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Abstract

In this paper, we study the finite-time behav-
ior of the TD(0) temporal-difference method
with linear function approximation (LFA).
We consider on-policy independent and iden-
tically distributed (i.i.d.) samples, a constant
learning step, and the Polyak-Juditsky aver-
aging method. We establish a new conver-
gence rate, for the Mean-Square Error (MSE)
on the approximated function, that is (i) fast
in the sense that it admits an optimal depen-
dency in the number of iterations k (i.e., of
order 1/k), (ii) is robust to ill-conditioning: it
only depends on an initial error and model-
independent constants and (iii) is sharp up
to a multiplicative constant lower than 11. In
particular, it does not depend on the smallest
eigenvalue of the uncentered covariance ma-
trix of the linear parametrization, unlike all
pre-existing O(1/k) rates in the TD(0) liter-
ature. We also introduce PCTD(0), a variant
of TD(0), which benefits from better conver-
gence properties under an additional assump-
tion of strong mixing on the Markov Chain.

1 INTRODUCTION

Temporal Difference (TD) learning (Sutton, 1988} [Sut-
ton and Bartol [2018]), is a fundamental algorithm in
reinforcement learning (RL) for estimating the value
function associated with a policy. Among the var-
ious TD variants, the TD(0) algorithm stands out
for its simplicity and practical efficiency, particularly
when combined with linear function approximation
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(LFA). Despite its widespread empirical success, ob-
taining sharp non-asymptotic convergence guarantees
for TD(0) remains a significant theoretical challenge.

When used with LFA, TD(0) enters the more general
framework of linear stochastic approxzimation (LSA)
methods. Since the early work of [Robbins and Monro
(1951), it has been known that stochastic approxima-
tion (SA) schemes can achieve a O(1/k) behavior un-
der strong convexity assumptions, but these guaran-
tees heavily depend on the constant of strong convex-
ity. Later developments, such as the “robust SA” and
mirror-descent approaches of [Nemirovski et al.| (2009)
instead obtain non-asymptotic O(1/v/k) bounds that
hold for general convex problems and no longer depend
on a strong convexity constant.

For practical SA algorithms, rates are in general either
fast or robust, but rarely both. The most famous and
impactful example of a fast and robust convergence
rate applies to SGD in a particular setting. While
many classical SGD analyses require strong convexity
to get O(1/k) rates, the breakthrough paper by [Bach
and Moulines| (2013) showed that in least-squares re-
gression, averaged SGD with a constant stepsize still
attains a O(1/k) convergence rate without any strong
convexity assumption, thus providing fast yet robust
guarantees in the non-strongly-convex setting.

In the whole field of RL, prior to our work, we are
not aware of any rate on a non-tabular sample-based
numerical method that is both fast and robust. For
TD(0) with LFA, existing non-asymptotic convergent
rates divide into two classes, aligned with the SA liter-
ature. The first one consists of fast O(1/k) rates, Lak-
shminarayanan and Szepesvari| (2018); [Bhandari et al.
(2018)); [Srikant and Ying (2019); [Patil et al| (2023);
Samsonov et al.| (2024)); Mitra (2024), where the con-
stant in the O(1/k) can be arbitrarily large in practice,
especially for large dimensions where systems arising
from modern ML are most often ill-conditioned. The
dependence on the conditioning in the latter rates gen-
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erally appears through the smallest eigenvalue of the
uncentered covariance matrix of the linear parameter-
ization, that we denote w. We qualify this constant
as being model-dependent, where the wording model
refers, in the usual statistical sense, to the choice of the
parameterization. It has to be noted that this w ad-
mits the exact same definition as the strong convexity
in Bach and Moulines| (2013]), making the comparison
with this paper relevant.

The second class consists of robust rates, [Bhandari
et al| (2018); [Liu and Olshevsky| (2021); [Lee and
Orabona| (2025). Even through they are of order
O(1/Vk), they are often thought to lead to tighter
upper bounds in practice since they do not deteriorate
when w tends to zero. On the smallness of w, [Bach
and Moulines| (2013) write that “typical ML problems
are high dimensional and have correlated variables so
that fw] is zero or very close to zero, and in any case
smaller than [O(1/Vk)]. This then makes the non-
strongly convex methods better.”

In the relevant literature, the most popular conjecture
on the open question of whether or not a fast and ro-
bust rate is attainable seems to be the negative answer.
The second author in [Bach and Moulines| (2013)), to-
gether with their coauthors in [Samsonov et al.| (2024),
wrote: “Note that the leading term of the bound in
Jour first main result for TD(0) (with i.i.d. sam-
ples)] includes factors of [1/w]. This dependence is
generally unavoidable if one aims to obtain the MSE
bound [on the approzimated functions| that scales as
[1/k]”. Furthermore, while the main purpose in [Lak-
shminarayanan and Szepesvari (2018) (which appears
in their title) is to obtain the sharpest rate on LSA
and TD(0) using the same averaging method as in the
present work, they did not attain a robust rate. They
even provide a lower bound that scales as w™2 on the
MSE on the parameters (while we consider the MSE
on the approximated functions, similarly to|Samsonov:
et al| (2024)), and others).

Contributions. Our main contributions are:

e Under standard assumptions, for learning rates

?S_fgz), we prove the first fast and ro-

bust convergence rate for TD(0), see Theorem (3.1
Proposition shows that this rate is sharp up
to a multiplicative constant lower than 11. This
significantly improves on existing results as sum-
marized in Table [Il

lower than

e In Theorem [3:3] we prove another convergence
rate that benefits from the largest range of ad-
missible learning rates in the literature up to our
knowledge, namely o < % Unlike the former
rate, it is not robust but it remains faster than

any existing rate prior to this work. We also prove

that for a > %, convergence of TD(0) may fail.

e We propose two methods to reduce the depen-
dence on (1 —7)~! of our robust rates when the
transition operator of the Markov Chain admits a
positive spectral gap g > 0. In the first method,
we consider different learning rates for the con-
stant part of the parametrization and the rest,
see Theorem [3.5] For the second one, we intro-
duce PCTD(0) which uses the differences of two
independent copies of the Markov Chain to obtain
centered feature maps. This allows one to: (i)
consider v larger than one; (ii) get a convergence
rate independent of (1 —v)~! when v < 1 (but
dependent of g~! that may be large in practice).

e For a more general class of LSA methods, which
satisfy Assumptions we prove a con-
vergence rate in O(1/k) with a dependence onto
the model only appearing in a faster converging
O(1/k?) term, see Theorem |4.2

Notations. The euclidean norm on R? is denoted by
| - |, using the same symbol as the absolute value for
real numbers and modulus for complex numbers, by a
slight abuse of notations. The set of d x d-sized square
matrices is denoted by R?*?. The operator norm on
R*4 associated with the euclidean norm is denoted
Il - llop, and the Frobenius norm is denoted || - || 7. For
S1, S5 two symmetric matrices, the notations S7 < So
means that Sy — S is positive semi-definite (similarly
we define >, < and > on the set of symmetric matri-
ces). If S is a symmetric positive semi-definite matrix,
its square root is denoted by S 3,

2 RELATED WORKS

2.1 TD(0) with LFA

The literature corpus of theoretical analyses of TD-
learning is rich and has continuously developed over
the past thirty years. The tabular version of the TD-
learning algorithm was introduced by [Sutton! (1988),
with first convergence results. Later, [Tsitsiklis and
Van Roy| (1997) proved that TD(0) with LFA con-
verges with probability one, in the case of linearly
independent features, yet without an explicit conver-
gence rate. [Lakshminarayanan and Szepesvari| (2018)
proposed a non-asymptotic analysis in the i.i.d. sam-
pling setting, while [Bhandari et al.| (2018) proposed a
different analysis, applicable to the Markov sampling
setting. Around the same period, [Dalal et al.| (2018)
and |Srikant and Ying (2019) derived alternative con-
vergence rates, and [Khamaru et al.| (2021)) introduced
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’ Paper \ Type of error \ Step size \ Averaging \ Convergence rate
9 )| -3 -3

Bhandari et al.| (2018) EHU(‘E’ 0|zl)¢ 7:;5:‘)5—’9 )I°] O?kgfiw*)l) }I’leos O?kgiwl)

| [Srikant and Ying] (2019) E [0, — 0%]? O(k~1w™1) no Ok~ 1w1)

| [Liu and Olshevsky| (2021)) | E[Jo(X,0x) — v(X,6%)]?] | O(K~1/?) yes O(K~17%)

| [Lee and Orabonal (2025) | E[Jo(X,0x) — v(X,6%)]?] | O(K~1/?) yes O(K~1/2)

| [Dalal et al. (2018) E [|6x — 6*]?] O(k=") no O(k‘Bw_leC(l_B)flw_FH)
Lakshminarayanan  and E [0 — 6% 0(1) yes O(k™'w=2)
Szepesvari (2018))

| [Patil et al.[ (2023) E [[0x — 0*%] 0(1) yes Ok Tw™2)
Mitral (2024]) E[Jv(X, 0k) — v(X,0)|?] o(1) yes O(k~1w=2)

| [Samsonov et al[ (2024) E[jv(X,0;) — v(X,0%)|%] 0O(1) yes O(k~tw™2)

| Our Theorem [3.1 E[jv(X,0k) — v(X,0%)|%] O(1) yes O(k=1)
Our Theorem (3.3 E[jv(X,0k) — v(X,0%)|%] O(1) yes O(k~tw™1)

Table 1: Different rates of convergence in expectation from the state of the art on TD(0) with i.i.d. samples. On the first,
fourth and fifth lines, K is the total number of iterations, that has to be known before starting the computations. For Dalal et al., 8 € (0, 1)
is a fixed parameter, observe that: letting 8 tend to one makes the term in the exponential blow up; taking 8 not near one implies that the

dependency with respect to w™?t

is exponential. Some poly-logarithmic dependencies are omitted in the rates for simplicity. Note that some,

but not all, results presented in the table also apply to the Markov sampling setting.

a variance-reduced variant of TD(0). Exploring differ-
ent approximation schemes, |Cai et al.| (2019)) proposed
an analysis of a version of TD(0) where approximation
is done using a finite-width one-hidden layer neural
network, while Berthier et al.| (2022) studied a non-
parametric version of TD learning, using an infinite-
dimensional linear approximation scheme. More re-
cent analyses of TD(0) include those by [Mitral (2024),
Samsonov et al.| (2024]), |[Liu and Olshevsky] (2021)), Lee
and Orabonal (2025) and [Patil et al.| (2023)).

These analyses essentially differ in a few crucial ele-
ments: the obtained convergence rate — fast or slow
— often related to the choice of the learning rate, the
dependence on unknown model-dependent quantities,
the coverage or not of the Markov sampling scheme,
and the potential need for projection. We detail below
some of these elements.

2.2 Convergence rates

An important criterion to compare different analyses
is whether or not, and how, the required learning rates
and obtained convergence rates depend on quantities
defined by the approximation model. While some de-
pendence on the problem instance, like the initial error
or the variance of the samples, is inevitable, a depen-
dence on the model is usually unwanted. Indeed, such
constants are typically unknown to the user, which
might complicate the practical implementation of the
method. Moreover, if such a dependence is present in
the rate, it might become arbitrarily slow, typically
as the dimension of the model grows. On the con-
trary, a rate is called robust if it does not depend on
such model-dependent quantities. Such rates often ex-

tend to infinite-dimensional, universal approximation
schemes, like in [Berthier et al.| (2022)), which in turn
remove approximation errors.

More specifically, in this paper, we study the mean
squared error (MSE) in the setting of on-policy i.i.d.
samples, which optimal convergence rates admit upper
bounds proportional to 1/k, where k is the number of
iterations (Bhandari et al., [2018; [Lakshminarayanan
and Szepesvari, [2018; [Patil et al. 2023} |Samsonov:
et al., 2024). In Bhandari et al| (2018), the 1/k-
convergence rate is impractical because the learning
rate depends on an intractable problem-specific con-
stant, namely, w that will be introduced later and was
already discussed in Section [} After that, it became
an important issue for subsequent authors to use uni-
versal learning steps, that do not depend on w or other
intractable constants. Such a goal was achieved by
Lakshminarayanan and Szepesvari| (2018); [Patil et al.
(2023); |Samsonov et al.| (2024); |[Mitra| (2024), whereas
all their convergence rates kept on depending on w.

Table [1] shows the explicit dependency on w of some
of the state-of-the-art convergence results. On the one
hand, arbitrarily small w may significantly weaken the
rates from the above listed works. On the other hand,
Bhandari et al.| (2018) proved another convergence re-
sult with a rate independent of w and any model-
dependent constants, at the price of reducing the speed
of convergence in k, to O(1/vk). Later works by |Liu
and Olshevsky| (2021)); Lee and Orabona| (2025) ob-
tained similar rates. Let us point out another com-
mon inconvenience of the latter three results: they re-
quire to know K the total number of iterations before
starting the computations, in order to take a constant
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learning step of order O(1/v/K). This implies that:
(i) the rate is not guaranteed anymore if we increase
the number of iterations afterwards; (ii) the learning
can be slow at the beginning since the learning step is
small for large K. As it will appear in our main result,
Theorem our rates do not suffer this issue.

2.3 Sampling schemes

In the literature, the convergence results for TD(0)
with linear function approximation can be divided into
two groups depending on the assumptions made on
the data. In the first case, we assume that the sam-
ples used to compute the TD(0) iterates are i.i.d., di-
rectly sampled from the invariant distribution of the
Markov chain. Whereas in the second situation, it
is assumed that the samples are obtained from follow-
ing the exponentially mixing Markov Chain associated
with the dynamics. This case introduces a major diffi-
culty: two consecutive samples are usually correlated,
which introduces some complications in the analysis,
handled by coupling arguments. Consequently, many
analyses in the Markov sampling setting require to
actively bound the iterates, which is usually ensured
by adding a projection to the TD updates (Bhandari
et al.L|2018]). Recent works suggest that this projection
is not mandatory to obtain convergence (Samsonov
et al 2024; |[Mitra), 2024; |Lee and Orabonal, 2025)).

In the present paper, we stick to the i.i.d. sampling
setting. This choice is motivated by the simplicity
of the analysis and the fact that it is often closer to
practitioner’s settings, where the samples can be ob-
tained offline, or replayed using buffers, and do not
necessarily strictly follow a trajectory. For instance,
both AlphaGo Zero (Silver et al.; |2017) and its open-
source reimplementation (Tian et al 2019)) used a re-
play buffer with a size of 500,000 games (then, on av-
erage, a game contains more than 200 moves). In such
a situation, two consecutively drawn samples have a
probability of around 1/500,000 to be not indepen-
dent, so the sampling is much closer to an i.i.d. model
than to a single Markov trajectory. Finally, an impor-
tant take-home message from the wide TD literature
is that the convergence rates obtained in the Markov
case do not significantly differ from the i.i.d. case, ex-
cept for the introduction of a multiplicative factor due
to mixing. For all these reasons, extending our present
analysis to the Markov setting is left for future work.

3 CONTEXT AND MAIN RESULTS

3.1 Mathematical setting

For (X, Re)e>0 a Markov Reward Process (MRP), we
consider the problem of policy evaluation, consisting

TD1 The Markov Chain induced by P,

TD2 The second moment of P,(x)

TD3 The parameterization is linear, i.e.,

in approximating the value function V' defined by

Vy(x)=E

> Re| Xo = 4 : M

£=0

for v € [0,1), where Ry is the reward at step k and the
law of (R, X¢41) is given by some probability kernel
((r,a") = P(z,7,2'))sex € PR x X)¥. In particu-
lar, (X/,)¢ is a Markov chain of probability transition
(Per(z,))zcx € P(X)*, where Py (x) is the second

marginal of P(x) and P,(z) its first one. The value
function satisfies the Bellman equation
Vi(@) =E[R+V,(X) [ (R, X') ~ P(z)].  (2)

Our goal is to approximate V, using a parameterized
function v(-, §) where 6 € R? is the parameter that we
will learn. We make the following assumptions:

- admits an in-
variant probability measure m and we access i.i.d.
samples (X, X, R;) with m being the law of Xj,.

is uniformly
bounded, i.e., Cr := sup,cx Erp, () [R?] < oo.

v(z,0) =

67 ¢(x) where ¢ : X — R? are linearly indepen-
dent on the support of m and satisty |p| < 1.

Let us define the uncentered covariance matrices:
Yo =E [p(X)p(X)"] and Ty =E [p(X)(p(X)) "] .

The linear independence from Assumption im-
plies that X( is symmetric positive definite. Let w > 0
be its minimal elgenvalue that was already discussed

in Sections |1 Consider U = Z 212 , we have

L1
Y, =3X2U%¢ with ||Ulop <1,

as a consequence of the Cauchy-Schwarz inequality.

Under Assumptions 'TD3| the TD(0) algorithm

consists in the following iterative method, from an ini-
tial parameter 6y and for k£ > 1:

9k = ek,1 — Oé(sk(p(Xk),

where 0, = v(Xg, Ok—1) —yv(X},, Ox—1) — Ry is named
the temporal difference. As is usual in the literature,
we do not consider the convergence of 6, itself, but of
its Polyak-Judistky averaging, denoted 6}, defined by
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Under convenient choice on the learning step «, it is
known that 8 converge to 6, which satisfies

Hy0" = by,

where Hy = (3o — vX1) and by = E[R¢(X)]. The
value function associated with * is the unique solution
of the projected Bellman equation,

’U(.’ 0*) = H{QTLP} (SL’ — E(X’,R)NP(m) [R + ’}/’U(XI, 9*)]) R

which is similar to the Bellman equation with
an additional projection step onto the set of admis-
sible functions. In particular, if the actual value func-
tion V belongs to the set of admissible functions, we
get V = v(-,0*) by uniqueness of the solution of the
projected Bellman equation. Otherwise, the projec-
tion step generally introduces an approximation error.

3.2 Convergence rate of TD(0)

See Figure [I] for an overview of the results stated in
this section. Our main result writes as follows.

Theorem 3.1. Assume [TD1TD3| For v € [0,1),

define ag(y) = ?ﬂ_;;z) and aq(y) = % > (7). For

0 <a<ap(y), and k > 1, we have

1

Exm [[0(X,0) — 0(X,09)?] < ———
X [|U( ’ k) ’U( )| :I = (1—’)/)2k
3 1\ 2
160 — 0% |2 . (deog(uem))z
2(1- 5 12 " wt

with exy = iy + 30 = 1) + 2 + =t
of = [emEBX.RX.0?|X=q]|_ and

O(z, 8,2’ ,0%) = v(z,0%) — yo(a!,0%) — s.

As is customary in SA, the above rate is the sum of a
bias term (which depends on |0y — 6*|) and a variance
term (which depends on o).

Given the above rate, the interesting regime is for k£ >
(1—v)~2. In this case and for  near one, £y - is small.

As explained in the introduction, the above rate does
not depend on w the smallest eigenvalue of ¥y, nor
on any constant that might generally be qualified as
model-dependent. The only two quantities in this rate
that are unknown a priori come from the mathematical
problem at hand. They are the initial error |0y — 6*|?
and the quantity o3 that is often referred to as a vari-
ance (since E [0(X, R, X', 0%)] = (3¢9 —~v21)0* —b=0)
or a residual of the Bellman equation, at the limit 6*.
We can easily bound o3 using o3 < 4]6%|? + 2Cg, but
we think that this inequality is in general very loose.

Up to our knowledge, this is the first convergence re-
sult for TD(0) that states a rate which is optimal in k

and independent of w at the same time. We refer to
Table [1] for the dependency on w of some state-of-the-
art results in the setting of i.i.d. on-policy samples.

Observe that the upper bound in Theorem [3.1] gets
unbounded for a near (7). In this case, it is standard
in SA to restrain further the range of « by a factor %

and to consider only a < O‘“Tm Under this standard
regime, let us discuss the sharpness of Theorem [3.1]

Proposition 3.2. Consider the constant Markov
Chain on X = {1,...,d}, i.e. X' = X almost surely.
Take (Xg)k>o0 i.i.d. with X1 ~ m, where m = é 1s the
uniform probability measure. Take (Ry)i>1 i.i.d. with
Ry ~ N(0,02) for 03 > 0, and ¢;(z) = Vdwl i,
Jorw e (0,4 and 1 < i,z < d. Assumptions
are satisfied and w the smallest eigenvalue of 3.
Fiz X € (0,1] and a = Aag(7), in the regime k — oo,
v — 1 and k(1 —vy)aw — 5.5, we have

_ 1
Exom [[0(X,0%) — 0(X,0%)2] > ——
o [0X,30) ~ o (50W] 2
1 2
)2 : 2 z
|6 — 0*| n (deoo(l—i—ekﬁ))
2(1- 5) 125 "

This implies that our upper bound in Theorem [3.1] is
sharp up to at most equal to 11, for 0 < o < O‘“Tm We
refer to Corollary [C.3] where we prove that our upper
bounds for the bias and variance terms are sharp up
to constants 1.25 and 2e respectively.

Observe that this proposition holds for any w € (0,1)
and does not rely on examples with specific or ill-
conditioned structures; instead, our lower bound is
obtained on one of the the simplest examples one can
think of. Therefore, we believe that our upper bound
in Theorem captures the real convergence speed of
practical computations of TD(0), on average and up to
a multiplicative constant that should not be too big.

Now, let us describe what happens when a > ag (7).

Theorem 3.3. Assume [TD1}JTD3| For v € [0,1),

0<a<a1(v)zﬁandk21, we have

0o — 6|

E., [Jv(X,0k) — v(X,0%)*] <
(1 =) o=k

n 2d ao? g
— ~)2 o 0
(1 =)k (1 - m) ao(y)w
1
X |3+ )

2 (1 - oqo(lv)) a(l — y)wk

with o3 = Var(6(X, R, X',0*)) < o2. Moreover, there
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Figure 1: Proven convergence behaviors depending on the learning
rate a. For 0 < o < a(7y), we proved a robust and fast convergence
rate (Theorem [3.1) that is sharp up to a constant lower than 11
(Proposition |3.2)). For ag(v) < a < ai(vy), we proved faster conver-

gence rate than any previous work (Theorem [3.3). For a@ > a1 (%),
we proved that TD(0) may diverge (Theorem [3.3])

exist an MRP and feature functions such that Assump-

tions are satisfied and, for any o > a1 (),

lerr;OIEm [|U(X,§;€) — (X, 9*)\2] =00 = klggoE [\9k|2} .

Let us discuss the latter convergence result. In the
regime a < agp(7y), the rate is slower than that of
Theorem [3.1] However, it applies to a wider range
of learning rates. Furthermore, it is both faster and
valid for a broader range of « than any previously
known rate. To our knowledge, [Lakshminarayanan|
land Szepesvari| (2018)) allowed the widest range of
learning rates, namely a < 1, while [Samsonov et al|
achieved the fastest rate (for o < 12_?(?), with a

2
variance term of order O(q—585%

). In comparison,

2
we obtain O((liﬁ) Moreover, Theorem [3.3|shows
that this range cannot be extended further in general.

3.3 Reducing the dependence on 1 — v

In fact, |0*| generally grows as O((1 —v)~1) when v
tends to 1, see Lemma Therefore, the bias term
in Theorem is of order O(k~!(1 — ~v)~%). Here,
we propose a parameterization trick that allows us to
keep 6* bounded and get a O(k~1(1 —~)~2) rate.

td3 Let ¢ : X — R be linearly independent on the
support of m, with ¢; = ¢, and |p_p| < 1.

In fact, the latter assumption simply corresponds to
having a different learning rate for the constant part
of the parametrization and for the rest, as follows.

Lemma 3.4. For C > 0, TD(0) computes the same
value function in any of the following cases:

(z) with ¢, = C, 0y and o > 0.

(m) with ¢, = 1, 0o = (COo,1,00,(—1y) and a =
diag(C?%a, a, ..., a) € R¥¥9,

Let us introduce the following standard assumption.

TD4 The Markov Chain admits a positive spectral gap,
i.e., there exists g > 0 such that, for any f €
L?(m) with E[f(X)] =0,

Em [E[f(X') [ X]?] < (1= 9)Em [£(X)?]

Observe that ¢ is a priori unknown and may be ar-
bitrarily small in practice. However, it is model-
independent: it does not depend on the choice of the
feature maps ¢ but only on the Markov Chain itself.

Theorem 3.5. Assume [TD1] [TD2] [td3] with ¢, =

ﬁ andm. Fory € [3,1) and 0 < a < az(y) =
2= the rate of Theorem applies with g ()

TH(1+7)%’
replaced by as () and 6* uniformly bounded in ~.

3.4 Pairwise Centered TD(0) (PCTD(0))

Without loss of generality, the samples of Assumption
can be divided into two independent sequences
(X%, X, R) and (Xg, X}, Ri). We then define the
pairwise centered temporal difference (PCTD) as
B =5 (0(Xi 1) — 70(X] B 1) — B )
— (U(Xk, 9k,1) — ’W)(X]/w 9]@,1) — Rk).

Then PCTD(0) is defined using the update rule
O = 11 — ad(p(Xi) — o(Xi)). (4)

Its eventual limit is 8% = H'E[R(p(X) — p)] where
H:=H — (1 —~)uu" is invertible under if the
set of parametrized function does not contain 1.

Proposition 3.6. PCTD(0) is an instance of TD(0)

on the MRP defined on X x X by ((X¢,X¢), Re —

Ra)izo with feature maps 3(e, #) = (p(x) - p(@),

where (X¢, Re)e>o0 and ()Z’g,ﬁg)gzo are two indepen-
dent copies of the MRP defined in Section|3.1. There-
fore, all existing results for TD(0) apply to PCTD(0),
for both i.i.d. and Markovian sampling schemes.

However, PCTD(0) has an important advantage over
TD(0): it is centered, i.e., Epngm[@(X, X)] = 0.
Theorem 3.7. Assume [TDI}{TD4l. The rates from

Theorems and hold with ~y replaced by (1 — g)~y
and the range of admissible v becoming v € |0, ﬁ)

Observe that v can be larger than one in the latter
theorem. Moreover, for v < 1, it yields the first con-
vergence rate independent of y for a variant of TD(0)



Ziad Kobeissi, Eloise Berthier

with general mixing Markov Chains up to our knowl-
edge. Indeed, [Liu and Olshevsky| (2021)) claim to ob-
tain a slow rate of order O(ﬁ) independent of v, but

it is in fact only of order O((1 — ) =2k~ 2) since it de-
pends on |6*|? which is of order (1 —~)~2 in general,
as proven in Lemma,

Let us mention that most TD algorithms (such as
TD(A)) admit a PC variant with properties similar
to Proposition [3.6| applying, allowing one to get con-
vergence results without further analysis. We believe
that in most cases, these variants benefit from better
convergence behaviors than their original versions, as
exemplified by PCTD(0) using Theorem

4 RESULTS ON LSA

As is customary in the literature establishing conver-
gence rates of TD(0) with LFA and i.i.d. samples, we
will consider the larger class of linear stochastic ap-
proximation methods. To make a clear distinction
with the framework of TD(0) introduced in the pre-
vious section, we are going to use different notations.

The goal here is to approximate y* € R¢ satisfying
Hy* =1,

for some invertible matrix H € R%*? and vector b €
R?. To do so, we are going to use the iterative method
described by, for some initial state gy, for any k£ > 1,

Yk = Yr—1 — o(hrYr—1 — bi),

where o > 0 is the learning step, (hg,bi) are couples
of random variables in R4*? x R%. Let us assume

LS1 The symmetric part of H, denoted S := H+THT,
satisfies S > uly for some p > 0.

LS2 (hk, bk)kZI is i.i.d. with ]E[hk] = H and ]E[bk] =b.

LS3 There exist ¥ € R?? symmetric definite positive
and constants csx;, 3, 51,02 such that ¥ < ¢5S and

E [hxhg | < BE,
E [(hey* — be)(hry™ — b)) ] < 0?2,
E [hy hi] < B1S.

Observe that we can always take ¥ = S and ¢y =1 in
the Assumption but, to obtain our sharper rates
on TD(0), we will need to take ¥ and S distinct.

We first state a proposition that will be useful to prove
our main results on TD(0) as well as for our more
general result on LSA, Theorem [1.2] below.

Proposition 4.1. Under Assumptions[LSIHLS3], for
l<a< min(2cglﬁ_1,25f1), we have

E[@ —v") 5@ —v")]
2028y,

(o) (s

and S < 022(3d+<§k), where S, and g’k are defined by

1< 1o 1) ol a2
Se= 1 H(Idf(fdfaEzHE z)ﬂ)zzH ok
=0 r
k—1 2112
~ 1 J
Sp = (Id - aE%Hz—%)
k F
j=0

Our main convergence result on LSA methods is:

Theorem 4.2. Under Assumptions for

Il<ax< min(20£1571,2ﬂf1), we have

_ _ 2eslyo — y* |
El@w —oy))" (7w, —y*)] < ==L 7 1

(@ —v") " 2@ —y7)] < @ - ook
20%ckd

2 — afes) (3 Tae- iwl)uk) |

Let us mention that this theorem is more general than
Theorem [3.1]in the sense that it holds for a larger class
of methods. However, its convergence rate is weaker:
only its leading term with respect to k is model-
independent, and there is an additional error term
that is model-dependent but admits a faster decay in
k~2. In the end, the rate is of order O(k~% + = 1k=2)
where p is typically the smallest eigenvalue of S. Up to
our knowledge, the fastest convergence rates for LSA
methods proved in the literature of TD(0) with sim-
ilar assumptions are of order O(k~!u~=2) (see [Laksh-
minarayanan and Szepesvari (2018)); Samsonov et al.
(2024)), which makes our rate faster.

In the appendix, we present two extensions of this the-
orem. The first one, Theorem[B.2] does not require the
third inequality in Assumption applies to learn-
ing rates a < ﬁ and admits a O(k~! + p~1k=2)
convergence rate, similar to that of Theorem The

second extension, Theorem m allows to take a < %

and admits a slower convergence rate of O(k~1u=1).
Up to our knowledge, even this latter rate is faster
than any existing one prior to this work.

5 THE SPECIFIC CASE OF TD(0)

5.1 A first Kreiss-like convergence rate

Given Proposition the remaining of the proof of
Theorem relies on arguments from complex anal-
ysis and is highly technical. However, it is possible
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to get a robust O(k~!) rate much more easily. This
is what we will show in this subsection, in order to
illustrate the type of arguments we used to prove The-
orem [3.I] More precisely, this simpler result mainly
relies on a classical result from the literature known as
Kreiss’ Theorem, that we state here in the same formu-
lation as the one from |{Trefethen and Embree| (2005)).

Theorem 5.1 (Kreiss Theorem). Let Q € R¥4 be q
matriz such that supysq HQkHOp < 00, then we have

K(Q) <sup||Q|,, < dek(Q),
E>1

where K(Q) is the Kreiss constant defined by

K(@Q) = ‘s1‘1>pl<|z\ -Dl@-27".,

In general, the Kreiss constant may depend on the
spectrum of (@, so the latter theorem cannot be used
to directly obtain a robust rate on LSA methods.
However, in the case of TD(0), we will be able to
1 _1
bound the Kreiss constant of Qo := (Iy—aXi HoY, ?)
uniformly with respect to the linear model. To do
so, we will use the specific structure of Hy, that is
1 1
Hy = 3¢ (Iq — yU)X¢, with ||U||0p < 1. For z € C
with |z| > 1, we then get

(z=Qo) ' =((2 — I)Id +aXy — VaZOU)
=(I;— Z — 1)],1 + 0420) 120(])

X ((z - I)Id +a%y) !

-1

On the one hand, using that > is symmetric positive
definite and the triangular inequality on C, we have

1
z2—DIg+ aXy) ™t < sup —m8M8m—
H( ) ) Hop AESP(Z0) ‘Z_1+a)\|
< sp
T aesp(no) |12l = (T —a))
1
< .
Tz -1
On the second hand, observe that
la((z = 1)Ig+ azo)flonHOp
< Jlal(z = DIu+ %) 'S0,
— sy A
AeSp(Zo) |7 — 14 al|
< sup ai/\ <
T aesp(o) 12l — (L—ad)
which implies that
- 1
H(Id —ya((z — 1)Id+a20)_120U) ! < —.
op 1-— Y

From the definition of the Kreiss constant and the
above inequalities, we get

K(Qu) < 1= )

Assuming that Proposition applies to TD(0) with
Y=Y, B =4, czzﬁ,ﬂlzl and 0? = 03, we
obtain gk < deK(Qo) < 1df,y

O(1/k)-convergent rate:

Theorem 5.2. Under Assumptions for
O<a< 17T"Y,for/<:2 1, we have

and the following robust

Evam [IU(Xvak) - U(X7 0*)|2}
26— 672 dold

d2e?
S U—mak T Tk (“ (1—7)2> |

We do not consider this theorem as one of our main
results, since its convergence rate is loose compared to
the one of Theorem [3.1] We only presented it to show a
simple proof of a first model-independent O(k~!)-rate.

5.2 The additional argument for Theorem

One may prove that our upper bound on the Kreiss
constant (b)) is sharp on the set of admissible matri-
ces Qo obtained from instances of TD(0). Moreover,
it is known, see (Trefethen and Embree| (2005), that
the inequalities in Theorem [5.1] are sharp for general
power-bounded matrices (). So one may ask: how can
the constants in the rate of Theorem be improved
to get the one in Theorem [3.1 The response lies in
the fact that the right inequality from Theorem [5.1]
is not sharp over the class of admissible (Jy. In the
end, using the particular structure of Hy once more,
we obtain the subsequent proposition that is the last
missing part to prove Theorem

Proposition 5.3. Assume . For ey, and
Sy defined as in Theorem [3.1] and Proposition[{.1], for
a € (0, hz) k> 1, we have S < (1:172)2(14-&@,7)-
Theorem [3.1]is then a direct consequence of the latter
proposition and Proposition [{1] with ¥ = 3, ¢ =
1-y)"Y B=(1+7)? B1 =1+~ and 0% = o3.

6 NUMERICAL SIMULATIONS

Convergence independent of w We counsider d =
3 and draw a random MRP on X = {1,2,3} with
w= % x 1077 for 0 < j < 4 as described in Appendix
Figure [2] shows the convergence of the bias, the
variance and the total MSE error on the values.

Focusing first on the bias, we observe that each curve

exhibits a threshold, seemingly proportional to w™?,
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Figure 2: We take d = 3 with A = 1 and X2 = A3 = 1077/2 for 0 < j < 4, so that w € {3 x 1077, 0 < j < 4}. We use v = 0.9 and
a = ITTW = 0.025. We draw the bias on the left (taking o% = 0), the variance in the middle (taking 6o = 6* = 0 and ¢% = 1) and the
total MSE error on the right. The curves are averaged over 10 simulations for [2a] and 1000 simulations for [2B] and always with the same
transition matrix, initial parameter and matrices P, @ (that have been randomly drawn with «,, = 1). In any case, the dashed pink line is
the smallest curve of the form y = C/z that upper bounds all curves from the same figure.

after which the bias decays quadratically in k. Before
this threshold, the bias stays below a bound of the
form y = C/x, with C apparently independent of w.

For the variance term, it initially increases because too
little noise has been observed, then it decreases. It also
appears to switch between two envelopes of the form

y = C/x at an iteration count proportional to w™?.

For the total error (which is upper bounded by twice
the sum of the bias and the variance terms), the bias
dominates at the beginning; once it enters its quadratic
decay regime, the variance eventually becomes domi-
nant. The crossover again occurs after a number of
iterations proportional to w™!. Finally, all curves re-
main bounded by a function C'/z with C' independent
of w, in agreement with Theorem

7 CONCLUSIONS

In this paper, we derived a robust convergence rate of
order 1/k for the TD(0) algorithm with i.i.d. samples,
which uses a universal learning rate. The main argu-
ment behind these results lies in proving new Kreiss-
like estimates adapted to the particular structure of
TD(0). Such estimates describe the behavior of dy-
namical systems obtained by induction on a linear sys-
tem with a non-symmetric associated matrix. We also
derived a lower bound on the convergence of TD(0)
that matches our convergence rate up to a multiplica-
tive constant lower than 11. This lower bound is ob-
tained on simple examples, so that we believe that the
actual asymptotic behavior of TD(0) is accurately cap-
tured by our analysis. This belief is aligned with our
numerical simulations.

As a consequence, we proved with theoretical argu-
ments that the main limitation in the convergence of
TD(0) is in fact the smallness of (1 —+). Without fur-
ther assumptions, under the regime of our main result,
Theorem [3.1] the part of the error identified as the bias

is of order O((1 —~)~*k~1), while the variance part is
only of order ((1—+)~2k~!). When the Markov Chain
is strongly mixing, we propose two methods to reduce
the latter dependence. Among them, the second one
is particularly promising. It consists of introducing a
variant to TD(0) that we name PCTD(0) that can be
computed for v = 1 and which admits robust and fast
convergence rate independent of (1 —~)~1.

Along with this main result, we developed related
bounds for general LSA schemes and obtained a con-
vergence rate of order 1/k with a model-independent
leading term, where the dependency on the model lies
in a faster converging term in 1/k2.

While such results significantly improve our under-
standing of the behavior of TD(0), several open ques-
tions remain:

1. Defining a,ob(7y) > 0 as the supremum of learning
rates that allow robust and fast convergence in the
present regime, we proved that a; (y) < apon(y) <
as(y). Can we characterize ayop, more precisely?

2. Is it possible to adapt the main result to infinite-
dimensional linear approximation, so that one
could potentially combine optimal rates and uni-
versal approximation?

3. Can the proof be extended to the Markovian sam-
pling setup, and is it possible to keep similar rates,
only affected by mixing constants? Alternatively,
is it possible to identify fundamental limitations
in the Markovian setup hindering such results?

4. Do such proof techniques adapt to other, more
complex algorithms in reinforcement learning be-
yond policy evaluation, such as SARSA, Q-
learning, or actor-critic methods?
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throughout the article.
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specification of all dependencies, including
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all theoretical results. [Yes| All assumptions
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(b) Complete proofs of all theoretical results.
[Yes| All proofs are provided in the Ap-
pendix.

(c) Clear explanations of any assumptions. [Yes]
Specific assumptions are all discussed, in re-
lation with the existing literature.

3. For all figures and tables that present empirical
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(a) The code, data, and instructions needed to
reproduce the main experimental results (ei-
ther in the supplemental material or as a
URL). [Yes]

(b) All the training details (e.g., data splits, hy-
perparameters, how they were chosen). [Yes|

(¢) A clear definition of the specific measure or
statistics and error bars (e.g., with respect to
the random seed after running experiments
multiple times). [Yes]

(d) A description of the computing infrastructure
used. (e.g., type of GPUs, internal cluster, or
cloud provider). [Yes]

4. If you are using existing assets (e.g., code, data,
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(b) The license information of the assets, if ap-
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(d) Information about consent from data
providers/curators. [Not Applicable]
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fensive content. [Not Applicable]
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with links to Institutional Review Board
(IRB) approvals if applicable. [Not Appli-
cable]

(¢) The estimated hourly wage paid to partici-
pants and the total amount spent on partici-
pant compensation. [Not Applicable]



A Additional information on the numerical simulations

All experiments were run on a standard personal laptop (Intel Core i7, 32 GB RAM) using only CPU. Total
computation time amounted to a few hours.

A.1 Non-reversible MRP with fixed eigenvalues

In this section, we describe how we create MRP with the following properties:

1. we can fix the spectrum of ¥y: it is particularly useful to illustrate the independence of the convergence
with respect to w the smallest eigenvalue of ¥.

2. Tt is not reversible. Indeed, we believe that reversibility is both unrealistic and overly simplistic. For
reversible MRPs, the theoretical analysis becomes significantly simpler. In this case, most of the matrices
involved are symmetric and commute with one another. As a result, one can obtain results similar to those
proved in the main body of this article with considerably less effort. In particular, much of our theoretical
analysis becomes unnecessary, especially the part relying on complex analysis.

3. It is random.

The Markov chain. We take {1,...,n} as the state space and T € R"*" as the transition matrix. Recall that
T is stochastic by definition, i.e., its coefficients are nonnegative and the sum of any row equals one. Here, we
make the additional assumption that T is bistochastic, i.e., any column sums to one as well. This implies that the
uniform distribution m = % is invariant. For n < 2, any bistochastic matrix is in fact symmetric which implies
that the Markov Chain is reversible. For this reason, we always assume n > 3 when working with bistochastic

matrices.

It is well-known that the set of bistochastic matrices is exactly the convex hull of permutations matrices and
therefore is of dimension (n — 1)2. Therefore, using Carathéodory’s theorem, we can draw 7T of the form we can

randomly draw a bistochastic T of the form T = Z(n 1+ w;p;, where (p;); are permutation matrices and w
follows a Dirichlet distribution Dir(c, .. ., @, ) for some a,, > 0. The support of the latter random variable is
the whole set of bistochastic matrices.

The reward process. We simply take (Ry)g>o i.i.d. with By ~ N(0,0%). In particular, the noise does not
depend on the state of the Markov Chain. This implies that 6* = 0.

The linear parametrization. We have to take d < n in order for the linear independence of the feature
maps to be possible. Since the number of states is finite, the feature maps can be represented using the matrix
® := (¢i(4))1<i<d,1<j<n. Consider its singular value decomposition ® = PD,Q", where P € R¥4 Q@ € R"*"
are orthogonal and D, = diag(A1,...,Aq) € R¥X™ with 1 > Ay > -+ > Ag > 0. Observe that, with the above
assumption on the transition matrix, we have

1
Y =®D,,®" = -PD,D]P",
n

where D,, In is the diagonal matrix with the invariant distribution as diagonal coefficients. Therefore, the
elgenvalues of Yo are given by A?/d for 1 < i < d. Moreover, the boundedness condition of Assumption m
holds since |p(5)]? = (QDTDWQT)” <A<

2
To randomly draw a matrix >y with fixed spectrum (%)1991, it is then sufficient to randomly draw P, Q. We
do so by computing the singular value decomposition of a randomly drawn matrix in R?*” with i.i.d. coefficients
distributed according to U(—1,1).

The initial condition ;. When we are only interested in the variance part of the error, we take 6y = 0.
Otherwise, each coordinate of 6y is drawn uniformly over [—1, 1].
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Figure 3: We use similar parameters as in Figurebut with v = 0.9 and o = 1 for the first line and v = 0.99 and a = ITT'* =25x10"2
for the second line.

Figure [2| with d = 3. We take d = 3 because it is the smallest dimension for which there exists bistochastic
matrices T that are not symmetric. We fix \; = 1 and vary Ay = A3 so that w = 5x 1077 for 1 < j < 5. Focusing
first on the bias, we observe that each curve exhibits a threshold, seemingly proportional to w™!, after which the
bias decays quadratically in k. Before this threshold, the bias stays below a bound of the form y = C/z, with C
apparently independent of w.

For the variance term, it initially increases because too little noise has been observed, then it decreases. It also

appears to switch between two envelopes of the form y = C'/x at an iteration count proportional to w™?!.

For the total error (which is upper bounded by twice the sum of the bias and the variance terms), the bias
dominates at the beginning; once it enters its quadratic decay regime, the variance eventually becomes dominant.
The crossover again occurs after a number of iterations proportional to w™'. Finally, all curves remain bounded
by a function C/x with C independent of w, in agreement with Theorem

A.2 Additional numerical simulations

In the first line of Figure 8] we take o = 1 so that Theorem [3.3] implies that the convergence is fast but does
not ensure the robustness with respect to the smallness of w. Yet, at least on our numerical simulations, we
experience convergence speed that do not degrade when w is small.

We observe that the bias term is much smaller than the one in Figure 2] but the variance and the total MSE are

larger. Therefore, for bounded |6y — 6%, the regime 1?% may seem better at first sight. However, this statement

has to be nuanced with the fact that 6* can be of order (1 —v)~! in practice.

In the second line of Figure [3] we took v = 0.99 and observe approximately the same behavior than in Figure
with a shift to the right. Observe that the coefficient of the dashed pink line is multiplied by a factor 100 in the
three figures, which is aligned with the upper bound from Theorem [3.1}
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B Proofs of the results on LSA

B.1 Proof of Proposition
Proof of Proposition[{.1 Define zj, = yi, — y*, it satisfies
ZE = (Id — ahk)zk,l — a(hky* — bk) with 20 = Yo — y*.

Observe that —a(hry™ — by) plays the role of a source term. Therefore, by linearity (or Duhamel’s principle), we
get that zp = wy + g, where wy, and 7y are defined by induction as

wy = (Id — ahk)wk_l with wo = Yo — y*,
Mk = (I — ahy)nr—1 — a(hgy™ — by) with o = 0.

In the following, we will prove

ex|wol? S 202
—_— d E ¥ <
a2 —abh)k an 1 7

— Twe—
B [ Xm] < < T adenF

Sk.

Nl
——
[

1
so that we will be able to conclude using the inequality E [EkTZEk} < (]E [EEEE;C] P+ E [ﬁgEﬁk]

First step: dealing with the initial condition (corresponding to w).

For k > 1, using E [hzhk] < 1S, observe that

E [Jwe|*] = E [wi_1(Is — ahix — ah + o®h) hy)wy_1]
<E [wj_1(Ia — 2aS + &®B1.S)wp,—1 ]
<E [wl;r 1(Ig — (2 — o) S)wp—1]
= E [lwye[?] - —wm ]y Swia] .

Taking the sum from 1 to k in the latter inequality and using that u — u' Su is convex, we obtain

_ k
1 1 :
E [w] Swy] < gz [w] Sw;] kaz (w1 *] = E [jux[*]) Sa(;—uociﬁl)’f'
i=0 i=1

This and ¥ < ¢5.S conclude the part on the bias.
Second step: getting bounds on the uncentered covariances of variance term (corresponding to n).

Using a straightforward induction, we have E[n;] = 0 for £ > 0. We will now prove by induction that

O'QCMCE

2 — afics fa. (6)

E [meny ] <

Recall that 1y = 0 so the above inequality holds for £ = 0. Then, for £ > 1, we assume that it holds at index
k — 1. Since ng—1 and (hg, by) are independent, we obtain

E [(Id — ahk)nk—l(hky* — bk)T] =E [(Id — Oéhk)E [7’]1@—1] (hky* - bk)T] =0.
Using the latter equality, Inequality 7 3 < ¢xS, and the second inequality in Assumption we obtain

E [mng | = E [(Ia — abi)me—1mp_1 (L — ahf)] + ®E [(hey™ — be) (hay™ — bi) ']

c?acs
———F [(Iz— Iy — ah) 2a%y
S Y afex [(Iq — ahy)(Iq — ahy)] + o«
c’acs
= ([, — 92 _ 2 2
< 2*04502< a4 — a2 —afes)S) + oa‘csS
c’acs L.

~ 2 —afcs
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This concludes the induction and the proof of Inequality @
Third step: introduce an appropriate decomposition for 1.

Let us then define (n},)r>00<r<k+1 and (x})i<r<k by induction by, for 1 < r <k,

ne=(Ia—aH)np_,+xp with ), =ny_, =0,
X = —a(hy — H)’?Zj —a(hey” — bk)5{r=1}~

Let us check by induction on k& > 1 that n; = Zle n;- The case k = 1 is a simple consequence of the above
initial condition. Now assume that it holds for & — 1, for £ > 2, and let us prove it for index k:

k—1
e = (Ia— ahi) > nh_1 + Xk
r=1

k—1
:(Id—aH)ZnZA a(hy — H an }"'Xllc

r=1

I
B

(Lo — aH)m_y + X5)

r=1

[
™=

U

r=1

In fact, n; can be rewritten as a sum of terms, any of whom admits exactly r different multiplicative centered
noises (of the form h; — H or h;y* —b; for some 1 < j < k). Therefore, for " # r, any term from the development
of 7]2/ (772)T contains at least one multiplicative centered noise that appears only once and is independent with
the rest of this same term (i.e., is of the form Ri(h; — H)Ry or Ry (h;y* — b;) with neither R; or Ry containing

h; or bj). This implies that E [nzl (n,@)} =0, so that we get
kK k
B )] =3 3 ) T] = S [mitni) ] - (7)
r=1r'=1 r=1
Using similar arguments, we also have that, for 7, := % Z;:é N and 7, 1= Zj 0 Mh>
k

E[miEm] =Y E[(m) =m) - (8)

r=1

Fourth step: obtaining the convergence rate.

For 1 <r <k, the induction relation of 7;, implies
k
nh = Z I;—aH)F Iy

For k > 2, define 7}, = ¢ El 1 M it satisfies

= = o k-1 =
ﬁzzgg; (Is — aH)"7Ix) = k;;(l’d*aH)“jﬁ kJZIMk JHIG = @;My‘Hﬂxz—y

where M; = I, — (I — aH)’. Observe that M; commutes with H and H~! (but not with H" and H~T). On
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the one hand, using Inequality 7 we get

k—1
_ _ 1 - -
E () Y] = 5 D E[(iy) " H™ M SMH X ]
Jj=0
k-1

1 1 _ _ 1
= >t (SEMETE [ ()T A )
7=0

k—1
1 1 _ . . _ 1
=5y (B HE [ gy = brg) (g™ = b ) D] H™T M5
j=1
0'2 il 1 1
1 v T a Tyl
<5yt (2 sH T M5
j=1
On the other hand, we have
k k k—1
=7\ T §=r 1 r Trg—TasT —1.r
ZE [(Uk) Eﬁk] = 2k2 Z E [(Xk—j) H Mj YXM;H Xk—j]
r=2 r=2 j=0
1 k k—1 ) X
1 1 r r I
= oz 2o 2 (TR G @) BT )
r=2 j=0
1 & 1 1 r—1 r—1 T T Ty Tl
=12 Doy <Z2MjH E [(hk—j —H)m 5 (m,Z5-)  (he—j — H) ] H™ M; E2>
r=2 j=0
1 k—1 k
— 5> <22M HE (g — H) S E [n};ii_l(mii}_l)q (hi—j — H)T] HTM]TXh)
3=0 r=2
15 1 —1 T TV =T asTx L
=2 2.0 (E2MJH E [(hk—j — H)E [h—j—1(m—j—1) "] (hg—j — H)' ] H= " M; 22)
=0
2 k—1
< 79Ny (2%M-H*1]E [(hi—j — H)(hiy—j — H)T] H*TMTZ%)
~ (2 - afies)k? = r J k—j k—j J
o2afes  a 1 1 TGl
—_— = tr (X2M;H "YXH™ 'M, X2
~ (2 — afex)k? = g ( J J ) ’

where we used Equality (7)) to get the fifth line, the second step of this proof to get the sixth line and the first
inequality of Assumption to obtain the last one. The latter two chains of inequalities and Equality
imply

k
E 7. 2m) = > E (@) ;)]

r=1
<12 1_’_& kz:ltr(zéM.H—le_TMTzé)
s 2—afcs — J J
202 k—1 A | ) iy
- 2 S e e s
> j=0
. 3 3 1yj 1 112
T 2-afen)k? - - 2 —32)J 1o 1ol
(Q_QﬁCZ)kQ;H(Id (Ig—aX2HY 2))22[{ o :
202

B ape
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To conclude, it only remains to prove that S, < c% (3d—|—§k), which is a consequence of the following computations,

H H-T
YIH ISH TY: < exyNiH LSH- TR —CZEI+Z

[N

= sz%s Z% < CZIda
where we used ¥ < ¢x5, Heinze’s inequality H~ '+ H~T <28 ! and S~! < ¢x¥71; and

: 1 1|2 : : . .
|- @) stast| < - Q) = & () - 20@) + [|Q]}) < &d+ @]}

where we used [tr(Q7)| = [tr((Ig — aH)?)| < d|Ig — aH|, < d. This concludes the proof. O

B.2 Proof of Theorem [4.2]

Proof of Theorem[/.3 This is a consequence of Proposition [£.1] and Lemma below. O

Lemma B.1. Under Assumptzons.—. for I<a< ,8 , we have

1
< c&d _ .
S = es <3 * a2 - aﬁl)lﬂf)

Under Assumptions |LSl|,|L82| and |LS3| without the last inequality, for 0 < a < 6%2’ we have

1
< 2 . E—
O = ezd (3 Tae- aﬂczmk)

Proof. Let us prove the first inequality. Using M; = Iy — (I — aH)? and N; = (I; — aH)’ for j > 1, we have
for k > 1:

k—1
S = % tr (z%MjH—le—TMJTE%)
j=1
k—1
<N 4 (E%M -19H TMTzz)
ke
<CZ s, 1 H'4+HT Twl
thr<22Mj 5 M% )
j=1
k—1

INA
??“M
7

tr (2208 1MT2%)

> <.
Il
,_. =

I
=g
7

tr (2 M =M, S")

(
e
e
e

> .
Il
,_. =

IA
?T“Mw
NgE

tr (57 M a5 )

> <.
Il
H —

I
k‘mw
Dyl

I+ 2t(Ny) + SENT SN;574)

< 3ckd+ 2tr 573 ZNTSN Sz

1
< 2 - -
= e (” a(2—aﬂ1)uk>’
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where we used ¥ < ¢S to get the second and sixth lines, Heinze’s inequality (Lemma to get the fourth
one, tr(N;) < tr(Id)%tr(N]TNj)% < tr(Iy) = d (since (Ig — aH)" (I — aH) < 1) and Inequality to get the
eighth one, and S=! < =11, to get the last one.

To get the second inequality, we write
=
Lo To—T -1 1
Se= 2 otr (Z2Mj HTSH szz),
j=1

using that H and M; commutes. Then, we repeat similar arguments as the ones for the first inequality. This
concludes the proof. O

B.3 Extensions of Theorem [4.2]

Here, we present two extensions of Theorem [£.2] The first one, Theorem [B-2] allows for learning steps up to
a < é and keep a O (% + ﬁ) like Theorem |4.2
The second extension is Theorem below that hold for a < %, but admits a slower convergence rate of

(0] (ﬁ) Still this rates remains better than any existing rate on LSA with similar assumptions prior to this

work.
Theorem B.2. Assume |LSlL |LSZ| and |LSS| without the third inequality. For 0 < a <

532 , we have

1 1\ 2
T Ty eslyo —y* Blyo —y* I\ ? 20° : 1
E[@ —v) 2@ —v)] < @ aberjok T (( ; ) + ((2—@502)]@) ) (3+a(2—a502)pk>'

Proof of Theorem[B.2 1t is a direct consequence of Proposition [B:4] and Lemma [B1] O
Theorem B.3. Assume|LS1 . Define 62 = E[|hxy* — bi|?]. For 0 < a < %, we have
E[@ —v) @ —y")] < Zeslyo —y [ 25d <02 P > <3 PR )
k k ~ a2—apf)k k (2—aB)p a2 —ab)uk )

Proof of Theorem[B.3 Let us use z = yx — y* and the decomposition z; = wy, + 7y, similarly as defined in the
proof of Proposition [41]

Repeating the first step of the proof of Proposition we obtain

 Teoe— CE|U}O|2
E [wk Zwk] S m

Therefore, using inequality E [E,;r Efk] < 2E [@E Em] + 2E [ﬁ;—Eﬁk], to conclude it only remains to prove that

202

@ aben)k "

E [z 27;,] <
First step: getting an upper bound on E[|ng|?]
Recall that, using a straightforward induction, we have E[n;] = 0 for £ > 0. We will now prove that
ac?

(2—ap)p’

For k = 0, the result holds since g = 0. Then, for k£ > 1, we assume that it holds for index k& — 1. Since ng_1
and (hy,by) are independent, we obtain

E [|ml’] < (9)

E [ni_1(Ia — ahi) " (hry™ — b)) = E [0, E [(Ia — ahy) T (hay™ — bi)] = 0.
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This and inequality imply that

E [|nel*] = E [|(Ia — ahi)ne—1]*] + &°E [[hey™ — bi|?]
E [nk 1(Ig— a2 — aﬁl)S)nk_1] + a?5?
(1— (2= aB)PE [|n-1/*] + >

ac?

T (2-af)p’

IN A

which concludes the induction.
Second step: obtaining the convergence rate.

Let us use the same decomposition 7, = Zle 7N, as introduced in the proof of Proposition Similarly as in
the third step of the latter proof, we get

2k: 1 02
L0050 < e (A - 7,
Jj=1
and
k %) X S 3 -1 T T g—TasTsk
ZE [(ﬂk) nk] = ﬁztr (Z2MjH E [(hk:—j — H)E [nk*jfl(nkfjfl) ](hkfj —H) }H M, 22)
r=2 =0
ac? k—1 s ) . o
< Wztr <Z2MjH E [(hk—j — H)(hy—; — H) ]H M, 22>
7=0
<aﬁ52kz:1tr<2 MH IZH TMTE )
T 2-ab)p kQJ —
aB5?

= — 5k,
(2 — apy)uk
where we used E [n;(n;)"] < E[|n;]?] I < Wld to get the second line, and the first inequality of
Assumption for the third line.
Using the above inequalities and Lemma we obtain

T o? a2 9 1
E [ 2] < (k - aﬁl)uk> et (3 Tae- aﬁl)uk> ’

which concludes the proof.

The following propositions is an extension of Proposition to learning rates up to a < BZ .

Proposition B.4. Under Assumptions|LS1 3| without the third inequality, for 0 < a < we have

67

1 1y 2
T T ] < 2Y0 =y Pend Blyo =y I\ * 20° ’
Bl —v) 2@ -] < = +<< F ) +<(2—ﬂ)k) S

where Sy, is defined as in Proposition [[.1]

Proof of Proposition[B-j} The three last point of the proof of Proposition [4.1] holds when removing the third
inequality in [LS3] Therefore, to prove Proposition [B4] it is sufficient to prove that

celyo —y"* . Blyo —y"I”
(2 — afics)ak k

E [w), Sw] < Sk-
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Similarly as in the third step of the proof of Proposition H, we define (w},)i,r>0 such that wy, = Zi:o wy, and,
forr>0and k > 1,
wy, = (Ig —aH)wy_; + x5 with  wg = wol ,—y,

Xi = —a(he — H)np~ 11203

First step: getting a bound on (w9)" Swy.

Take a = ,3%2’ implies that (I; — aH)(I; — @H)" < I;. This implies that the operator norm of (I; — aH)
is upper bounded by one and that
(I;—aH)"(I;—aH) < 1.

This then implies

a? - ~ a? a?
(Ig—aH)"(I; — aH) = ?(Id —aH)"(I; —aH) + (1 — 52) Ig—2 (a - ~) S
<Iy— a2 —afes)S.
As a consequence, for k > 1, we obtain

wpl? = (W) " (Ta — aH) " (Ig — aH)wy_,

< Jwp o * — a2 — afes)(w) 1) " Swp,

Taking the sum from 1 to k in the latter inequality and using that u + « ' Su is convex, we obtain

(W) 500 < =3 (o — fud?) < — 1m0l
b , k-l T = a2 - afes)k’

This and ¥ < ¢x S yield

Second step: getting the bound on the bias term.

Then, using similar arguments as in the third step of the proof of Proposition [4.1] we have

k k—1
1

> E[(@}) swy] = B >t <Z%MjH—1]E [(hi—j — H)E [wy—j1(wy—j—1)"] (h—j — H) 7] H—TM]Tz%)
r=1 j=0

<M§t (E%M-H*IE hiej — H)(ho—; — H)T| H-T M 23

< e (SEMGHE (s — H) (s — H)T) HT M )

§=0
< Blyo — y*|? =

1 _ -T Twi
- tr (S ST M R )

j=0
Blyo — y* |
= — G5
A k
In the end, we obtain
k
E [w, Y] = Y E[(@w) " Twy)] <
r=0

es|wol? ﬁ\yo—y*PS
k-
a2 — afes)k k

Third step: deal with the cross term and conclude.

We have
E [z{ Xz = E [w, Lw)] +E [7; £7;] + 2E [@] 7]
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where the last term is the cross term and satisfies

E [w) ¥n,) = E (iw) T 2 (Zn’é)_

L r=0 r=1 ]
_ . T . .
-+|(5%) =(x7)
r=1 r=1

Blyo —y' P o \* [ 20°5 \*
< (B =Yg ) (272% )
k (2 — afes)k
The above inequalities imply the upper bound in Proposition [B.4]

B.4 Some results from linear algebra

Lemma B.5. Under assumptions for a < ,6’%2’ we have

(Is—aH)(Is—aH)" <E[(I4—ah)(ly— ah)"] < I — a2 — afes)S,

Moreover, for a < ﬁ , we get
(In—aH) (Is— aH) <E[(Ig — ah) " (Ig — ah)] < I — a2 — ap1)S,
k—1 1
Ij—aH")S(I;—aH) < ————— 1.
;(d )'S(1a )*a(2—aﬂ1)d

Proof. The first inequality in is straightforward. Then, we have,
E[(I4 — ah)(Ig — ah) "] = I; — 208 + o®E[hh"] < Iy — (2 — afBcx) S,

using E[hhT] < BY < BesS. Inequality can be proved with a similar computation.
Then, using the notation N; = (I; — aH)?, we have
k—1

Ig> 14— NNy => NN = N\ Nipy
=0

k—1

=Y NN =N, (I — aH")(Is — aH)N;
=0
k—1

=Y N (Is— (Is— aH")(I4 — aH))N;
=0

= ZNT (28 — o®?H"H)N;

k—1

> O((Q - Oéﬁ]_) ZNlTSN“

=0

where we used aH " H < (2 — af1)S to get the last line.

Lemma B.6 (Heinze’s inequality). Let H € R¥*? be such that S := H+THT >0, then H '+ H- T

definite and H=' + H~T < 2S~1. Moreover, we have tr(SH™T) < d.

() ()] = [8) 5]

O

18 positive
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Proof. First, let us prove that H~' + H~T is positive definite. Take z € R%\{0}, define y = H~'z we have
" (H '+ H Ne=22"H "e=2y"Hy=y"(H+H" ")y >0.
Then, let us prove that tr(SH~T) < d is a consequence of H~1 + H~T <281
(SHT) = %tr(S%(H*I +H TS < tr(SESISE) = d,

Now, observe that

(Sé(H—1 + H—T)S%)2 —25*H 'SH™TS% +25*H TSH™'93

(st - T)sh) (s - H—T)S%)T
<28TH'SH™'S% + 28 H™SH™'S?.

Therefore, to conclude, it is sufficient to prove StH-1SH-TS: < I; and SEH-1SH-TS: < 1. For the former

inequality, invert the matrix and use the notation A = & _2H ’ , we get

(S*H'SHT57) ' =9 sH S 'HS >
=573(5— A)S IS+ A)S 2
=I;— STFASTIASTE
1 1 1 1 T
=L+ (s7hAs7) (s7has7h)
Z Id7

which, indeed, implies S tH1SH- TSz < I, Then, applying the later inequality to H=H T, we obtain
S:H-'SH-TS% < I,. This concludes the proof. O

C Proofs specific to TD(0)

C.1 Proof of Proposition

Proof. For k > 2 fixed and take ¢ € (0,1) such that ¢ =1 — % In particular, observe that

k—1 k—1
—2(k—1) k 1
S — (14— <
Cr (k:—1> <+k—1) =¢

Define @ = ¢ @, we have

k-1 k
Y = QI Q) < Y e (la - Q) ~ Q)
£=0

0

|
—

~
Il

Then, Lemma [C.2] yields

k—1
> (e - Q) - Q)

£=0

< % /|z|—13 ((5 — o) g — (2lq — @)7T) <(Z — k) = (2la - ©)71> dz

2ime,

- %cil(k_l) \/771— <(eiiw - Ck)il-[d - (eiiwjd — é),'r) ((ei"p _ Ck)*l]d . (eiwl—d B @)71> dqj)

us

— (e e - L= Q7T (6 - ) e (L - Q)7 ) d

2 ),
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In the following, we will use both the notation z or €, depending on the situation. From the definition of Sy,
1 1
and the fact that £2 H~132 = (I; — vU)~! This yields the following upper bound on Sj

k_Qk/

We are going to separate the latter integral into three parts corresponding to:

(Z) R(Z) Z 1- (1 _7)27 i'C'v |¢| S T/’v
(ii) [R(2)] <1—(1—7)% ie, ¥y, <[] <7 —1y
(i1) R(2) < =1+ (1=7)% Le, [Y[ =7~y

—cp) Mg — (e - @)_1> (La — ’YU)_luidw- (13)

where R(z) is the real part of z and v, is defined by ., = arccos(1 — (1 —v)?).
First step: dealing with case .
Observe that

2= Q= (z—cx)la+ craXo(ly —VU)

= — I —

Rl =
= (2 — ) (la +2E(Lg —U)),

with 7 = Z=%_ and ¥ = %9 EO Using Lemma 1} for any = € C?, we have

—cnl Te—cnl

cLx Z— Ck

)

(=)™ a= (= Q)71) Ta = 0) ] = |2 = enl ™ | (T = (a + F2(la = 10)) ) (Ta = 40)a

<l el

which holds only if —R(2) = —R(Z=%;) < 1_727’ that we prove as follows,

[z—ci]

_R(z—ck): ek — R(2) 1—R(z)
Fal) T Ve - ROPTIGE - VORGP I0P

B 1—R(2)
VI -RE)P+1-RE)Y
1 -R(2)
 V2-2R(2)
1—-R(2)

2
1-(1-(0=7? _1-n
S\/ 2 - \/5)

where the first line is due to u — =47 1s non-decreasing for any v € R, and the last one comes from R(z) >
1 — (1 —)% Let us integrate for ¢ € [—t,,1,] and use || - [|% < d|| -

[

e us

2

| | i 9 _ 2] 2
((e“/’—ck)_lfd—(ewfd_Q) )(Id—VU H dy < 27T,/_¢ a _(7)2|;2p_d%|2 Fdw

de(2 —v)% [T 1
<o | e
< 4de
T (=91 =)

_ kde 4
(=) (1 +)?

<
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where the third line is obtained using the residue Theorem, and the last line uses

the case
Second step: dealing with case .

For cases and we will use the following inequalies

(1+ E < 4—3~. This concludes

[(G-a == =) < |- e = = Q7| It =07,
I e 14
4 (1=t + -7 )

where ||-[|,, ga is the operator norm restricted to vectors on R?. Define Qg := R(2)—Q = R(2) — cx+ackSo(lg—
AU), so that z — Q = Qg + iZ(z). Take z € R? and y; +iys =y = (2 — @)_137, we have

RSz = (2~ Q)y=(Qr+iZ(2))(y1 +iy2) = Qry1 — Z(2)y2 + i(Qry2 + Z(2)y1),

which implies Qrys = —Z(2)y1, so that we obtain

(2 = Q)yl* = (y1 —iy2) " (Qf — iZ(2))(Qr +iZ(2))(y1 + iye)
= |Qru1* + 1Qry2> + Z(2)?y* — 2Z(2)y] (Qk — Qr)y2
= |Qry1 1> + Z(2)*2ly1l* + |y2I?) — 20exVZ(2)y) (SoU — U So)y2
2 2 2 8’71(2)2
> Z(2)* 2y l* + y2l?) — 7(1+7)2|y1||y2| 15)
> Z(2)* 2l |* + ly2l?) — 2Z(2)%|y1 |2

3 2
> 2@ + lel) 2?3l + el

1 1 I(z)?
— 22 (gl + ghel ) = ZE o

where we used |Qrya|? = Z(2)?|y1|* and Qf — Qr = acky(XoU — U'Xg) to get the third line; |Z(z)| >
2(1 2|1(z

VIZA= (=22 2 I (0= (=7 = 17, a < 2028 < 2060 "< 1 [500 o < [|Zo oplUop < 1

to obtain the fourth line; 4y < (1++)? to get the fifth line; and the Young’s inequality 2|y:||y2| < 3|y1|* + Z|y2|?

to obtain the last one. This implies

3 V3B
o =\ T2~ Toi(0)

for z = € such that |R(z)| < v(2 — 7). Similarly, we have |z — ¢|7! < ‘Sinl(w)l. Then using the above
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computations and (\/g + 1)2 < 8 we obtain

e

: (€ = a1 = (10 - @)Y) (1 - VU)JHidw

8de =1y 1
Swa—w2ﬁw sm(g)2 Y

8d P

7#(1 _67)2 [—cotan(T/’)]w7 v
16d,

= 7T(17_67)2cotan(dxy)

16de Y(2—7)

T(1—=7)% /T —~2(2 — )2
16de 1+ (1—7)
1= AP0 127
16de

< m(lJr(l*’Y))

< 77(1 + (=),

27 Jple (s m—1py

IN

IN

where we used that the primitive of =% is cotan, cotan(arccos(a)) = T fora e (0,1)
L and & < 4.

V2 Vor —
Third step: dealing with case .

Once again take z € C? and y = (2 — @)_1:3 € C?, we have

J <A<
i S VI S

2] = |(z = Q)yl = [(z — & + cxaZo)y| — ay[XoUy|

> min |z — ¢ + cra| — a
_<A€Sp(20)| K+ el 7)|y

> ( min |z — ¢ + cpau| — a’y) ly]
u€[0,1]

Then, let us focus on the term |z — ci + crpaul. Define s =1 — ¢, "R(z) € [1,1+ ¢}, '], we get
|z — e + cpau|? = (R(2) — cp + cpau)? + Z(2)?

au—s)>+1—ci(s—1)?

(
(@u? = 2sau+ 25 — 1) + 1 = f(u,s),

I
Q

2
k
:ck}

where f(u,s) := c?(a?u? +2s5(1 — au) — 1) + 1 for u € [0,1] and s € [1,1 + ¢, ']. We make up two cases. First,
if au <1, we have

min f(u,s) = f(u,1) = ci(@®u® +2(1 —au) = 1)+ 1=ci(au—1)2 +1>1,

which implies

ol = (= el = (1- 25 = (1= 257w =



Fast and robust convergence rate for TD(0) with linear function approximation

where we used the above computations, a < ?ﬁ_;;’g and 4v < (1 ++)2. Second, assume au > 1, we have

min f(u,8) = f(u, 1+ ¢, ') = cR(@®u? +2(1 + ¢, ") (1 —au) — 1) + 1

=cp(@®u? =21+ ¢ Nau+2+2¢, ' —1+¢.?)
a?u? —2(1 + ¢ Nau+ (1+¢;1)?)

oau— (14 clzl))2

~—~ Y~ o~

where we used 1 — ¢x(au—1) >0, au—1> 0 and ¢ < 1 to get the sixth line; o < 2 and u < 1 to get the last
one. This implies

2] > (2 —a—va)ly[ = 2= (1 +7)a)ly,

where we have (1 +v)a < 2(1177,7) < 2. In all cases, we obtain

~ 1 - 1 1
-1 .
z— z|<min| -,2—-(1+v)a zl=max |2, —— | |z| < (24— | |z
(=@ tal < min (5,2 (1) fol =max (25— ) ol < (24 52 ) o
This, (14) and |z — x| > /14 ¢2 > 1, since R(z) < 0, imply
2
op>

(G- ta= =@ -0 < 2 (el e~ @

S(lid’y)Q<3+2—(11+7)a>’

and then

e 2de

(" =) = (1o = Q)7") (T~ vU)‘lHide ST (3 * 2—(11+7)a> ‘

27 Jyplelm—ps, ]
Final step: concluding. From and the three previous steps of the proof, we obtain

de 4de 2de 1
Sk < A= _7)2(1—1—3(1 —v)) + A= _7)%(1—}— (1—-79)+ a=% <3+ T a (1+7)a>

P Y S VSRS S
T2 T RI ) VTR T R = OEey |

2

O

Lemma C.1. Let ¥ € R¥? be symmetric positive semi-definite, let U € R™? be such that ||U||

and z € C with |z| =1 and R(z) > —%. We have, for x € C4,

<1,vy€]0,1)

op —

|-

|(Ja = (Ia + 25(Ia =7U) ™) (la = U) " ta| < — 2

Proof. Define A =1; —~U and M = I; + zX A, we have
(Ig— (Ig+ 22y —yU) ) La—U) ' = (Ig— M 1)A™!
=M Y M —I)A™?
=2(I;+2XA)7'2
=231+ zAX) "
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Therefore, to conclude, it is sufficient to prove that, for an arbitrary z € C%,

|S(Ig + 2AX) o] = |25(I4 + 2A%) 2| < |z, (16)

1—~2

The remaining of the proof is dedicated to prove the latter inequality. Take u = (I + 2AY) 'z and r = Yu. Let
us start with the subsequent observation,

7T Ar — || = A[FTUr| < 7|3,

so that ?;‘f‘;r belongs to Bc(1,7) the closed ball of center 1 and radius v. Then, using x = X~ + 2Ar, we have

FlAr  7IX 1y — .
|r‘2 +z ‘T|2 ZdH(B(C(LfY)?*ZR-F)a

7 x| FIE~lr n 7 Ar
= z
r[? r[? r[?

where we used 7'X7!r > 0, and d;,| (Bc(1,7), —2R,) is the distance between the sets Bc(1,7) and —zRy.
Then, using Cauchy-Schwarz’ inequality |7 2| < |r||z|, we obtain
i

|£L’| > W > d|\(§C(177)3 7ER+)|T."

It only remains to derive an appropriate lower bound for the latter distance. Let us consider two cases. First, if
R(z) > 0, it is easy to check that this distance is equal to 1 —~y that is reached for 1 —+ € B¢(1,v) and 0 € ZR_.

Second, if 0 > R(z) > —%. we have

dy. (Be(1,7), —2Ry) =dj (1, —2R4) — 7
- tle%i 1 +1t2] -

= inf /|1 +tR()]2+2(1 — [R(z)]2) —
teER 4

= inf /142t 2 —
VI ARE Y

Y

inf /1 —V2(1 =)t +12 —
nf V2(1 = )t 42—y

(1—7)?
2
o =7

—4/1— —

where we used the fact that the minimum of ¢ € Ry ++ 1 — 2at + t2 equals 1 — a? for a > 0 to get the sixth line,
and 1 — % > (1+a)~! for a € [0,1] to get the last one. Using the above calculations, we obtain

_ — _ -1 2
|Z(Id + ZAE) 1$| = |’I"| S dH (B(C(la,}/)v _ZRJr) |37| S 1_ 72 |JJ|,
which is exactly Inequality . This concludes the proof. O
Lemma C.2. Let M € R be a matriz with a spectrum included in the open unit disk, and ¢ € (0,1). We
have
- 1

> - M) Iy - M) = 2f/ T )T = T = eM) ) (2= 0) 7t = (20g — eM)TY) dz.

i S =
=0 lz|=1

Proof. Since the spectral radius of M is lower than 1, it is power-bounded, i.e., sup; > | M*]|op < 0. Therefore,

the series
oo

Fy(z) = Z 2 ME
=0
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is uniformly convergent on I' := {z € C, |z| = 1}. This implies that (I — cz=*M)Fy(z) = 2~ and then
Fo(2) =2 Y1y — ez 'M)™! = (2Iy — eM) ™!
Similarly, we obtain

F(2):=(z—¢) ' = (2l —cM)~ Zczz Y1y — MY,
£=0

so that, we get

ZﬁlF( 71)TF (ZCZ €+1 ) ( Z —i— l(IdMZ)>

_ E Ck“rf k—0— 1 Mk‘
k,£>0

For similar arguments as above, the latter double series is uniformly convergent on I'" which allows us to permute
sums and integral as follows,

/ 2Pz ) F(2)dz = Y (I — MF)T (Id—Ml)/ 2z
|z|=1

k,0>0 |2|=1
=2ir Y Iy — MP) (I, - M),
k>0
where we used that lelzl 2#=f=1 = 2im by Residue theorem. This concludes the proof. O

C.2 Proof of Theorem [3.1]

Proof of Theorem[3.] This is a straightforward consequence of Propositions and [5.3] . with 8 = (1 +~)2,
61—1—|—7,cz—(1— v)~t and 0? = 0. O

C.3 Proof of Proposition

Proof of Proposition[3.4 In this case, the matrices o, X1, H, S are straightfoward to compute. In particular,
we have

Yo=%1 =wly and H=58=(1-7vwly.
Moreover, we have b = E[Ry¢(Xx)] = 0 so that 0* = 0. Therefore, we have

Exom [[v(X,0k) — v(X,0%)*] = wE [|0]*] .
For 1 <14 < d, we have 0 ; satisfies
GM = (1 — da(l — fy)kavi)Hk_u + avV dWBk,iRk7

where (By)k>1 are i.i.d. d-dimensional random variables, with Bj ; NBer(é) and 2?21 Bi;=1a.e.

On the one hand, from Lemma [C.4] under the regime described in Proposition for C = 5.5,

B 1—e 9)20,2 or 3—4e C4e72¢
_ *\ |2 > ( 0 0 —
Excnm [[00X, 00) = v O] 2 50—+ e 2¢ -

On the other hand, under the same convergence regime, observe that the upper bound in Theorem [3.I]is equivalent

to
o= ((se)' + () )

< (14 4)|60*> 21+ A )es?
- 2a(1 — )k (1—7)2k
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where we take A = 2.7. Then, we can easily check that 1.85 = 144 < 11% ~ 1.98 and 7.45 ~ 2e(1+ A1) <

11 (1 — %) ~ 8.02. Therefore we obtain

Exm [[0(X,0k) — v(X,60)°] Z 11E,
which concludes the proof. O

Corollary C.3. Consider the same MRP and feature functions as in Proposition . Take a = Aag(7y) for
A€ (0,1). Fork — oo,y —= 1 and k(1 — ) — 1.25, we have

- 1 fo — 6*?
Exm [[0(X,0k) — v(X,0%)] 2 b0 |

T 125, (1 - m%)) a(l — )k

Moreover, for v — 1 and k(1 — ) — oo, we have

— - deo2(1+e
EXNm [|U(X, ok) _ ’U(X,G*)|2] Z eD('Y) O( k,’Y)

(= ) (L= K

Proof. Similarly as in the proof of Proposition for kK — oo, v — 1 and k(1 — ) — 1.25, the asymptotic
inequality [I7] holds for C' = 1.25. This implies

_ e—C 2 2
Exom [|’U(X,§k> —v(X, 9*)|2] 2 (1Ca(1)’y|;91?7|

—C\2
which implies the first inequality in Corollary since % > b=

Now consider for v — 1 and k(1 — ) — co. Repeating the arguments in the proof of Lemma we obtain

— do? l—o dec2(1+ep)
Exm [|0(X,05) — v(X,0%)] = 0__ . O 0 L,
X UU( 7919) ’U( 79 )| ] ~ (1 _,Y)Qk e (1_ ﬁ(y))(l_')’)zk

This concludes the proof. O

Lemma C.4. Let (Yi)r>0 be a stochastic process with value in R such that Yy = yo € R is fized and, for k> 1
Yi = (1 = ABy)Yi—1 + BrZy,

for p €10,1] and A € (0,2), where (By, Zr)k>1 are i.i.d. with By independent from Zy, By ~Ber(p), E[Z1] =0
and Var(Z;) = 0% > 0. Define Yy, = %Zi:f- In the regime k — 0o, A — 0 and pkA — C, for some C > 0, we

have
S (1= e~ )2yl o? ( 3= 4e=C + 6_20>

E[V] 2 Cpne oAk 2C

Proof of Lemma[C- Using superposition principle, we get Y = ka +Y7, with

Y= (1= ABY,, Y5 =10
Y = (1 — )\Bk)Y,ng + By Zy, Ybﬂ =0.

Moreover, using that Zj is centered and independent with Y;”, we get E[Y’] = 0 and E [Y,fYk”] = 0. Therefore,
we obtain

E[Y¢] =E[(¥?)°] +E [(Y{)?]
First step: the bias.

In this step, we only consider ka. We have

E Y] =p(1 = NE[Y; ] + (1 -pE[Y; ] = (1 -pNE[¥ ] = (1 —p)) 0,
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so that we get

k—1 1 k\2, 2
2] 2 71 = (1500 g = (Lo

i=0
Therefore, for k — oo, A — 0 and kAp — C > 0, using (1 — pA\)* — e~¢, we obtain
b (1—e9) %0
E[(V)?] 2

Second step: the variance term.

Recall that E[Y};] = 0. Then, for A’ = 2\ — A% € (0,1), we have
E[(Y¢)?] = (p(1 =X + (1 - p)) E [(Yi_1)?] + po?
(1- (2>\ = N)) E [(Yi1)?] +po?
= po? Z (1- p)\
=0

(- (- p\)h)e?
)\/

%

Let (Fi)k>1 be the filtration associated to (Z, B)k>1. Using similar arguments as in the first step, for 1 <14 < j,
we get
E[Y)|F] = (1—pA) 7Y
This implies that
1— p)\/)i)O’Q
)\/

E[Y/ Y] =(1 —pATE[(YP)?] = (1 —pA) (1—(

Therefore, we obtain

E{(?};)ﬂ:i 2 Y BNV - Y E[v)]

0<i<j<k-1 =0

g2 k=l k—1
= 1=@=p\)) (2D (1—pry-

(2

J1— 1—p)\k 1)1>>

=i ((1 (1—p)\)

1=0
20_2 k—1 . . p)\/ 2 k—1
:W <1—(1—p)\') —(1—p>\)’C +(1—p)\) (1—p > )\’k2z (1—p\) )
=0
202 1—(1—=p\)E  1—(1—p\)F 1—pA)F — (1 —p\)F
B (O St e e e Y PR i 2l Ut 10
PANE A A p(N =)
s k_l—(l—p/\’)k
N k2 PN '

Therefore, for £k — co, A — 0 and kAp — C > 0, we obtain the following asymptotic equivalent
. 2 1—e2C | _eC -Cc _ —2C 2 1 — e—2C
E{(Yk)Q}N o 1 e B e +e e _o (o™
A2k 2C C C 20k 2C
_ o? 1 3—4e ¢ 4e2¢ o? 1 1—e2¢
- pA%k 2C 27k 2C

o? 1 3—4e € 4e2¢
2C ’
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—-C —2C
3—4e “+e > O

where we used X ~ 2\, (1—pA)¥ ~ e~ and (1—p\)* ~ 72 to get the first line, A — 0 and 1— e

for C > 0 to get the last one.

This concludes the proof. O

C.4 Proof of Theorem [3.3]

Proof. The convergence rate is a consequence of Theorem with 8= (14+7)2, 1 =1+, cx = (1—7)"! and

0% =od.

Therefore, it only remains to prove the second part of the theorem. Take the Markov Process on X = {1,—1}
such that X’ = —X a.e.. Take m = % the uniform probability distribution, d = 1 and ¢(x) = z. Consider

(Ri)g>1 ii.d. with Ry ~ N(0,03). For a > ay(y) = H_,y, k > 1, we have
k=1
O = (1 — a(l+7))0k—1 + aRy, = 70, + azrle—u
i=0

with 7 =1 — (1 +v) < —1. Therefore, we obtain

k-1 2k
2 2k 2 2 22 2 2k 52 2 oT
E[|9k|]:rk90+a00 ’rl:’[“keo—i—O(O'O 2 1 k:)Q‘f’OO
i=0

Similarly, we have

7 #12 712 (r* —1)° 2 | a’ 00 1)2
., [[0(X, ;) — v(X,0%)?] = E [|64]?] = G+ o Tzl Z|r 1P — +oo.

This concludes the proof. O

C.5 Proof of Lemma [3.4]

Proof of Lemma[3.4, We consider ¢ as in the first case in Lemmaand (0k) k>0 the induced sequence obtained

using TD(0). Similarly, we define ¢ and (gk)kzo according to the second case. We are going to prove by induction
onk>0 ~
o(x) "0, = 3(x) "6 for any x € X.

First for kK = 0, we have
&) 00 = o1 + F—1)(@) "Oo,—1) = Cho1 + (1) (@) "bo,—1) = () bo.

Then, for k > 1, assume that the equality holds at index k& — 1. Observe that @(z)Ta@(y) = ap(x)T¢(y), so
that we obtain

(@) = 3(2)T (Ou-1 — GR(Xe) ((F(Xe) = 1E(X0) 01 — Re) )
= () Ok — ap(x) T o(Xp) ((9(Xk) —ve(X1))  0k—1 — Ry)
= (@) (Or-1 — ap(Xy) ((p(X) —v9(X})) " Or—1 — Ri))
= o(x) " 6.

C.6 Asymptotic behavior of §* as v tends to 1

Lemma C.5. Assume and that there ezists 03 € R? such that v(-,01) = 1, where 1 is the constant
function equal to one. Then, we have

p'0* =Eu(X,0%)] = iE{—R']y
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In particular, if E[R] # 0, we obtain

0| > m —0((1-)Y).

Proof. Observe that $o6; = p = X{ 61, which implies 0] (X9 — %) =0 H = (1 —~)u', so that we get
E[u(X,07)] = p"0" = (1—4)7'0] HO" = (1 - )"0/ b= (1 - )" 'E[R].
Recall that p # 0, otherwise 1 cannot exist. The second inequality in the lemma is straightforward. O

Lemma C.6. Under the same assumptions as Theorem[3.5, 6* is uniformly bounded with respect to .

Proof. Observe that H and b write as

(A=t oy _ ((1=7)"E[R]
H_< (—1) H7> b_< b )

with H = E [o—1)(X) (1) (X) = yo1)(X')T] and b= E[Rp—1)(X)]. From the first line in H0* = b, we
obtain
01 =E[R] — (1 - 7)#2——1)9(—1)~

Using this and the other lines from HO* = b, we get
HO(_1y =b—E[R]u(_1),

where H = H — (1- ’y)u(_l)u(T_l).
On the one hand, using similar arguments as in the proof of Theorem we have
61y H(-1) > (1= 7(1 = )01 Zof(-1) = (1= (1 — )@/,
where £y = E [(p(-1)(X) = p—1)(p-1)(X) = p-1)) | and @ > 0 is the smallest eigenvalue of 5o which is
positive using the linear independence of the features and the fact that ¢ is constant.

On the other hand, we have
~ ~ 1
01y HO—1) =0 1)(b—E[Rlu1) < 10n)|E[R(p—1) — 1)l < CEl01)l,

where C'g is defined in Assumption

Consequently, we obtain
1

Cf C’%
00l < ZA 1= < Bo
w(l=~(1-9g) = wg

N=

1
and then |6,] < C} + S5 This concludes the proof. O

C.7 Proof of Theorem [3.5]

Proof of Theorem[3.5 The upper bound is a direct consequence of Proposition [C.7] and Proposition [B.4] with
Y=%0,8=1+1+7)?% cs=(1-9)"1, and 6% = 03. The uniform boundedness of §* with respect to v is
given by Lemma [C.0] O

Proposition C.7. Under Assumptions TDITD?2], [td3], the upper bound in Proposition applies.

Proof. We will repeat most of the arguments of the proof of Proposition [5.3}

1 _1
First observe that Q = X¢ (Iq — oH )%, ?, thus it admits the same spectrum as Iy — aH. Moreover, using ,
we can take cs = (1—v)"! 8 =1+ (1+7)? so that applies for a < Biz = % = as(7y). Then
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implies that the spectrum of I; — aH is contained in the complex unit sphere. Therefore, Lemma applies to
@ and Inequality holds.

Then, the first step of the proof of Proposition [5.3] can be repeated without any change. Concerning the
second step, the only change occurs to obtain the fourth line in the chain of inequalities : it requires that
HEOU - UTEOHOP < 2 is indeed satisfied under the present assumption as stated in .

Therefore, there only remains the third step, i.e., for R(z) < —1 + (1 — v)2, that we handle with a different
approach using v > % First, we have

0=y __20=9) _ 8,
1+(1+7)2—1+(1+%)2 13

1_7)7

then, using Inequality , we get

N2
02 80(a 10N, < E S0 (1 — )
201 N2
T (=2 =)™ + 17 + 1) + 201+ 9))
82

= 1@ (A+1 =)+ 1 -YH+2(1—9?)

8 /95 1 9
<< b+ = +><1.012.

IA

~132\16 ' 16 8

Moreover, using —R(z) > 1 — (1 —~)? > %, we obtain

3
|z — x| = (cx — R(2))? +I(2)? = c; — 2R(2)cr, + 1 >} + 5Ck +1.

Therefore, the above inequalities imply that, for y € C? with |y| = 1, we have

(2 = Q)yl = | ((er — 2)1a — ackEo(Ia —1U)) |
> |ex — 2||y| — ack|Zo(La — YU) [l4p Y]

/ 3
>/l + Gk +1-—1.01ck = f(ex),
where f:x € [0,1] & y/2? + 32 + 1 — 1.01z. We have

—1.01 <0.

-1

<= (ﬁ_ 1.01)_1 <2.

The remaining of the proof is similar to that of Proposition [5.3] O

Consequently, we obtain H(z — é)

C.8 Proof of Theorem

Proof of Theorem[3.] Define ¢ = ¢ — p, S0 = E[RX)E(X)T] =S — pu”, $1 = E[G(X)P(X Xi— g
H=%y-7%, 8= H+H and b = E[Rp(X)] = b— E[R]u. Observe that, using Assumption , we have, for
any 6,60’ € R?,
~ ~1
07510 < (1- )|229|| 30l
1
2

Therefore, U defined by U = (1 — g)_liO ili satisfies < 1. Then we obtain

~ ~1 ~1
H=3%§Is—(1-9g)U)%5,



Fast and robust convergence rate for TD(0) with linear function approximation

which is the same structure as for TD(0) but with 7 replaced with (1 — g)~.
To prove Theorem the only property that we used for U was that it operator norm was bounded by one.
Therefore, we can repeat all the proof in the case of H with ~ replaced by (1—g)~. This proves Theorem 3.7, O

C.9 Some results on complex integration

/2” 9 o
o lem®—ul2 1 —u2

Lemma C.8. Foru € [0,1), we have

Proof. Let G = {z € C,|z| = 1}, we have

ode 1 dz
/0 le=® —uf2 /c |z —ul? iz
_ dz
N /G (z—u)(z7! —u)iz
_ dz
B /G i(z —u)(l —2u)’

Recall that the function m is holomorph on D(0,1)\{u} with a pole in u. Therefore, we can use the
Residue Theorem to get

2m
db 1 1 27
——— =2m R = | =2m = .
/0 le=i0 — w2 e (Z i(z —u)(l— zu)> mi(l —u?)  1—u?

This concludes the proof. O

C.10 Few results from linear algebra

Lemma C.9. Assume ‘TD3| Using the notations of the algorithm TD(0) from Section define hTD =
o(X)(p(X) —vo(X")) and S™ =35 — %1, we have

(1—7)Z0 < S™ < (1 + )%, (18)

E K™ (ATP)T] < (1 + 7)o (19)

E[(A™®)Th™P] < (1+7)8™P, (20)

E [(hTP0* — b™P)(RTPo* — bTP)T] < 0%y, (21)

Proof. To get , it is sufficient to observe
ST = o — 2B [p(X)e(X) T +0(X)e(X) 7],

and use Cauchy-Schwarz inequality.

To get , we compute

E [R™P (™) 7] = E [Je(X) — yo(X")Pe(X)p(X) ]
< (147)°E [e(X)e(X)T] = (1+ 7).
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Now let us prove
E [(h™)Th™] = E [[o(X)P(9(X) = v(X)(p(X) = v(X")) ']
E [(p(X) = 70(X))(0(X) = yp(X"))T]
E[(14+7)p(X)p(X) T = v(e(X)p(X)T + o(X")p(X))]
(1+7)%0 = v(Z1 +2))
—(1+9)8™ = 3(1-7) (%o -
< (L+7)S™.
We conclude the proof with :
E [(h™P0* — b™P) (AP — b™P)T] = E [|6(X, X', 0")Pp(X)p(X) '] < 0550.

VAN

T+ %]
2

Lemma C.10. Assume[TD1], [TD2] and[td3] We have
(1 =% < 5™ < (1+7)%,
E WP (RTP)T] < (1 =) + (14 7))o,
E [(h™6* — bTP)(ATPy* — pTD)T] < 0_0207
2ol = U0, <
IZ0(Ta = 10) 17 < (1 =)*((& +1)* + 1) + 2(1 +7)?,

Proof. The proofs of and are similar as the ones of and (21). To get (23), we compute

E [R™P(h™)T] = E [Jo(X) — v (X")Po(X)e(X) ]
<((1=7)2E + (147)*)%0,

where we used that [p(X) —v(X')|* = (1 —7)%c] + o 1) (X) —vp 1) (X)? < (1 =) + (1 +7)*

It only remains to prove . Let us define io, ¥, € Rd-Dx(d-1) by
§~]0 =E [(90(—1)(X) - M(—l))(%’(—l)(X) - M(—l))T] and §~]1 =E [(‘P(—l)(X) - M(—l))(%’(—l)(X/)

Define U = io_%iliaé. Consider

0

[=IV]

H(—1) X

0 ~ 1 ~
L:(c” ~1> so that LLT =3, L( 3>LT:21, L'L=Q"SQ and U= Q(O 0

where Q = ia%L € O(R4~1). This implies that

0 1 0
T(SU-UTx L'L —|L'L
Q (XU —-U %0)Q = 0 7 0o oT
~1 ~1
:<c 2 4 u(T_l)E(?) 1 9)_(1 9) <c 2 luenl? nl 123>< 9)
2oM( 1) 2o 0 v 0 v Zo,u( 1) Yo 0 U

(C 7+ - nl? M(T_l)ESU> 3 <63+|u(_1)|2 u<_1)25>
~ o~ ~__~1 ~ o~
zgu( 1 SoU U'SEp—ny  UTxg
~1
(Ig— UT )38 ¢ ZOU -UT%,

0
b)) (o

\_/

— 1

0

)]

et
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where y 1= (Ig — ﬁT)ié p(—1)- Therefore, we obtain

120U = UT S0 |, < Iyl + | S0l — T

(27)

op

On the one hand, we have

ly|? < 2H22

‘/‘( 1)‘< HZOH +|/J( 1)| <tr( )+‘,u( 1)‘
=E [lo 0 (X) = p-n ] + uir) =E [l (X)) < 1.

On the other hand, take (\;, v;)1<i<d—1 the couples of eigenvalues and eigenvectors of io, we have

d—1
[l = 0780 =" M@ Twi)T = (T widu] )
b=

d—1
S Z/\Z ’Ui(ﬁTUi)T — (ﬁT’Ui)UiT
i=1
d—1 _
< Z/\i\UiHUTM
i=1

d—1
<) Ni=tr(S) <1
i=1

where we used Lemma to get the third line, ||U]lop < 1 to get the last line. We conclude using and the
above inequalities.

op

Let us now prove Inequality (26). Using similar computations as above, we have

~ 1
10 A+ lpenl pl B8\ (1- 0
QSo(la—W)QT =LTL (Li—v(o [7)>= A O ( 0 17)
202 [(=1) EO d—1—7
~ 1 ~
_ ((1 — N+ ) S Ta - vU))
- . Nl
(1= )EG 1) So(la-1 =U)

Therefore, we obtain
~ ~1 2
Z0(Za = v )QT |5 = (1 = 1)*(2 + |nn*)? + 1(Id — vUT)Eém_l)‘

~ ~ 112
-S| + [Eottas —20)||

SA=-@E+1)*+ 1 +7)2+ (1 =72+ (1+7)?
=(1 7)2((0 +1)2+1)+2(1+7)%,

~ ~ ~ ~ 112 ~ ~
where we used [T lop, ||Sllop < 1 and Hzo(fd,l - vU)HF < (14 7)2r(52) < (1 +7)%r(Z0) < (14 4)? since
tr(S0) = Ellpy(X)]] < 1. O

Lemma C.11. For u,v € R?, we have ||uv™ — vuTHop < |v||ul.

Proof. Tt is sufficient to prove the result for |u| = |v] = 1. Take v = A\ju + Agw, with A\? + )3 =1, w € v and

|w| = 1. We have

T

w’ —ou’ = Xo(uw’ —wu).

Moreover, since u L w, for any z € R?%, we have

T

2
|(uw —wu )SC|2 |7JJ IZ?|2—|—|U ‘T|2 |HSpan(u7w)I| < |I|27
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where Tlgpan(u,w) is the orthogonal projection on Span(u,w). Therefore, we obtain
HuvT — vuTH < AgHuwT — quH <) < 1.
op op

This concludes the proof.
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