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Abstract

In this paper, we study the finite-time behav-
ior of the TD(0) temporal-difference method
with linear function approximation (LFA).
We consider on-policy independent and iden-
tically distributed (i.i.d.) samples, a constant
learning step, and the Polyak-Juditsky aver-
aging method. We establish a new conver-
gence rate, for the Mean-Square Error (MSE)
on the approximated function, that is (i) fast
in the sense that it admits an optimal depen-
dency in the number of iterations k (i.e., of
order 1/k), (ii) is robust to ill-conditioning: it
only depends on an initial error and model-
independent constants and (iii) is sharp up
to a multiplicative constant lower than 11. In
particular, it does not depend on the smallest
eigenvalue of the uncentered covariance ma-
trix of the linear parametrization, unlike all
pre-existing O(1/k) rates in the TD(0) liter-
ature. We also introduce PCTD(0), a variant
of TD(0), which benefits from better conver-
gence properties under an additional assump-
tion of strong mixing on the Markov Chain.

1 INTRODUCTION

Temporal Difference (TD) learning (Sutton, 1988; Sut-
ton and Barto, 2018), is a fundamental algorithm in
reinforcement learning (RL) for estimating the value
function associated with a policy. Among the var-
ious TD variants, the TD(0) algorithm stands out
for its simplicity and practical efficiency, particularly
when combined with linear function approximation
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(LFA). Despite its widespread empirical success, ob-
taining sharp non-asymptotic convergence guarantees
for TD(0) remains a significant theoretical challenge.

When used with LFA, TD(0) enters the more general
framework of linear stochastic approximation (LSA)
methods. Since the early work of Robbins and Monro
(1951), it has been known that stochastic approxima-
tion (SA) schemes can achieve a O(1/k) behavior un-
der strong convexity assumptions, but these guaran-
tees heavily depend on the constant of strong convex-
ity. Later developments, such as the “robust SA” and
mirror-descent approaches of Nemirovski et al. (2009)
instead obtain non-asymptotic O(1/

√
k) bounds that

hold for general convex problems and no longer depend
on a strong convexity constant.

For practical SA algorithms, rates are in general either
fast or robust, but rarely both. The most famous and
impactful example of a fast and robust convergence
rate applies to SGD in a particular setting. While
many classical SGD analyses require strong convexity
to get O(1/k) rates, the breakthrough paper by Bach
and Moulines (2013) showed that in least-squares re-
gression, averaged SGD with a constant stepsize still
attains a O(1/k) convergence rate without any strong
convexity assumption, thus providing fast yet robust
guarantees in the non-strongly-convex setting.

In the whole field of RL, prior to our work, we are
not aware of any rate on a non-tabular sample-based
numerical method that is both fast and robust. For
TD(0) with LFA, existing non-asymptotic convergent
rates divide into two classes, aligned with the SA liter-
ature. The first one consists of fast O(1/k) rates, Lak-
shminarayanan and Szepesvari (2018); Bhandari et al.
(2018); Srikant and Ying (2019); Patil et al. (2023);
Samsonov et al. (2024); Mitra (2024), where the con-
stant in the O(1/k) can be arbitrarily large in practice,
especially for large dimensions where systems arising
from modern ML are most often ill-conditioned. The
dependence on the conditioning in the latter rates gen-
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erally appears through the smallest eigenvalue of the
uncentered covariance matrix of the linear parameter-
ization, that we denote ω. We qualify this constant
as being model-dependent, where the wording model
refers, in the usual statistical sense, to the choice of the
parameterization. It has to be noted that this ω ad-
mits the exact same definition as the strong convexity
in Bach and Moulines (2013), making the comparison
with this paper relevant.

The second class consists of robust rates, Bhandari
et al. (2018); Liu and Olshevsky (2021); Lee and
Orabona (2025). Even through they are of order
O(1/

√
k), they are often thought to lead to tighter

upper bounds in practice since they do not deteriorate
when ω tends to zero. On the smallness of ω, Bach
and Moulines (2013) write that “typical ML problems
are high dimensional and have correlated variables so
that [ω] is zero or very close to zero, and in any case
smaller than [O(1/

√
k)]. This then makes the non-

strongly convex methods better.”

In the relevant literature, the most popular conjecture
on the open question of whether or not a fast and ro-
bust rate is attainable seems to be the negative answer.
The second author in Bach and Moulines (2013), to-
gether with their coauthors in Samsonov et al. (2024),
wrote: “Note that the leading term of the bound in
[our first main result for TD(0) (with i.i.d. sam-
ples)] includes factors of [1/ω]. This dependence is
generally unavoidable if one aims to obtain the MSE
bound [on the approximated functions] that scales as
[1/k]”. Furthermore, while the main purpose in Lak-
shminarayanan and Szepesvari (2018) (which appears
in their title) is to obtain the sharpest rate on LSA
and TD(0) using the same averaging method as in the
present work, they did not attain a robust rate. They
even provide a lower bound that scales as ω−2 on the
MSE on the parameters (while we consider the MSE
on the approximated functions, similarly to Samsonov
et al. (2024), and others).

Contributions. Our main contributions are:

• Under standard assumptions, for learning rates
lower than 2(1−γ)

(1+γ)2 , we prove the first fast and ro-
bust convergence rate for TD(0), see Theorem 3.1.
Proposition 3.2 shows that this rate is sharp up
to a multiplicative constant lower than 11. This
significantly improves on existing results as sum-
marized in Table 1.

• In Theorem 3.3, we prove another convergence
rate that benefits from the largest range of ad-
missible learning rates in the literature up to our
knowledge, namely α < 2

1+γ . Unlike the former
rate, it is not robust but it remains faster than

any existing rate prior to this work. We also prove
that for α > 2

1+γ , convergence of TD(0) may fail.

• We propose two methods to reduce the depen-
dence on (1 − γ)−1 of our robust rates when the
transition operator of the Markov Chain admits a
positive spectral gap g > 0. In the first method,
we consider different learning rates for the con-
stant part of the parametrization and the rest,
see Theorem 3.5. For the second one, we intro-
duce PCTD(0) which uses the differences of two
independent copies of the Markov Chain to obtain
centered feature maps. This allows one to: ( i)
consider γ larger than one; ( ii) get a convergence
rate independent of (1 − γ)−1 when γ ≤ 1 (but
dependent of g−1 that may be large in practice).

• For a more general class of LSA methods, which
satisfy Assumptions LS1-LS3, we prove a con-
vergence rate in O(1/k) with a dependence onto
the model only appearing in a faster converging
O(1/k2) term, see Theorem 4.2.

Notations. The euclidean norm on Rd is denoted by
| · |, using the same symbol as the absolute value for
real numbers and modulus for complex numbers, by a
slight abuse of notations. The set of d×d-sized square
matrices is denoted by Rd×d. The operator norm on
Rd×d associated with the euclidean norm is denoted
∥ · ∥op, and the Frobenius norm is denoted ∥ · ∥F . For
S1, S2 two symmetric matrices, the notations S1 ≤ S2

means that S2 − S1 is positive semi-definite (similarly
we define ≥, < and > on the set of symmetric matri-
ces). If S is a symmetric positive semi-definite matrix,
its square root is denoted by S

1
2 .

2 RELATED WORKS

2.1 TD(0) with LFA

The literature corpus of theoretical analyses of TD-
learning is rich and has continuously developed over
the past thirty years. The tabular version of the TD-
learning algorithm was introduced by Sutton (1988),
with first convergence results. Later, Tsitsiklis and
Van Roy (1997) proved that TD(0) with LFA con-
verges with probability one, in the case of linearly
independent features, yet without an explicit conver-
gence rate. Lakshminarayanan and Szepesvari (2018)
proposed a non-asymptotic analysis in the i.i.d. sam-
pling setting, while Bhandari et al. (2018) proposed a
different analysis, applicable to the Markov sampling
setting. Around the same period, Dalal et al. (2018)
and Srikant and Ying (2019) derived alternative con-
vergence rates, and Khamaru et al. (2021) introduced
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Paper Type of error Step size Averaging Convergence rate

Bhandari et al. (2018) E[|v(X, θk)− v(X, θ∗)|2] O(K− 1
2 ) yes O(K− 1

2 )
E
[
|θk − θ∗|2

]
O(k−1ω−1) no O(k−1ω−2)

Srikant and Ying (2019) E
[
|θk − θ∗|2

]
O(k−1ω−1) no O(k−1ω−1)

Liu and Olshevsky (2021) E[|v(X, θK)− v(X, θ∗)|2] O(K−1/2) yes O(K−1/2)

Lee and Orabona (2025) E[|v(X, θK)− v(X, θ∗)|2] O(K−1/2) yes O(K−1/2)

Dalal et al. (2018) E
[
|θk − θ∗|2

]
O(k−β) no O(k−βω−1eC(1−β)−1ω

− 1
β

+1

)

Lakshminarayanan and
Szepesvari (2018)

E
[
|θk − θ∗|2

]
O(1) yes O(k−1ω−2)

Patil et al. (2023) E
[
|θk − θ∗|2

]
O(1) yes O(k−1ω−2)

Mitra (2024) E[|v(X, θk)− v(X, θ∗)|2] O(1) yes O(k−1ω−2)

Samsonov et al. (2024) E[|v(X, θk)− v(X, θ∗)|2] O(1) yes O(k−1ω−2)

Our Theorem 3.1 E[|v(X, θk)− v(X, θ∗)|2] O(1) yes O(k−1)

Our Theorem 3.3 E[|v(X, θk)− v(X, θ∗)|2] O(1) yes O(k−1ω−1)

Table 1: Different rates of convergence in expectation from the state of the art on TD(0) with i.i.d. samples. On the first,
fourth and fifth lines, K is the total number of iterations, that has to be known before starting the computations. For Dalal et al., β ∈ (0, 1)
is a fixed parameter, observe that: letting β tend to one makes the term in the exponential blow up; taking β not near one implies that the
dependency with respect to ω−1 is exponential. Some poly-logarithmic dependencies are omitted in the rates for simplicity. Note that some,
but not all, results presented in the table also apply to the Markov sampling setting.

a variance-reduced variant of TD(0). Exploring differ-
ent approximation schemes, Cai et al. (2019) proposed
an analysis of a version of TD(0) where approximation
is done using a finite-width one-hidden layer neural
network, while Berthier et al. (2022) studied a non-
parametric version of TD learning, using an infinite-
dimensional linear approximation scheme. More re-
cent analyses of TD(0) include those by Mitra (2024),
Samsonov et al. (2024), Liu and Olshevsky (2021), Lee
and Orabona (2025) and Patil et al. (2023).

These analyses essentially differ in a few crucial ele-
ments: the obtained convergence rate – fast or slow
– often related to the choice of the learning rate, the
dependence on unknown model-dependent quantities,
the coverage or not of the Markov sampling scheme,
and the potential need for projection. We detail below
some of these elements.

2.2 Convergence rates

An important criterion to compare different analyses
is whether or not, and how, the required learning rates
and obtained convergence rates depend on quantities
defined by the approximation model. While some de-
pendence on the problem instance, like the initial error
or the variance of the samples, is inevitable, a depen-
dence on the model is usually unwanted. Indeed, such
constants are typically unknown to the user, which
might complicate the practical implementation of the
method. Moreover, if such a dependence is present in
the rate, it might become arbitrarily slow, typically
as the dimension of the model grows. On the con-
trary, a rate is called robust if it does not depend on
such model-dependent quantities. Such rates often ex-

tend to infinite-dimensional, universal approximation
schemes, like in Berthier et al. (2022), which in turn
remove approximation errors.

More specifically, in this paper, we study the mean
squared error (MSE) in the setting of on-policy i.i.d.
samples, which optimal convergence rates admit upper
bounds proportional to 1/k, where k is the number of
iterations (Bhandari et al., 2018; Lakshminarayanan
and Szepesvari, 2018; Patil et al., 2023; Samsonov
et al., 2024). In Bhandari et al. (2018), the 1/k-
convergence rate is impractical because the learning
rate depends on an intractable problem-specific con-
stant, namely, ω that will be introduced later and was
already discussed in Section 1. After that, it became
an important issue for subsequent authors to use uni-
versal learning steps, that do not depend on ω or other
intractable constants. Such a goal was achieved by
Lakshminarayanan and Szepesvari (2018); Patil et al.
(2023); Samsonov et al. (2024); Mitra (2024), whereas
all their convergence rates kept on depending on ω.

Table 1 shows the explicit dependency on ω of some
of the state-of-the-art convergence results. On the one
hand, arbitrarily small ω may significantly weaken the
rates from the above listed works. On the other hand,
Bhandari et al. (2018) proved another convergence re-
sult with a rate independent of ω and any model-
dependent constants, at the price of reducing the speed
of convergence in k, to O(1/

√
k). Later works by Liu

and Olshevsky (2021); Lee and Orabona (2025) ob-
tained similar rates. Let us point out another com-
mon inconvenience of the latter three results: they re-
quire to know K the total number of iterations before
starting the computations, in order to take a constant
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learning step of order O(1/
√
K). This implies that:

(i) the rate is not guaranteed anymore if we increase
the number of iterations afterwards; (ii) the learning
can be slow at the beginning since the learning step is
small for large K. As it will appear in our main result,
Theorem 3.1, our rates do not suffer this issue.

2.3 Sampling schemes

In the literature, the convergence results for TD(0)
with linear function approximation can be divided into
two groups depending on the assumptions made on
the data. In the first case, we assume that the sam-
ples used to compute the TD(0) iterates are i.i.d., di-
rectly sampled from the invariant distribution of the
Markov chain. Whereas in the second situation, it
is assumed that the samples are obtained from follow-
ing the exponentially mixing Markov Chain associated
with the dynamics. This case introduces a major diffi-
culty: two consecutive samples are usually correlated,
which introduces some complications in the analysis,
handled by coupling arguments. Consequently, many
analyses in the Markov sampling setting require to
actively bound the iterates, which is usually ensured
by adding a projection to the TD updates (Bhandari
et al., 2018). Recent works suggest that this projection
is not mandatory to obtain convergence (Samsonov
et al., 2024; Mitra, 2024; Lee and Orabona, 2025).

In the present paper, we stick to the i.i.d. sampling
setting. This choice is motivated by the simplicity
of the analysis and the fact that it is often closer to
practitioner’s settings, where the samples can be ob-
tained offline, or replayed using buffers, and do not
necessarily strictly follow a trajectory. For instance,
both AlphaGo Zero (Silver et al., 2017) and its open-
source reimplementation (Tian et al., 2019) used a re-
play buffer with a size of 500, 000 games (then, on av-
erage, a game contains more than 200 moves). In such
a situation, two consecutively drawn samples have a
probability of around 1/500, 000 to be not indepen-
dent, so the sampling is much closer to an i.i.d. model
than to a single Markov trajectory. Finally, an impor-
tant take-home message from the wide TD literature
is that the convergence rates obtained in the Markov
case do not significantly differ from the i.i.d. case, ex-
cept for the introduction of a multiplicative factor due
to mixing. For all these reasons, extending our present
analysis to the Markov setting is left for future work.

3 CONTEXT AND MAIN RESULTS

3.1 Mathematical setting

For (Xℓ, Rℓ)ℓ≥0 a Markov Reward Process (MRP), we
consider the problem of policy evaluation, consisting

in approximating the value function V defined by

Vγ(x) = E

[ ∞∑
ℓ=0

γℓRℓ

∣∣∣X0 = x

]
, (1)

for γ ∈ [0, 1), where Rℓ is the reward at step k and the
law of (Rℓ, Xℓ+1) is given by some probability kernel
((r, x′) 7→ P (x, r, x′))x∈X ∈ P(R × X )X . In particu-
lar, (Xℓ)ℓ is a Markov chain of probability transition
(Px′(x, ·))x∈X ∈ P(X )X , where Px′(x) is the second
marginal of P (x) and Pr(x) its first one. The value
function satisfies the Bellman equation

Vγ(x) = E [R+ γVγ(X
′) | (R,X ′) ∼ P (x)] . (2)

Our goal is to approximate Vγ using a parameterized
function v(·, θ) where θ ∈ Rd is the parameter that we
will learn. We make the following assumptions:

TD1 The Markov Chain induced by Px′ admits an in-
variant probability measure m and we access i.i.d.
samples (Xk, X

′
k, Rk) with m being the law of Xk.

TD2 The second moment of Pr(x) is uniformly
bounded, i.e., CR := supx∈X ER∼Pr(x)[R

2] <∞.

TD3 The parameterization is linear, i.e., v(x, θ) =
θ⊤φ(x) where φ : X → Rd are linearly indepen-
dent on the support of m and satisfy |φ| ≤ 1.

Let us define the uncentered covariance matrices:

Σ0 = E
[
φ(X)φ(X)⊤

]
and Σ1 = E

[
φ(X)(φ(X)′)⊤

]
.

The linear independence from Assumption TD3 im-
plies that Σ0 is symmetric positive definite. Let ω > 0
be its minimal eigenvalue, that was already discussed
in Sections 1, 2. Consider U = Σ

− 1
2

0 Σ1Σ
− 1

2
0 , we have

Σ1 = Σ
1
2
0 UΣ

1
2
0 with ∥U∥op ≤ 1,

as a consequence of the Cauchy-Schwarz inequality.

Under Assumptions TD1-TD3, the TD(0) algorithm
consists in the following iterative method, from an ini-
tial parameter θ0 and for k ≥ 1:

θk = θk−1 − αδkφ(Xk),

where δk = v(Xk, θk−1)− γv(X ′
k, θk−1)−Rk is named

the temporal difference. As is usual in the literature,
we do not consider the convergence of θk itself, but of
its Polyak-Judistky averaging, denoted θk, defined by

θk =
1

k

k−1∑
i=0

θi.
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Under convenient choice on the learning step α, it is
known that θk converge to θ∗, which satisfies

H0θ
∗ = b0,

where H0 = (Σ0 − γΣ1) and b0 = E [Rφ(X)]. The
value function associated with θ∗ is the unique solution
of the projected Bellman equation,

v(·, θ∗) = Π{θ⊤φ}
(
x 7→ E(X′,R)∼P (x) [R+ γv(X ′, θ∗)]

)
,

which is similar to the Bellman equation (2) with
an additional projection step onto the set of admis-
sible functions. In particular, if the actual value func-
tion V belongs to the set of admissible functions, we
get V = v(·, θ∗) by uniqueness of the solution of the
projected Bellman equation. Otherwise, the projec-
tion step generally introduces an approximation error.

3.2 Convergence rate of TD(0)

See Figure 1 for an overview of the results stated in
this section. Our main result writes as follows.
Theorem 3.1. Assume TD1-TD3. For γ ∈ [0, 1),
define α0(γ) =

2(1−γ)
(1+γ)2 and α1(γ) =

2
1+γ > α0(γ). For

0 < α < α0(γ), and k ≥ 1, we have

EX∼m
[
|v(X, θk)− v(X, θ∗)|2

]
≤ 1

(1− γ)2k
 |θ0 − θ∗|2

2
(
1− α

α1(γ)

)
α

1−γ

 1
2

+

(
deσ2

0(1 + εk,γ)

1− α
α0(γ)

) 1
2


2

,

with εk,γ = 4
k(1−γ) + 3(1 − γ) + 10

k + 2
k(2−(1+γ)α) ,

σ2
0 =

∥∥x 7→ E[δ(X,R,X ′, θ∗)2 |X = x]
∥∥
∞ and

δ(x, s, x′, θ∗) = v(x, θ∗)− γv(x′, θ∗)− s.

As is customary in SA, the above rate is the sum of a
bias term (which depends on |θ0 − θ∗|) and a variance
term (which depends on σ2

0).

Given the above rate, the interesting regime is for k ≫
(1−γ)−2. In this case and for γ near one, εk,γ is small.

As explained in the introduction, the above rate does
not depend on ω the smallest eigenvalue of Σ0, nor
on any constant that might generally be qualified as
model-dependent. The only two quantities in this rate
that are unknown a priori come from the mathematical
problem at hand. They are the initial error |θ0 − θ∗|2
and the quantity σ2

0 that is often referred to as a vari-
ance (since E [δ(X,R,X ′, θ∗)] = (Σ0−γΣ1)θ

∗− b = 0)
or a residual of the Bellman equation, at the limit θ∗.
We can easily bound σ2

0 using σ2
0 ≤ 4|θ∗|2 + 2CR, but

we think that this inequality is in general very loose.

Up to our knowledge, this is the first convergence re-
sult for TD(0) that states a rate which is optimal in k

and independent of ω at the same time. We refer to
Table 1 for the dependency on ω of some state-of-the-
art results in the setting of i.i.d. on-policy samples.

Observe that the upper bound in Theorem 3.1 gets
unbounded for α near α0(γ). In this case, it is standard
in SA to restrain further the range of α by a factor 1

2

and to consider only α ≤ α0(γ)
2 . Under this standard

regime, let us discuss the sharpness of Theorem 3.1.

Proposition 3.2. Consider the constant Markov
Chain on X = {1, . . . , d}, i.e. X ′ = X almost surely.
Take (Xk)k≥0 i.i.d. with X1 ∼ m, where m ≡ 1

d is the
uniform probability measure. Take (Rk)k≥1 i.i.d. with
R1 ∼ N (0, σ2

0) for σ2
0 > 0, and φi(x) =

√
dω1{i=x}

for ω ∈ (0, 1d ] and 1 ≤ i, x ≤ d. Assumptions TD1-
TD3 are satisfied and ω the smallest eigenvalue of Σ0.
Fix λ ∈ (0, 12 ] and α = λα0(γ), in the regime k → ∞,
γ → 1 and k(1− γ)αω → 5.5, we have

EX∼m
[
|v(X, θk)− v(X, θ∗)|2

]
≳

1

11(1− γ)2k
 |θ0 − θ∗|2

2
(
1− α

α1(γ)

)
α

1−γ

 1
2

+

(
deσ2

0(1 + εk,γ)

1− α
α0(γ)

) 1
2


2

,

This implies that our upper bound in Theorem 3.1 is
sharp up to at most equal to 11, for 0 < α ≤ α0(γ)

2 . We
refer to Corollary C.3 where we prove that our upper
bounds for the bias and variance terms are sharp up
to constants 1.25 and 2e respectively.

Observe that this proposition holds for any ω ∈ (0, 1)
and does not rely on examples with specific or ill-
conditioned structures; instead, our lower bound is
obtained on one of the the simplest examples one can
think of. Therefore, we believe that our upper bound
in Theorem 3.1 captures the real convergence speed of
practical computations of TD(0), on average and up to
a multiplicative constant that should not be too big.

Now, let us describe what happens when α ≥ α0(γ).

Theorem 3.3. Assume TD1-TD3. For γ ∈ [0, 1),
0 < α < α1(γ) =

2
1+γ and k ≥ 1, we have

Em
[
|v(X, θk)− v(X, θ∗)|2

]
≤ |θ0 − θ∗|2(

1− α
α1(γ)

)
α(1− γ)k

+
2d

(1− γ)2k

 ασ2
1(

1− α
α1(γ)

)
α0(γ)ω

+ σ2
0


×

3 +
1

2
(
1− α

α1(γ)

)
α(1− γ)ωk

 ,

with σ2
1 = Var(δ(X,R,X ′, θ∗)) ≤ σ2

0. Moreover, there
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Figure 1: Proven convergence behaviors depending on the learning
rate α. For 0 < α < α0(γ), we proved a robust and fast convergence
rate (Theorem 3.1) that is sharp up to a constant lower than 11
(Proposition 3.2). For α0(γ) ≤ α < α1(γ), we proved faster conver-
gence rate than any previous work (Theorem 3.3). For α > α1(γ),
we proved that TD(0) may diverge (Theorem 3.3).

exist an MRP and feature functions such that Assump-
tions TD1-TD3 are satisfied and, for any α > α1(γ),

lim
k→∞

Em
[
|v(X, θk)− v(X, θ∗)|2

]
= ∞ = lim

k→∞
E
[
|θk|2

]
.

Let us discuss the latter convergence result. In the
regime α < α0(γ), the rate is slower than that of
Theorem 3.1. However, it applies to a wider range
of learning rates. Furthermore, it is both faster and
valid for a broader range of α than any previously
known rate. To our knowledge, Lakshminarayanan
and Szepesvari (2018) allowed the widest range of
learning rates, namely α < 1, while Samsonov et al.
(2024) achieved the fastest rate (for α ≤ 1−γ

256 ), with a

variance term of order O(
ασ2

0

(1−γ)3ω2k ). In comparison,

we obtain O(
ασ2

1

(1−γ)3ωk ). Moreover, Theorem 3.3 shows
that this range cannot be extended further in general.

3.3 Reducing the dependence on 1− γ

In fact, |θ∗| generally grows as O((1 − γ)−1) when γ
tends to 1, see Lemma C.5. Therefore, the bias term
in Theorem 3.1 is of order O(k−1(1 − γ)−4). Here,
we propose a parameterization trick that allows us to
keep θ∗ bounded and get a O(k−1(1− γ)−2) rate.

td3 Let φ : X → Rd be linearly independent on the
support of m, with φ1 ≡ cγ and |φ(−1)| ≤ 1.

In fact, the latter assumption simply corresponds to
having a different learning rate for the constant part
of the parametrization and for the rest, as follows.
Lemma 3.4. For C > 0, TD(0) computes the same
value function in any of the following cases:

(i) td3 with cγ = C, θ0 and α > 0.

(ii) td3 with cγ = 1, θ̃0 := (Cθ0,1, θ0,(−1)) and α̃ =

diag(C2α, α, . . . , α) ∈ Rd×d.

Let us introduce the following standard assumption.

TD4 The Markov Chain admits a positive spectral gap,
i.e., there exists g > 0 such that, for any f ∈
L2(m) with E[f(X)] = 0,

Em
[
E[f(X ′) |X]2

]
≤ (1− g)Em

[
f(X)2

]
Observe that g is a priori unknown and may be ar-
bitrarily small in practice. However, it is model-
independent: it does not depend on the choice of the
feature maps φ but only on the Markov Chain itself.
Theorem 3.5. Assume TD1, TD2, td3 with cγ =
1

1−γ and TD4. For γ ∈ [12 , 1) and 0 < α < α2(γ) :=
2(1−γ)

1+(1+γ)2 , the rate of Theorem 3.1 applies with α0(γ)

replaced by α2(γ) and θ∗ uniformly bounded in γ.

3.4 Pairwise Centered TD(0) (PCTD(0))

Without loss of generality, the samples of Assumption
TD1 can be divided into two independent sequences
(Xk, X

′
k, Rk) and (X̃k, X̃

′
k, R̃k). We then define the

pairwise centered temporal difference (PCTD) as

δ̃k =
1

2
(v(Xk, θk−1)− γv(X ′

k, θk−1)−Rk)

− (v(X̃k, θk−1)− γv(X̃ ′
k, θk−1)− R̃k).

(3)

Then PCTD(0) is defined using the update rule

θk = θk−1 − αδ̃k(φ(Xk)− φ(X̃k)). (4)

Its eventual limit is θ̂∗ = Ĥ−1E[R(φ(X) − µ)] where
Ĥ := H − (1 − γ)µµ⊤ is invertible under TD4 if the
set of parametrized function does not contain 1.
Proposition 3.6. PCTD(0) is an instance of TD(0)
on the MRP defined on X × X by ((Xℓ, X̃ℓ), Rℓ −
R̃ℓ)ℓ≥0 with feature maps φ̃(x, x̃) = 1√

2
(φ(x) − φ(x̃)),

where (Xℓ, Rℓ)ℓ≥0 and (X̃ℓ, R̃ℓ)ℓ≥0 are two indepen-
dent copies of the MRP defined in Section 3.1. There-
fore, all existing results for TD(0) apply to PCTD(0),
for both i.i.d. and Markovian sampling schemes.

However, PCTD(0) has an important advantage over
TD(0): it is centered, i.e., Em⊗m[φ̃(X, X̃)] = 0.
Theorem 3.7. Assume TD1-TD4. The rates from
Theorems 3.1 and 3.3 hold with γ replaced by (1− g)γ
and the range of admissible γ becoming γ ∈ [0, 1

1−g ).

Observe that γ can be larger than one in the latter
theorem. Moreover, for γ ≤ 1, it yields the first con-
vergence rate independent of γ for a variant of TD(0)
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with general mixing Markov Chains up to our knowl-
edge. Indeed, Liu and Olshevsky (2021) claim to ob-
tain a slow rate of order O( 1√

k
) independent of γ, but

it is in fact only of order O((1− γ)−2k−
1
2 ) since it de-

pends on |θ∗|2 which is of order (1 − γ)−2 in general,
as proven in Lemma C.5.

Let us mention that most TD algorithms (such as
TD(λ)) admit a PC variant with properties similar
to Proposition 3.6 applying, allowing one to get con-
vergence results without further analysis. We believe
that in most cases, these variants benefit from better
convergence behaviors than their original versions, as
exemplified by PCTD(0) using Theorem 3.7.

4 RESULTS ON LSA

As is customary in the literature establishing conver-
gence rates of TD(0) with LFA and i.i.d. samples, we
will consider the larger class of linear stochastic ap-
proximation methods. To make a clear distinction
with the framework of TD(0) introduced in the pre-
vious section, we are going to use different notations.

The goal here is to approximate y∗ ∈ Rd satisfying

Hy∗ = b,

for some invertible matrix H ∈ Rd×d and vector b ∈
Rd. To do so, we are going to use the iterative method
described by, for some initial state y0, for any k ≥ 1,

yk = yk−1 − α(hkyk−1 − bk),

where α > 0 is the learning step, (hk, bk) are couples
of random variables in Rd×d × Rd. Let us assume

LS1 The symmetric part of H, denoted S := H+H⊤

2 ,
satisfies S ≥ µId for some µ > 0.

LS2 (hk, bk)k≥1 is i.i.d. with E[hk] = H and E[bk] = b.

LS3 There exist Σ ∈ Rd×d symmetric definite positive
and constants cΣ, β, β1, σ2 such that Σ ≤ cΣS and

E
[
hkh

⊤
k

]
≤ βΣ,

E
[
(hky

∗ − bk)(hky
∗ − bk)

⊤] ≤ σ2Σ,

E
[
h⊤k hk

]
≤ β1S.

Observe that we can always take Σ = S and cΣ = 1 in
the Assumption LS3; but, to obtain our sharper rates
on TD(0), we will need to take Σ and S distinct.

We first state a proposition that will be useful to prove
our main results on TD(0) as well as for our more
general result on LSA, Theorem 4.2 below.

Proposition 4.1. Under Assumptions LS1-LS3, for
0 < α < min(2c−1

Σ β−1, 2β−1
1 ), we have

E
[
(y⊤k − y∗)⊤Σ(yk − y∗)

]
≤

((
cΣ|θ0 − θ∗|2

α(2− αβ1)k

) 1
2

+

(
2σ2Sk

(2− αβcΣ)k

) 1
2

)2

.

and Sk ≤ c2Σ(3d+ S̃k), where Sk and S̃k are defined by

Sk =
1

k

k−1∑
j=0

∥∥∥(Id − (Id − αΣ
1
2HΣ− 1

2 )j
)
Σ

1
2H−1Σ

1
2

∥∥∥2
F

S̃k =
1

k

k−1∑
j=0

∥∥∥∥(Id − αΣ
1
2HΣ− 1

2

)j∥∥∥∥2
F

.

Our main convergence result on LSA methods is:
Theorem 4.2. Under Assumptions LS1-LS3, for
0 < α < min(2c−1

Σ β−1, 2β−1
1 ), we have

E
[
(y⊤k − y∗)⊤Σ(yk − y∗)

]
≤ 2cΣ|y0 − y∗|2

(2− αβ1)αk

+
2σ2c2Σd

k(2− αβcΣ)

(
3 +

1

α(2− αβ1)µk

)
.

Let us mention that this theorem is more general than
Theorem 3.1 in the sense that it holds for a larger class
of methods. However, its convergence rate is weaker:
only its leading term with respect to k is model-
independent, and there is an additional error term
that is model-dependent but admits a faster decay in
k−2. In the end, the rate is of order O(k−1 +µ−1k−2)
where µ is typically the smallest eigenvalue of S. Up to
our knowledge, the fastest convergence rates for LSA
methods proved in the literature of TD(0) with sim-
ilar assumptions are of order O(k−1µ−2) (see Laksh-
minarayanan and Szepesvari (2018); Samsonov et al.
(2024)), which makes our rate faster.

In the appendix, we present two extensions of this the-
orem. The first one, Theorem B.2, does not require the
third inequality in Assumption LS3, applies to learn-
ing rates α < 2

cΣβ
and admits a O(k−1 + µ−1k−2)

convergence rate, similar to that of Theorem 4.2. The
second extension, Theorem B.3, allows to take α < 2

β1

and admits a slower convergence rate of O(k−1µ−1).
Up to our knowledge, even this latter rate is faster
than any existing one prior to this work.

5 THE SPECIFIC CASE OF TD(0)

5.1 A first Kreiss-like convergence rate

Given Proposition 4.1, the remaining of the proof of
Theorem 3.1 relies on arguments from complex anal-
ysis and is highly technical. However, it is possible
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to get a robust O(k−1) rate much more easily. This
is what we will show in this subsection, in order to
illustrate the type of arguments we used to prove The-
orem 3.1. More precisely, this simpler result mainly
relies on a classical result from the literature known as
Kreiss’ Theorem, that we state here in the same formu-
lation as the one from Trefethen and Embree (2005).
Theorem 5.1 (Kreiss Theorem). Let Q ∈ Rd×d be a
matrix such that supk≥1

∥∥Qk∥∥
op
<∞, then we have

K(Q) ≤ sup
k≥1

∥∥Qk∥∥
op

≤ d eK(Q),

where K(Q) is the Kreiss constant defined by

K(Q) = sup
|z|>1

(|z| − 1)
∥∥(Q− z)−1

∥∥
op
.

In general, the Kreiss constant may depend on the
spectrum of Q, so the latter theorem cannot be used
to directly obtain a robust rate on LSA methods.
However, in the case of TD(0), we will be able to
bound the Kreiss constant of Q0 := (Id−αΣ

1
2
0H0Σ

− 1
2

0 )
uniformly with respect to the linear model. To do
so, we will use the specific structure of H0, that is
H0 = Σ

1
2
0 (Id − γU)Σ

1
2
0 , with ∥U∥op ≤ 1. For z ∈ C

with |z| > 1, we then get

(z −Q0)
−1 =((z − 1)Id + αΣ0 − γαΣ0U)

−1

=
(
Id − γα((z − 1)Id + αΣ0)

−1Σ0U
)−1

× ((z − 1)Id + αΣ0)
−1
.

On the one hand, using that Σ0 is symmetric positive
definite and the triangular inequality on C, we have∥∥(z − 1)Id + αΣ0)

−1
∥∥
op

≤ sup
λ∈Sp(Σ0)

1

|z − 1 + αλ|

≤ sup
λ∈Sp(Σ0)

1

|z| − (1− αλ)

≤ 1

|z| − 1
.

On the second hand, observe that∥∥α((z − 1)Id + αΣ0)
−1Σ0U

∥∥
op

≤
∥∥α((z − 1)Id + αΣ0)

−1Σ0

∥∥
op

= sup
λ∈Sp(Σ0)

αλ

|z − 1 + αλ|

≤ sup
λ∈Sp(Σ0)

αλ

|z| − (1− αλ)
≤ 1,

which implies that∥∥∥(Id − γα((z − 1)Id + αΣ0)
−1Σ0U

)−1
∥∥∥
op

≤ 1

1− γ
.

From the definition of the Kreiss constant and the
above inequalities, we get

K(Q0) ≤
1

1− γ
(5)

Assuming that Proposition 4.1 applies to TD(0) with
Σ = Σ0, β = 4, cΣ = 1

1−γ , β1 = 2, and σ2 = σ2
0 , we

obtain S̃k ≤ deK(Q0) ≤ de
1−γ and the following robust

O(1/k)-convergent rate:

Theorem 5.2. Under Assumptions TD1-TD3, for
0 < α ≤ 1−γ

8 , for k ≥ 1, we have

EX∼m
[
|v(X, θk)− v(X, θ∗)|2

]
≤ 2|θ0 − θ∗|2

(1− γ)αk
+

4σ2
0d

(1− γ)2k

(
1 +

d2e2

(1− γ)2

)
.

We do not consider this theorem as one of our main
results, since its convergence rate is loose compared to
the one of Theorem 3.1. We only presented it to show a
simple proof of a first model-independent O(k−1)-rate.

5.2 The additional argument for Theorem 3.1

One may prove that our upper bound on the Kreiss
constant (5) is sharp on the set of admissible matri-
ces Q0 obtained from instances of TD(0). Moreover,
it is known, see Trefethen and Embree (2005), that
the inequalities in Theorem 5.1 are sharp for general
power-bounded matrices Q. So one may ask: how can
the constants in the rate of Theorem 5.2 be improved
to get the one in Theorem 3.1? The response lies in
the fact that the right inequality from Theorem 5.1
is not sharp over the class of admissible Q0. In the
end, using the particular structure of H0 once more,
we obtain the subsequent proposition that is the last
missing part to prove Theorem 3.1.

Proposition 5.3. Assume TD1-TD3. For εk,γ and
Sk defined as in Theorem 3.1 and Proposition 4.1, for
α ∈ (0, 1−γ1+γ ), k ≥ 1, we have Sk ≤ de

(1−γ)2 (1 + εk,γ) .

Theorem 3.1 is then a direct consequence of the latter
proposition and Proposition 4.1 with Σ = Σ0, cΣ =
(1− γ)−1, β = (1 + γ)2, β1 = 1 + γ and σ2 = σ2

0 .

6 NUMERICAL SIMULATIONS

Convergence independent of ω We consider d =
3 and draw a random MRP on X = {1, 2, 3} with
ω = 1

3 × 10−j for 0 ≤ j ≤ 4 as described in Appendix
A.1. Figure 2 shows the convergence of the bias, the
variance and the total MSE error on the values.

Focusing first on the bias, we observe that each curve
exhibits a threshold, seemingly proportional to ω−1,
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(a) Bias (b) Variance (c) Total error

Figure 2: We take d = 3 with λ1 = 1 and λ2 = λ3 = 10−j/2 for 0 ≤ j ≤ 4, so that ω ∈ { 1
3 × 10−j , 0 ≤ j ≤ 4}. We use γ = 0.9 and

α = 1−γ
4 = 0.025. We draw the bias on the left (taking σ2

R = 0), the variance in the middle (taking θ0 = θ∗ = 0 and σ2
R = 1) and the

total MSE error on the right. The curves are averaged over 10 simulations for 2a and 1000 simulations for 2b and 2c, always with the same
transition matrix, initial parameter and matrices P,Q (that have been randomly drawn with αw = 1). In any case, the dashed pink line is
the smallest curve of the form y = C/x that upper bounds all curves from the same figure.

after which the bias decays quadratically in k. Before
this threshold, the bias stays below a bound of the
form y = C/x, with C apparently independent of ω.

For the variance term, it initially increases because too
little noise has been observed, then it decreases. It also
appears to switch between two envelopes of the form
y = C/x at an iteration count proportional to ω−1.

For the total error (which is upper bounded by twice
the sum of the bias and the variance terms), the bias
dominates at the beginning; once it enters its quadratic
decay regime, the variance eventually becomes domi-
nant. The crossover again occurs after a number of
iterations proportional to ω−1. Finally, all curves re-
main bounded by a function C/x with C independent
of ω, in agreement with Theorem 3.1.

7 CONCLUSIONS

In this paper, we derived a robust convergence rate of
order 1/k for the TD(0) algorithm with i.i.d. samples,
which uses a universal learning rate. The main argu-
ment behind these results lies in proving new Kreiss-
like estimates adapted to the particular structure of
TD(0). Such estimates describe the behavior of dy-
namical systems obtained by induction on a linear sys-
tem with a non-symmetric associated matrix. We also
derived a lower bound on the convergence of TD(0)
that matches our convergence rate up to a multiplica-
tive constant lower than 11. This lower bound is ob-
tained on simple examples, so that we believe that the
actual asymptotic behavior of TD(0) is accurately cap-
tured by our analysis. This belief is aligned with our
numerical simulations.

As a consequence, we proved with theoretical argu-
ments that the main limitation in the convergence of
TD(0) is in fact the smallness of (1−γ). Without fur-
ther assumptions, under the regime of our main result,
Theorem 3.1, the part of the error identified as the bias

is of order O((1− γ)−4k−1), while the variance part is
only of order ((1−γ)−2k−1). When the Markov Chain
is strongly mixing, we propose two methods to reduce
the latter dependence. Among them, the second one
is particularly promising. It consists of introducing a
variant to TD(0) that we name PCTD(0) that can be
computed for γ = 1 and which admits robust and fast
convergence rate independent of (1− γ)−1.

Along with this main result, we developed related
bounds for general LSA schemes and obtained a con-
vergence rate of order 1/k with a model-independent
leading term, where the dependency on the model lies
in a faster converging term in 1/k2.

While such results significantly improve our under-
standing of the behavior of TD(0), several open ques-
tions remain:

1. Defining αrob(γ) > 0 as the supremum of learning
rates that allow robust and fast convergence in the
present regime, we proved that α1(γ) ≤ αrob(γ) ≤
α2(γ). Can we characterize αrob more precisely?

2. Is it possible to adapt the main result to infinite-
dimensional linear approximation, so that one
could potentially combine optimal rates and uni-
versal approximation?

3. Can the proof be extended to the Markovian sam-
pling setup, and is it possible to keep similar rates,
only affected by mixing constants? Alternatively,
is it possible to identify fundamental limitations
in the Markovian setup hindering such results?

4. Do such proof techniques adapt to other, more
complex algorithms in reinforcement learning be-
yond policy evaluation, such as SARSA, Q-
learning, or actor-critic methods?
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throughout the article.
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all theoretical results. [Yes] All assumptions
are explicitly introduced before each result.
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ther in the supplemental material or as a
URL). [Yes]

(b) All the training details (e.g., data splits, hy-
perparameters, how they were chosen). [Yes]

(c) A clear definition of the specific measure or
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cloud provider). [Yes]
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(IRB) approvals if applicable. [Not Appli-
cable]

(c) The estimated hourly wage paid to partici-
pants and the total amount spent on partici-
pant compensation. [Not Applicable]



A Additional information on the numerical simulations

All experiments were run on a standard personal laptop (Intel Core i7, 32 GB RAM) using only CPU. Total
computation time amounted to a few hours.

A.1 Non-reversible MRP with fixed eigenvalues

In this section, we describe how we create MRP with the following properties:

1. we can fix the spectrum of Σ0: it is particularly useful to illustrate the independence of the convergence
with respect to ω the smallest eigenvalue of Σ0.

2. It is not reversible. Indeed, we believe that reversibility is both unrealistic and overly simplistic. For
reversible MRPs, the theoretical analysis becomes significantly simpler. In this case, most of the matrices
involved are symmetric and commute with one another. As a result, one can obtain results similar to those
proved in the main body of this article with considerably less effort. In particular, much of our theoretical
analysis becomes unnecessary, especially the part relying on complex analysis.

3. It is random.

The Markov chain. We take {1, . . . , n} as the state space and T ∈ Rn×n as the transition matrix. Recall that
T is stochastic by definition, i.e., its coefficients are nonnegative and the sum of any row equals one. Here, we
make the additional assumption that T is bistochastic, i.e., any column sums to one as well. This implies that the
uniform distribution m = 1

n is invariant. For n ≤ 2, any bistochastic matrix is in fact symmetric which implies
that the Markov Chain is reversible. For this reason, we always assume n ≥ 3 when working with bistochastic
matrices.

It is well-known that the set of bistochastic matrices is exactly the convex hull of permutations matrices and
therefore is of dimension (n− 1)2. Therefore, using Carathéodory’s theorem, we can draw T of the form we can
randomly draw a bistochastic T of the form T =

∑(n−1)2+1
i=1 wipi, where (pi)i are permutation matrices and w

follows a Dirichlet distribution Dir(αw, . . . , αw) for some αw > 0. The support of the latter random variable is
the whole set of bistochastic matrices.

The reward process. We simply take (Rk)k≥0 i.i.d. with R1 ∼ N (0, σ2
R). In particular, the noise does not

depend on the state of the Markov Chain. This implies that θ∗ = 0.

The linear parametrization. We have to take d ≤ n in order for the linear independence of the feature
maps to be possible. Since the number of states is finite, the feature maps can be represented using the matrix
Φ := (φi(j))1≤i≤d,1≤j≤n. Consider its singular value decomposition Φ = PDφQ

⊤, where P ∈ Rd×d, Q ∈ Rn×n
are orthogonal and Dφ = diag(λ1, . . . , λd) ∈ Rd×n with 1 ≥ λ1 ≥ · · · ≥ λd > 0. Observe that, with the above
assumption on the transition matrix, we have

Σ0 = ΦDmΦ⊤ =
1

n
PDφD

⊤
φP

⊤,

where Dm = 1
nIn is the diagonal matrix with the invariant distribution as diagonal coefficients. Therefore, the

eigenvalues of Σ0 are given by λ2i /d for 1 ≤ i ≤ d. Moreover, the boundedness condition of Assumption TD3
holds since |φ(j)|2 = (QD⊤

φDφQ
⊤)j,j ≤ λ21 ≤ 1.

To randomly draw a matrix Σ0 with fixed spectrum (
λ2
i

n )1≤i≤d, it is then sufficient to randomly draw P,Q. We
do so by computing the singular value decomposition of a randomly drawn matrix in Rd×n with i.i.d. coefficients
distributed according to U(−1, 1).

The initial condition θ0. When we are only interested in the variance part of the error, we take θ0 = 0.
Otherwise, each coordinate of θ0 is drawn uniformly over [−1, 1].
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(a) Bias (b) Variance (c) Total error

(d) Bias (e) Variance (f) Total error

Figure 3: We use similar parameters as in Figure 2 but with γ = 0.9 and α = 1 for the first line and γ = 0.99 and α = 1−γ
4 = 2.5 × 10−3

for the second line.

Figure 2 with d = 3. We take d = 3 because it is the smallest dimension for which there exists bistochastic
matrices T that are not symmetric. We fix λ1 = 1 and vary λ2 = λ3 so that ω = 5×10−j for 1 ≤ j ≤ 5. Focusing
first on the bias, we observe that each curve exhibits a threshold, seemingly proportional to ω−1, after which the
bias decays quadratically in k. Before this threshold, the bias stays below a bound of the form y = C/x, with C
apparently independent of ω.

For the variance term, it initially increases because too little noise has been observed, then it decreases. It also
appears to switch between two envelopes of the form y = C/x at an iteration count proportional to ω−1.

For the total error (which is upper bounded by twice the sum of the bias and the variance terms), the bias
dominates at the beginning; once it enters its quadratic decay regime, the variance eventually becomes dominant.
The crossover again occurs after a number of iterations proportional to ω−1. Finally, all curves remain bounded
by a function C/x with C independent of ω, in agreement with Theorem 3.1.

A.2 Additional numerical simulations

In the first line of Figure 3, we take α = 1 so that Theorem 3.3 implies that the convergence is fast but does
not ensure the robustness with respect to the smallness of ω. Yet, at least on our numerical simulations, we
experience convergence speed that do not degrade when ω is small.

We observe that the bias term is much smaller than the one in Figure 2, but the variance and the total MSE are
larger. Therefore, for bounded |θ0 − θ∗|, the regime 1−γ

4 may seem better at first sight. However, this statement
has to be nuanced with the fact that θ∗ can be of order (1− γ)−1 in practice.

In the second line of Figure 3, we took γ = 0.99 and observe approximately the same behavior than in Figure 2
with a shift to the right. Observe that the coefficient of the dashed pink line is multiplied by a factor 100 in the
three figures, which is aligned with the upper bound from Theorem 3.1.
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B Proofs of the results on LSA

B.1 Proof of Proposition 4.1

Proof of Proposition 4.1. Define zk = yk − y∗, it satisfies

zk = (Id − αhk)zk−1 − α(hky
∗ − bk) with z0 = y0 − y∗.

Observe that −α(hky∗− bk) plays the role of a source term. Therefore, by linearity (or Duhamel’s principle), we
get that zk = wk + ηk, where wk and ηk are defined by induction as

wk = (Id − αhk)wk−1 with w0 = y0 − y∗,

ηk = (Id − αhk)ηk−1 − α(hky
∗ − bk) with η0 = 0.

In the following, we will prove

E
[
w⊤
k Σwk

]
≤ cΣ|w0|2

α(2− αβ1)k
and E

[
η⊤k Σηk

]
≤ 2σ2

(2− αβcΣ)k
Sk.

so that we will be able to conclude using the inequality E
[
z⊤k Σzk

]
≤
(
E
[
w⊤
k Σwk

] 1
2 + E

[
η⊤k Σηk

] 1
2

)2
.

First step: dealing with the initial condition (corresponding to w).

For k ≥ 1, using E
[
h⊤k hk

]
≤ β1S, observe that

E
[
|wk|2

]
= E

[
w⊤
k−1(Id − αhk − αh⊤k + α2h⊤k hk)wk−1

]
≤ E

[
w⊤
k−1(Id − 2αS + α2β1S)wk−1

]
≤ E

[
w⊤
k−1(Id − α(2− αβ1)S)wk−1

]
= E

[
|wk−1|2

]
− α(2− αβ1)E

[
w⊤
k−1Swk−1

]
.

Taking the sum from 1 to k in the latter inequality and using that u 7→ u⊤Su is convex, we obtain

E
[
w⊤
k Swk

]
≤ 1

k

k−1∑
i=0

E
[
w⊤
i Swi

]
≤ 1

αk

k∑
i=1

(
E
[
|wk−1|2

]
− E

[
|wk|2

])
≤ |w0|2

α(2− αβ1)k
.

This and Σ ≤ cΣS conclude the part on the bias.

Second step: getting bounds on the uncentered covariances of variance term (corresponding to η).

Using a straightforward induction, we have E[ηk] = 0 for k ≥ 0. We will now prove by induction that

E
[
ηkη

⊤
k

]
≤ σ2αcΣ

2− αβcΣ
Id. (6)

Recall that η0 = 0 so the above inequality holds for k = 0. Then, for k ≥ 1, we assume that it holds at index
k − 1. Since ηk−1 and (hk, bk) are independent, we obtain

E
[
(Id − αhk)ηk−1(hky

∗ − bk)
⊤] = E

[
(Id − αhk)E [ηk−1] (hky

∗ − bk)
⊤] = 0.

Using the latter equality, Inequality (10), Σ ≤ cΣS, and the second inequality in Assumption LS3, we obtain

E
[
ηkη

⊤
k

]
= E

[
(Id − αhk)ηk−1η

⊤
k−1(Id − αh⊤k )

]
+ α2E

[
(hky

∗ − bk)(hky
∗ − bk)

⊤]
≤ σ2αcΣ

2− αβcΣ
E
[
(Id − αhk)(Id − αh⊤k )

]
+ σ2α2Σ

≤ σ2αcΣ
2− αβcΣ

(Id − α(2− αβcΣ)S) + σ2α2cΣS

≤ σ2αcΣ
2− αβcΣ

Id.
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This concludes the induction and the proof of Inequality (6).

Third step: introduce an appropriate decomposition for η.

Let us then define (ηrk)k≥0,0≤r≤k+1 and (χrk)1≤r≤k by induction by, for 1 ≤ r ≤ k,

ηrk = (Id − αH)ηrk−1 + χrk with η0k−1 = ηkk−1 = 0,

χrk = −α(hk −H)ηr−1
k−1 − α(hky

∗ − bk)δ{r=1}.

Let us check by induction on k ≥ 1 that ηk =
∑k
r=1 η

r
k. The case k = 1 is a simple consequence of the above

initial condition. Now assume that it holds for k − 1, for k ≥ 2, and let us prove it for index k:

ηk = (Id − αhk)

k−1∑
r=1

ηrk−1 + χ1
k

= (Id − αH)

k−1∑
r=1

ηrk−1 − α(hk −H)

k∑
r=2

ηr−1
k−1 + χ1

k

=

k∑
r=1

(
(Id − αH)ηrk−1 + χrk

)
=

k∑
r=1

ηrk.

In fact, ηrk can be rewritten as a sum of terms, any of whom admits exactly r different multiplicative centered
noises (of the form hj−H or hjy∗−bj for some 1 ≤ j ≤ k). Therefore, for r′ ̸= r, any term from the development
of ηr

′

k (η
r
k)

⊤ contains at least one multiplicative centered noise that appears only once and is independent with
the rest of this same term (i.e., is of the form R1(hj −H)R2 or R1(hjy

∗ − bj) with neither R1 or R2 containing
hj or bj). This implies that E

[
ηr

′

k (η
r
k)
]
= 0, so that we get

E
[
ηk(ηk)

⊤] = k∑
r=1

k∑
r′=1

E
[
ηrk(η

r′

k )
⊤
]
=

k∑
r=1

E
[
ηrk(η

r
k)

⊤] . (7)

Using similar arguments, we also have that, for ηk := 1
k

∑k−1
j=0 ηk and ηrk := 1

k

∑k−1
j=0 η

r
k,

E
[
η⊤k Σηk

]
=

k∑
r=1

E
[
(ηrk)

⊤Σηrk
]
. (8)

Fourth step: obtaining the convergence rate.

For 1 ≤ r ≤ k, the induction relation of ηrk implies

ηrk =

k∑
j=1

(Id − αH)k−jχrj .

For k ≥ 2, define ηrk = 1
k

∑k−1
i=1 η

r
k, it satisfies

ηrk =
1

k

k−1∑
i=1

i∑
j=1

(Id − αH)i−jχrj =
1

k

k−1∑
j=1

k−1∑
i=j

(Id − αH)i−jχrj =
1

αk

k−1∑
j=1

Mk−jH
−1χrj =

1

αk

k−1∑
j=0

MjH
−1χrk−j .

where Mj = Id − (Id − αH)j . Observe that Mj commutes with H and H−1 (but not with H⊤ and H−⊤). On
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the one hand, using Inequality (10), we get

E
[
(η1k)

⊤Ση1k
]
=

1

α2k2

k−1∑
j=0

E
[
(χ1
k−j)

⊤H−⊤M⊤
j ΣMjH

−1χ1
k−j
]

=
1

α2k2

k−1∑
j=0

tr
(
Σ

1
2MjH

−1E
[
χ1
k−j(χ

1
k−j)

⊤]H−⊤M⊤
j Σ

1
2

)

=
1

k2

k−1∑
j=1

tr
(
Σ

1
2MjH

−1E
[
(hk−jy

∗ − bk−j)(hk−jy
∗ − bk−j)

⊤)
]
H−⊤M⊤

j Σ
1
2

)

≤ σ2

k2

k−1∑
j=1

tr
(
Σ

1
2MjH

−1ΣH−⊤M⊤
j Σ

1
2

)
On the other hand, we have

k∑
r=2

E
[
(ηrk)

⊤Σηrk
]
=

1

α2k2

k∑
r=2

k−1∑
j=0

E
[
(χrk−j)

⊤H−⊤M⊤
j ΣMjH

−1χrk−j
]

=
1

α2k2

k∑
r=2

k−1∑
j=0

tr
(
Σ

1
2MjH

−1E
[
χrk−j ⊗ χrk−j

]
H−⊤M⊤

j Σ
1
2

)

=
1

k2

k∑
r=2

k−1∑
j=0

tr
(
Σ

1
2MjH

−1E
[
(hk−j −H)ηr−1

k−j−1(η
r−1
k−j−1)

⊤(hk−j −H)⊤
]
H−⊤M⊤

j Σ
1
2

)

=
1

k2

k−1∑
j=0

tr

(
Σ

1
2MjH

−1E

[
(hk−j −H)

k∑
r=2

E
[
ηr−1
k−j−1(η

r−1
k−j−1)

⊤
]
(hk−j −H)⊤

]
H−⊤M⊤

j Σ
1
2

)

=
1

k2

k−1∑
j=0

tr
(
Σ

1
2MjH

−1E
[
(hk−j −H)E

[
ηk−j−1(ηk−j−1)

⊤] (hk−j −H)⊤
]
H−⊤M⊤

j Σ
1
2

)

≤ σ2αcΣ
(2− αβcΣ)k2

k−1∑
j=0

tr
(
Σ

1
2MjH

−1E
[
(hk−j −H)(hk−j −H)⊤

]
H−⊤M⊤

j Σ
1
2

)

≤ σ2αβcΣ
(2− αβcΣ)k2

k−1∑
j=0

tr
(
Σ

1
2MjH

−1ΣH−⊤M⊤
j Σ

1
2

)
,

where we used Equality (7) to get the fifth line, the second step of this proof to get the sixth line and the first
inequality of Assumption LS3 to obtain the last one. The latter two chains of inequalities and Equality (8)
imply

E
[
η⊤k Σηk

]
=

k∑
r=1

E
[
(ηrk)

⊤Σηrk
]

≤ σ2

k2

(
1 +

αβcΣ
2− αβcΣ

) k−1∑
j=0

tr
(
Σ

1
2MjH

−1ΣH−⊤M⊤
j Σ

1
2

)

=
2σ2

(2− αβcΣ)k2

k−1∑
j=0

∥∥∥Σ 1
2

(
Id − (Id − αH)j

)
H−1Σ

1
2

∥∥∥2
F

=
2σ2

(2− αβcΣ)k2

k−1∑
j=0

∥∥∥(Id − (Id − αΣ
1
2HΣ− 1

2 )j
)
Σ

1
2H−1Σ

1
2

∥∥∥2
F

=
2σ2

(2− αβcΣ)k
Sk.
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To conclude, it only remains to prove that Sk ≤ c2Σ(3d+S̃k), which is a consequence of the following computations,

Σ
1
2H−1ΣH−⊤Σ

1
2 ≤ cΣΣ

1
2H−1SH−⊤Σ

1
2 = cΣΣ

1
2
H−1 +H−⊤

2
Σ

1
2 = cΣΣ

1
2S−1Σ

1
2 ≤ c2ΣId,

where we used Σ ≤ cΣS, Heinze’s inequality H−1 +H−⊤ ≤ 2S−1 and S−1 ≤ cΣΣ
−1; and∥∥∥(Id −Qj

)
Σ

1
2H−1Σ

1
2

∥∥∥2
F
≤ c2Σ

∥∥Id −Qj
∥∥2
F
= c2Σ

(
tr(Id)− 2tr(Qj) +

∥∥Qj∥∥2
F

)
≤ c2Σ(3d+

∥∥Qj∥∥2
F
),

where we used |tr(Qj)| = |tr((Id − αH)j)| ≤ d∥Id − αH∥jop ≤ d. This concludes the proof.

B.2 Proof of Theorem 4.2

Proof of Theorem 4.2. This is a consequence of Proposition 4.1 and Lemma B.1 below.

Lemma B.1. Under Assumptions LS1-LS3, for 0 < α < 2
β1

, we have

Sk ≤ c2Σd

(
3 +

1

α(2− αβ1)µk

)
.

Under Assumptions LS1,LS2 and LS3 without the last inequality, for 0 < α < 2
βcΣ

, we have

Sk ≤ c2Σd

(
3 +

1

α(2− αβcΣ)µk

)
.

Proof. Let us prove the first inequality. Using Mj = Id − (Id − αH)j and Nj = (Id − αH)j for j ≥ 1, we have
for k ≥ 1:

Sk =
1

k

k−1∑
j=1

tr
(
Σ

1
2MjH

−1ΣH−⊤M⊤
j Σ

1
2

)

≤ cΣ
k

k−1∑
j=1

tr
(
Σ

1
2MjH

−1SH−⊤M⊤
j Σ

1
2

)

≤ cΣ
k

k−1∑
j=1

tr
(
Σ

1
2Mj

H−1 +H−⊤

2
M⊤
j Σ

1
2

)

≤ cΣ
k

k−1∑
j=1

tr
(
Σ

1
2MjS

−1M⊤
j Σ

1
2

)

=
cΣ
k

k−1∑
j=1

tr
(
S− 1

2M⊤
j ΣMjS

− 1
2

)

≤ c2Σ
k

k−1∑
j=1

tr
(
S− 1

2M⊤
j SMjS

− 1
2

)

=
c2Σ
k

k−1∑
j=1

tr
(
Id + 2tr(Nj) + S− 1

2N⊤
j SNjS

− 1
2

)

≤ 3c2Σd+
c2Σ
k

tr

S− 1
2

k−1∑
j=1

N⊤
j SNj

S− 1
2


≤ c2Σ

(
3d+

tr(S−1)

α(2− αβ1)k

)
≤ c2Σd

(
3 +

1

α(2− αβ1)µk

)
,
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where we used Σ ≤ cΣS to get the second and sixth lines, Heinze’s inequality (Lemma B.6) to get the fourth
one, tr(Nj) ≤ tr(Id)

1
2 tr(N⊤

j Nj)
1
2 ≤ tr(Id) = d (since (Id − αH)⊤(Id − αH) ≤ Id) and Inequality (12) to get the

eighth one, and S−1 ≤ µ−1Id to get the last one.

To get the second inequality, we write

Sk =
1

k

k−1∑
j=1

tr
(
Σ

1
2M⊤

j H
−⊤ΣH−1MjΣ

1
2

)
,

using that H and Mj commutes. Then, we repeat similar arguments as the ones for the first inequality. This
concludes the proof.

B.3 Extensions of Theorem 4.2

Here, we present two extensions of Theorem 4.2. The first one, Theorem B.2, allows for learning steps up to
α < 2

cΣβ
and keep a O

(
1
k + 1

k2µ

)
like Theorem 4.2.

The second extension is Theorem B.3 below that hold for α < 2
β1

, but admits a slower convergence rate of

O
(

1
kµ

)
. Still this rates remains better than any existing rate on LSA with similar assumptions prior to this

work.

Theorem B.2. Assume LS1, LS2 and LS3 without the third inequality. For 0 < α < 2
βcΣ

, we have

E
[
(y⊤k − y∗)⊤Σ(yk − y∗)

]
≤ cΣ|y0 − y∗|2

(2− αβck)αk
+

((
β|y0 − y∗|2

k

) 1
2

+

(
2σ2

(2− αβcΣ)k

) 1
2

)2(
3 +

1

α(2− αβcΣ)µk

)
.

Proof of Theorem B.2. It is a direct consequence of Proposition B.4 and Lemma B.1.

Theorem B.3. Assume LS1-LS3. Define σ̃2 = E[|hky∗ − bk|2]. For 0 < α < 2
β1

, we have

E
[
(y⊤k − y∗)⊤Σ(yk − y∗)

]
≤ 2cΣ|y0 − y∗|2

α(2− αβ1)k
+

2c2Σd

k

(
σ2 +

αβσ̃2

(2− αβ1)µ

)(
3 +

1

α(2− αβ1)µk

)
.

Proof of Theorem B.3. Let us use zk = yk − y∗ and the decomposition zk = wk + ηk, similarly as defined in the
proof of Proposition 4.1.

Repeating the first step of the proof of Proposition 4.1, we obtain

E
[
w⊤
k Σwk

]
≤ cΣ|w0|2

α(2− αβ1)k
.

Therefore, using inequality E
[
z⊤k Σzk

]
≤ 2E

[
w⊤
k Σwk

]
+ 2E

[
η⊤k Σηk

]
, to conclude it only remains to prove that

E
[
η⊤k Σηk

]
≤ 2σ2

(2− αβcΣ)k
Sk.

First step: getting an upper bound on E[|ηk|2]

Recall that, using a straightforward induction, we have E[ηk] = 0 for k ≥ 0. We will now prove that

E
[
|ηk|2

]
≤ ασ̃2

(2− αβ1)µ
. (9)

For k = 0, the result holds since η0 = 0. Then, for k ≥ 1, we assume that it holds for index k − 1. Since ηk−1

and (hk, bk) are independent, we obtain

E
[
η⊤k−1(Id − αhk)

⊤(hky
∗ − bk)

]
= E

[
η⊤k−1

]
E
[
(Id − αhk)

⊤(hky
∗ − bk)

]
= 0.
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This and inequality (11) imply that

E
[
|ηk|2

]
= E

[
|(Id − αhk)ηk−1|2

]
+ α2E

[
|hky∗ − bk|2

]
≤ E

[
η⊤k−1(Id − α(2− αβ1)S)ηk−1

]
+ α2σ̃2

≤ (1− α(2− αβ1)µ)E
[
|ηk−1|2

]
+ α2σ̃2

≤ ασ̃2

(2− αβ1)µ
,

which concludes the induction.

Second step: obtaining the convergence rate.

Let us use the same decomposition ηk =
∑k
r=1 η

r
k as introduced in the proof of Proposition 4.1. Similarly as in

the third step of the latter proof, we get

E
[
(η1k)

⊤Ση1k
]
≤ σ2

k2

k−1∑
j=1

tr
(
Σ

1
2MjH

−1ΣH−⊤M⊤
j Σ

1
2

)
=
σ2

k
Sk,

and

k∑
r=2

E
[
(ηrk)

⊤Σηrk
]
=

1

k2

k−1∑
j=0

tr
(
Σ

1
2MjH

−1E
[
(hk−j −H)E

[
ηk−j−1(ηk−j−1)

⊤] (hk−j −H)⊤
]
H−⊤M⊤

j Σ
1
2

)

≤ ασ̃2

(2− αβ1)µk2

k−1∑
j=0

tr
(
Σ

1
2MjH

−1E
[
(hk−j −H)(hk−j −H)⊤

]
H−⊤M⊤

j Σ
1
2

)

≤ αβσ̃2

(2− αβ1)µk2

k−1∑
j=0

tr
(
Σ

1
2MjH

−1ΣH−⊤M⊤
j Σ

1
2

)
=

αβσ̃2

(2− αβ1)µk
Sk,

where we used E
[
ηj(ηj)

⊤] ≤ E
[
|ηj |2

]
Id ≤ ασ̃2

(2−αβ1)µk2
Id to get the second line, and the first inequality of

Assumption LS3 for the third line.

Using the above inequalities and Lemma B.1, we obtain

E
[
η⊤k Ση

]
≤
(
σ2

k
+

αβσ̃2

(2− αβ1)µk

)
c2Σd

(
3 +

1

α(2− αβ1)µk

)
,

which concludes the proof.

The following propositions is an extension of Proposition 4.1 to learning rates up to α < 2
βcΣ

.

Proposition B.4. Under Assumptions LS1-LS3 without the third inequality, for 0 < α < 2
cΣβ

, we have

E
[
(y⊤k − y∗)⊤Σ(yk − y∗)

]
≤ 2|y0 − y∗|2cΣd

αk
+

((
β|y0 − y∗|2

k

) 1
2

+

(
2σ2

(2− αβcΣ)k

) 1
2

)2

Sk.

where Sk is defined as in Proposition 4.1.

Proof of Proposition B.4. The three last point of the proof of Proposition 4.1 holds when removing the third
inequality in LS3. Therefore, to prove Proposition B.4, it is sufficient to prove that

E
[
w⊤
k Σwk

]
≤ cΣ|y0 − y∗|2

(2− αβcΣ)αk
+
β|y0 − y∗|2

k
Sk.
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Similarly as in the third step of the proof of Proposition 4.1, we define (wrk)k,r≥0 such that wk =
∑k
r=0 w

r
k and,

for r ≥ 0 and k ≥ 1,

wrk = (Id − αH)wrk−1 + χrk with wr0 = w01{r=0},

χrk = −α(hk −H)ηr−1
k−11{r ̸=0}.

First step: getting a bound on (w0
k)

⊤Sw0
k.

Take α̃ = 2
βcΣ

, (10) implies that (Id − α̃H)(Id − α̃H)⊤ ≤ Id. This implies that the operator norm of (Id − α̃H)
is upper bounded by one and that

(Id − α̃H)⊤(Id − α̃H) ≤ Id.

This then implies

(Id − αH)⊤(Id − αH) =
α2

α̃2
(Id − α̃H)⊤(Id − α̃H) +

(
1− α2

α̃2

)
Id − 2

(
α− α2

α̃

)
S

≤ Id − α(2− αβcΣ)S.

As a consequence, for k ≥ 1, we obtain

|w0
k|2 = (w0

k−1)
⊤(Id − αH)⊤(Id − αH)w0

k−1

≤ |w0
k−1|2 − α(2− αβcΣ)(w

0
k−1)

⊤Sw0
k−1

Taking the sum from 1 to k in the latter inequality and using that u 7→ u⊤Su is convex, we obtain

(w0
k)

⊤Sw0
k ≤ 1

k

k−1∑
i=0

(w0
i )

⊤Sw0
i ≤

1

αk

k∑
i=1

(
|w0
k−1|2 − |w0

k|2
)
≤ |w0|2

α(2− αβcΣ)k
.

This and Σ ≤ cΣS yield

(w0
k)

⊤Σw0
k ≤ cΣ|w0|2

α(2− αβcΣ)k
.

Second step: getting the bound on the bias term.

Then, using similar arguments as in the third step of the proof of Proposition 4.1, we have

k∑
r=1

E
[
(wrk)

⊤Σwrk
]
=

1

k2

k−1∑
j=0

tr
(
Σ

1
2MjH

−1E
[
(hk−j −H)E

[
wk−j−1(wk−j−1)

⊤] (hk−j −H)⊤
]
H−⊤M⊤

j Σ
1
2

)

≤ |y0 − y∗|2

k2

k−1∑
j=0

tr
(
Σ

1
2MjH

−1E
[
(hk−j −H)(hk−j −H)⊤

]
H−⊤M⊤

j Σ
1
2

)

≤ β|y0 − y∗|2

k2

k−1∑
j=0

tr
(
Σ

1
2MjH

−1ΣH−⊤M⊤
j Σ

1
2

)
=
β|y0 − y∗|2

k
Sk.

In the end, we obtain

E
[
w⊤
k Σwk

]
=

k∑
r=0

E
[
(wrk)

⊤Σwrk
]
≤ cΣ|w0|2

α(2− αβcΣ)k
+
β|y0 − y∗|2

k
Sk.

Third step: deal with the cross term and conclude.

We have
E
[
z⊤k Σzk

]
= E

[
w⊤
k Σwk

]
+ E

[
η⊤k Σηk

]
+ 2E

[
w⊤
k Σηk

]
,
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where the last term is the cross term and satisfies

E
[
w⊤
k Σηk

]
= E

( k∑
r=0

wrk

)⊤

Σ

(
k∑
r=1

ηrk

)
= E

( k∑
r=1

wrk

)⊤

Σ

(
k∑
r=1

ηrk

)
= E

( k∑
r=1

wrk

)⊤

Σ

(
k∑
r=1

wrk

)
1
2

E

( k∑
r=1

ηrk

)⊤

Σ

(
k∑
r=1

ηrk

)
1
2

≤
(
β|y0 − y∗|2

k
Sk
) 1

2
(

2σ2Sk
(2− αβcΣ)k

) 1
2

.

The above inequalities imply the upper bound in Proposition B.4.

B.4 Some results from linear algebra

Lemma B.5. Under assumptions LS1-LS3, for α ≤ 2
βcΣ

, we have

(Id − αH)(Id − αH)⊤ ≤ E
[
(Id − αh)(Id − αh)⊤

]
≤ Id − α(2− αβcΣ)S, (10)

Moreover, for α < 2
β1

, we get

(Id − αH)⊤(Id − αH) ≤ E
[
(Id − αh)⊤(Id − αh)

]
≤ Id − α(2− αβ1)S, (11)

k−1∑
i=0

(Id − αH⊤)iS(Id − αH)i ≤ 1

α(2− αβ1)
Id. (12)

Proof. The first inequality in (10) is straightforward. Then, we have,

E
[
(Id − αh)(Id − αh)⊤

]
= Id − 2αS + α2E[hh⊤] ≤ Id − α(2− αβcΣ)S,

using E[hh⊤] ≤ βΣ ≤ βcΣS. Inequality (11) can be proved with a similar computation.

Then, using the notation Ni = (Id − αH)i, we have

Id ≥ Id −N⊤
k Nk =

k−1∑
i=0

N⊤
i Ni −N⊤

i+1Ni+1

=

k−1∑
i=0

N⊤
i Ni −N⊤

i (Id − αH⊤)(Id − αH)Ni

=

k−1∑
i=0

N⊤
i (Id − (Id − αH⊤)(Id − αH))Ni

=

k−1∑
i=0

N⊤
i (2αS − α2H⊤H)Ni

≥ α(2− αβ1)

k−1∑
i=0

N⊤
i SNi,

where we used αH⊤H ≤ (2− αβ1)S to get the last line.

Lemma B.6 (Heinze’s inequality). Let H ∈ Rd×d be such that S := H+H⊤

2 > 0, then H−1 +H−⊤ is positive
definite and H−1 +H−⊤ ≤ 2S−1. Moreover, we have tr(SH−⊤) ≤ d.
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Proof. First, let us prove that H−1 +H−⊤ is positive definite. Take x ∈ Rd\{0}, define y = H−1x we have

x⊤(H−1 +H−⊤)x = 2x⊤H−⊤x = 2y⊤Hy = y⊤(H +H⊤)y > 0.

Then, let us prove that tr(SH−⊤) ≤ d is a consequence of H−1 +H−⊤ ≤ 2S−1:

tr(SH−⊤) =
1

2
tr(S

1
2 (H−1 +H−⊤)S

1
2 ) ≤ tr(S

1
2S−1S

1
2 ) = d.

Now, observe that(
S

1
2 (H−1 +H−⊤)S

1
2

)2
= 2S

1
2H−1SH−⊤S

1
2 + 2S

1
2H−⊤SH−1S

1
2

−
(
S

1
2 (H−1 −H−⊤)S

1
2

)(
S

1
2 (H−1 −H−⊤)S

1
2

)⊤
≤ 2S

1
2H−1SH−⊤S

1
2 + 2S

1
2H−⊤SH−1S

1
2 .

Therefore, to conclude, it is sufficient to prove S
1
2H−1SH−⊤S

1
2 ≤ Id and S

1
2H−1SH−⊤S

1
2 ≤ Id. For the former

inequality, invert the matrix and use the notation A = H−H⊤

2 , we get

(S
1
2H−1SH−⊤S

1
2 )−1 = S− 1

2H⊤S−1HS− 1
2

= S− 1
2 (S −A)S−1(S +A)S− 1

2

= Id − S− 1
2AS−1AS− 1

2

= Id +
(
S− 1

2AS− 1
2

)(
S− 1

2AS− 1
2

)⊤
≥ Id,

which, indeed, implies S
1
2H−1SH−⊤S

1
2 ≤ Id. Then, applying the later inequality to H̃ = H⊤, we obtain

S
1
2H−1SH−⊤S

1
2 ≤ Id. This concludes the proof.

C Proofs specific to TD(0)

C.1 Proof of Proposition 5.3

Proof. For k ≥ 2 fixed and take ck ∈ (0, 1) such that c2k = 1− 1
k . In particular, observe that

c
−2(k−1)
k =

(
k

k − 1

)k−1

=

(
1 +

1

k − 1

)k−1

≤ e.

Define Q̃ = ckQ, we have

c
2(k−1)
k

k−1∑
ℓ=0

(Id −Qℓ⊤)(Id −Qℓ) ≤
k−1∑
ℓ=0

c2ℓk (Id −Qℓ⊤)(Id −Qℓ)

Then, Lemma C.2 yields

k−1∑
ℓ=0

(Id −Qℓ⊤)(Id −Qℓ)

≤ 1

2iπc
2(k−1)
k

∫
|z|=1

z
(
(z − ck)

−1Id − (zId − Q̃)−⊤
)(

(z − ck)
−1Id − (zId − Q̃)−1

)
dz

=
1

2πc
2(k−1)
k

∫ π

−π

(
(e−iψ − ck)

−1Id − (e−iψId − Q̃)−⊤
)(

(eiψ − ck)
−1Id − (eiψId − Q̃)−1

)
dψ

≤ e

2π

∫ π

−π

(
(e−iψ − ck)

−1Id − (e−iψId − Q̃)−⊤
)(

(eiψ − ck)
−1Id − (eiψId − Q̃)−1

)
dψ
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In the following, we will use both the notation z or eiψ, depending on the situation. From the definition of Sk
and the fact that Σ

1
2
0H

−1Σ
1
2
0 = (Id − γU)−1 This yields the following upper bound on Sk

Sk ≤ e

2πk

∫ π

−π

∥∥∥((eiψ − ck)
−1Id − (eiψId − Q̃)−1

)
(Id − γU)−1

∥∥∥2
F
dψ. (13)

We are going to separate the latter integral into three parts corresponding to:

(i) R(z) ≥ 1− (1− γ)2, i.e., |ψ| ≤ ψγ

(ii) |R(z)| < 1− (1− γ)2, i.e., ψγ < |ψ| < π − ψγ

(iii) R(z) ≤ −1 + (1− γ)2, i.e., |ψ| ≥ π − ψγ

where R(z) is the real part of z and ψγ is defined by ψγ = arccos(1− (1− γ)2).

First step: dealing with case (i).

Observe that

z − Q̃ = (z − ck)Id + ckαΣ0(Id − γU)

= (z − ck)

(
Id +

ckα

|z − ck|
z − ck
|z − ck|

Σ0(Id − γU)

)
= (z − ck) (Id + z̃Σ(Id − γU)) ,

with z̃ = z−ck
|z−ck| and Σ = ckα

|z−ck|Σ0. Using Lemma C.1, for any x ∈ Cd, we have∣∣∣((z − ck)
−1Id − (z − Q̃)−1

)
(Id − γU)−1x

∣∣∣ = |z − ck|−1
∣∣(Id − (Id + z̃Σ(Id − γU))−1

)
(Id − γU)−1x

∣∣
≤ 2

1− γ2
|z − ck|−1,

which holds only if −R(z̃) = −R( z−ck|z−ck| ) ≤
1−γ√

2
, that we prove as follows,

−R
(
z − ck
|z − ck|

)
=

ck −R(z)√
(ck −R(z))2 + I(z)2

≤ 1−R(z)√
(1−R(z))2 + I(z)2

=
1−R(z)√

(1−R(z))2 + 1−R(z)2

=
1−R(z)√
2− 2R(z)

=

√
1−R(z)

2

≤
√

1− (1− (1− γ)2)

2
=

1− γ√
2
,

where the first line is due to u 7→ u
u2+v2 is non-decreasing for any v ∈ R, and the last one comes from R(z) ≥

1− (1− γ)2. Let us integrate for ψ ∈ [−ψγ , ψγ ] and use ∥ · ∥2F ≤ d∥ · ∥2op,

e

2π

∫ π

−π

∥∥∥((eiψ − ck)
−1Id − (eiψId − Q̃)−1

)
(Id − γU)−1

∥∥∥2
F
dψ ≤ e

2π

∫ ψk

−ψk

∥∥∥∥ (2− γ)2Id
(1− γ)2|eiψ − ck|2

∥∥∥∥2
F

dψ

≤ de(2− γ)2

2π(1− γ)2

∫ π

−π

1

|eiψ − ck|2
dψ

≤ 4de

(1− γ2)2(1− c2k)

=
kde

(1− γ)2
4

(1 + γ)2

≤ kde

(1− γ)2
(4− 3γ),
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where the third line is obtained using the residue Theorem, and the last line uses 4
(1+γ)2 ≤ 4−3γ. This concludes

the case (i).

Second step: dealing with case (ii).

For cases (ii) and (iii), we will use the following inequalies

∥∥∥((z − ck)
−1Id − (z − Q̃)−1

)
(Id − γU)−1

∥∥∥
F
≤
∥∥∥(z − ck)

−1Id − (z − Q̃)−1
∥∥∥
F

∥∥(Id − γU)−1
∥∥
op

≤
√
d

1− γ

∥∥∥(z − ck)
−1Id − (z − Q̃)−1

∥∥∥
op

≤
√
d

1− γ

(
|z − ck|−1 +

∥∥∥(z − Q̃)−1
∥∥∥
op

)
,

(14)

where ∥·∥op,Rd is the operator norm restricted to vectors on Rd. Define QR := R(z)−Q̃ = R(z)−ck+αckΣ0(Id−
γU), so that z − Q̃ = QR + iI(z). Take x ∈ Rd and y1 + iy2 = y = (z − Q̃)−1x, we have

Rd ∋ x = (z − Q̃)y = (QR + iI(z))(y1 + iy2) = QRy1 − I(z)y2 + i(QRy2 + I(z)y1),

which implies QRy2 = −I(z)y1, so that we obtain

|(z − Q̃)y|2 = (y1 − iy2)
⊤(Q⊤

R − iI(z))(QR + iI(z))(y1 + iy2)

= |QRy1|2 + |QRy2|2 + I(z)2|y|2 − 2I(z)y⊤1 (Q⊤
R −QR)y2

= |QRy1|2 + I(z)2(2|y1|2 + |y2|2)− 2αckγI(z)y⊤1 (Σ0U − U⊤Σ0)y2

≥ I(z)2(2|y1|2 + |y2|2)−
8γI(z)2

(1 + γ)2
|y1||y2|

≥ I(z)2(2|y1|2 + |y2|2)− 2I(z)2|y1||y2|

≥ I(z)2(2|y1|2 + |y2|2)− I(z)2
(
3

2
|y1|2 +

2

3
|y2|2

)
= I(z)2

(
1

2
|y1|2 +

1

3
|y2|2

)
≥ I(z)2

3
|y|2

(15)

where we used |QRy2|2 = I(z)2|y1|2 and Q⊤
R − QR = αckγ(Σ0U − U⊤Σ0) to get the third line; |I(z)| ≥√

1− (1− (1− γ)2)2 ≥
√

1− (1− (1− γ)2) = 1−γ, α < 2(1−γ)
(1+γ)2 ≤ 2|I(z)|

(1+γ)2 , ck ≤ 1, ∥Σ0U∥op ≤ ∥Σ0∥op∥U∥op ≤ 1

to obtain the fourth line; 4γ ≤ (1+γ)2 to get the fifth line; and the Young’s inequality 2|y1||y2| ≤ 3
2 |y1|

2+ 2
3 |y2|

2

to obtain the last one. This implies

∥∥∥(z − Q̃)−1
∥∥∥
op

≤

√
3

I(z)2
=

√
3

| sin(ψ)|

for z = eiψ such that |R(z)| ≤ γ(2 − γ). Similarly, we have |z − ck|−1 ≤ 1
| sin(ψ)| . Then using the above
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computations and (
√
3 + 1)2 ≤ 8 we obtain

e

2π

∫
|ψ|∈(ψγ ,π−ψγ)

∥∥∥((eiψ − ck)
−1Id − (eiψId − Q̃)−1

)
(Id − γU)−1

∥∥∥2
F
dψ

≤ 8de

π(1− γ)2

∫ π−ψγ

ψγ

1

sin(ψ)2
dψ

≤ 8de

π(1− γ)2
[
−cotan(ψ)

]π−ψγ

ψγ

=
16de

π(1− γ)2
cotan(ψγ)

=
16de

π(1− γ)2
γ(2− γ)√

1− γ2(2− γ)2

≤ 16de

π(1− γ)2
1 + (1− γ)√

(1− γ)2(1 + 2γ − γ2)
γ

≤ 16de√
2π(1− γ)3

(1 + (1− γ))

≤ 4de

(1− γ)3
(1 + (1− γ)),

where we used that the primitive of −1
sin2 is cotan, cotan(arccos(a)) = a√

1−a2 for a ∈ (0, 1), γ√
1+2γ−γ2

≤ γ√
1+γ

≤
1√
2

and 16√
2π

≤ 4.

Third step: dealing with case (iii).

Once again take x ∈ Cd and y = (z − Q̃)−1x ∈ Cd, we have

|x| = |(z − Q̃)y| ≥ |(z − ck + ckαΣ0)y| − αγ|Σ0Uy|

≥
(

min
λ∈Sp(Σ0)

|z − ck + ckαλ| − αγ

)
|y|

≥
(

min
u∈[0,1]

|z − ck + ckαu| − αγ

)
|y|

Then, let us focus on the term |z − ck + ckαu|. Define s = 1− c−1
k R(z) ∈ [1, 1 + c−1

k ], we get

|z − ck + ckαu|2 = (R(z)− ck + ckαu)
2 + I(z)2

= c2k(αu− s)2 + 1− c2k(s− 1)2

= c2k(α
2u2 − 2sαu+ 2s− 1) + 1 = f(u, s),

where f(u, s) := c2k(α
2u2 + 2s(1− αu)− 1) + 1 for u ∈ [0, 1] and s ∈ [1, 1 + c−1

k ]. We make up two cases. First,
if αu ≤ 1, we have

min
s
f(u, s) = f(u, 1) = c2k(α

2u2 + 2(1− αu)− 1) + 1 = c2k(αu− 1)2 + 1 ≥ 1,

which implies

|x| ≥ (1− αγ)|y| ≥
(
1− 2γ(1− γ)

(1 + γ)2

)
|y| ≥

(
1− 1− γ

2

)
|y| ≥ |y|

2
,
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where we used the above computations, α < 2(1−γ)
(1+γ)2 and 4γ ≤ (1 + γ)2. Second, assume αu > 1, we have

min
s
f(u, s) = f(u, 1 + c−1

k ) = c2k(α
2u2 + 2(1 + c−1

k )(1− αu)− 1) + 1

= c2k(α
2u2 − 2(1 + c−1

k )αu+ 2 + 2c−1
k − 1 + c−2

k )

= c2k(α
2u2 − 2(1 + c−1

k )αu+ (1 + c−1
k )2)

= c2k(αu− (1 + c−1
k ))2

= (1− ck(αu− 1))2

≥ (1− (αu− 1))2

= (2− αu)2 ≥ (2− α)2,

where we used 1− ck(αu− 1) ≥ 0, αu− 1 > 0 and ck ≤ 1 to get the sixth line; α < 2 and u ≤ 1 to get the last
one. This implies

|x| ≥ (2− α− γα)|y| = (2− (1 + γ)α)|y|,

where we have (1 + γ)α < 2(1−γ)
1+γ ≤ 2. In all cases, we obtain

|(z − Q̃)−1x| ≤ min

(
1

2
, 2− (1 + γ)α

)−1

|x| = max

(
2,

1

2− (1 + γ)α

)
|x| ≤

(
2 +

1

2− (1 + γ)α

)
|x|

This, (14) and |z − ck| ≥
√
1 + c2k ≥ 1, since R(z) ≤ 0, imply∥∥∥((z − ck)

−1Id − (z − Q̃)−1
)
(Id − γU)−1

∥∥∥2
F
≤ 2d

(1− γ)2

(
|z − ck|−2 +

∥∥∥(z − Q̃)−1
∥∥∥2
op

)
≤ 2d

(1− γ)2

(
3 +

1

2− (1 + γ)α

)
,

and then

e

2π

∫
|ψ|∈[π−ψγ ,π]

∥∥∥((eiψ − ck)
−1Id − (eiψId − Q̃)−1

)
(Id − γU)−1

∥∥∥2
F
dψ ≤ 2de

(1− γ)2

(
3 +

1

2− (1 + γ)α

)
.

Final step: concluding. From (13) and the three previous steps of the proof, we obtain

Sk ≤ de

(1− γ)2
(1 + 3(1− γ)) +

4de

(1− γ)3k
(1 + (1− γ)) +

2de

(1− γ)2k

(
3 +

1

2− (1 + γ)α

)
≤ de

(1− γ)2

(
1 +

4

k(1− γ)
+ 3(1− γ) +

10

k
+

1

k(1− (1+γ)α
2 )

)
.

Lemma C.1. Let Σ ∈ Rd×d be symmetric positive semi-definite, let U ∈ Rd×d be such that ∥U∥op ≤ 1, γ ∈ [0, 1)

and z ∈ C with |z| = 1 and R(z) ≥ − 1−γ√
2

. We have, for x ∈ Cd,

∣∣(Id − (Id + zΣ(Id − γU))−1
)
(Id − γU)−1x

∣∣ ≤ 2

1− γ2
|x|.

Proof. Define A = Id − γU and M = Id + zΣA, we have(
Id − (Id + zΣ(Id − γU))−1

)
(Id − γU)−1 = (Id −M−1)A−1

=M−1(M − Id)A
−1

= z(Id + zΣA)−1Σ

= zΣ(Id + zAΣ)−1.
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Therefore, to conclude, it is sufficient to prove that, for an arbitrary x ∈ Cd,

|Σ(Id + zAΣ)−1x| = |zΣ(Id + zAΣ)−1x| ≤ 2

1− γ2
|x|, (16)

The remaining of the proof is dedicated to prove the latter inequality. Take u = (Id+ zAΣ)
−1x and r = Σu. Let

us start with the subsequent observation,

|r⊤Ar − |r|2| = γ|r⊤Ur| ≤ γ|r|2,

so that r⊤Ar
|r|2 belongs to BC(1, γ) the closed ball of center 1 and radius γ. Then, using x = Σ−1r+ zAr, we have

|r⊤x|
|r|2

=

∣∣∣∣r⊤Σ−1r

|r|2
+ z

r⊤Ar

|r|2

∣∣∣∣ = ∣∣∣∣r⊤Ar|r|2
+ z

r⊤Σ−1r

|r|2

∣∣∣∣ ≥ d|·|(BC(1, γ),−zR+),

where we used r⊤Σ−1r ≥ 0, and d|·|
(
BC(1, γ),−zR+

)
is the distance between the sets BC(1, γ) and −zR+.

Then, using Cauchy-Schwarz’ inequality |r⊤x| ≤ |r||x|, we obtain

|x| ≥ |r⊤x|
|r|

≥ d|·|(BC(1, γ),−zR+)|r|.

It only remains to derive an appropriate lower bound for the latter distance. Let us consider two cases. First, if
R(z) ≥ 0, it is easy to check that this distance is equal to 1−γ that is reached for 1−γ ∈ BC(1, γ) and 0 ∈ zR−.
Second, if 0 ≥ R(z) ≥ − 1−γ√

2
. we have

d|·|
(
BC(1, γ),−zR+

)
= d|·| (1,−zR+)− γ

= inf
t∈R+

|1 + tz| − γ

= inf
t∈R+

√
|1 + tR(z)|2 + t2(1− |R(z)|2)− γ

= inf
t∈R+

√
1 + 2tR(z) + t2 − γ

≥ inf
t∈R+

√
1−

√
2(1− γ)t+ t2 − γ

=

√
1− (1− γ)2

2
− γ

≥ 1− (1− γ)2

2
− γ

=
1− γ2

2

where we used the fact that the minimum of t ∈ R+ 7→ 1− 2at+ t2 equals 1− a2 for a ≥ 0 to get the sixth line,
and 1− a

2 ≥ (1 + a)−1 for a ∈ [0, 1] to get the last one. Using the above calculations, we obtain

|Σ(Id + zAΣ)−1x| = |r| ≤ d|·|
(
BC(1, γ),−zR+

)−1 |x| ≤ 2

1− γ2
|x|,

which is exactly Inequality (16). This concludes the proof.

Lemma C.2. Let M ∈ Rd×d be a matrix with a spectrum included in the open unit disk, and c ∈ (0, 1). We
have
∞∑
ℓ=0

c2ℓ(Id −M ℓ⊤)(Id −M ℓ) =
1

2iπ

∫
|z|=1

z−1
(
(z−1 − c)−1 − (z−1Id − cM)−⊤) ((z − c)−1 − (zId − cM)−1

)
dz.

Proof. Since the spectral radius of M is lower than 1, it is power-bounded, i.e., supk≥0 ∥Mk∥op <∞. Therefore,
the series

F0(z) =

∞∑
ℓ=0

cℓz−ℓ−1M ℓ,
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is uniformly convergent on Γ := {z ∈ C, |z| = 1}. This implies that (Id − cz−1M)F0(z) = z−1Id and then

F0(z) = z−1(Id − cz−1M)−1 = (zId − cM)−1.

Similarly, we obtain

F (z) := (z − c)−1 − (zId − cM)−1 =

∞∑
ℓ=0

cℓz−ℓ−1(Id −M ℓ),

so that, we get

z−1F (z−1)⊤F (z) = z−1

( ∞∑
ℓ=0

cℓzℓ+1(Id −M ℓ)

)⊤( ∞∑
ℓ=0

cℓz−ℓ−1(Id −M ℓ)

)
=
∑
k,ℓ≥0

ck+ℓzk−ℓ−1(Id −Mk)⊤(Id −M ℓ).

For similar arguments as above, the latter double series is uniformly convergent on Γ which allows us to permute
sums and integral as follows,∫

|z|=1

z−1F (z−1)⊤F (z)dz =
∑
k,ℓ≥0

ck+ℓ(Id −Mk)⊤(Id −M ℓ)

∫
|z|=1

zk−ℓ−1dz

= 2iπ
∑
k,ℓ≥0

ck+ℓ(Id −Mk)⊤(Id −M ℓ),

where we used that
∫
|z|=1

zk−ℓ−1 = 2iπ by Residue theorem. This concludes the proof.

C.2 Proof of Theorem 3.1

Proof of Theorem 3.1. This is a straightforward consequence of Propositions 4.1 and 5.3, with β = (1 + γ)2,
β1 = 1 + γ, cΣ = (1− γ)−1 and σ2 = σ2

0 .

C.3 Proof of Proposition 3.2

Proof of Proposition 3.2. In this case, the matrices Σ0,Σ1, H, S are straightfoward to compute. In particular,
we have

Σ0 = Σ1 = ωId and H = S = (1− γ)ωId.

Moreover, we have b = E[Rkφ(Xk)] = 0 so that θ∗ = 0. Therefore, we have

EX∼m
[
|v(X, θk)− v(X, θ∗)|2

]
= ωE

[
|θk|2

]
.

For 1 ≤ i ≤ d, we have θk,i satisfies

θk,i = (1− dα(1− γ)ωBk,i)θk−1,i + α
√
dωBk,iRk,

where (Bk)k≥1 are i.i.d. d-dimensional random variables, with B1,i ∼Ber( 1d ) and
∑d
i=1B1,i = 1 a.e..

On the one hand, from Lemma C.4, under the regime described in Proposition 3.2, for C = 5.5,

EX∼m
[
|v(X, θk)− v(X, θ∗)|2

]
≳

(1− e−C)2|θ0|2

Cα(1− γ)k
+

σ2
0

(1− γ)2k

(
1− 3− 4e−C + e−2C

2C

)
. (17)

On the other hand, under the same convergence regime, observe that the upper bound in Theorem 3.1 is equivalent
to

E =

((
|θ0|2

2α(1− γ)k

) 1
2

+

(
eσ2

0

(1− λ)(1− γ)2k

) 1
2

)2

≤ (1 +A)|θ0|2

2α(1− γ)k
+

2(1 +A−1)eσ2
0

(1− γ)2k
,
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where we take A = 2.7. Then, we can easily check that 1.85 = 1+A
2 < 11 (1−e−C)2

C ≈ 1.98 and 7.45 ≈ 2e(1+A−1) <

11
(
1− 3−4e−C+e−2C

2C

)
≈ 8.02. Therefore we obtain

EX∼m
[
|v(X, θk)− v(X, θ∗)|2

]
≳ 11E,

which concludes the proof.

Corollary C.3. Consider the same MRP and feature functions as in Proposition 3.2. Take α = λα0(γ) for
λ ∈ (0, 1). For k → ∞, γ → 1 and k(1− γ) → 1.25, we have

EX∼m
[
|v(X, θk)− v(X, θ∗)|2

]
≳

1

1.25

|θ0 − θ∗|2

2
(
1− α

α1(γ)

)
α(1− γ)k

.

Moreover, for γ → 1 and k(1− γ) → ∞, we have

EX∼m
[
|v(X, θk)− v(X, θ∗)|2

]
≳

1− α
α0(γ)

e

deσ2
0(1 + εk,γ)

(1− α
α0(γ)

)(1− γ)2k
.

Proof. Similarly as in the proof of Proposition 3.2, for k → ∞, γ → 1 and k(1 − γ) → 1.25, the asymptotic
inequality 17 holds for C = 1.25. This implies

EX∼m
[
|v(X, θk)− v(X, θ∗)|2

]
≳

(1− e−C)2|θ0|2

Cα(1− γ)k

which implies the first inequality in Corollary C.3, since 2(1−e−C)2

C ≥ 1
1.25 .

Now consider for γ → 1 and k(1− γ) → ∞. Repeating the arguments in the proof of Lemma C.4, we obtain

EX∼m
[
|v(X, θk)− v(X, θ∗)|2

]
≳

dσ2
0

(1− γ)2k
∼

1− α
α0(γ)

e

deσ2
0(1 + εk,γ)

(1− α
α0(γ)

)(1− γ)2k
.

This concludes the proof.

Lemma C.4. Let (Yk)k≥0 be a stochastic process with value in R such that Y0 = y0 ∈ R is fixed and, for k ≥ 1

Yk = (1− λBk)Yk−1 +BkZk,

for p ∈ [0, 1] and λ ∈ (0, 2), where (Bk, Zk)k≥1 are i.i.d. with B1 independent from Z1, B1 ∼Ber(p), E[Z1] = 0

and Var(Z1) = σ2 > 0. Define Y k = 1
k

∑k−1
i=1 . In the regime k → ∞, λ → 0 and pkλ → C, for some C > 0, we

have

E
[
Y

2

k

]
≳

(1− e−C)2y20
Cpλk

+
σ2

pλ2k

(
1− 3− 4e−C + e−2C

2C

)
.

Proof of Lemma C.4. Using superposition principle, we get Yk = Y bk + Y vk , with

Y bk = (1− λBk)Y
b
k−1, Y b0 = y0

Y vk = (1− λBk)Y
v
k−1 +BkZk, Y v0 = 0.

Moreover, using that Zk is centered and independent with Y bk , we get E[Y vk ] = 0 and E
[
Y bk Y

v
k

]
= 0. Therefore,

we obtain
E
[
Y 2
k

]
= E

[
(Y bk )

2
]
+ E

[
(Y vk )

2
]

First step: the bias.

In this step, we only consider Y bk . We have

E
[
Y bk
]
= p(1− λ)E

[
Y bk−1

]
+ (1− p)E

[
Y bk−1

]
= (1− pλ)E

[
Y bk−1

]
= (1− pλ)ky0,
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so that we get

E
[
(Y

b

k)
2
]
≥ E

[
Y
b

k

]2
=

(
1

k

k−1∑
i=0

(1− pλ)iy20

)
=

(1− (1− pλ)k)2y20
λ2p2k2

.

Therefore, for k → ∞, λ→ 0 and kλp→ C > 0, using (1− pλ)k → e−C , we obtain

E
[
(Y

b

k)
2
]
≳

(1− e−C)2y20
Cλpk

.

Second step: the variance term.

Recall that E[Y vk ] = 0. Then, for λ′ = 2λ− λ2 ∈ (0, 1), we have

E
[
(Y vk )

2
]
=
(
p(1− λ)2 + (1− p)

)
E
[
(Y vk−1)

2
]
+ pσ2

=
(
1− p(2λ− λ2)

)
E
[
(Y vk−1)

2
]
+ pσ2

= pσ2
k−1∑
i=0

(1− pλ′)
i

=
(1− (1− pλ′)k)σ2

λ′
.

Let (Fk)k≥1 be the filtration associated to (Zk, Bk)k≥1. Using similar arguments as in the first step, for 1 ≤ i ≤ j,
we get

E
[
Y vj | Fi

]
= (1− pλ)j−iY vi .

This implies that

E
[
Y vj Y

v
i

]
= (1− pλ)j−iE

[
(Y vi )

2
]
= (1− pλ)j−i

(1− (1− pλ′)i)σ2

λ′
.

Therefore, we obtain

E
[
(Y

v

k)
2
]
=

1

k2

2
∑

0≤i≤j≤k−1

E
[
Y vj Y

v
i

]
−
k−1∑
i=0

E
[
(Y vi )

2
]

=
σ2

λ′k2

k−1∑
i=0

(1− (1− pλ′)i)

2

k−1∑
j=i

(1− pλ)j−i − 1


=

σ2

λ′k2

k−1∑
i=0

(
(1− (1− pλ′)i)

(
2(1− (1− pλ)k−i)

pλ
− 1

))

=
2σ2

pλλ′k2

k−1∑
i=0

(
1− (1− pλ′)i − (1− pλ)k−i + (1− pλ)k

(
1− pλ′

1− pλ

)i)
− σ2

λ′k2

k−1∑
i=0

(1− (1− pλ′)i)

=
2σ2

pλλ′k2

(
k − 1− (1− pλ′)k

pλ′
− 1− (1− pλ)k

pλ
+ (1− pλ)

(1− pλ)k − (1− pλ′)k

p(λ′ − λ)

)
− σ2

λ′k2

(
k − 1− (1− pλ′)k

pλ′

)
.

Therefore, for k → ∞, λ→ 0 and kλp→ C > 0, we obtain the following asymptotic equivalent

E
[
(Y

v

k)
2
]
∼ σ2

pλ2k

(
1− 1− e−2C

2C
− 1− e−C

C
+
e−C − e−2C

C

)
− σ2

2λk

(
1− 1− e−2C

2C

)
=

σ2

pλ2k

(
1− 3− 4e−C + e−2C

2C

)
− σ2

2λk

(
1− 1− e−2C

2C

)
∼ σ2

pλ2k

(
1− 3− 4e−C + e−2C

2C

)
,
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where we used λ′ ∼ 2λ, (1−pλ)k ∼ e−C and (1−pλ′)k ∼ e−2C to get the first line, λ→ 0 and 1− 3−4e−C+e−2C

2C > 0
for C > 0 to get the last one.

This concludes the proof.

C.4 Proof of Theorem 3.3

Proof. The convergence rate is a consequence of Theorem B.3 with β = (1+ γ)2, β1 = 1+ γ, cΣ = (1− γ)−1 and
σ2 = σ2

0 .

Therefore, it only remains to prove the second part of the theorem. Take the Markov Process on X = {1,−1}
such that X ′ = −X a.e.. Take m ≡ 1

2 the uniform probability distribution, d = 1 and ϕ(x) = x. Consider
(Rk)k≥1 i.i.d. with R1 ∼ N (0, σ2

0). For α ≥ α1(γ) =
2

1+γ , k ≥ 1, we have

θk = (1− α(1 + γ))θk−1 + αRk = rkθ0 + α

k−1∑
i=0

riRk−i,

with r = 1− α(1 + γ) < −1. Therefore, we obtain

E
[
|θk|2

]
= r2kθ20 + α2σ2

0

k−1∑
i=0

r2i = r2kθ20 + α2σ2
0

r2k − 1

r2 − 1
−→
k→∞

+∞.

Similarly, we have

Em
[
|v(X, θk)− v(X, θ∗)|2

]
= E

[
|θk|2

]
=

(rk − 1)2

(1− r)2k2
|θ0|2 +

α2σ2
0

(1− r)2k2
|θ0|2

k−1∑
i=1

|ri − 1|2 −→
k→∞

+∞.

This concludes the proof.

C.5 Proof of Lemma 3.4

Proof of Lemma 3.4. We consider φ as in the first case in Lemma 3.4 and (θk)k≥0 the induced sequence obtained
using TD(0). Similarly, we define φ̃ and (θ̃k)k≥0 according to the second case. We are going to prove by induction
on k ≥ 0

φ(x)⊤θk = φ̃(x)⊤θ̃k for any x ∈ X .

First for k = 0, we have

φ̃(x)⊤θ̃0 = θ̃0,1 + φ̃(−1)(x)
⊤θ̃0,(−1) = Cθ0,1 + φ(−1)(x)

⊤θ0,(−1) = φ(x)⊤θ0.

Then, for k ≥ 1, assume that the equality holds at index k − 1. Observe that φ̃(x)⊤α̃φ̃(y) = αφ(x)⊤φ(y), so
that we obtain

φ̃(x)⊤θ̃k = φ̃(x)⊤
(
θ̃k−1 − α̃φ̃(Xk)

(
(φ̃(Xk)− γφ̃(X ′

k))
⊤θ̃k−1 −Rk

))
= φ(x)⊤θk−1 − αφ(x)⊤φ(Xk)

(
(φ(Xk)− γφ(X ′

k))
⊤θk−1 −Rk

)
= φ(x)⊤

(
θk−1 − αφ(Xk)

(
(φ(Xk)− γφ(X ′

k))
⊤θk−1 −Rk

))
= φ(x)⊤θk.

C.6 Asymptotic behavior of θ∗ as γ tends to 1

Lemma C.5. Assume TD1-TD3 and that there exists θ1 ∈ Rd such that v(·, θ1) = 1, where 1 is the constant
function equal to one. Then, we have

µ⊤θ∗ = E [v(X, θ∗)] =
E[R]
1− γ

.
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In particular, if E[R] ̸= 0, we obtain

|θ∗| ≥ |E[R]|
|µ|(1− γ)

= O((1− γ)−1).

Proof. Observe that Σ0θ1 = µ = Σ⊤
1 θ1, which implies θ⊤1 (Σ0 − γΣ1) = θ⊤1 H = (1− γ)µ⊤, so that we get

E [v(X, θ∗)] = µ⊤θ∗ = (1− γ)−1θ⊤1 Hθ
∗ = (1− γ)−1θ⊤1 b = (1− γ)−1E[R].

Recall that µ ̸= 0, otherwise θ1 cannot exist. The second inequality in the lemma is straightforward.

Lemma C.6. Under the same assumptions as Theorem 3.5, θ∗ is uniformly bounded with respect to γ.

Proof. Observe that H and b write as

H =

(
(1− γ)−1 µ⊤

(−1)

µ(−1) H̃,

)
b =

(
(1− γ)−1E[R]

b̃

)

with H̃ = E
[
φ(−1)(X)(φ(−1)(X)− γφ(−1)(X

′))⊤
]

and b̃ = E[Rφ(−1)(X)]. From the first line in Hθ∗ = b, we
obtain

θ1 = E[R]− (1− γ)µ⊤
(−1)θ(−1).

Using this and the other lines from Hθ∗ = b, we get

H̃θ(−1) = b̃− E[R]µ(−1),

where H̃ = H − (1− γ)µ(−1)µ
⊤
(−1).

On the one hand, using similar arguments as in the proof of Theorem 3.7, we have

θ⊤(−1)H̃θ(−1) ≥ (1− γ(1− g))θ⊤(−1)Σ̃0θ(−1) ≥ (1− γ(1− g))ω̃|θ(−1)|2,

where Σ̃0 = E
[
(φ(−1)(X)− µ(−1))(φ(−1)(X)− µ(−1))

⊤] and ω̃ > 0 is the smallest eigenvalue of Σ̃0 which is
positive using the linear independence of the features and the fact that φ1 is constant.

On the other hand, we have

θ⊤(−1)H̃θ(−1) = θ⊤(−1)(̃b− E[R]µ(−1) ≤ |θ(−1)|E[R(φ(−1) − µ(−1))]| ≤ C
1
2

R |θ(−1)|,

where CR is defined in Assumption TD2.

Consequently, we obtain

|θ(−1)| ≤
C

1
2

R

ω̃(1− γ(1− g))
≤
C

1
2

R

ω̃g
,

and then |θ1| ≤ C
1
2

R +
C

1
2
R

ω̃ . This concludes the proof.

C.7 Proof of Theorem 3.5

Proof of Theorem 3.5. The upper bound is a direct consequence of Proposition C.7 and Proposition B.4 with
Σ = Σ0, β = 1 + (1 + γ)2, cΣ = (1 − γ)−1, and σ2 = σ2

0 . The uniform boundedness of θ∗ with respect to γ is
given by Lemma C.6.

Proposition C.7. Under Assumptions TD1,TD2, td3, the upper bound in Proposition 5.3 applies.

Proof. We will repeat most of the arguments of the proof of Proposition 5.3.

First observe that Q = Σ
1
2
0 (Id − αH)Σ

− 1
2

0 , thus it admits the same spectrum as Id − αH. Moreover, using (22),
(23) we can take cΣ = (1−γ)−1 β = 1+(1+γ)2 so that (10) applies for α < 2

βcΣ
= 2(1−γ)

1+(1+γ)2 = α2(γ). Then (10)
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implies that the spectrum of Id−αH is contained in the complex unit sphere. Therefore, Lemma C.2 applies to
Q and Inequality (13) holds.

Then, the first step of the proof of Proposition 5.3 can be repeated without any change. Concerning the
second step, the only change occurs to obtain the fourth line in the chain of inequalities (15): it requires that∥∥Σ0U − U⊤Σ0

∥∥
op

≤ 2 is indeed satisfied under the present assumption as stated in (27).

Therefore, there only remains the third step, i.e., for ℜ(z) ≤ −1 + (1 − γ)2, that we handle with a different
approach using γ ≥ 1

2 . First, we have

α <
2(1− γ)

1 + (1 + γ)2
≤ 2(1− γ)

1 +
(
1 + 1

2

)2 =
8

13
(1− γ),

then, using Inequality (26), we get

α2∥Σ0(Id − γU)∥2op ≤ (1− γ)2

4
∥Σ0(Id − γU)∥2F

≤ 82(1− γ)2

132
(
(1− γ)2(((1− γ)−2 + 1)2 + 1) + 2(1 + γ)2

)
=

82

132
(
(1 + (1− γ)2)2 + (1− γ)4) + 2(1− γ2)2

)
≤ 82

132

(
25

16
+

1

16
+

9

8

)
≤ 1.012.

Moreover, using −R(z) ≥ 1− (1− γ)2 ≥ 3
4 , we obtain

|z − ck|2 = (ck −R(z))2 + I(z)2 = c2k − 2R(z)ck + 1 ≥ c2k +
3

2
ck + 1.

Therefore, the above inequalities imply that, for y ∈ Cd with |y| = 1, we have

|(z − Q̃)y| = | ((ck − z)Id − αckΣ0(Id − γU)) y|
≥ |ck − z||y| − αck∥Σ0(Id − γU)∥op|y|

≥
√
c2k +

3

2
ck + 1− 1.01ck = f(ck),

where f : x ∈ [0, 1] →
√
x2 + 3

2x+ 1− 1.01x. We have

f ′(x) =
x+ 3

4x√
1 + 3

2x+ x2
− 1.01 =

√
x2 + 3

2x+ 9
16

1 + 3
2x+ x2

− 1.01 ≤ 0.

Consequently, we obtain
∥∥∥(z − Q̃)−1

∥∥∥
op

≤ f(1)−1 =
(√

7
2 − 1.01

)−1

≤ 2.

The remaining of the proof is similar to that of Proposition 5.3.

C.8 Proof of Theorem 3.7

Proof of Theorem 3.7. Define φ̂ = φ− µ, Σ̂0 = E[φ̂(X)φ̂(X)⊤] = Σ0 − µµ⊤, Σ̂1 = E[φ̂(X)φ̂(X ′)⊤] = Σ1 − µµ⊤,
Ĥ = Σ̂0 − γΣ̂1, Ŝ = Ĥ+Ĥ⊤

2 and b̂ = E[Rφ̂(X)] = b−E[R]µ. Observe that, using Assumption TD4, we have, for
any θ, θ′ ∈ Rd,

θ⊤Σ̂1θ
′ ≤ (1− g)|Σ̂

1
2
0 θ||Σ̂

1
2
0 θ

′|.

Therefore, Ũ defined by Ũ = (1− g)−1Σ̂
− 1

2
0 Σ̂1Σ̂

− 1
2

0 satisfies
∥∥∥Ũ∥∥∥

op
≤ 1. Then we obtain

Ĥ = Σ̂
1
2
0 (Id − (1− g)γŨ)Σ̂

1
2
0 ,
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which is the same structure as for TD(0) but with γ replaced with (1− g)γ.

To prove Theorem 3.1, the only property that we used for U was that it operator norm was bounded by one.
Therefore, we can repeat all the proof in the case of Ĥ with γ replaced by (1−g)γ. This proves Theorem 3.7.

C.9 Some results on complex integration

Lemma C.8. For u ∈ [0, 1), we have ∫ 2π

0

dθ

|e−iθ − u|2
=

2π

1− u2

Proof. Let G = {z ∈ C, |z| = 1}, we have

∫ 2π

0

dθ

|e−iθ − u|2
=

∫
G

1

|z − u|2
dz

iz

=

∫
G

dz

(z − u)(z−1 − u)iz

=

∫
G

dz

i(z − u)(1− zu)
.

Recall that the function 1
i(z−u)(1−zu) is holomorph on D(0, 1)\{u} with a pole in u. Therefore, we can use the

Residue Theorem to get

∫ 2π

0

dθ

|e−iθ − u|2
= 2πi Resu

(
z 7→ 1

i(z − u)(1− zu)

)
= 2πi

1

i(1− u2)
=

2π

1− u2
.

This concludes the proof.

C.10 Few results from linear algebra

Lemma C.9. Assume TD1-TD3. Using the notations of the algorithm TD(0) from Section 1, define hTD =
φ(X)(φ(X)− γφ(X ′)) and STD = Σ0 − γΣ1, we have

(1− γ)Σ0 ≤ STD ≤ (1 + γ)Σ0, (18)

E
[
hTD(hTD)⊤

]
≤ (1 + γ)2Σ0 (19)

E
[
(hTD)⊤hTD

]
≤ (1 + γ)STD, (20)

E
[
(hTDθ∗ − bTD)(hTDθ∗ − bTD)⊤

]
≤ σ2

0Σ0. (21)

Proof. To get (18), it is sufficient to observe

STD = Σ0 −
γ

2
E
[
φ(X)φ(X ′)⊤ + φ(X ′)φ(X)⊤

]
,

and use Cauchy-Schwarz inequality.

To get (19), we compute

E
[
hTD(hTD)⊤

]
= E

[
|φ(X)− γφ(X ′)|2φ(X)φ(X)⊤

]
≤ (1 + γ)2E

[
φ(X)φ(X)⊤

]
= (1 + γ)2Σ0.
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Now let us prove (20)

E
[
(hTD)⊤hTD

]
= E

[
|φ(X)|2(φ(X)− γφ(X ′))(φ(X)− γφ(X ′))⊤

]
≤ E

[
(φ(X)− γφ(X ′))(φ(X)− γφ(X ′))⊤

]
= E

[
(1 + γ2)φ(X)φ(X)⊤ − γ(φ(X)φ(X ′)⊤ + φ(X ′)φ(X))

]
= (1 + γ2)Σ0 − γ(Σ1 +Σ⊤

1 )

= (1 + γ)STD − γ(1− γ)

(
Σ0 −

Σ1 +Σ⊤
1

2

)
≤ (1 + γ)STD.

We conclude the proof with (21):

E
[
(hTDθ∗ − bTD)(hTDθ∗ − bTD)⊤

]
= E

[
|δ(X,X ′, θ∗)|2φ(X)φ(X)⊤

]
≤ σ2

0Σ0.

Lemma C.10. Assume TD1, TD2 and td3. We have

(1− γ)Σ0 ≤ STD ≤ (1 + γ)Σ0, (22)

E
[
hTD(hTD)⊤

]
≤ ((1− γ)2c2γ + (1 + γ)2)Σ0, (23)

E
[
(hTDθ∗ − bTD)(hTDθ∗ − bTD)⊤

]
≤ σ2

0Σ0, (24)∥∥Σ0U − U⊤Σ0

∥∥
op

≤ 2, (25)

∥Σ0(Id − γU)∥2F ≤ (1− γ)2((c2γ + 1)2 + 1) + 2(1 + γ)2, (26)

Proof. The proofs of (22) and (24) are similar as the ones of (18) and (21). To get (23), we compute

E
[
hTD(hTD)⊤

]
= E

[
|φ(X)− γφ(X ′)|2φ(X)φ(X)⊤

]
≤ ((1− γ)2c2γ + (1 + γ)2)Σ0,

where we used that |φ(X)− γφ(X ′)|2 = (1− γ)2c2γ + |φ(−1)(X)− γφ(−1)(X
′)|2 ≤ (1− γ)2c2γ + (1 + γ)2.

It only remains to prove (25). Let us define Σ̃0, Σ̃1 ∈ R(d−1)×(d−1) by

Σ̃0 = E
[
(φ(−1)(X)− µ(−1))(φ(−1)(X)− µ(−1))

⊤] and Σ̃1 = E
[
(φ(−1)(X)− µ(−1))(φ(−1)(X

′)− µ(−1))
⊤] .

Define Ũ = Σ̃
− 1

2
0 Σ̃1Σ̃

− 1
2

0 . Consider

L =

(
cγ 0

µ(−1) Σ̃
1
2
0

)
so that LL⊤ = Σ̃0, L

(
1 0

0 Ũ

)
L⊤ = Σ̃1, L⊤L = Q⊤Σ̃0Q and U = Q

(
1 0

0 Ũ

)
Q⊤,

where Q := Σ̃
− 1

2
0 L ∈ O(Rd−1). This implies that

Q⊤(Σ0U − U⊤Σ0)Q = L⊤L

(
1 0

0 Ũ

)
−
(
1 0

0 Ũ⊤

)
L⊤L

=

(
c2γ + |µ(−1)|2 µ⊤

(−1)Σ̃
1
2
0

Σ̃
1
2
0 µ(−1) Σ̃0

)(
1 0

0 Ũ

)
−
(
1 0

0 Ũ

)(
c2γ + |µ(−1)|2 µ⊤

(−1)Σ̃
1
2
0

Σ̃
1
2
0 µ(−1) Σ̃0

)(
1 0

0 Ũ

)

=

(
c2γ + |µ(−1)|2 µ⊤

(−1)Σ̃
1
2
0 Ũ

Σ̃
1
2
0 µ(−1) Σ̃0Ũ

)
−

(
c2γ + |µ(−1)|2 µ⊤

(−1)Σ̃
1
2
0

Ũ⊤Σ̃
1
2
0 µ(−1) Ũ⊤Σ̃0

)

=

(
0 µ⊤

(−1)Σ̃
1
2
0 (Ũ − Id)

(Id − Ũ⊤)Σ̃
1
2
0 µ(−1) Σ̃0Ũ − Ũ⊤Σ̃0

)
.

=

(
0 −y⊤
y 0

)
+

(
0 0

0 Σ̃0Ũ − Ũ⊤Σ̃0

)
,
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where y := (Id − Ũ⊤)Σ̃
1
2
0 µ(−1). Therefore, we obtain∥∥Σ0U − U⊤Σ0

∥∥
op

≤ |y|2 +
∥∥∥Σ̃0Ũ − Ũ⊤Σ̃0

∥∥∥
op
. (27)

On the one hand, we have

|y|2 ≤ 2
∥∥∥Σ̃ 1

2
0

∥∥∥
op
|µ(−1)| ≤

∥∥∥Σ̃0

∥∥∥
op

+ |µ(−1)|2 ≤ tr(Σ̃0) + |µ(−1)|2

= E
[
|φ(−1)(X)− µ(−1)|2

]
+ µ2

(−1) = E
[
|φ(−1)(X)|2

]
≤ 1.

On the other hand, take (λi, vi)1≤i≤d−1 the couples of eigenvalues and eigenvectors of Σ̃0, we have

∥∥∥Σ̃0Ũ − Ũ⊤Σ̃0

∥∥∥
op

=

d−1∑
i=1

λi(vi(Ũ
⊤vi)

⊤ − (Ũ⊤vi)v
⊤
i )

≤
d−1∑
i=1

λi

∥∥∥vi(Ũ⊤vi)
⊤ − (Ũ⊤vi)v

⊤
i

∥∥∥
op

≤
d−1∑
i=1

λi|vi||Ũ⊤vi|

≤
d−1∑
i=1

λi = tr(Σ̃0) ≤ 1.

where we used Lemma C.11 to get the third line, ∥Ũ∥op ≤ 1 to get the last line. We conclude using (27) and the
above inequalities.

Let us now prove Inequality (26). Using similar computations as above, we have

QΣ0(Id − γU)Q⊤ = L⊤L

(
Id − γ

(
1 0

0 Ũ

))
=

(
c2γ + |µ(−1)|2 µ⊤

(−1)Σ̃
1
2
0

Σ̃
1
2
0 µ(−1) Σ̃0

)(
1− γ 0

0 Id−1 − γŨ

)

=

(
(1− γ)(c2γ + |µ(−1)|2) µ⊤

(−1)Σ̃
1
2
0 (Id−1 − γŨ)

(1− γ)Σ̃
1
2
0 µ(−1) Σ̃0(Id−1 − γŨ)

)
.

Therefore, we obtain∥∥Σ0(Id − γU)Q⊤∥∥2
F
= (1− γ)2(c2γ + |µ(−1)|2)2 +

∣∣∣(Id − γŨ⊤)Σ̃
1
2
0 µ(−1)

∣∣∣2
+
∣∣∣(1− γ)Σ̃

1
2
0 µ(−1)

∣∣∣2 + ∥∥∥Σ̃0(Id−1 − γŨ)
∥∥∥2
F

≤ (1− γ)2(c2γ + 1)2 + (1 + γ)2 + (1− γ)2 + (1 + γ)2

= (1− γ)2((c2γ + 1)2 + 1) + 2(1 + γ)2,

where we used ∥Ũ∥op, ∥Σ̃∥op ≤ 1 and
∥∥∥Σ̃0(Id−1 − γŨ)

∥∥∥2
F

≤ (1 + γ)2tr(Σ̃2
0) ≤ (1 + γ)2tr(Σ̃0) ≤ (1 + γ)2 since

tr(Σ̃0) = E[|φ(−1)(X)|] ≤ 1.

Lemma C.11. For u, v ∈ Rd, we have
∥∥uv⊤ − vu⊤

∥∥
op

≤ |v||u|.

Proof. It is sufficient to prove the result for |u| = |v| = 1. Take v = λ1u + λ2w, with λ21 + λ22 = 1, w ∈ u⊥ and
|w| = 1. We have

uv⊤ − vu⊤ = λ2(uw
⊤ − wu⊤).

Moreover, since u ⊥ w, for any x ∈ Rd, we have

|(uw⊤ − wu⊤)x|2 = |w⊤x|2 + |u⊤x|2 =
∣∣ΠSpan(u,w)x

∣∣2 ≤ |x|2,
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where ΠSpan(u,w) is the orthogonal projection on Span(u,w). Therefore, we obtain∥∥uv⊤ − vu⊤
∥∥
op

≤ λ2
∥∥uw⊤ − wu⊤

∥∥
op

≤ λ2 ≤ 1.

This concludes the proof.
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