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Abstract

Flow Matching has become a cornerstone of
modern generative models like Stable Diffu-
sion 3, largely due to the efficiency of its
Rectified Flow (RF) variant. The success of
RF hinges on iteratively learning straight tra-
jectories, pushing generation towards fewer
sampling steps. However, the theoretical link
between path geometry and sampling effi-
ciency has been under-explored. This paper
fills this gap by introducing a novel Piece-
wise Straightness parameter, γ2,T . We estab-
lish the first Wasserstein convergence bound
that explicitly links the discretization error of
any general flow-model to γ2,T , proving that
minimizing curvature is the key to achieving
high-fidelity, one-step sampling.

Building on this theory, we establish the
first theoretical framework to analyze the
straightness of RF. We begin by offering in-
tuitive geometric arguments for simple cases
before identifying sufficient conditions under
which a single rectification step (1-RF) yields
a perfectly straight or even a Monge optimal
coupling. While whether these sufficient con-
ditions are met depends on the problem ge-
ometry, they enable the first concrete proofs
in this area. Critically, fulfilling these condi-
tions makes the subsequent flow (2-RF) per-
fectly straight (γ2,T = 0). This eliminates the
discretization error in our bound and makes
flawless, single-step sampling possible.
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1 INTRODUCTION

In recent years, diffusion models have become the
mainstream approach for image generation tasks (Ho
et al., 2022; Balaji et al., 2022; Rombach et al.,
2022). They leverage the score-based generative model
(SGM) framework (Sohl-Dickstein et al., 2015; Ho
et al., 2020), where data is gradually perturbed ac-
cording to a pre-defined diffusion process, and the
process is reversed using Stochastic Differential Equa-
tions (SDEs) for sample generation. While pow-
erful, the stochastic nature of the reverse SDEs
makes sampling computationally expensive as it re-
quires fine a discretization. Deterministic alternatives,
such as probability-flow ordinary differential equations
(ODEs) and DDIM (Song et al., 2020b, 2023, 2020a;
Lu et al., 2022; Zheng et al., 2023) can be faster but
often produce less faithful outputs with the coarse dis-
cretizations needed for rapid sampling. The primary
reason for this inaccuracy is the discretization error
introduced by numerical solvers when approximating
highly curved, nonlinear trajectories.

The key to overcoming this limitation lies in learn-
ing generative paths that are inherently straight, as
this would minimize the error from numerical solvers.
This has motivated the development of Flow Match-
ing (FM) (Lipman et al., 2022; Albergo et al., 2023;
Albergo and Vanden-Eijnden, 2022), a powerful frame-
work that allows adoption of general probability paths
to supervise ODE-based flow models. A prominent
application of FM is Rectified Flow (RF) (Liu et al.,
2023), which is uniquely designed to learn perfectly
straight trajectories from a simple noise distribution
to the target data. Through an iterative “reflow” pro-
cedure, RF progressively straightens the flow, thereby
reducing the transport cost (Liu, 2022; Shaul et al.,
2023).

Recent empirical works (Liu et al., 2024, 2023) have
demonstrated RF’s ability to generate high-quality
images with just one or two discretization steps af-
ter 2-rectification procedures (2-RF). Moreover, (Lee
et al., 2024) offered a heuristic explanation for why 2-
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RF should often produce straight flows and developed
an improved training routine to achieve this directly,
avoiding the potential performance degradation from
excessive reflowing. Despite these empirical break-
throughs, the underlying principle remains a heuris-
tic. The formal connection between a flow’s geometric
straightness, its convergence rate, and the conditions
under which RF can provably achieve such straight-
ness remains elusive. In this paper, we establish this
missing theoretical foundation by connecting a gener-
ative flow’s geometry to its sampling efficiency.

First, we introduce a novel and robust Piecewise
Straightness (PWS) parameter, γ2,T (Z), to quantify
a flow’s curvature. Using this metric, we establish the
first 2-Wasserstein convergence bound that explicitly
connects flow geometry to sampling efficiency. Our
bound proves that the discretization error scales with
O(γ2,T /T

2), providing a rigorous theoretical justifica-
tion for why straighter flows enable high-fidelity gener-
ation with fewer sampling steps. We also give ways to
estimate γ2,T and show that for Gaussian-mixture tar-
get distributions it crucially depends on the maximum
separation between the component means.

Building on this theory, we develop the first theoretical
framework to analyze RF and identify a sufficient con-
dition on the flow’s Jacobian that makes the 2-RF flow
perfectly straight (γ2,T = 0). Furthermore, we iden-
tify a stronger commutativity condition under which
this flow is not only straight but also the Monge opti-
mal transport map. We also provide the first concrete
proofs that these conditions are met for key multi-
dimensional problems, such as Gaussian-to-Gaussian
and Gaussian-to-Gaussian-mixture flows, confirming
they yield optimal and straight flows.

Notations. For a matrix A, we define the matrix
exponential as exp(A) :=

∑∞
k= Ak/k!. For two matri-

ces A and B, we define the Lie-bracket operation as
[A,B] := AB −BA.

2 PRELIMINARIES

Flow-based generative models define a mapping be-
tween samples X0 from the noise distribution ρ0 (typ-
ically standard Gaussian) and the samples X1 from
the target distribution ρ1 through an ODE:

dZt = v(Zt, t) dt, Z0 = X0 ∼ ρ0, (1)

where v : Rd × [0, 1] → Rd is a time-varying drift
(velocity) field that defines a probability path between
ρ0 and ρ1. A typical recipe for constructing v is to first
consider a stochastic interpolation path Xt = atX0 +
btX1 such that a0 = b1 = 1 and a1 = b0 = 0, and
(X0, X1) ∼ ρ0 ⊗ ρ1. Then one can construct a drift

field by optimizing the following:

v := argmin
f :Rd×[0,1]→Rd

∫ 1

0

E
[∥∥∥Ẋt − f(Xt, t)

∥∥∥2
2

]
dt, (2)

which has the solution v(x, t) := vt(x) = E[Ẋt | Xt =
x]. However, in practice, we parameterize v by a neural
network class vθ to solve (2) as the aforementioned
conditional expectation is typically intractable. Let v̂
be an approximate solution of (2), and consider the
ODE

dỸt = v̂t(Ỹt) dt, Ỹ0 ∼ ρ0. (3)

As proposed in Liu et al. (2023), we apply the Euler
discretization of the ODE to obtain our final sample
estimates:

Ŷti = Ŷti−1
+ v̂ti−1

(Ŷti−1
)(ti − ti−1), i ∈ [T ], (4)

where the ODE is discretized into T uniformly spaced
steps, with ti = i/T . The final sample estimate Ŷ1

follows the distribution ρ̂1 := Law(Ŷ1).

The Optimal Transport (OT) problem : The
OT problem, first formulated by Monge (1781), seeks
to find a deterministic map T that transports mass
from an initial distribution ρ0 to a target distribution
ρ1 with minimal cost. This is expressed as

inf
T

Eρ0
[c(T (X0)−X0)] s.t. Law(T (X0)) = ρ1 (5)

An equivalent dynamic formulation recasts this as
finding an optimal continuous-time path {Xt}t∈[0,1]

between the distributions. For convex cost functions
c, the optimal path is the straight-line displacement
interpolant, Xt = tX1 + (1 − t)X0, which forms a
geodesic in the Wasserstein space. This specific in-
terpolant minimizes the kinetic energy of the flow, re-
sulting in straight trajectories. RF, as we will discuss
next, is uniquely designed to learn the drift function vt
corresponding to this displacement interpolant, simpli-
fying the complex OT problem into a series of tractable
least-squares optimization tasks. For the remainder of
this paper, we assume c = ∥·∥2 when referring to the
OT problem (5) unless stated otherwise.

Rectified flow (RF) : RF (Liu et al., 2023) inter-
polates between the two distributions in straight line
paths as Xt = tX1 + (1 − t)X0 for t ∈ [0, 1], giving
vt(x) = E [X1 −X0 | Xt = x]. Therefore, the result-
ing sampling ODE (1) also approximates a geodesic
path between ρ0 and ρ1 that allows faster sampling.

Straight couplings and flows : In context of
RFs, the optimization step (2) is known as a recti-
fication step, and the solution path Z := {Zt}t∈[0,1]

of ODE (1) is known as the rectified flow, denoted
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by Z = Rectflow(X0, X1). It is known that RF is
marginal preserving Liu et al. (2023), i.e., Law(Xt) =
Law(Zt). Hence, RF yields a new dependent cou-
pling (Z0, Z1) := Rectify(X0, X1) between ρ0 and ρ1.
Moreover, a coupling (X0, X1) is called a straight cou-
pling if E[X1 − X0 | tX1 + (1 − t)X0] = X1 − X0,
a.s. with respect to the distribution of (X0, X1) and
for t ∼ Unif(0, 1), i.e., the drift v along its linear
interpolation is a constant function of time almost
surely. Therefore, the flow generated by rectification
of a straight coupling (X0, X1) is defined as a straight
flow. Liu et al. (2023) showed that successive recti-
fications eventually lead to a near straight flow that
allows faster sampling in the generation stage. How-
ever, quantitative bounds on the effects of straightness
of a flow on its convergence rate still remain unknown.

3 STRAIGHTNESS OF A FLOW

This section introduces our novel parameters for quan-
tifying the straightness of the ODE flow in (1). We
will subsequently show that our more precise notions
of straightness are critical for efficient numerical inte-
gration of flow-based models with fewer discretization
steps.

Intuitively, a perfectly straight path has no curvature.
For a parametric curve, α(t) := (t, Zt) for t ∈ [0, 1],
this corresponds to zero magnitude of its acceleration,
i.e.,

∥α̈(t)∥2 = ∥(0, v̇t(Zt))∥2 = ∥v̇t(Zt)∥2 = 0 (6)

for all t. For the definition of a straight flow men-
tioned in Section 2, assuming Z = {Zt}t∈[0,1] is a
twice differentiable curve defined through ODE (1)
with Z0 ∼ ρ0 = N(0, Id), we require (6) to hold for
almost every t ∼ Unif(0, 1). This motivates us to quan-
tify the straightness of the entire flow Z by measuring
its magnitude of acceleration along the path by the
following two quantities:

Definition 1. Let Z = {Zt}t∈[0,1] be twice-
differentiable flow following the ODE (1).

1. The average straightness (AS) parameter of Z is
defined as

γ1(Z) :=

∫ 1

0

E
[
∥v̇t(Zt)∥22

]
dt.

2. Let 0 = t0 < t1 < . . . < tT = 1 be a partition of
[0, 1] into T intervals of equal length. The piece-
wise straightness (PWS) parameter of the flow Z
is defined as

γ2,T (Z) := max
i∈[T ]

1

ti − ti−1

∫ ti

ti−1

E
[
∥v̇t(Zt)∥22

]
dt.

The quantity γ1(Z) essentially captures the average
curvature of the flow over time t ∈ [0, 1]. On the
other hand, γ2,T (Z) captures the maximum average
curvature of Z over the sub-intervals [ti−1, ti] for all
i ∈ [T ]. Therefore, γ2,T (Z) captures a more strin-
gent notion of straightness, and it’s easy to show that
γ2,T (Z) ≥ γ1(Z). See Lemma 3 in the appendix.

A small value for γ1(Z) or γ2,T (Z) indicates the flow is
nearly straight. Below, we argue that these measures
provide a more robust notion of straightness than the
criterion

S(Z) :=

∫ 1

0

E
[
∥Z1 − Z0 − vt(Zt)∥22

]
dt

proposed by Liu et al. (2023). While, it can be shown
that γ1(Z) = γ2,T (Z) = 0 =⇒ S(Z) = 0, the quan-
tity S(Z) can be misleadingly small even for highly
curved paths. For instance, consider the wavy flow
given by Zt = Z0+(t, 50N−2 sin(2πNt))⊤. A straight-
forward calculation shows that S(Z) = O(N−2) → 0
as N → ∞, which incorrectly implies the path is be-
coming straighter. In reality, the flow just oscillates
more rapidly. Our metrics, on the other hand, re-
main bounded away from zero (γ2,T (Z) ≥ γ1(Z) =
2× 104π4), and correctly identify the increasing oscil-
lations as a departure from straightness.

Estimating the straightness parameters : Since
the true drift field is not typically tractable in prac-
tice, we give the following estimators for our straight-
ness parameters which use the learnt field and do not
require any extra computation:

γ̂2,T =
1

(∆t)2
max

i=1,...,T−1

 1

N

N∑
j=1

∥∥∥v̂(j)i − v̂
(j)
i−1

∥∥∥2
2

 (7)

and γ̂1 =
1

∆t

1

N

T−2∑
i=0

N∑
j=1

∥∥∥v̂(j)i+1 − v̂
(j)
i

∥∥∥2
2
,

where v̂
(j)
i = v̂ti(Ŷ

(j)
ti ) denotes the estimated drift for

each of the j ∈ [N ] samples flowing through the dis-
cretized ODE (4).

4 WASSERSTEIN CONVERGENCE

In this section, we analyze error rates for the final sam-
pling distribution of a learnt flow model in terms of
the 2-Wasserstein distance from the target distribu-
tion. To this end, we make the following assumptions
on the drift function and its estimate that are neces-
sary for establishing our error bounds:

Assumption 1. Assume that
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(a) There exists εvl ≥ 0 such that
max
0≤i≤T

EXti
∼ρti

[
∥vti(Xti)− v̂ti(Xti)∥

2
2

]
≤ ε2vl.

(b) There exists L̂ > 0 such that ∥v̂t(x)− v̂t(y)∥2 ≤
L̂ ∥x− y∥2 almost surely.

Assumption 1(a) requires v̂t to closely estimate the
true drift vt across all t ∈ {ti}i∈[T ], a standard con-
dition in the diffusion model literature (Gupta et al.,
2024; Li et al., 2024b,a; Chen et al., 2023) essential for
controlling error rates. We emphasize that it is notably
weaker than assuming a uniform bound on the estima-
tion error for all t ∈ [0, 1]. Assumption 1(b) imposes
a Lipschitz condition (similar to one-sided Lipschitz-
ness) on v̂t, also common for score functions in both
score-based and flow-based generative models (Chen
et al., 2023; Kwon et al., 2022; Li et al., 2024b; Pedrotti
et al., 2024; Boffi et al., 2024). Since v̂ is typically
parameterized by neural networks with Lipschitz acti-
vations, this condition is both natural and practical.
Moreover, in flow-based models, Lipschitz continuity
of vt is crucial for the well-posedness of the ODE (1)
(Liu et al., 2023; Boffi et al., 2024), further justifying
the use of Lipschitz-constrained networks in training.

4.1 Convergence under exact integration

We begin by analyzing the continuous-time flow (3)
with estimated drift under exact integration. Our first
main result bounds its Wasserstein distance to the tar-
get distribution in terms of the drift estimation error:

Theorem 1. Let ρ1 be absolutely continuous with re-
spect to the Lebesgue measure in Rd. Define ε2(t) :=

EXt∼ρt

[
∥vt(Xt)− v̂t(Xt)∥2

]
for t ∈ [0, 1], and ρ̃1 :=

Law(Ỹ1) for Ỹ1 obtained through the flow in (3). Then,
under Assumption 1(b), we have that

W 2
2 (ρ̃1, ρ1) ≤ e1+2L̂

∫ 1

0

ε2(t) dt almost surely.

The bound presented in Theorem 1 closely resembles
those established in prior works (Kwon et al., 2022;
Pedrotti et al., 2024; Boffi et al., 2024), as it pri-
marily depends on the estimation error ε(t) for all
t ∈ [0, 1]. Specifically, if there exists an ε > 0 such that
supt∈[0,1] ε

2(t) ≤ ε2, then the squared 2-Wasserstein
distance between the two distributions is of order
O(ε2). The full proof is deferred to Appendix C.1.

Remark 1. The absolute continuity requirement in
Theorem 1 can be relaxed. If the density of ρ1 does not
exist, then one can convolve X1 with an independent
noise Wη ∼ N(0, ηId) for a very small η > 0, and con-
sider the mollified distribution ρη1 := Law(X +Wη) as
the target distribution. Note that ρη1 is absolutely con-
tinuous and satisfies W 2

2 (ρ
η
1 , ρ1) ≤ η2d. Therefore, un-

der the condition of Theorem 1, and using triangle in-

equality we have W 2
2 (ρ̃1, ρ1) ≲ η2d+ e1+2L̂

∫ 1

0
ε2(t) dt.

4.2 Convergence of the discretized flow

In this section we show that the more accurate per-
ception of the straightness of a flow captured by our
AS and PWS parameters is crucial for analyzing dis-
cretization error. We present our main result below:

Theorem 2. Let Assumption 1 hold, and suppose
the continuous-time flow Z := {Zt}t∈[0,1] is defined
by the ODE (1) with a differentiable drift field v :
Rd × [0, 1] → Rd. Then the sampling distribution ρ̂1
obtained through the discretized ODE (4) satisfies the
following almost sure inequality:

W 2
2 (ρ̂1, ρ1) ≤

27e4L̂

max{L̂2, 1}

(
γ2,T (Z)

T 2
+ ε2vl

)
,

The term involving the PWS parameters could be re-
ferred to as an error term due to discretization. More
importantly, the above Wasserstein error bound shows

that T = Ω
(√

γ2,T (Z)/ϵ
)

is sufficient to achieve a

discretization error of the order O(ϵ). Therefore, The-
orem 2 indicates that if the flow is near-straight (i.e.,
γ2,T (Z) ≈ 0), then accurate estimation of the data dis-
tribution can be achieved with a very few discretiza-
tion steps. This finding indeed aligns with the prior
empirical findings (Liu et al., 2023; Lee et al., 2024;
Liu et al., 2024) related to the rectified flow. It is also
consistent with the empirical behavior of Perflow (Yan
et al., 2024), a methodology that has achieved im-
proved performance by further straightening the rec-
tified flow in each interval [ti−1, ti] for all i ∈ [T ]. The
proof of the theorem can be found in Appendix C.3.
Finally, the elementary inequality γ2,T (Z) ≤ Tγ1(Z)
(see Appendix C.2) also yields the following corollary.

Corollary 1. Under the same conditions of Theorem
2, we have the following almost sure inequality:

W 2
2 (ρ̂1, ρ1) ≤

27e4L̂

max{L̂2, 1}

(
γ1(Z)

T
+ ε2vl

)
.

4.3 Convergence rates for Rectified Flow

In this section, we focus our analysis on RF for an in-
dependent coupling between noise samples X0 ∼ ρ0 =
N(0, Id) and the target samples X1 ∼ ρ1. We first ob-
tain an expression for the acceleration v̇t(x) and then
obtains bounds on the Wasserstein error through γ2,T
under certain assumptions.

By definition, we have Xt = tX1 + (1− t)X0 and ρt =
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(a) (b)

Figure 1: For mixtures-of-Gaussians target distribu-
tions with varying components K and maximum mean
separation D (see details in Appendix A.1), the figure
shows (a) γ̂2,T (Z) vs T for the 1-RF flow (b) γ̂2,T (Z)
vs T for the 2-RF flow

Law(Xt). Using Tweedie’s formula, we obtain:

vt(x) := E [X1 −X0 | Xt = x] =
x

t
+

(
1− t

t

)
st(x),

(8)
where st(x) is the score, i.e. the gradient of perturbed
log density w.r.t x for t ∈ (0, 1] and v0(x) = E[X1]−x;
see Lemma 9.

Lemma 1. Let (X0, X1) ∼ ρ0 ⊗ ρ1 and v be the RF
field defined in (8). Then we have that:

v̇t(x) = −st(x)

t2
− (1− t)2

t2
(Ht(x)st(x) +∇xTr(Ht(x)))

(9)
where Ht(x) := ∇xst(x) is the gradient of the score
function st(x).

The result of Lemma 1 is critical, as it shows that
the acceleration v̇t– and therefore the parameters γ2,T
and γ1– is determined by the score st, Hessian Ht and
the gradient of the Hessian’s trace. While st is known
to be a sub-Gaussian for 0 ≤ t < 1 (Gupta et al.,
2024, Lemma F.2), bounding the other two higher or-
der terms requires the knowledge of the geometry of
the target distribution ρ1. As an example, the follow-
ing lemma considers the expected squared accelera-
tion norm for a Gaussian-mixture target with bounded
mean separation.

Lemma 2. Let (X0, X1) ∼ N(0, Id) ⊗ ρ1 where ρ1 =∑K
i=1 πkN(µk, σ

2Id), such that µi ∈ Rd and D2 :=

maxi,j ∥µi − µj∥22. For Z = Rectflow(X0, X1) obtained
by integrating (1) with drift field v defined in (8), we
have

γ2,T (Z) = O
(
D2d2 +D4d

)
The lemma reveals a surprising result: for a fixed
maximum-mean separation D, the straightness met-
ric γ2,T is largely independent of the number of mix-
ture components K. This theoretical finding is sup-
ported by our empirical results in Figure 1(a) which

demonstrates that the value of γ̂2,T estimated as in
7 is a function of D, increasing as D grows, while
showing little variation with changing K when D is
held constant. Moreover, it also immediately yields
an O(d2/T 2) bound on the W 2

2 -error for a given D;
see Lemma 6, suggesting that the discretization steps
should scale linearly with d. We defer the proof to
Appendix D.3.

Another attractive property of RF is its reflow proce-
dure, where one iteratively rectifies the coupling gen-
erated by the preceding flow. Liu et al. (2023) show
that their straightness parameter S(Z) decreases with
successive applications of the reflow procedure. In the
same vein, Figure 1(b) shows that even our straight-
ness parameter γ2,T decreases with successive rectifi-
cations.

Empirical studies argue that not only a single reflow
(2-RF) is sufficient to generate a near-straight flow,
but too many reflows also hurt the performance due
to model collapse caused by error accumulation (Lee
et al., 2024). However, most prior arguments are based
on heuristics and a theoretical framework to argue the
straightness of 2-RF remains elusive.

5 (WHEN) DOES 2-RF YIELD A
STRAIGHT FLOW?

In this section, we pose the following question, which
has mostly been addressed empirically for general tar-
get distributions previously.

When does 2-RF produce a provably straight flow, or
equivalently, 1-RF yield a straight coupling?

Liu et al. (2023) prove that for one-dimensional tar-
get distributions, 2-RF does yield a straight flow since
the 1-RF coupling is deterministic and monotonic,
and therefore straight (Appendix F.2). We first il-
lustrate that for some target distributions, such as
Gaussians and two-Gaussians mixtures, 1-RF indeed
yields a straight coupling even in d (≥ 2) dimensions.
This provides the first concrete theoretical evidence for
straightness of 2-RF beyond one-dimensional targets.
Motivated by these examples, we develop a general
framework for proving straightness and Monge opti-
mality in Section 5.2 and 5.3 respectively.

5.1 Concrete illustrative examples

We start present a few examples of d-dimensional tar-
get distributions with d ≥ 2, where 1-RF yeilds a
straight coupling using the true RF drift field in (1).

Example 1 (Gaussian to Gaussian). Let ρ0 =
N(0, Id) and ρ1 = N(µ,Σ), where µ ∈ Rd and Σ ∈
Rd×d is a symmetric positive-definite matrix.



On the Convergence and Straightness of Rectified Flow
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Figure 2: shows the flow of points from a standard
Gaussian ρ0 = N(0, 1) to a symmetric mixture of two
Gaussians ρ1 = .5N(10, 1) + .5N(−10, 1), where the
black line represents y = 0.

Theorem 3. Let (X0, X1) ∼ ρ0×ρ1 be an independent
coupling where ρ0 and ρ1 are specified in Example 1.
The coupling (Z0, Z1) = Rectify(X0, X1) is straight
and is given by Z1 = Σ1/2Z0 + µ.

Proof sketch. In this simple case, one can check that
the RF velocity is vt(Zt) =

x
t +

1−t
t Σ−1

t (tµ−x), where
Σt = t2Σ + (1 − t)2Id. Therefore, ODE (1) can be
solved exactly, yielding the solution Z1 = Σ1/2Z0 + µ.
Consequently, this is also the Monge coupling between
N(0, Id) and N(µ,Σ). Additionally, it is worth men-
tioning that the optimality of the 1-RF coupling is
also a byproduct of a certain commutativity property
of ∇Zt

vt(Zt) (see Theorem 8). The details of the proof
is deferred to Appendix E.1.

The rest of the section considers target distributions
that are multimodal.

Example 2 (Gaussian to 2-mixture of Gaus-
sian.). Here, ρ0 is N(0, Id) and ρ1 is a mixture of
two Gaussians with the isotropic covariance matrix,
i.e., ρ1 := πN(µ1, σ

2Id) + (1 − π)N(µ2, σ
2Id) with

µ1, µ2 ∈ Rd and π ∈ [0, 1].

Theorem 4. Let (X0, X1) ∼ ρ0⊗ρ1 be an independent
coupling where ρ0 and ρ1 are specified in Example 2.
Then 1-RF yields a straight coupling.

Intuitive proof: First, note that (Z0, Z1) :=
Rectify(X0, X1) is an deterministic coupling. There-
fore, the global invertibility of the map Ht : Z0 7→
(1 − t)Z0 + tZ1 is enough to ensure the straightness
of (Z0, Z1). Now, consider a simple case of Example 2
with µ1 = µ = −µ2. It turns out that in this case,
the flow induced by vt has an interesting geometric
structure (see, for example, Figure 2). In particular, if
z0 is positive (negative), then zt is also positive (neg-
ative) for all t. This holds coordinate-wise. Here z0
and zt are obtained from ODE (1). This follows from a
very fundamental fact that flow ODE decouples into d

one-dimensional ODEs after an orthonormal transfor-
mation. Since, in the transformed space, the linear in-
terpolation paths of a straight coupling (Z0,i, Z1,i) can
not intersect for scalar random variables, we must have
that it is monotonically increasing, i.e., for (z0,i, z1,i)
and (z′0,i, z

′
1,i) such that z0,i < z′0,i, we must have that

z1,i < z′1,i for each co-ordinate i ∈ [d]. This ensures
that the RF transport map is co-ordinate wise increas-
ing. Therefore, Ht(·) is invertible and 1-Rf yields a
straight coupling. Furthermore, this also allows to con-
clude that the flow preserves the quantiles co-ordinate
wise; see Lemma 7.

Finally, we come to the Gaussian mixture to Gaussian
mixture setting.

Example 3 (2-mixture of Gaussians to 2-mix-
ture of Gaussians). Consider µ01 = (0, a)⊤, µ02 =
(0,−a)⊤ and µ11 = (a, a)⊤, µ12 = (a,−a)⊤ for
some a > 0. Let X0 ∼ 0.5N(µ01, I2) +
0.5N(µ02, I2) and X1 ∼ 0.5N(µ11, I2)+0.5N(µ12, I2).

Theorem 5. Let (X0, X1) ∼ ρ0⊗ρ1 be an independent
coupling where ρ0 and ρ1 are specified in Example 3.
Then 1-RF gives a straight coupling.

The intuitive explanation is that even in this case, the
flows along each coordinate decouples and leads to a
straight coupling. We defer the proofs of Theorems 3,
4 and 5 to Appendix E. The above proof techniques,
while intuitive, do not generalize to examples like a
mixture of three or more Gaussians. They also do not
provide a way to establish whether the 1-RF coupling
gives a Monge map. Now we present an overarching
theoretical framework for proving both.

5.2 Sufficient condition for straightness

In this section we provide a sufficient analytical con-
dition that makes the 2-RF a straight flow. To this
end, let us consider the ODE (1) with a fixed initial
condition, i.e.,

dZt = vt(Zt) dt, Z0 = z0, (10)

where vt is the solution of (2). For clarity, we denote
the solution of the above ODE as Zt(z0). It is well
known that under a locally-Lipschitz field vt, ODE
(10) admits a unique solution if it’s non-explosive (see
Appendix B). These conditions are milder than those
imposed in prior literature and are satisfied by a large
class of target distributions such as Gaussian-mixtures.
Therefore, in the remainder of this section, we always
assume that (10) admits a unique solution.

Under the above conditions, Coddington et al.
(1956, page 25-27) show that the Jacobian Jz0

t :=
∇Zt(z) |z=z0 obeys the following ODE:

dJz0
t

dt
= ∇Zt

vt(Zt(z0))J
z0
t ; Jz0

0 = Id. (11)



Bansal, Roy, Rinaldo, Sarkar

Since the initial coupling is assumed to be indepen-
dent, Equation (8) yields that ∇zvt(z) = (1/t)Id +
t−1(1 − t)∇2

x log ρt(z), which is a symmetric matrix
for all t > 0. Next, we state the sufficient condition on
the Jacobian Jz0

1 which makes 2-RF straight.

Assumption 2. The minimum eigenvalue of Jz0
1 +

Jz0⊤
1 is non-negative for all z0 ∈ Rd.

Although, this assumption can be partially checked by
simulating ODE (11) for a large set of initial values (see
Appendix A.5), verifying it in practice is challenging,
and it may not hold for general target distributions
(see Figure 3(b)). However, in the later sections we
theoretically show that Assumption 2 is satisfied for
some motivating examples. We now state our main
straightness result below:

Theorem 6 (1-RF is straight). Under Assumption 2,
1-RF yields a straight coupling.

As mentioned previous section, the main step of the
proof relies on showing that the map Ht(z0) := (1 −
t)z0 + tZ1(z0) is globally invertible almost surely in
t ∈ Unif([0, 1]). Plastock (1974) shows that a neces-
sary and sufficient condition for a map f : Rd → Rd to
be an homeomorphism is its local invertibility (namely,
that the Jacobian of f is everywhere non-zero) and
properness, i.e. ∥f(x)∥2 → ∞ whenever ∥x∥2 → ∞.
When specialized to our problem, by (11) this amounts
to showing that, for all z0 ∈ Rd, the determinant of
(1 − t)Id + tJz0

1 is non-zero, for almost all t ∈ (0, 1).
While, in general, this condition is hard to verify, in
Appendix E.4 we show that Assumption 2 guarantees
both local invertibility and properness of the map un-
der consideration. Thus, Theorem 6 provides an ex-
plicit condition for the straightness of the 1-RF cou-
pling or, equivalently, the 2-RF flow.

While Assumption 2 seems stringent, we would show
in Section 5.3 the surprising fact that both Examples 1
and 2 satisfy it. We further consider a more general
family of target distributions, a mixture of more than
two Gaussians, all with the same covariance matrix.
We show that as long as the maximum pairwise mean
separation is suitably small, 1-RF produces a straight
coupling.

Theorem 7. Let (X0, X1) ∼ N(0, Id) ⊗ ρ1 where

ρ1 :=
∑K

j=1 πjN(µj , σ
2Id) with mixture proportions

{πj}j∈[K] ∈ (0, 1)K . If maxi ̸=j ∥µi − µj∥22 ≤ 4σ2, then
1-RF yields a straight coupling.

We note that, for our framework to guarantee straight-
ness, the bound on the maximum pairwise distance
is important. See Figure 3(b) where a large pair-
wise mean separation leads to a violation of Assump-
tion 2. The detailed proof is present in Appendix
E.5. A similar straightness result is also true when

0.0 0.2 0.4 0.6 0.8 1.0
t

0.00

0.05

0.10

0.15

0.20

0.25

J t
JT t

op

Evolution of mean Jt JT
t op  over time

Mean of Jt JT
t op

95% confidence interval

(a)

0.0 0.2 0.4 0.6 0.8 1.0
t

0.2

0.0

0.2

0.4

0.6

0.8

1.0

m
in

(J t
+

JT t
/2

)

Evolution of min(Jt + JT
t /2)  over time

Mean of min(Jt + JT
t /2)

Spread max-min

(b)

Figure 3: The above plots show the evolution of
mean ∥Jz0

t − Jz0⊤
t ∥op and 0.5 ∗ λmin(J

z0
t + Jz0⊤

t ) over
100 different random initial points z0 ∼ N(0, I2) for

ρ1 =
∑4

k=1 N(µk, σ
2I2) with weights πk = k/10 for

k ∈ {1, 2, 3, 4}, and µ1 = (0,−2), µ2 = (−1,−2), µ3 =
(1, 3), µ4 = (2, 0) and σ = 0.1.

ρ1 =
∑K

j=1 πjN(µj ,Σ) for some positive definite ma-
trix Σ. The details of the result and its proof is de-
ferred to Appendix E.6.

We note that Theorem 7 assumes the ideal RF cou-
pling, i.e., one generated by exactly integrating the
true RF field. This is analytically unavailable even
though the field is exactly known (see Lemma 12.)
However, as we show in Lemma 2, even the dis-
cretizated ODE leads to small errors, resulting in a
near straight 1-RF coupling, i.e., 2-RF flow is straight.

5.3 Connection to Monge map

It is important to clarify the distinction between
straight and optimal couplings. While an OT (Monge)
map for convex costs is always straight, the converse
is not true; any straight coupling is not necessarily
the optimal solution to the Monge problem. In this
section, we show that 1-RF does lead to the Monge
map between ρ0 and ρ1 under an additional sufficient
condition on the velocity drift vt. We emphasize that
1-RF may not yield a Monge map in general, and one
needs to apply c-Rectified Flow (Liu, 2022) to obtain
an approximate solution to Monge problem.

Theorem 8 (1-RF yields Monge map). Assume that
[∇Ztvt(Zt(z0)),∇Zsvs(Zs(z0))] = 0 for all t ̸= s, and
initial points z0. Then 1-RF yields the optimal trans-
port plan for the OT problem (5), and its Jacobian
satisfies

Jz0
1 = exp

(∫ 1

0

∇Zt
vt(Zt(z0)) dt

)
.

The proof of the theorem is provided in Appendix F.1.
Since ∇Ztvt(Zt(z0)) is symmetric for all t ∈ [0, 1], the
matrix Jz0

1 is symmetric and positive-definite. Bre-
nier’s theorem (Chewi et al., 2024) suggests that for
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(a) (b)

Figure 4: For the same mixture-of-Gaussians target
distributions and estimated drift model in Figure 1,
we show (a) W 2

2 (ρ̂1, ρ1) vs T for the first RF (b)
W 2

2 (ρ̂1, ρ1) vs T for the second RF.

z0 7→ Z1(z0) to be the Monge map, Z1 = ∇φ for
some convex function φ : Rd → R, i.e., the Jacobian
Jz0
1 = ∇2φ(z0) has to be a symmetric and positive

semi-definite matrix. Thus, under commutativity con-
dition above, 1-RF yields the ℓ2-optimal (Monge) cou-
pling, which is also straight. However, we emphasize
that the converse might not be true.

In one dimension, 1-RF always recovers the Monge
map, as the commutativity condition holds trivially;
see Appendix F.2. We show more examples below:

Proposition 1. Let (X0, X1) ∼ ρ0 ⊗ ρ1 be an inde-
pendent coupling. When ρ0 and ρ1 are specified in Ex-
ample 1 or 2, 1-RF produces the optimal Monge map,
and therefore a straight coupling.

In these examples, one can easily verify that the condi-
tions in Theorem 8 are satisfied. Therefore, it follows
that 1-RF yields the straight and optimal coupling; see
Appendix F.3.

In contrast, for a general mixture of Gaussians, the
gradient of the velocity may not commute. So, even
though under a certain condition on the means, the
resulting 1-RF yields a straight coupling (Theorem 7),
it may not be the Monge map (also see Figure 3).

6 EXPERIMENTS

In this section, we primarily explore the effect of the
number of discretization steps T and the straightness
parameter γ2,T (Z) on the W2 distance between the
target distribution and the sampling distribution of
the first and second RFs. We present numerical ex-
periments for some synthetic and real datasets. Addi-
tional experiments can be found in Appendix A. We
provide the code at https://github.com/bansal-
vansh/rectified-flow-straightness.

Synthetic data: We first start with the indepen-
dent coupling (X0, X1) ∼ N(0, Id) ⊗ ρ1, where ρ1 is

(a) (b)

Figure 5: The figure showsW 2
2 (ρ̂1, ρ1) vs T for the first

RF for (a) MNIST dataset (b) FashionMNIST dataset
with varying number of labels.

a mixture of Gaussians with K ∈ {1, 2, 3, 4} compo-
nents and varying maximum mean separation D (see
details in Appendix A.1). For all four cases, we es-
timate the RF drift using a feed-forward neural net-
work and generate the 1-RF samples using the ODE 4
with T discretization steps. Figure 4(a)-(b) shows that
W2(ρ̂1, ρ1) steeply decreases with increasing number of
steps T , validating our Theorem 2. Moreover, we note
that W2 distance is consistently larger for the flow cor-
responding to a larger component mean separation D,
owing to a larger value of the straightness parameter
γ2,T (Z) as shown in Figure 1(a)-(b). Lastly, in accor-
dance with the γ2,T plots in Figure 1(b), Figure 4(b),
further empirically validates that the 2-RF for Gaus-
sian mixtures produces a near-straight flow, since the
Wasserstein error even with a single discretization step
is close to 0.

Real data: For the real data experiments, we con-
sider the MNIST and FashionMNIST datasets. In
both examples, we train a UNet architecture-based
network on training data to estimate the drift func-
tion and then evaluate the Wasserstein distance of the
generated samples from the test split of the dataset.
To emulate the behavior of having different number of
modes, we consider three subsets of both the datasets
consisting of the first 3 labels, the first 7 labels, and all
10 labels. We observe in Figure 5 that similar to the
Gaussian mixture example, the presence of a higher
number of components, possibly indicating towards in-
creasing mode separation, increases the Wasserstein
error, again indicating that the flow becomes less
straight with the increasing number of modes.

7 CONCLUSION

This paper establishes the first formal link between
flow geometry and sampling efficiency by introducing
the piecewise straightness parameter, γ2,T . We de-
rive a novel Wasserstein convergence bound showing
that the W 2

2 -error scales with O(γ2,T /T
2), providing

https://github.com/bansal-vansh/rectified-flow-straightness
https://github.com/bansal-vansh/rectified-flow-straightness
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a rigorous foundation for why straighter flows enable
high-fidelity, few-step generation.

Building on this, we propose the first theoretical
framework to analyze straightness in Rectified Flow
(RF). While the sufficient conditions we identify for
achieving a perfectly straight flow (γ2,T = 0) can be
conservative in some cases, they eliminate the dis-
cretization error in our bound and allow for the first
concrete proofs of perfect one-step generation in key
multi-dimensional settings. Ultimately, our work pro-
vides a methodology to advance the study of flow
straightness from an empirical heuristic to a provable
principle.

Open problem: Recall that Assumption 2 is only
sufficient to ensure global invertibility of the mapHt(·)
almost surely for all t ∼ Unif([0, 1]). Even in our sim-
ulations, it appears to not be necessary in some cases,
thus suggesting that Ht(·) remains globally invertible
(almost surely in t) under milder conditions. In par-
ticular, we conjecture that Ht(·) is globally invertible
almost surely in t ∼ Unif([0, 1]) as long as ρ0 is the
standard Gaussian and ρ1 is a general mixture of Gaus-
sians. Proving this conjecture remains a challenging
open problem.
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Appendix

A EXPERIMENTAL DETAILS

A.1 Details of synthetic data experiments with mixture of Gaussian distributions

We choose the target distribution to be mixture of Gaussians with equal cluster probability and unit variance,
where the number of componentsK varies within {1, 2, 3, 4}. In all the cases, we show that the actual Wasserstein
error is closely characterized by γ2,T . For K = 1, we set mean of the target distribution to be µ1 = (5, 0)⊤;
for K = 2: µ1 = (5, 0)⊤, µ2 = (0, 5)⊤; for K = 3: µ1 = (5, 0)⊤, µ2 = (0, 5)⊤, µ3 = (−5, 0)⊤; for K = 4:
µ1 = (5, 0)⊤, µ2 = (0, 5)⊤, µ3 = (−5, 0)⊤, µ4 = (0,−5)⊤.

A.2 Checker board example

We consider the checker-board distribution with 2, 5 and 8 components. We use training datasets of size 10,000
to train a feed-forward neural network in order to learn the velocity drift function and evaluate W 2

2 (ρ̂1, ρ1) using
POT (Feydy et al., 2019) for different levels of discretization T over test data of size 5000. Figure 6(d) also
shows that larger component size has a negative effect on the Wasserstein distance, which stems from the fact
that a larger number of components typically pushes the flow away from straightness.

(a) (b) (c) (d)

Figure 6: (a) Checker-board distribution with 2 components. (b) Checker-board distribution with 5 components.
(c) Checker-board distribution with 8 components. (d) shows the W 2

2 (ρ̂1, ρ1) vs T (on log-log scale) for the
Checker-board distribution with varying components.

A.3 MNIST Dataset experiment

For MNIST data, we construct 3-different datasets. The first one only contains the digits {0, 1, 2}, the second
one only contains {0, 1, 2, . . . , 6} and the final one contains {0, 1, 2, . . . , 9}. Essentially, these datasets contain
multiple modes which resembles the nature of the synthetic dataset examples discussed in the previous section.
Figure ??(a) shows that the Wasserstein distance is larger when there is more number of components in the
dataset. Essentially, more components make the flow more non-straight, and hence convergence in Wasserstein
is affected.

A.4 Additional Large-Scale Real Data Experiment on CelebA

To further examine whether our theoretical findings extend beyond relatively small benchmark datasets such
as MNIST and FashionMNIST, we conducted an additional experiment on the CelebA dataset, which contains
roughly 200,000 images and is substantially larger and more diverse. This experiment was designed to probe
the effect of increasing modal complexity on the discretization error of Rectified Flow, and to test whether the
trends predicted by our theory continue to hold at a larger scale.
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Figure 7: Squared Wasserstein error W 2
2 (ρ̂1, ρ1) versus the number of discretization steps T on three CelebA

subsets with increasing modal complexity. The discretization error decreases rapidly with T and stabilizes around
T ≈ 8. Moreover, for every fixed T , the error increases monotonically as the dataset becomes more multimodal,
from Blonde Female to Blonde All to All Classes.

Experimental setup. We trained Rectified Flow models on three CelebA subsets with increasing diversity:

1. Blonde Female: a relatively homogeneous subset with the fewest modes,

2. Blonde All: a broader subset containing all blonde subjects,

3. All Classes: the full dataset subset with the highest diversity and the largest effective number of modes.

This ordering was chosen to approximately vary the underlying mode complexity from low to high while keeping
the evaluation protocol fixed across all settings. For each trained model, we evaluated the squared 2-Wasserstein
error between the generated distribution and the target data distribution under Euler discretization with varying
numbers of sampling steps T ∈ {1, . . . , 10}. The resulting values are reported in Figure 7

Observations. The CelebA experiment reveals two clear trends.

First, for all three subsets, the squared Wasserstein error decreases sharply as the number of discretization steps
increases, and then stabilizes around T ≈ 8. This is consistent with our theoretical analysis in Theorem 2, which
predicts that discretization error should decrease as the flow is integrated more finely.

Second, for every fixed value of T , the error is smallest for Blonde Female, larger for Blonde All, and largest for
All Classes. Since these three settings are ordered by increasing diversity and effective mode complexity, this
provides further evidence that more complex multimodal datasets induce less straight flows and therefore require
more discretization steps to achieve the same sampling fidelity.

Implication. These results support the broader relevance of our theory beyond small benchmark datasets. Al-
though training on full ImageNet is outside the scope of the present work, the CelebA results already demonstrate
the same qualitative scaling behavior predicted by our straightness-based analysis: increasing mode complexity
worsens discretization error, while increasing T compensates for this by better resolving the flow trajectory.

Overall, this experiment strengthens the empirical evidence that the geometry of the learned flow—as captured
by our straightness perspective—continues to govern sampling accuracy even in substantially larger and more
realistic image datasets.
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A.5 Verifying Assumption 2 empricially

0.0 0.2 0.4 0.6 0.8 1.0
t

0

1

2

3

4

5

6

m
in

(J t
+

JT t
/2

)

Evolution of min(Jt + JT
t /2)  over time

Mean of min(Jt + JT
t /2)

Spread max-min

(a)

0.0 0.2 0.4 0.6 0.8 1.0
t

0.0

0.5

1.0

1.5

2.0

2.5

m
in

(J t
+

JT t
/2

)

Evolution of min(Jt + JT
t /2)  over time

Mean of min(Jt + JT
t /2)

Spread max-min

(b)

0.0 0.2 0.4 0.6 0.8 1.0
t

0.0

0.5

1.0

1.5

2.0

2.5

3.0

m
in

(J t
+

JT t
/2

)

Evolution of min(Jt + JT
t /2)  over time

Mean of min(Jt + JT
t /2)

Spread max-min

(c)

Figure 8: Evolution of 0.5×λmin(J
z0
t +Jz0⊤

t ) over time for 100 samples z0 ∼ N (0, I2), under target distributions

ρ1 =
∑K

i=1 πi N (µi, σ
2I) with K ∈ {2, 3, 4}, corresponding to subplots (a), (b), and (c), respectively.

Figure 8 shows an empirical verification of Assumption 2. The parameter settings given as follows:

(a) K = 2: µ1 = (5, 1), µ2 = (−7,−2), σ = 6.5, π1 = 0.6, π2 = 0.4.

(b) K = 3: µ1 = (1, 2), µ2 = (2, 0), µ3 = (−1,−2), σ = 2.5, π1 = π2 = 0.4, π3 = 0.2.

(c) K = 4: µ1 = (1, 3), µ2 = (2, 0), µ3 = (−1,−2), µ4 = (0,−2), σ = 3, π1 = 0.3, π2 = 0.4, π3 = 0.2, π4 = 0.1.

B EXISTENCE AND UNIQUENESS OF RECTIFIED FLOW

Prior works Liu et al. (2023); Liu (2022) assume (also Section 4) that the velocity is Lipschitz smooth, which
is a sufficient condition for the existence of a unique solution to ODE (1). However, such conditions could
be restrictive in practice. In this section, we will work with somewhat more pragmatic conditions on the true
velocity functions vt. Recall ODE (10), i.e.,

dZt = vt(Zt) dt, Z0 = z0.

Definition 2. For a positive integer k, a function f : Rd → Rd is said to be Ck if it is k-times continuously
differentiable. Additionally, f is called a C1,1 function if f is a C1 function and its Jacobian is locally Lipschitz,
i.e., for every x ∈ Rd, there exists δ > 0 and Lloc > 0 (which may depend on x) such that

max{∥x− x1∥2 , ∥x− x2∥2} ≤ δ ⇒ ∥∇xf(x1)−∇xf(x2)∥op ≤ Lloc ∥x1 − x2∥2 .

Assumption 3. We assume that the velocity function vt(·) is a C1,1 function for all t ∈ [0, 1].

Note that, if vt(·) is a C2 function, then it automatically satisfies Assumption 3. This is satisfied as long as
the target distribution has the second moment (See Theorem 9). Therefore, we argue that Assumption 3 is less
restrictive compared to the global Lipschitzness condition. Now we present a general existence and uniqueness
result for Rectified Flow.

Proposition 2 (Existence and Uniqueness). Let E ∥X1∥2 < ∞ and the Assumption 3 hold. Also, assume that
the solution to the ODE (10) satisfies the non-explosive condition

sup
t∈[0,1]

∥Zt(z0)∥2 < ∞ for all initial values z0 ∈ Rd. (12)

Then there exists a unique solution to ODE (10).

The above proposition is a consequence of Theorem 5.2 of Kunita (1984). The non-explosivity condition is
particularly important for the existence of the ODE as it avoids any singularities in the solution path. However,
this condition is hard to verify apriori. However, we provide a sufficient condition for non-explosivity that is
easier to check so that Proposition 2 can be of practical use.
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Assumption 4 (Osgood type criterion (Osgood, 1898; Groisman and Rossi, 2007)). Let Zt(z0) ∈ Rd be the
solution of the ODE (10), where (z0, t) ∈ Rd × [0, 1]. There exists a non-negative locally-Lipschitz (or strictly
increasing) function h : R+ → R+ such that∫ ∞

u0

1

h(u)
du > 1, for all u0 > 0, (13)

and ⟨Zt(z0), vt(Zt(z0))⟩ ≤ h(∥Zt(z0)∥22), for all (z0, t) ∈ Rd × [0, 1].

One sufficient condition is that supt∈[0,1] ⟨x, vt(x)⟩ ≤ h(∥x∥22) for all x ∈ Rd and for a positive locally-Lipschitz
(or strictly increasing) function h satisfying (13). The above criterion ensures that ∥Zt(z0)∥2 is always finite for
all t ∈ [0, 1] (Groisman and Rossi, 2007), i.e., the solutions does not explode. To be precise, the integral in (13)
quantizes the explosion time of ∥Zt(z0)∥2, and it ensures that the explosion time falls outside [0, 1]. Moreover,
as opposed to condition (12), this can be easily checked for a large class of target distributions, e.g., a general

mixture of Gaussians. For example, for (X0, X1) ∼ N(0, Id) × ρ1 with ρ1 =
∑J

j=1 πjN(µj ,Σj), it follows that

supt∈[0,1] ⟨x, vt(x)⟩ ≤ A ∥x∥22 +B ∥x∥2 for some A,B > 0 (see Appendix G.2). Therefore, h(u) = Au+B
√
u is a

valid choice and it also satisfies Assumption 4, as
∫∞
u0

(Au + B
√
u)−1 du = ∞ for all u0 > 0. We now state the

main result below.

Theorem 9. Let (X0, X1) ∼ N(0, Id)×ρ1 such that E ∥X1∥2 < ∞. Then, the velocity vt(·) satisfies Assumption
3. Moreover, under Assumption 4, there exists a unique solution to ODE (10).

The above theorem gives a fairly general existence and uniqueness (without Lipschitz smoothness) result for
Rectified Flow starting from an independent coupling that covers a large class of target distributions. Essentially,
the first moment ensures that Assumption 3 is satisfied. Therefore, coupled with Assumption 4, the conditions
of Proposition 2 are satisfied, and hence, the result follows. The complete proof is deferred to Appendix G.1.

C PROOFS FOR WASSERSTEIN CONVERGENCE BOUNDS

C.1 Proof of Theorem 1

Let {ρt}t∈[0,1] and {ρ̃t}t∈[0,1] be distribution of the solution of (1) and (3) respectively. Let πt be the optimal
coupling between ρt and ρ̃t. Therefore, using Corollary 5.25 of Santambrogio (2015), we have

1

2

dW 2
2 (ρt, ρ̃t)

dt
=

∫
⟨x− y, vt(x)− v̂t(y)⟩ dπt(x, y)

=

∫
⟨x− y, vt(x)− v̂t(x)⟩ dπt(x, y) +

∫
⟨x− y, v̂t(x)− v̂t(y)⟩ dπt(x, y)

≤ 1

2

∫
∥x− y∥22 dπt(x, y) +

1

2

∫
∥vt(x)− v̂t(x)∥22 dπt(x, y) + L̂

∫
∥x− y∥22 dπt(x, y)

= (1/2 + L̂)W 2
2 (ρt, ρ̃t) +

b(t)

2
.

Solving the above differential inequality leads to the following inequality

W 2
2 (ρτ , ρ̃τ ) ≤ W 2

2 (ρ0, ρ̃0) + e1+2L̂

∫ τ

0

b(t) dt.

The result follows by noting that W 2
2 (ρ0, ρ̃0) = 0 and setting τ = 1.

C.2 Comparison of straightness parameters

Lemma 3. The AS and PWS parameters satisfy γ2,T (Z) ≥ γ1(Z) ≥ S(Z). Moreover, S(Z) = 0 if and only if
γ1(Z) = γ2,T (Z) = 0.
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Recall that S(Z) =
∫ 1

0
E ∥Z1 − Z0 − vt(Zt)∥22 dt. Also, note that Z1 − Z0 =

∫ 1

0
vu(Zu) du. Therefore, we have

S(Z) =

∫ 1

0

E
∥∥∥∥∫ 1

0

[vu(Zu)− vt(Zt)] du

∥∥∥∥2
2

dt

=

∫ 1

0

E
∥∥∥∥∫ 1

0

∫ u

t

v̇τ (Zτ ) dτ du

∥∥∥∥2
2

dt

≤
∫ 1

0

E
[∫ 1

0

|t− u|
∫ t∨u

t∧u

∥v̇τ (Zτ )∥22 dτ du

]
dt

≤
∫ 1

0

E
∫ 1

0

∫ 1

0

∥v̇τ (Zτ )∥22 dτ du

≤
∫ 1

0

E ∥v̇τ (Zτ )∥22 dτ = γ1(Z).

Moreover, note that

γ1(Z) =

T∑
i=1

(ti − ti−1).
1

ti − ti−1

∫ ti

ti−1

E ∥v̇τ (Zτ )∥22 dτ ≤ γ2,T (Z). (14)

This shows that S(Z) ≤ γ1(Z) ≤ γ2,T (Z).

For the second part, first note that the ti − ti−1 = 1/T . Therefore,

γ1(Z) =
1

T

T∑
i=1

1

ti − ti−1

∫ ti

ti−1

E ∥v̇τ (Zτ )∥22 dτ ≥ γ2,T (Z)

T
.

The above inequality along with (14) tells that γ1(Z) = 0 iff γ2,T (Z) = 0.

Now, due to the inequality S(Z) ≤ γ1(Z), we have S(Z) = 0 if γ1(Z) = 0. For the other direction, let us assume
S(Z) = 0. This shows that vt(Zt) = Z1 −Z0 almost surely in t and (Z0, Z1). This shows that v̇t(Zt) = 0 almost
surely. Hence the result follows.

C.3 Proof of Theorem 2

Recall that for a given partition 0 = t0 < t1 < . . . < tT = 1 of the interval [0, 1] of equidistant points {ti}0≤i≤T

with h := T−1, we follow the Euler discretized version of the of ODE (3) to obtain the sample estimates:

Ŷti = Ŷti−1 + hv̂ti(Ŷti), Ŷ0 = Z0.

Before analyzing the discretization error, we introduce the following interpolation process for t ∈ [ti, ti+1] and
each i ∈ {0, . . . , T}:

d

dt
Ȳt = v̂ti(Ȳti), Ȳti = Ŷti . (15)

The above ODE flow gives us a continuous interpolation between Ŷti and Ŷti+1
. Coupled with the above flow

equation and the ODE flow (4), we have the following almost sure differential inequality for t ∈ [ti, ti+1]:

d

dt
∥Zt − Ȳt∥22 = 2

〈
Zt − Ȳt,

d

dt
Zt −

d

dt
Ȳt

〉
= 2

〈
Zt − Ȳt, vt(Zt)− v̂ti(Ȳti)

〉
≤ L̂∥Zt − Ȳt∥22 + ∥vt(Zt)− v̂ti(Ȳti)∥22/L̂

(16)

Multiplying e−L̂(t−ti) on both sides of the above inequality and rearranging the terms leads to
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e−L̂(t−ti)
d

dt
∥Zt − Ȳt∥22 − e−L̂(t−ti)L̂∥Zt − Ȳt∥22 ≤ e−L̂(t−ti)∥vt(Zt)− v̂ti(Ȳti)∥22/L̂.

⇔ d

dt
{e−L̂(t−ti)∥Zt − Ȳt∥22} ≤ e−L̂(t−ti)∥vt(Zt)− v̂ti(Ȳti)∥22/L̂ ≤ ∥vt(Zt)− v̂ti(Ȳti)∥22/L̂.

⇔ ∥Zti+1
− Ŷti+1

∥22 ≤ eL̂(ti+1−ti)∥Zti − Ŷti∥22 +
eL̂(ti+1−ti)

L̂

∫ ti+1

ti

∥vt(Zt)− v̂ti(Ȳti)∥22 dt.

Define ∆i := E∥Zti − Ŷti∥22. Using the above inequality we have

∆i+1

≤ eL̂h∆i +
eL̂h

L̂

∫ ti+1

ti

E∥vt(Zt)− v̂ti(Ŷti)∥22 dt

≤ eL̂h∆i

+
3eL̂h

L̂


∫ ti+1

ti

E∥vt(Zt)− vti(Zti)∥22 dt︸ ︷︷ ︸
T1

+

∫ ti+1

ti

E∥vti(Zti)− v̂ti(Zti)∥22 dt︸ ︷︷ ︸
T2

+

∫ ti+1

ti

E∥v̂ti(Zti)− v̂ti(Ŷti)∥22 dt︸ ︷︷ ︸
T3

 .

(17)
Now we will bound each of the last three terms on the right-hand side of the above inequality.

Bounding T1. For the first term, we have

E∥vt(Zt)− vti(Zti)∥22 = E
∥∥∥∥∫ t

ti

d

dτ
vτ (Zτ ) dτ

∥∥∥∥2
2

≤ (t− ti)

∫ t

ti

E
∥∥∥∥ d

dτ
vτ (Zτ )

∥∥∥∥2
2

dτ

≤ h2γi,

(18)

where γi =
1

ti+1−ti

∫ ti+1

ti
E∥ d

dτ vτ (Zτ )∥22 dτ . This shows that T1 ≤ h3γi.

Bounding T2. The term T2 is bounded by hε2vl as E∥vti(Zti)− v̂ti(Zti)∥22 ≤ ε2vl (Assumption 1(a)).

Bounding T3. For the final term we will use that v̂ti is L̂-Lipschitz. This entails that T3 ≤ L̂2h∆i. Plugging
these bounds in the recursion formula (17), we get

∆i+1 ≤ eL̂h(1 + 3L̂h)∆i + 3eL̂h(h3γi + hε2vl)/L̂.

Solving the recursion yields

∆T ≤ eTL̂h(1 + 3L̂h)T∆0 +
3h3

L̂

{
T∑

k=1

ekL̂h(1 + 3L̂h)k−1γT−k

}
+

3h

L̂

{
T∑

k=1

ekL̂h(1 + 3L̂h)k−1

}
ε2vl.

Recall that γ2,T (Z) := maxk γk. Note that ∆0 = 0 as Z0 = Ŷ0. Therefore, we have

∆T ≤ e4L̂

L̂2

(
γ2,T (Z)

T 2
+ ε2vl

)
.

Here we used the fact that
T∑

k=1

ekL̂h(1 + 3L̂h)k−1 ≤ e4L̂ − 1

1 + 3L̂h− e−L̂h
≤ e4L̂

3L̂h
.

Therefore, we have

W 2
2 (ρ̂1, ρ1) ≤ ∆T ≤ e4L̂

L̂2

(
γ2,T (Z)

T 2
+ ε2vl

)
.
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However, the above upper bound explodes for L̂ → 0. Therefore, we handle the case L̂ < 1 in a slightly different
manner.

Separately handling L̂ < 1 case: We recall the decomposition (16). We will only change the last inequality
in that decomposition, i.e., for α > 0 we get

d

dt
∥Zt − Ȳt∥22 = 2

〈
Zt − Ȳt,

d

dt
Zt −

d

dt
Ȳt

〉
= 2

〈
Zt − Ȳt, vt(Zt)− v̂ti(Ȳti)

〉
≤ α∥Zt − Ȳt∥22 + ∥vt(Zt)− v̂ti(Ȳti)∥22/α

(19)

Therefore, following exactly similar steps as before, we arrive at the following recursion:

∆i+1 ≤ eαh

(
1 +

3L̂2h

α

)
∆i +

3eαh

α
(h3γi + hε2vl).

Solving this yields

∆T ≤ eα+3L̂2/α − 1

1 + 3L̂2h/α− e−αh

(
3h3

α
.γ2,T (Z) +

3h

α
.ε2vl

)
Note that eα+3L̂2/α − 1 ≤ eα+3L̂/α − 1 as L̂ < 1. Additionally,

1 + 3L̂2h/α− e−αh ≥ 1− e−αh ≥ αhe−αh.

Setting α = 1, and using the above inequalities along with the fact that h ≤ 1, we get

eα+3L̂2/α − 1

1 + 3L̂2h/α− e−αh
≤ e2+4L̂

h
.

Finally, using the above inequality we have

W 2
2 (ρ̂1, ρ1) ≤ ∆T ≤ 27e4L̂

(
γ2,T (Z)

T 2
+ ε2vl

)
.

Combining this with previous upper bound we finally get the result.

D PROOFS FOR BOUNDING γ2,T

Definitions : Let us define the key terms used in this derivation:

• zt: The state (e.g., data point) at time t.

• pt(zt): The probability density function of Xt = (1− t)X0 + tX1.

• vt(zt): The velocity field that transports the probability density.

• st(zt) = ∇zt log pt(zt): The score function, which is the gradient of the log-probability density.

• Ht(zt) = ∇2
zt log pt(zt): The Hessian of the log-probability density.

• Y = ∇ztdiv(vt(zt)): The gradient of the divergence of the velocity field.

The velocity field is defined as:

vt(zt) =
zt
t
+

(
1− t

t

)
st(zt) (20)
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D.1 General expression for v̇t(zt)(Lemma 1)

Derivation of v̇t(zt) :

We begin with the material derivative (or total derivative) of the velocity field vt(zt), denoted by v̇t(zt).

d

dt
vt(zt) = ∇ztvt(zt) · vt(zt) +

∂vt(zt)

∂t
(21)

Expanding the partial derivative term using the product rule:

∂vt
∂t

=
∂

∂t

(
zt
t
+

(
1− t

t

)
st(zt)

)
= −zt

t2
+

∂

∂t

((
1

t
− 1

)
st(zt)

)
= −zt

t2
− 1

t2
st(zt) +

(
1− t

t

)
∂st(zt)

∂t

Substituting this back gives the full expression for the material derivative:

v̇t(zt) = ∇ztvt(zt) · vt(zt)−
zt
t2

− 1

t2
st(zt) +

(
1− t

t

)
∂st(zt)

∂t
(22)

Next, we find an expression for ∂st
∂t . We use the continuity equation, ∂pt

∂t = −div(ptvt).

∂st
∂t

=
∂

∂t
∇zt log pt = ∇zt

(
∂

∂t
log pt

)
= ∇zt

(
1

pt

∂pt
∂t

)
= ∇zt

(
− 1

pt
div(ptvt)

)
= ∇zt

(
− 1

pt
(∇ztpt · vt + ptdiv(vt))

)
= ∇zt

(
−(

∇ztpt
pt

· vt + div(vt))

)
= ∇zt [−st · vt − div(vt)]

= −{Ht · vt +∇ztvt · st + Yt},

where Yt(zt) = ∇ztdiv(vt(zt)). Now, we substitute the expression for ∂st
∂t into the equation for v̇t. The derivation

follows the specific intermediate steps and cancellations from your notes.

v̇t = ∇ztvt · vt −
zt
t2

− st
t2

−
(
1− t

t

)
{Ht · vt +∇ztvt · st + Yt}

Now substitute st(zt) =
tvt(zt)−zt

1−t

=((((((((∇ztvt(zt) · vt(zt)−
zt
t2

−
(
1− t

t

){
Ht(zt) · vt(zt) +∇ztvt(zt)

(
���tvt(zt)− zt

1− t

)
+ Yt(zt)

}
− 1

t2
st(zt)

Now substitute ∇ztvt(zt) =
I+(1−t)Ht(zt)

t .

v̇t(zt) =
�
��−zt
t2

−
(
1− t

t

){
Ht(zt)

(
�
�zt
t
+

(
1− t

t

)
st(zt)

)
−
(
�I +((((((

(1− t)Ht(zt)

t

)
zt

1− t
+ Yt(zt)

}
− st(zt)

t2

= −
(
1− t

t

)2

Ht(zt)st(zt)−
(
1− t

t

)
Yt(zt)−

1

t2
st(zt)



On the Convergence and Straightness of Rectified Flow

Now, we find an expression for Yt(zt) and substitute it.

Yt(zt) = ∇ztdiv(v(zt, t)) = ∇zt (Tr(∇ztv(zt, t)))

= ∇ztTr

(
I

t
+

(
1− t

t

)
Ht(zt)

)
=

(
1− t

t

)
∇ztTr(Ht(zt)) (since ∇Tr(I) = 0)

Substituting this into the simplified expression for v̇t and rearranging gives the final result:

v̇t(zt) = − 1

t2
{
(1− t)2[Ht(zt)st(zt) +∇ztTr(Ht(zt))] + st(zt)

}
(23)

D.2 Expression for v̇t(zt) for a target mixture of Gaussian distributions

Let p1(x) =
∑K

i=1 πi pi,1(x), where pi,1(x) = N(x | µi, σ
2Id) be the target mixture of K Gaussians. Note that

the density of Xt = tX1 + (1 − t)X0 is another K-Gaussian mixture given by p1(x) =
∑K

i=1 πi pi,t(x), where
pi,t(x) = N(x | tµi, σ

2
t Id) and σ2

t = t2σ2 + (1− t)2.

Derivation of the Score st(z) : The score of the mixture is the gradient of its log-density.

st(z) = ∇z log pt(z)

=
∇zpt(z)

pt(z)
(Chain rule for log)

=
∇z

(∑K
i=1 πipi,t(z)

)
pt(z)

(Substitute definition of pt)

=

∑K
i=1 πi∇zpi,t(z)

pt(z)
(Linearity of gradient)

We use the identity ∇zpi,t(z) = pi,t(z)∇z log pi,t(z) = pi,t(z)si,t(z).

st(z) =

∑K
i=1 πipi,t(z)si,t(z)

pt(z)

=

K∑
i=1

πipi,t(z)

·pt(z)
si,t(z) (Rearrange terms)

Recognizing the definition of the weight, wi,t(z) =
πipi,t(z)
·pt(z)

, we arrive at the final expression:

st(z) =

K∑
i=1

wi,t(z)si,t(z) (24)

This shows the score of the mixture is the weighted average of the scores of its components.

Derivation of the Hessian Ht(z) : The Hessian is the Jacobian of the score vector, Ht(z) = ∇zst(z)
T . We

differentiate the expression for st(z) using the product rule.

Ht(z) = ∇z

(
K∑
i=1

wi,t(z)si,t(z)

)T

=

K∑
i=1

∇z(wi,t(z)si,t(z))
T

=

K∑
i=1

(
(∇zwi,t(z))si,t(z)

T + wi,t(z)(∇zsi,t(z)
T )
)
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First, we find the gradient of the weight wi,t.

∇zwi,t = ∇z

(
pi,t∑
j pj,t

)
=

(∇zpi,t)(
∑

j pj,t)− pi,t(
∑

j ∇zpj,t)

(
∑

j pj,t)
2

Substituting ∇zpi,t = pi,tsi,t and dividing by (
∑

j pj,t)
2, we get:

∇zwi,t =
pi,tsi,t∑

j pj,t
− pi,t

(
∑

j pj,t)
2

∑
j

pj,tsj,t = wi,tsi,t − wi,tst = wi,t(si,t − st)

Now, substitute this back into the expression for the Hessian. Note that ∇zsi,t(z)
T = Hi,t(z) = −Id/σ

2
t .

Ht(z) =

K∑
i=1

(
wi,t(si,t − st)s

T
i,t + wi,tHi,t

)
=

(∑
i

wi,tHi,t

)
+

(∑
i

wi,tsi,ts
T
i,t

)
− st

(∑
i

wi,ts
T
i,t

)

=

(∑
i

wi,t(−
Id
σ2
t

)

)
+ Ewt

[s·,ts
T
·,t]− sts

T
t

= − Id
σ2
t

+Covwt(s·,t)(z)

where Covwt
(s·,t)(z) := Ewt

[s·,ts
T
·,t]− sts

T
t .

Derivation of ∇zTr(Ht(z)) : We start with the trace of the Hessian.

Tr(Ht(z)) = Tr

(
− Id
σ2
t

)
+Tr(Covwt(s·,t)) = − d

σ2
t

+ Ewt [∥s·,t∥2]− ∥st∥2

Now we take the gradient of this expression with respect to z.

∇zTr(Ht(z)) = ∇z

(
− d

σ2
t

+

K∑
i=1

wi,t(z)∥si,t(z)∥2 − ∥st(z)∥2
)

The first term is constant and its gradient is zero. We apply the product rule to the second term and the chain
rule to the third.

∇zTr(Ht(z)) =

K∑
i=1

(
(∇zwi,t)∥si,t∥2 + wi,t(∇z∥si,t∥2)

)
−∇z∥st∥2

=

K∑
i=1

(
wi,t(si,t − st)∥si,t∥2 + wi,t

(
−2si,t
σ2
t

))
− 2Htst

=
∑
i

wi,tsi,t∥si,t∥2︸ ︷︷ ︸
Ewt [s·,t∥s·,t∥2]

− st

(∑
i

wi,t∥si,t∥2
)

︸ ︷︷ ︸
This is stEwt [∥s·,t∥2]

− 2

σ2
t

∑
i

wi,tsi,t︸ ︷︷ ︸
2

σ2
t
st

−2Htst

Grouping the terms gives the final expression:

∇zTr(Ht(z)) = Ewt [s·,t∥s·,t∥2]− stEwt [∥s·,t∥2]−
2st
σ2
t

− 2Htst (25)
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Final Simplified Expression for v̇t(zt) : We now substitute the derived expression for Y (z) into the general
formula for v̇t(zt). The general formula is:

v̇t(zt) = − 1

t2
{
(1− t)2[Ht(z)st(z) + Y (z)] + st(z)

}
Let’s first simplify the term inside the square brackets, Htst + Y .

Htst + Y = Htst +

(
Ewt

[s·,t∥s·,t∥2]− stEwt
[∥s·,t∥2]−

2st
σ2
t

− 2Htst

)
= Ewt [s·,t∥s·,t∥2]− stEwt [∥s·,t∥2]−

2st
σ2
t

−Htst

This expression can be made more compact by defining the covariance between the random vector s·,t and the
random scalar ∥s·,t∥2 under the discrete distribution wt:

Covwt(s·,t, ∥s·,t∥2) = Ewt [s·,t∥s·,t∥2]− Ewt [s·,t]Ewt [∥s·,t∥2] = Ewt [s·,t∥s·,t∥2]− stEwt [∥s·,t∥2]

This term is a vector that captures the asymmetry (or skewness) in the distribution of component scores. So,
the simplified term is:

Htst + Y = Covwt
(s·,t, ∥s·,t∥2)−

2st
σ2
t

−Htst

Substituting this back into the formula for v̇t:

v̇t(zt) = −σ2

σ2
t

st −
(1− t)2

t2
[
Covwt(s·,t, ∥s·,t∥2)− Covwt(s·,t)st

]
(26)

This is the final, simplified analytical expression for the time evolution of the velocity field for a Gaussian Mixture
Model. It reveals that the dynamics are driven by the score (mean field), the Hessian-score product (curvature),
and a third-order term related to the asymmetry of the mixture components.

D.3 Proof of Lemma 2

For ease of notation, we begin by deriving the expected square norm of the two covariance terms in Equation
(26) for general Gaussian mixtures and then adapt it to the interpolating structure of RF.

Lemma 4 (Bound on the Expected Squared Norm of the Hessian). Let p(x) be a mixture of K Gaussians,

given by p(x) =
∑K

k=1 πk pk(x), with pk(x) = N (x | µk,Σ), Σ = σ2Id and D := maxi,j ∥µi − µj∥2. Let
sk(x) = Σ−1(µk−x) be the score and γk(x) = πkpk(x)/p(x) be the posterior weight of the kth mixture component.
Then:

Ex

[∥∥Covγ(x)({sk(x)})∥∥22] ≤ D4

σ8
.

where Covγ(x)({sk(x)}) :=
∑K

k=1 γk(x)sk(x)sk(x)
⊤ − s(x)s(x)⊤.

Proof. By the property of covariance, we have Covγ(x)({sk}) = Σ−1Covγ(x)({µk})Σ−1. We recall that
maxi̸=j ∥µ1 − µj∥2 ≤ D. Therefore, we have∥∥Covγ(x)({µk})

∥∥
2
≤
∑
k

γk(x)
∥∥µk −mγ(x)({µk})

∥∥2
2

where mγ(x)({µk}) :=
∑
k

γk(x)µk

≤ D2.

The above bound yields
∥∥Covγ(x)({sk})∥∥2 ≤ D2

∥∥Σ−1
∥∥2
2
= D2

σ4 , and which gives:

E
[
∥Cov({sk})∥22

]
≤ D4

σ8
.



Bansal, Roy, Rinaldo, Sarkar

Lemma 5 (D-based Bound on a Third-Order Covariance Vector). Under the same GMM assumptions as Lemma
1, let C(x) = Covγ(x)(∥s.(x)∥2, s.(x)), where sk(x) = Σ−1(x − µk). Let D = maxi,j ∥µi − µj∥. The expected
squared norm of C(x) is bounded by:

E
[
∥C(x)∥22

]
≤ D2d(d+ 2)

σ8

Proof. From its definition, the norm of C(x) can be bounded as:

∥C(x)∥2 =

∥∥∥∥∥∥
∑
i,j

γiγj∥si∥2(si − sj)

∥∥∥∥∥∥
2

≤
∑
i,j

γiγj∥si∥2∥si − sj∥2.

We introduce a uniform bound on the pairwise distance term:

∥si − sj∥2 = ∥Σ−1(µj − µi)∥2 ≤ ∥Σ−1∥2∥µj − µi∥2 ≤ ∥Σ−1∥2D

Substituting this into the sum and simplifying, using
∑

j γj = 1:

∥C(x)∥2 ≤
∑
i,j

γiγj∥si∥2(∥Σ−1∥2D) = (∥Σ−1∥2D)

(∑
i

γi∥si∥2
)

Squaring both sides and taking the expectation gives:

E[∥C(x)∥22] ≤ (∥Σ−1∥2D)2 · E

(∑
i

γi(x)∥si(x)∥2
)2


We bound the expectation term using Jensen’s inequality:

E

(∑
i

γi∥si∥2
)2
 ≤ E

[∑
i

γi∥si∥4
]
=
∑
i

πiEx∼Ni
[∥si(x)∥4]

For the isotropic case, this sum evaluates to d(d+2)
σ4 . We also have ∥Σ−1∥2 = 1/σ2. Substituting these into the

main inequality yields the final result:

E[∥C(x)∥22] ≤
(

1

σ2
D

)2

·
(
d(d+ 2)

σ4

)
=

D2d(d+ 2)

σ8

Final bound on γ2,T : By Gupta et al. (2024, Lemma F.3), we know that E ∥st∥22 = O(d), as pt is mixture of
Gaussian distribution (sub-Gaussian). We note that the maximum inter-mean distance at time t is tD, and the
variance of each component at time t is σ2

t = t2σ2 + (1 − t)2. Recall that from the proof of Lemma 4, we have∥∥Covγ(x)({sk})∥∥2 ≤ D2

σ4 . If we apply Lemma 4 and Lemma 5 on (26), then we get

E ∥v̇t(zt)∥22 ≤ Cσ

(
d+D2d2 +D4d

)
,

where Cσ > 0 is positive constant depending on σ.

Explicit bound on Wasserstein convergence rate

Lemma 6. Let the target distribution ρ1 =
∑

k∈[K] πkN(µk, σ
2Id), and let maxi ̸=j ∥µi − µj∥2 ≤ D. Consider

the ODE flow (4) with T discretization steps and the true RF drift field given in Lemma 11. Then, the Lipschitz

constant of the RF drift is (1+σ2)2

σ2

(
1 + D2

2σ2

)
and hence, the squared-Wasserstein convergence error scales as

W 2
2 (ρ̂1, ρ1) = O(d2/T 2).
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Proof. To provide bound on the Lipschitz constant, we will simply obtain upper bound on the operator norm of
At := ∇vzt(zt, t). Following the notations in Lemma 12, we have each of the component variances to be Σi = σ2I
for all i ∈ [K]. This means that Σi,t = σ2

t I, where σ2
t = (1− t)2 + t2σ2. Using (37), we have

At =
1

t
{I − (1− t)

σ2
t

I}+ t(1− t)

2σ4
t

∑
i̸=j

wi,twj,t(µi − µj)(µi − µj)
⊤

︸ ︷︷ ︸
Bt

,

Now, we have

∥Bt∥op ≤ 1

σ4
t

×max
i ̸=j

∥µi − µj∥22 × (
∑
i̸=j

wi,twj,t) ≤
1

σ4
t

×max
i ̸=j

∥µi − µj∥22.

The last inequality follows from the fact that
∑

i̸=j wi,twj,t = 1− (
∑

k∈[K] w
2
k,t) ≤ 1. Recall that Σ = σ2Id, and

this entails that Σt = σ2
t Id, where σ2

t := (1− t)2 + t2σ2. Therefore, using the above expressions we have

∥At∥op ≤ |(1 + σ2)t− 1|
σ2
t

+
D2

2σ4
t

.

Next, we note that maxt∈[0,1] |(1 + σ2)t− 1| = max{σ2, 1} ≤ 1 + σ2. This is due to the fact that |(1 + σ2)t− 1|
is strictly decreasing between t ∈ [0, 1

1+σ2 ] and strictly increasing when t ∈ [ 1
1+σ2 , 1].

Also, we define σ2
∗ := mint∈[0,1] σ

2
t . An elementary calculus shows that σ2

∗ = σ2

1+σ2 . Therefore, we have

∥At∥op ≤ max{σ2, 1}
σ2
∗

+
D2

2σ4
∗
=

(1 + σ2)2

σ2
+

D2(1 + σ2)2

2σ4
=

(1 + σ2)2

σ2

(
1 +

D2

2σ2

)
Hence the Lipschitz constant is (1+σ2)2

σ2

(
1 + D2

2σ2

)
. Now, the Wasserstein result is a direct application of Theorem

2 and Lemma 2 in conjunction, since the estimation error is zero.

E PROOFS FOR STRAIGHTNESS OF 2-RF

E.1 Proof of Theorem 3

Let X0 ∼ N (0, I) and X1 ∼ N (µ,Σ). Let Σt = t2Σ + (1 − t)2I. Then we have that Xt ∼ N (tµ,Σt),. Let the
density of Xt be ξt and the score st(x) = ∇x log ξt(x) = Σ−1

t (tµ− x). Therefore, by using (8), the drift is given
by:

v(x, t) =
x

t
+

1− t

t
Σ−1

t (tµ− x)

= (1− t)Σ−1
t µ+

1

t

(
I − (1− t)Σ−1

t

)
x

Therefore, we have ∇xv(x, t) =
1
t

(
I − (1− t)Σ−1

t

)
. This shows that commutativity condition in Theorem 8 is

satisfied and the z0 7→ Z1(z0) is the Monge map. To obtain the exact form, we want to solve the following ODE:

dZt

dt
− 1

t

(
I − (1− t)Σ−1

t

)
Zt = (1− t)Σ−1

t µ; Z0 = z0 (27)

Now we look at the structure of I − (1− t)Σ−1
t . Let the eigendecomposition of Σ = UΛU⊤. We will assume Σ

is full rank. So,

I − (1− t)Σ−1
t = UΛtU

⊤

where Λt

t = 1
t {I − (1− t)(t2Λ + (1− t)2I)−1}. This can also be written as:

λt,i =
1

t

{
1− 1− t

t2λi + (1− t)2

}
=

t(1 + λi)− 1

t2λi + (1− t)2
.
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Substituting this into Equation (27), we have:

dZt

dt
− Udiag(λt,1, . . . , λt,d)U

⊤Zt = (1− t)Σ−1
t µ.

So, we first get the integrating factors of each eigenvalue.

Ii(t) =
1√

(1 + λi)t2 − 2t+ 1

Multiplying Udiag(I1(t), . . . , Id(t))U
⊤ on both sides of the ODE and then solving we get:

UΛ′
tU

⊤Zt = UΛ′′
t U

⊤µ+ constant

where λ′
t,i =

1√
(1+λi)t2−2t+1

and λ′′
t,i =

t√
(1+λi)t2−2t+1

This yields,

Σ−1/2Z1(z0)− z0 = Σ−1/2µ

⇒ Z1(z0) = Σ1/2z0 + µ. (28)

This finishes the proof.

E.2 Proof of Theorem 4

We point out that straightness of 1-RF can be obtained via an intuitive argument in this case. First note that
straightness of RF is invariant under rotation. Under a proper rotation, the d dimensional target distribution
can be reduced to another where the means of the two components of the Gaussian mixture are sparse with two
non-zero coefficients each, one of which is equal (lets say coordinate 1). Due to this it follows that ODE (10)
gets decoupled and it can be analyzed coordinate-wise. So, essentially the d-dimensional problem gets reduced
to one-dimensional case and the result follows from Proposition 3. We elaborate more on this below.

Intuitive proof of straightness:

Proof. Let X̃0, X̃1 ∈ Rd for d ≥ 2, where X̃0 ∼ N (0, I) and X̃1 ∼
∑2

i=1 πi N (µ̃i, σ
2I) with σ2 = 1 (for simplicity).

We start with the matrix M̃ =
[
µ̃1 µ̃2

]
and perform a QR decomposition: M̃ = Q̃R̃, where Q̃ ∈ Rd×2 is an

orthonormal matrix that spans the subspace of µ̃1 and µ̃2.

Next, we extend Q̃ to a complete orthonormal basis for Rd using Q̃′ ∈ Rd×(d−2), which spans the orthogonal

complement of the column space of Q̃. We define Q =
[
Q̃ Q̃′]⊤. This projection guarantees that:

Qµ̃1 = (x1, y1, 0, . . . , 0)
⊤, Qµ̃2 = (x2, y2, 0, . . . , 0)

⊤

i.e., only the first two components are non-zero.

To equalize one of the components, we apply a rotation matrix R(θ) ∈ Rd×d, which rotates the first two
components while leaving the others unchanged:

R(θ) =

cos θ − sin θ 0
sin θ cos θ 0
0 0 Id−2


We set θ as:

θ = tan−1

(
y2 − y1
x1 − x2

)
This ensures that the second components of R(θ)Qµ̃1 and R(θ)Qµ̃2 are identical.

Finally, we define the overall transformation as P = R(θ)Q. This matrix P ∈ Rd×d is orthonormal (and hence,
invertible) since it is the product of two orthonormal matrices. The transformation P , not only makes the last
d− 1 coordinates of the means identical but also reduces the effective dimension of the flow to two.
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Now, we rotate our space using the linear transformation P and obtain the distributions X0 = PX̃0 ∼ N (0, I)

and X1 = PX̃1 ∼
∑2

i=1 πi N (µi,Σ), where µi = Pµ̃i, Σ = P Σ̃P⊤ = I. Also note that by the above construction
of the transformation P , µ1,k = µ2,k := ck. for all k ∈ [d]\ {1}. We first show that (Z0, Z1) = Rectify(X0, X1) is
straight and then argue that an invertible transformation does not hamper straightness.
To proceed, we apply the Rectify procedure on (X0, X1) and obtain the following ODE:

vt(Zt) =
dZt

dt
=

(2t− 1)Zt

σ2
t

+
1− t

σ2
t

2∑
i=1

wi(Zt)µi

For k ∈ [d]\ {1}, we have that

dZt,k

dt
=

(2t− 1)Zt,k

σ2
t

+ ck

Hence, using (28) the final mapping is just a translation given by Z1,k = Z0,k + ck. However, for the first

co-ordinate, for gt(Zt,1) = log
(

π2

π1

)
− 1

2σ2
t

(
(Zt,1 − tµ2,1)

2 − (Zt,1 − tµ1,1)
2
)
, we have

dZt,1

dt
=

(2t− 1)Zt,1

σ2
t

+
1− t

σ2
t

(
µ1,1 + µ2,1 exp (gt(Zt,1))

1 + exp (gt(Zt,1))

)
︸ ︷︷ ︸

v1(Zt,1,t)

Now using (37), it is easily verifiable that ∇v1(Zt,1, t) is bounded, i.e., v1(Zt,1, t) is Lipschitz. Therefore, Zt,1(·)
is an increasing function. As a result z0 7→ Z1(z0) is co-ordinate wise increasing function and Ht(z0) := (1 −
t)z0 + tZ1(z0) is an invertible map. Therefore, straightness of the resulting coupling follows.

E.3 Proof of Theorem 5

Proof. Consider µ01 = (0, a)⊤,µ02 = (0,−a)⊤ and µ11 = (a, a)⊤,µ12 = (a,−a)⊤ for some a > 0. Let

X0 ∼ 0.5N (µ01, I) + 0.5N (µ02, I), X1 ∼ 0.5N (µ11, I) + 0.5N (µ12, I).

In this case, the velocity functions in x and y-direction for 1-rectification turns out to be

ut(x) =
(2t− 1)x

σ2
t

+
(1− t)a

σ2
t

,

vt(y) =
(2t− 1) y

σ2
t

+
a

σ2
t

·
exp

(
− (y−a)2

2σ2
t

)
(1− 2t)− exp

(
− (y+a)2

2σ2
t

)
(1− 2t) + exp

(
− (y − (2t−1)a)2

2σ2
t

)
− exp

(
− (y + (2t−1)a)2

2σ2
t

)
exp

(
− (y−a)2

2σ2
t

)
+ exp

(
− (y+a)2

2σ2
t

)
+ exp

(
− (y − (2t−1)a)2

2σ2
t

)
+ exp

(
− (y + (2t−1)a)2

2σ2
t

) .

Next, we will take the derivative of vt(y) with respect to y. For notational brevity, let us define

e1(y) = exp

(
− (y − a)

2

2σ2
t

)
(1− 2t),

e2(y) = exp

(
− (y + a)

2

2σ2
t

)
(1− 2t),

e3(y) = exp

(
− (y − a(2t− 1))

2

2σ2
t

)
,

e4(y) = exp

(
− (y + a(2t− 1))

2

2σ2
t

)
.
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Then we have∣∣∣∣dvt(y)dy

∣∣∣∣ ≤ 2t− 1

σ2
t

+
a2

σ4
t

· 4{e1(y)e2(y) + e2(y)e3(y) + e3(y)e4(y) + e4(y)e1(y)}
(
∑4

j=1 ej(y))
2

≤ 2 + 4a2.

We used the basic inequalities 4(ab+ bc+ cd+ da) ≤ (a+ b+ c+ d)2 and σ2
t ≥ 1/2 in the last step of the above

display.

This shows that vt(y) is uniformly Lipschitz. This entails that the map T : R → R that sends y0 to a point
y1 ∈ R, and defined through the ODE

d

dt
Yt = vt(Yt); Y0 = y0,

is an injective map due to the uniqueness of the solution of the above ODE. Also, we denote by Y y0

t the solution
of the above ODE.

To show the strict increasing property of T , let us consider the same ODE with Y0 = ỹ0 < y0. We also consider
the solution Y ỹ0

t . Consider the function Lt := Y y0

t − Y ỹ0

t , which is also continuous in t ∈ [0, 1]. To prove
increasing property, it is enough to show that L1 > 0. Let us assume that L1 ≤ 0. We already know L0 > 0, and
hence by Intermediate Value Property, we have there exists a τ ∈ (0, 1] such that Lτ = 0. This entails that there
exists yτ ∈ R such that Y y0

τ = Y ỹ0
τ = yτ . This shows that we have two different solutions of the ODE passing

through (τ, yτ ), which is a contradiction. This proves the coveted strict increasing property of T . Hence, we
have a straight coupling by similar argument as in previous section.

E.4 Proof of Theorem 6

Recall that we need to show that E(Z1 − Z0 | tZ1 + (1 − t)Z0) = Z1 − Z0 almost surely in t, Z0. Therefore, it
suffices to show that the function Ht(z0) := (1− t)z0 + tZ1(z0) is an invertible map. We will equivalently show
that Ht(·) is locally inveritible and a proper function Plastock (1974).

Ht is locally invertible : Note that ∇z0Ht(z0) = (1 − t)Id + tJz0
1 . Therefore, due to Assumption 2 we can

conclude that
u⊤∇z0Ht(z0)u ≥ (1− t) for all t ∈ [0, 1] and u ∈ {w ∈ Rd | ∥w∥2 = 1}.

Specifically, ∇z0Ht(z0) is invertible if t < 1. This shows that Ht is locally invertible for all z0, as long as t < 1.

Ht is proper : We will show that ∥Ht(z0)∥2 → ∞ as ∥z0∥2 → ∞ for t < 1. Let us fix z1 ∈ Rd and define the
function ht(λ) =

〈
Ht(λz0 + λ̄z1), z0 − z1

〉
, where λ ∈ [0, 1] and λ̄ = 1− λ. By the Taylor’s formula we have the

following for some λ̃ ∈ (0, 1):

ht(1) = ht(0) + (z0 − z1)
⊤∇Ht(z̃λ)(z0 − z1) ; z̃λ = λ̃z0 + (1− λ̃)z1

⇒ ⟨Ht(z0)−Ht(z1), z0 − z1⟩ ≥ (1− t) ∥z0 − z1∥22

⇒
∥Ht(z0)−Ht(z1)∥22

2(1− t)
≥ (1− t)

2
∥z0 − z1∥22

(
Young’s inequality: ab ≤ a2

2η
+

ηb2

2

)
The final inequality shows that lim∥z0∥2→∞ ∥Ht(z0)∥2 = ∞.

Ht is globally invertible : Ht is locally invertible and proper. Then Ht is globally invertible due to Corollary
2.1 of Plastock (1974).

Straightness : This shows that Ht(Z0) is invertible almost surely in Z0 ∼ N(0, Id) for all t ∈ [0, 1). Then, we
have

V (Z0, Z1) := EZ0,t ∥Z1 − Z0 − E{Z1 − Z0 | Ht(Z0)}∥2

=

∫ 1

0

EZ0

[
∥Z1 − Z0 − E{Z1 − Z0 | Ht(Z0)}∥2

]
dt

= 0.

(29)



On the Convergence and Straightness of Rectified Flow

Therefore, (Z0, Z1) is a straight coupling.

E.5 Proof of Theorem 7

We will show that Assumption 2 is satisfied in this case. For notational convenience we drop the superscript z0
in Jz0

t and denote it by Jt. We start with the ODE

d

dt
Jt = ∇v(Zt(z0), t)Jt, J0 = Id

Let Ut = J−1
t . Then, elementary calculation shows that

d

dt
Ut = −J−1

t J̇tJ
−1
t = −Ut∇v(Zt(z0), t).

Using (37), we get

At := ∇v(Zt(z0), z0) =
1

t

[
Id − (1− t)Σ−1

t

]
+

t(1− t)

2

∑
i ̸=j

wi,twj,tΣ
−1
t (µi − µj)(µi − µj)

⊤Σ−1
t︸ ︷︷ ︸

Bt

,

Recall that Σ = σ2Id, and this entails that Σt = σ2
t Id, where σ2

t := (1− t)2 + t2σ2. Therefore,

∥Bt∥op ≤ 1

σ4
t

×max
i̸=j

∥µi − µj∥22︸ ︷︷ ︸
=:D

.

Bounding ∥Ut∥op : Take any unit vector u. Since At is symmetric,

d

dt
uTUtU

T
t u = −2uTUtAtU

T
t u

= −2

t
u⊤Ut

[
Id − (1− t)Σ−1

t

]
U⊤
t u− t(1− t)u⊤UtBtU

⊤
t u︸ ︷︷ ︸

≥0

≤ −2
(1 + σ2)t− 1

σ2
t

(
u⊤UtU

⊤
t u
)

Hence for any unit vector u,

uTUtU
⊤
t u ≤ 1

σ2
t

⇒ ∥UtU
⊤
t ∥op ≤ 1

σ2
t

Hence

∥Ut∥2op ≤ ∥UtU
T
t ∥op ≤ 1

σ2
t

.

Lower bounding on uTUtu : Assuming ∥u∥2 = 1, we consider the evolution:

d

dt

(
uTUtu

)
= − (1 + σ2)t− 1

σ2
t

uTUtu− t(1− t)

2
uTUtBtu.

Using the bound:

|uTUtBtu| ≤ ∥Ut∥op∥Bt∥op ≤ D

σ5
t

,
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we get:

d

dt

(
uTUtu

)
≥ − (1 + σ2)t− 1

σ2
t

uTUtu− t(1− t)

2σ5
t

D.

Define:

I(t) =

∫ t

0

(1 + σ2)s− 1

σ2
s

ds =
1

2
log(σ2

t ). ⇒ eI(t) = σt

Multiplying by the integrating factor, we obtain:

d

dt

(
eI(t)uTUtu

)
≥ −eI(t) · t(1− t)

2σ5
t

D = − t(1− t)

2σ4
t

D.

Integrating both sides, we obtain:

σuTU1u ≥ 1− D

2

∫ 1

0

s(1− s)

σ4
s

ds = 1− D

4σ2
.

Therefore, if D ≤ 4σ2 then uTU1u ≥ 0 for all unit vector u. This ensures that Assumption 2 is satisfied as
Lemma 8 yields

λmin(J1 + JT
1 ) = 2 min

u:∥u∥2=1
uTJ1u ≥ 2

(
min

u:∥u∥2=1
u⊤U1u

)
× λmin(J

T
1 J1) ≥ 0.

Moreover, Assumption 4 is automatically satisfied (see Section G.2). Therefore, the straightness of 1-RF follows
from Theorem 6.

E.6 A general version of Theorem 7

In this section, we present a slightly general version of Theorem 7 as follows.

Theorem 10. Let (X0, X1) ∼ N(0, Id)⊗ρ1 where ρ1 :=
∑K

j=1 πjN(µj ,Σ) with mixture proportions {πj}j∈[K] ∈
(0, 1)K . Let m,M be minimum and maximum eigenvalues of Σ1/2 respectively, and κ := M/m be its condition

number. If maxi ̸=j ∥µi − µj∥22 ≤ 2m2(3− κ2), then 1-RF yields a straight coupling.

Proof. Our target distribution is π1 =
∑K

j=1 πjN(µj ,Σ). WLOG, we can assume that

Σ = diag(σ2
1 , . . . , σ

2
d).

If Σ is not diagonal, the let Σ = PΛP⊤ be the spectral decomposition of Σ, where Λ is diagonal matrix and
PP⊤ = Id. Now, recall that straightness is invariant under rotation. Therefore, we can always restrict ourselves
to P⊤

# ρ0 = N(0, Id) and P⊤
# ρ1 =

∑K
j=1 πjN(P⊤µj ,Λ). If RF leads to straight coupling in the rotated frame, the

it also does the same in the un-rotated one.

Keeping this in mind, we start with the ODE

d

dt
Jt = ∇v(Zt(z0), t)Jt, J0 = Id.

Let Ut = J−1
t . Then, elementary calculation shows that

d

dt
Ut = −J−1

t J̇tJ
−1
t = −Ut∇v(Zt(z0), t).
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We know

At := ∇v(Zt(z0), z0) =
1

t

[
Id − (1− t)Σ−1

t

]
+

t(1− t)

2

∑
i ̸=j

wi,twj,tΣ
−1
t (µi − µj)(µi − µj)

⊤Σ−1
t︸ ︷︷ ︸

Bt

,

Recall that M = maxi∈[d] σi and m = mini∈[d] σi. We also define M2
t := (1−t)2+t2M2 and m2

t := (1−t)2+t2m2.
Therefore,

∥Bt∥op ≤ 1

m4
t

×max
i ̸=j

∥µi − µj∥22︸ ︷︷ ︸
=:D

.

Bounding ∥Ut∥op : Take any unit vector u. Since At is symmetric,

d

dt
uTUtU

T
t u = −2uTUtAtU

T
t u

= −2

t
u⊤Ut

[
Id − (1− t)Σ−1

t

]
U⊤
t u− t(1− t)u⊤UtBtU

⊤
t u︸ ︷︷ ︸

≥0

= u⊤Ut diag

(
−2

(1 + σ2
1)t− 1

(1− t)2 + t2σ2
1

, . . . ,−2
(1 + σ2

d)t− 1

(1− t)2 + t2σ2
d

)
U⊤
t u− t(1− t)u⊤UtBtU

⊤
t u︸ ︷︷ ︸

≥0

≤ −2
(1 +m2)t− 1

m2
t

(
u⊤UtU

⊤
t u
)

The last inequality is true because the function ft(a) := − (1+a)t−1
(1−t)2+t2a is non-increasing over a > 0 as ∂ft(a)

∂a =

− t(1−t)
((1−t)2+t2a)2 < 0. Hence, the following holds for any unit vector u:

uTUtU
⊤
t u ≤ 1

m2
t

⇒ ∥UtU
⊤
t ∥op ≤ 1

m2
t

.

Hence,

∥Ut∥2op ≤ ∥UtU
T
t ∥op ≤ 1

m2
t

. (30)

Lower bounding on uTUtu : Assuming ∥u∥2 = 1, we again consider the ODE:

d

dt

(
uTUtu

)
= −1

t
u⊤Ut

[
Id − (1− t)Σ−1

t

]
u− t(1− t)

2
uTUtBtu

= u⊤Ut[ft(m
2)Id + diag

(
ft(σ

2
1)− ft(m

2), . . . , ft(σ
2
d)− ft(m

2)
)
]u− t(1− t)

2
uTUtBtu

= − (1 +m2)t− 1

m2
t

u⊤Utu+ u⊤Utdiag
(
ft(σ

2
1)− ft(m

2), . . . , ft(σ
2
d)− ft(m

2)
)
u− t(1− t)

2
uTUtBtu

= − (1 +m2)t− 1

m2
t

u⊤Utu− u⊤Utdiag
(
ft(m

2)− ft(σ
2
1), . . . , ft(m

2)− ft(σ
2
d)
)
u− t(1− t)

2
uTUtBtu

As ft(·) is decreasing function, we have

ft(m
2)− ft(σ

2
k) = − t(1− t)

((1− t)2 + t2ξ2k)
2
.(m2 − σ2

k) (where m ≤ ξk ≤ σk)

=
t(1− t)

((1− t)2 + t2ξ2k)
2
.(σ2

k −m2)

≤ t(1− t)

m4
t

.(M2 −m2) =
t(1− t)

m4
t

.(κ2 − 1)m2
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Next, Using (30) we get:

|uTUtBtu| ≤ ∥Ut∥op∥Bt∥op ≤ D

m5
t

,

|u⊤Utdiag
(
ft(m

2)− ft(σ
2
1), . . . , ft(m

2)− ft(σ
2
d)
)
u| ≤ t(1− t)

m5
t

(κ2 − 1)m2.

we get:

d

dt

(
uTUtu

)
≥ − (1 +m2)t− 1

m2
t

uTUtu− t(1− t)

m5
t

(κ2 − 1)m2 − t(1− t)

2m5
t

D.

Define:

I(t) =

∫ t

0

(1 +m2)s− 1

m2
s

ds =
1

2
log(m2

t ). ⇒ eI(t) = mt

Multiplying by the integrating factor, we obtain:

d

dt

(
eI(t)uTUtu

)
≥ −eI(t).

t(1− t)

m5
t

(κ2 − 1)m2 − eI(t) · t(1− t)

m5
t

D = − t(1− t)

m4
t

(κ2 − 1)m2 − t(1− t)

2m4
t

D.

Integrating both sides, we obtain:

muTU1u ≥ 1−
{
D

2
+ (κ2 − 1)m2

}∫ 1

0

s(1− s)

m4
s

ds

= 1−
{
D

2
+ (κ2 − 1)m2

}
.

1

2m2
.

The last inequality follows from Lemma 13. Therefore, if we have

D ≤ 2m2(3− κ2),

then uTU1u ≥ 0 for all unit vector u. This ensures that Assumption 2 is satisfied as Lemma 8 yields

λmin(J1 + JT
1 ) = 2 min

u:∥u∥2=1
uTJ1u ≥ 2

(
min

u:∥u∥2=1
u⊤U1u

)
× λmin(J

T
1 J1) ≥ 0.

Moreover, Assumption 4 is automatically satisfied (see Section G.2). Therefore, the straightness of 1-RF follows
from Theorem 6.

F PROOFS FOR MONGE OPTIMALITY OF 2-RF

F.1 Proof of Theorem 8

Recall the ODE (11)
dJz0

t

dt
= ∇Ztvt(Zt(z0))J

z0
t ; Jz0

0 = Id. (31)

Due to the commutativity assumption, the unique solution to the above the ODE can be written in the following
form

Jz0
t = exp

(∫ t

0

∇Zu
vu(Zu(z0)) du

)
, (32)

where exp(A) :=
∑∞

k=0 A
k/k! for a d × d matrix A. We point the readers to Ma et al. (2009) and Section 5

of Magnus (1954) for discussions related to (32). Also, note that ∇Zu
vu(Zu(z0)) is a symmetric matrix which
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ensures that Jz0
t is a symmetric positive definite matrix for all t ∈ [0, 1]. In particular, Jz0

1 = ∇z0Z1(z0) is also a
symmetric positive definite matrix. Now, we will show that there exists a convex function φ such that Z1 = ∇φ.
To show this, we will essentially use the symmetry of ∇z0Z1(z0). Let us define

φ(z) =

∫ 1

0

⟨Z1(tz), z⟩ dt,

and note the following algebraic identity

∂Z1j(tz)

∂t
= lim

h→0

Z1j(tz + hz)− Z1j(tz)

h

=

d∑
k=1

zk.
∂Z1j(u)

∂uk

∣∣∣
u=tz

=
1

t

d∑
k=1

zk.
∂Z1j(tz)

∂zk

Therefore, we have

∂φ(z)

∂zj
=

∫ 1

0

d∑
k=1

∂(zkZ1k(tz))

∂zj
dt

=

∫ 1

0

Z1j(tz) dt+

∫ 1

0

d∑
k=1

zk
∂Z1k(tz)

∂zj
dt

=

∫ 1

0

Z1j(tz) dt+

∫ 1

0

d∑
k=1

zk
∂Z1j(tz)

∂zk
dt (Due to Symmetry)

=

∫ 1

0

Z1j(tz) dt+

∫ 1

0

t.
∂Z1j(tz)

∂t
dt

=

∫ 1

0

Z1j(tz) + tZ1j(tz)
∣∣t=1

t=0
−
∫ 1

0

Z1j(tz) dt

= Z1j(z).

This shows that Z1 = ∇φ, and in fact ∇2φ = ∇Z1 ≻ 0. Therefore, φ is also a convex function. Then the
optimality of the coupling (Z0, Z1) follows from Theorem 1.48 of Santambrogio (2015).

F.2 RF in one-dimension yields Monge coupling

1-RF always yields a straight coupling as long as the solution to ODE (10) exists and is unique. This is because,
in the one-dimensional setting, the commutativity condition in Theorem 8 is trivially met. Thus, we derive the
following conclusion.

Proposition 3. Let (X0, X1) ∼ N(0, 1) × ρ1 be a bivariate random vector in R2, and let the conditions in
Theorem 9 hold. Then 1-RF yields the Monge transport map between N(0, 1) and ρ1, and hence it also produces
a straight coupling.

The above theorem shows that 1-RF yields the Monge map for any target distribution (with a second moment)
in one dimension. For example, the target distribution ρ1 can be any log-concave or a general K-mixture of
Gaussian distribution, and 1-RF will yield the Monge map between N(0, 1) and ρ1.

However, it is instructive to point out that the straightness of the 1-RF can be understood through a much more
intuitive and fundamental argument (Liu et al., 2023, Theorem D.10). In the one-dimensional case, uniqueness
of the solution of ODE (10) implies that the map z0 7→ Zt(z0) is a monotonically increasing function for all
t ∈ (0, 1]. Then the straightness follows immediately from Lemma D.9 of Liu et al. (2023). In addition, the
monotonicity property also ensure that all the quantiles are preserved:

Lemma 7. Let z0 ∈ R and write zt := Zt(z0). If the solution of ODE (1) is unique, then P(Zt ≤ zt) is a
constant depending on z0 for all t.
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Proof. We recall the ODE Żt = vt(Zt) with Z0 = z0. As x 7→ vt(x) is uniformly Lipschitz, there exists a unique
solution {Zt}t∈[0,1] such that Z0 = z0. Moreover, the map Zt : z0 7→ zt is monotonically increasing. To see this,
let us assume z0 > z̃0, but zt < z̃t. Note that G(τ) := Zτ (z0) − Zτ (z̃0) is continuous in τ . Also, G(0) > 0 and
G(t) < 0. By the intermediate value property, there exists a t0 ∈ [0, 1] such that G(t0) = 0, i.e., zt0 = z̃t0 . This
violates the uniqueness condition of the ODE solution. Hence, Zt is monotonically increasing. By monotonicity,
it follows that

P(Zt ≤ zt) = P(Z0 ≤ z0).

In addition, this monotonicity property also ensures that Z1 = ∇φ for some convex function φ. This immediately
shows that Z1(·) is the Monge map (Santambrogio, 2015, Theorem 1.48). However, such arguments can not be
easily generalized in higher dimensions and require deeper theoretical treatments as in Theorem 8. In the next
sections, we move to examples in higher dimensions.

F.3 Proof of Proposition 1

Gaussian to Gaussian case : As shown in Section E.1, we have

∇xv(x, t) =
1

t

(
I − (1− t)Σ−1

t

)
.

Therefore, It is clear that ∇v(Zt(z0), t) and ∇v(Zs(z0), s) are commutative. Hence, the result follows from
Theorem 8.

Gaussian to 2-mixture of Gaussian case : First, note that Assumption 4 is satisfied by the discussion in
Section G.2. Therefore, it suffices to prove the commutativity of ∇v(Zt(z0), t) and ∇v(Zs(z0), s) for some t < s.
Using (37), we have

At := ∇v(Zt(z0), z0) =
(1 + σ2)t− 1

σ2
t

Id +
t(1− t)

σ4
t

w1,tw2,t(µ1 − µ2)(µ1 − µ2)
⊤,

where σ2
t := t2σ2 + (1− t)2. Now, it is evident that AtAs = AsAt. Hence, the result follows from Theorem 8.

G PROOFS FOR EXISTENCE OF RF

In this section, we collect the proofs of the main results of Appendix B.

G.1 Proof of Theorem 9

We start by analyzing the velocity function. Recall that

vt(x) =


x
t +

(
1−t
t

)
st(x) , 0 < t < 1

E(X1)− x , t = 0

x , t = 1.

where st(x) is the (data) score function of (1− t)X0 + tX1. Let ϕ denote the standard gaussian density function
in Rd.

Verifying Assumption 3: For t ∈ [0, 1) we have

st(x) = ∇x log

(∫ ∞

−∞
(1− t)−d/2ϕ

(
x− ty

1− t

)
ρ1(dy)

)

=

1
1−t

∫∞
−∞

(
ty−x
1−t

)
ϕ
(

x−ty
1−t

)
ρ1(dy)∫∞

−∞ ϕ
(

x−ty
1−t

)
ρ1(dy)

=
t

(1− t)2
.

∫∞
−∞ yϕ

(
x−ty
1−t

)
ρ1(dy)∫∞

−∞ ϕ
(

x−ty
1−t

)
ρ1(dy)

− x

(1− t)2
.
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Therefore, vt(x) =
∫ ∞
−∞( y−x

1−t )ϕ(
x−ty
1−t ) ρ1(dy)∫ ∞

−∞ ϕ( x−ty
1−t ) ρ1(dy)

for t ∈ [0, 1).

It is quite clear that v0(x) and v1(x) are C2 functions. Moreover, one can show that vt(x) is also C2 function
for every t ∈ (0, 1) (∇x and

∫
are interchangeable due to moment condition). It suffices to show that Ψ1(x) :=∫∞

−∞ yϕ
(

x−ty
1−t

)
ρ1(dy) and Ψ2(x) :=

∫∞
−∞ ϕ

(
x−ty
1−t

)
ρ1(dy) are C2 functions and Ψ2 > 0. Note that, Ψ2(x) =

EX1∼ρ1
ϕ
(

x−tX1

1−t

)
> 0. Now, we will show that Ψ1(x) is C1. One can similarly show that it is also C2 by following

a similar argument.

We define

D(x, y) := ∇x

[
yϕ

(
x− ty

1− t

)]
=

1

(1− t)2
y (ty − x)

⊤
exp

(
−
∥x− ty∥22
2(1− t)2

)
.

Note that if ∥y∥22 ≥ 4 ∥x∥22 /t2, we have ⟨u,D(x, y)u⟩ ≤ t∥y∥2
2+∥y∥2∥x∥2

(1−t)2 exp(−t ∥y∥22 /4) for all u ∈ Sd−1, as

∥ty − x∥22 ≥ (t2/2) ∥y∥22 − ∥x∥22 ≥ (t2/4) ∥y∥22. In addition, the upper bound is integrable w.r.t ρ1(dy). For

∥y∥22 ≤ 4 ∥x∥22 /t2, we have ⟨u,D(x, y)u⟩ ≤ t∥y∥2
2+∥y∥2∥x∥2

(1−t)2 ≤ 6∥x∥2
2

t(1−t)2 , and the upper bound is obviously integrabel

w.r.t ρ1(dy). Therefore, we have

∇Ψ1(x) =

∫ ∞

−∞
D(x, y) ρ1(dy).

The continuity also follows from generalized DCT. One can take a further derivative to show that Ψ1 is C2

function, and follow the similar argument for Ψ2(x).

Non-explosive: For notational brevity, we write Xt instead of Xt(z0). Note that

d

dt
∥Xt∥22 = ⟨Xt, vt(Xt)⟩ ≤ h(∥Xt∥22).

Write Ut := ∥Xt∥22. Let Vt be a sequence of maps such that

d

dt
Vt = h(Vt); V0 = U0.

Due to Condition (13), we have Vt < ∞. Next, we claim that Ut ≤ Vt for all t ∈ [0, 1].

Under local-lipschitz property: If not, then there exist times t0, t1 such that

Ut0 = Vt0 , and Ut > Vt for all t0 < t ≤ t1.

Define ∆(t) := Ut − Vt. Therefore, we have ∆(t0) = 0 and ∆(t) > 0 for all t ∈ (t0, t1]. Let w = Ut0 = Vt0 . Due
to local-Lipschitz property of h, there exists δw > 0 and Lw > 0 such that

|w1 − w| ∨ |w2 − w| < δw ⇒ |h(w1)− h(w2)| ≤ Lw |w1 − w2| .

Due to continuity of Ut and Vt at t = t0, there exists η > 0 such that t + η < t1 and for all η′ ≤ η we have
|Ut0+η′ − w| ∨ |Vt0+η′ − w| < δw. For , t ∈ [t0, t0 + η], we consider the ODE

∆̇(t) = U̇t − V̇t

= h(Ut)− h(Vt)

≤ Lw |Ut − Vt| (local-Lipshcitzness)

= Lw∆(t) (as ∆(t) > 0).

Therefore, by Gronwall’s lemma we have ∆(t) ≤ ∆(t0) exp(Lwt). This implies that ∆(t) ≤ 0 for t ∈ (t0, t0 + η],
which is a contradiction to the fact that ∆(t) > 0 for all t ∈ (t0, t1]. Hence, we have Ut ≤ Vt < ∞ for all t ∈ [0, 1].
This establishes the non-explosive property (Condition (12)) of the ODE.

Under strictly increasing property: In this case, we will show a stronger result, i.e., Ut < Vt for all t ∈ (0, 1]. If
not, let τ := inf{t > 0 : Ut ≥ Vt}. By definition, we have τ > 0 and Uτ ≥ Vτ . This implies that∫ τ

0

h(Ut)− h(Vt) dt ≥ 0 ⇒ ∃s ∈ (0, τ) such that h(Us) ≥ h(Vs).
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Therefore, we have Us ≥ Vs, which contradicts the definition of τ . Hence, we have Ut < Vt for all t ∈ (0, 1].

Now the result follows by applying Proposition 2.

G.2 Non-explosivity: Gaussian to a general mixture of Gaussian

First, for notational brevity, we write ∥u∥Σ =
√
u⊤Σ−1u for a positive-definite matrix Σ. Let X0 ∼ N (0, Id)

and X1 ∼
∑K

i=1 πiN (µi,Σi). Let Xt = tX1 + (1− t)X0, then we have

vt(x) =
x

t
+

1− t

t
st(x) (33)

where, st(x) = ∇x log pt(x) is given by

st(x) =
∑
i

wi,t(x)Σ
−1
i,t (tµi − x) ,

Σi,t = (1− t)2Id + t2Σi and

wi,t(x) =

πi exp

(
−∥x−tµi∥2

Σi

2

)
∑

j πj exp

(
−∥x−tµj∥2

Σi

2

) .

Therefore, we have

vt(x) =
∑
i

wi,t(x)
(
Id − (1− t)Σ−1

i,t

) x
t
+ (1− t)

∑
i

wi,t(x)Σ
−1
i,t µi

Note that, if λ is an eigenvalue of Σi, then the corresponding eigenvalue of 1
t (Id − (1 − t)Σ−1

i,t ) is t2(1+λ)−1
(1−t)2+tλ2 ≤

(1+λ−1). Therefore,
∥∥ 1

t (Id − (1− t)Σ−1
i,t )
∥∥
op

≤ 1+
∥∥Σ−1

i

∥∥
op

=: Ai. Similar argument shows that
∥∥Σ−1

i,t

∥∥
op

≤ Ai.

Therefore, we have

⟨x, vt(x)⟩ ≤ (max
i

Ai)︸ ︷︷ ︸
A

∥x∥22 + (max
i

Ai ∥µi∥2)︸ ︷︷ ︸
B

∥x∥2 .

Therefore, Assumption 4 is satisfied with h(u) = Au+B
√
u which is strictly monotonic function and

∫∞
u0

(Au+

B
√
u)−1 du = ∞ for all u0 > 0. Moreover, we have E ∥X1∥2 < ∞. Therefore, by Theorem 9 we conclude that

the solution to the ODE (10) is unique.

H AUXILIARY RESULTS

Lemma 8. Let A ∈ Rd×d be an invertible matrix. Define q(A) := minu:∥u∥2=1 u
⊤Au. Then the following

inequality is true provided q(A−1) ≥ 0:

q(A) ≥ q(A−1)q(A⊤A).

Proof. Let u be a unit vector such that u⊤Au = q(A). As A is invertible, there exists a v ∈ Rd such that

u = A−1v. Note that we have ∥v∥22 = u⊤A⊤Au ≥ q(A⊤A) ≥ 0. Then, we have

q(A) = u⊤Au

= v⊤(A−1)⊤v

= v⊤(A−1)v

≥ q(A−1) ∥v∥22 ≥ q(A−1)q(A⊤A).
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Lemma 9. Let (X0, X1) ∼ N(0, Id) ⊗ ρ1. Let the density of Xt = tX + (1 − t)Z be pt, and the score to be
st(x) = ∇ log pt(x). Then, we have

vt(x) =
x

t
+

(
1− t

t

)
st(x).

Proof. First, note that due to Tweedie’s formula (Robbins, 1992) we have EtX | Xt = x = x + (1 − t)2st(x).
Using this, we have

vt(x) = E[X − Z | Xt = x]

= E[
X −Xt

1− t
| Xt = x]

=
x+ (1− t)2st(x)

t(1− t)
− x

(1− t)
(applying Tweedie’s formula)

=
x

t
+

(
1− t

t

)
st(x). (34)

Lemma 10. Let X0 ∼ 1
K0

∑K0

i=1 N(µ0i, σ
2I), and X1 ∼ 1

K1

∑K1

i=1 N(µ1i, σ
2I) be independent, and define Xt =

tX1 + (1− t)X0. Then, we have

vt(x) =
x

t
+

(1− t)σ2

t

(
1

K0

K0∑
i=1

p
(i)
t (x)

pt(x)

(
s
(i)
t (x)− µ0i

1− t

))
,

where p
(i)
t (x) = 1

K1

∑K1

j=1 N(tµ1j + (1− t)µ0i︸ ︷︷ ︸
µ
(i)
tj

, σ2
t ), σ

2
t = (t2 + (1− t)2)σ2.

s
(i)
t (x) = ∇x log p

(i)
t (x) =

1

σ2
t

K1∑
j=1

w
(i)
j (x)µ

(i)
tj − x

 ,

and

w
(i)
j (x) =

exp

(
−
∥∥∥x−µ

(i)
tj

∥∥∥2

2σ2
t

)
∑

j exp

(
−
∥∥∥x−µ

(i)
tj

∥∥∥2

2σ2
t

)

Proof.

vt(x) = E [X1 −X0 | Xt = x]

= E
[
X1 −Xt

1− t
| Xt = x

]
=

1

t(1− t)
(E [tX1 | Xt = x]− tx)

=
1

t(1− t)

(
1

K0

K0∑
i=1

p
(i)
t (x)

pt(x)
E
[
tX1 | X(i)

t = x
]
− tx

)

=
1

t(1− t)

(
1

K0

K0∑
i=1

p
(i)
t (x)

pt(x)

(
x− (1− t)µ0i + σ̃2

t s
(i)
t (x)

)
− tx

)
, where σ̃2

t = (1− t)2σ2

=
x

t
+

(1− t)σ2

t

(
1

K0

K0∑
i=1

p
(i)
t (x)

pt(x)

(
s
(i)
t (x)− µ0i

1− t

))
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Lemma 11. Let X0 ∼ N (0, Id) and X1 ∼
∑

i πiN
(
µi, σ

2
i I
)
be independent. Let Xt = tX1 + (1 − t)X0, with

density pt. Then, using Lemma 9, we have

vt(x) =
x

t
+

1− t

t
st(x) (35)

where, st(x) = ∇x log pt(x) is given by

st(x) =
∑
i

wi,t(x)

(
tµi − x

σ2
i,t

)
,

σ2
i,t = (1− t)2 + t2σ2

i and

wi,t(x) =
πi exp

(
−∥x−tµi∥2

2σ2
i,t

)
∑

j πj exp
(

−∥x−tµj∥2

2σ2
i,t

)
Proof. The result directly follows from Lemma 10 with K0 = 1.

Lemma 12. Let X0 ∼ N (0, I) and X1 ∼
∑

i πiN (µi,Σi) be independent random variables. Let Xt = tX1 +
(1− t)X0 with density pt. Then, we have

vt(x) =
x

t
+

1− t

t
st(x), (36)

where, st(x) = ∇x log pt(x) is given by

st(x) =
∑
i

wi,t(x)Σ
−1
i,t (tµi − x) ,

Σi,t = (1− t)2Id + t2Σi and

wi,t(x) =

πi√
det(Σi,t)

exp

(
−(x−tµi)

⊤Σ−1
i,t (x−tµi)

2

)
∑

j
πj√

det(Σj,t)
exp

(
−(x−tµj)⊤Σ−1

j,t (x−tµj)

2

) .

Note: One can also evaluate the exact derivative the drift vt in the above case. For notational brevity, we
define δi,t := Σ−1

i,t (tµi − zt). Then, we have

∇ztv(zt, t) =

{∑
i

1

t

{
Id − (1− t)Σ−1

i,t

}
.wi,t(zt)

}

+

(
1− t

t

)
.

∑
i<j

wi,t(zt)wj,t(zt)(δi,t − δj,t)(δi,t − δj,t)
⊤


(37)

Lemma 13. For a, b > 0, define

I(a, b) =

∫ 1

0

s(1− s)

√
(1− s)2 + a2s2(

(1− s)2 + b2s2
)5/2 ds.

Then

I(a, b) =
a2 + ab+ b2

3 b3(a+ b)
.
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Proof. Begin with the substitution

u =
s

1− s
, s =

u

1 + u
, ds =

du

(1 + u)2
.

Direct algebra shows that the integral becomes

I(a, b) =

∫ ∞

0

u

√
1 + a2u2

(1 + b2u2)5/2
du.

Next let v = u2, so u du = 1
2dv. Then

I(a, b) =
1

2

∫ ∞

0

√
1 + a2v

(1 + b2v)5/2
dv.

Now scale by y = b2v, so dv = 1
b2 dy and

I(a, b) =
1

2b2

∫ ∞

0

√
1 + a2

b2 y

(1 + y)5/2
dy.

Set

r =
a2

b2
.

To convert the improper integral to a bounded interval, use

y =
t

1− t
, dy =

dt

(1− t)2
, t ∈ [0, 1].

A straightforward simplification yields∫ ∞

0

√
1 + ry

(1 + y)5/2
dy =

∫ 1

0

√
1 + (r − 1)t dt.

If r ̸= 1, the elementary antiderivative gives∫ 1

0

√
1 + (r − 1)t dt =

2

3

r3/2 − 1

r − 1
.

Therefore,

I(a, b) =
1

2b2
· 2
3

r3/2 − 1

r − 1
=

1

3b2
r3/2 − 1

r − 1
.

Substitute back r = a2

b2 :

r3/2 =
a3

b3
, r − 1 =

a2 − b2

b2
,

so

I(a, b) =
1

3b2
·

a3

b3 − 1
a2−b2

b2

=
a3 − b3

3b3 (a2 − b2)
.

Factor numerator and denominator:

a3 − b3 = (a− b)(a2 + ab+ b2), a2 − b2 = (a− b)(a+ b).

Thus

I(a, b) =
a2 + ab+ b2

3 b3(a+ b)
.
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