). Then Py, and P_;,  are two probability measures on (2, F)
and p_y,, (w) = - > jeim) P; (W) forany w = (w,z) € Q = R™*#+1 We also let p"), () be the PDF of the samples
X|

Wt
we(m) 1O

during the first ¢* rounds according to the input 2" and pff(m) be the PDF of A’s output. Furthermore, we let p

be the conditional density function of X given W. By definition, we have pX%JK,/,) (z|w) = 5‘55#)5:;.
e (m)

Proof. For any w = (w, ) € Q, let w;; denote the (j,¢)™ entry of the matrix w for every j € [m] and ¢ € [t*]. That s,
w; = £ (4), which is the loss of arm j in the ¢-th round. Then for each i € [m],

W gy — 2" Zte[t*] ((wi,t + 5)2 + Zj;éi w_’/z,t)
ply (w) = (2me?) 2 exp | — 57

Lemma C.3.

m— 1+exp(52§

on

Dy (P gy, Pyg) < log -

and

—mge D telt]jeim) Wit
p%(w): (2m0?) exp <_ €[ ]21062[ 1 Y5 )

Therefore we have

— mt* * itte)? i WS
N

py(w)  Py(w)
Py (W) P% (w) (271.02)—’"7” exp (_ Zte[t*]é;%[7"] wjzwt)
€2t* + 2¢ Zte[t*] Wit
=exp | — 552 .

From Jensen’s inequality, we have

Dt (Pys PLyg) = / log P22 4p (1) < log / P qp ()
Q

P (W) o Pup(w)
1
1  2ie(m) P; (@)
= lo — (w dw.
= > P (W) o ()

J€[m]

Note that for w = (w, z), For 4, j € [m] and i # j,
(

wpﬂjw) w = Ww-Xlwﬂcwp%(w)xw
Jprrp o= [ e 2 et [ an

w
Py, (w)
w J
= Py (w) ———dw
/W o P, O(U))
. Dteper) ((wie + ) + (wie +€)%) + Zﬂf,’f w?
_ 2\~ 3'#3 _
= (27m ) 2 ~/Qexp — = dw = 1.
For i € [m],
p.y; (W) w X|\W PEVw (w)
Py (w) dw:/ /p (w)-p’y " (z|w) ———drdw
/Q Py (W) wJX e i PVX/O(UJ)
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w
= Py (w) dw
/W P%(w)
. 2 2 _ 2%
B (2 2),% . _Zte[t*] ((wm + 2¢) J’_Ej’;éi wy,t) 2e7t dw
= (270 A Xp 557

e2t*
= ex .

Therefore, combining the equations above, we get

o L.

ot Py (W) el “ b @)
m(m — 1) +m - exp (Eié) m—1+exp (5;’;*)
- m? B m ’
m—1+exp( 24"

where the first equality follows from Fubini’s theorem. This indicates that Dyy, (P 4., P_s;) < log O

m
Let t* = <loe(ntl) yhere co < 02 is a universal constant. We have the following lemma to bound Pr_y, [T' > t*]. Here
the randomness comes from the algorithm and environment when the input instance is .4{.

Lemma C.4. For any algorithm distinguishing {4} } with probability 0.925, we have Pr 4, [T > t*] > 0.1.

j€[m]u{o}

Proof. Let A be an algorithm that can distinguish {./4] }je[m]u {0} With probability 0.925. Let E be the event that A
terminates within ¢* rounds and gives answer .4{. Recall that 7" is a random variable which represents the rounds that A runs.
Assume Pr_y; [T' > ¢*] < 0.1. Then we have Pr_y; [E]| < 0.075 + 0.1 from the union bound. Combining Lemma C.2 and
Lemma C.3, we get

Pr.y,, [E] > =

2(m 1+ exp (24)

for every m > 1. This indicates the existence of some j € [m] such that Pr_4; [E] > 0.075, which is in contradiction to the
promised success probability of .A. Therefore A satisfies

m
_Pr, [E ~0.1-0.075 > 0.075
v B> s T D) =

Pr, [T >t*] >0.1.

C.3. From Gaussian to Bernoulli

We then show a reduction from Gaussian arms to Bernoulli arms which implies lower bounds for instances

{%(m) } .
7 ) jelmu{oy
Given an input instance from {.4; }j c[m]u{o}» We can map it to a corresponding instance among {ij(m)} mlu(o} by the
jem]u{o

following rules.

In each round, if an arm receives a loss ¢ € R, let

1, if ¢>0.

)

—~ if :
7= {O, 1 l< 0, (15)

Obviously, losses drawn from Gaussian distribution N'(0, 02) are mapped to Ber (
N (*6, 02), as Figure 1 shows, it holds that

~ 1 (z+e)? S| (z+e)?
Pr [€< 0} :/ e 507 dr + e o dx
—oo V2mo —e V27mo
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(z+s)2
/ 2 dx.
e 27TO'

C J
(=0 (=
Figure 1. From Gaussian to Bernoulli
('c
Let f(o) = [ _OE le_ e = d:r denote the shadowed area in Figure 1. Note that f is continuous with regard to o and
£ <2 €
o) e e 207, .

U ( 2ro Vi 27r0>
Assume that ¢ < %. Therefore, there exists o € (ﬁ7 \/%) such that f(og) = €. Choose ¢ = 0. Then we map
N (—e,0?) to Ber (1 — ¢) and transform the sample space from R™**" to {0, 1}"*" .
Lemma C.5. Let € be a number in (0, %) For any algorithm distinguishing {e%”j(m)} — with probability 0.925, we

JjEe[M]U{0

have Pr%pf)(m) [T >t*] >0.1.

Proof. Assume that there exists such an algorithm .4 with Pr
distinguish {4} },

etm [T > t*] < 0.1. We then construct an algorithm A’ to
0

m]u{0}"
The algorithm A’ proceeds as follows: When A’ receives a loss £, it first calculates U as Equation (15) and treats 7 as the

loss to apply A. If A outputs %’;—(m), A’ output .#;. Therefore, A’ also succeeds with probability 0.925 while satisfying
Pr 4, [T > t*] < 0.1. This violates Lemma C.4. O

We remark that we cannot replace %(m) by szg(m) for any j € [m] in Lemma C.5, since an “%(m) favourite” algorithm

_1_
exists for every j € [m]. For example, an “%(m) favourite” algorithm is as follows: one first sample the arms for 2105720-03
rounds. If the empirical mean p; < % — 5, terminate and output jﬁ(m). Otherwise apply an algorithm which can distinguish

{%(m)} im0} with probability 0.96. By the Hoeffding’s inequality, the error probability in the first stage is at most
je[m]u{0

0.03. Therefore, this “%(m) favourite” algorithm has success probability 0.925 and with high probability, it only needs to

1

play 210?# rounds when the input instance is %(m)

Then we are ready to prove Lemma C.1, which is a direct corollary of the following lemma.

Lemma C.6. Let € be a number in (0, 8) and assume m > 2. There exists a constant ¢y > 0 such that for any algorithm

A which can output an e-optimal arm on any instance among {%ﬂ-(m) with probability at least 0.95, we have

J }je[’rn]U{O}

E T] 2 c1 log€(2m+1).
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Proof. We first consider the case ¢o log(m + 1) > 4log 40 where ¢ is the universal constant in the definition of ¢*. We

reduce from the hypothesis testing lower bound in Lemma C.5. Assume A satisfying Pr () [T > %’;H)} < 0.1.
0

Then we construct an algorithm .4’ to distinguish {j‘fj(m)} . Given an instance among {j‘fj(m)} , We

7€[m]u{0} jelmju{o}
first apply A to get an output arm ¢. Then we sample mﬁ% rounds and check whether the empirical mean p; < 3 — £.
If so, output jﬁ(m). Otherwise, output %‘f](m). The success probability of at least 0.925 is guaranteed by Hoeffding’s
inequality and the union bound.

co log(m+1) + 2log gﬂ%s < log(m+1)
€

According to our assumption, with probability larger than 0.9, A’ terminates in o =

rounds. This violates Lemma C.5.

Then we consider the case ¢y log(m + 1

) < 4log40; that is, when m is bounded by some constant. It then follows from
Lemma D.3 that A satisfies Pr T>%

o(m) [ 2] > 0.1 for a universal constant ¢, when m > 2.
Hy €

41og 40
where mg = |e” 0 — 1], we have E

Then choosing ¢; = min{ T) > % for any

Co Cs ) [
20 10log(mo+1) 2™ =

algorithms that can output an e-optimal arm on any instance among {%ﬂ-(m) with probability at least 0.95 when

J }je[m]u{o}
m > 2. O

C.4. The Lower Bound for m-BAI

Recall that in m-BAT, the N arms are partitioned into K groups with size mq, ma, ..., mg respectively. Each pull of an
arm results in an observation of all the arms in its group. Consider an m-BAT instance ;™ which consists of all fair coins.
Recall that we use 7'%) to denote the number of rounds in which the pulled arm belongs to the k-th group.

We then prove the following lemma, which indicates the result of Theorem 1.3 directly.

Lemma C.7 (restate Lemma 4.2). Let € be a number in (0, £). For every (¢,0.05)-PAC algorithm of m-BAI, we have
E g [T®)] > 2180t o overy k€ [K] with my > 2 and B e [T] > S, @8ED if the total number of

2¢e2

K . .
arms Y, my > 2, where cy is the constant in Lemma C.6.

Moreover, these lower bounds still hold even the algorithm can identify the e-optimal arm with probability 0.95 only when
the input arms have losses drawn from either Ber (%) or Ber (% — 5).

Proof. We only prove the latter case which is stronger. Let H be the set of all m-BAT instances where the input arms have

losses drawn from either Ber (1) or Ber (1 — ¢).

Let A be an algorithm that identifies the e-optimal arm with probability 0.95 when the input instance is in H. Assume A
satisfies E gm [TF)] < % for some k € [K]. In the following, we construct an algorithm A’ to find an e-optimal

arm given instances in {L%”j(m’“)} .
jelm]u{o}

Given any (my)-BAT instance (™) € {%(m’“) , we construct an m-BAT instance: set 7 (™*) to be the

)
j€lm]u{o}
k-th group and all remaining arms are fair ones. Then we apply A on this instance. The output of A’ is as follows:

Output of A’ { arm j, if the output of A is arm (k, j);
utpu =

an arbitrary arm, otherwise.

c1 log(mg+1)
=2

Clearly, the correct probability of A’ is at least 0.95. However, A’ satisfies E () [T] < , which violates
0

Lemma C.6.

Therefore, we have E ym [T®] > % for every k € [K] with rn; > 2 and thus have proved E yom [T] >
Zszl % as long as each my > 2. For those groups of size one, we can pair and merge them so that each group
contains at least two arms (in case there are odd number of singleton groups, we merge the remaining one to any other

groups). Notice that this operation only makes the problem easier (since one can observe more arms in each round) and only
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affects the lower bound by a factor of at most 2. Therefore, we still have

¢ log(my, + 1)
E‘%%m ] = Z 262 :

D. Lower Bound for (m)-BAI with Bounded m

In this section, we will lower bound the number of pulls in (¢,0.05)-PAC algorithms of (m)-BAI when m is bounded by a
constant. To this end, we first prove a likelihood lemma in Appendix D.1.

D.1. Likelihood Lemma
Consider two instances 7%, and .7¢, which only differ at one arm (without loss of generality, assume it is the first arm). In
A, £(1) is drawn from Ber (1) and in %, £(1) is drawn from Ber (1 — ¢) where € € (0, 3) is a fixed number.

Let A be a PAC algorithm for BAT. Let K} = S°E_, £)(4) be the accumulative loss of arm j before the (¢ + 1)-th

round and abbreviate K Nias K;. Let A; be the event that N; < { for a fixed f € N. Let C‘»l be the event that
{Inax1<t<£ |Kjt 1t| < Vt-cet } and C’b be the event {max1<t<t |K (3-¢) t| < Vt-ce2t } where c is a positive

constant.

Lemma D.1 (Lemma 3 of (Mannor & Tsitsiklis, 2004)). If0 < z < andy > 0, then (1 —x)¥ > e~ where d = 1.78.

f
Lemma D.2 (Likelihood Lemma). Let S® = A; N BN C{ and S®* = A; N BN CY where B is an arbitrary event. Then we
have

Proy, [5] > e STV Py, [5°] (16)
and A

Pro, [S'] > e 804V Py 0 [S0] (17)

Proof. We first prove Equation (16). For each w € 5S¢ (w is a history of the algorithm, including the behavior of the
algorithm and observed result in each round), we have

o)

=(1-2)% (1+29)M 5

1

2

Prg, (W] ( )
— (1—42)M T (1m0 > (1 g2) ™M (1 - 2e) 0N

Proglw] _ (3-9)" (5+

From Lemma D.1 and the definition of S¢, we have

(1 -4V > (1 42)" > 5%

and
(1= 26)27 Nt > (1 = gg)2VEes®t 5 m8vee®i
Therefore
Pry;, [w] > e 8(1+Ve)et
PI'%(L [w] -
and thus
Pr g W] _s(1 23
Pr .y, [S] > — 2 Pryy (w] >e (1+ve)e Pryy [S59].
152 3 gy P 57
The proof of Equation (17) is similar. O
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D.2. Lower Bound for (m)-BAI with Constant m

Lemma D.3. There exists a constant cs such that for any algorithm A which can output an e-optimal arm on any

instance among {jfj(m)} mlu(o) with probability at least 0.95 when m > 2 and colog(m + 1) < 4log 40, we have
JjE€M]U{0

Pr%(m) [T Z ;%} Z 0.1.

Proof. Note that there must exist j € [m] such that Pr [A output arm j] < L. Let B be the event that the algorithm

%(m)
output any arm except for arm 5. Apply Lemma D.2 with # = 1185532 ,c =100, 54 = %”j(m) and 77, = %(m). Assume that
Pr%(m) %(771) {maxlgtég ’K; — %t‘ < lt 6627?] > 1-0.25.

Therefore, we have Pr ) [S*] > 0.9 — % —0.25 > 0.15 by the union bound.
0]

[T > f] < 0.1. By the Kolmogorov’s inequality, we have Pr

Then from Equation (16), we have

og & ].
P [B] > ¢ S0V Pr o [S9] > 0.15- - = 0.05.
; 3

r._,(m)

log 3
00> We have

T>%]>0.1. O

However, this is in contradiction with the success probability of A. Therefore, letting c,
Pr

E. Regret Lower Bounds

In this section we prove lower bounds for minimax regrets in various settings. All lower bounds for regrets in the section are
based on the lower bounds for m-BAT established in Appendix C.

E.1. Regret Lower Bound for m-MAB
Letus fix m = (myq, ..., mg). We then derive a regret lower bound for m-MAB and thus prove Theorem 1.4. Let T be the
time horizon and c¢; be the constant in Lemma C.6. Consider a set of m-BAI instances where each arm has losses drawn

K
from either Ber (4 ) or Ber (3 — ¢) where ¢ = \/%. Denote this set by .

Lemma E.1. For any algorithm A of (ma, ..., my)-MAB, for any sufficiently large T' > 0, there exists & € H such that
the expected regret of A satisfies

K

Ey [R(I)]) > - | T log(my +1)
k=1

where ¢’ > 0 is a universal constant. Here the expectation is taken over the randomness of losses which are drawn from
independently in each round.

Proof. Assume A satisfies

\/T 1 Zszl c1log(my, + 1)
< 5000

for every 5 € H where c; is the constant in Lemma C.6. Lemma A.1 shows that A implies an algorithm to identify the

25:1 log(my+1)
8e2

E» [R(T)]

e-optimal arm for m-BAT instances in H with probability 0.95 which terminates in c; - rounds. We can

assume € < % since T’ is sufficiently large.

However, according to Lemma C.7, for any such algorithms, there exists some instances in 7 that need

c1 o8 | log(my+1)
22

0 (\/T K log(mi + 1)). 0

at least rounds. This violates Lemma A.l and thus indicates a regret lower bound of

Theorem 1.4 is a direct corollary of Lemma E.1.
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E.2. Regret Lower Bounds for Strongly Observable Graphs

Let G = (V, E) be a strongly observable graph with a self-loop on each vertex. Let N = |V/|. Assume that there exist K
disjoint sets S1, ..., Sk C V such that there is no edge between S; and .S; for any i # j. For every k € [K], let my, = |Sy|.
Let S = Uke[K] Sk.

Proof of Theorem 1.6. We present a reduction from m-MAB to bandit with feedback graph G where m = (my, ..., mg).
Let A be an algorithm for bandit with feedback graph G. Consider a set of instances where the loss of each arm is drawn

K
from either Ber (%) or Ber (% — s) where € = \/ 1 2y Jog(mi 1) (here c; is the constant in Lemma C.6). Denote this

8T
set by H. When we say the input of MAB is an instance in H, we mean that the loss sequence is drawn from this instance

independently in each round.

Then we design an algorithm 4’ for m-MAB to deal with instances in H as follows. For an m-MAB instance ™ in H, we
construct a bandit instance with feedback graph G: the losses of arms in .S correspond to the losses of arms in the k-th
group of J#™ in the m-MAB game and the losses of arms in V' \ S are always equal to 1.

The algorithm A’ actually makes decisions according to A. If A pulls an arm in S, A’ pulls the corresponding arm in the
m-MAB game. Otherwise, when A requests to pull an arm A; € V' \ S, we replace this action by letting A’ pull the first arm
in each group once and then feed the information that A; should have observed back to .A (Note that all arms outside S have
fixed loss 1). We force A’ to terminate after pulling exactly 7" arms. Note that ¢ < % since 7' is sufficiently large. If we use
R(T') and R'(T) to denote the regret of A and A’ respectively, then by our choice of £, we have

E[R(T)] > E[R(T)]

where the expectation is taken over the randomness of loss sequences specified above.

Lemma E.1 shows that there exists 7# € H such that

K
Eyx [R(T)] > c/\|T-) log(my + 1)
k=1
Therefore, there exist some loss sequences on which A needs to suffer a regret of (2 <\/ T- Zle log(my, + 1)> . O

Remark E.2. Although we assume each vertex has a self-loop in Theorem 1.6, it is easy to verify that this result also holds
for strongly observable graphs which contain some vertices without self-loops, as long as we can find legal { S}, K] For
example, for the loopless clique, we can also apply Theorem 1.6 with K = 1 and S; = V. It gives a minimax regret lower
bound of 2 (\/T log N ), which matches the previous best upper bound in (Alon et al., 2015).

Figure 2. A Feedback Graph Example

Theorem 1.6 gives a general regret lower bound for bandit with arbitrary feedback graphs. Intuitively, it allows us to partition
the graph and consider the hardness of each single part respectively.

For example, consider the graph shown in Figure 2: The feedback graph is the disjoint union of K cliques and Ky = K — K3
cycles where each clique contains m; vertices and each cycle contains mq vertices. Note that the clique cover of this graph

contains K cliques of size m; and [K22m2] cliques of constant size. According to Theorem 3.1, our Algorithm 1 gives a
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regret upper bound of O <\/ T (K;logm; + K. ng)), which matches the lower bound given in Theorem 1.6. The previous
best lower bound ((Alon et al., 2015)) on this feedback graph is (2 ( (Ky + Komo) T ) When K; and m are large, our
result wins by a factor of © (y/Iogmy).

E.3. Regret Lower Bounds for Weakly Observable Graphs

Let G = (V, E) be a weakly observable graph. Assume that V' can be partitioned into K disjoint sets V' = V; UVoU- - UV
and each G[V}] contains a t-packing independent set S, such that every vertex in Sy, does not have a self-loop. Assume
there are no edges from Vj to .S; for any i # j. Let my, = | S| and S = Uke[K] Sy.

Without loss of generality, we assume in the following proof that each m; > 2. When there exists some mj = 1, we can pair
and merge them into new sets of size at least 2 (in case there are odd number of singleton sets, we merge the remaining one
to any other sets). This merging process only affects the result by at most a constant factor. Let m = (myq,...,mg). Our
proof idea is to embed a certain m’-BAT instance in G so that the lower bound follows from the lower bound of m’-BAT.

Proof of Theorem 1.7. Let
&, = max {cl log(my + 1), Cztmk}
k
for every k € [K] where ¢; > 0 is the constant in Lemma C.7 and ¢, = <1983
that

. Assume there exists an algorithm .4 such

R(T) < o— 7 (Z&) T3 (18)

for every loss sequence. We will construct an m’-BAT game for some m’ = (mf, mj, ..., m’, ) and reduce this BAT game
to the bandit problem with feedback graph G. The vector m’ is obtained from m in the following ways. For every k € [K],
we distinguish between two cases:

* Case 1: if ¢; log(my + 1) > CQtT’“ , we let the arms in S, form a group in the m’-BAT instance;

* Case 2: if ¢1 log(my, + 1) < 5, we divide S into | 5+ | small sets, each with size at least two. Each small set
becomes a group in the m’ —BAI 1nstance

In other words, each group in the m’-BAT instance is either one of Sy, (Case 1) or is a subset of a certain S (Case 2).

Given an m’-BAT instance and time horizon T' > 0, we now define the loss sequence for bandit with feedback graph G:
the losses of arms in .S in each round are sampled from the distribution of the corresponding arm in the m’-MAB instance
independently, and the losses of arms in V' \ .S are always equal to 1. We then design an algorithm .4’ for the m’-BAT game
by simulating .A on this graph bandit problem. If A pulls an arm in V' \ S and observes arms in Sy, we again consider two
cases:

* Case 1: if ¢ log(my + 1) > %, we let A’ pull an arbitrary arm in the corresponding group m’-MAB instance;

* Case 2: if ¢ log(my, + 1) < <4, for each arm in Sy, that will be observed, A’ pulls the corresponding arm in the
m’-MAB instance once.

Otherwise if A pulls an arm in S, A’ does nothing and just skips this round. Note that .A’ can always observe more
information about the feedback of arms in S than A. So A’ can well simulate .4 just by feeding the information it observed
to A and making decisions according to the behavior of A as described above.

Let T; be the number of times that arm 7 has been pulled by A. At the end of the game, A’ samples an arm in V according
to the distribution (Q L .. = ) If the sampled armisin V' \ S, A’ outputs a random arm. Otherwise A’ outputs the

T s T s+
Zkzlfk)
T

sampled arm. Choose € = 12503 ( . We can verify that A’ is an (g, 0.05)-PAC algorithm through an argument

similar to the one in our proof of Lemma A.1.
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Let 7() be the number of times that the arms in group k have been pulled by A’ in the m’-BAT game. According to
Lemma C.7, for each k € [K'],
/
k) c1 log(m), + 1)
E st [T( } 2 g2 ’
where %m/ is the m’-BAT instance with all fair coins. Let .#; denote the graph bandit instance constructed from above
rules based on 7™ . Recall that one pull of A corresponds to at most ¢, pulls of A’ in Case 2. Therefore, when the input is

S, A must pull the arms in V, \ Sy, for at least al fk EJ2 og3 > ?k?; times if & is in Case 2 and at least % times

if k is in Case 1. In other words, .A must pull the arms in V}, \ Sy, for at least ﬁ—’; times for every k € [K]. Plugging in our

choice of ¢, A needs to pull the arms in V' \ S for more than 123 T (Zszl §k> * 7% times in total on 4. These pulls

1
1

2
2-12503

contribute a regret of at least (Z’f:l £ k) ® . T3, which contradicts the assumption in Equation (18).

Therefore, there exists some loss sequences such that A satisfies

RT)=Q|T%. <§Kj max {log M, ’Z“})

k=1

1
3

O

Theorem 1.7 confirms a conjecture in (He & Zhang, 2023). It can also generalize the previous lower bound for weakly
1
observable graphs (2 <T§ (log 1S], @) 3) in (Chen et al., 2021) by applying Theorem 1.7 with K = 1 and V; = V where

S C V is a t-packing independent set of G. As consequences, Theorem 1.7 provides tight lower bounds for several feedback
graphs. For example, when G is the disjoint union of K complete bipartite graphs of size m1, mo, ..., mg respectively, it

1
implies a lower bound of 2 ((Zke[ K] log mk) s T§> , which matches the upper bound in (He & Zhang, 2023).
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