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Abstract

The phenomenon of benign overfitting, where a trained neural network perfectly fits
noisy training data but still achieves near-optimal test performance, has been exten-
sively studied in recent years for linear models and fully-connected/convolutional
networks. In this work, we study benign overfitting in a single-head softmax
attention model, which is the fundamental building block of Transformers. We
prove that under appropriate conditions, the model exhibits benign overfitting in
a classification setting already after two steps of gradient descent. Moreover, we
show conditions where a minimum-norm/maximum-margin interpolator exhibits
benign overfitting. We study how the overfitting behavior depends on the signal-
to-noise ratio (SNR) of the data distribution, namely, the ratio between norms of
signal and noise tokens, and prove that a sufficiently large SNR is both necessary
and sufficient for benign overfitting.

1 Introduction

Neural networks often exhibit a remarkable phenomenon, known as benign overfitting, where they
achieve a perfect fit to noisy training examples and still generalize well to unseen data (Zhang et al.
2021}, Bartlett et al.,[2020). This phenomenon contradicts classical wisdom in machine learning, and
has become a central research question in the theory of deep learning. Existing works on benign
overfitting study under what conditions the phenomenon occurs in different architectures. These
works focus on linear models, and on shallow fully-connected and convolutional neural networks.

In recent years, Transformers (Vaswanil, 2017) have emerged as a leading neural network architecture,
with impactful applications across a wide range of domains such as natural language processing and
computer vision. The fundamental building block of Transformers is the attention mechanism, which
allows them to process sequences and focus different parts of the input. Despite the central role of
the attention mechanism, we currently do not understand their overfitting behavior and the conditions
under which they exhibit benign overfitting.

In this work, we show the first benign-overfitting results for the attention mechanism. We consider
classification with a single-head softmax attention model, and study the conditions that allow for
benign overfitting. In our results, the data distribution consists of two tokens: a signal token, which
can be used for correctly classifying clean test examples, and a noise token, which is independent of
the label but can be used for interpolating (i.e., perfectly fitting) noisy training examples. We study
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the singnal-to-noise ratio (SNR), namely, the expected ratio between the norms of signal and noise
tokens, that allows for benign overfitting.

Below we summarize our main contributions:

* In Theorem [] (Section [3)) we show that under appropriate conditions, gradient descent with
the logistic loss exhibits benign overfitting already after two iterations. This result holds
when the SNR is ©(1/1/n), where n is the number of training samples.

* We then turn to consider other natural learning rules, which allow for benign overfitting
under a weaker requirement on the SNR. In Theorems [6]and [§] (Section ), we prove that
minimum-norm (i.e., maximum-margin) interpolators exhibit benign overfitting when the
SNR is ©(1/+/n) without requiring an upper bound on the SNR.

* In Theorem[I0](Section[d), we prove that the above requirement on the SNR is tight. Namely,
if the SNR is smaller than it, then the min-norm interpolator exhibits harmful overfitting,
where it fits the training data but has poor generalization performance.

* In Section[A.3] we complement our theoretical results with an empirical study. We show that
a sufficiently large SNR and input dimension are necessary to achieve benign overfitting.

2 Preliminaries

Notations. We use bold-face letters to denote vectors and matrices, and let [m] be shorthand for
{1,2,...,m}. Given a vector x, we denote by x; its j-th coordinate. Let I be the d x d identity
matrix, and let 04 (or just 0, if d is clear from the context) denote the zero vector in R%. We let ||-||
denote the Euclidean norm. We denote a multivariate Gaussian distribution with mean vector p and
covariance matrix ¥ by N(p, 3). We use standard big-Oh notation, with O(-), £2(+), O(-) hiding
universal constants and ©(-), (), O(+) hiding constants and factors that are polylogarithmic in the
problem parameters. We use I(-) to denote the indicator variable of an event. For a finite set A,
denote the uniform distribution over A by Unif (A) and let |.A| be its cardinality.

2.1 Data Generation Setting

In this work we focus on the following data distribution:

Definition 1. Let p11, po € R? such that || || = ||p2|| = p for some p > 0 and (1, p2) = 0, be
two fixed orthogonal vectors representing the signal contained in each data point. Define D joqn as
the distribution over R?>*?® x {1} of labelled data such that a data point (X , %) is generated by the
following procedure:

1. Sample the label j ~ Unif{£1}.

2. Generate a vector u, which represents the signal, as follows: If y = +1, set u = 1, and if
y=—1, setu = po.

3. Generate a vector &, which represents the noise, from the Gaussian distribution & ~
N0, Ii — pap] /p° — paps [07).

4. Denote X = (1), )T, Select k ~ Unif{1,2} and set %) = w. Set the other token
(B=k) = ¢
x :

To study the overfitting behavior we also need to introduce label-flipping noise:

Definition 2. Ler ) € [0,1/2) be the label flipping probability. We define D as the distribution over
R2X4 x {£1} which is the n-label-flipped version of D jean. Namely, to generate (X ,y) ~ D, first
generate (X, Y) ~ Dejean, then let y = y with probability 1 — n and y = —y with probability 1.

Our data distribution is similar to the settings studied by [Kou et al.| (2023), |Cao et al.|(2022), and
Meng et al.| (2023), which showed benign overfitting in two-layer convolutional networks. In their
case, each data point has two patches, (") and 2(?) (rather than two tokens in our setting). Since our
single-head attention model is invariant to token order, we assume without loss of generality that (1)
is the signal token and () is the noise token in all data points. Note that the noise token (2) = £ is



independent of the label and sampled from N (0, Iy — p1 ] /p* — paprg /p?), making it orthogonal
to the signal vector. For large dimension d, ||€|| ~ v/d due to standard concentration bounds. We
define the signal-to-noise ratio (SNR) as SNR. = ||u||/v/d = p/V/d.

We consider a training set {(X;,y;)}?, of n samples drawn i.i.d. from distribution D. Let C =
{# : ¥; = y;} be the index set of clean examples and N = {7 : J; = —y;} be the index set of noisy
examples. For clean examples, define the subsets:

Cl ::Cﬁ{i:mgl) :[,Ll}, CQ ::Cﬂ{i:wgl) :[,LQ},

with the noisy subsets A/; and N5 defined analogously.

2.2 Single-Head Attention Model
We consider the following single-head attention model:
f(X;W.p)=v' XTS(XWq),

where S : R? — R? is the softmax function, the key-query matrix W € R%*? and the linear head
vector v € R? are the trainable parameters, and the query vector g € R? is an arbitrary fixed unit
vector. We follow |Ataee Tarzanagh et al.[(2023b) and assume that ¢ = (1,0,...,0) ", obtaining the
following model:

f(X;p,v) =v' XTS(Xp), (1)

Here the trained parameters are p,v € R%. Thus, instead of the key-query matrix W we have a
vector p that controls the attention. Throughout this paper we will use the model (I)). We denote
the output of the softmax layer S(X;p) by s; = (si 1, si2) ', and denote the output of the attention

layer XiTsi by 7; = s;104i + Si2&, where 0 < s; 1,5, 2 < 1, 5,1 + s;2 = 1 are the attention on
two tokens of the i-th sample.

3 Benign Overfitting with Gradient Descent

In this section, we study the joint optimization of the head v and attention weights p using the logistic
loss function. We show that the model exhibits benign overfitting after just two iterations of gradient
descent (GD).

Formally, for a training dataset {(X;,y;)}~, we define the empirical risk as
1 n
L(v,p) =~ Ui f(Xi;p,v),
i=1

where £(z) = log(1 + exp(—2)) is the logistic loss function, and f is the model from Eq. (I). We
consider GD optimization. Starting from py = 0 and vy = 0, we have

Vi1 = Uy — Vo L(ve, Pr) and Dit1 =Pt — BVpL(ve, pt),

where [ is the step size. When we discuss some fixed ¢, we sometimes write in the subscript “t = -7,
e.g., p+—2 instead of py. We make the following assumptions:

Assumption 3 (Assumptions for GD with SNR = ©(1/+/n)). Let & € (0,0.5) be a desired probability
of failure. For universal constants C, > 6,Cg > 16, as well as a sufficiently large universal constant
C that may depend on C, and C, the following conditions hold:

1. Number of samples n is sufficiently large: n > C'log(1/4).
2. Dimension d is sufficiently large: d > Cn?log(n/d).

3. Signal strength satisfies p = C, - \/%

4. Label flipping rate satisfiesn < 1/C.

5. Step size satisfies § = Cg - (n/d).



6. Initialization at zero: ||vg|| = ||pol|| = 0.

Item [T is required to estimate the number of clean examples compared to noisy examples. The
assumption of high dimensionality (Item [2) is important for enabling benign overfitting (see empirical
results in Section [A.3), and implies that noise tokens from different training samples are nearly-
orthogonal. This assumption appears in many prior works on benign overfitting in neural network
classification (e.g.,|Cao et al.|(2022)); Kou et al.| (2023)); Meng et al.|(2023)); [Frei et al.| (2022} [2023);
Xu et al.| (2023)); Kornowski et al.| (2024)); [ Xu & Gu| (2023)). ItemE] states that the signal-to-noise

ratio (SNR) is jg =0(1/y/n). In Appendixwe will discuss how the SNR affects the dynamics

of GD. Interestingly, SNR of ©(1/1/n) matches the lower bound of the required SNR that allows for
benign overfitting with the min-norm (i.e. max-margin) learning rule that we will study in Section 4]
Item [d] ensures the flipping rate is small enough to allow the model to learn the signal token. Item |5}
namely, using a step size of ©(n/d), is required to achieve benign overfitting after two iterations;
with a smaller step size, the model will need more iterations to fit the noisy samples, which we will
demonstrate empirically in Section[A.3]

We now state our main result on benign overfitting with GD:

Theorem 4. Suppose that Assumption 3| holds. Then, with probability at least 1 — 6 over the training
dataset, after two iterations of GD we have:

* Higher softmax probability for optimal tokens:
si72>1/2,VieC  and  si3P>1-1/c VieN
where s; ; is the softmax probability of the 3™ token in the i sample at time t.
* The classifier X > sign(f(X;vi=a, pt—2)) correctly classifies all training data points:
y; = sign(f(X;; vi=2, pt=2)), Vi € [n].
o The classifier X s sign(f(X;vi=2, Pi=2) generalizes well:

P(x y)~p(y # sign(f(X;vi—2,pi=2))) < 1+ 6n® exp(—d/Cin?),

where C1 := C1(cp, cg) is a constant.

We can also conclude that for the clean-labeled distribution D¢e,, We have

P(x )~ Deean (Y 7 Sign(f(X;v=2, pr=2))) < 61 exp(—d/Cin?),
which approaches zero as d grows (see Assumption [3] item 2)).

Theorem [] shows that after two iterations of GD, the attention focuses on the signal tokens for
clean examples, and on the noise tokens for noisy examples. The model uses the noise tokens for
interpolating noisy training examples, while still achieving good generalization performance using
the signal token.

In Figure [T} we consider a setting similar to Theorem ] and demonstrate that benign overfitting
occurs after two iterations. We also plot how the softmax probabilities evolve during training, and see
after two iterations a behavior similar to the first item of Theorem [4]

4 Benign Overfitting of Max-Margin Solution

In the previous section we showed that GD exhibits benign overfitting in a setting where the SNR is
©(1/+/n). We now turn to study the overfitting behavior of single-head attention models, when using
another learning rule, which returns solutions that interpolate the training data with large margin
while keeping the parameters norms small. As we will show, such a learning rule allows us to obtain
benign overfitting under a weaker requirement on the SNR, namely, the SNR is ©(1/1/n) without
requiring an upper bound on it.

We note that learning rules that return min-norm (or max-margin) solutions are considered natural,
and hence understanding properties of min-norm interpolators has attracted much interest in recent
years, even in settings where the implicit bias of GD does not necessarily lead to a min-norm
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Figure 1: The left panel shows the train and test accuracies during training. It shows that benign
overfitting occurs after 2 iterations. After the first iteration, the model correctly classifies the clean
training examples, but not the noisy ones. In the right panel, we show the softmax probability
of the signal token for clean and noisy samples (average of the softmax probabilities 5271 over
C and N respectively). We see that after 2 iterations, the attention focuses on signal tokens for
clean examples, and on noise tokens for noisy examples. This aligns with Theorem[d Parameters:
n = 200, d = 40000, 8 = 0.025, p = 30,7 = 0.05, test sample size = 2000.

solution (see, e.g., Savarese et al.|(2019);|Ongie et al.|(2019); Ergen & Pilanci (2021); Hanin| (2021));
Debarre et al.| (2022); |Boursier & Flammarion| (2023)). More directly related to our work, min-
norm interpolation with Transformers has been studied in |/Atace Tarzanagh et al.| (2023bla), and
benign/tempered overfitting in min-norm univariate neural network interpolators has been studied in
Joshi et al.| (2023).

We first consider the following learning rule:

(U(r,R)7p(r,R)) = argmax miny; - f(Xi;p,v), o)
lvll<r,lIp|<R €M

where f is the model from (). The learning rule returns a solution that maximizes the margin
min;ep, ¥i - f(Xy; p,v) under a restriction on the parameter norms. We make the following assump-
tion:

Assumption 5 (Assumptions for max-margin with SNR = Q(1/1/n)). Let § € (0,0.5) be a desired
probability of failure. There exists a sufficiently large constant C' such that the following hold:

1. Dimension d is sufficiently large: d > Cn?*log(n/J).

2. Number of samples n is sufficiently large: n > C'log(1/9).

3. Signal strength: p > C\/d/n.
4. Label flipping rate: 0 <n < 1/C.

5. Norm constraint of p satisfies: R > C/nn/d + 1/p?log(pn).

Items and 4] are similar to Assumption 3] Item [3|requires SNR > ©(1/+/n), which is a weaker
requirement than the ©(1/+/n) requirement in Assumption |3} We will show later a lower bound on
the required SNR for benign overfitting, implying that the (1/+/n) bound is tight. Item|5|provides
the lower bound for the norm constraint of p so that the model can allocate enough attention on
signal token to achieve benign overfitting. Note that the norm constraint » for v can take any positive
value. Intuitively, since the model is linear in v, once p is properly learned, v can achieve accurate
classification even with a small norm.

With these assumptions in place, we give our result on benign overfitting with the learning rule (2)).

Theorem 6. Suppose that Assumption [ holds, and consider the classifier X ——
sign(f(X; P(r Rr), V(r,R))), Where (V(,. gy, P(r,r)) is the solution to Problem . Then, with proba-
bility at least 1 — § over the training dataset, we have:

* The classifier sign(f(X; P(r,r), V(r,r))) correctly classifies all training data points:

Yi = Sign(f(Xi;p(r,R)a v(r,R)))v Vi€ [’I’L]



* The classifier sign(f(X; P(r r), V(r,r))) generalizes well on test data:
Px )~ (y # sign(f(X; P, r), V(r,R))))
1-— log(d
§n+exp(—Q(d/n2))+exp(—Q( (=< _ Log ))2),

vim/d+1/p? R

where ( = O(y/nn/d+1/p*log(pn)/R).
Remark 7. To see why Theorem|6|implies benign overfitting, consider the limit R — oo. Then, the
upper bound for test error becomes 1+ exp(—Q(d/n?)) + exp(—O((1/p? +nn/d) 1)), which can
be arbitrarily close to 1 if d is large (see Assumption 9] item|[I)).

Next, we consider the following learning rule, which explicitly requires to minimize the parameters
norms while allowing interpolation with margin at least :

(vy,py) = argmin s.t. miny; f(X;;p,v) > 7, (3)
Ipl+v2 €]

where f is the model from Eq. . We show that under Assumption the solution (v, p) exhibits
benign overfitting for large enough v and d:

Theorem 8. Suppose that Assumption P (items [I| through |) holds, and consider the classifier
X — sign(f(X;py,vy)), where (vy,py) is a solution of Problem (3)). Then there exists o such
that for any v > ~o , with probability at least 1 — 6 over the training dataset, we have:

* The classifier sign(f(X; py, vy)) correctly classifies all training data points:
yi = sign(f(Xi;py, vy)), Vi € [n].
* The classifier sign(f(X; py, vy)) generalizes well on test data:

P(x )~ (Y # sign(f(X;py, v,))) < nexp(=Q(d/n?))+exp(=O((1/p*+nn/d)~1)).

Thus, for large enough ~, the theorem implies that the trained model interpolates the training data,
and the test error approaches 7 as d — oo.

Note that Theorems|6]and [8|hold only when SNR = Q(1/+/n). This raises the question: what is the
overfitting behavior of min-norm interpolators when the SNR is smaller? We now consider the case

where p < 4/1/Cn for some sufficiently large universal constant C. We will show that in this case,
although the model can correctly classify all training samples, the test error of learning rule (2) is at
least a universal constant, indicating that benign overfitting does not happen. Formally, we make the
following assumptions:

Assumption 9 (Assumptions for max-margin with SNR < O(1/+/n)). Let 6 € (0.0.5) be a desired
probability of failure. There exists a sufficiently large constant C' such that the following hold:

. Dimension d is sufficiently large: d > Cn?log(n/d)

. Number of samples n is sufficiently large: n > C'log(1/9).

1

2

3. Signal strength: p < \/m

4. Label flipping rate is a constant n) € (0,1/2).
S

. The norm of p should be sufficiently large: R > C\/glog (%).

Compared with Assumption [5} the main difference is in the second item that SNR < O(1//n).
Additionally, the condition on 7 is relaxed, as in our analysis clean and noisy samples can be treated
equivalently when the norm of the signal token is sufficiently small. With these assumptions in
place, we can state the following theorem which characterizes the training error and test error of the
single-head attention model when the SNR is small:

Theorem 10. Suppose that Assumption [9 holds, and consider the classifier X —
sign(f(X; P(r,Rr), V(r,Rr))), Where (v(, gy, P(r,r)) is a solution of Problem . Then, with prob-
ability at least 1 — 0 over the training data, we have:



* The classifier sign(f(X; P(r,r), V(r,r))) correctly classifies all training data points:
yi = sign(f(Xy; P(r,Rr), V(r,R))), Vi € [n].

* The classifier sign(f(X; p(r,r), V(r,r))) does not generalize well on test data:

. 1
P )~ Dua (4 7 sig(f (X3P, 1), () 2 15

5 Conclusion

This paper took an initial step in establishing the benign overfitting phenomenon in a single-head
softmax attention model. Our results open up several future directions, including analyzing gradient
descent for more than 2 steps, more complex data distributions containing more than 2 tokens and
varying sequence length, and the self-attention architecture.

References

Kwangjun Ahn, Xiang Cheng, Hadi Daneshmand, and Suvrit Sra. Transformers learn to implement
preconditioned gradient descent for in-context learning. Advances in Neural Information Processing
Systems, 36, 2023.

Davoud Ataee Tarzanagh, Yingcong Li, Christos Thrampoulidis, and Samet Oymak. Transformers as
support vector machines. arXiv preprint arXiv:2308.16898, 2023a.

Davoud Ataee Tarzanagh, Yingcong Li, Xuechen Zhang, and Samet Oymak. Max-margin token
selection in attention mechanism. Advances in Neural Information Processing Systems, 36:48314—
48362, 2023b.

Peter L Bartlett, Philip M Long, Gabor Lugosi, and Alexander Tsigler. Benign overfitting in linear
regression. Proceedings of the National Academy of Sciences, 117(48), 2020.

Peter L. Bartlett, Andrea Montanari, and Alexander Rakhlin. Deep learning: a statistical viewpoint.
Acta Numerica, 30:87-201, 2021.

Mikhail Belkin. Fit without fear: remarkable mathematical phenomena of deep learning through the
prism of interpolation. Acta Numerica, 30:203-248, 2021.

Etienne Boursier and Nicolas Flammarion. Penalising the biases in norm regularisation enforces
sparsity. arXiv preprint arXiv:2303.01353, 2023.

Yuan Cao, Zixiang Chen, Misha Belkin, and Quanquan Gu. Benign overfitting in two-layer convolu-
tional neural networks. In S. Koyejo, S. Mohamed, A. Agarwal, D. Belgrave, K. Cho, and A. Oh
(eds.), Advances in Neural Information Processing Systems, volume 35, pp. 25237-25250. Curran
Associates, Inc., 2022.

Thomas Debarre, Quentin Denoyelle, Michael Unser, and Julien Fageot. Sparsest piecewise-linear
regression of one-dimensional data. Journal of Computational and Applied Mathematics, 406:
114044, 2022.

Tolga Ergen and Mert Pilanci. Convex geometry and duality of over-parameterized neural networks.
Journal of machine learning research, 2021.

Spencer Frei, Niladri S Chatterji, and Peter Bartlett. Benign overfitting without linearity: Neural
network classifiers trained by gradient descent for noisy linear data. In Conference on Learning
Theory, pp. 2668-2703, 2022.

Spencer Frei, Gal Vardi, Peter Bartlett, and Nathan Srebro. Benign overfitting in linear classifiers
and leaky relu networks from kkt conditions for margin maximization. In The Thirty Sixth Annual
Conference on Learning Theory, pp. 3173-3228, 2023.



Erin George, Michael Murray, William Swartworth, and Deanna Needell. Training shallow relu
networks on noisy data using hinge loss: when do we overfit and is it benign? Advances in Neural
Information Processing Systems, 36, 2024.

Boris Hanin. Ridgeless interpolation with shallow relu networks in 1d is nearest neighbor curvature
extrapolation and provably generalizes on lipschitz functions. arXiv preprint arXiv:2109.12960,
2021.

Samy Jelassi, Michael Sander, and Yuanzhi Li. Vision transformers provably learn spatial structure.
Advances in Neural Information Processing Systems, 35:37822-37836, 2022.

Nirmit Joshi, Gal Vardi, and Nathan Srebro. Noisy interpolation learning with shallow univariate relu
networks. arXiv preprint arXiv:2307.15396, 2023.

Kedar Karhadkar, Erin George, Michael Murray, Guido Montiifar, and Deanna Needell. Benign
overfitting in leaky relu networks with moderate input dimension. arXiv preprint arXiv:2403.06903,
2024.

Guy Kornowski, Gilad Yehudai, and Ohad Shamir. From tempered to benign overfitting in relu neural
networks. Advances in Neural Information Processing Systems, 36, 2024.

Yiwen Kou, Zixiang Chen, Yuanzhou Chen, and Quanquan Gu. Benign overfitting in two-layer relu
convolutional neural networks. In International Conference on Machine Learning, pp. 17615—
17659. PMLR, 2023.

Hongkang Li, Meng Wang, Sijia Liu, and Pin-Yu Chen. A theoretical understanding of shallow vision
transformers: Learning, generalization, and sample complexity. arXiv preprint arXiv:2302.06015,
2023.

Xuran Meng, Difan Zou, and Yuan Cao. Benign overfitting in two-layer relu convolutional neural
networks for xor data. arXiv preprint arXiv:2310.01975, 2023.

Greg Ongie, Rebecca Willett, Daniel Soudry, and Nathan Srebro. A function space view of bounded
norm infinite width relu nets: The multivariate case. arXiv preprint arXiv:1910.01635, 2019.

Samet Oymak, Ankit Singh Rawat, Mahdi Soltanolkotabi, and Christos Thrampoulidis. On the role of
attention in prompt-tuning. In International Conference on Machine Learning, pp. 26724-26768.
PMLR, 2023.

Pedro Savarese, Itay Evron, Daniel Soudry, and Nathan Srebro. How do infinite width bounded norm
networks look in function space? In Conference on Learning Theory, pp. 2667-2690. PMLR,
2019.

Bhavya Vasudeva, Puneesh Deora, and Christos Thrampoulidis. Implicit bias and fast convergence
rates for self-attention. arXiv preprint arXiv:2402.05738, 2024.

A Vaswani. Attention is all you need. Advances in Neural Information Processing Systems, 2017.

Roman Vershynin. High-dimensional probability: An introduction with applications in data science,
volume 47. Cambridge university press, 2018.

Jingfeng Wu, Difan Zou, Zixiang Chen, Vladimir Braverman, Quanquan Gu, and Peter L. Bartlett.
How many pretraining tasks are needed for in-context learning of linear regression? Preprint,
arXiv:2310.08391, 2023.

Xingyu Xu and Yuantao Gu. Benign overfitting of non-smooth neural networks beyond lazy training.
In International Conference on Artificial Intelligence and Statistics, pp. 11094-11117. PMLR,
2023.

Zhiwei Xu, Yutong Wang, Spencer Frei, Gal Vardi, and Wei Hu. Benign overfitting and grokking in
relu networks for xor cluster data. arXiv preprint arXiv:2310.02541, 2023.

Chiyuan Zhang, Samy Bengio, Moritz Hardt, Benjamin Recht, and Oriol Vinyals. Understanding deep
learning (still) requires rethinking generalization. Communications of the ACM, 64(3):107-115,
2021.

Ruiqi Zhang, Spencer Frei, and Peter L Bartlett. Trained transformers learn linear models in-context.
Journal of Machine Learning Research, 25(49):1-55, 2024.



A Appendix

I Rel Works|. . . . . 9
A2 Proof Ideasl . . . . o o v vt 10
A2.1 Proofideas for Sectionl3 . . . . . ... ... ... ... ... .. 10
A22 Proofideas for Sectiond . . . . ... ... ... L. 10

[A.3 Experiments|. . . . . . . . .. e e e e 12
[A4 ProofsforSec. 3l . . ... ... ... 13
[A41 NotationsforSec. B3Il . . . .. ... ... . . 13
[A.4.2 Additional Lemmas & Defimitions for Secl3ll . . ... ... ... ... .. 13
A43 Proof of Thm.J . . ... . .. ... ... 14

A.S ProofsforSec.Hl . ... ... .. . 22
[AST _AddiionalNofation]. . . . . . ... ..................... 22
[AS2 Proofof Thm.l6l . .. ... ... .. ... .. ... ..., 23
[A53 Proofof Thm.I8 . . ... ... ... . . 48
AS4 Proof of Thm. IIO . . . . . . . . . . .. 50

[A.6 SupplementLemmas| . . . .. ... ... ... ... ... ... .. ... 65

Remark 11. Throughout our proofs, we assume without loss of generality that g1, = (p, 0,0, ...,0) T,
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A.1 Related Works

Optimization in Transformers. [Li et al.|(2023)) provided a theoretical analysis of training a shallow
Vision Transformer (ViT) for a classification task. They showed that the sample complexity required
to achieve a zero generalization error is correlated with the inverse of the fraction of label-relevant
tokens, the token noise level, and the initial model error. |Ataee Tarzanagh et al.[(2023a) showed that
optimizing the attention layer via gradient descent leads to convergence to an SVM solution, where
the implicit bias of the attention mechanism depends on whether the parameters are represented as a
product of key-query matrices or directly as a combined matrix, with different norm-minimization
objectives in each case. |Ataee Tarzanagh et al.|(2023b) provided a regularization path analysis and
prove that the attention weights converge in a direction to a max-margin solution that separates locally
optimal tokens from non-optimal. They also showed that running gradient descent, with a specific
initialization direction and without optimizing the attention head, converges in a direction to the same
max-margin solution. |Vasudeva et al.|(2024) expanded on their findings by identifying non-trivial
data settings for which the convergence of GD is provably global, i.e., without requiring assumptions
about the initialization direction. They also provided convergence rate bounds and analysis for
optimizing both the attention weights and the attention head, although they did not consider the case
of noisy data labels, as we do in our work. Another line of work looks at the learning dynamics
of single-layer linear attention models trained on linear regression tasks (Zhang et al.| 2024} |/Ahn
et al., [2023} [Wu et al.| 2023)). Additional works that consider optimization dynamics in Transformers
include Jelassi et al.|(2022); (Oymak et al.| (2023).

Benign overfitting. A significant body of research has explored why neural networks (NNs) that
perfectly interpolate the training data can still generalize well (Zhang et al., 2021} Bartlett et al.,



2020). This has sparked substantial interest in studying overfitting and generalization in NN trained
to fit datasets with noisy labels. The literature on benign overfitting is broad and cannot be reasonably
covered here. We refer the reader to the surveys [Bartlett et al.| (2021)); Belkin| (2021)). Most relevant
to our work are|Cao et al.|(2022)); [Kou et al.[(2023)); Meng et al.|(2023) that studied benign overfitting
in convolutional neural networks. Their data distribution resembles ours, as we discuss in Section 2.1}
Benign overffiting in fully-connected two-layer neural network classification was studied in [Frei
et al.[ (2022, 2023); Xu et al.| (2023); Xu & Gu|(2023)); [Kornowski et al.| (2024)); \George et al.| (2024);
Karhadkar et al.|(2024) for various activation functions, data distributions and loss functions (both
the logistic and the hinge losses).

A.2 Proof Ideas

In this section we briefly discuss the main proof ideas. The formal proofs are deferred to the appendix.

A.2.1 Proof ideas for Section[3]

In this subsection we discuss the main proof idea of Theorem [d] Since the initialization is at
zero, vy is a linear combination of the training data tokens. Therefore, we can express v;—1 as
M=y + A5 o 4+ 377 1071, where i1 > 0, A\5=1 < 0. Note that \j > 0, A5 < 0 holds
since |C| > |N|. We begin by analyzing the first step of GD. Specifically, we show that after one step,
the coefficients of v;—; can be estimated as [\;=!| ~ 2(1 — 2),k € [2] and 07" = 2,i € [n].
Moreover, we have p;—; = 0, and hence for a training sample (X, = (pr, Ej) ), the margin is:

1 -
i (X5 o0, i) = ol (2 + ) SyN sl + 5007 15

where in the last appr0x1mate equality we use the high dlmenswnal settlng (.e. by item 2] in our
assumption d > n?log(n)) to neglect the Dicn)izi Yi¥i0 1=1¢.1¢; term, since it is much smaller

(in absolute value) than the other terms. Indeed, we have w.h.p. that |¢, &;| < V/dlog(n), ||€; I* ~ d
and recall that ||| = C2(d/n) (itemlin our assumption). Therefore, for a clean sample j € C,

the margin is y; f (X; vi=1, Pt=1) ~ B-2n) dC” + 8[:led > 0, for large enough C,. On the other

16
hand, for a noisy sample j € A/, we have y]f(XJ,vt 1, Pi=1) &~ _sa 62") <y + Bd < 0.

This implies that the classifier sign(f(X;v;=1, p;=1) does not correctly cla551fy n01sy tralnlng
samples, but still correctly classifies clean training samples. Together with p;—1 = 0, the classifier
sign(f(X; vi=1, pr=1) will also correctly classify, with high probability, a clean test sample.

Moreover, since the loss function £ is decreasing, the loss of noisy samples, denoted £;—; j,j € N,
dominates the loss of clean samples ¢;—; ;, 7 € C. This implies that after two iterations, the coefficients
|¢9§-:2 |,7 € N, of the second (noise) tokens in v, corresponding to noisy samples, grow faster than
the coefficients | \!=2| of the first (signal) tokens. This property is important to allow for interpolation
of noisy examples. We also show that pi—2 focuses on optimal tokens, namely, on the noise token for
noisy samples (i.e. st 22 >1-1 / c2 Vi € N), and on the signal token for clean training and test
samples. Using this property we conclude that the model parameterized by (vi—2, p1—2) exhibits
benign overfitting.

Remark 12. Note that our proof implies the following behavior of GD. After the first iteration, the
model correctly classifies only the clean training samples, resulting in an expected training accuracy
of 1 — n. Additionally, the model successfully classifies a clean test sample w.h.p., leading to the
same expected test accuracy. After the second iteration, the model interpolates the training data,
achieving a training accuracy of 1. This is shown empirically in Figure[l| When using a smaller
step size, we empirically observe a similar trend: after the first iteration, the model learns the signal
tokens, and with more iterations, it captures the noisy tokens of the noisy samples and fits the entire
dataset. This behavior is shown in Figure

A.2.2 Proof ideas for Section[d]
Here we provide the proof sketch for Theorem[6] There are mainly two parts in our proof:
* First we determine the convergence behavior of p and v when the norm constraint R is

sufficiently large.

10



* Using properties derived from this convergence, we can analyze the training and test errors.

The first part of the proof builds upon techniques from |Ataece Tarzanagh et al.| (2023b)), which
shows that jointly solving for v and p leads to convergence to their respective max-margin solutions.
While their approach focuses on the asymptotic case where R, » — oo under specific conditions on
the training data, our work extends these techniques to the signal-noise data model and provides
non-asymptotic results.

To begin, consider the output of the attention layer r; = X,"S(X;p) which is a combination of
signal and noise tokens. This can be considered as a “token selection” based on softmax probabilities.
Since {;}c[n) determines the model’s output, we prove that only by selecting signal tokens for clean
samples and noise tokens for noisy samples can we reach the maximum margin when performing
SVM on (74, ¥;)ie[n) and we refer to this as optimal tokens.

Definition 13 (Optimal Token). We define the optimal token for sample (X;,y;) as
rf::c(l) = py, i € C, k € {1,2} and ri*:acl(?) =¢&,1eN 4)

Based on this optimal token selection, we define the corresponding max-margin solution for p and v,
denoted by P, and v, We first define p,y,., as follows:
Definition 14 (p-SVM).

Pmm = argmin ||p||  subject to:
pERY

p'(pi—&)>1,i€C, and p' (& — i) >1,ieN
forallk € {1,2},i € [n]. Let 2 := 1/||pmm|| be the margin induced by p .-

Then for a given p, we define v(p) as the standard max-margin classifier on (7, ¥;)ic[n) and vy, as
the standard max-margin classifier on (r}, yi)ie[n] which represents the limiting case when p = Py
and R — +oc.

Definition 15 (v-SVM).
v(p) := argmin ||[v|| s.t. y; v r; > 1,  foralli € [n). 5)
vERD
T'(p) := 1/||lv(p)| is the label margin induced by v(p). When r; = r},i € [n], we define
Vpm = argmin ||v|| s.t. y; v ' rF > 1,  foralli € [n]. (6)
veER?

T := 1/||vimm|| is the label margin induced by V..

To show the optimality of this token selection, we prove that any other token selection that incorporates
other tokens in 7; will strictly reduce the label margin. This is formalized in the following proposition:

Proposition 16 (optimal token condition). Suppose that Assumption[5| holds, with probability at least

1 — 6 over the training dataset, for all p, the token selection under p results in a label margin (Def.

of atmostT' — o —5 5 ~mz[u]<(1 — Sia,;) where a; = 1(i € C) 4 2I(i € N) and C > 0 is some
mm icin

constant.

Then, it is natural to make a conjecture that when jointly optimizing p and v for (), they will
converge to their respective max-margin solutions p,,,, and v, as R,r — co. We verify and
formalize it in the following theorem.

Theorem 17. Suppose that Assumption[S|holds, with probability at least 1 — § on the training dataset,
we have

* The margin induced by p(, ry/ R in p-SVM is at least (1 — )=, where

log(4/p? + (1 + 1)d|[ v *dp?)
¢= - .

* The label margin induced by v(, ry/r in v-SVM is at least (1 — )", where v =

24/ p2+(14+k)d

Texp(1-C)R=)"

11



Here, (C,7) quantify the difference between (p(,, r), V(. r)) and (Prm;> Vimm). As R — oo, both
¢ and y converge to 0. Thus, for sufficiently large R, we conclude that pz;,ﬁ R) (pr — &;) becomes
large for i € Cy. This ensures that p,. gy captures sufficient information about signal tokens, which
enhances the accuracy of test sample predictions. Specifically, the attention weight on a signal token
is lower bounded by 0.5(1 — () RE < (p(, g, i) Since the signal token remains invariant between

training and test data, we can estimate the attention layer’s output for a new test sample (X, y).
Lemma 18. Suppose that Assumption || holds, with probability at least 1 — & on the training dataset,
for a given test sample (X ,y) with X = (u*, €*), where the signal p* can be py or pa, we have
with probability at least 1 — exp ( — 3(3(1 — () — K/R)?) that {p(y,r), *) — (P(r,r), &) > K,
for K < %(1 — ¢)RE. Here (, = follow the definitions in Theorem

Therefore, if K is large, which is equivalent to R is large, the attention weight on the signal token is
much greater than the noise token. As a result, the signal token p* will dominate the attention layer’s
output, i.e. r* — p*.

Finally, from Theorem U(r,R) CONVEIZES t0 Vypyp, ensuring that it can make accurate predictions on
(1, y) if (per, y) comes from the clean set. Thus, w.h.p. the learning of signal token y - (v(,. g), 1*)
is large enough to eliminate the randomness introduced by the noise token (denoted by A(£*) here)
and the model will make accurate prediction with high probability: y - f(p(, r), v(r.r); X) ~

Y] it — A7) > 0.

A.3 Experiments

We complement our theoretical results with an empirical study on benign overfitting in single-head
softmax attention. We trained single-head softmax attention models (Eq. (I))) on data generated as
specified in Section 2.T|using GD with a fixed step size and the logistic loss function. In all figures,
the x-axis corresponds to the time and has a log scale. We add 1 to the time so that the initialization
t = 0 can be shown in the log scale (i.e. iteration 10° is the initialization).

In Figure 2] we consider a similar setting to Theorem 4} but with a smaller step size. Here, benign
overfitting occurs after about 150 iterations.

1.0 ---- prob=0.5
/ 87 — clean sample

—— noisy sample

=}
©

e
N

0.9

o

©
o
o

--- acc =05
-~ acc=1-n=095
—— Train acc
— Testacc
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I
o

e
g9
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o
'S

o

o
o
w

o

n
o
N

e
o

10° 10! 102 103 10° 10t 102 10°
Iterations (Log Scale) Iterations (Log Scale)

Figure 2: The left panel shows train and test accuracies during training with a small step size. The
clean training samples are correctly classified already after one iteration, but in contrast to Theorem 4]
and Figure|l| benign overfitting occurs after about 150 iterations. In the right panel we see that the
attention starts separating signal and noise tokens shortly before benign overfitting occurs. Parameters:
n = 200, d = 40000, 8 = 0.0001, p = 30, = 0.05, test sample size = 2000.

In Figure[3a] we explore the behavior of GD with different SNR levels. When the SNR is too small the
model exhibits catastrophic overfitting, namely, it fits the training data but has trivial generalization
performance. When the SNR is sufficiently large we observe benign overfitting. In Figure[3b] we
investigate the overfitting behavior with different dimensions d. If d is sufficiently large we observe
benign overfitting. If it is very small we are not able to overfit, namely, the training accuracy does
not reach 1. For intermediate values of d we observe harmful overfitting. Thus, we see that high
dimensionality is crucial for benign overfitting. Interestingly, we can see that achieving benign
overfitting is possible even when d < n?, suggesting that our assumption on d in the theoretical
results might not be tight.
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Figure 3: Comparing train (solid lines) and test (dashed lines) accuracies, with different SNR (left
panel) and different dimensions (right panel). In the left panel, we observe that for small SNR
(purple line), the model exhibits catastrophic overfitting, similar to Theorem [T0] For larger SNR
values, the model demonstrates benign overfitting. In the right panel, we see that for small d (purple
line), the model is unable to fit the data (at least in the first 10° first iterations), and both the train
and test accuracies are at the noise-rate level. For intermediate values of d (green and blue lines),
the model exhibits harmful overfitting, and for larger d (yellow line) the model exhibits benign
overfitting. We note that benign overfitting occurs here for d = 2n < n?, which suggests that the
assumptions on d in our theorems are loose. Parameters (left panel): n = 400,d = 40000,3 =
0.00015,n = 0.1, test sample size = 2000. Parameters (right panel): n = 500,8 = 0.02,p =
30,1 = 0.1, test sample size = 10000.

A.4 Proofs for Sec.
A.4.1 Notations for Sec. 3

Given a, b, ¢ € R, we denote by c(a £ b) the close segment [c(a — b), ¢(a + b)]. Given vector &, we
denote by x[i] the i™ coordinate of x, and z[i : j] denotes the subvector containing the elements
from the i to the J th inclusive. We also list some key notations used in this section for convenience.

Table 1: Usefull notation.

x; j token in the i sample

’yf,j yiv;'—:ci,j i.e. 7™ token score in time ¢

«f ;  softmax probability of the 7™ token in the i sample in time ¢
Oy (X5 ve, pr)

We remind that C, N C [n] denotes the indices of clean and noisy training examples, and Cy, Ny,
denotes the clean and noisy examples from cluster k& € {1,2}. For example if i € Cy, then z; 1 = 1
and y; = 1, and for j € N; we have that x;; = p; and y; = —1. Let S'(v) := VS(v) =
diag(S(v)) — S(v)S(v) " denote the Jacobian of the softmax function S(v) at v € R%.

A.4.2 Additional Lemmas & Definitions for Sec3

The following equations will be useful throughout the proof:

1 n

VoL(v.p) = =3 6y X/ S(Xip) ™
=1

VpL(v,p) = % Zf; - XS (Xip)vi, where v; =y;v' X; 8)
i=1

() = =1/(1 + exp(z)) ©)

§'(v) = diag(S(v)) — S(v)S(v) " (10)

Definition 19 (Good Training Set). We say that a training set (X1, ..., X,) is good if

13



e [|&3 € (1 £0,(1))d, foralli € [n].

o (&, &5)| < \/dlog(12n2/6), for any i,j € [n].
* [Nkl € 5(nEon(1)) and |Cr| = 5(1 —n £ 0,(1)), for k € {1,2}.

Definition 20 (Good Test Sample). We say that a test sample (X = (x1,@2),y) is good w.rt. a
training set (X1, ..., X,,) and constant C1 if

(@2, z2)| < %, Vi € [n]

Next we write Lemma [59]slightly different, and also add a formal proof for completeness:

Lemma 21. Let § > 0 and C > 0. Suppose that Assumption 23|(item[I)) holds with constant C, then
with probability at least 1 — § /2 we have that

|Ck\€ (1-n=++2/C), \Nk\e n++/2/C), Vke{l1,2}.
Moreover, we have

Chl € S0 —nton(1), Wil €Zmton(1)), Ve {12},

Proof. By Hoeffding’s inequality,

P(ficil - 201 —n)| = Valog(16/5)/2) < 65,

which means that with probability at least 1 — 6/8 we have that [C;| € §(1 — 7 % c,), Where

= /2nlog(16/0)/n. Hence, if n > C'log(16/4), then ¢,, = /210g(16/0)//n < /2/C.
D

Slmllarly, we can estimate |N| for k& € {1, 2}, and by union bound, the result follows.

Lemma 22. Let z,~,p € R? and let o = S(p), then
zTS’(p)'y =(m—7)1—a)o(z — 22)

Proof. Observe that a; + oo = 1. Therefore,

2 2 2
7S (p)y = 2" diag(a)y — 2 aa’y = Z 2047 — Z ;7 Z @i
i=1 i=1 i=1

= 210071 + 220272 — (@121 + az22) (171 + a272)

= (12 — (a1 + a272)) @222 + (11 — (a1 + azy2)) an 21
= (@172 — a171) 222 + (ay1 — azye) a2

= —a1 (n1 —2) a2z + s (71— 72) 121

=aq (71 —72) @221 — 22)

Lemma 22]allows us to analyze V;,£ as a function of the score gap.

A.4.3 Proof of Thm. 4

Proof of Thm. 4] To simplify the proof, we will use the following assumption, which is slightly
weaker than Assumption [3}

Assumption 23 (Assumptions for GD with SNR = ©(1/+/n)). Let d > 0 be a desired probability
of failure. For constants ¢, > 6,cg > 16¢, log(cz), there exists some large enough constant
C = C(cp), such that the following hold:

1. Number of samples n should be sufficiently large: n > C'log(16/0)
2. Dimension d should be sufficiently large: d > Cn?log(12n?/6).

14



3. Signal strength is: p = c,+/d/n
4. Label flipping rate n: n < 1/C.
5. The step size 3 satisfies: 3 = (cz -n)/(c3 - d).

6. Initialization at zero: ||vo|| = ||po|| = 0.

Apart from slight adjustments to the constants within the logarlthm at items [I] and 2] (which can
be absorbed into '), the only changes are cg > 16¢,log(c ) (instead of Cg > 16) and 8 =

(¢g - n)/(c5 - d) (instead of 3 = Cjp - (n/d)). Indeed, given Cg >16,C, > 6and 8 = Cs - (n/d)
which satisfy Assumption define ¢, := C, > 6,cp := Cgcf) > 16¢,, log(cf)), which holds for any
¢p > 6. We also have that 8 = Cp - (n/d) = (cg/c2) - (n/d) , i.e., B, ¢,, cg satisfy Assumption
Next, under Assumption [23] we argue that with probability at least 1 — § the training set is good (Def.

[ ie.
* [Ckl € Z(nxo0n(1)) and N}, € Z(1 —n £ 0,(1)), for k € {1,2}.
s ||&112 € (1 £ 0,(1))d, forany i € [n].

[(&,&;)| < \/dlog(12n?/$), for any i, j € [n].

Indeed, this holds by Lemma[57] Lemma 2] and the union bound. We emphasize that the notation
on (1) represents a term that becomes arbitrarily small as n increases, and thus it can be bounded by a
small constant if C' from Assumption [I]is large enough.

Next, we show that under a good training set, the model exhibits benign overfitting, already after two
iterations. See Remark [IT]for the data setting used throughout the proof.

GD after 1 iteration. We start by analyzing the first coordinate of v; (i.e. v after one iteration of
GD). By assumption( iten@, we have that pg = vy = 0, which implies that 6{)’1- = —1/2, for
any ¢ € [n]. Hence

p
—BVL(vo, po)[1] = Zéo i yidi Z o+ D uip
ZECl ZEN1
= C —
(AP
g(l —2n=xo0,(1))p “good” training set
In the same way, we can estimate the second coordinate of v;—1:
B
P Zyzp+f > v —g(1=2n+on(1)p,
z€C2 1€EN2
where we remind that y; = —1, when i € Cs, hence v;—1[2] has the same bounds as v;—1[1], just
with opposite sign. We move to analyze the rest of the coordinates of v;—1:
_ B85
= ;yﬁ
Overall, we can write v;—q as Ni= pug + X551 po + D070 | y;0071; with
M= e g(l —2n+o0,(1)), &t e —g(l —2n+o0,(1)), 67! = 4ﬁ. (11)
n

Moreover, since v/~ = 0 for every i € [n], we have that p; = 0 (see Eq. .

Preparation for next iteration. To estimate (v;—2, pi—2), we first need to estimate the loss for
: : : 1 17 1 1
clean/noisy samples and the score difference, i.e. 7,1 — ;0,4 € Candvj o — ;1,7 € N.
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We remind that ||, 12 = p? = = c2d/n (Assumptlon(ltem ') For j € Ci, where k € {1,2} we
have that

1

5%‘”;1(%‘,1 +xj2) since p; =0

1 e o 1, 2, 1 = =
= §|)\i Yl pewl” + §9§ HlgsIE + 3 S oyt g yNT >0
i€[n]iAg

Yi f (X3 Vi1, Pe=1) =

(12)

Since the training set is “good” then by Eq. we can bound y; f(X;; vi=1, Pt=1) as follows:

3 (st pict) < 26 (1= 20+ 0, (1) -2+ & 4 L1+ 0,1) + Lo /log(120275)
. ( (1—217 +2+0n(1 ) pd AssumptiOH@(itemIZD

:cB

n
1—2n) +2/c2 + o,(
( ( ) /c ? ) Assumption 23] (item[3)

< 1.1Cg

T 13)

where the last inequality holds since ¢, > 5, which implies that 2/ c/% + 0,(1) < 0.1. Similarly, we
have that

B o d B B
Y [ (X5 041, Pr=1) > 16(1 —2n — o0,(1)) i + 8—nd(1 —o,(1)) — 8—nn dlog(12n2/4)
(1_277)+2_On(1) @
- 16 n
((1 —2n) +2/c2 — 0,(1)
= C/B .
16
0.9¢
165 (14)
For j € Nj we have:
Y (X5 0i=1,P1=1) = 5%‘"’;1(%‘,1 +Tj2) since p1 =0

1 .,_ 1 ._ B -
:*gp\i I\HILk||2+§9§' 1||€j|\2+% Z viy;€l & yNT <0
i€[n]:iA]

Since the training set is good then by Eq. we can bound y; f (X j; vi=1, pr=1) as follows:

d
Yi f (X3 ve=1, Pr=1) < —1%(1 —2n—o,(1)) - i - + %d(l +o,(1))+ %n dlog(12n2/5)
B A(1-2n)+2+0,(1)\ Bd
= 16 n
—(1=2n)+2/c2 +on(1)
e 16
< 2%, (15)
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where the last inequality holds for small enough 7 and since ¢, > 5, which implies that 2/ c% +2n+
0r(1) < 0.1. Similarly, we have that

d
Y f (X3 vi=1,Pt=1) > —1%(1 — 2+ o0,(1)) - - —+ Sﬁnd(l —o,(1)) — sﬁn" dlog(12n2/6)
—c;(1—2n) +2—o0n(1)\ pd
- 16 n
> os (—(1 —2n) +12/c,% - On(1)>
> T (16)

We remind that —¢; ; = 1/(1 4 exp(y; f(Xi; vi=1,P1=1))) and that § = cg - n/(dc}) for some
constant ¢g > 16¢,. Combine with Egs. @and@ we have that
i€C, —l_y; >1/(1+exp(l.lcg/16)) :=m& "' >0 (17
i€C, —li_;,; <1/(1+exp(0.9c5/16)) := ME™' < 1/(4c)), (18)

where the last inequality holds since cg > 16¢, and since 1 + exp(0.9¢,) > 4c§ for any ¢, > 6.
Moreover, by Eqs.[T3]and[I6] we have that

JEN, —li_y; > 1/(1+exp(—0.9¢/16)) := miz" > 0.99 (19)
JEN, —li_y; <1/(1+exp(—1.1cs/16)) := M7 <1 (20)
The notations M/ and m, (M}, and m};) denote the upper and lower bounds, respectively, on the

derivative of the loss for clean (noisy) samples at time ¢, and we use them throughout the proof. We
remind that ’y; ;= yiv, x; j. Then by Eq. , for i € Cj, we have that

V5l e 2(1 — 2+ 0,(1))p% = %ﬁ(l —2n =+ o0,(1))
3 € 20 s 0,0 = L1/ £ 0,00)
YT =izt e L -2/ — 2+ o0n(1)) . @1

8

where in the calculation of 'yf? WEUSE D i)t yiyﬁ;:lg;—gj = 0,,(1) - d, since the training set
is good. For ¢ € NV}, we have that

VTl e —§<1 — 2% 0,(1))p = =2 (1= 2 % 0(1))

8
-1, pBd c
13t e (1 on(1) = P (1/c; % 0n(1))
c

VS -l e §(1+2/c§—2nion(1)). (22)
GD after 2 iterations.
Analysis of vi—o.
Observe that

7ﬂvv£(v17pl = - Zgl 7 szTS zpl = 77261 i yl i1 + x; 2)
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We start by analyzing the first coordinate of V, L(v1, p1).

B
=BV L(v1,p1)[1] = Z —0 ;- yiwia 1] + o >~ viwiall]
z€C1 1EN]
s B
~ o Z _6/1,1"/’— m Z _5/1,1"/)
i€Cy iEN]
_B —0 - —/ 23
T DORCTED DR P RV 23)
1€Cq jENl
Observe that
Z —0y; Z = 2(1—77—0n(1))-mc—g(n—i—on(l))-MN good training set
1€CK JEN
>0 Eqs. [I7)and 20}

where the last inequality holds for small enough n < 1/C, where C' := C(c,, cg) (see Assumption
M). Substituting it into Eq. 23] we obtain that

*6vvﬁ(’01,p1)[1] > 0.
On the other hand, by Eq. 23] we can upper bound the first coordinate of the gradient of v by

—BVu Lo P[] < 5 (Z 4 ) |

i€Cy
<2 ~ 0, < 1/16,Fq. [
Similarly, we can estimate the second coordinate of V., L(v1, p1):
0> —BVyL(v1,p1)[2] = _% P
Write vy = AN[=2p1 + A2y + 307, 4:0/=2€;. Together with Eq. 11} we get that
N2 = AT AV L p) 1/ < 2 (1 40 (1)) + 2 < D o9
N2 M > 20— 29— 0,(1)) @)
N = X AL P2 2 -1 o, (1) - > D 26)
M2 < 2120 - 0,(1) @

Next, we analyze the rest of the coordinates of V,,L(v1, p1).

ﬁ 5
—BVuL(wr,pO)Brdl = > 0w+ o= D Ly,
zeC JEN
and use it to analyze the coefficients of the noise (second) tokens in v;—s, i.€., 0;?:2. Indeed, fori € C

we have that

t=2 __ t:l_ﬁ/__ﬁ iy
072 =07 — = (0 +05) Eq. [IT]
€ [;i (m¢ + 0. 5) b (Mc +0. 5)] (28)
For j € A we have that
- - B p
02 =07 = = (4, +05) Eq.[T]
B p
€ [%(mN +0.5), 5 (M + 0.5)} . (29)

18



Now we move to analyze p;—» and show that p;—» focuses on optimal tokens for training samples.

Pi—2 focuses on optimal tokens. Observe that p» = —5V,L(v1, p1). Therefore, for j € Cy

Py (Tj1 — T52)

n
= —(xj1— wj,z)TﬂVpﬁ(vt,Pt) = (zj1 — Tj2) Z XTS/ th)’Yle
o ﬂ = él T XTSI *1 g T XTS/ X t=1
= Z 1Ty (Xipe). Z i Lo (Xipe)vi
i=1
B - -
= n _4’1,2' ) (’ﬁ,ll - 75,21)(1 - Oét 11)045,11(5”;1331',1 + mzzwm) Lemma[22]
i€[n]
_ é( / )( t=1 t=1 1 . .
=, Vi1 T V2 )1 = aj1)aj (e 2t Hsr:]2|| )
B
t Z Vit (Tt =)= g3 (=) i)
1€C 1]
/8 = = = = T
T Z - /11 ) (7521 - 75,11>(1 - a§,11)a§,11(f’3j,133i71)
€N i#£]
B - - —1\ =
+ n Z _e/l,i ) (Wf,ll - 7?,21)(1 - 0‘5,11)@5,11(53;2‘3@2) .
i€[n]ri#]

Observe that o; :1 = ozi:Q 1/2. In Egs. H and E we calculate the score differences (e.g.
%’1 —743"). Overall, we can lower bound the above equation by:

(mc : %5(1 — 2/ =2 — 0,(1)) - d(1 — on(l)))
(
((

n- MN%B(l +2/c2 — 20+ on(1)) dlog(12n2/§)) :

Y

Sle gl= 5f= §\m

(== onW) - G ome 20— 2/ - 2 - 0,(1)5¢2)

S
)
N
'

1+ o0n(1))- g : MN%ﬁ(l +2/¢2 =20+ 0,(1))

The first term dominates the last term since d >> ny/dlog(12n?/4) (see Assumption (item ).
The second term dominates the third term for small enough 7 (see Assumption ). Overall, we obtain

that
py (zj1 — @j2) >0, (30)

which means that for any ¢ € C we have:

1 1
t=2
=2 _ -1 (31)
61 1+ exp(—p,y (zj1 — xj2)) 2
For j € My,
Po (Tj2 —xj1) = g( D52t = =i (lzsall” + 22l
3 _ _ —1\ =1/ T
—C Y 6 —EHA - alTalT (@] i)
1€CY1F#£]
B _ _ —1y =
D DR R CHE e (R p B CHERY
1EN i#£]
LY 8 A0 - el el @ i) Lemmal
i€[n]:i#j
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Observe that o :1 = ozz 51 = 1/2. In Eq.[21|and Eq. E we calculate the score differences (e.g.
%,1 - %’2 1). Overall, we can lower bound the above equation by:

(- 21+ 2/ = 20— 04(1)) - d(1 — 0n(1)))
(1—77—|—0n )) - g MCS(I—Z/C — 20+ on(1 ))Zcﬁ)

d
[N - mN 1+2/c 277—0n(1))nc/2)>

?\Q ?\Q ?\Q ?\m

(n My 2142/ =2+ 0,(1)) dlog(12n2/5)).

8

Observe that the third term is non-negative. Moreover, we argue that the first term is at least twice the
sum of the second and last terms. Indeed, enough to show that

(mN 1+ 2/6?) —2n—o0,(1))-d(1 - on(l)))

2 ((1 +on(1)) - % Mg - dc§> +2 (n Mpr(1+2/¢% + 0,(1)) dlog(12n2/5)) ,

IV

which indeed holds since ny/dlog(12n2/6) = d- 0,(1), and M - c < 0.25 while mar > 0.99 (see
Eqs. [[9]and[I8). Overall, for any i € N we have that

Pl (22— 1) > o (m §<1+2/c 20— 0u(1) - d(1 — 0,(1))
= gz (- G142/ = 20— 0,(1)) - (1= on(1)
> 2log(c,),

where that last inequality holds since cs > 16¢,log(c,), which implies that 0.9¢3/64c; >
2log(c,) = log(c3). We conclude that,

1 1 1
Oﬁ:2 = > =
"2 7 1+exp(—pg (zj2 —xj1)) — L+exp(—log(c2)) 1+1/c3
c2 02 —1
= £ > =1- 1/62. (32)
c2+1 c e
We conclude that for any j € A/ we have that

P> 1-1/c, o <1/c). (33)

Together with Eq. [BT] this proves the third part of the Thm.

The classifier sign(f(X;v,=2, pt=2)) classifies correctly clean training samples. Let (X; =
(xj1,2j2),y;) for j € C. We remind that x; ; = py, for k € {1,2} and &5 ; = &;. we have that,

. _ =2, T t=2, T
[(Xjivi=2, Pr=2) = Q7705 ;1 + 57V, T 0,
and it suffices to prove that

y;i (f(Xj5v2,p2)) > 0.
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Indeed,

f(XJ,'U p) *0‘31 yj'UQ 5'331"‘04;2 yJUQ Tj2

Tl lanl® + a2 1617 + 3Py Y wibiTETE i >0

i€ [n]i#£y
> o2 | ]| — oy nmax|9 |[\/dlog(12n2/4)
>t=2§§2 t=2£M 1)y/dlog(12n2/6) E d
Z Qg 9 G~ Q2™ n( N+ 1) og(12n?/ gs- 29} 25]and 27]
1/8\d, 1 8
>_ (=) =t — —n— 2 .
= (9> —C 2n2n(MN+l) dlog(12n2?/6) Eq.[31]

>0, d > ny/dlog(12n?/6)
as required.

The classifier sign(f(X;v,=2, pi=2)) classifies correctly noisy training samples. Let (X; =
(xj1,%52),y;) for j € N. We remind that ¢; 1 = py, for k € {1,2} and x5 ; = £,. we have that,
F(Xj; V4=2, Pt=2) = aﬁzv;mj,l + 043-7:221;;:1:]-72,

and it suffices to prove that

y; (f(Xj;v2,p2)) > 0.
Indeed,

. _t=2 T t=2 T
v f (X3 Uap) = 0 17YjVg Tj1 + Qo7 YUy Tj2

= —a Pl lnel® + 220 111 + oSy Y wibiTRET g i <0

i€[n]i#£j
> —al7? 3 §C2 + 52 —mprd(1 — 0,(1)) — at.:2éd -on(1) Egs.[29 24 and[26]
o g1 16 ) n” 3L on 7,2 n
1 /38\d 4 1\ B 8
=-2\16)n T2 ) 9, — Un — — W 0Un .
> 03 <16> ncp—l— <1 C%) QnO 99d(1 — 0,(1)) nd on(1)  Eqgs.[33]and[I9]
>0,

as required.
The classifier sign(f(X; v;—2, p;=2)) classifies correctly clean test samples.

Let (X = (@1, x2),y) be a fresh clean sample i.e. (X,y) ~ Dejean. Observe that &1 = py, for some
ke{l,2}andy = 1iff k = 1. By Remark with probability at least 1 — 6n exp(—d/4C1n?)
for some constant C'; = C(c,,cg) that will be chosen later, we have that (X = (z1,x2),y) is a
good test sample w.r.t. C (Def. . We work under the event that (X = (z1,x2),y) is a good test
sample and show that y = sign(f(X; vy=2, pi=2). Recall that po» = — 3V, L(v1, p1) and therefore:

Py (x1 — x2)

= —(@1 — 22) BVpL(vi=1, Pi=1) = (21 — 22) gz L XS (Xap)y T

B+ _ -
= Ez_gll,i ‘wIXiTSI( iPt)Y. =l - Z E ) ;XZTSI(XiPt)’Yf !
i=1
B -
=0 Z /1,1 : (%)'5,11 ’Ytzl)(l - Oft 11) i1 (%Tﬂ%l + wQTsch) Lemma 22]
1€[n]
B
:ﬁ lez (7;511_7521)(1_0[511)& 11(931 xi1)
1€Cyx
B
T 511,1 (’Yle _7511)<1_0¢f11)az 11(5'31 wzd)
7:6.N’k
B - - 1y te
+ " Z —ly ;- (75,11 - %?,21)(1 - 045,11)0‘2,11(‘13;331‘,2)

SR E]
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Observe that of 7' = a!3' = 1/2. In Eq. and Eq. we calculate the score v}='. Overall, we
can lower bound the above equation by:

d
e 2 (1ot B me 2024t -3 - ou() %63
5
4an
8

05 2 d
ML - 1))— ).
ym (n My 5 (1—|—2/cp 21 4 on( ))Cln>

(1 0u(1) - 5 - 3y 21 +2/2 = 20+ o0 1)

Once again, the first term dominates the last two terms when C1 is large enough and when 7 is small
enough (Assumption ). This means that the softmax probability of the first token is:
1 1
> —. (34)
1 +exp(—p; (x1 —x2)) = 2
Let x; = py, for k € {1,2} and x5 = £. Then,

f(X;v,p) = a1vy 1 + v, T2,

where aq, i are the softmax probabilities of po for X. It suffices to prove that
y(f(X;v2,p2)) > 0.

Since the test sample is "good", we have that Vi : !;‘ZT £< %, which implies that

Yf(X;v9,p2) = aryv, T1 + 2yv, To

= o[ al [lll* + oy D yibig] € YA >0

i=1

d
> aq| A 2 _ apnmax 0] ——
> el e~ azr max 6]

B\ d 4 153 d
> Z) 22— = — .
aq (9) nc” agnQn(]WN—I— l)Cln Eqgs @@and

1/B\d, 1 8 d
> (Z2) 22 - n My +1)—— Eq.
—2(9> W 3N, M+ DT %54
> 0,

where the last inequality holds for large enough C. Overall,

]P(X,y)ND (y # sign(f(X;vi—2, pi=2)))

<N+ Pix y)~Doen (Y # sign(f (X vi=2, pi=2)))

< 0+ 6nexp(—d/4C1n?).
This proves the last part of the theorem. O
A.5 Proofs for Sec.
A.5.1 Additional Notation
We first introduce some additional notations. Denote

’I7/1Z|C|7 ’I’LQZ|N|; n1i=|Ci|, n2i=|./\/'i|fori:1,2.
Denote the output of the softmax layer S(X;p) by
si=(1-0:.8)".

Denote the output of the attention layer X, s; by 7; = (1 — ;)i + B:€;, where 0 < 3; < 1is the
attention on the noise token of each sample. Then f(X;;p,v) = (v, r;) can be treated as a linear

classifier on (y;,7;)ic[n]. Additionally, from the property of log function, item|[T]in Assumption 3]
can be understood as d > Cn? log(poly(n)/d) and the same is for item
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A.5.2 Proof of Thm.

Proof Sketch

There are two main parts in our proof. In the first part, we prove that only by selecting signal tokens
for clean samples and noise tokens for non-clean samples can we reach the maximum margin when
doing SVM on (y;, 74)ic[n]-

Definition 24 (Optimal Token). We define the “optimal token" for sample (X;,y;) as
rr=p;, 1 €C
ri=¢§,ieN (35)

o ey

Next we define the respective max-margin solution for p and v. We will show that when jointly
optimizing parameters p and v for (2)), they will converge to their respective max-margin solutions as
R,r — oo, which are p,,,.,,, and v,,,.,, defined as follows.

Definition 25. (p-SVM)
Pmm = argmin ||p|
p

subjected to

p'(mi—&)>1iccC
pl(&—m)=1LieN (36)
foralli € [n]. E = 1/||Pmml| is the margin induced by .

Then for a given p, we define v(p) as the standard max-margin classifier on (y;, 7;)ic[n) and Vpmm
as the standard max-margin classifier on (y;, 7} )ie[n] which can be understood as the limit scenario
when p = py and R — +00 .

Definition 26. (v-SVM)

v(p) = argmin ||v| s.t. y; - v'r;>1, forallie [n]. (37)
vERI

I'(p) = 1/||v(p)|| is the label margin induced by v and p. When r; = r},i € [n],
Uy = argmin ||[v|| s.t. y; - v rF > 1, foralli € [n]. (38)
vERD

T = 1/||vmm]| is the label margin induced by v,

After proving the converfnece direction of pr and v,., we can utilize their properties similar to P,
and v,,,, to proceed the training and test error analysis. Therefore proving that the model exhibits
benign-overfitting.

It is worth noting that in the first part, we show the optimality of the token selection in (33)) is strict
in the sense that mixing other tokens in r; will shrink the label margin. We formalize this into the
following proposition:

Proposition 16 (optimal token condition). Suppose that Assumption 5| holds, with probability at least
1 — 6 over the training dataset, for all p, the token selection under p results in a label margin (Def.
of atmost T — > -max(1l — s;q,) where o, =1(i € C) +21(i € N') and C > 0 is some

S o —
lvmm[[Pnp i€ln)
constant.

We will give detailed proof in the following.

Optimal Token Condition
Since v, satisfies the KKT conditions of the max-margin problem (37)), by the stationarity condition,
we can represent vUgy,y, as

Vmm = At + Dot + > yibi&i. (39)

i€[n]

Note that the conditions in (37) can be written as:
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Condition 1 (Optimal tokens).
vip >1
—vpy >1
yv' & >1,ieN

Plugging (39) in the condition[I} we can rewrite these conditions as:

A lpa? > 1

—Xo - [lpe]|? > 1

0; - 1&l1* + yiyar > 0 (&i, &) > 1,i e N
i i

Then we introduce a lemma to estimate the coefficients 6; of v,,,,, under this condition:

Lemma 27 (balanced noise factor for KKT points). Suppose that Assumption [3] holds, under
Condition[l] we have that for v,

0, =0, 1€C, (40)
' { (1 — k)d — 4ng+/dlog(6n2/9) 1 ] Pe N
' (1 + &)d((1 — k)d — 2ng+/dlog(6n2/5))" (1 — k)d — 2ng+/dlog(6n2/5) )’ '
41)

Proof of Lemma[27] Note that Condition[I|does not have any constraint for samples with ¢ € C. Thus
we have 6; = 0 for any 4 € C in the representation (39). For 6; with i € N, we first prove the upper

bound by contradiction. Denote j = argmax 6;. Then we have
iEN

yiv & =D yiyi0il& &) = G1&IE+ D vii0i(€i &)
i€EN i£j,iEN
>0, (1—k)d—ngbj-2+/dlog(6n2/6),

where the inequality is from Lemma[57]and the definition of j. Consider the contrary case when
0; > L , we have

(17n)d72n2\/d log(6n2/6)

W mlm (=) =g 2y dlog(6e/8)) = 1.

By the complementary slackness, if yj'uTﬁj > 1, then we must have 6; = 0, and thus we reach a
contradiction.

Then we prove for the lower bound. For Vj € N we have
1< 0,11&;15 + Z viy;0i(&i, &)
i£G, €N
<6 (14 kK)d+ng I_Ié%(ei - 24/dlog(6n2/5)
n2
<0 -(1+r)d+ -2¢/dlog(6n2/6).
i+ ) (1 — K)d — 2ns+/dlog(6n?/6) 5(6n%/0)

The second inequality is due to Lemma[57)and the last inequality is from the upper bound we just get.
Therefore, we have

0. > (1 — k)d — 4ng+/dlog(6n2/9)
"7 (T Rd((1 — 0)d — 20y\/dlog(607]3))

This completes the proof. O

Then we introduce a lemma to estimate ||V, ||:
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Lemma 28 (Norm of v,,,,). Suppose that Assumption P holds, for the solution v, of (7) under
the token selection @, we have

2 nn 2 2 amn

1 nn
|Vmm|| = @( 2 + d)

Proof of Lemma 28] As vy, is the max-margin solution and satisfies KKT condition, it can be
represented as

This implies

Vmm = A + dopta + Y yibi&i + Y yibiki. (42)
ieC iEN

As v,,,,, satisfies Condition we have A\; > 1/ p2 and Ay < —1/ p2. So we could lower bound
[Vmml| as

[Omm 1* = A lleal® + A3llp2ll® + > 671&11° + D0 D viy;0:05(&:. &)

iEN iEN JEN
2 na(l—k) n?n? 2 mn
il o) 2o
St T sr) T 2w
The second inequality is from Lemma[27)that 6; = ©(1/ d) for ¢ € NV and the last inequality is from

Assumption 5]

T=p P —p pat Y 2yii/d.
iEN

For i € C, we have
Yo =y g > L
And for 7 € N, we have
yiv ri=yio & =20&07 A+ Y 2y (& &5)/d
JEN j#i
> 2(1 — k) — 2n9+/log(6n2/8)/d > 1.

The first inequality is from Lemma and the second inequality is from Assumption [5| Therefore, v
is a possible solution of SVM problem@when p converges to Py, SO we have

2 577n
[omm 1> < 117 =2/p% + D 4ll&l*/d> + D D 4y (& &5)/d* < R
iEN i€EN jJEN
The last inequality is from Lemma[57} Lemma[59]and Assumption[5] Combine the results above, we
have ||vm||? = @(pi2 + 1. m

Based on the lemmas above, we introduce our main proposition in this section:

Proposition 16 (optimal token condition). Suppose that Assumption D] holds, with probability at least
1 — 6 over the training dataset, for all p, the token selection under p results in a label margin (Def.
of atmost T — 5 max(l — Sia;) where a; =1(i € C)+2I(i € N) and C > 0 is some

||'Umm||3np i [n]
constant.

Proof of Proposition[I6] The main idea is to show the optimality of the token selection rule in the
sense that mixing any other tokens will shrink the label margin. For a given p, we say a sample x; is
a “mixed sample” if r; # r}. We say r; is a mixture of optimal token and non-optimal token in this
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case. Note that for any p with finite norm, r; # 7. This notation is introduced for the clearness of
the proof.

We use contradiction to prove Proposition[T6]by showing that any token selection different from
can only result in a strictly smaller label margin than that for the max-margin problem (37)). Since v
satisfies the KKT conditions of the max-margin problem, we can write v as

v =X+ dopa+ > yibiki + Y vibiks. (43)
i€C ieN

For a given p, denote v’ as the max-margin solution in (37), and I = 1/||v’|| as the new label margin.
According to Lemma[28] we have

1 n
fomn? =6( 55 + 1) =01/42)

Then we have
C C T
|Vmm [|2np?  i€ln] [vmmlPnp* — 2

for sufficiently large d. Here the last inequality uses || v,,m||> = Q(1/p?). Thus we only need
consider the case when the new label margin IV > T'/2, or equivalently,

[0l < 2[[wmmll- (44)

Assume that there are k samples (0 < k < n) that violdate the token selection rule (35) and among
them, p samples are from clean set C and k& — p samples are from label-flipped set /. Denote the
indices of the k& samples as [,,. Then we consider the following three scenarios:

1. p # 0,k — p = 0. (All mixed samples come from C)

2. p=0,k —p # 0. (All mixed samples come from )

3. p# 0,k — p # 0. (Mixed samples are from both sets)
We will separately discuss each scenario and show that Proposition[I6]holds in all cases.
Casel: p#£0,k—p=0

Under this scenario, we have:
L,NnC=1,; I,NN=a.

We proceed to analyze this scenario by dividing it into three distinct subcases.

e p<ny, ,NNCL #2,I,NCy # O
e p<ny, I,NC; #3,1,NCy :Q,(i,z”e [2],2#2’)
*p=m

Casel.1p<ny, I,NC1 # 2, [,NCy # O

In this case, both clusters exist clean samples that are not mixed. Denote the index of mixed samples
I, as {ki, ko, ..., k, }. For every mixed sample k;, we have vy, = B, pbi; + (1 — Bk, )€k, - Then the
conditions under Case 1.1 become

Condition 2 (p clean samples violating optimal token selection).

vl >1

—v g > 1
yv' &> 1,ieN
yi'uTTi >1,i€el,
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From the condition above, we could see that in this case, mixing one more clean sample is equal to
adding one more constraint. Therefore, mixing p samples will not result in a better solution than only
mixing one sample, i.e. larger max-margin in our setting. So we can reduce this case to mixing only

one clean sample with index k* = argmin 3;. Denote 7« = B+ + (1 — 8)&x+ for some 8 € [0, 1).
iel,
Without loss of generality, we assume px« = 1, yx+ = +1. Then the conditions become:

Condition 3 (one clean sample violating optimal token selection).

vip > 1

—v gy > 1
yv' & > 1,i e N
yk*’UT’r‘k* >1

Denote v’ as the optimal solution under this condition. v’ can also be written in the form of (3] with
coefficients denoted as A\, \; and 0}, ¢ € [n]. Plugging this representation into the condition|3] we
have:

Ay llpa]? > 1

3 el > 1

0; - 11&:1* + _;_yiyi'% (&, &r) > 1ie N

Bl |? + (1 = B) (O [16x+ 117 + ;5 Y Y0 (&ir Er)) > 1

First, we introduce another lemma similar to Lemmato characterize the scale of 0,4 € [n] in this
case.

Lemma 29. Suppose that Assumption|5|holds, under Condition|3| we have
0, =0, icC\[k);

i [( (1 — k)d — 4ng+/dlog(6n2/45) 1 ie N

14 k)d((1 — K)d — 2n2+/dlog(6n2/68))” (1 — K)d — 2ny dlog(()‘nQ/é)]7
Proof of Lemma[29 Same as Condition [T Condition [3|does not have any constraint for samples with
i € C\{k*}. Thus we have ¢, = 0 for any i € C\{k*}.

Meanwhile, Condition [3]introduces an additional constraint compared to Condition [T} Consequently,
the feasible region for {6 };cxr under Condition[3]is a subset of the feasible region for {6; };cnr under
Condition [1} Therefore, the bounds established in Lemma[27|remain applicable to {6 };c . O

From this lemma, We can see that 8, = ©(1/d) fori € N To proceed, we introduce a crucial lemma:

Lemma 30. Suppose that Assumption |5 holds, denote v and v’ as the optimal solutions under
condition[I|and condition 8| respectively. We have

1113 = vmmll3 >

Ci(1=BNp*)?* | =/ m
(1-8)2(1 ir K)d + O(W)'

where 0 < C7 < 1is a constant.
Proof of Lemma[30} We consider two cases under this scenario:
* 0, =0inv

In this case, from Lemma [29| we have 8\] > (1 + o(1))/p? and all other conditions are
the same as the optimal selection. In order to get min ||v||, we have \| = (1 + o(1))/Bp?.
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Consider another solution vy which has parameters A\g; = 1 / P2 Aoz = Ny, O, = 050 €
[n]). As vy satisfies all the inequities under Condltlonl we have I'g < T'" So we have

1 1 (A3 = AD) - P
FQ _ F’2 2 1—\2 F/Q _ — 01 1
ol [lo’||? [[vol[? - [[v']]2
_Qto))/F 1 _ (1481 -Fto()) 1-8
[vol|? - [lv'[| B2vol? - [ I2 T [Jwol? - [lv'[|I>
Therefore,
FiF/Z /17ﬂ2 /2Z 1;6 e
(Lo + ") [lwol|? - [[v[|* — 2L0][vol? - [|[v||
Set ¢ = SToToe[ZTo e = 2Hvo\|1\|v/\|2' we have IV < T — ¢(1 — ). Moreover, we could

upper bound c as
1 1

2[|volll[v']1> T 273,
The last inequality is from ||v’|| > ||vo|| > Tmm.
0, # 0in v’
From KKT condition, we have

b BN ll® + (1= B) (O 1€ne 1P + D wre it (€3, €x+)) — 1] = 0.
i£k*

C =

As 0. > 0, we have

BAL - ll? + (1= B) (O 1€ 1> + Y wre0ii05 (& €x)) = 1

ieN
So we can estimate 92* as

/ N
O 1€k 11* = Z Y Yi0;0; (€, Ex) < - 5 ﬂlp + 2ns max0 '\/dlog(6n2 /)
ieN
- BA’po 2n2+/dlog(6n?/0)

1-p - (1 — k)d — 2ny+/dlog(6n2/5)

The first inequality is from Lemma[57]and the last equality is from Lemma[29] We can also
lower bound it as

(45)

A
O ll€x-11” = = e il (&i €)= %ﬂlp ~ 2nz max 0/ d1og (617/5)
ieN
_ l—ﬁ)\’lp2 B 2ny4/dlog(6n?/4) . 46)

1-p (1 — k)d — 2ng+/dlog(6n2/9)
The first inequality is from Lemma[57)and the last equality is from Lemma[29] Therefore,

we have 6}, = 6(1(16?31)2 ) £ O(7%).

Then from the third mequahty in Condition @ we have

0; : ”51”2 + Z yiyz’ gm & > = yzyk*agc* <£za €k*>

21 [+ O) ] e
- A o
- 31@%([?2/5)- (47)
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The second inequality is from ([@3); The third inequality is from Lemma [57] and the last
inequality is from the first inequality in Conditionthat Nip? > 1.

Consider v = lel + Xgug + > yigiéi, which has Xl = A, XQ =\, 51 =0/(1 -

1€[n]
37”0%;?2/6)) fori € N and 5; = 0 for ¢ € C. We can verify that v satisfies all conditions

for vy, For Vi € N, we have

0; - &I + Z yiyir O (€, Ev)

i eN i #i
34/log(6n?/4
[l S i) (1- DEEEEE) 5,
i EN I A

The last inequality is from . Meanwhile, we have X1||u1\|2 = )‘/1““1”2 > 1,
3

“Xallp2ll? = =Xy|lpa||> > 1. So o is a possible solution for Condition [3| which im-
plies [[vpmm | < o]

Next we estimate the difference between ||v’[|? and ||v||2. We write the expansion of ||v||?
and ||v’||%:

19112 = Xl + Mllpal + D" 02EN12 + D0 viyi0:0,(€:.€)),
iEN i,jENi#£]

11 = APl [P+ A ol + D OPIENR+ D wiys0i05(€ ).
ieENU{k*} i,JENU{k* };i#]

From the construction of ¥, we have \] = A1, \; = A2. So we have

W'I1* = 1317 202 16 1> + D (07 = 6D 1&l + > Y vt (&€

1EN 1ENU{k*} jeNU{k*}\{:}
11 12
-3 > viy;0:0; (€. &5) -
ieEN jeN\{i}
I3

From (46)), we have

/
0.

1 — BN p? _~<nn)
5k*||2(1_ﬂ) T4 0] 7

We then bound the last three terms respectively. First we have

|| = Z(@Q —02)]1&* < ((1—6(11/\/&))2 - 1) : Z 0:211&:11>

ieN ieN
oa/Vd) na(1 + K)d
T (1-001/Vd))? ((1—ﬁ)d—QnQ\/dlog(6n2/§))2
=0(475):
d3/2

The first inequality is from the definition of 0;; The second inequality is from Lemma
and Lemma[37
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Then we bound | I — I3] as:

=I5 =" Y (0:0; —0,0) - [(&. &) + 04 D 0i](€x-. &)

ieNjeN\{‘} 1EN
<|l—— 0’0 i & no0; . max0 o &
(( ST )ZNNZ\{ (0.€5)] + 6} (€re, £
oa/vd) (n2)*2y/dlog(6n?/9) ;oo
= (1-0(1/Vd))? (1—r)d— 2nn\/dlog(6n2/5))2 * O @<\/&>

_o<’7d§ ) +®<d3/2>
=0(z7):

The first inequality is from the definition of gi; The second inequality is from Lemma
and Lemma[57] Combining the above results, we finally have

/ Cl(l - B)‘IUOQ)Q ~(
H’U ||2_||vmm||2_ (1—5)2(1+H)d+0( )

d3/2
O
Now we can prove the main proposition in this case.
Proof of Proposition[I6lin Case 1.1. From Lemma [30] we have
Ci(1 - BA1p?)? 1\ _ Ci(1 - B p?)?
I3 - 2> - PR/ —)>—— 2 (1-8)=T(1-B).
||'U H2 vamHQ = (1 . ﬂ)z(l + I{)d o d) = (1 + I{)d ( ﬁ) ( ﬁ)
In the last equation we substitute 7' = %’W > 0. Then we have
F2 T2 = 1 _ 1 _ H'U/”2 — ”'vmm”2 > T(l — ﬁ) )
[omml[? V2 [omm|? - 127 omm | - [0']]2
Therefore,
/ T -p) ra-p _ _TA-5) T -7
-z / 2 mz 2 2 ne — mz = 3 -
(T + ) lomml? - 0712 20{[omm |2 - 10712 2fjomm[[[0"]] 2[|]]
The last inequality is from ||v’|| > ||V |- This implies
T(1-P) C1
I"<lr-—— 4+ <I'—-———(1-0).
2[v"? [Vmm|*np?
The last inequality is from our assumption that ||v’|| < 2||v,um|| and p? = Q(d/n). O

Next we consider the other case.

Case 1.2 p = n,

Next we consider the case when all clean samples are mixed. In this case, all samples in clean set are
mixed, so the first two inequalities in Condition [3] Ido not hold, which means that A} may be smaller
than \;. But we could still prove that Lemma[30] holds. We first write down the Condmon in this case:

Condition 4 (All clean samples violate optimal token selection rule).

yivTEi 2 172 GN
yv'r; >1,ieC
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Plugging the representation (@3) into the condition, we have:
07 - & l1> + > viyirb (&i, &) > i € N
i'#i
BiXi - lpall® + (1 = Ba) (6] - [|1&:]1* + ; yiy;0i(&i,§5)) = 1,1 €C
JF1

Proof of Lemma[30] First we assume that max{\| - [|p1]|%, =5 - [|n2]|?} = ¢ in optimal v’. If

q > 1, this is the same as Case 1.3. So we assume that ¢ < 1 Denote k* = argmin 5 1= %q and
ieC
B = By+, consider the following condition

Condition 5 (Relaxed version of Condition [4).

9; : HSi'HQ + %ﬁ: yzyz <Eza€z > >1 eN
9; ng H2 + E yzyz <£za€z > Z L€ C

)

Compared with Condition[d] the second inequality is relaxed for i € C. Therefore, denote the max-
margln solution as ¥ under Condition [5, we must have ||v] < ||'u’ ||. Then we will prove that Lemma

stlll holds between ||v;,,, || and ||UH which indicates ||17’H2 — NVmmll? > 119113 = || vmml3 >
% + o( ) Denote the parameters in v are /\17 )\2 and 0” we first introduce the following
lemma to estimate 92-. Here we denote o = 11 _%q for convenience.

Lemma 31. Suppose that Assumption|5|holds, under Condition|5| we have

G [ a (1 B 2n+/dlog(6n2/5) )) a ],i cc.
(1+r)d (1 — k)d — 2n+/dlog(6n2/8) )" ((1 — k)d — 2n\/dlog(6n2/5)

[ 1 (1 B 2am+/dlog(6n2/6) ) « ] PeN

(1+r)d (1 — k)d — 2n+/dlog(6n2/5) )" (1 — k)d — 2n\/dlog(6n2/5) |’ '

Proof of Lemma[31] Denote j = argmax 97 we have
i€ [n]

Oi - €17 + D viys0:(&i: &) = 0511€1” — nd;/dlog(6n2/5)
J#i
> 0;((1 — k)d — 2n+/dlog(6n2/3)).

The two inequalities are from Lemma[57]and our definition of j. Consider the contrary case when

ej = ((171{)d72n\/dlog(6n2/5)’ we have

>

)

>
N

~T
y;v & > o
By the complementary slackness condition, if y; ﬁTE j > « > 1, then we must have é; = 0, and thus
we reach a contradiction.
Then we lower bound 9:—, for i € C we have

a <0 lEN+ ) viyii(&i &) < (1+n>d+2nmax9 Vdlog(6n2/5)

J#i
N 2
<O+ r)d+ 2am+/dlog(6n2/4) '
(1 — Kk)d — 2n+/dlog(6n?/0)

The second inequality is from Lemma and the last inequality is from the upper bound of HAZ we just
derived. Therefore, we have

G>_ @ <1 B 2n+/dlog(6n?/9) )
T (1+w)d (1 — k)d — 2n\/dlog(6n2/3) )
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Similarly, for i € A/, we have

Qs 1 (1 B 2an./dlog(6n2/3) >
T (4w (1 — k)d — 2n+/dlog(6n2/5) )

O

Note that we only consider the case when ||7]| < [|v/|| < 2[|vym||. And from Lemma[31] we have
0; = O(a/d) for i € C. So we must have o = O(logn) is some constant. Otherwise, for i € C we

have R R
Oill&i* > a = yiyibi(&i, &) = Q).
il
It further yields that
N 1 nn 1 nn  na? nlog®n
2 Q(=)+ (= Rl =U=+ 1+ —)=0 48
81 = Q(5) + (T + S BIEN = g + T + ") = (2T, @)

iecC
which contradicts with ||v"|| = ©(,/1/p? + nn/d).

Then the difference between ||v,,,||3 and |7/ becomes

B2 = wmmll? > D" O1I&N2 — 2/ + > (02 = 0D)IEN>+ D > wiy;0:0,(:. &)

ieC ieN i€n] j€[n]\{:}
Il 12
=D i (&.6))
€N jEN\{i}
I3

We will bound every term sequentially. For ¢ € C, we have

Bl > o >0 yibil6n v} > o~ nmaxh; - 2/dlog(6n2/3)

i’ €[n), i’ £
2an/log(6n?/4§) 6( n )
= o — = — y—2 I
(1 — k)Vd — 2n/log(6n2/5) Vd

The second inequality is from Lemma[57} The first equality is from Lemma[29]and the last equality
is from Assumption[5} This implies

2 2 ~( n Conia? ~( n

Bl — oy s 0t 2 (), Cmat G0 n )

The second inequality is due to the SNR condition p/v/d = Q(1/4/n) so there exists a constant Cs
2 (1-C2)n o?

that Piz S 7(1_:‘{);

Then for |I;| we have

2 s 92 2
1] < (max 67 — min 67) ENII&H
7

= <((1 —H)d—anl\/OWf - ((1—1—15)d(1 It _;Z%)f) -na(1+ K)d
< 1+ r)d )2(1_((1—/@)d—4nn\/an2/5)>2>'n2
o

IN

(1 = m)d — 2ym/dTogon2/0) (1 +w)d
() o=
d

2,2
o( % )
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The second inequality is from Lemma [27]and Lemma [31} The third inequality is from the fact that
n <1

As for the last two terms, we bound them respectively, for o we have

LIS 30 3 loiwifils (€ &)l < n* max 87 - 24/d10g (62 5)

i€[n] je[n]\{i}
2

sn (L= n)d—onaoa@eTse 2V Hes(6n®/0)

The first inequality is from triangle inequality; The second inequality is from Lemma[57} The third
inequality is from Lemma[29] Last for I3, we have

I D0 I8 (60 &) < (n2)* max 62 - 21/dlog(6n/)

€N FEN\{i}

2 1 / 2
< (n2) ((1 — k)d — 2nn+/dlog(6n?/6))? 2 dlog(6n/0)

~ n2n?
= T )

The first inequality is from triangle inequality; The second inequality is from Lemma[57} The third
inequality is from Lemma[27] Combining the results above, we have

Coni(1 = Bq)* | =( n? C1(1 - Bg)?
A—pRitmd O(d3/2> =M= BR0 +n)d

Therefore, we could then use the same method as above to prove that Proposition[I6]also holds in
this case.

Casel3p<ny, I,NC; #3, [,NCyr =

111 = Nvmmll* >

For the case when only one of the clusters in clean sets are all mixed, we can follow similar method in
Case 1.2 to prove that Lemma|30]still holds. Without losing generality, assume all clean samples with
label y; = +1 violate optimal token selection while only part of clean samples with label y; = —1
violate. we have

Condition 6 (One cluster and a clean sample in the opposite cluster violating optimal token selection).

—v s >1

yv'& > 1ieN
yiv ry > 1,0 €Cpy
yivTri >1,1€ C_1NI,

Similar to previous analysis, mixing multiple samples with label —1 will not result in a better solution
than only mixing one sample with label —1. Thus we can reduce this case to mixing only one clean
sample and denote this mixed sample as k_;. Therefore, we have

Xy [lp2? > 1

0; - 1€ ]1* + 2}%%/9%&750 >lieN

Y, BN - p2ll? + (1= B) (0, - 1€x_, 1> + gk; Yk Yili(€i &r_,)) > 1
BXL Nl + (1= B) (0, - 1€w, 11> + 2 kit (€i, k) = 1,0 € Ca

i#£k;

Denote ¢ = A} - ||1|? and ¢ < 1. Denote k* = argmin 11%%(1 and 3 = S+, we can further reduce
i€C+1 ’
the condition to
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Condition 7 (Relaxed version of Condition [6).
0; - & |1* + E Yiyir 0 (& &) > Li e N

9; ”El ||2 + z#: yzyz’ <£z7£z > Z L 7&1 1 E C+1

Condition[7]relax the constraints in Condition[6] Meanwhile, it differs from Condition ] only in that
the last inequality holds for clean samples with label +1. Therefore, we can follow the proof above
to show that Lemma [3Q]still holds in this case.

O

Then we consider the second scenario.

Case2: p=0,k—p+#0

Similar to the previous part, there are two cases we need to consider under this scenario:

1. kfp<n2.

2. k—p=no.
We will go over every case sequentially.

Case2.1k—p <ne

In this case, part of noisy samples are mixed. Denote the mixed samples as k1, ka, ..., kx—p. And
for every mixed sample k;, we have r; = 3;&, + (1 — ;) px,. Then the conditions under Case 2.1
become:

Condition 8 (¥ — p noisy samples violating optimal token selection rule).

vTul >1

—v s >1

Yo € > i€ Nyi g [k —p)
ykivTTki > 172 € [k _p]

We could also write the last inequality as

Yi: Biv | €k + yr, (L= Bi)v "y, > 1,3 € [k —p].

Therefore,
Yev €k > (1 —yr (1= Bi)v " pg,)/Biyi € [k —pl.

For noisy samples, we have y; = —1 when p; = p; and y; = 1 when p; = po, 50 yp, v " ,uk < 0
and thus (1—yy, (1—8:)v " px,)/B;i > 1. Compared to the constraint in Condltlonlthat Y,V g, >
1,7 € N, the new condition is strengthened. So mlxmg 1 more noisy samples is equal to strengthemng
1 constraint in the original setting. Therefore, mixing k£ — p samples will not result in a better solution
than only mixing 1 noisy sample. Similarly, we can simplify this case to mixing only 1 noisy sample
and denote this sample as k.. We have ri» = 8- + (1 — B) g~ and assume that g« = py.

Denote v” is the optimal solution under this condition, and the parameters in v” are A}, A} and 6.
Then the conditions become:

Condition 9 (1 noisy sample violating optimal token selection rule).

vl >1

—v g > 1

yi’UTgi Z 1,Z EN,i 7é k*
Yprv T > 1
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Plugging the representation (@3) into the condition, we have:

X2 > 1
N -zl > 1
O NGl 3 v 060 €) 2 1i € i £ I

—(1=B)A - |\u1||2+ﬁ(9§f'* 1€+ 11 + Z Y yib7 (€ir Err)) > 1

We first introduce the following lemma which estimates the parameters of the noises. We define

14 (1= BNl
B

for the convenience of the following proof.
Lemma 32. Suppose that Assumption ] holds, under Condition[9) we have
@

(1 — k)d — 2ng+/dlog(6n2/9)

> (1 dlog(6n?/0) )

(1+k)d (1 — k)d — 2ng+/dlog(6n2/5)
> (1 —k)d+ 2(ox — n2)\/dlog(6n2/0)
"7 (1 = k)d — 2ng+/dlog(6n2/6))2
2

min 0> 1 . <1 B 2amg+/dlog(6n?/9) ) .

iEN ik (1+r)d (1 — K)d — 2n2+/dlog(6n2?/6)

0%* S

max
ieN i#£k*

Proof of Lemma[31] From the last inequality in Condition 0] we have

PlE P+ >0 vk 0] (& &) = a > 1

PEN itk
The last inequality is because A} ||p21]|? > 1 and 0 < 8 < 1. Denote j = argmax 6/, we have
1€[n]
y0" e =07 1& 1P+ DD a6l (€ &)
1EN i)
> 07 (1 —r)d—ny m?xﬁ dlog(6n2/4)
[4S]

=07((1 — k)d — ng - 2y/dlog(6n?/9))
The first inequality is due to Lemma|31| and the last equation is from our definition of j. Consider the
contrary case when ¢ > , we have
(1—k)d—2ns \/d log(6n2/5)’

yv" € >

"1 2
By the complementary slackness condition, if y;v” Tﬁj > w then we must have

0" = 0, and thus we reach a contradiction. Therefore, we have 67, < 0" < Q
J J (1—k)d— 2n2\/dlog(6n2/5)

Then denote j' = argmax 6, we have

i€[n],i#k*
y0" T = 001IE P+ DD wiy 0 (€ &)
iEN ij!
> 07 (1 — K)d —ng max 07 - 2+/dlog(6n?/8) — 0}/ \/dlog(6n2/5)
i€[n],i
2a4/dlog(6n2 /6
> 07((1 — K)d — ny - 2y/d1og(6n2/3)) — ay/dlog(6n?/9)

(1 — k)d — 2ng+/dlog(6n2/5)

35



The first inequality is from Lemma and the second inequality is from the upper bound of 0}/, we

(1—r)d+2(a—n2)4/dlog(6n?/4)

((171{)(172712\/(1 log(6n2/8))2 ’ we have

just get. Consider the case when 67, >

yj/’UHTSj/ > 1.

By the complementary slackness condition, if y; v” Téj/ > 1 then we must have 9;/, = 0, and thus
we reach a contradiction.

Then we estimate the lower bound of 0/ when j # k... We have

LSy & = 711617+ X pis8{6i,&) < 67 (1+ R)d+ o max6 - 21/dlog(6n?/3)

i€[n],izj

” L+ A1 = B) el _ 5
S i oy Jdegerrs) 22V o0

where the last inequality is from the upper bound we just get. Therefore, we have
PR 205 /ATog(6n2/8) 1+ (1= Bl )
7T (1+k)d (1 — k)d — 2ng+/dlog(6n2/5) B
forall j € N and j # k..
Lastly we lower bound ¢}/ . We have
1+ (1= BN [lpa?
B

Similarly, we have

g > 1 .1+(1—B)A’1’||u1||2<1_ 2n5/dlog(6n?/9) )
b= (1+r)d B (1 — k)d — 2ng+/dlog(6n2/5) )

<y 0" &, = 0 (1 + R)d +no mﬁ@é’ -2y/dlog(6n2/9).
€|n

After getting the bound of parameters, we could derive the norm difference as above

Lemma 33. Suppose that Assumption |5| holds, denote v and v" as the optimal solutions under
condition[I|and condition[9 respectively. We have

C3(1-8)
R e
where C3 = O(1).
Proof of Lemma[33] From the third inequality in Condition[9} for i € N, 7 # k* we have
0 - N&ll” + > wivar b (€0 &) > 1 — yiyes 07 (&, ).
itk

a—1 1"
(14r)d—2+/dlog(6n2/5) < O

Then we add y;yg+w(&;, €x+) on both sides, where we set w = 0}, —
Then we have
0 &l + D yivar b (€i &) + viyer w(€i, &) = 1 — yiges (0 — w)(&i, Enr)
i i k>
> 1—2(0), —w)+\/dlog(6n?/9)

(1 +k)d —2a4/dlog(6n?/0) (49)
(14 k)d — 2y/dlog(6n2/0)

The second inequality is from Lemma Now consider anew ¥ = Ay + Xopto + > y:0:&; with
i€[n]
A

e N/
:)\1’ )‘2_/\27
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0; =0/ /(1 —2(0). —w)+/dlog(6n2/6)) fori € [n],i # k*

and
— w

O« = .
1 —2(0). —w)\/dlog(6n?/0)
We can prove that v satisfies all constraints for v, .

From the first two inequalities in Condition |9} we have X1]|p1]|2 = M/[|pa]® > 1, —Xo|pal® =

~M||p2]|* > 1. Then by dividing 1 — 2(6}.. — w)/dlog(6n?/3) on both sides of (49), for
Vi € N,i # k* we have

0 - [1&11° + Z@h@h‘/@'(ﬁu&/) >1
i
Lastly we prove that O ||€+ |2 + > yiyu~0; (&, €x+) > 1. From the last inequality in Conditionﬂ
itk
we have

& P D i (€ Ene) >
i#£k*

Dividing 1 — 2(8}., — w)+/dlog(6n?/J) on both sides, we get

A o
+ i *9 i) .
1—2(60. — w)/dlog(6n2/0) ;; v 0l ) = a2 )

Therefore we have

a— O —wl&e > a— (0 —w)( +k)d

O €k 117 + Y v 0i (& €k >
ik
The second inequality is from Lemma [57| and the last equality is by our definition 6}, — w =

a—1 — . . .. =i >
(Crr)i—2: /A os G2 5) Thus, U is a possible solution under Condmonand 1Tl > |lvmml|-

1—2(0), —w)\/dlog(6n2/5) — 1 —2(0. —w)y/dlog(6n?/0) N

Next we estimate the difference between ||v”||? and ||©]|%. The expansion of ||v"||? and || ||? are:

o/ 12 = N2l | 4+ A2 all® + 37 02 1€0P7 + 30 S iy 076 (€0 ),

iEN iEN JEN
_ —2 -2 —2 ——
1% = Nlleal” + Nallpwall® + Y O 1&N17+ YD viy;0:0;(6i,&5)-
ieN ieEN jJEN

According to the condition (@), we have ||v”|| < 2||vpmm|l = O(1/1/p? + nn/d), which implies
that & = O(y/nlogn). Otherwise, we have

||€k*H > a— zyk*yz éu&k*> = ( )
i#Ek*
It further yields that

1 i 1 nm o nlogn
o112 = ) + ) + 2w P = 2 + B + ) =

which contradicts with ||[v”|| = ©(y/1/p? + nn/d). We decompose the difference between ||v” ||?

and ||@||? into four terms:

=2 —2 — —
[0 = l1* = (07 = G )12+ D~ (O =)N&I* =D > viys0:0;(&:, &)

T iEN i#k* iEN JEN
12 13
+ Z Z yzyjelle// ézv €]> .
iEN jEN

Iy
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We now estimate /; to I, sequentially. For the first term,

> (012~ 0p)(1 = K)d = (B — 0p) (0} + Op) (1 — K)d
—1)(1—26/.+/dl 2

{00 TGPTS) (1)

k)d — 2+/dlog(6n2/9) d

a—1

=Q

(*5)

where the first inequality is from Lemma 57} the second equality is from Lemma [31} and the last

equality uses the fact that « = O(y/nlogn). Then we can further upper bound ma;zk 0! as

v (1 —=r)d+2(a —ng)\/dlog(6n?/0) 1
= ((1 — k)d — 2na+/dlog(6n2/6))2 - O(d)' (50)

—

max
i€ENiZ£k*
For the second term I, we have
Ll< Y @ -0 (1+r)d
iEN itk*
1
< < - 1) max
(1 — (0}, —w)\/dlog(6n?/5))? iEN i#k*
—1)y/dlog(6n?/4 1
(o — 1)/dlog(6n2/0) O(nn) O(W)
(14 k)d — /dlog(6n?/6) d3/

The second inequality is from Lemma [31] The first equality is from (50) and the last equality is from
Assumption 3]

072 - nqn(1+ k)d

Then we bound | — I3 + I4] as:

=L+ L <Y Y 0.0, —60]]-1&.€&)

iEN jENM\{i}
> Do 100, —0707 - 1€ &) 2 D (000 — 6167 [(€re, &)
i€EN\{k*} jEN\{k* i} teN\{k*}
<(77n)2( ! - 1) max 6% .2./dlog(6n2/9)
(1 — (8. —w)y/dlog(6n?/6))? (€N iFEk*
O
+nn| 0. — ) max  0/4y/dlog(6n?/§
7 ( M- 2(0). —w)\/dlog(6n?/0) /) i€N i#k* B(6n*/9)
(v — 1)y/dlog(6n2/4§) (mm)?>(1+k), a-—1 1
< + -O(nn—=") - 24/dlog(6n2/5§
(1+ r)d — \/dlog(6n2/3) g )t o) g(6n%/0)
(a—1)n*n?  (a—1)nn
The third inequality is from Lemma [27)and Lemma 3T} The fourth inequality is from the fact that
9,,* B gk* _ Gg* - gk-* — QG;CI* (9;9/* - w) dlog(6n2/5)
M1 200y, — w)\/dlog(6n2/0) 1—2(0¢, —w)\/dlog(6n2/9)

Q(egt) — o=l

T 1— 207 — w)\/dlog(6n2/0)

0%
2(6}/ —w) \/dlog(6n2/6)

Combining the above results, we have

o718 - o3 = 0“7 ) oo » BUZD,

So we have 6}, — < 0}, — Ox~; The last equality is from Assumption

d3/? d
Here C's = ©(1) is a constant. O
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Now we can prove the main proposition in this case.

Proof of Proposition[[6|lunder Case 2.1. From Lemma [33]we have

Cs5(1—p)
o1 ~ lomml > =2 11— ).
Here we substitute 77 = % > (0. Then we have
S S N ] o GO (e I
[omml[2 (0”2 (0" 2 - [lomml* 10" - [|omm]]*
Therefore,
Fe  TU=B)  _ T-p)  TO-H _T(-H
= T T om0 2o P 107~ 2fomnllo T2 = 2o
The last inequality is from ||v”|| > ||vsmm||- This implies
T'(1 - B) G
IM"<rr-——-><I'-——(1- 7).
=TS = Toplen Y
The last inequality is from our assumption that ||v”|| < 2||v,nm || and p? = Q(d/n). O

Then we consider the other case.

Case2.2k—p=no

In this case, all noisy samples are mixed. From previous analysis, this is equivalent to strengthening
all conditions ;v " €; > 1 while other conditions remain the same. As mixing k& — p samples will not
result in a better solution than only mixing 1 noisy sample, the proof is the same as Case 2.1 and we
omit it for convenience.

Finally, we consider the last scenario.

Case3: p#0,k—p+#0

This scenario is more complex as both clean and noisy sets are mixed. There are four cases to consider
1. p < ni,k —p < ne. (Both clean and noisy sets are partially mixed)
2. p < ni1,k — p = no (Clean set is partially mixed, noisy set is all mixed)
3. p=mn1,k — p < ng (Clean set is all mixed, noisy set is partially mixed)

4. p =ny,k — p = ne (Both clean and noisy sets are all mixed)
We will go over every case to prove Proposition [I6]holds.

Case3.1p <ny,k—p<ng

This case is simple because from the analysis above, mixing 1 more clean sample is equivalent to
adding 1 more constraint and mixing 1 more noisy sample is equivalent to strengthening 1 original
constraint. So mixing both sets will not result in a better solution than only mixing 1 clean sample.
Therefore, the proof is the same as Case 1.1 and we omit is for convenience.

Case3.2p <ni,k—p=no

In this case, all noisy samples and part of clean samples are mixed. We can consider this case as an
extension of Case 2.2 by mixing some clean samples. From previous analysis, mixing 1 more clean
sample is equivalent to adding 1 more constraint. So this case will not result in a better solution than
Case 2.2. The following proof is the same as Case 2.2 and we omit it for convenience.

Case33p=mn1,k—p<ng
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In this case, all clean samples and part of noisy samples are mixed. We can consider this case as an
extension of Case 1.2 by mixing some noisy samples. From previous analysis, mixing 1 more noisy
sample is equivalent to strengthening 1 original constraint. So this case will not result in a better
solution than Case 1.2. The following proof is the same as Case /.2 and we omit it for convenience.
Case3.4p=mn1,k—p=nq

This case is more complex. We cannot simply consider it as an extension of Case 2.2 because the
analysis of Case 2.2 is based on the condition that there exist clean samples that follow optimal token
selection rule. Denote r; = B;u; + (1 — 3;)€; fori € C and r; = (1 — 3;)p; + B;€; fori € N. The
condition in this case becomes

Condition 10 (All samples are mixed).
yv" T > 1.
This indicates
Biyi ] il + (L = Bi) (07 1&l1* + Z Yiy;05(&i,€5)) = Li eC,
(1= Ba)ya Xy lill* + Bi (07 16:11* + Z viy; 057 (&, &) = 1,i € N.

Assume that min{\} - ||pe1|?, =AY - ||p2]|*} = ¢ in optimal v”. If ¢ > 1, we can directly follow the

proof in Case 2.2. Otherwise, denote o = 11 B9 We have o > 1 due to g<land0 < p; < 1.
Without losing generality, we assume AY - ||u1 H = ¢ < 1. Then consider the following relaxed
condition

Condition 11 (Relaxed version of constraints in Condition [10).

9//”51”2 + Zylyja// 517£j> > a,i €Cy.
J#i

Denote the optimal solution under Condition as © and the corresponding coefficients in ¥ as PYIDYS
and 92-, i.e.
b= A1+ Ao + Y 0.
i€ln)
Since the constraints in Condition [11]is a subset of the constraints in Condition[10} we have |9 <
[|[v”]|. Meanwhile, we have the following lemma to estimate 6;:

Lemma 34. Suppose that Assumption|5|holds, under Condition we have
0; = 0,i € [n]\Ci;

é{e{ o (1_ ny/dlog(6n°/3) ) a
LA+ RA T (1= k)d - ny/dlog(6n2/5) )" (1 — K)d — 2n11 /dlog(6n2/5) )’

Proof of Lemma[34) Note that Condition[11]does not have any constraint for samples with i € [n]\C;.

Thus we have 0; = 0 for any i € [n]\C; in the representation (39). Denote j = argmax 0;, then we
1€Cq

1€ (.

have
i & 12 + D wkys0x (€0, &5) = 05115117 — 20,;m111/dlog(6n2/5) > 0;((1 — k)d — 2n11+/dlog(6n?/6)).
k#j

The two inequalities are from Lemma[57]and our definition of j. Consider the contrary case when

0; > (1—r)d—2m1y/dlog(6n23)” " © have

o T
y;v & > a.
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By the complementary slackness condition, if yjﬁTg j > o, then we must have 93 = 0, and thus we
reach a contradiction.
Then we lower bound 6;. For Vi € C; we have

a < b;-|&|1+ § yiy0i(€i, &) < 0i(1+ K)d + 2ny ?é?ﬁéi dlog(6n2/8)
J#i
2amn11+/dlog(6n?/0)

(1 — k)d — 2n11+/dlog(6n2/8)

The second inequality is from Lemma and the last inequality is from the upper bound of 6; we just
derived. Therefore, we have

<0;(1+ K)d+

0; >

a (1 2n11+/dlog(6m?/45) )
(1+k)d (1 — k)d — 2n1,+/dlog(6n2/5) )

O
From this Lemma we have §; = ©(a/d) for i € C;. Similar as , under our assumption

9] < 2||vmml|, we have a = O(log(n)). Next we estimate the difference between ||9]|* and
||vsmm||?. We can prove that Lemma 33|still holds in this case.

Proof of Lemma[33] Under this case, the difference between ||9]|3 and ||v,,.,[|3 becomes

1917 = lomml® = Y~ (67 = 6D1&17 = (AT = D)l l® = (A3 = Az 1

i€[n]
I
*Z Z yiyj9i9j<£i,€j>+z Z yiy;0:0; (€, &)
iEN jEN\{i} i€C1 jeCi\{i}

Iy I

We then bound I; ~ I3 respectively. For I; we have

o L2
L] > > 62N&17 =D 02&N* —2/0° = nu min 0,7 (1 = K)d = na max 07(1 + k)d — 2/ p*

1€Cq 1eN
- a?nyi(1 — k) < B 24/dlog(6n2/9) > 3 no(1+ k)d 2
- (14k)%d (1 — k)d — 2n11+/dlog(6n2/6) (1 — k)d — 2n9\/dlog(6n2/8))2  p*

-+()

The second inequality is from Lemma[57} The third inequality is from Lemma [27)and [34} The last

equality is due to the SNR condition p/+v/d = Q(1/+/n) so that p% < 15 For I, we have

2n9+/dlog(6n2/3) -
I < 3 max6? - 2,/dlog(6n2/3) < nay/ dlog(6n’/9) =0<?2).
o N (1 — Kk)d — 2na+/dlog(6n2/5))2 d3/

The first inequality is from Lemma The second inequality is from Lemma Similarly, for |I3]
we have

5 2n11a%4/dlog(6n2/5) ~
I5] < ) max6? - 2,/dlog(6n2/5) < nua”y/dlog(6n?/ )2 = o(;”‘/?)_
iec, "€ (1 = k)d — 2n11+/dlog(6n*/0)) d

The second inequality is from Lemma[34] Combining the above results, we have

2 2 ni\ _ (. n Csn(1 - B)
o1 - ol > 0( 5 ) - 0 75 ) = MG

The remaining proof is the same as Case 2.1 and we omit it for convenience. O

Therefore, we complete the proof for all possible scenarios. O
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Training and Test Error Analysis
From Proposition [I6] we can analyze the properties of both parameters to estimate the training and
test error.

In this section, we first get the convergence direction of parameters p and v. The main difference
between our setting with |Ataee Tarzanagh et al.|(2023b) is that they only consider the infinite case and
their results hold only when R, r — co. We extend their results to the finite case. Specifically, given
fixed upper bound R and r for ||p|| and ||v|| respectively, we denote the solution of the constrained
optimization (2) as (v, pgr) in this section for brevity.

Our main theorem in this section estimates the corresponding deviation of pr/R and v, /r from
their convergence direction Py / ||Pmm|| and Vsmm /|| Vmm || For a given p, it is elementary that the
margin induced by p is min; 1, zq, (Tia, — Tit,) llpll = 1, the margin becomes
Min; ¢, 2, (Tia; — Tit,) ' P- And for a given v, the label margin induced by v is min; y;v " 7;/||v||.
Recall that the label margin induced by v,,,.,, is I" and the margin of p-SVM induced by py,, is =.

First we introduce a lemma to estimate the norm of || P, ||. This will benefit our proof of the main
theorem.

Lemma 35 (Norm of p,,,,). Suppose that Assumption 5| holds, recall that the solution of (p-SVM) is
Pmm- With probability at least 1 — § on the training dataset we have

8 1777n
— P 2 —_—

1 nn
ol =0y 5+ ).

Proof of Lemma[33] First we prove the upper bound. Consider the following possible solution p:

This implies

5o 2 tpe) 2(p +N2 24& 51)
1EN
We then proved that p satisfies (36). For k € C we have
4 dlog(6n2/d
B (g =2~ 3488 A0 (;g( ) 5y
iEN

The first inequality is from the definition of d in Lemma and the second inequality is from
Assumption[5} And for k € N, we have

Pl (& — ) = 2+Z4€l’£k>> —2+4(1 + > 48
ieN i€Ni#k
2
Z—2+4(1—H)+4n2 dlog(6n?/0) S

d 2
The first and second inequalities are from Lemma[57} The last inequality is from Assumption [3]

Therefore, the max-margin solution p,,,, must have no greater norm than p. So we can upper bound
Dmm a8

Pl < 1817 = 5 + 25 (3 &l + (€:85))
ieN ,JeNz;éJ
8 16 8 17
< f—&-ﬁ((l—&—n)ngd—&-an dlog(6n2/6)) §—2 %

The second inequality is from Lemma[57} The last inequality is from the definition of d in Assumption

Then we prove for the lower bound. As p,,,, is the max-margin solution and satisfies KKT condition,
it can be expressed as the sum of signal and noise tokens. Then we decompose prm = pj;™ + pg'™
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where pji™ = f{""p1 + f3"" po and pg™t = Zie{n] g7™E;. Note that u; L &; forall j €
{#1},7 € [n]. From Lemma|39] we have f;*™ > 0.9/p?, so we can lower bound ||p};™™||5 as

2-0.92 1
R e T e T e T

Y]

As for ||p*™||2, from p-SVM condition, for every noisy sample we have

Do (& — i) > 1,

which indicates

P & =o€ > L+ pts > 1.

The last inequality is from Lemma[39] Sum up the inequality for all noisy sample, we have

ieN
Thus,
mm 1.9n9 1.9n9 1.9n, nn
l2 &l [ &P+ X 6g)  v2-ne-(0+rd
€N iEN ijJEN

The second inequality is from Lemma[57]and the last inequality is from Assumption[5} Therefore,

1 i
lpmm I = [P™113 + PE™ 3 > R

Combining the results above, we have

1 nn
[Douall” = @(p2 T )

d
O
Definition 36. Let f : R? — R?. We say that
om f(z,y) =L
iff Ve > 0 IM such thatVx,y > M we have that || f(x,y) — L|| < e.
Remark 37. Let ¢ : R — R be a function with lim, , g(z) = oo. Assume that

lim, o0 f(x,y) = L, thenlim,_, f(x,g(x)) = L and lim, . f(g(z),z) =L

Now we introduce our key theorem:

Theorem 17. Suppose that Assumption[5|holds, with probability at least 1 — 6 on the training dataset,
we have

* The margin induced by p(, ry/ R in p-SVM is at least (1 — )=, where

log(4+/p? + (1 + K)d||Vmm|2dp?)
C e R’:' )

* The label margin induced by v, ry/r in v-SVM is at least (1 — v)I', where v =

27/ p2+(1+k)d

Pexp((1-0)RE)

Proof of Theorem[I7] From Proposition[16] we have that for any ||p||, the label margin 1/|v(p)|| is

at most
Cmaxie[n](l — Sia;)

[Vmm|[3np?

i
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where a; = 1 fori € C and o; = 2 for i € N. Recall that s; = S(X;p) is the softmax probability
vector. We define ¢; = 1 — s;,, to measure the amount of non-optimality (attention on non-optimal
token).

We first consider the convergence of pr and use contradiction to prove the first statement. Denote
PE™ = Rpymm/||Pmm|| which has the same norm as pg and the direction of p,,,,,. Suppose the
margin induced by pr/Ris at most (1—()Z, i.e. min; ¢, 2, (Tia; —Tit;) | Pr < (1—C)RE, Vi € [n].
Note that here each sequence only has two tokens, thus ¢;, ; € [2], and t; = 3 — ;.

According to Lemma [35] we have
E= Pmmllz ' = O((m/d+1/p%) 1)

mn

Following the definition of ¢f’ above, we set Gimaz = SUD;c(n) 7" and @y = SUD;c (] G " to be
the worst non-optimality in pr and p’z™. Then we have
exp(zf, pE™) exp(z, PE™)
> e D@ PR exp(@), PR
The last inequality is from the definition of p,,,,,, that p,.,,. (Zia, — i) > 1, s0 p”leT (Tia; — w”) >
R/||pmm|| = RZ. Thus, ¢};,,, = Sup;ep, ¢ ™™ < exp(—RE). Then denote the output of attention
layer r; = X,;'S(X;p™). Define ¢; = ||r; — @ia, ||, we have y; - 7 Vpum > ¥ - Tl Viom —
I7i — Zio, || - |Umml|l = 1 — €;/T. So if we set €00 = SUD;e[y] €i» Vmm achieves a label margin of
at least I' — €42 ON (Y3, 7)ie[n]- To better estimate €4, we define M = SUP; ] i — &l <
p? + (1 + k)d, then we have

g’ < exp(—RE).

€maz = M - @ 0. < M exp(—RZ). (52)
This implies the max-margin achieved by (p3™, v]"™) is at least
v f(PR™, v ;) = yiv;”m—rri >l — remar > I —rM exp(—RE). (53)

i

The first inequality is from y; - 7, v™™ > r(T" — ¢;) and the last inequality is from .

Then we consider the case when min; ¢, za, (Tia; — Tit;) ' Pr < (1 — ¢)RZ the minimal margin
constraint is (-violated by pr. Without losing generality we assume that 1 = argmin[(z;q, —
i€[n]
wit)TpR]#ai. Then we have
G > exp(z 1y, Pr) 1 exp(z4, Pr) 1
maxr = = — -
Yiep exp(@ipr) — 2exp(@],,pr) — 2exp((1 - ()RZ)

From Proposition optimizing v-SVM on (y;, 7;);c[n] can achieve the max-margin at most

C _
iy f(pr,vp; @) ST — g e~ 17O, 54
gg[lﬁyf(mv z;) < o Fr? € (54)

And from the definition { = 3= log(2M ||V [|>np?/C), we have
C

for sufficiently large R, which implies

min y; - f(pr,vr;x;) < miny; - f(PR™, v, x;).
i€[n] i€[n]

This contradicts with the problem definition (2) to maximize the margin.
Then we prove for the second statement. When the margin induced by pr/R in p-SVM is less than

(1 — ¢)Z, we can use the proof above to derive a contradiction, so (%o, — ®i;) pr > (1 — ()RE
must hold. Then set 7; = X," S(X;pr), we have that

min y;v, 7 < min y;v,] @0, + sup v, (7 — Tia,)

i€in) i€in] icin]
<(1—=Tr+ Mexp(—(1 = )RE)r
< (1—~/2)Tr.
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The second inequality is from previous analysis that (x;o, — i) ' Pr > (1 —C)RE, so |7; — x| <
M exp(—(1 — {)RE); The last inequality is from our definition v = 21

Foxp(1-0O =)
Therefore, combining with (53, we have
vI'r/2 > rM exp(—RE),

which implies

min yi - f(pr,vrimi) < miny, - fPR™ v ).
Again this contradicts with the problem definition (2). O

Then we have the following lemma to bound the derivation ¢ and ~:

Lemma 38. Suppose that Assumption[5|holds, consider the same setting in Theorem[I7] we have
(<02and~y <1

Proof of Lemma From the definition of ¢ in Theorem[I7] we have
log(2M ||V |[>np?/C 1
_ ( || R:H / ) — Cl : log(MH'UmmHgan)
= Ry\/mn/d+1/p
1 2(p? + d)(p? d)? C
<y log (n (r* + )2(p377n+ ) > 5
Ry/nn/d + 1/p? p*d Ry/mm/d + 1/ p?
Here C, Ca, C5 = O(1). The first inequality is from the upper bound of ||vy,, || in Lemma[28|and
the last inequality is from the definition of R in Assumption[5} And for , we have
_ 2w o Monnll o FE DT )
- = 1 S Gy < 1.
Toxp((1- ORD)  Lexp(R/[vmml) = % exp(R)y/un/d + 1/77)

Here C1, C4 = ©(1). The first inequality is from the lower and upper bound of ||v,,., || in Lemma
[28and the last inequality is from the definition of R in Assumption 5] O

¢

log(pn) < 0.2.

v

Then we can estimate (pg, p) with the following lemma:

Lemma 39. Suppose that Assumption || holds, with probability at least 1 — & on the training dataset,
PR should satisfy

0.5(1 = Q)RE < (pr, j) < Rp
forj e {1,2}.

Proof of Lemma The upper bound is given by
(pr, 1;) < PRl = Rp.
Then we use contradiction to prove for the lower bound. From Theorem[I7] pp satisfies
Pr(pi—&) 2 (1-QREieC
Pr(&i —mi) > (1-QORE i e N (55)

If (pr, pj) < 0.5(1 — ¢)RE, then for every clean sample from cluster j we must have (pr, &;) <
—0.5(1 — ) RE and thus

(Pr, Y &)=Y (pr,&) < —0.5(1— ()RZny;.

= ieC;

So we could estimate ||pg|| as follows

1 1
lprl > 0.5(1 = Q)RE - nyj s = 0.5(1 — O)RE - ny;
2 &l > ElP+  (€.6)
i€C; i€C; i,5€C;
1 .
> 0.5(1 — Q)RE - nq; > 0.4R= - Vi

V2-ny-(1+k)d . \/2(1+Ii)d.
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The first inequality is from the property of innerproduct; The second inequality is from Lemma[57]
and the definition of d in Assumption [5} The last inequality is from Lemma [38] Meanwhile, from
Lemma 35(we have || || < /8/p? + 17nn/d. Recall that = = ||p,m || 1. Therefore, we further
have

0.42n1j

N
V21 +r)d ~ \ (8/p* +1Tyn/d) - 2(1 + K)d
> \/ 0.04(n —nn — O(y/n)) "R>R.

lprl > 0.4RE -

(8/p% +1Tyn/d) - (1 + k)d

The second inequality is from Lemma [35} The third inequality is from Lemma [59] and the last
inequality is from Assumption [5about SNR and 7. This leads to a contradiction.

O

Now we can estimate the output of attention layer for some test sample (X, ).

Lemma 40. Suppose that Assumption 5| holds, with probability at least 1 — 6 on the training dataset,
Sor a given a test sample X |y, where X = (u*,£*), w* can be py or pa, we have with probability
atleast 1 —exp (— 3(3(1 — ()= — K/R)?) that

<pR7/J’*> - <pRa€*> > K»
where K < %(1 — ¢)RE and (, Z are defined in Theorem

Proof of Lemma Note that p " £* follows Gaussian distribution A/'(0, R?), we have

P((pr,pu*) — (Pr, &) < K) =P((pg,£*) > (pg, p*) — K) < P(pp&* > 1(1 —()RE - K)

2
1,1 _ 9
<exp (- 5(50- Q- K/R)?).
2°2
The first inequality is from Lemma|39|and the second inequality comes from the property of Gaussian
tail probability. O

We also have the following lemma to estimate v,.. We first prove that v,. can be expressed as the sum
of signal and noise tokens.

Lemma 41. The solution of constrained optimization problem (2)) v, can be expressed in the form
that

v = M+ Aapr + Y 0.
i=1
Proof of Lemma Similar to Theorem 17| define 7; = X,' S(X;pr) as the output of attention

layer, we have

v, = argmax min yi’UTT‘i. (56)
ol <r %€ln]

Then denote s = m[m] yiva and s, = m[m] yi'vrT r;. Then || can be written as
i€[n i€[n

(v, ) = argmax s, s.t. v ' >s, 1<i<n
v,s

[of| <.

The corresponding Lagrangian function is

L(s,¥) = —s+ Y _thigi(s — yiv m:) + o (||v]|* — r?).
=1
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Take derivative of this function on (s, v), we have

n

— Z d)zyz’l"z —+ 21/)0'1) = 0

=1

Therefore from the last equation we can get

1 n
= 27/)0 ; Yiyir;.

Asr; = Bip; + (1 — B;)&; forevery i € [n], v can be expressed as the combination of signal and
noise token of every sample:

v = A1 + Agpey + Zei&w

=1

Based on this representation, we can then bound the parameters in v,.:

Lemma 42. Suppose that Assumption |5 holds, denote v, = A\yp1 + Aopa + > 6;&;. Then with
i€[n]
probability at least 1 — § on the training dataset, we have

)‘1 2 (1 - PY)I‘T//)27
Ao < —(1—=7)r/p?,

10;] < 24/1/p2 + 5yn/d - Tr/Vd.

Proof of Lemma The first two statements are obvious because from Theorem |17/ we have
yiv, pi > (1 =)',

for Vi € C. This implies [\;| > (1 — y)['r/p? for j € {1,2}. Meanwhile, we decompose
v, = vy, + Ve Where v, = A1 + Aopo and ve = ) 6;£;. And we can upper bound ||ve|| as
i€[n]

lvell* = llor |1 = lloul® < 7% = A2p? = A3p* < r®(1 = 2(1 = )T/ p?).

The first inequality is from ||v|| < r and the second inequality is from the first two statements we just

proved. Therefore, denote j = argmax 6;, we have
1€[n]

OF1&511° < llvell® < r*(1 = 2(1 = )T?/p?).
Then we can upper bound |6, | as

07 <r*(1—2(1—7)°T?/p*) /II&;1I* < *(1 = 2(1 = 7)°T?/p*) /(1 — w)d
— 2 72(1_"/)2 ks 21— ! —K
=t (1 e )0 (1 Gy )0
~ 1+5nnp?/d 72 1 5mgn\ T?r?
s (52)

24 5mmp2/d (1 —k d 2d

The second inequality is from Lemma[57} The third inequality is from Lemma 28] that [|v;,., || <
\/2/p? +5nn/d and our definition of v = ﬁevxg(;;(lg';ﬁ The last inequality is from I' =
lvmml| = > (2/p* + 5nn/d)~!. Thus, we can bound |6;] as
10,] < 24/1/p% + 5yn/d - Tr/Vad.
O

Therefore, we can prove the main theorem.
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Proof of Theorem[6] First we show that the model can perfectly classify all training samples. From

Theorem[T7] we have

yiv, i > (1 —y)Tr >0
for Vi € [n]. The last inequality is from Lemma[38] Thus y; = sign(f(X;; pr,v,)) forall i € [n]
Then we bound the test error. Given a test sample X, y, where X = (u*, &%), p* can be w1 or po.
From Remarki58| with probability at least 1 — 6n exp(—d/4C1n?),
d
N < ——. 57
(€60l < 5 67

According to Lemma with probability at least 1 — exp ( — 3(3(1 — ()2 — K/R)?), we have
(yvr, X pr + &%) _ (1 —)Tr|p*|? 1
: r X) 2 > - E 0:] - 1{&:, €)I-
Y f(pRa'U )_ eK 11 = p2(6K+1) 6K+11€[n]‘ ‘ |<£ €>‘
(58)

1

Let K = log(Vd\/1/p2 +nn/d) + C < 3

probability at least 1 — 6n exp(—d/4C1n?) —exp (— 3(3(1 — ()= — K/R)?),

S K1 —y)Tr —n-d/(Cin) - 24/1/p2 +1n/d - Tr/\d

(1 — ¢)RE. By uniform bound, we have that with

: r X) >
Y f(pRav ) 1+6K
< 0.8eKTr —/d/Cy - 2\/1/p2 + nqn/d - Tr
- 1+eK

> 0,
where the first inequality uses (57), (58) and Lemma 2} The second inequality is from Lemma 38|
and the last inequality is from Assumption[3]and our selection of K. Therefore,

1.1 _ K
P(y # f(pr.vrs X)) S exp (= 3 (5(1= Q2= 1)) +4,

where ¢ = log@MH‘};rg"”S"pQ) = @( v nn/;i:l/pz log(pn)), K =log(Vd+\/1/p2 +nn/d) + C =

O(log(~\/d/p? +nn) and Z = ||ppm|lz* = O((nn/d+1/p?)~1/2). Plugging in the order of = and
K, we have

P x )~y # sign(f(X;pr,v,)))
= Px,)~p(y # sign(f(X;pr,v:)),y = —¥)

+Px,y)~p(y # sign(f(X;pr,v.)),y = ¥)
=n+Px y~p(y # sign(f(X;pr,v,)),y = ¥)
(1-¢)  log(nd\/1/p*+ nn/d))2>
R

<+ exp(—d/Cin?) + exp ( N Q(W

10 losd) oy

:n+exp(—9(s2)>+exp(_ﬂ(\/m R

where ( = © (7W log(pn)). This completes the proof. O
A.5.3 Proof of Thm.
Lemma 43. Consider the next joint-constrained max margin solution:
(ve,p) = argmax miny; f(X;;p,v). (59)
ol +llpI><t *

, then (v4,pt) = (V(r, R,)> P(r,, Ry))> Where (v, r,) P(r,,Ry)) 1S @
(items 1-3), with probability at least 1 — § over

Let ry := ||v¢|| and Ry := ||vy
solution to Problem Moreover, under Assumption
the random data generation, we have that ry — 0o, Ry — coast — oo.
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Proof. By Proposition with probability at least 1 — §, for all p € R?, the token selection under

p results in a label margin of at mostI' — ¢ - mz[u]<(1 — sP ) in]26|(with r; = X" S(X;p)), where
i€n '

a; =1(i € C) +21(i € N), s = S(X;p) is the softmax probabilities, and ¢ := C/|v,||>np? is
some constant (which may depends on n and d, but not in t).

Observe that as the norm of v increases, the margin increases; thus, it’s easy to verify that ||v;|| — oo
as t — oo. We argue that also ||p:|| — oo as ¢ — oo. To see that, assume by contradiction that
|lpe]l < Ry for some arbitrary large ¢ that will be determined later. SetI' = 1/ ||V ||, [|0¢]] = 74,
Bmm = (11 — 1)T 0. Hence t = 2 + R2 and ||T,m||* = (r — 1)2. The idea is that by decreasing
[|lo || by 1, we can choose p with ||p||* + (r, — 1)2 = ¢t = r2 + R2, ie., ||p|* = 2r, — 1 + R2, which
can be arbitrary large for large enough ¢. Set I := 1/ || Py || and Prom = /2r: — 1 + R2IPm.
The proof strategy is obtaining a contradiction by proving that (Vym, Pmm) is a strictly better
solution compared to (v;, p;). Define ¢¥ =1 — sfai to be the amount of non-optimality sopftmax

probability where s = S(X;p) is the softmax probabilities and o; = 1 iff i € C and 2 otherwise.
Then we have that

max ¢t > K
(2

where x > 0 is a constant that depends just on Ry and data parameters (e.g. n, d, p, d). On the other
hand, for every € > 0, we have that

* Do
q — m?x qu mim S 67

for large enough ; i.e. large enough ¢. Therefore, By Proposition [I6](see the first paragraph in the
proof), we can upper bound the margin induced by v; on (Y;,7;) for r; = X, S(X;p;) by

m[m] yiv, i <L — ck),

i€[n
for some constant ¢ > 0. On the other hand, the margin induced by ¥, on (Y3, 7;) for r; = @;a,
is (r;, — 1)T". This means that we margin induced by ¥, on (y;, ;) for r; = X, S(X;Pymm ) is at
least

1 9| 11~
335 )~ wi )H [ Omm |l

*

ml,in yzr;r%mm > miin yzx;l;j}mm —4q
> (Tt - 1)(F - M6)7
1 _

where M = sup;¢,, ||x;

wgz) H Observe that this lower bound is bigger than the previous upper
bound when

(re = 1)(T' — Me) > (T — ck)

Me < —(T — Me)/rs + ck.
Choose large enough ¢ such that (I' — Me)/ry < c¢k/2 and Me < cr/2, gives us the desired

contradiction. Recall that R; := ||p;|| and r; := ||v¢||. Since r? + R? < t, we have that (v, p; is a
solution to Problemwith r =1y, R= Ry, and (v(y, Rr,), P(r,R,)) IS @ solution to Problem

O

Proof of Thm. [§] By Thm. [6] with probability at least 1 — 4, the training set is feasible, i.e. exists
(v, p) such that min;¢p,) i f(X4;v,p) > 0. Therefore, for any v > 0, with probability at least
1 — 0, we have that min,¢,) ¥ f(Xi; v+, Py) > 7, which proves the first part of the Thm. Next, we
show that the classifier sign(f(X;p,,v,)) generalizes well, for large enough 7. Recall the next
joint-constrained max margin solution:

(Uhpt) = argmax mlnylf(X“pvv)? (60)
lvlI>+lpl><t *

which was introduced in Lemma Fix v > 0, and let (v, p+) be the solution of Problem Define
t(y) == vy |I> + |lp+ ||°. We argue that (v.,, p,) is a solution to Problemfort = t(7y). Indeed, let

m:= max min y; f(X;; p, v)
loll®+llpl®<t(y) i€[n]
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be the maximum margin for Problemwith t = t(7). Assume by contradiction that
min Yif (Xispy,vy) <m,
1e|n
which implies that
7 < m[m} Yif (Xispy, vy) <m.
€e|n
Let (v*,p*) be a solution to Problem [60] with ¢ = t(v) ie. |[v*|* + ||p*]|> = t(v) and
min;ep, yi f (Xo; p*,v*) = m > . Write v’ := (y/m) - v*. We remind that f(X;p,v) =
v X TS(Xp) and overall we get that
2 (2 |2 |2 |2 |2
17+ llptI7 = (v/m)? 0¥ II7 + P17 < oI + Ip*[I” = t(+)
* minjef) ¥ f (X3P, v') = L minep vi f (X p™,0") = L -m =7,

which contradicts the optimality of (v, p,) to Problem[3] We conclude that (v, p, ) is a solution
to Problem for t = t(v), ie. (vy,py) = (vt(v),pt(v)), where (vt(ﬁ/),pt(w)) is a solution for

Problemwith t=1t(7). Let ryq) := ||vt(7) || and Ry, 1= ||pt(7) || By Lemmawe have
('vaA,) = (vt(’vﬁpt(ﬁ)) = (v(rt('y)ﬂRt('y))7p(rt(7)1Rt(w))) ) (61)

and that () — 00, Ry(y) — 00 as t(y) — oo. Clearly t(y) — oo as v — oc. By Thm. [§] The
classifier sign(f(X; pr, v,)) generalizes well on test data:

Px .~y # sign(f(X;pi.r) v0m))
= 0+ exp(—Q(d/n?)) + exp ( o (1-9 log(d))Q)

n 1 B R
VTt

In particular, there exists rg, Ry such that for any » > rq, R > Ry, the above probability can be
upper bound by 7 + exp(—Q(d/n?)) + exp(—O((1/p* + nn/d)~1)) (see Remark. Choose large
enough o such that for any v > o we have that 74,y > ro and R,y > Ro. Then we conclude

Px y)~p (y # sign(f(X;py, vy)))
=Px,y~p (y # sign (f(X;p(Tt(w)»Rt(w))’ v(T't(v)aRt(w)))>)
<+ exp(=Q(d/n?)) + exp(—O((1/p? + nn/d) 1)),
where the first equality is from Eq. [61] as required. O

A.5.4 Proof of Thm. (10|

Proof Sketch
First we prove that in this case, only by selecting the noise token for every sample can we achieve the
largest margin in the downstream task,

i =&, Vi€ [n] (62)
Similarly, we define the respective max-margin solution for p and v in this case.
Definition 44 (p-SVM, negative case). p should satisfy

pmm(a) = argmin Hp”
P

subjected to

P& —m) =1, (63)
foralll <i<n.Z=1/||pmml| is the margin induced by p,m.
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Definition 45 (v-SVM, negative case).
v(p) = argmin ||v|| s.t. y; - v 7 > 1, foralli € [n)]. (64)
vER?
L(p) = 1/||v(p)|| is the label margin induced by v and p. When r; = &;,i € [n],
Vpm = argmin ||v| s.t. y; - v & > 1,  foralli € [n). (65)
veER?

T = 1/||vmm]| is the label margin induced by v,

To prove this token selection is optimal, we need to explain that the optimality of the token choice is
strict in the sense that mixing other tokens will shrink the label margin. We formalize this into the
following proposition:

Proposition 46 (Optimal Token Condition). Suppose that Assumption[9 holds, with probability at
least 1 — § on the training dataset, for all p, the token selection under p results in a label margin of

atmostT' — ¢ - max(1 — s;2).
i€[n]

Then we derive the convergence direction of p and v by Theorem[17} Note that as ||p|| — oo, the
attention is more focused on the noise token for every training sample. Therefore, the output of signal
token is upper bounded by a small value.

Consider a test sample (X,y), X = (¢/,¢&’). As ||p]| increasing, the noise token & will will
dominate the overall output if p;{’ > 0, which indicates the output of attention layer will close to
the noise token, " — &’. Meanwhile, we can prove that pr and v, are near orthogonal, so pgf’ and
v, ¢’ are nearly independent variables subjected to Gaussian distribution. Therefore, the probability
that y;v,] € < 0 is at least constant order.

Optimal Token Condition
First we find the optimal token selection in this case.

Proposition 46 (Optimal Token Condition). Suppose that Assumption[9 holds, with probability at
least 1 — § on the training dataset, for all p, the token selection under p results in a label margin of

atmostT' — ¢ mz[n]((l — Si2)-
i€[n

Proof of Proposition Similar as above, we consider the following three situations:

1. p # 0,k — p = 0. (All wrong token selections come from clean set)
2. p =0,k — p # 0. (All wrong token selections come from noisy set)

3. p#0,k —p # 0. (Wrong token selections are from both sets)
We will discuss each situation specifically and prove that Proposition [I6] holds in every possible case.

Situation 1: p £ 0,k —p=20
First, let’s see the condition under the optimal choice of tokens:
Condition 12 (Original Condition).

yv' & > 1,0 € [n]

Similarly, v,,,, also satisfies the KKT conditions of the max-margin problem (37) in this case, so we
could write v as

v =X+ dops + Y 4ibib, (66)
i€[n]
Plugging (66) in the condition[T2] we can rewrite these conditions as:
0; - 1&I° + Zyiyi’ei’<£i7£i’> > 1,1 € [n].
i i
Then we introduce a lemma to estimate the parameters of optimal solution under this condition:
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Lemma 47 (Balanceing noise factor for KKT point). Suppose that Assumption [9) holds, under
Condition[I2] we have

max f; < 1 ,
i€[n] (1 = Kk)d — 2n+/dlog(6n?/0)
- _ 2
min g, > (1= k)d — 4n+/dlog(6n?/6) .
i€[n] (14 k)d((1 — k)d — 2n+/dlog(6n2/4))

Proof of Lemma First we prove the upper bound. Denote j = argmax 6;, we have
i€[n]

yiv' & = Y vyl &) = G1&15+ D viys0il&i &)

ZE[TL] Z#],ZG[TL]
>0;-(1—k)d—nb;-2/dlog(6n?/J)

The last inequality is because Lemma[57]and the definition of j. Consider the contrary case when
1

9]' = (lfn)d72n\/dlog(6n2/§)’ we have

yjv' & > : (@
(1 — k)d — 2n+/dlog(6n?/0)

By the KKT conditions, if y;v " &; > 1 then we must have 6; = 0, and thus we reach a contradiction.

— k)d —n-24/dlog(6n2/6)) = 1.

Then we prove the lower bound. For Vj € [n] we have

L<OIEIE+ Y pafilbinds) <6 (L4 )+ nmax - 2y/dlog(67/0)

i#j,i€[n]

Sﬁj'(1+/<a)d+(1_K)d_2n\/m’2\/m~

The second inequality is due to Lemma[57)and the last inequality is from the upper bound we just get.
Therefore, we have

0. > (1 — K)d — 4n+/dlog(6n2/3)
T (U w)d((1 = w)d = 2n/dlog(6n2]3)

This completes the proof.

O
As for the signal parameters A\; and Ao, to achieve the minimal norm for v, it is obvious that
A1 = Ay = 0. Then we can estimate || v, || in this case:

Lemma 48 (Norm of vy,,,,). Suppose that Assumption[9 holds, with probability at least 1 — & on the
training dataset, for the solution v, of under the token selection ([62), we have

D < vl < 22
9q — "Tmmi = g

n
ol =0(y/% )

Proof of LemmaW8] As vy, is the max-margin solution and satisfies KKT condition, it can be
represented as

This implies

Vmm = Mpa + Xophs + > yibibi + > vibi&s. (67)
iec i€[n]
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As there is no constraint on Ay, Ao, both of them can take O to achieve max-margin. So we could
lower bound ||v;,,,, || as

2
2 2 2 n
ol 32 O+ 32 52 ity (6.6 > 0 (77) 2 2

i€[n] jeln]

The second inequality is from Lemma 7] that 6; = ©(1/d) for i € [n] and the last inequality is from
Assumption [9}

Then to upper bound ||V, ||, consider the following possible solution ¥
1€[n]
For i € [n], we have
yit =yt & =20&17/d+ D 2u;(&&5)/d
JE[n],j#i
> 2(1 — k) — 2n+/log(6n2/8)/d > 1.

The first inequality is from Lemma and the second inequality is from Assumption E} Therefore, v
is a possible solution of SVM problem 26| when p converges to p,y,.m,. So we have

- 5n
[Omml® < 1817 =Y 4l&lP/d* + Y Y dyiy;(&i &) /d” <
i€[n) i€[n] j€[n]

The last 1nequa11ty is from Lemma[57] Lemma[59|and Assumption[9} Combine the results above, we
have [|[vmm [|* = ©(%).

O
Denote the mixed samples as k1, k2, ..., kp. And for every mixed sample k;, we have r,, = (1 —

Bipk, + Bi€k,. Without losing generality, we assume that y,, = +1 for all ¢ € [p]. Then the
conditions under Situation I become

Condition 13 (p clean samples violating optimal token selection).

{ yiv' & > 1,0 € [n]\[p]

virg, >1,i € [pl

Denote the max-margin solution under this condition as v’ with parameters A}, \}, 6. Plugging this
representation into the condition[I3] we have:

0; - 1€ 1I” + ‘%;Ayiyi'@;/@u&» > 1,i € [n]\[p]
(1= Bi)AL - el + Bi(0y, - 2 3y &) > 1,0 € [p]

i/ #ki

|> < 1, the condition for

We consider two cases: A [|p1]|? < 1 and \; |1 |2 > 1. First when \} ||
mixed clean sample becomes:

1—(1—=p8)N 2
? + Z yi'ez/" <€k¢w£i'> Z ( g) 1”“1” > 1a
ik ‘

which indicates that the condition for % is strengthened. So mixing 1 more clean sample is equal to
strengthening 1 constraint in the original setting. Therefore, mixing p samples will not result in a
better solution than only mixing 1 clean sample. Then we can simplify this case to mixing only 1
clean sample and denote this sample as k., 7, = (1 — 8)u1 + Bk, . Now the condition becomes:

Condition 14 (1 clean sample violating optimal token selection).

Pl + Z yiyi0 (&, &) > 1,0 € [n]\{k.}

(1= PN, - Hulll2 + 60y, - 2+ ;ﬁ Y0 (€k.. §r)) = 1
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Similarly, we introduce the following lemma which estimates the parameters in v’. We define

_ 1= (1= BN ?
B

for the convenience of the following proof.

Lemma 49. Suppose that Assumption[9 holds, under condition[I4} with probability at least 1 — 6 on
the training dataset, we have

= (= wd—2ny/dlosom2/0)’
, @ 2n+/dlog(6n?/6
. 2 (Hn)d(l (- f«u)d—znm)
max @ < (1 —k)d+2(a —n)y/dlog(6n2/§)
icm\{k-} "7 ((1 — k)d — 2n+/dlog(6n2/4))2
min ¢, > 71 . (1 - QHQW )
iem\{k} 7 (1 +K)d (1 — K)d — 2n\/dlog(6n?/6)

Proof of Lemma Denote j = argmax 6, we have
i€[n]

yj’U/TEj = 9;“6]“2 + Z yzy]9£<€u£]>
ielnl it
>0(1—r)d— nmax& 24/dlog(6n2/9)

i€[n

=05((1 — k)d — n - 2y/dlog(6n?/9)).

The first inequality is due to Lemman 57|and the last equation is from our definition of j. Consider the
contrary case when 9’ , we have

(1-k)d— 2n\/dlog (6n2/6)’
yv' € >

By the KKT conditions, if y;v ! TE > M then we must have 93» = 0, and thus we reach

a contradiction. Therefore, 92 < 92 < e Then denote j' = argmax 6, we
(1—r)d—2n/dlog(6n2/8)

i€[n], ik,
have
yiv' & =05 1€5 117 + Z iy 0;(€i, &5r)
iclnl it
>0, (1—r)d—n max 0; - 24/dlog(6n2/0) — 0, +/dlog(6n?/4)
i€[n],i#£7’

200+ /dlog(6n2/68
> 0((1— k)d —n - 2y/dlog(6n2/5)) — ay/dlog(6n2/6) |
(1 — k)d — 2n\/dlog(6n2/6)
The first inequality is from Lemma and the second inequality is from the upper bound of 9;@* we

just get. Consider the case when 6’, > DY dlog(GnQ/é),
(1—r)d—2n+/dlog(6n2/4))2

we have

yj/’l)/—rgj/ > 1.

By the complementary slackness condition, if y; v” Te 4+ > 1 then we must have 93-, = 0, and thus
we reach a contradiction.
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Next we estimate the lower bound of 99 when j # k.. We have
1<y0'Tg
= 011&11> + Z yiy;0i(&i, €5)
i€[n],iFj
<01+ r)d+ nmax 0 - 2/dlog(6n?/4)
1€|n
<O (1+r)d+ @ - 2n+/dlog(6n?/§
i ) (1 — k)d — 2n+/dlog(6n?/0) B(6n/0)
The last inequality is from the upper bound of ¢, we just get. Therefore, we have
0> 1 (1 2nay/dlog(6n2/9) )
T (1+k)d (1 — k)d — 2n+/dlog(6n?/5)
forall j € [n] and j # k..

Last we lower bound 9;6*. We have

a < ypv" €,
= 0. (14 R)d + nmax; - 2/dlog(6n?/0)
i€[n

Similarly, we have

S oo« (1 B 2n+/dlog(6n2/9) )
“ = (1 +k)d (1 — k)d — 2n+/dlog(6n2/5) )

Therefore, we could estimate the difference between ||v’||? and || v, ]|%

Lemma 50. Suppose that Assumption[9|holds, with probability at least 1 — § on the training dataset,
denote v and v’ as the optimal solutions under condition and condition respectively. We have

Ci1- )

||'U/H§ - vamH% > d

where Cy = O(1) is a constant.
Proof of Lemma[50} From the first inequality in Condition[14] for i[n], i # k, we have

0; - 1&I° + Z Yivir 05 (i &) > 1 — yiyn, 0y, (&ir &k, )-
i ik,

a—1 /
(1+r)d—24/dlog(6n2/3) < O

Then we add y;yx, w(&;, &, ) on both sides, where we set w = 6 —
Then we have
0; - 1€x11” + Z iy 03 (i &) + viyr, w(€i €,) > 1 — yiyr, (O — w)(&is &k, )
it i,k
> 1—2(0,, —w)+/dlog(6n?/0)

_ (14 k)d — 2y /dlog(6n2/9) 68)

(14 k)d — 24/dlog(6n2/6)

The second inequality is from Lemma Now consider anew v = A1 + Ao + > y;0,&; with
1€[n]

A= )‘/13 Ay = )‘/23

-1

0, = 0,/(1 — 260, — w)/dlog(6n2/5)) fori € [n],i # ks
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and
w

0, = .
1 2(6), — w)y/dlog(6n2/6)

We can prove that v satisfies all constraints for v, .
By dividing 1 — 2(¢}, — w)/dlog(6n%/4) on both sides of l@b for Vi € [n], i # k. we have

ng”2+zyz i0;(&, &)
/752

Then we prove that 0. ||€x+ 11> + > viyk, 0;(&:, &k, ) > 1. From the last inequality in Condition
ik

we have
O, - 1€, II” + Z Yk, ¥i0;(&ir &r,) >
ik,
Dividing 1 — 2(¢, — w)/dlog(6n2/) on both sides, we get

1—2(8), —w)\/dlog(6n?/5)

0., 1€k, |17
1—2(6), —w)\/dlog(6n?/5)

+ Z yzyk*,l émgk >
i#ky

Therefore we have
— O —wlé* e, —w) (A4 R)d
1- 2(9’ —w)y/dlog(6n?/5) — 1 —2(0;, —w)./dlog(6n?/)

ek ”Ek*HQ + Z yzyk*fz £z7£k >
i#k

The second inequality is from Lemma [57| and the last equality is by our definition 92* —w =

a—1 : . . .. >
(Crmd2\/a1oa(on2/a)" Thus, v is a possible solution under Condltlonand lo]l = llvmml|-

Next we estimate the difference between ||v’||? and ||v||?. The expansion of ||v’||? and ||v]||? are:

||’Ul||2 )‘/2||/~L1H2 /\12||”2||2 + Z 9/2||£z||2 + Z Z yzyje 9/ 517£j>a

icln) icln] j€ln)
lol* = Al l® + Mllsa1* + D O21&1° + D D wivi0:0,(&,€5).
icln) icln] j€ln)

Similar to the condition {@4), we have ||v'|| < 2||vmm| = ©(y/n/d), which implies that & =
O(y/nlogn). Otherwise, we have

APz a =Y e yibii& €)= Q).

itk,

It further yields that

2 2
m2 _ oM o nlog”n
o'l = (%) + )=o),

which contradicts with ||v’|| = ©(y/n/d).

n
02 e, I = 2 +

We decompose the difference between ||v’||? and ||v||? into four terms:

117 = lel® = 02 — )€+ > (607 - eD)ll&l® ~ Z Z Yiy;0,0;(&i, &)

I i1€[n],i#£k,
12 13
+ Z Z yzyj €Z7€J>
i€[n] j€[n]

Iy
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We now estimate /; to I, sequentially. For the first term,
L= (0% = 0;,)(1 = m)d = (0, — 0,,) (0, +0,,)(1 = K)d

a—1)(1 — 26, \/dlog(6n?/5 1

(o V2 TG (1),
(14 K)d — 24/dlog(6n?/0) d
a—1
=0
()

where the first inequality is from Lemma[57} the second equality is from Lemma @9} and the last
equality uses the fact that « = O(y/nlogn). Then we can further upper bound max 6/ as

i€[n],i#k.
max 0 < (1 —k)d+ 2(a — n)y/dlog(6n?/d) _ O(l) 69)
iclnlizk. '~ ((1 - x)d — 2n+/dlog(6n2/5))2 d

For the second term I5, we have

LI< > (0] -0)1+k)d
i€[n), ik,

! /2 n K
- <(1 — (0, —w)+/dlog(6n?/5))? N 1) iE[Eﬂ%);ék* 0;7 - n(l+r)d
(@ = DVABGwD) ) 5((a=1n
dlog(6n2/6) O(E) N O( J3/2 >

The second inequality is from Lemma[9] The first equality is from (69) and the last equality is from
Assumption 9]

Then we bound | — I3 + I, as:
|_I3+I4‘ <Z Z |6’L€j 99/ ‘<£’L7€]>|

i€[n] je[n]\{i}

< Y o 100, - 005 1€ & +2 D 100, — 605 01 - (€., &)
i€\ (k+} GElmIN ks i} eIk )

1
—1)  pua 072 - 21/dlog(6n2/6)

((1 — (0}, —w)+/dlog(6n2/0))? )ik,

0
—&—n(%* - —h ) max 0/4+/dlog(6n2/0)

1 —2(0;,, —w)y/dlog(6n?/9)

<n?

(o — 1)y/dlog(6n2/4) n?(1+ k) a—1 _n. oalGn?
<1+/€d \/dlog6n2/5 O d3/2 )+ d O(d) 2V dlog(6n?/9)

_O((a e )

The third inequality is from Lemma#7)and Lemma 9} The fourth inequality is from the fact that
O, _ Oy, — Oy, — 20, (0}, —w)y/dlog(6n?/3)
1—2(0;, —w)y/dlog(6n?/3) 1 -2, —w)\/dlog(6n2/5)
_ e -oeEEh
1 —2(8, —w)y/dlog(6n?/6)

/
0y, —

9y

/o K x
So we have ;. 200, )y Ao 5) <

0. — 0y, ; The last equality is from Assumption
Combining the above results, we have
2 2 a—1 (= D)nn Ci(1-p)
191 = ol > 0“7 ) + oo™ ) > SUZA),

Here Cy = ©(1) is a constant. O
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Then we consider the case when \}|[pe1 /> > 1. In this case, the condition for mixed clean sample
becomes:

1— (1= BNl

||£k ”2 + Z ylwyz 51@1751 > = ﬂ

/75.14,‘

and < 1, which indicates that the condition for ¢, is relaxed. So mixing 1 more
clean sample is equal to relaxing 1 constraint in the original setting. Therefore, mixing all clean
samples will achieve the best result. From the data generalization model, there are (1 — 7)n/2 + o(n)
clean samples with label +1 and denote S ; as their set. Now the condition becomes:

1—(1=B)A lpa|?
Bi

Condition 15 (All clean samples violating optimal token selection).
0; - 1€ 11” + _é_yiyi'% (&i,&)) =2 1,1 € [n]\ Spq

(1= B)AL - Nl + B0 - [1&11* + 2%@/1/0;/ (€i,€i)) = Li € S

We have another lemma to estimate the scale of parameters in the max-margin solution in this case.
2\ 2 ~
Here a = :=0=ANllmll” 54 5 = min{3;}.
B i1€[n]
Lemma 51. Suppose that Assumption[9 holds, under Condition[I3] we have

1
max @) <

icin] '~ (1— k)d — 2n+/dlog(6n2/6)
i g > (1 — k)da — 2n+/dlog(6n?/0)(a + 1)
i€ln] T (14 r)d((1 — k)d — 2n+/dlog(6n2/5))

Proof of Lemma[51] First we prove the upper bound. Denote j = argmax 6;, we have
1€[n]

yiv & = viyi0i(&i, &)
1€[n]
=GillEI5+ D viysbil€in &)
i#j,i€[n]
>0;-(1—k)d—nb;-2/dlog(6n?/J)
The last 1nequahty is because Lemma([57) and the definition of j. Consider the contrary case when

9]' = (1—k)d— Qn\/dlog(6n2/5) we have

1

e
Y;v €]> (1—/{)d*2n\/m

By the KKT conditions, if yj'vTEj > 1 then we must have ¢; = 0, and thus we reach a contradiction.

(1= Kk)d —n-2+/dlog(6n?/5)) = 1

Then we prove the lower bound. For Vj € S;; we have
a < 0;)&l5 + Z Yiy;0i(&i, &)
i#5,i€[n]
<6 -(1+r)d+ nmz[n]wi - 2+/dlog(6n?/6)
1e|n
n

(1 — k)d — 2n+/dlog(6n?/5) 2

The second inequality is due to Lemma[57)and the last inequality is from the upper bound we just get.

Therefore, we have
0. > (1 — k)da — 2n+/dlog(6n?/0)(a + 1)
T (14 K)d((1 — K)d — 2n+/dlog(6n2/5))

<b;-(1+r)d+ dlog(6n2/4).

This completes the proof
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Then we can estimate the difference between ||v’||? and || v, ||? with the following lemma:

Lemma 52. Suppose that Assumption |§| holds, denote v and v’ as the optimal solutions under
condition[I2]and condition[I3]| respectively. We have

Ca(1-B)

10113 = wmmll3 > e

where Cy = O(1) is a constant.

Proof of Lemma[52] Recall the expansion of [|v,,,,,[|% and |[v'[|2:

[Vmm|* = Z 0711&:1* + Z Z Yiy;0i0;(&i,&5),

i€[n] j€ln]

lo'|I? = A'2Hu1||2 + Z 071612 + Z Z yiy 010, (€0, €;).
[n] j€([n]
Then we have

1117 = o 1> = M2 llpa |2+ > (0 = 69)1&:01° = D > w0854, &)

T i€[n] i€[n] j€[n]
12 IS
‘|‘ Z Z y y] £1a€]>
[n] j€[n]
Iy

(1A 2
We now estimate I; to I, sequentially. Here we use the same notation o = % and

B= m[m{BZ} as in Lemma|51} First from our assumption A} |[ze1||? > 1 we have
1€

L= 2l l* > 1/p%

Then for I5, we have

|| < n(m?)](Hl — m[lrﬁ 02) - (1 + k)d
temn i€n

- 1 B 1 (a - 2n+/dlog(6n?/6) ))2> (1 + Kk)dn

= (((1 — r)d — 2n\/dlog(6n2/0))2 (1 +K)2d% 1 — k)d — 2n\/dlog(6n2 /6

=d(1+k)n- 1- W((l — k)da — 2(a + 1)ny/dlog(6n2/4))?
) (1 — K)d — 2n\/dlog(6n2/5))?
-o(i)

The second inequality is from Lemma[@7and Lemma [5T]
Then we bound | — I3 + I, as:

=T+ L[ <) D (60— 0:0;) - |(6:,&)|
i€[n] je[n]\{i}

< (n)Q(m?o]( 07 — m[ln] 6?) - 24/dlog(6n2/0)
i€[n i€n

)2 1 2 (1 — K)d — 4n+/dlog(6n?/5) al —
= [<<1—Fv>d—2nww> <(1+R)d((l—n)d—2n\/m)> ] 2/ dlog(6n?/9)

~ H’FLQ ’I’L2
~0(m)=o(=)
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The third inequality is from Lemma 7] and 51} The last two equalities are from Assumption [0}
Combining the above results, we have

c n Cy(1—B)
me _ 25 X v >27_
01 = llommllf > 2 +o<d) > 2

Here Cy = O(1) is a constant. O

Therefore, combining Lemma [50]and [52] we have the following statement for the difference between

[[v']| and
C3(1-5)
y .
Here C3 = ©(1) is a constant. The inequality is from the SNR condition that p = o(1/d/n).

[Vmm|:

10113 = 1vmmll3 > (70)

Now we can prove the main proposition in this scenario.

Proof of Proposition[6|in case 1. From we have

C3(1—p)

’U”2* ’U2>
107112 = llvllz = =

=S(1-p8)
Here we substitute S = % > (0 Then we have

rope_ Lo 1 P -e? SO-B)

ol 2 (2 - ol el ol

Therefore,

S(1- ) S(1- B)
T > > .
e (S [ ER P Bl YR R

S

Setc = 2F|\v|\§~|\v/\|2 = sTeltee: Ve have IV < T — ¢(1 — ). And we can upper bound ¢ as

5 S Cy
2[wlflo">

C .
3 — 43
Tmm rmmd

The first inequality is from [|v’[| > ||v|| and the second equality is from S = 2.

Situation2: p =0,k —p#0

Then we consider the case when all wrong token selections come from noisy set. Same as above,
denote the mixed samples as k1, k2, ..., kx—p,. And for every mixed sample k;, we have r, =
(1 = Bi)pk, + Bi€x,. Without losing generality, we assume that y,, = +1 for all ¢ € [k — p], so the
corresponding signal token is gt2. Then the conditions under Situation 2 become

Condition 16 (Change k-p noisy samples).

yiv'& > 1,0 € [n]\[k — p]
'UTTki >1lie [k _p]

Denote the max-margin solution under this condition as v’ with parameters A}, A}, 6}, we can interpret
the condition for parameters:

0; - (1€ 11> + 42_%%'9;/(&,&0 > 1,i € [n]\[k —p]
(1= Bi)As - llp2ll® + Bi 0%, - 1€k 11 + ;C Y Y0y (€ris §ir)) = 1o € [k — p]

Compare with Codition[13] the only difference is that we substitute A [|f1 |2 with X} || 2 |?. From
the symmetry, we can see that the two conditions are actually the same. Thereofre, we can follow the
proof of Situation 1 to prove for Proposition 46| under this situation.
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Situation 3: p £ 0,k —p #0

Last we consider the case when wrong tokens come from both clean and noisy sets. Denote the
mixed clean samples as k1, k2, ..., k, and the mixed noisy samples as ¢, g2, ..., gx—p. Without losing
generality, we assume that y, = +1 for ¢ € [p] and y,, = —1 for ¢ € [k — p], which indicates that
their signal tokens are all p1. Then the conditions under Situation 2 become

Condition 17 (p clean samples and k-p noisy samples violating optimal token selection).

yiv' & > 1,4 € [n]\[k]
vTrqu >1lie [p]
—v'r, >1,i€k—p

Denote the max-margin solution under this condition as v” with parameters A7, A, 8", we can
IREAVERS)

interpret the condition for parameters:
07 - &1 + 12;22 Yiyir0is (&, &) 2 1,0 € [n]\[K]
(1= B - llpall® + Ba(0F, - 1€k, 11 + ;{3 Y Yir 0 (€ &) = 1,1 € [p]
(U= BN Nl = Bu(0, - N P+ 5 w0 (€ €0)) 2 1,7 € [l — )

i'#q;

We consider three cases: \/||ge1]|? > 1,1 > M/||p1||? > —1 and A/ ||p1]|? < —1.

* Mg =1

|||2 1—(1=B)A e |?
ﬂ,

First when A || g1 |||* > 1, we have < 1, which indicates that the condition

for mixed clean samples’ parameter % is relaxed. Meanwhile, for the mixed noisy samples
we have

14+ (1= 8)\ 2
o Z Ya,Yir 051 (€g;» &ir) > ( 5) el >1,

i’ #q;

—0g, - 1€,

which indicates that the condition is strengthened. Therefore, this case is an extension of the
second case of Situation 1 with strengthening some constraints. These constraints will not
result in a better solution than Situation 1. The following proof is the same as Situation 1
and we omit it for convenience.

C 1 N2 = -1

In this case, the constraints for both mixed clean and noisy samples are strengthened. So
this can be taken as an extension of the first case in Situation 1 with strengthening some
constraints. The following proof is the same as Situation 1 and we omit it for convenience.

* Ml < -1

In this case, the constraints are strengthened for mixed clean samples while relaxed for the
mixed noisy samples. So we consider it as the extension of Situation 2 when \; ||p1]]? < —1
with strengthening some constraints. The following proof is the same as Situation 2 and we
omit it for convenience.

Therefore, we complete the proof for all possible situations. O

Training and Test error analysis

From Proposition @] we can derive the convergence direction of p and v, i.e. Py, and v,y,,,. Note
that Theorem[I7)does not depend on the selection of optimal tokens, so it still holds in this case when
optimal tokens are noise tokens for all samples. We restate it here for convenience:

Theorem 53. Suppose that Assumption[9 holds, with probability at least 1 — 6 on the training dataset,
we have
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* the margin induced by pr/R in p-SVM is at least (1 — {)Z, where

_ log(4+/(1 + %) d||Vmm [|*dp?)
B R=

(1+k)d

* the label margin induced by v,./r in v-SVM is at least (1 — )T, where v = W

Then we could estimate the test error in this case. From Theorem 53] we have

ph(& — pi) > (1—RE,Vi € [n] (71)

yiv, & > (1—7)I'r,Vi € [n]. (72)

Here ¢, v, Z, T are the same as the definition in Theorem[53] Similarly, we have the following lemma
for ¢, .

Lemma 54. Suppose that Assumption 9 holds, with probability at least 1 — § on the training dataset,
consider the same setting in Theorem|l7} we have ( < 0.2 and v < 1.

Proof of Lemma First we upper bound ||p,,.,,||. Consider the following possible solution p:
~ &i
= 2=. 73
p=2.23 (73)
i€[n]
We then proved that p satisfies (63)). For Vk € [n], we have

P (& — pr 225”5’“>>21—n Z

1€[n] [n],i#
2
> 91— ) + 2n\/dlo§(6n /5) > 1

The first and second inequalities are from Lemma 57} The last inequality is from Assumption[9}

Therefore, the max-margin solution p,,,, must have no greater norm than p. So we can upper bound
Dmm aS

Pl < 1517 = 5 (S l&l?+ X (680
i€[n] i,JE[n],iF#]

> (14 k)nd + 2n*y/dlog(6n2/6)) < 5n

&‘ﬂ;

The second inequality is from Lemmal[57} The last inequality is from the definition of d in Assumption
9

Then from the definition of ¢ in Theorem[I7} we have

log(4+/(1 + K)d||Vmm||Pdp? n/d
_ eV Mllomm D) 6, VI g 4 /T R )
/ 3
< Cy n/d log <n> < 0.2.

R d

Here C, Co = O(1). The first inequality is from 2~ = ||pym|| < 1/5n/d; The second inequality
is from the upper bound of ||y, || in Lemma[48]and the last inequality is from the definition of R in
Assumption[9} And for y, we have
_ 2M — M [V <! d-(n/d)
Texp(1-Q)RE) — exp(R/vmml) = exp(R/+/n/d)

Here C1, C, = ©(1). The first inequality is from the lower and upper bound of ||v,., || in Lemma
[28]and the last inequality is from the definition of R in Assumption[3}
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Then we have the following lemma to estimate the innerproduct of pr and signal token:
Lemma 55. Suppose that Assumption |9 holds, with probability at least 1 — & on the training dataset,
we have
(PR 1) < 0.9(1 = Q)RS
forj e {1,2}.

Proof of Lemma[53] First we use contradiction to prove for the lower bound. Assume that
(PR, 1;)| > 0.9(1 — ()R=. We can estimate ||pr|| as

lprl® > (0.9(1 = O)RE)?/p* > (0.52%/p®) - R? > (0.1d/np?) - R* > R?.

The second inequality is from Lemma[54]; The third inequality is from Z2 = ||pyn,, || 72 > d/(5n);
The last inequality is from our SNR condition p = o(4/d/n). This leads to a contradiction.

O

From Lemma 1] we can denote v, as

v = Mg+ Aapa + Y yibids.

1€[n]
Denote vg = Zie[n] y:0;&; as the noise part of v,.. Then we prove that pg, v¢ are near orthogonal

Lemma 56. Suppose that Assumption 9 holds, with probability at least 1 — 6 on the training dataset,
we have

(PR, ve)| < c

for some constant ¢ € (0, 1).

Proof of Lemma First plugging in the parameters in v¢ we have

(Pr,ve) = > yibipR&:
> Oipp&i— Y Oippéi

yi=+1 yi=—1
(n11 + n21) (max 0;) (RZ + O(Rp)) — (mz + nz2) (min6;)((1 = O RE= — O(Rp))

< (n/2)(max 0; — min 0;) RZ + O(y/n)(max ;) RE + n(max 6;) (CRZ + O(Rp)) .

IN

I I I3

The first inequality is from Theorem.that 1 - (QRE<ph(& —pi) < REand pyp; = O(Rp)
and the second inequality is from Lemma@} Then we bound I; ~ I3 respectively. For 11, we need
to first bound 6;. From Theorem[53] we have

(1=)r <y, & <Tr,Vi e [n].
Denote j = argmax; 6;, we have

y;v,) & > 0;]1&;]|* + nbj\/dlog(6n2/8) > 0;((1 — k)d + n\/dlog(6n2/3)).

Therefore, we can upper bound 6; as

yj'vrTEi < FT
(1 — k)d 4 ny/dlog(6n2/8) ~ (1 — k)d + ny/dlog(6n2/5)

0; < (74)

Then we can lower bound 6; as

r \/W
Y;v T€z§0|‘£z||2+n9 leg n2/5 1-|-/§ dg + rm Og( n / ) ]
(1 — k)d + ny/dlog(6n2/5)




Therefore,

6. > (1 =91 = 8)T'rd — 4T'rn/dlog(6n?/9)
T (14 k)d(1 = K)d+ ny/dlog(6n2/5)

So we can estimate I; as

I < (nRZ/2) - ( L (1=9)(1 = R)rd — yLrny/dlog(6n?/5) >

(1 = K)d + ny/dlog(6n?/f) (14 k)d(1 — K)d 4+ n\/dlog(6n?/0)
1 - A=n=k) + ynlog(6n?/5)
< RvVnd/2 - Tr- ( Ltn (Lr)d )

(1 — k)d + ny/dlog(6n?/6)

< Rr(k +7).

The second inequality is from & = ||pmm| = ©(y/d/n) and the last inequality is from I' =

H'UmmH_l = @(\/W)

Then we bound I>. From we have max; 0; = O(I'r/d). Therefore,
I, < O(y/n)O(T'r/d)RE < Rr - O(1//n).
The last inequality is from ', = = ©(,/d/n).
Last we bound I3 as
I3 =nO(T'r/d)(CRE + O(Rp))

< 6(r/n/d)(10g(4/ T+ K)d[Vmml*dp?) + O(Rp))

< Rr-O(py/n/d).
The first inequality is from I', = = ©(1/d/n) and the last inequality is from Assumption@

Combining the results above, we have

(Pr,ve) <Ii + I+ I3 < Rr-O(y/1/n+py/n/d) <c

for sufficiently large d and n. Here the last inequality comes from Assumption [9] O
With the lemmas above, we could prove for the main theorem

Proof of Theorem First we show that the model can perfectly classify all training samples. From
Theorem[T7] we have

yiv, v = yiBiv, & +yi(1 = Bi)v, pi > Bi(1 —7)Ir — 0.9(1 = ;) (1 —~)Tr >0,
for Vi € [n]. The last inequality is from Lemma[54] Thus y; = sign(f(X;; pr,v,)) forall i € [n].

Then we bound the test error. This is equivalent to estimate y - f (pr, v,-; X ) and we could write it as

_exp((pr, )0 1 + exp((pr, €'))v €

VIR vn X) =y (. ) + exp((pr. €7))

We first upper bound the term y - exp((pg, p'))v,’ p’. From Theorem[53] the non-optimality of i-th
sample is

exp((Pr, pi)) < 1
xp((pr a)) + exp((pr &) — 1+ exp((1— QER)

The last inequality is from the first statement in Theorem [53] Consider the sample that contains the
same signal token as p’, we have

1- 8=

forall i € [n].

exp((Pr, llfi>)vrTHi

(1= Bi)v, p; exp((pr, i) + exp((pr, &)’
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Therefore,

. Ny T 1! < Wi T | < SPUPR, pi)) + exp((Pr; &i))
y - exp((Pr, '))v, p' < exp((Pr, pa))| v, pi| < |+ exp((1= OZR)
2exp((pr, &) 2exp(ER) o
— exp((1 - ¢)ER) exp((1-¢Q)ER) ™"
< 2exp(CER) - pr = (4y/ (1 + K)d|[vyml[*dp?) - pr < Cn*?p*r (75)
for some constant C' > 0. Here the third inequality is from p;(& — ;) > 0; The fourth inequality

is from the fact that (pgr, &;) < ZR and the last inequality is from ||v,.|| < r,||p:|| < p. Then we
can bound the test error as

P(y - f(pr,v,; X) <0)

v, il

: |”rTNz‘| <

P(y - exp((pr, 0'))v, b’ +y - exp((pr,&))v, & <0)

=P
> P(y - exp({pr. &))v, & < —Cn®/2p%r)

P

> 1Bl < O Cu e | pa/R€) € 1/C.C))
1(1 _cC+ Cexp(—R/C)n3/?p? S 1

T 42 om(1 — ¢2) 160

The first inequality is from (73)); the second inequality use the fact that there exists a constant C' > 0
such that P(N(0,1) € [1/C,C]) > 1/4; the third inequality comes from Lemma [60] and the last
inequality uses Assumption 9] O

A.6 Supplement Lemmas

Here we list some technical lemmas for the main proof.

Lemma 57. (Properties of Training Data) Suppose that § > 0 and k = O(y/log(6n/d)/d) =
O(1/+/d) .Then with probability at least 1 — 6, we have

(1-r)d < [I&l3 < (1 +r)d
[(€i,&5)] < 2+/dlog(6n?/5)
Sforany i, j € [n].

Proof of Lemma By Bernstein’s inequality (see Theorem 2.8.1 in|Vershynin|(2018))), with proba-
bility at least 1 — ¢/(3n) we have

1&ll3 — dI = O(v/dlog(6n/5)).
Therefore, there exists k = O(4/log(6n/d)/d) that
(1 - w)d < [l&13 < (1 + w)d.

Moreover, (§;,&;) has mean zero. For any ¢,j € [n] and ¢ # j, by Bernstein’s inequality, with
probability at least 1 — §/(3n2) we have

[(€i,&5)] < 2+/dlog(6n2/6).

Applying a union bound completes the proof. O

Set § = 6m exp(—d/4C1n?) for any constant C; > 0, we can follow the proof of Lemma[57]and
conclude the next remark:

Remark 58. (Properties of New Test Sample) Let (X = (uy, &),y) ~ D. Then with probability at
least 1 — 6n exp(—d/4C1n?), we have

foranyi € [n].
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Lemma 59. With probability at least 1 — 6,

1 1
|IC] = n(1—n)| < \/log(5); [N = nn| < \/log(5);

n(l—mn) 1 nn 1 .
e S P =) =2 < = —1.9.
||C,| 5 | < nlog(é), ‘|./\/1| 5 ’ < nlog(5)7 i=1,2

Proof. Note that |C| ~ Binom(n, 1 — n). Applying Hoeffding’s inequality, we have

2
P(|[C] - (1 - n)n‘ >t) < 2exp(—2%).

Lett = y/nlog(1/0). We have that with probability at least 1 — ¢,

I3

|IC] = (1 = n)n| < /nlog(<).

Similarly, note that |[N'| ~ Binom(n,n),|C1| ~ Binom(n, (1 — 1)/2),|C2| ~ Binom(n, (1 —
n)/2),|N1| ~ Binom(n,n/2) and |N3| ~ Binom(n,n/2), we have that each of the following
events holds with probability at least 1 — §:

1 1
el =n(1 =] < \fnlogy NI = o] < fmton( by
e —n(1—n)/2] < \[mloa(5), i=1,2;

||V —nn/2| < nlog(%), i=1,2.
O

Lemma 60. Suppose X ~ N(0,1,), and v,p € R? are two vectors with ||v|| = ||p|| = l,v'p < ¢
for some constant ¢ € (0, 1). Given some constant C > 1, for z < 0,

1_ 1 cC—=2
2 V2rV1-—¢2

Proof of Lemma[60} Denote z,, = v' X ~ N(0,1),2, = p' X ~ N(0,1). Then we have z,, ) ~
N(0,1). Denote the covariance between ., 2, by ¢, then we have

Pv'X <zlp' X € [1/C,C)) >

co = Cov(z,,z,) =v' Cov(X)p=v'p<c

d
Ty = coxp +1/1 — Br,

where r ~ N(0, 1) is independent of z,,. It follows that

Note that

1 Z = CoTp 1 z—cC 1 1 cC—-2z
— = - = — > — .
]P)(17u<z|:cp€[c,0]) P(r < 1icg|zp€[C,C])_P(r<m)_2 TV
O
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