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Abstract

The geometry of generative models serves as the basis for interpolation, model inspection,
and more. Although certain generative models admit an implicit geometric structure, there
is no broadly applicable framework that captures a principled notion of geometry across
generative models without imposing restrictive assumptions on the model class or data di-
mensionality. In this paper, we show how to equip generative models with a general geometry
compatible with different metrics and probability distributions to analyze generative models.
Our method does not require additional training. We consider curves analogous to geodesics
constrained to a suitable data distribution aimed at targeting high-density regions learned
by generative models. We formulate this as a (pseudo-)metric and prove correspondence
to a Newtonian system on a Riemannian manifold. We show that shortest paths can here
be characterized by a system of ordinary differential equations, which, along the optimal
path, locally correspond to geodesics under a suitable Riemannian metric. Numerically, we
derive a novel algorithm to efficiently compute interpolation and generalized Fréchet means.
Quantitatively, we show that curves using our metric traverse regions of higher likelihood
areas than baselines across a range of models and datasets.

1 Introduction

Generative models learn the data distribution but rarely spec-
ify how to compute statistics such as interpolation and means
on the generated samples. Such actions require a model ge-
ometry. However, geometries are commonly defined ad hoc,
e.g., through spherical and linear interpolation (Song & Er-
mon, 2020; Song et al., 2021a; Zheng et al., 2024). Although
these interpolation schemes are simple, they assume that the
prior distribution is isotropic Gaussian, where spherical inter- ¢ D Newtonianjpathi
polation also assumes that the space is high-dimensional. This
does not generalize well across generative models.

Other works equip generative models with a Riemannian metric Riemannianigeodesictay/
to model the data manifold (Tosi et al., 2014; Arvanitidis et al.,
2018; Shao et al., 2018; Karczewski et al., 2025; Béthune et al.,
2025), but this geometry is specified on a per-model basis. In
general, Riemannian manifolds provide an operational frame-
work for the analysis of generative models (Hauberg, 2019) and
naturally appear in latent space models (Shao et al., 2018; Ar-
vanitidis et al., 2018; Hauberg, 2019). For Riemannian mani-
folds, interpolation corresponds to geodesics, which are locally-
length minimizing curves. Geodesics can be locally charac-
terized by an ordinary differential equation (ODE) (do Carmo,

Figure 1: A conceptual illustration of our
method, where we consider the geometry
corresponding to a Newtonian system on a
Riemannian manifold. The gradient vector
field of the density “pushes” the Rieman-
1992, Lemma 2.3) nian geodesic to areas of high likelihood.

AR + Tl () A ()7 () = 0, (1)
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where {Ffj} denotes the Christoffel symbols derived from the Riemannian metric g. However, geodesics for
generative models are not always within high likelihood regions of the data distribution, and for geodesics
to have high likelihood, it requires imposing restrictions on the underlying generative model to incorporate
the uncertainty of the data into the metric (Hauberg, 2019; Tosi et al., 2014).

Rather than modeling the geometry of the data manifold as a Riemannian manifold, we show in this paper
how to construct a force field that points to regions of high-likelihood as illustrated in Fig. 1. We show
that enforcing geodesics to be within high-likelihood areas does not correspond to a Riemannian metric but
instead corresponds to a Newtonian system on a Riemannian manifold. Then, shortest curves are given by
(Carinena & Muifioz-Lecanda, 2023)

FE() + T3 (v(0) A ()Y (1) = VS (@), (2)

where V¥ is the kth element of the Riemannian gradient of a function S : M — R. We start by stating
the requirements for geodesics that they should be restricted to high-likelihood areas and formulate this
as a (pseudo-)metric to define the notion of interpolation and a mean value. We further show that along
the shortest curve, our approach can locally be seen as a geodesic under a Riemannian metric. We derive
a novel algorithm to compute interpolation and means using our geometric framework and prove that our
algorithm converges to a local minimum and has local quadratic convergence, enabling fast computation of
statistics for generative models. Empirically, we demonstrate that our approach obtains curves with a higher
likelihood compared to baselines on various datasets and generative models.

2 Background and related work

Riemannian manifolds provide an operational framework suitable for analyzing data and generative mod-
els (Hauberg, 2019) and appear naturally in latent space models like the variational-autoencoder (VAE)
(Shao et al., 2018; Arvanitidis et al., 2018). Formally, a Riemannian manifold is a differentiable manifold
M, equipped with a Riemannian metric, in the sense that it defines a smoothly varying inner product
g : TuyM x TyM — R. The inner product is a quadratic form g, (v,w) = v G(x)w, where v,w € TpM
denote elements in the tangent space of M in & € M (do Carmo, 1992, Page 38). The tangent space at
x € M is a vector space that consists of the tangent to all curves at . The Riemannian metric gives rise to
the notion of curves that locally minimize the Riemannian distance:

dist(ab) == min [ \/3(0)T GO O30

with v(0) = @ € M and (1) = b € M. Geodesics are locally length minimizing and can be computed by
minimizing the energy functional

£0) =3 [ HOTG () A0 )

or equivalently solving the Euler-Lagrange equations in Eq. 1. In general, we will assume that the manifolds
studied in this paper are geodesically complete in the sense that between any two points a, b € M, there exists
at least one length-minimizing geodesic connecting the boundary points. Simple examples of Riemannian
manifolds are the sphere used in climate data (Karpatne et al., 2019; Mathieu & Nickel, 2020) and the
n-dimensional torus used in protein modeling (Lovell et al., 2003; Murray et al., 2003). More abstract
examples of Riemannian manifolds are learned manifolds using latent space models as the VAE, where the
decoder under sufficient regularity learns a smooth d-dimensional immersion (Shao et al., 2018).

Generative models aim to approximate the underlying data distribution. Although this objective is mostly
shared across generative models, different models solve this problem in very different ways. VAE’s learn the
data distribution by maximizing a lower bound of the likelihood (Kingma & Welling, 2014), autoregressive
models model the conditional distribution (Uria et al., 2016), normalizing flows use the change of variables
theorem (Papamakarios et al., 2021), while score-based diffusion models learn the data distribution using
the probability flow ODE by learning the score function (Song et al., 2021b).
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All of these generative models can generate samples that approximate the data distribution, but do not
allow elaborate statistics on the generated samples, such as interpolation, mean, and so on. Different works
equip generative models with a geometry, but this is typically based on strong assumptions about the data
dimension and the generative model. Shao et al. (2018); Arvanitidis et al. (2018); Wang & Ponce (2021)
propose using the learned metric in the latent space for the VAE (Kingma & Welling, 2014) and the generative-
adversarial network (GAN) (Goodfellow et al., 2014) to compute geodesics for interpolation and extraction
of model information. Although these approaches provide insight into latent space models, they assume a
latent space equipped with a Riemannian metric, and it has been observed that for the geodesic to have a
high likelihood with respect to the data distribution, it requires incorporating data uncertainty directly into
the generative model (Hauberg, 2019; Tosi et al., 2014; Kalatzis et al., 2020; Arvanitidis et al., 2022).

Diffusion models do not immediately learn a latent representation of the data, and the above constructions
do not apply. Rather than applying the ambient Euclidean geometry, diffusion models usually compute
interpolation using spherical and linear interpolation in the noise distribution that arises as the limit of the
forward dynamics (Song et al., 2021b; Song & Ermon, 2020; Du & Mordatch, 2019), where Zheng et al. (2024);
He et al. (2024); Yang et al. (2024); Guo et al. (2024) exploits the specific structure of diffusion models to
generate highly realistic transitions between samples. These interpolants are based on strong assumptions of
diffusion models and do not generalize to other generative models, such as Riemannian diffusion models, due
to their ad hoc nature (Bortoli et al., 2022; Huang et al., 2022; Jo & Hwang, 2024). Alternatively, Wang &
Golland (2023); Yang et al. (2025) train a diffusion model to generate realistic transitions between data, but
the approach requires additional training and does not directly relate to any underlying generative model. In
general, non-Riemannian methods do not extend beyond interpolation to support statistical measures such
as the means or principal components. This limits their use in post hoc data analysis, which is often the
long-term goal of geometric constructions.

Other works equip diffusion models with a Riemannian structure (Yu et al., 2025; Karczewski et al., 2025;
Saito & Matsubara, 2025; Béthune et al., 2025), where Karczewski et al. (2025) considers an information
geometric approach inspired by the Fisher-Rao metric. Lebanon (2002); Hartmann et al. (2022); Yu et al.
(2025); Béthune et al. (2025) construct a generic Riemannian metric for generative models based on a
probability density function, where Béthune et al. (2025) considers a conformal Riemannian metric designed
for energy-based models. Rather than incorporating the probabilistic structure into the Riemannian metric,
we opt to consider the metric structure of the data used in training and penalize with a scalar field. Not
only do we find that this gives better results compared to baselines but also reduces computational costs.

3 Our likely geometry

In this section, we describe how to equip generative models with our geometric framework. We do so by
first stating the properties of interpolation and use this to define the notion of interpolation and means, as
illustrated in Fig. 2. In general, generative models often reside in a Riemannian manifold (Bortoli et al.,
2022; Davidson et al., 2018; Bjerregaard et al., 2025; Rozo et al., 2025). For example, earthquake data
used in Riemannian diffusion models (Bortoli et al., 2022) are restricted to the sphere, while image data
used to train diffusion models reside in Euclidean space (Song et al., 2021b; Ho et al., 2020). We aim to
construct a generic geometric framework that favors high-density regions learned by any generative model,
given the metric structure of the data. More formally, we will consider a Riemannian manifold M, in which
the generative process resides, and consider any function S : M — R that is bounded from below. In this
paper, we set S as the negative log-likelihood learned by the generative model, but this is not restrictive.
For a Riemannian manifold, geodesics can be found by minimizing the energy functional in Eq. 3, but this
disregards the learned data distribution. To ensure that the interpolating curves are attracted to the data
distribution, we propose the following constrained minimization problem

min 5 [ 4076 (v(0)3(0) dt

l 0
s.t. /1 S (~(1) dt < 5,
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Figure 2: Examples of the three fundamental concepts derived from the (pseudo-)metric in Eq. 7 with
A = 20.0: boundary-value curves (row 1), initial value curves (row 2), and a generalized version of the
Fréchet mean (row 3). The concepts are applied to an energy-based model (EBM) (LeCun et al., 2006) for a
checkerboard, normalizing flow (NF) (Papamakarios et al., 2021) for the two-moon distributions, autoregres-
sive model (AR) (Uria et al., 2016) for a sinus curve, and a VAE (Kingma & Welling, 2014) for circle data.
Red denotes the connecting curves between the green boundary points. For the generalized Fréchet mean,
blue denotes the mean, while the white points are 100 sampled data points. The black arrows denote the
initial directions of the curves. The regularization function for each model is described in Section 4.

where S € R is a suitable bound and v(0) = a € M and (1) = b € M. Minimizing this constrained
optimization problem can be computationally expensive depending on S. We therefore consider the following
minimization problem of the regularized energy functional, which corresponds to a Lagrange relaxation of
the constraint in Eq. 4.

7" =min&i(a,b) where £, = ;/O‘Y(t)TG(’Y(t))"Y(t) dt+/\/0 S (v(1)dt, ()

where A > 0 is a dual variable. If u" G(2)u and S(z) are convex in (z,u), then there exists a A such that
the solution to this minimization problem Eq. 5 is a solution to the minimization problem in Eq. 4. If this
is not the case, there could be duality gaps between Eq. 5 and 4, i.e., the solution to Eq. 5 is an optimal
solution, but there is not necessarily a A for all values of S in Eq. 4. For the rest of the paper, we will
consider the minimization problem in Eq. 5 to reduce computational complexity and implicitly assume that
a critical point is a minimum point.

Metric. The energy minimization in Eq. 5 provides a direct trade-off between smooth curves with respect
to the geometry and targeting high-likelihood areas defined by S, which is directly controlled by A. Inspired
by Eq. 5, we define the following (pseudo-)metric structure of the Riemannian manifold M and the tangent
space Ty M for z € M.

Definition 3.1 (Metric structure). Let (M,g) be a Riemannian manifold and let S : M — R be bounded
from below. We define the following (pseudo-)inner product in the tangent space Ty M for z € M

Foa(v,w) = v G(z)w + \S(2), (6)
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Using Eq. 6, we define the following (pseudo-)metric on M

dist3 (a, b) = H}jn Ex(a,b) (7)

where a,b € M with v(0) = a and v(1) = b and Ex(a,b) is the regularized energy Eq. 5.

Since we have assumed that M is geodesically complete for the Riemannian background metric in which the
data reside and that .S is bounded from below, there exists a solution to Eq. 7. Note that in Eq. 7 we have
removed 1/2 to simplify the computations. Since the scale between S and G might be very different, we
show in Appendix E how to heuristically normalize A\, which we apply for all computations. Note also that
the phrasing, inner product, in Definition 3.1 is not necessarily correct. It is easily seen that I’ generally does
not satisfy positive-definiteness, i.e., F; z(v,v) > 0 for v # 0. In this way, we can consider S as a shift of
the Riemannian inner product. Similarly, the (pseudo-)metric in Eq. 7 is not a metric, as it can be negative
depending on S. To simplify the wording, we will denote Eq. 6 and Eq. 7 as an inner product and metric,
respectively. However, we show that we have a local representation in terms of a Riemannian metric along
the optimal curve.

Proposition 3.2 (Local Metric). Let S denote the lower bound of S. Assume that X is sufficiently large so
that S(-) is close to S in Eq. 4. Let v* denote the optimal solution to Eq. 7. Then the regularized energy
can locally along the optimal curve v* be estimated as

1
=3+ [ (3T OU @) @ d
0
where U (v*(t)) = G (v*(t)) + $H(S)(v*(t)) and H(S) denotes the Euclidean Hessian of S. Thus, if
U (v*(t)) is positive definite, we can interpret it as a local representation of a Riemannian metric along the

optimal curve.

Proof. See Appendix A.1. O

1.0

In case S = —logp, we see that in Proposition 3.2 GMM ___ KDE_
we get the Hessian of the log-likelihood similar to
the Fisher-Rao metric (Nielsen, 2020). Thus, we can
interpret our method as a trade-off between the nat-
urally length-minimizing curves for the given met-
ric structure of the space for A = 0 and the curves
strongly restricted to the data distribution as A in-
creases. The exact choice of A is therefore a prefer-
ence for the user that balances the smoothness and

A=10.0

A=0.0 =10. 4
(£=-6.50/-6.87) (£=-5.11/-5.23) =-4.

. . . A=1.0 A=25.0 A=100.0 [
likelihood of the curves depending on the use-case, (C=-5.841-6.12) "~ (c=-403/-4.88) "~ (c=-4.77/-4.64) |

0.0

as illustrated in Fig. 3 for simple synthetic data with
a Gaussian mixture model (GMM) and a kernel den-
sity estimator (KDE) with G = I and S = —logp.
Throughout the paper, we will consider A = 20.0
and use the normalizing described in Appendix F,
which we find to nicely balance high-likelihood and
smoothness.

Figure 3: Interpolation curves computed for different
values of A in Eq. 5 with an Euclidean background
metric and S(z) = —logp(z). The data density, p, is
approximated by a GMM and KDE shown in the back-
ground color for synthetic data (black). The mean
log-likelihoods of the estimated curves are denoted L,
In the following, we will derive and define the prop- where the first number is for GMM and the second for
erties of the metric in Eq. 7, as well as computational KDE.

methods for fast and accurate computations for statistical analysis.

Minimizing curves. In the Riemannian case, geodesics serve as the foundation for elaborate statistical
models and are deeply rooted in the exponential and logarithmic map that generalizes the notion of vector
addition and subtraction to Riemannian manifolds (Hauberg, 2025, Chapter 9). The exponential and log-
arithmic map, when it exists, can be found by solving the ODE in Eq. 1 as an initial-value problem (1vp)
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or boundary-value problem (BVP), respectively. Given the metric in Eq. 7, we derive an ODE that defines a
generalized geodesic.

Proposition 3.3 (First variation). Consider the regularized energy in Eq. 7 for a Riemannian manifold
(M, g). Let g;; and g*7 denote the local coordinates of the metric matriz function and its inverse, respectively.
The first variation gives the following ODE

. N A
FHO) + T (03 () = 59705 (v(1), (8)
where Ffj = %gkj (O1gp; + 059p1 — Opgis) denotes the Christoffel symbols of the Levi-Civita connection. Note
that Eq. 8 can equivalently be written as

. 1 ) 1

7(t) = _§G(7(t))/1‘<t)7 N(t) = Zvr (N’T (t)G(.T)[L(t)) ‘(L‘:"Y(t) - )‘vms(x)b:.y(t)u (9)
where pu(0) = —2G(a)7(0).
Proof. See Appendix A.2 for the proof of Eq. 8. For the proof of Eq. 9, we refer to Rygaard (2026). O

If A =0, we see from Eq. 8 that we immediately get the corresponding ODE for Riemannian geodesics Eq. 1.
Note that Eq. 8 is similar to the ODE governing motion on a Riemannian manifold under external forces,
where 3¢*79,S (v(t)) can be interpreted as the external force (Carifiena & Mufioz-Lecanda, 2023). In this
way, we can interpret S as a force that pushes the curve into the data distribution, where the “push” is
controlled by A corresponding to a Newtonian system on a Riemannian manifold. Note that the ODE in
Eq. 9 can be suitable in high-dimensions as it avoids the cumbersome computation of the Christoffel symbols
and only requires the gradient of an inner product. However, for all computations we will use the ODE in
Eq. 8. Note also that if Eq. 7 is locally convex for the solution to Eq. 8, the solution to Eq. 8 is a local
minimum to Eq. 7.

Using Eq. 8, we can easily define the Exponential map corresponding to the metric in Eq. 7 as Exp, ,(v) =
(1), where (1) is the solution to Eq. 8 with v(0) = x and 4(0) = v. Similarly, we can define, when it
exists, the logarithmic map as Log, ,(y) = 7(0) as the solution to Eq. 8 with v(0) = = and (1) = y.
The exponential map corresponds to an IVP that can be estimated numerically using standard ODE solvers
(Dormand & Prince, 1980; Bogacki & Shampine, 1989; Hairer et al., 1993; Hairer & Wanner, 1996; Shampine
& Reichelt, 1997; Hindmarsh, 1983). The logarithmic map corresponds to a BVP problem which, in principle,
can be solved similarly using BVP solvers (Noakes, 1998; Kaya & Noakes, 2008; Hennig & Hauberg, 2014;
Arvanitidis et al., 2019), but below we will derive a fast and efficient algorithm to solve the BvP rather than
using ODE solvers.

Geometric statistics. Using the modified version of the exponential and logarithmic map, we can compute
geodesics targeting high-density regions. The metric structure in Eq. 7 lets us go further and compute
geometric statistics, such as means and principal components, on the manifold (Pennec, 2006; Fletcher
et al., 2004). This allows generative models to be incorporated into data analysis pipelines. Using Eq. 7, we
define the discrete mean-value as

Naata

po s iyt = argmin Y wiéy (a5,y), (10)
yeM

Ndata
{'Ys i=1

i=1

where {ai}f\fi“a C M are data points with weights {wz}f\;“f‘a C R, and shortest curves {v;}Y%* connecting

the data points and mean u. If A = 0, then this is equivalent to the Fréchet mean (Fréchet, 1948). Gen-
erally, uniqueness and existence of the Fréchet mean is not guaranteed even on Riemannian manifolds. In
Appendix C, we summarize the conditions for existence and uniqueness on Riemannian manifolds and state
results for when this holds for Eq. 10. From the definition of the mean in Eq. 10, we can easily generalize
well-known geometric statistics such as geodesic regression (Fletcher, 2011) and principal geodesic analysis
(PGA) (Fletcher et al., 2004).
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Algorithm. Solving the 1vP using the ODE in Eq. 8 is computationally cheap. However, computing
geodesics as a BVP can even in the Riemannian case be computationally difficult and often scales poorly
in high dimensions or exhibits slow convergence. Rygaard & Hauberg (2025) circumvent this through an
iterative scheme to estimate geodesics with fast convergence using optimal control known as the GEORCE-
algorithm. However, their method does not support regularization of the geodesic. We generalize GEORCE
to compute boundary-value geodesics under regularization and prove that our extended method converges
to a local minimum (global convergence) and exhibits local quadratic convergence similar to Rygaard &
Hauberg (2025). We formulate the regularized geodesic problem in Eq. 5 as a discrete control problem using
a first order approximation of the velocity along the curve in Eq. 5.

J\/grid_1
min E(z):= min Z (u] G(zs)us + AS(2s))
(25,us) (25,us) —o (11)
st. zZsy1 =2zs+uUs, 5=0,...,Ngia — 1,
zZp=a, z =b.

grid

With this formulation, zo.n,,,, denotes the state variables, while wug, Ngua—1) denotes the control variable
such that the control variables correspond to a discretization of the tangent vectors at the grid points of the
curve. Since the regularizing function depends only on the state zo.n,,,,, Wwe can apply a similar approach as
Rygaard & Hauberg (2025) to decompose the optimal control problem in Eq. 11 into convex subproblems in
the control variables. Using this, we show that

Proposition 3.4. The necessary conditions for a minimum in Eq. 11 are

QG(ZS)U5+Ns=0, 320;-~-aNgrid_17

Z5+1:ZS+’U,S, SZO»---aNgrid_L
12
V’y [’U’ZG<y)us + )\S(y)] ‘y:zs +ps = ps—1, s=1,... ;Ngrid -1 ( )
Zo = a, 2N, = b,
where py € R for s = 0,...,Ngria — 1.
Proof. See Appendix A.3. O

The necessary conditions in Eq. 12 can generally not be solved with respect to wo.(n,,,,—1) and Ho:(N,.q—1)-

However, we can circumvent this iteratively. In iteration k£ consider the state and control variables Z((){CJ)Vgr;d

(k)

and U0 (Ngwia—1)°

We fix G(-) and the gradient term in iteration k to define the following variables.

Vs = Vy (u;—G(y)us + )\S(y)) ‘y:zgm’u;:u(‘m, s=1,...,Ngiqa — 1,
G, ::G(zgk)>’ 5:O7~-~7Ngrid_1~

Inserting these variables into Eq. 12, we can solve the equations in closed-form, which naturally leads to the
following update scheme.

Proposition 3.5 (Update Scheme). The update scheme for ug, pus and zs is

-1

]\/vgrid_1 ]\/vgrid_1
e DI B ECEURED DIy SIZ8 B
s=0 s=0 i>s

1 14

Ug :7§Gsl ll’Ngrid—1+ZVj ’ S:O""’Ngridi]" ( )
Jj>s

Zop1 =Zs+Us, S=1,...,Ngia — 1,
Zp = a.
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Some generative models, such as diffusion models, apply a Euclidean background metric of high dimension.
In this case G = I and storing any matrix would be intractable. However, for a Euclidean metric, the update
formulas reduce to

Corollary 3.6 (Euclidean Update Scheme). Assume G = I. The update scheme for us and zs is

]\/vrid_1
b—a 1 1S
ug = +5 Z ZVJ*ZVJ §=0,...,Ngia — 1,
Ngrid 2 Ngrid k=0 4 j
=0 j>k j>s (15)
Zs41 = Zs + Us, SZO?"'7Ngrid_]"

zZp = a,

where v := )\VyS(y)}y:zs
Thus, for a Euclidean metric, the algorithm has the same complexity as a gradient descent method. Given the
update scheme in Proposition 3.5, the new iteration is found by applying line-search with backtracking similar
to (Rygaard & Hauberg, 2025). We denote the algorithm ProbGEORCE (Probabilistic GEORCE) and
display it in pseudo-code in Appendix B, where we apply line-search in the update scheme using backtracking
with parameter p = 0.5 similar to (Rygaard & Hauberg, 2025). We note that compared to the original
GFEORCE-algorithm for unreguralized geodesic construction, the only difference between the algorithms is
that v depends on A\S(z;). Note that uy can be directly interpreted as the logarithmic map modulo scaling.
If S or G are expensive to evaluate, then repeatedly evaluating the energy functional for line-search can be
time-consuming and possibly intractable. In Appendix A.5, we show how to adaptively estimate a using
an adaptive update scheme similar to ADAM to avoid repeated evaluation of G and S. If S stems from a
neural network, we will use the adaptive update scheme derived in Appendix A.5 and otherwise we will use
line-search to estimate the steps-size a. In general, we set Ngrig = 100, while for image interpolation we set
Ngria = 10.

In Appendix A.4 we show that ProbGEORCE exhibits converge to a local minimum (global convergence)
and locally has quadratic convergence similar to the original GEORCE-algorithm (Rygaard & Hauberg,
2025). For the generalized Fréchet mean in Eq. 10, we can similarly consider the discretized version

Naata Ngrid
min Z (o (uSTiG(zSJ)us,i + )\S(Zs’i)) s (16)
(2s,i,us,4) < ’
’ ’ i=1 s=0
where 2,415 = Us;+2,,; and z9; = a; € M denote the data points for ¢ = 1,. .., Ngata and ZNgai =Y € M

denote the candidate mean. Following a similar approach, we show in Appendix A.6 how to estimate the
mean in Eq. 10 by generalizing the approach from Rygaard et al. (2025).

Application to diffusion models. Using our Fréchet Mean ODE curves
framework, we have defined a (pseudo-)metric that
deviates from the background Riemannian metric
with an external force field. A natural choice for
this force is to set S = —logp, but this quantity is
not available for diffusion models without having to
solve the probability flow ODE, which is expensive.
However, V.S = —V_logp, is the only one needed
for the ODE in Eq. 8, solving the BvVP in Eq. 14
and computing the mean in Appendix C. For diffu-
sion models V.S = —V_logp is exactly the score
function and, therefore, our method is directly ap- Figure 4: The Fréchet mean (blue) for the dino-dataset
plicable to this case. However, for diffusion models, using a DDPM computed in data space as well as 10
the score depends also on time. Given our frame- curves (red) in ten different directions (green arrows)
work, we can compute the regularized geodesics in for the corresponding 1vP (8).

the following two ways:

Data interpolation
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e Curves in noise space: Given the limiting distribution of the diffusion model, we compute the
interpolation in noise space and, using the time-reversal dynamics, transport the geodesic to data
space. The regularization function can be set as the log-likelihood of the limiting distribution.

o Curves in data space: With our framework, we can also directly compute the geodesics in data space
by applying the score function for time sufficiently close to 0 using the adaptive update scheme for
ProbGEORCE in Appendix A.5.

Both approaches provide different pros and cons. Computing curves in noise space can be computationally
cheaper, since the limiting distributions, and hence its density, are often known in closed form. However,
these curves will only be smooth if the sampling scheme of the diffusion model is deterministic as for the
probability flow ODE (Chen et al., 2018) or DDIM sampling (Song et al., 2021a). Note also that high density
in noise space does not necessarily imply high density in the data space by the change of variable formula.
In contrast, computing the curves in the data space will result in smooth curves and uses the learned score
function directly. However, this is computationally more expensive, as it requires evaluating the diffusion
model repeatedly in the optimization, and be numerically unstable if the initial curve is not sufficiently close
to data to have a proper estimate of the score. In Fig. 4, we show the corresponding Fréchet mean and
IvP curves for the dino-DDPM computed in the data space. In Appendix D, we provide more details on
diffusion models, the difference between interpolation in noise and data space, and also how our method can
be incorporated into image editing methods such as NoiseDiffusion (Zheng et al., 2024).

4 Experiments

N
@
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w
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Runtime

)

o
)

Runtime. Initiauy’ to iuuStrate the ef_ B, :r?w:prop momentum i :j:ma:, —4 g:gsgigzgé /I;Zaptive
ficiency of ProbGEORCE, Fig. 5 consid- —3# risprop —4— adagrad
ers the BVP between two points in a local

chart of the n-sphere. We set S = —log p,

where p denotes the data density of three

randomly weighted isotropic Gaussian ] /
distributions with random means, and ] éf./.\;

A = 1.0. We terminate the algorithms if T e~
the norm of the gradient of Eq. 11 is less Dimension Dimension

than 10~%. We see that our algorithm ob-

tains the lowest regularized energy across Figure 5: The regularized energy and runtime for different meth-
the different dimensions. We also see that ods minimizing Eq. 7 for A = 1.0 for the n-sphere and S = —log p,
ProbGEORCE with line-search (LS) is where p is the density of three Gaussian randomly weighted with
significantly faster compared to using the random mean values and identity as the covariance matrix. Note
adaptive scheme. This is expected as the that the regularized energy for ProoGEORCE with line-search
evaluation of S is computationally cheap. (LS) and adaptive update scheme (Adaptive) are very similar.
In Appendix G, we show the runtime and estimates for other manifolds, and also for the models in Fig. 2
for different optimizers and values of A, where S is expensive to evaluate. In this case, the adaptive update
scheme performs significantly better than line-search as expected. In Appendix G, we also show the runtime
and estimates for varying A, where we see that if \ is sufficiently high, then our method is similar to other
optimizers. This is expected as when A is sufficiently high, then the energy term in Eq. 5 is negligible, and
the problem is to minimize a general function S.

Synthetic data. We consider the four generative models and the corresponding data distributions in
Fig. 2. Energy-based models estimate the data distribution as exp (—Fy(x)) /Zy, where Ey denotes a neural
network and Zy is a normalization constant (LeCun et al., 2006), while normalizing flow models estimate
the log-likelihood of the data distribution applying the transformation of random variables (Papamakarios
et al., 2021). Neural autoregressive models learn the conditional distribution logpe(x) = >, logps(x;|x<;)
(Uria et al., 2016). For all these models, we set S = —logps, except for VAE’s where we use the negative
negative evidence lower bound (ELBO). We show the result of applying our framework compared to other
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Table 1: Negative log-likelihood (NLL) and runtime results for the energy-based model, normalizing flow,
autoregressive model and variational autoencoder used in Fig. 2. For the VAE, we report the ELBO. We write
— if the Riemannian metric is not invertible or if the generative model returns nans for the likelihood. In
Appendix E, we provide details on the benchmarks and any hyper-parameters.

EBM NF AR VAE

Method NLL | Runtime | NLL | Runtime | NLL | Runtime | NLL | Runtime |

IvVpP
Ours (A = 20.0) 8.483 4.90 £+ 0.09 1.20 x 108 101.08 + 2.17 1.37 x 104 7.66 £+ 0.08 -144.673 64.01 £ 0.49
Euclidean 30.010 0.00 + 0.00 4.01 x 10° 0.00 + 0.00 1.06 x 10° 0.00 + 0.00 -105.053 0.00 £+ 0.00
Spherical 16.536 0.00 £ 0.00  4.10 x 10® 0.00 £ 0.00 8.25 x 104 0.00 £ 0.00 -85.552 0.00 + 0.00
Fisher-Rao 29.682 12.61 + 0.09 - - - - - -
Jacobian (Saito & Matsubara, 2025) 29.682 18.50 + 0.03 - - 6.03 x 1032 54.93 £ 0.58 - -
Jacobian (Reg) 29.682 25.43 £ 0.07 - - 5.30 x 102 61.82 + 2.22 - -
Inverse Density (Yu et al., 2025) 28.673 9.14 £ 0.06  2.78 x 10> 255.21 £ 1.63 - - - -
Generative (Kim et al., 2024) 29.184 9.70 + 0.08 3.87 x 103 225.10 + 2.41 1.08 x 10° 17.06 + 0.12 -120.631 212.38 £ 2.05
Monge (Hartmann et al., 2022) 29.682 12.64 £ 0.05 2.81 x 103 452.26 + 2.78 9.51 x 10* 31.83 £0.23 -121.875 399.59 + 3.87

BVP
Ours (A = 20.0) -1.892 7.89 £ 0.02 94.492 217.49 £ 0.37 28.611 11.53 + 0.20 -24.382 167.97 + 3.81
Euclidean 2.435 0.00 £+ 0.00 273.797 0.00 £+ 0.00 6.05 x 103 0.00 £+ 0.00 18.142 0.00 £+ 0.00
Spherical 141.120 0.00 = 0.00 103.706 0.00 £ 0.00 1.43 x 10* 0.00 £ 0.00 948.467 0.00 = 0.00
Fisher-Rao 0.863 21.99 4 0.04 - 1.49 £0.00 173 x 10" 37.51 &+ 0.36 - -
Jacobian (Saito & Matsubara, 2025) 2.435 2.52 + 0.02 - - 7.84 x 10°  6.90 x 103 + 23.44 - -
Jacobian (Reg) 2.435 2.41 + 0.01 - - 7.15 % 10°  6.98 x 10° + 53.38 - -
Inverse Density (Yu et al., 2025) -1.451 16.41 + 0.01 273.797 0.39 £ 0.00 6.05 x 103 0.04 £ 0.00 - -
Generative (Kim et al., 2024) -1.256 16.63 + 0.35 274.235 158.04 + 0.70 6.05 x 103 0.04 £ 0.00 21.332 116.09 + 0.41
Monge (Hartmann et al., 2022) 2.490 24.69 £ 0.23 174.743 553.14 + 1.95 3.50 x 106 38.31 £ 0.15 -6.788 314.86 + 5.48

Mean
Ours (A = 20.0) -79.383  9.78 +£0.04 214x10* 188.16 +4.97 2.54 x 10* 8.80 + 0.38 —2.28x 10 166.96 + 0.10
Euclidean 153.896  0.00 £ 0.00 1.18x10°  0.00 + 0.00  5.62 x 10° 0.00 + 0.00 2.07 x 10> 0.00 % 0.00
Spherical 7.52 x 103 0.11 = 0.00 - 0.11 £ 0.00 1.26 x 107 0.11 £ 0.00 -558.952 0.14 + 0.00
Fisher-Rao 28.670 30.32 £ 0.12 - 1.68 + 0.02 7.20 x 108 0.12 £ 0.00 - -
Jacobian (Saito & Matsubara, 2025)  153.896 ~ 247.24 & 0.76 - - - - - -
Jacobian (Reg) 153.896 283.84 £+ 9.80 - - - - - -
Inverse Density (Yu et al., 2025) 153.896 0.03 £ 0.00 1.18 x 10° 0.35 £ 0.00 5.62 x 10° 0.04 £ 0.00 2.10 x 10% 0.32 £ 0.00
Generative (Kim et al., 2024) 153.896 0.03 £ 0.00 1.18 x 10° 0.45 £ 0.00 5.62 x 10° 0.04 £ 0.00 2.10 x 103 0.29 + 0.01
Monge (Hartmann et al., 2022) 152.098 9.90 + 0.05 4.93 x 10* 57229 + 18.44  2.21 x 106 47.44 £+ 0.09 —1.19 x 10®  356.90 + 6.55

baselines in Table 1. We see that our method, in general, obtains a higher likelihood compared to different
baseline methods.

Energy-based model. Table 1 shows that our Table 2: Comparison of methods using FID and KID
method traverses regions of higher-likelihood. To metrics (lower is better).

test whether our method also gives higher quality  pfethod FID | KID |

in images, we compare with the methods proposed
in (Béthune et al., 2025). Similarly to (Béthune G1/p, (conformal) 18725 0.0800 £ 0.0028
et al., 2025), we train an energy-based model (Le- Glog p, (conformal) 189.47 0.0819 + 0.0033

Cun et al., 2006) on the Animal Faces High Quality G1/p, (diz'mgonal) 198.06  0.0828 & 0.0032
dataset (AFHQ) (Choi et al., 2020a) on the latent Glogp, (diagonal) 189.32 0.0745 + 0.0031
encodings by Stable Diffusion vl VAE (Rombach Granp 186.87 0.0726 + 0.0028
et al., 2022). We train the energy-based model for G1/p, (full) 179.62 0.0676 + 0.0024
24 hours corresponding to 3,000 epochs. We learn a Glog p, (full) 197.63 0.0802 + 0.0033
neural network, ¢y, to compute geodesics by mini- Ours (—1/pp) 149.52  0.0375 £ 0.0018
mizing the energy of the respective methods, which  Ours (—logpy) 150.50  0.0359 + 0.0020

is trained for up to 24 hours for each method similar to (Béthune et al., 2025). Béthune et al. (2025) considers
metrics on the following form

G(z) = (ah(z) + B)T or G(z) = (ah(z) + B) "I,

where a, 8 € R are constants and h is either based on the log-likelihood logpg or the inverse density 1/pg
learned by the energy based model. In Appendix E, we describe the metrics used in (Béthune et al., 2025).

We show the result in Table 2, where we consider our method with both S(z) = —logpg and S(z) = —1/py,
since Béthune et al. (2025) finds that using the inverse density gives better results. We set A = 20.0 for our
method and normalize X\ as described Appendix. F. We see that our method gives better Fréchet inception
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Ours (Data)

Mean

" Ours (Noise)

Ours (Data)

Linear

Spherical

, Data

Figure 7: Left: Computed mean value using our method in data space, where the image shows the transition
from the mean to the data points in the last row. Right: the estimated mean using our method in noise and
data space, respectively, compared to the Fréchet mean using a linear and spherical geometry in noise space.

distance (FID) (Heusel et al., 2017) and kernel inception distance (KID) (Birikowski et al., 2018) on the
AFHQ dataset (Choi et al., 2020a) compared to alternatives. Note that using the inverse density provides a
marginally better FID, which is most likely due to the inverse density penalizing low likelihood areas more.
In Appendix F, we show the image transitions for our method and the benchmarks.

Diffusion models. To apply our framework to
high-resolution diffusion models, we consider Con-
trolNet (Zhang et al., 2023). We apply our method
both directly in data space using the score proposed
by Katzir et al. (2024) for time 0, and in noise space
using the density of a y2-distribution on the squared
norm. The latter is due to the fact that the size of
the latent space is 4 x 96 x 96, where the norm of an
isotropic Gaussian prior is y2-distributed and con-
verges to a uniform distribution on a sphere. When
computing curves in data space, we find that the
images can get blurry. Therefore, when computing
curves directly in the data space, we encode the com-
puted curves in noise space and decode them back
to data space, as we find that this gives smooth and
realistic images.

Linear Ours (Data) Ours (Noise)

Spherical

In Table 3, we compute FID (Heusel et al., 2017) and
KID (Birikowski et al., 2018) on the AFHQ dataset
(Choi et al., 2020b) for our method and compare it
with alternative methods. In general, for interpola-
tion, we do not find a major difference between the Figure 6: Interpolated images for different methods.
different methods in terms of realism, as also seen in Fig. 6 for interpolation between houses. However, the
difference can be seen more clearly when considering higher-order statistics such as the mean. In Fig. 7, we
compute the mean value using our method in data space, where the last row is the images over which the
mean is calculated, as well as the mean for alternative methods by applying the Euclidean and spherical
geometry in noise space. We see that spherical interpolation deviates more from the data images in Fig. 6
compared to our method. In Appendix D, we show the transition from the mean to the data points for

? noIET i’l‘ |

H

NoiseDiffusion

T
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1 7 samples in
mean principal direction principal subspace

Figure 8: Three principal geodesics shown on the left. On the right, samples drawn within the principal
subspace are shown.

all methods, where we also see that the spherical geometry has very rapid transitions to the data from the
mean.

To further illustrate the potential of our method, Table 3: Comparison of methods using FID and KID
we consider computing PGA (Fletcher et al., 2004) metrics (lower is better) for the AFHQ dataset (Choi
using our method, which generalizes principal com- et al., 2020b) for the BVP connecting two images.
ponent analysis to Riemannian manifolds. We con-  \fethod FID | KID |
sider the 10 images in Fig. 7 as data and display the

three principal geodesics from the mean using our ~ OUIS (Noise) 182.73  0.12 x 0.04

method in noise space and three samples using the Ours (Data) 172.70  0.11 +0.04

3 principal directions. In this way, we can sample in ~ L-inear 200.62  0.08 + 0.04

the principal directions of samples generated by the Spherical 184.21  0.12 £ 0.04

generative model. NoiseDiffusion ~ (Zheng 174.46  0.11 &+ 0.04
et al., 2024)

In Appendix F, we provide additional qualitative
results and also results for other diffusion models and score-based generative models (Song et al., 2021b),
where we also show results for different regularization functions S.

5 Conclusion

We have proposed a general geometric framework to compute geometric statistics of generative models
compatible with different metrics and probability distributions. We have shown that for geodesics to be
within high-likelihood areas does not correspond to a Riemannian metric, but instead a Newtonian system on
a Riemannian manifold. We have shown that shortest curves are characterized by a system of ODE, and that
this locally along the optimal curves corresponds to geodesics under a Riemannian metric. We have derived
an algorithm with fast convergence to estimate interpolation and the mean value of generative models.
Empirically, we have shown our method’s applicability to different generative models and demonstrated
that our interpolation curves are closer to regions with high likelihood. A key benefit of our approach is
that it allows for higher-order statistical calculations, where we have demonstrated means and principal
components. This shows that through a rigorous geometric construction, we can incorporate contemporary
generative models into more traditional data analysis pipelines.

Limitations. Our method shows promising results for computing interpolation for different generative
models but requires solving an optimization problem, which is more cumbersome than alternative methods
such as linear and spherical interpolation. Our method assumes a function that targets the likely areas of
the generative model and that data resides on a Riemannian manifold. Furthermore, the optimal weight of
the regularization A and the choice of the regularization function depend on the preferences of the user for
smoothness versus high likelihood.

12
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Broader Impact Statement

This work provides a geometrical framework for further statistical analysis of generative models enabling, e.g.,
interpolation. We have shown examples on images and synthetic data. Although this framework itself does
not directly have any negative broader impact, it is possible to apply this framework to misuse a generative
model. Since the framework is strongly dependent on the underlying generative model, any misuse can be
avoided by imposing suitable restrictions on the generative model.
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Appendix
A Proofs and Derivations

A.1 Local representation of the metric

Proposition A.1 (Local Metric). Let S denote the lower bound of S. Assume that \ is sufficiently large
such that S(-) is close to S in Eq. 4. Let v* denote the optimal solution to Eq. 7. Then the regularized
energy can locally along the optimal curve v* be estimated as

1
e =5+ [ 6706 0@+ SHE) (70)) 70

where H(S) denotes the Hessian of S. Thus, if

G (' (1) + SH(S) (' (1)

is positive definite, we can interpret it as a local representation of a Riemannian metric along the optimal
curve.

Proof. Let v* denote the optimal solution to Eq. 7. A Taylor expansion of S around a point v*(¢) gives the
approximation

S ("t + M) = 8 (7 (1)) + (025 (7 (1)), A2) + Az H(S) (" (1) bz + 0 (Az) Az

where Az; = v*(t + At) —v*(t) and 0.5 (v*(t)) and H(S) (v*(t)) denote the gradient and Hessian of S(:),

respectively. By assumption, S (v*(t)) is close to the lower bound S, which implies that 9,5 (v*(t)) = 0.
Similarly, we set S (v*(t)) = S. The regularized energy in Eq. 7 can therefore locally be written as
)~ 5 / ( G (' ()7 () + () (V3 H(S) )" (1))
* A * *
= G (v'(1) + 5HS) (v (1) ) (1) dt,
which completes the proof. O

A.2 ODE for minimizing curves

Proposition A.2 (First variation). Consider the reqularized energy in Eq. 7 for a Riemannian manifold
(M, g). Let g;; and g denote the local coordinates of metric matriz function and its inverse, respectively.
The first variation gives the following ODE

54 (1) + Al (03 (1) = 2470, (4(1) (1)

where 'yfj = %gkj (O19p; + 0j9p1 — Opgi;) denotes the Christoffel symbols derived from the Levi-Civita connec-
tion.

Proof. Consider the energy written in Einstein notation as
1 b ‘ ‘ b
o) =3 [ o ®FOF @t [ 5 (00
where g;; denotes the (7,j)th element of G. We implicitly assume that g;; depends on ~(t). We aim to

derive the corresponding system of ordinary differential equations (ODE) governing the shortest curves using
calculus of variation. The corresponding Lagrangian is given by

L(x, %) = gij@'a? + \S,
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where we to shorten notation set x := (t) and S := S (v(¢)) and implicitly assume the dependence on .
From calculus of variation we get the Euler-Lagrange equation

afoLy o
dt \ OxP oxp
Since G is symmetric, we see that

d (0L d/ o (1 ... .
[l e B (AN B S
at (ag'cp) dt <8d:1’ (29”Cc v +’\S>>
d g
= 5 (0 (@) )
= 2019y (z) &'®7 + 29,37
@_7(
oxr  OxP
= pg”mleJr)\apS

giji:izbj + )\S)

Combining this, we get that
201Gy T & + 29 — Opgij@ia? — N9pS =0
Let ¢gP* denote the elements of the inverse to G. Multiplying ¢P* on both sides, we get
29" 019y d' &7 + 28" — ¢ 0y;5 (@) &'dT = Ag* 9, S,
where identity the Christoffel symbols as v = $9" (O1gp; + 0;9p1 — Opgi;) such that

2" + 2yfd'd) = Ag" 0,5,

A.3 Necessary conditions for ProbGEORCE

The optimal control problem in Eq. 11 gives rise to the following necessary conditions for a minimum point.
Proposition A.3. The necessary conditions for a minimum in Eq. 11 are

2G(z5)us +ps =0, s=0,...,Ngia — 1,

Zs+1 = Zs T Us, 8:07~--3Ngrid_17

Vy [ul G)us + AS(y)] |

20 =a,zN,, = b,

18
+ ps = Ms—1, 5:17---,Ngrid_1- ( )

Y=2s

where py € R for s = 0,...,Ngria — 1.

Proof. We prove the necessary conditions using the same approach as in (Rygaard & Hauberg, 2025) for the
regularized energy function by exploiting Pontryagin’s maximum principle. Define the Hamiltonian of the
control problem in eq. 11 as

Hy(2s,us, prs) = u) G(z5)us + AS(z5) + p (25 + us),

which by the time discrete version of Pontryagin’s maximum principle gives the following optimization
problem

Ngria—1
min Z Hy(zs, ug, ps)
° s=0
st. zsy1=zs+us, $=0,...,Ngig —1 (19)

vsts(zsvusyl—Ls):ﬂsflv 3207~~~7Ngrid_]-

zo=a, zr =b.
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Since G(zs) is positive definite, Hy(zs, us, pts) is convex in ug, and therefore the stationary point u is also
a global minimum point for s = 0,..., Ngiq — 1. This gives the following equations for the control problem

2G(Zs)us+us:07 szoau-aNgrid_]-v

Zs41 = Zs + U, 5:07"'7Ngrid717
Va2, (u;—GS (zs) us + )\S(zs)) +ps =ps—1, S=1,...,Ngiqa—1,
zZp = a, zN,,;, = b.

O

The necessary conditions in Eq. 12 can generally not be solved with respect to wg.(n,,,q—1) and po.(Nq—1)-

However, we can circumvent this iteratively. In iteration k£ consider the state and control variables Z((){CJ)Vgr;d

(k)

and wg (o). We fix G() and the gradient term in iteration k to define the following variables.
. grid )

Vs =V, (ujG(y)uS + )\S(y)) | () gy (0 8= 1,..., Ngria — 1,

Y=zs ,Us (20)
G. ::G(z§’“>), s=0,..., Ngia — 1.

With these variables fixed, the system of equations in Eq. 12 reduces to

2Gsus+us:03 SZO?"ngrid_la

Vs+pe=ps—1, s=1,...,Ngiq—1,
Ngria—1 (21)

E us =b—a,
s=0

We see that this system is identical to the one in Rygaard & Hauberg (2025), from which we immediately
have the update scheme in Eq. 14 with the modified version of v.

A.4 Convergence for ProbGEORCE

We will assume the same regularity of the modified energy in eq. 5 as in (Rygaard & Hauberg, 2025) with
extra conditions on the regularizing function S. We state these below following the same outline as in
(Rygaard & Hauberg, 2025).

Assumption A.4 (Local convergence). We assume the following regarding the discretized energy in Eq. 11
for the proof of local quadratic convergence.

o We assume that the discretized energy functional E(z) is locally strictly convez in the (local) mini-
mum point x* = (z*,u*) in the sense that

Je>0: Ve e B (x%),x#x": Va]0,1[: E((1 —a)z+ ax™) < (1 —a) E(x) + oF (z¥),
where B, = {z | ||z — z*|| < €}.

o Assume that the discretized energy functional E(x) is locally Lipschitz, and consider the first order
Taylor approximation of the discretized energy functional

AE = (VE(z¢), Az) + O (Az) | Az]

o We assume that the boundary value points are not conjugate points with respect to the Riemannian
metric g. We assume a critical point of Eq. 7 is a (local) minimum point.

In this section, we generalize the proofs for convergence in (Rygaard & Hauberg, 2025) to include the
regularization of the energy.
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Proposition A.5 (Global Convergence). Under the assumptions in Assumptions A.4, then ProoGEORCE
in algorithm 8 has global convergence to a (local) minimum assuming FE(z) at the critical is locally strictly
convet.

Proof. ProbGEORCE fulfills that

vst(z’ u) (zgk)7ugk)) = Hs—1 — HMHs, S= 1a Ty Ngrid - 17
(22)
VUSE(Z7U) (zgk)augk+1)) =—ps, s=0, "7Ngrid_17
where
Ngrid71
E(z,u) = (u] G(zs)us + AS(2y)),
s=0

and zgk), ugk) are the state and control variables in iteration k, respectively. These properties are identical

to the properties for the GEORCFE-algorithm in (Rygaard & Hauberg, 2025), and therefore the proof for
global convergence for the GEORCE algorithm also holds for ProoGEORCE. O

Proposition A.6 (Local Quadratic Convergence). ProbGEORCE in algorithm 8 has under the same as-
sumptions as in (Rygaard & Hauberg, 2025) local quadratic convergence in the sense of (Rygaard & Hauberg,
2025), s.e. if the regqularized energy functional has a strongly unique (local) minimum point * and locally
o =1, i.e., no line-search, then ProoGEORCE has locally quadratic convergence, i.e.

2
Je>0:3e>0: Ve € B, (x¥) : H:c(k“) —x*

<c Hsc(k) —x*

2 2

Proof. From eq. 22 the first order Taylor approximation for the regularized energy functional is
Ngria—1

AE(xz,u) = -2G gk) Aug; alAug
5" (126 () o)
Ngria—1 t—1 t—1 2
+ Z o ZaAuj ZaAuj + O (aAuy) ||aAus]| |,
s=0 3=0 §=0

2

From this, the local quadratic convergence proof for ProbGEORCE is identical to the local convergence proof
for GEORCE in (Rygaard & Hauberg, 2025). Thus, ProbGEORCE has quadratic convergence locally. [

Note that for a general function .S, it cannot be ruled out that the solution to ProbGEORCE has converged
to a saddle point. However, the regularized energy will obtain a value lower or equal to the value of the
starting point. If the regularized energy is locally strictly convex at the solution, ProbGEORCE will converge
to a local minimum point.

A.5 Adaptive update scheme for ProbGEORCE

ADAM adaptively updates the step-size in gradient descent using higher-order variance of the gradient
(Kingma & Ba, 2014). This results in the following adaptive scheme in iteration k

gr < Vo fi (0k-1),
my <+ Bimg_1 + (1 — 51) gx,
Vg Bovp_1 + (1 — B2) g7,

~ myg
my < 5o
1- 2
N Uk
Vg < 5o
1- 2
my,
Op < Op1 —v—F=—
\/ﬁk+6’
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where fi, denotes the loss function in iteration k£ and 1, 82 > 0 and v > 0 are parameters, while 0 < e << 1
is used for numerical stability. Now assume that we have a stochastic estimate of the energy in Eq. 11

G(z) + AS(z), (23)

such that we allow G or S to be stochastic samples of G and S. For :2§’“) (zgk)) —
Vy (ugk)é (y) u 4 A8 (y)) ‘ o for s =1,..., Ngiq — 1, we can interpret ZNg“d ! |7||? as the variance
y=2;

of the estimator in ProbGEORCE. By adaptively updating & and G, we can directly apply a similar update
scheme as in ADAM on the form:

zgk“ — z(k) + K (z (k+1) ) ,
ugk+1 (u(skﬂ (k))
G (1= )G, (240) + B GEHY,

D (1 BB (z (k+1) ) + BrpHD),
N,

gt — (1= p) H’7§k+1)H2 + Bogty,
s=0
= (k+1
Gk _ Gy
S - 1 k_j’_l?
1
_(k+1)
plk+1) — Vs
s 1 k+17
1
L (1) gkt
- 1 k+17
2

where we cap the step size k, since this can at most be one. We show the adaptive scheme in Algorithm 1,
where ProbGEORCE denotes a step using Proposition 3.5 or Corollary 3.6. Note that if G = I, we do not
have to update I in the algorithm. Below we apply the update scheme of ADAM due to its high-convergence
in practice.

A.6 Estimation of mean value

In this part, we show how to efficiently compute the Fréchet mean and minimize the connecting curves
simultaneously by extending the results in Rygaard et al. (2025) to take into account the regularization
term. We will follow the same approach as in Rygaard et al. (2025), and consider the control formulation of
Eq. 10

Naata Ngl'id_l
min  E(z):= min w; g uZiG’(zS,i)us’i + AS(25.4)
(2s,i Us,4) (25,is%s,i) : '
’ ! ’ ’ i=1 s=0 (24)
Zsili = Zsi T Uiy, S= 07 . Ngrld 1 1= ]- B) Ndataa
20,0 = Qi ZNgai =Y, t=1,..., Ndata-

By a discrete-time version of Pontryagin’s maximum principle, we arrive at the following
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Algorithm 1 Adaptive update scheme for ProboGEORCE

1: Input: tol, Ngid, 7, B1, B2, €

2: Output: Geodesic estimate To.n,,q

3: Set zgo) —a+ N sforsf() -» Negrid, ugo) — ﬁ for s =0.,...,Ngriq — 1, k =y and k < 0
4: while stop crlterla > tol do

5 é(k) — G, ( (k)) for s =0,. Ngrid -1

@

~(k)( (k ><—V ( PG y)ul + 28 (y ))‘ g fors=1,... Ngiqa — 1
7. if k=0 then Y=z

8:
Ngria—1 rid—1
(k+1) g (k+1) g
{zs }SZO {u }SZO
~ Negria—1 - —1Y Neria—1 Npa—1 [ Nema=l B
e (CUMRCUN N CL W B CY
s= <0 o 2
9: else
10:
N, ri -1 N‘ri -1
{zg’”l)} B ’{ungrl)} erid
s=0 s=0
A Ngria—1 N —1Y Neria—1 Nona—1 Ngria—1 R .
e fleo) F o o) (8 e
- s=0 = s=0
11: end if
12:. 2D LR (zgkﬂ) — z(gk))
132w el 4k (ugk“) —ul®

. GEY o (1-8)G, (z§k+1)) + /B GETY
5 oY (- 8)p, (zgk“’) + 8o+t

) 4 g

o oD - D g _ e
1— 5 +1 1-pr+t? 1-p5+

18: ﬁ:min{ﬂ,l}
1+gk+1) e

19: k< k+1

20: end while

21: return 2z, for s =0,..., Ngig — 1

16 g (1 ~ ) (Ziiga‘“ |

17: G(kH) =

Proposition A.7. The necessary conditions for a minimum in Eq. 24 are

2wiG(zS,i)u8,i + IJ'S,i = 07 s = 07 LR >Ngrid - 17 Z = 13 ey Ndata7

Zs41,0 = Rsi + Us i, s = Oa <. 'aNgrid - ]-7 1= 17 s ;Ndataa

V. [wiuIiG(z)us,i + )\S(z)] |z - + Poi=Ms—1,5, S=1,...,Ngria —1,9=1,..., Ngd,
N

0= ZNNgr;d—l,ia
i=1

20i = @iy ZNyqi = Y, ¢ =1,..., Naata,
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where ps; € RY denotes the dual prices for the control problem in Eq. 24 for s = 0,...,Ngria — 1 and
i: 17~-~>Ndata-

Proof. The Hamiltonian function of Eq. 24 is
Ngria—1
Hs (Zs,i7 Us iy /'l’s,i) = Z Hs,i (zs,i7 Ut i, Nt,i) )

i=1

Hs,i (zs,i7 Us iy Ns,i) = wiu;r,iG(z&i)uS,i + I"’sT,z (Zsai + ’u’&i) .

(26)

Applying the time-discrete version of Pontryagin’s maximum problem to Eq. 25, we get the following neces-

sary conditions, where the endpoint zy,,,,,: is replaced by the mean point y.
Nyata Ngrid*l

min Z Z Hs,i(zs7i,us7i,ps7i) (27)
i=1 s=0

Us
st Zey1i=2si+Usi, 5=0,...,Ngia—1,71=1,..., Nata, (state equation), (28)
Y= 2N,q-1it UNga—1,4, ¢ =1,..., Ndata, (state equation), (29)
Vi, Hsi(Zsi, Ws iy o) = Ms—1i, S=1,...,Ngria — 1,9 =1,..., Ngata (co-state equation), (30)
Naata
0= Z BN,q-1,4 @ =1,..., Ndata, (co-state equation), (31)
i=1
Z0,i = Qa;, 1= 17---7Ndata~ (32)
We can decompose the minimization problem into the following sub-problems for each i € {1,..., Ngata }

mian,i (zs,i;us,h/—l/s,i) , s=0,.. '7Ngrid -1i=1,.. 'aNdata~

Us,;
Since G(zs,;) is positive definite, Hy ; (@14, Us i, f4e5) is strictly convex in w, ;. Thus, the stationary point in
u,; is also a global minimum minimum. We therefore get the following necessary conditions for a minimum.
zwiG(zs,i)us,i + Msi = 0, s=0,... aNgrid —1,i=1,..., Ndata,
Zs41,0 = Rs,i + Us iy S= Oa BERE) Ngrid -1i=1,... 3 Ndataa

Ve [winl ,G(2)us; + AS(2)] | t psi = HMs—1i, S=1,...,Ngia — 1, 0 =1,..., Naata,

Z=Zs,i
N (33)
0= Z KN gria—1,65
i=1
20i = @iy ZNyqi =Y, ©=1,..., Naata-
O
We fix the following variables in iteration k similar to Eq. 13 and Rygaard et al. (2025):
Vi =V (win] ,G(2)us; + AS(2)) }z:z?’“.’,us.i:u?"’?’ s=1,...,Ngia =1, i=1,..., Ndata,
" A=Y (34)
Gs,i =G (ZS’Z-> , 8= Oa“-aNgrid — 1, 1= 1;-~-aNdata-
In this way, the necessary conditions reduce to:
QwiGs,ius7i + Ms,i = 0, s=0,..., Ngrid -Li=1,..., Ndata;
Zs41,4i = Zsi T Usi;, S= 0,..., Ngrid -1,:= ]-7 SERE) Ndatau
Vsi+ Msi = Ks—14, S = 1,... ’Ngrid -1Li=1,... >Ndatav
(35)

N
0= E M Ngia—1,i5
=1

20 = Qiy 2N, =Y, ©=1,..., Ndata-
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Eq. 35 is completely similar to (Rygaard et al., 2025) with the modification that v ; depends on S, which
has the closed-form solution.

Proposition A.8. The update scheme of us, phs,; and zs; to minimize Eq. 24 is

y=w=v,
-1
J\]grid_1 ]\}'gricl_1 Ngrid_l
—1 —1 .
KNga—1i = G, 2w;(a; —y) — E G, E vii|, i=1,..., Ndata,
s=0 s=0 Jj>s
) Ngria—1 (36)
-1 .
Us; = *Tw‘GS’i K Ngara—1,i T E vi; |, SZO,...,Ngridfl, i=1,..., Ngata
¢ j>s
Zsili = Zsi T Usiy, S= 0,... 7Ngrid - ]-7 1= ]-7 BN Ndatav
20,i = Q; izla"'aNdataa
where
-1
Naata Ngrld_l
-1
W = W; Gi75 B
i=1 s=0
1 1 (37)
Naata Ngria—1 1 Ngata [ Ngria—1 Ngria—1 Ngria—1
_ -1 -1 -1
V= E : Wi Gs,z a; — 5 Gs,i Gs,z Vi
i=1 s=0 i=1 s=0 s=0 Jj>s
If G = I as in diffusion models, we get the following simplified update scheme.
Corollary A.9. The update scheme of u;, s ; and z,; to minimize Eq. 10 is
1 Nyata 1 Naata Neria—1
Y= S hNoom E wiaifi E E E Vii |,
Zi:l i i=1 i=1 s=0 j>s
Ngrid_l
Yy —a; 1 1 . 38
Us; = N 2w N E E Vji— E Vi, SZO,...,Ngridfl,Z:L...,Ndata ( )
grid i grid k=0 j>k j>s
Zstli = Zsi + Usi, S= 0,..., Ngrid -lLi=1,..., Ndata,
zO,i:ai i:17~-~7Ndata7

Note that by the same argument as in Appendix A.4, the computation of the mean and minimizing curves
will also have global convergence and local quadratic convergence. Similarly, to the adaptive update for
ProbGEORCE in Appendix A.5, we can update the solution for the mean computation by the adaptive
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scheme.

gkl-&-l z(k+1) (k)) ’

ugkfl — u(k) + K (u(kH) ) ,

é k-‘rl ~( 51)@ ( (k+1)) + 5 G(k+1)
I}gk+1 “(1-B1)w, ( (k+1 )) ¥ B ~(k+1)

Ndata grid — 1

gD — (1 - By) Z ‘ ~(k+1)H LD
- A (k+1)
A(k+1 EX
GS 1 1 o ic+1 )
SE+D) o
.s ) 1— ig_;'_l )
(1) g(k+1)
g - 1 _ §+1’

— mi 2
K=min{ ———,1 7,
{ 1+ g+l +e }

We show the update in pseudo-code in Algorithm 2, where the line-search can be replaced by the update
scheme above similar to Algorithm 1.
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Algorithm 2 ProbGEORCE for means

1: Input: tol, a1:n,,.., Nerid

2: Output: Geodesic estimate zo Ngnd

3: Sety(0)<—a0 z“(—aﬁ—y %is for s = 0., Ngridandugl) difors:O.,...,Ngrid—land
Noxi
1= 1 Ndata
4 while 51— ‘ VyE®)|,_,w| > tol do
T s, 19
5: G, <—G(z ) for s =0,...,Ngia —1land i =1,..., Ngata.
6: VS,M—VZ( ()G( )u, +)\S< (k)))‘ . for s=1,...,Ngria — 1 and ¢ = 1,..., Ndata-
z=z_
7 y < W1V with W,V given by eq. 37.
Ngia—1 ~—1) " ria—1 a1,
8: KNgia—1,i < (Zs:god Gs,il) (Qwi(ai - y) - Z g o Gs i Ej>gsd ) for i = 1,..., Naata
and s = 1,...,Ngnd 1.
rl 1 .
9: g < — 2110 G (llngr,d 1+ Z];Sd Vj,i> fort =0,. gnd landi=1,..., Nqata-
10: Zsql,i & Zsi+ uw for s =0,...,Ngria —2and i =1,..., Ndata.
11: Using line search find o* for the following optimization problem for the discrete sum of energy F
min  E (20:N,0,1:Naua)  (exact line search)
«
_ k .
St Zep1i = 2s;+ 0t + (1 — a)ugyi), $s=0,...,Ngia —1,i=1,..., Ngata-

~ k .

Us; = atg; + (1 — a)ug7i), §=0,...,Ngria —1,i=1,..., Ngaga.

Zo,; = Q4.

) k+1) « Y, (F) _ .

12: Set ug — afug,; + (1 a)u for s =0,...,Ngia —land i =1,..., Ngata-
13: Set zg’f;}j 28wl for s =0,... Nysia — Land i = 1,..., Nata.
14: end while
15: return z,; for s =0,..., Ngria — 1 for i = 1,..., Ngata-
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B Algorithms

In Algorithm 3, we state ProbGEORCE in pseudo-code for solving the boundary value problem for curves
on the Newtonian system on a Riemannian manifold.

Algorithm 3 ProbGEORCE: Probabilistic Geodesics
1: Input: tol, Ngyida, p
2: Output: Constrained geodesic estimate zg.y

grid
3: Set 2" « a+ 2=a g for s =0.,..., Neid, ul?
grid

4: while HvyE(y)y ()

Y=zs

<—]’\’f—?fors:O.,...,Ngrid—landk(—O

rid

’2 > tol do
5: GS<—G<z§k)> for s =0,..., Ngra — 1
6: Vs < Vy (ugk)G (y) u? 4 S(y)) ‘y:z““) for s =1,..., Ngua — 1

Ngria—1 ~_ -1 Ngria—1 ~_ Ngria—1
T HUNgria—1 < (Zs:god G, 1) (2(0‘ -b) - Zs:gOd G, ! stsd Vj)

8: us +— —3G! (HNgridfl + Z;Vf;dfl I/j) for s =0,..., Ngia — 1

9: ZS+1(—Zs—FustI‘S:O,...,Ngrid—l

10: 70

11: while F (zO:Ngnd) < F (EO:Ngrid) do

12: Zey1 = Zs + pPlus + (1 — pj)ugk), §=0,...,Ngria — 1, 20 =a.
13: j—i+1

14: end while

15: Set ul* ™ « piluy + (1 — p~Hul? for s =0,... y Ngria — 1

16: Set zgf{l) — zng) + ugk+1) for s =0,..., Ngua — 1

17: k+—k+1
18: end while
19: return zs for s =0, ..., Ngrid-

C Existence and uniqueness of the Fréchet mean

Let (M, g) be a complete Riemannian manifold. Consider a probability space (2, B, P), where B denotes the
Borel o-algebra, then the Fréchet mean is defined as (Fréchet, 1948; Pennec, 2006)

p= argmin/ dist(z, y)*pz(z)dM(2), (39)
yeM JM

where x is a random variable on M with density p, and dM(z) is the Riemannian volume measure. The
discrete version of Eq. 39 is (Pennec, 2006)

Naata
[ = arg min Z dist(z;,y)>. (40)
yeM 4

For an in-depth analysis of the properties of Eq. 40 as an estimator, and the general properties of the
Fréchet mean, we refer to (Ziezold, 1977; Bhattacharya & Patrangenaru, 2003). In general, the existence
and uniqueness of the Fréchet mean is not guaranteed. Let B,.(p) = {y € M |dist(x,p) < r, V& € M} be an
open ball on M. If there exists a unique minimizing geodesic from the center, p € M, to any other point
in the open ball, then the open ball is said to be regular (Pennec, 2006). If M is a complete Riemannian
manifold with sectional curvature bounded by «, and the support of the data distribution is within an open
regular ball B,(p) for a point p € M with radius

r<m/(2Vk),
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Circle: Unique Mean Circle: Non-Unique Mean §2 7—2

@ Data @ Data

. Fréchet mean . Fréchet means

Figure 9: From left to right: The Fréchet mean (blue) for two data points (red) on the circle with uniqueness
of the Fréchet mean, two points on the circle, where there are multiple Fréchet mean, the area (blue) for the
data support around the north pole (green) of S? for which the existence and uniqueness is guaranteed and
similarly for the torus embedded in R3.

then the Fréchet mean exists and is unique (Kendall, 1990). Note that there also exist other results of
existence and uniqueness that require a certain regularity of the variance (Karcher, 1977). To illustrate the
existence and uniqueness, we consider the circle, unit-sphere and torus embedded in R? in Fig. 9. The two
left-most figures illustrate that if the data points are sufficiently ’close’, then the Fréchet mean is unique,
while if, for example, there are antipodal data points on the circle, then there will be multiple Fréchet
means. The two figures on the right illustrate an area in the unit sphere and torus embedded in R?, where
the Fréchet mean is unique if the support of the data distribution is within these areas. For the unit sphere,
the sectional curvature is constant and hence x = 1, and therefore there exists a unique Fréchet mean if the
data support is within an open ball with » < 7/2. Thus, if the data distribution is within a hemisphere,
then the Fréchet mean is unique, as illustrated in Fig. 9. For the torus embedded in R? parametrized by

((R+rcosf)cos¢, (R+rcosf)sing,rsinf), 0,¢ € [0,2n),
with R > r > 0, the sectional curvature is given by
cosf
r(R+rcosf)’

Thus, the curvature and the corresponding area with the uniqueness of the Fréchet mean guaranteed (Kendall,
1990) depends on 6.

In general, the conditions for uniqueness and existence of the Fréchet mean may not hold for the generalized
version of the Fréchet mean in Eq. 10. For the discretized version in Eq. 24, define

Naata Ngria—1

SFrechet = Z w; Z (Tet1,i — wt,i)T G(zs,i) (Try1,i — T15)
i=1 s=0

Naata Ngria—1

As =AY wi Y AS(z..),
i=1 s=0

Assume that the number of grid points Ng;iq is sufficiently high to approximate the continuous integrals. If
all data points are within a certain set A C M, such that the Fréchet mean in Eq. 40 is unique and exists,
then it follows that if

>\pmin (Hessm (fS)) > —Pmin (HessmfFrechet) ) VCE S A

where pmin(-) denotes the smallest eigenvalues of the Riemannian Hessian (Afsari, 2011). We illustrate the
negative loss landscape of the Fréchet mean in Fig. 10 for the energy-based model for checkerboard data
used in Fig. 2. In this case G = I, and therefore for A = 0 the Fréchet mean is unique and exists for any
discrete data distribution. It can be seen that as A increases, two Fréchet means appear, and when A = 100
it seems that there are multiple Fréchet means.
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Fréchet Mean Negative Loss A=100.0

10
o
o
o

00

Figure 10: The negative loss of mean, where we for each grid point computes the energy from all other data
points using Eq. 7 for different values of A. The right-most figure correspond to A = 0. Note that each loss
is normalized for each plot to be between 0 and 1, and therefore the absolute scale between the plots can
not be compared.
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D Application to diffusion models and image editing

Score-based diffusion models (Song et al., 2021b) approximate the data distribution by transforming the
data using forward dynamics:

dz; = p(ze, t)dt + o(£)dWi, X0 ~ Pdata, (41)

such that 4 : RP? x Ry — RP and o : R, — RP are suitable functions for eq. 41 to converge to a known
limiting distribution 7 for a sufficiently large time 7" > 0 (Song et al., 2021b). Samples of the data distribution
can then be generated using the time-reversal process y; := 7_; (Anderson, 1982):

dye = ((ye,t) — o (£)*Vy log pe(yy)) dt + o (t)dW, (42)

where yo ~ 7, and Vylogp:(-) denotes the score, which can be learned using score matching (Hyvérinen,
2005; Vincent, 2011; Song et al., 2020). Samples can also be generated deterministically using the probability
flow ODE (Chen et al., 2018)

dy, = (u(yt,t) - %o(t)QVyt Ingt(yt)> dt, (43)

Score-based diffusion models can be seen as the continuous version of denoising diffusion probabilistic models
DDPM (Ho et al., 2020; Song et al., 2021b) and have also been extended to data distributions on Riemannian
manifolds (Huang et al., 2022; Bortoli et al., 2022; Jo & Hwang, 2024). We illustrate in Fig. 11 the difference
between computing curves in noise space and data space as described in Section 3.

Step: 0 Step: 25 Step: 50 Step: 75 Step: 100

o

Noise interpolation

Data interpolation

Figure 11: The first row shows interpolation in noise space (red) using the isotropic Gaussian limiting
distribution and transports the curve to data space using a DDPM-model for a dino-dataset. The second row
computes the curve directly in data space using the score of the DDPM, which, for illustrative purposes, is
repeated in each step of the sampling process.

32



Under review as submission to TMLR

Connection to image editing Our method regularizes the geodesic interpolation and for A = 0 our
method will compute the connecting geodesic. In the Euclidean case, geodesic interpolation corresponds to
linear interpolation, whereas spherical interpolation corresponds to a geodesic on a sphere. NoiseDiffusion
(Zheng et al., 2024) is designed for interpolation in diffusion models with image editing. Let f denote
the forward diffusion process that takes data to noise in eq. 41 and f~! denote the reverse process that
generates data samples using noise in eq. 43, then NoiseDiffusion (Zheng et al., 2024) proposes the following
interpolation between two images x,y.

a=clip(f (1)),

b=clip(f(y,1)),
zs = a(s)a+ B(s)b+ (u(s) —als)) z + (v(s) — B(s)) y + 7(s)e,
T = f_l (clip (2zs,1)),

(44)

where clip denotes an element-wise operation that restricts a value to be between [—boundary, boundary],
while a(s), B(s) and v(s) are functions depending on s with a?(s) 4+ 82(s) +v(s)? = 1 and € ~ Ngyia (0,1).
The functions p(s) and v(s) serve as compensation for lost information. Note that

2, = als)a+ B(s)b — als)m — B(s)y + u(s)@ + v(s)y + 7 (s)e.
Inspired by eq. 44 we can easily extend our method to compute similar interpolants in noise space by
z; = ProbGEORCE; (a, b) — ProbGEORCEs(x, y) + u(s)x + v(s)y + v(s)e, (45)

where {ProbGEORCE}2_, denotes the interpolations using Algorithm 3 using any metric or regularization
function. Thus, we can obtain near-identical results for NoiseDiffusion with any original images to modify the
interpolation curve as illustrated in Fig. 12. Note that NoiseDiffusion assumes that the limiting distribution
of the diffusion model is isotropic Gaussian, which our modification in eq. 45 does not assume. Note also
that NoiseDiffusion (Zheng et al., 2024) only defines interpolation and cannot be used to compute mean
values or other statistics for diffusion models.

NoiseDiffusion

Ours with NoiseDiffusion

Figure 12: Computed interpolations for ControlNet (Zhang et al., 2023) for eagle images of size 768 x 768 x 3
similar to the experiment by Zheng et al. (2024). We set the regularizer function in Eq. 7 as the density of
the x2-distribution on the squared norm of the grid points zg.y. We plot the using our method incorporated
into NoiseDiffusion using Eq. 45 and compare to NoiseDiffusion (Zheng et al., 2024).
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E Experimental details

The following contains experimental details and hyper-parameters. The code for reproducing the results can
be found at [LINK REMOVED DURING REVIEW].

Normalizing A Since the energy and regularization function S in Eq. 7 might have very different scales,
we will re-normalize A when computing interpolation and the mean value. We do it in the following sense:
Let £ denote the energy fol A(&)G(y(t))F(t) dt, where v is a simple straight line connecting any given start
and end point. Let S denote the corresponding value of fol S(vy(t)) dt. We propose to use a normalized
version, A, for all computations
- E©)
= Ay

This is to ensure that the energy and regularization terms are approximately on the same scale before
performing any computations.

Benchmarks In the following table, we describe the metrics and hyper-parameters used in Table 8. We

consider the density p as described in Section 4. For the methods that apply p directly, we compute it as
exp log p, although this may give a non-normalized density.

Table 4: Benchmark methods and hyper-parameters

Method Metric Hyper-parameters
Linear Gz)=1 -
Spherical Riemannian geometry of a sphere embedded in Euclidean space -
Fisher-Rao G(z) = V logp(2z)V.logp(z) " -
Jacobian . G(z) = v lng( 2)Jv, logp(Z) -
Inverse Density G(z) = p(z)2 ) i
. z)+)\ _ _
Generative G(z) = ( Y ) 1 po=A=1
Monge G(z) =1+ a?V,logp(z)V.logp(z)" a=1

When we write "Reg", we consider the metric described in Table 4 added with the identity matrix al,
ie., G(z) = G(z) + ol with @ = 1. Note that we did not add this to the Fisher-Rao metric as this
would correspond to the Monge metric for o = 1. For all methods, except linear and spherical, we apply
ProbGEORCE with adaptive update of the step-size in Algorithm 1. For Linear, we apply the closed-
form expression for Euclidean geometry of the initial and boundary value problem as well as the closed-form
expression of the mean. For spherical, we apply the closed-form expression for the initial value and boundary
value problem. Note that 1vP are started from the same point as the first point for the BvP. For the mean,
we use the Logarithmic map and compute the mean using gradient descent (Pennec, 2006). For the energy-
based model on AFHQ, we give a brief description of the benchmarks in (Béthune et al., 2025) in Table 5.
Note that the constants o and /3 are scaled to target high-density areas. We refer to (Béthune et al., 2025)
for the approach. Note also that 1/py refers to using the inverse density, while logpy refers to using the
log-likelihood learned the energy based model. The G anp is described in (Béthune et al., 2025).

Table 5: Kinetic energy for different metric types.
Metric type Kinetic Energy

Conformal Eyin(z, %) = (A + h(z)) [|#]]?, where h is a scalar function.
Diagonal Eyin(x, &) = (A + h(x)) ||#||?, where h is not a scalar function.
Full Euin(@,3) = A|&|% + (&, Vh(2)))”

Optimizers For the results in Table 4, Fig. 11 and Fig. 4, we apply ProbGEORCE with adaptive update
of the step-size in Algorithm 1 with 31 = 32 = 0.5, ¢ = 10~® and v = 0.01 with a maximum of 1000 iterations
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and a tolerance of 107 to our method and all Riemannian methods with A = 0. For ControlNet, we use
ProbGEORCE with adaptive update of the step-size in Algorithm 1 with 31 = B2 = 0.5, ¢ = 10~® and
v = 0.001 in data space, and in noise space we use ProbGEORCE with line-search and p = 0.5. For the
runtime results for other methods, we set the learning rate to 0.01.

FID and KID We compute the FID and KID scores for the AFHQ dataset based on 10 boundary value
curves with Ngiq = 10 grid points for ControlNet. We set the initial prompt in ControlNet to "A photo of
a cat". For the energy-based model in (Béthune et al., 2025), we use 6 boundary points.

Manifolds For the manifolds used for the runtime results in Table 9, we apply the same local chart and
metric as in Rygaard & Hauberg (2025), where we add a three isotropic Gaussian with random means in
the local charts. For the conceptual figure in Fig. 1, we consider a chart on the form

{(u,v,exp (— (u* +v?)) + 0.3sin (3u) cos (3v)) | (u,v) € R*}.

where the regularization corresponds to

u—vl)?
S(u,v) = —exp <—||015||) .

Architecture Table 6 contains a list of all trained models and networks used in the paper. All other
models are pre-trained.

Table 6: Summary of models, their architectures, and training details.

Model

Architecture

Training

Energy-Based model

We use a MLP with one hidden layer with 128 neurons
and ReLU activations using the package Ghaderi &
Contributors (2025).

Trained for 1,000
epochs with a batch
size of 128 for fixed
50,000 samples.

Normalizing flow

We use 32 affine coupling blocks of MLPs with two
hidden layers of 64 neurons using the package (Stimper
et al., 2023).

Trained for 4,000
epochs with a batch
size of 29.

AR We use a MLP with two hidden layers of 64 neurons Trained for 10,000
and TanH activations using the package. epochs with a batch
size of 512 for fixed
50,000 samples.
VAE We use the same architecture for a noisy circle embed- Trained for 5,000

ded in R3 as in Shao et al. (2018) with minor modifi-
cations.

epochs with a batch
size of 512 for fixed
50,000 samples.

DDPM dinosaur

We use the architecture from github.com/tanelp/tiny-
diffusion.

Trained identical to

github.com/tanelp/tiny-
diffusion.

Hardware The interpolation for GMM and KDE as well as plots have been computed on a: HP computer
with Intel Core i9-11950H 2.6 GHz 8C, 15.6” FHD, 720P CAM, 32 GB (2x16GB) DDR4 3200 So-Dimm,
Nvidia Quadro TT2000 4GB Discrete Graphics, 1TB PCle NVMe SSD, 150W PSU, 8cell, W11Home 64
Advanced.

The interpolation for ControlNet, runtime tables, and benchmarks have been computed on a GPU for at
most 24 hours with a maximum memory of 20 GB. The GPU consists of 4 nodes on a Tesla V100.

The interpolation of CIFAR10 and CelebAHQ with SGM (Song et al., 2021b) used in Appendix F is con-
ducted on a single Nvidia RTX A6000 GPU with 48G memory.

The interpolation of OASIS3 with LDM used in Appendix F is conducted on four Nvidia RTX A6000 GPUs.

35


https://github.com/tanelp/tiny-diffusion
https://github.com/tanelp/tiny-diffusion
https://github.com/tanelp/tiny-diffusion
https://github.com/tanelp/tiny-diffusion

Under review as submission to TMLR

F Additional experiments

Energy-based model In the following, we show the image transitions for the images used to compute
FID and KID in Table 2. We show the result using our method and the benchmarks from (Béthune et al.,
2025) in Fig. 13, Fig. 14, Fig. 15, Fig. 17, Fig. 17, Fig. 20 and Fig. 21.

Figure 14: Image transitions on the AFHQ dataset (Choi et al., 2020a) with Giogp, (conformal).

ControlNet We provide additional qualitative examples for the ControlNet diffusion model (Zhang et al.,
2023) using the regularization function as described in Section 4. In Fig. 22 and 23, we show our interpo-
lation method in noise space in the direction of a normalized standard normally distributed direction. We
interpolate between an initial prompt and a target prompt linearly along the curve. We state the target
prompt under the images.

In Fig. 24, 25 and 26, we show our interpolation method and other methods for curves connecting two
images.

In Fig. 27, 28 and 29 we show the estimated mean and their transition for different methods.
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Figure 15: Image transitions on the AFHQ dataset (Choi et al., 2020a) with G /,, (diagonal).

Figure 16: Image transitions on the AFHQ dataset (Choi et al., 2020a) with Gogp, (diagonal).
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Figure 17: Image transitions on the AFHQ dataset (Choi et al., 2020a) with GpaND-

Figure 18: Image transitions on the AFHQ dataset (Choi et al., 2020a) with G, (full).
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Figure 19: Image transitions on the AFHQ dataset (Choi et al., 2020a) with Giog p, (full).
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Figure 21: Image transitions on the AFHQ dataset (Choi et al., 2020a) with our method (S = — log py).

A photo of a tiger

Figure 22: A transition corresponding to an initial value problem using our method in noise space for
ControlNet, where state the target prompt under the images. The initial prompt was "A photo of a cat".

A photo of an old-fashioned mansion

Figure 23: A transition corresponding to an initial value problem using our method in noise space for
ControlNet, where state the target prompt under the images. The initial prompt was "A photo of a house".
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Figure 24: A display of different boundary value methods for ControlNet. The prompt was "A photo of a
mountain”.
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Figure 25: A display of different boundary value methods for ControlNet. The prompt was "A photo of a
cat".
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Figure 26: A display of different boundary value methods for ControlNet. The prompt was "A photo of an
aircraft".
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Spherical

A v &

Data

Figure 27: The estimated mean using spherical geometry for the data in Fig. 7. The prompt was "A photo
of a cat".
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Linear

Figure 28: The estimated mean using linear geometry for the data in Fig. 7. The prompt was "A photo of
a cat”.
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Ours (Noise)

Data

Figure 29: The estimated mean using our method in noise space for the data in Fig. 7. The prompt was "A
photo of a cat".
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Other diffusion models We consider the score-based generative model (SGM. (Song et al., 2021b), where
we use the variance exploding SDE (VESDE) for both CIFAR10 and CelebAHQ datasets with SGM. For
CIFARI10 interpolation, the minimum ¢ and maximum o are set to 0.01 and 50 respectively, with the number
of scales being 1000. For CelebAHQ interpolation, we use 0.01 and 348 as the minimum and maximum o.
The sampling € is set to le — 5 for both cases. We also consider the latent score-based generative model
(Vahdat et al., 2021) for the mentioned datasets as well as OASIS3 (LaMontagne et al., 2019) with LDM
(Rombach et al., 2022), where the linear 5 time schedule with 1000 time steps is adopted with the initial
8 value being 0.0015 and the last 8 value being 0.0205. For the score-based models, we sample using the
probability flow ODE, while for the OASIS3 we use DDIM sampling from noise space (Song et al., 2021a).
For our method, we set A = 1.0 for both datasets and consider the regularization function.

S(x) = —logp (|lz]*) + 0.1 (Jla)* = r2)

where r denotes the data dimension. Note that we apply this slightly different regularization function
compared to ControlNet to account for the dimension of the noise space being lower. We compute the
likelihood of the interpolation curves and FID for our method compared to linear and spherical interpolation
in Table 7. In Fig. 30, 31 and 32, we provide interpolation paths.

Table 7: Mean log-likelihood / FID for interpolation in different diffusion models and datasets. SGM is
score-based generative models (Kingma & Ba, 2014), while LSGM is latent score-based generative model
(Vahdat et al., 2021). OASIS3 (LaMontagne et al., 2019) was trained using latent diffusion model (Rombach
et al., 2022) used by Pinaya et al. (2022).

Interpolation OASIS3 CIFAR10 (SGM) CelebAHQ (SGM) CIFAR10 (LSGM) CelebAHQ (LSGM)
Linear 27.83 / 85.94 0.33 / 391.64 -1.61 / 285.32 26.49 / 254.39 1.51 / 149.53
Spherical 28.46 / 68.97 4.30 / 237.64 -1.56 / 142.14 30.00 / 217.10 1.70 / 145.02
ProbGEORCE 28.41 / 66.54 4.12 / 233.84 -0.46 / 138.69 29.99 / 217.52 1.70 / 143.79

Figure 30: Interpolation using a latent diffusion model similar to (Pinaya et al., 2022) with our proposed
method. Each row represents different slices of the brain. The interpolation shows the generative transition
between a healthy brain (left) and a brain with Alzheimer disease (right).
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Figure 31: Comparisons of interpolation curves for CelebAHQ with SGM.
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Figure 32: Comparisons of interpolation curves for CIFAR10 with SGM.
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G Additional runtime estimates

In this section, we provide additional runtime estimates using our method compared to standard optimizers.
We consider the BvP for Eq. 7 using our method ProbGEORCE with line-search and with adaptive update
scheme. In Fig. 33, we show the estimated regularized energy and runtime for different optimizers for different
values of A. In general, we see that our method is faster for lower values of A and as A increases, the methods

—&— ProbGEORCE_Adaptive ®— ProbGEORCE_LS Adam @ SGD @~ RMSprop AdamwW o~ LBFGS
EBM NF AR VAE
py 3 6000 { &
24
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Figure 33: The regularized energy and runtime for different optimizers for the regularized energy in Eq. 7
solving the BVP for the models in Fig. 2.

converge to each other. This is expected as when A increases, the metric-term becomes negligible, and the
regularization term dominates the expression. In this case, the minimization problem is approximately the
same as minimizing the S function, where ProbGEORCE does not exploit any specific structures of S that
can speed-up the computation.

We also see that the adaptive version is usually faster than line-search, especially if the regularized energy is
expensive to evaluate as with the VAE, which is expected as this avoids repeated evaluations of the regularized
energy functional. In Table 8, we show the corresponding runtimes for Fig. 33. Note that we terminate the
methods if the gradient of the reguralized energy is less than 10™%. Given the runtimes, it seems that no
algorithms terminate beforehand, which is mostly likely for numerical reasons due to the neural network.

In Table 9, we consider the regularized energy and runtimes for different optimizers minimizing Eq. 7. We
consider different manifolds and dimensions with A = 1.0 and S = —logp, where p is the density of a
mixture of three randomly weighted Gaussians with random means and the identity as covariance matrix.
In this case, we see that ProbGEORCE with line-search is significantly faster than alternative methods and
compared to the adaptive update scheme. This is expected since the regularization function is inexpensive
to evaluate. In Fig. 34, we consider the n-sphere with n = 10 for increasing values of A. In this case, we
see that ProbGEORCE with line-search and the adaptive update scheme computes the smallest regularized
energy, but also that the runtime increases using line-search as A increases, while the adaptive scheme is
more stable in runtime.
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Table 8: Runtime and regularized energy for different methods for different values of A for the methods in
Fig. 2. For ProbGEORCE (LS) for NF, the neural networks estimate of the likelihood returned nans during
the iterations, and therefore we set —.

EBM NF AR VAE
Optimizer Reg. Energy Runtime Reg. Energy Runtime Reg. Energy Runtime Reg. Energy Runtime
A=10
ProbGEORCE (Adaptive) 0.124 7.45 £ 0.01 0.087 81.03 + 0.39 0.115 6.83 £ 0.01 0.043 145.86 £ 0.53
ProbGEORCE (LS) 0.124 73.62 + 0.29 0.087 6.42 + 0.01 0.115 0.58 + 0.00 0.037 514.56 £ 10.30
Adam 0.124 6.60 £ 0.00 0.087 181.43 + 3.04 0.115 12.65 + 0.03 0.045 194.05 + 5.60
SGD 0.206 5.70 + 0.01 0.111 166.12 £+ 2.02 0.175 11.99 + 0.02 0.150 135.86 + 9.14
RMSprop 0.146 6.02 £ 0.04 0.107 178.22 + 3.90 0.134 12.58 £ 0.02 0.068 128.54 + 0.20
AdamW 0.124 6.68 £ 0.03 0.087 182.80 + 1.65 0.115 12.67 £+ 0.01 0.045 141.78 £ 0.72
LBFGS 0.124 248.88 + 2.07 0.087 711.39 £ 10.12 0.115 43.66 + 0.23 0.214 324.14 + 16.69
A=5.0
ProbGEORCE (Adaptive) -0.126 711 £ 0.24 0.174 114.12 + 1.32 0.125 7.23 £0.01 -0.289 147.95 + 0.42
ProbGEORCE (LS) -0.107 58.47 + 0.74 - 0.66 + 0.00 0.125 3.16 + 0.01 -0.234 568.85 £ 23.03
Adam -0.101 6.28 £ 0.03 0.174 172.02 + 2.80 0.125 12.02 £ 0.02 -0.279 127.81 + 0.18
SGD -0.010 5.61 + 0.04 0.255 252.45 + 0.02 0.283 11.68 £ 0.04 0.112 191.93 + 9.31
RMSprop -0.085 6.28 £+ 0.05 0.194 173.34 £ 2.73 0.146 11.96 + 0.02 -0.060 201.13 + 1.66
AdamW -0.100 6.52 £ 0.03 0.174 179.02 + 0.36 0.125 12.38 £+ 0.07 -0.279 139.85 £ 0.68
LBFGS -0.119 323.73 + 0.31 0.174 1.08 x 103 + 11.59 0.125 52.26 + 0.05 0.582 448.98 + 27.14
A =10.0
ProbGEORCE (Adaptive) -0.577 7.25 £+ 0.05 0.278 136.70 + 0.31 0.130 11.18 + 0.07 -0.789 144.33 £ 0.54
ProbGEORCE (LS) -0.368 78.16 + 0.33 - 0.63 + 0.01 0.130 119.25 + 0.33 -0.794 615.24 + 9.14
Adam -0.420 6.46 £ 0.05 0.278 172.64 + 0.26 0.130 13.19 £ 0.02 -0.763 128.05 £ 0.13
SGD -0.305 5.77 + 0.02 0.363 165.85 + 2.17 0.255 11.94 £+ 0.33 -0.028 140.18 + 0.71
RMSprop -0.397 6.23 £+ 0.01 0.298 171.90 + 0.60 0.150 13.13 £+ 0.05 -0.480 127.77 + 0.16
AdamW -0.409 6.51 £+ 0.04 0.278 170.25 + 0.36 0.130 13.15 £+ 0.03 -0.763 185.49 + 1.18
LBFGS -0.409 330.91 £+ 0.33 0.278 741.10 £ 2.46 0.130 52.27 + 0.06 1.015 307.28 + 5.25
A=20.0
ProbGEORCE (Adaptive) -1.791 7.83 £ 0.02 0.481 198.07 + 1.98 0.136 12.38 + 0.01 -1.875 173.77 £ 0.72
ProbGEORCE (LS) -0.903 72.13 +0.34 - 0.64 + 0.00 0.136 16.41 £ 0.06 -0.821 728.79 £ 9.63
Adam -1.157 6.35 £+ 0.02 0.481 172.26 + 1.23 0.136 13.85 £+ 0.05 -1.633 140.63 £ 0.78
SGD -0.930 5.68 + 0.01 0.528 173.78 £ 0.46 0.181 12.71 £ 0.05 -0.777 183.66 + 5.63
RMSprop -1.149 7.30 £+ 0.04 0.501 179.19 + 0.30 0.156 13.08 £ 0.74 -1.255 129.16 + 0.21
AdamW -1.154 6.39 £+ 0.02 0.481 173.33 £ 0.18 0.136 13.34 £ 0.02 -1.630 141.13 £ 0.52
LBFGS -1.181 1.27 x 10% + 10.42 0.481 832.08 £ 6.46 0.136 58.16 + 0.05 2.360 463.50 + 14.78
A =50.0
ProbGEORCE (Adaptive) -3.596 7.80 + 0.03 1.074 304.15 £ 0.50 0.144 14.94 £+ 0.27 -5.309 202.25 + 0.22
ProbGEORCE (LS) -2.611 71.58 + 0.19 - 0.63 + 0.01 0.144 95.65 + 1.56 -5.018 809.95 + 15.94
Adam -3.490 6.39 + 0.04 1.074 171.42 + 0.36 0.144 13.04 £ 0.25 -4.231 178.80 £+ 4.90
SGD -3.134 5.69 + 0.02 1.110 168.95 + 2.57 0.149 12.41 + 0.13 -3.666 186.83 £ 6.66
RMSprop -3.513 6.29 £ 0.02 1.094 171.08 + 2.67 0.165 12.99 + 0.22 -4.596 139.37 + 1.44
AdamW -3.487 6.37 £ 0.02 1.074 178.96 + 0.58 0.144 15.84 £+ 0.13 -4.230 179.64 + 4.45
LBFGS -3.318 976.39 + 7.88 - 4.41 x 10% 4+ 19.60 0.144 55.11 £+ 0.04 5.274 466.87 + 23.32
A =100.0
ProbGEORCE (Adaptive) -5.980 7.78 + 0.04 2.034 224.24 + 2.25 0.146 19.00 £ 0.31 -11.225 161.09 £ 0.76
ProbGEORCE (LS) -5.787 81.56 + 0.56 - 0.66 + 0.00 0.148 125.78 £ 1.56 -10.326 875.75 + 16.40
Adam -7.405 6.26 £+ 0.03 2.034 173.19 + 1.58 0.146 15.60 £ 0.15 -9.053 120.66 + 0.22
SGD -7.192 5.64 + 0.04 2.108 169.45 + 2.83 0.151 14.60 £+ 0.13 -9.018 188.26 £+ 5.28
RMSprop -7.763 6.17 £ 0.05 2.052 179.11 + 0.22 0.168 15.50 £ 0.02 -8.921 138.88 £ 0.60
AdamW -7.400 6.32 £ 0.01 2.034 182.77 + 0.33 0.146 15.64 £ 0.12 -9.033 122.84 £ 0.23
LBFGS -4.619 984.25 + 8.40 2.034 952.73 £+ 12.46 0.146 59.30 + 0.07 7.969 352.84 + 12.44
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Figure 34: The regularized energy and runtimes for different optimizers minimizing Eq. 7. We consider the
n-sphere with n = 10 for different values of A and S = —log p, where p is the density of a mixture of three
randomly weighted Gaussians with random means and the identity as covariance matrix. We report the
regularized energy and runtime (mean runtime + standard deviation runtime over five runs repeated five
times).

Table 9: The regularized energy and runtimes for different optimizers minimizing Eq. 7. We consider different
manifolds and dimensions with A = 1.0 and S = — log p, where p is the density of a mixture of three randomly
weighted Gaussians with random means and the identity as covariance matrix. We report the regularized
energy and runtime (mean runtime + standard deviation runtime over five runs repeated five times).

rmsprop momentum Tmsprop adamax adam adagrad ProbGEORCE LS ProbGEORCE Adaptive

Manifold Runtime Encrgy  Runtime  Reg. Energy  Runtime  Reg. Energy  Runtime  Reg. Energy  Runtime  Reg. Energy  Runtime  Reg. Energy  Runtime  Reg. Energy Runtime
Cauchy (dim=2) 0.344 £ 0.037 04345 0350 £ 0033 00059 0.338 = 0.0 00839 0333 %0 0.0813 00830 0310 £0033  0.0689  0.037 £ 0.029  0.0689 0.614 £ 0.031
Ellipsoid (dim=2) 00854  0330+0035 01108 0344 %0036 0361+ 0045 0.0887 52+ 0.033  0.0894 00892 0333+0041 00833  0.026 = 0.027  0.0833 0.487 £ 0.026
Ellipsoid (dim=3) 00967 0328+0036 01190 0338 4 0.030 0.319 + 0.036 0.365 +0.027 01019 01014 0323+£0036 00929  0.034 +0.028  0.0929 0.665 + 0.031
Ellipsoid (dim=>5) 01151 035340030 01669 0346 4 0.027 0.350 - 0.039 038240033 01238 01227 034240033 0.0969  0.090 & 0.031  0.0974 1125 4 0.032
Ellipsoid (dim=10) 0.1441 0.369 + 0.036 0.381 + 0.032 0.371 + 0.036 0.374 + 0.039 0.1618 0.1588 0.382 + 0.034 0.1038 0.147 + 0.034 0.1054

Ellipsoid (dim=20) 0.1682 0.463 £ 0.030 0.3182 0.460 £ 0.028 0.467 £ 0.035 0.427 £ 0.032 0.1951 0.457 £ 0.038 0.1889 0.459 + 0.028 0.1024 0.092 + 0.031 0.1028

Ellipsoid (din 0) 0.1685 0.767 £ 0.030 0.4460 0.757 + 0.031 0.699 + 0.029 0.1922 0.714 £ 0.031 0.1842 0.756 + 0.032 0.0903 0.160 + 0.035 0.0905 2.463 + 0.0
Ellipsoid (din 00) 0. 1.597 + 0.030 0.4146 1.615 + 0.031 0.3022 1.614 £ 0.031 1.605 + 0.031 0.1378 1.622 + 0.030 0.1351 1.623 + 0.033 0.0664 0.590 + 0.031 0.0669 2.519 £ 0.0
Frechet (di 00201 0319+0036 21210030 03270020 00917 0.327 £ 0.039 03280030 00201 0363+0027 0028  0328+0030 00283  0.021 +0.027 00283 0.363 + 0.031
Gaussian (dim= - - 12221246 03410034 02471 0361 + 0031 03350028 01758 03450032 01754 035640030 01541  0.029 + 0.028 01541 0.700 £ 0.029
Pareto (dim=2) 00150 034240031 21518325 035340033 00465 0336 +0036 00146 03310031 00149 035940030 00146 03314002 00145  0.021 +0.027 00145 0.338 + 0.030
SPDN (dim 0.0275 0.485 £ 0.029 0.0659 0.450 £ 0.032 0.1574 0.456 £ 0.030 0.0265 0.442 £ 0.031 0.0259 0.464 £ 0.033 0.0265 0.448 £ 0.030 0.0251 0.042 + 0.029 0.0251 0.667 £ 0.030

SPDN (dim
Sphere
Sphere

0.1197 0.504 + 0.030 0.2602 0.494 + 0.030 05051 0.514 + 0.029 0.1185

0.1208 0.361 £ 0.036 0.1433 0.324 £ 0.035 0.1739 0.320 £ 0.036 0.1221
0.1546 0.314 % 0.041 0.1807 0.313 £ 0.035 0.2310 0.335 £ 0.0:

0.1196 0.522 + 0.029 0.1184 05170030 01126 0.072 + 0.031 0.1126 0.899 + 0.031

+0.037 0.1226 0330 £0.040  0.1160  0.026 + 0.029 0.1160 0.701 £ 0.031
+0.032 0.1587 0341 £0038 01462 0.042 + 0.030 0.1462 1.031 + 0.020

Sphere 02048 0.340 £ 0.040 0.2585 0.319 + 0.038 03151 0.343 £ 0.036 X 0.352 + 0.030 0.2076 03190048 0.1653  0.050 + 0.026 0.1655 1.049 + 0.032
) 0.2749 0.362 + 0.038 0.3606 0.364 + 0.038 04526 0.355 + 0.036 0.353 + 0.042 0.353 + 0.036 0.2822 0358 £ 0041 0.1873  0.071 + 0.028 0.1879 1.319 + 0.029
Sphere (dim=20) 2 2.8070 0.462 + 0.030 05753 0.421 + 0.030 03325 0.440 + 0.029 0435 + 0.030 0.3310 0461 £ 0031 0.1893  0.122 + 0.037 0.1894 1.642 + 0.031

(@
(¢
(
Sphere (
E
(

Sphere (dim=50) 0700 £ 0.033 13125 06870031 06369 070640031 03247 069140031 03292 071240029 03221 068+ 0031 01654  0.243 & 0.033  0.1654 3,050 + 0.029
Sphere (dim=100) 1.475 + 0.032 21177 1.653 + 0.028 0.5268 1.530 £ 0.030 0.2441 1.592 + 0.032 0.2409 1.639 + 0.029 0.2386 1.612 £ 0.030 0.1177 0.401 + 0.030 0.1179 1.443 £ 0.030
T2 (dim=2) 0349 £ 0.036 27950 0348+ 0038 28467 0343+ 0038 27550 0361+ 0027 27582 03470035 26305 0353+ 0027 24578  0.078 £ 0.029 24578 0.925 + 0.020
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