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ABSTRACT

Score-based diffusion models have become the most popular approach to deep
generative modeling of images, largely due to their empirical performance and
reliability. Recently, a number of theoretical works (Chen et al.; 2022a; 2023;
Benton et al., 2023) have shown that diffusion models can efficiently sample,
assuming L2-accurate score estimates. The score-matching objective naturally
approximates the true score in L2, but the sample complexity of existing bounds
depends polynomially on the data radius and desired Wasserstein accuracy. By
contrast, the time complexity of sampling is only logarithmic in these parameters.
We show that estimating the score in L? requires this polynomial dependence,
but that a number of samples that scales polylogarithmically in the Wasserstein
accuracy actually do suffice for sampling. We show that with a polylogarithmic
number of samples, the ERM of the score-matching objective is L? accurate on all
but a probability § fraction of the true distribution, and that this weaker guarantee
is sufficient for efficient sampling.

1 INTRODUCTION

Score-based diffusion models are currently the most successful methods for image generation, serving
as the backbone for popular text-to-image models such as stable diffusion (Rombach et al., 2022),
Midjourney, and DALL-E 2 (Ramesh et al., 2022) as well as achieving state-of-the-art performance
on other audio and image generation tasks (Sohl-Dickstein et al., 2015; Ho et al., 2020; Jalal et al.,
2021; Song et al., 2022; Dhariwal & Nichol, 2021).

The goal of score-based diffusion is to sample from a (potentially complicated) distribution gq. This
involves two components: fraining estimates of score functions from samples, and sampling using
the trained estimates. To this end, consider the following stochastic differential equation, which is
often referred to as the forward SDE:

doy = —2,dt +V2dB;, 20 ~ qo 4))

where B; represents Brownian motion. Here, x( is a sample from the original distribution gy over
R<, while the distribution of z; can be computed to be

xy ~ e trg + N(0,0214)

for 07 = 1 — e~ 2. Note that this distribution approaches N (0, I;), the stationary distribution of (1),
exponentially fast.

Let ¢; be the distribution of z;, and let s;(y) := V log ¢:(y) be the associated score function. We
refer to g; as the o-smoothed version of qg. Then, starting from a sample x1 ~ gr, there is a reverse
SDE associated with the above forward SDE in equation 1 (Anderson, 1982):

d.’L'T,t = (mT,t + 23T7t(xT7t)> dt + \/EdBt (2)

That is to say, if we begin at a sample x7 ~ g, following the reverse SDE in equation 2 back to time
0 will give us a sample from the original distribution go. This suggests a natural strategy to sample
from qq: start at a time 7' large enough using a sample from A (0, 1), and follow the reverse SDE
back to time 0. Since z is distributed exponentially close in T" to A/ (0, I), our samples at time 0
will end up being distributed close to go. In particular, if 7" is large enough—logarithmic in “2—then
our samples from this process will be e-close in TV to being drawn from ¢q. Here m3 is the second
moment of g, given by
mii= E o).
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Of course, to follow the reverse SDE from equation 2, we need access to the score functions s; at
various times t. A diffusion model estimates these score functions using score-matching.

Score-matching. One can show (Theorem 1, Hyvirinen (2005)) that the score function at time ¢,
St, 1s the minimizer over functions s of the following “score matching objective”:

2
] 3
2

This gives a natural method for estimating s;: minimize the empirical value of equation 3 over
samples x; ~ qo and independent Gaussian samples z; ~ N(0,0214). In other words, for a given
function family H of candidate score functions, estimate the empirical risk minimizer (ERM):

E
zr~qo,2~N(0,0214)
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Such a minimizer can be approximated in practice using deep neural networks, with the objective
optimized by stochastic gradient descent (SGD).

Sampling. Given the score estimates S;, one can sample from a distribution close to ¢y by running
the reverse SDE in equation 2.

To practically implement the reverse SDE in equation 2, we discretize this process into N steps and
choose a sequence of times 0 =ty < t; < --- < ty < T'. At each discretization time ¢;, we use our
score estimates s;, and proceed with an approximate reverse SDE using our score estimates, given
by the following. For ¢ € [tg, tg11]s

der_t = (xr— + 2574, (x7—¢,)) dt + V2dB,. (5)

Here, we will begin at zp = zr_¢, ~ N(0,1;). We will let g; be the distribution at time ¢ from
following the above SDE. This algorithm is referred to as “DDPM”, as defined in (Ho et al., 2020).

A number of recent theoretical works (Chen et al.; 2022a; 2023; Benton et al., 2023) have studied
this sampling process: how many steps are needed, what is the right schedule of discretization times
t, and how accurately must the score be estimated? They have shown polynomial time algorithms in
remarkable generality.

For example, consider any d-dimensional distribution gq supported in B(0, R) (or, more generally,
subgaussian with parameter R?). In Chen et al. it was shown that the SDE can sample from a

distribution e-close in TV to a distribution (y - R)-close in 2-Wasserstein to qq , in poly(d, %, %) steps,
as long as the score estimates are close in L2. That is, as long as:
~ 2 *
E [llsu(a) = 5u(@)P] <07 (%) Q
~qt

where O (-) hides factors logarithmic in d, , and ..

Moreover, in the same situation, Block et al. (2020) showed that training with the score-matching
objective achieves the desired L? accuracy with a similar sample complexity to the above time
complexity. The precise bound depends on the hypothesis class 7{; for finite hypothesis classes, it is
poly(d, <, &, log [#]).

On the sampling side, more recent work (Chen et al., 2022a; Benton et al., 2023) has given exponen-
tially better dependence on the accuracy -y, as well as replacing the uniform bound R by the second
moment. In particular, Benton et al. (2023) show that 6(5% 1og2 %) steps suffice to sample from a
distribution that is v - ms close to gg in 2-Wasserstein, as long as the score estimates 5; at these times
t are accurate enough — that is, satisfy:

€

g [l -5l <0 (5). )

r~qt [
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This requirement is easier to satisfy than that of equation 6, because the schedule is such that o, < 1
always.

Thus, for sampling, recent work has replaced the poly(%) dependence with poly(log %) to sample

from a distribution v - ms close to qg in 2-Wasserstein. Can we do the same for the sample complexity
of training? That is the question we address in this work.
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Figure 1: Given o (%) samples from either p1 = (1 — 7)N(0,1) + nN (=R, 1), or p2 = (1 — n)N(0,1) +

nN(R,1) we will only see samples from the main Gaussian with high probability, and cannot distinguish
between them. However, if we pick the wrong score function, the L? error incurred is large - about 7R>. On the
right, we take n = 0.001, R = 10000, 6 = 0.01. We plot the probability that the ERM has error larger than 0 in
the L? sense, and our Dg sense.

Our results. Ideally, one would like to simply show that the ERM of the score matching objective
will have bounded L? error (7) with a number of samples that scales polylogarithmically in %
Unfortunately, this is false. In fact, it is information-theoretically impossible to achieve equation 7 in
general without poly(%) samples. See Figure 1, or the discussion in Section 4, for a hard instance.

In the example in Figure 1, score matching + DDPM still works to sample from the distribution with
sample complexity scaling with poly(log %), the problem lies in the theoretical justification for it.

Given that it is impossible to learn the score in L? to sufficient accuracy with fewer than poly(%)
samples, such a justification needs a different measure of estimation error. We will introduce such a
measure, showing (1) that it will be small for all relevant times ¢ after a number of samples that scales

polylogarithmically in %, and (2) that this measure suffices for fast sampling via the reverse SDE.

The problem with measuring error in L? comes from outliers: rare, large errors can increase the L2
error while not being observed on the training set. We propose a more robust measure of distance, the
1 — 4 quantile error. For distribution p, and functions f, g, we say that

Dy(f,g) <e = D llf(@) —g(@)ll2 2 €] < 6. ®)

Our main result shows that for a finite-size function class H containing a sufficiently accurate score
estimate, we can estimate the score function at a given time ¢ in our robust distance measure using a
number of samples that is independent of the domain size or the maximum value of the score.

Theorem 1.1 (Score Estimation for Finite Function Class). For any distribution qo and time t > 0,
consider the oy-smoothed version q; with associated score s;. For any finite set H of candidate score
functions. If there exists some s* € H such that

E [Is"(2) = si(@)l3] <

T~qt

2
dvcnre : 5train - €

10002 2

for a sufficiently large constant C, then using m > 9} (526%(61 + log %) log JS,H.‘ ) samples, the

empirical minimizer S of the score matching objective as described in equation 4 used to estimate s
satisfies
Oscore (&
Dq‘t (Sa St) < E/Ut

with probability 1 — Sain.
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Theorem 1.1 supposes that H is a finite hypothesis class. One can extend this to infinite classes by
taking a union bound over a net; see Theorem 1.5 for an application to neural networks, getting a
bound polynomial in the number of parameters and logarithmic in the maximum weight and m..

Note that for distributions supported in B(0, R), the final step of the sampling process has o; = 7,
for which the score can be as large as % Prior work (Block et al., 2020) requires poly(%) samples to

learn the score in L? in this setting. In contrast, the sample complexity in Theorem 1.1 is independent
of the domain size and smoothing level.

Previous results like (Benton et al., 2023; Chen et al.) show that learning a score estimate in L?
suffices for efficient sampling via DDPM (described in equation 5). We adapt (Benton et al., 2023) to
show that learning the score in our new outlier-robust sense also suffices for sampling, if we have
accurate score estimates at each relevant discretization time.

Theorem 1.2. Let q be a distribution over R? with second moment m3 between 1/poly(d) and poly(d).
For any v > 0, there exist N = O(# log? %) discretization times 0 =t < t; < --- <ty <T
such that if the following holds for every k € {0,...,N — 1}:

~ 9
DN STty ST—t;,) <
qT—tk( k° k) — UT—tk

then the SDE process in equation 5 can produce a sample from a distribution that is within 5(5 +

ey/log (d/7)) in TV distance to q., in N steps.

Applying Theorem 1.1 with a union bound, and combining with Theorem 1.2, we have the end-to-end
guarantee:

Corollary 1.3 (End-to-end Guarantee). Let q be a distribution over R® with second moment m3
between 1/poly(d) and poly(d). For any v > 0, there exist N = O(ﬁ log? %) discretization
times 0 = tg < --- <ty < T such that if H contain approximations hr_;, that satisfy

E [Jhr— @) — 57— (@)]2] < ot — .

for sufficiently large constant C, then given m = 0] (Eﬂg(d + log %) log ‘%l log %) samples, with
1 — & probability the SDE process in equation 5 can sample from a distribution e-close in TV to a
distribution ymg-close in 2-Wasserstein to q in N steps.

The sample complexity required for the end-to-end guarantee above depends polynomially on N, the
number of discretization times required for sampling. As stated, this depends polylogarithmically on
%, for a final sample complexity that scales polylogarithmically in % Prior work (Block et al., 2020)

needs poly(%) training samples even to learn the score at the final smoothing level, as described
earlier. Thus our bound gives much higher Wasserstein accuracy for a fixed number of samples.

Remark 1.4 (Scaling of my). The above theorems assume m3 is between m and poly(d) because

the bound is simpler to state with this assumption, and because this is the “right” scaling. The
forward diffusion process transforms any arbitrary distribution into a standard normal distribution
of second moment d. If the initial moment m?3 is extremely large or extremely small relative to d, the
convergence time will have an additional (logarithmic) factor depending on ms. This dependence
is analyzed explicitly in Theorem B.6 and Corollary C.1. However, a better way to handle these
situations is to rescale the distribution to have second moment polynomial in d, so that Theorem 1.2
and Corollary 1.3 hold for the rescaled distributions.

Application to Neural Networks. To demonstrate that the restriction of Theorem 1.1 to finite
hypothesis classes is relatively mild, we show that it implies results for general neural networks
with ReLU activation. If the score function is well-approximated by a depth-D, P-parameter neural
network, then roughly d PD samples suffice to learn it well enough for accurate sampling.

Theorem 1.5 (Score Training for Neural Networks). For any distribution qo with second moment

m%, and any time t > 0, let g; be the oi-smoothed version with associated score s;. Let ¢g(-) be the
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Sfully connected neural network with ReLU activations parameterized by 0, with P total parameters
and depth D. If there exists some weight vector 0* with ||0*||r < © such that

score * Otrain * €2
E ) _ 2 < Uscore train

. ~ ( (d+log 51-)-PD .. L
then using m > O <( i) -log <(m§f7)e )) samples, the empirical minimizer ¢z of the

€7 Oscore

score matching objective used to estimate s; (over ¢ with ||0||p < ©) satisfies
score
Dq‘t (925@‘, st) <e/o.
with probability 1 — §,4ip.

2 RELATED WORK

Score-based diffusion models were first introduced in (Sohl-Dickstein et al., 2015) as a way to
tractably sample from complex distributions using deep learning. Since then, many empirically
validated techniques have been developed to improve the sample quality and performance of diffusion
models (Ho et al., 2020; Nichol & Dhariwal, 2021; Song & Ermon, 2020; Song et al., 2021b;a). More
recently, diffusion models have found several exciting applications, including medical imaging and
compressed sensing (Jalal et al., 2021; Song et al., 2022), and text-to-image models like DALL-E 2
(Ramesh et al., 2022) and Stable Diffusion (Rombach et al., 2022).

Recently, a number of works have begun to develop a theoretical understanding of diffusion. Different
aspects have been studied — the sample complexity of training with the score-matching objective
(Block et al., 2020), the number of steps needed to sample given accurate scores (Chen et al.; 2022a;b;
2023; Benton et al., 2023; Bortoli et al., 2021; Lee et al., 2023), and the relationship to more traditional
methods such as maximum likelihood (Pabbaraju et al., 2023; Koehler et al., 2023).

On the training side, Block et al. (2020) showed that for distributions bounded by R, the score-
matching objective learns the score of ¢, in L? using a number of samples that scales polynomially in
%. On the other hand, for sampling using the reverse SDE in equation 2, (Chen et al., 2022a; Benton

et al., 2023) showed that the number of steps to sample from g, scales polylogarithmically in % given
L? approximations to the scores.

Our main contribution is to show that while learning the score in L? requires a number of samples
that scales polynomially in %, the score-matching objective does learn the score in a weaker sense
with sample complexity depending only polylogarithmically in % Moreover, this weaker guarantee

is sufficient to maintain the polylogarithmic dependence on % on the number of steps to sample with
v - meo 2-Wasserstein error.

3 PROOF OVERVIEW

3.1 TRAINING

We show that the score-matching objective (equation 4) concentrates well enough that the ERM is
close to the true minimizer.

Background: the true expectation gives the true score. For a fixed ¢, let ¢ = o, and p be the
distribution of etz for z ~ go. We can think of a joint distribution of (y, z, z) where y ~ p and
z ~ N(0,021,) are independent, and = y + z is drawn according to ¢;. The score matching
objective is then

2|

T,z

Because x = y + z for Gaussian z, Tweedie’s formula states that the true score s* is given by

]-

s(z) = —

N —z
(@) =El=
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Define A = s*(x) — =%, s0 E[A | ] = 0. Therefore for any z,

2
= |ls(2) = s*(2) + A

* 2 X 2
= [ls(z) = s™(@)I” + 2(s(2) — " (), A) + [|A". (10)
For every z, the second term is zero on average over (z | x), so the expected loss is

E[i(s,2,2)] = E[[ls(z) - s*(@)|I* +2(s(x) — 57 (2), A) + [|A[J)

T,z

= E[||s(z) - s™(@)["] + EZ[IIAIF]

The HA||2 term is independent of s, so indeed the score matching objective is minimized by the true
score. Moreover, an e-approximate optimizer of [(s) will be close in L?, as needed by prior samplers.

Understanding the ERM. The algorithm chooses the score function s minimizing the empirical
loss,

m

E [I(s,2,2)] := % D Us, @iy z) = }2[“8(96) = 5" (@)|I* + 2(s(x) — 5" (2), A) + |A).

T,z _
=1

Again the ]| A||?] term is independent of s, so it has no effect on the minimizer and we can drop it
from the loss function. Let

U(s,@,2) = ||s(x) — s*(@)]|* + 2(s(z) — s*(x), A) (11)
sol'(s*,x, z) = 0 always, E[l'(s, z, 2)] = E[||s(z) — s*(z)||*], and we want to show that

gEz[l’(s,x,z)] >0 (12)

for all candidate score functions s that are “far” from s*. We will show equation 12 is true with high
probability for each individual s, then take a union bound (possibly over a net).

Boundedness of A. Now, z ~ N(0,0%1,) is technically unbounded, but is exponentially close
to being bounded: |z|| < o+/d with overwhelming probability. You are certainly unlikely to
sample any z; much larger than this. So for the purpose of this proof overview, imagine that z
were drawn from a distribution of bounded norm, i.e., ||z|| < Bo always; the full proof needs some
exponentially small error terms to handle the tiny mass the Gaussian places outside this ball. Then
since A = & —E, ;[ %], |[A]] <2B/o as well.

Warmup: poly(R/o). Asa warmup, consider the setting of prior work Block et al. (2020): (1)
z|| < R always, so [|s*(z)]| < %; and (2) we only optimize over candidate score functions s with
Y o Yy op
R * R : e ’ R?> | RB
52 - 52 s ) P = 3 -
llz|l < 25,50 [|s(z) — s*(z)|| < 25. With both these restrictions, then, [I'(s, z, 2)| < 27 + 3. We

can then apply a Chernoff bound to show concentration of I’: for poly(e, g, B, log %) samples,
with 1 — iy probability we have

2

Bl (o] 2 B (s 2)] - 55 = Bllsa) = @] - 5

z

which is greater than zero if E[||s(z) — s* (z)[|*] > i—i Thus the ERM would reject each score
function that is far in L2. However, as we show in Section 4, both these restrictions are necessary: the
score matching ERM needs a polynomial dependence on both the distribution norm and the candidate
score function values to learn in L2. To avoid these, we settle for rejecting score functions s that are
far in our stronger distance measure Dgswre, i.e., for which

Pr[||s(z) — s™(z)|| > €/0] > dscore- (13)
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An intermediate notion. In order to show equation 12, we take two steps. First, we separate
out the choice of x, and that of (z | ); we consider an intermediate measure that is the empirical
average over x, and the true average over (z | ). Since E.|,[A] = 0, this is just the empirical L?
error. Second, in order to limit the contribution of outliers we cannot reliably sample, we cap the

. . 2 .
contribution to %. That is, we define

- 1082, .. . . 1082
Ay = Isj[mm(z]%[l’(s,x, 2)], 7)] = IE)[mm(Hs(:r) —s (:U)H27 2 )] (14)
log —1—
Under equation 13, for m > O( ic‘i‘:i“ ), we will with 1 — dy;,, probability have
26
Az < = (15)

Concentration about the intermediate notion. Finally, we show that for every set of samples
x; satisfying equation 15, the empirical average over z is with high probability at least half the true
average over z, i.e., A/2. For each sample x, we split our analysis of 1£.|,[I(s, z, z)] into two cases:

If [|s(z) — s*(2)|| > O(£), then by Cauchy-Schwarz and the assumption that || A|| < 2B /o,

« B . 10B2
U(s,z,2) = ||s(z) = 5" (2)]* - O(—)llsz) =" (@) 2 —5~
so these = will contribute the maximum possible value to A, regardless of z (in its bounded range).
On the other hand, if |[s(z) — s*(z)|| < O(£), then |I'(s,z, 2)| < B*/o? and

2
Var,(I'(s, 2,2)) = 4E[(s(2) — 5" (), )°] £ % ls(z) — s ()|

so for these z, as a distribution over z, I’ is bounded with bounded variance.

In either case, the contribution to A, is bounded with bounded variance; this lets us apply Bernstein’s

. . . B*log 5 .
inequality to show, if m > O(W‘S‘”‘"), for every x we will have

Nﬁ)

A
(s, z,2)] > 3 >0
with 1 — dyain probability.

B?log 51
- Strain
€2 85core

Conclusion. Suppose m > O( ). Then with 1— §y5, probability we will have equation 15;

and conditioned on this, with 1 — i, probability we will have ]E%Z > 0. Hence this m suffices to
distinguish any candidate score s that is far from s*.

Then for finite hypothesis classes we can take the union bound, incurring a log |7{| loss. This gives
Theorem 1.1.

3.2 SAMPLING

Recall that the reverse SDE in equation 2 is discretized using score estimates Sp_;, for some
0 < ty, < T as follows:

dl‘T_t = (xT—t + 2§T—tk (xT_tk)) dt + \/idBt

Let @ be the law of the above approximate process, and let () be the law of the true reverse SDE in

equation 2. Our goal is to bound TV(@, @), the error incurred from following the above approximate
SDE rather than the true one.

There are three sources of error: (a) Score estimation error, from making use of our estimated
scores Sy, rather than the true scores s;,. (b) Discretization error. (c) Initialization error, since
xr ~ N(0, I) rather than g7. To bound (b) and (c), we make use of prior results (Benton et al.,
2023). So, our main technical result is to bound the contribution of the score estimation error in our
new Dg sense to the final sampling error. Formally, we show the following.
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Lemma 3.1 (Main Sampling Lemma). Consider an arbitrary sequence of discretization times
0=ty <ty <---<ty=T—r. Assume that for each k € {0, ..., N — 1}, the following holds:

D5/N ~ € . 1

(57—ty, 57—1,) <
e v YT orn T yloglt
v
Then, the output distribution qr_.,, satisfies

TV(@r—tn,ar—ty) S0+ +TV(Q, Quis) + TV(gr, N (0, 1))

In the above lemma, Qg; is a discretized version of the true reverse SDE in equation 2, using the
true scores. Note that the assumption in the above lemma is satisfied for score estimates using
the score-matching ERM using a number of samples scaling polynomially in N, via theorem 1.1.
Per (Benton et al., 2023), N scales polylogarithmically in % Also, as stated above, we can bound

TV(Q, Qais) and TV (g1, N(0, I4)) using previous results from (Benton et al., 2023). So, we will
focus sketching the proof of the above — for the full proof of Theorem 1.2, see Appendix B.

To show the above, first, note that the error incurred from beginning at A(0, 1) instead of g7 is
exactly TV(gr, N (0, I4)). For the remaining sketch, we will ignore this term, by assuming that all
the processes start at gr-.

Observe that by the definition of Dg from equation 8, a simple union bound yields that with probability
1 — § under @, the score estimates satisfy

Z 37—t (@1—t,) = 57—t (@1—0,)|I* (b1 — tr) < €2 (16)
Now, for each k € {0,..., N — 1}, we will let E}, be the event that the accumulated score estimation

error up to time T — t;, is at most £2. That is

k
Ep=1 {Z 37—t (@7—4,) = 571, (€71, ||}(ti1 — 1) < 52} :

=0

Define the process @ initialized at 7 ~ g that makes use of the true (discretized) score sp_¢,
while the accumulated score error is at most €2, and then switches over to the score estimate ST—t,,-
That is, 7 ~ g7, and for t € [tg, tg41],

der_; = —(mT,t + 2§T7tk (fotk)) dt + \/§dBt

where

~ L STftk(fot,) Ek hOIdS7
STt (TT—-1,) '_{ Sr—t,(x7—t,) E) doesn’t hold.

Now, by the triangle inequality, TV(Q, Q) < TV(Q, Q) + TV(Q, Q). We will bound each term
separately.

Bounding TV(Q, Q). With probability 1 — & over Q, all Ej, hold, since the total score estimation
error is at most €2, per equation 16. So, with probability 1 — § — TV(Q, Quis) over Qgis, all Ej, hold,

where Qg5 is the discretized process using the frue scores. But, under this condition, Qq;s and @) are

the same process. So, TV(Q, Q) < & + TV(Q, Quis)-

Bounding TV(Q, @) Here, we can apply Girsanov’s theorem, which shows
DkL Q”Q SJ 5 Z HST tk xT tk) _/S\T*tk (xT*tk)”Q(thrl - tk) ,S e

S0, TV(Q,Q) S
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4 HARDNESS OF LEARNING IN L2

In this section, we give concrete examples where it is information-theoretically hard to learn the
score in L2, and demonstrate that our proposed error measure can be much smaller than the L?
error. In particular, as in equation (7), previous works require the L? error of the score estimate to
be bounded. We show that this guarantee is prohibitively expensive to achieve — if gy has second
moment 1, achieving the bound in (7) requires a number of samples polynomial in a% to learn an
estimate of s;. So, to sample from a distribution ~y-close in 2-Wasserstein to ¢y, we would need
polynomially many samples in %

For our first example, consider the two distributions (1 — n)A(0,1) + nN(£R, 1), where R is
polynomially large. Even though these distributions are polynomially bounded, it is information-
theoretically impossible to distinguish these in L? given significantly fewer than % samples. However,

the L2 error in score incurred from picking the score of the wrong distribution is large — polynomial
in R. In Figure 1, the rightmost plot shows a simulation of this example, and demonstrates that the
L? error remains large even after many samples are taken. Formally, we have:

Lemma 4.1. Let R be sufficiently large. Let py be the distribution (1 —n)N(0,1) +nN(—R, 1) with
corresponding score function s1, and let ps be (1 —n)N(0,1) +nN (R, 1) with score sa. Then, given
m samples from either distribution, it is impossible to distinguish between p1 and ps for n < ﬁ
with probability larger than 1/2 + o,,(1). But,
E [llsi(z) = s2(2)|’] 2 nR* and  E [[ls1(z) = s2(2)?] Z nR*.
T~p1 T~p2

In the above example, the true distribution that our samples are drawn from is somewhat complex — a
mixture of Gaussians. In the following example, we show that even if our true distribution is very
simple—just a standard normal distribution, the score can still not be learned in L? definitively if the
hypothesis class is large enough, for instance, in the case of neural networks.

In particular, let s be the score of the mixture distribution nA(0,1) + (1 — n)N(S, 1), as in Figure
2. This score will have practically the same score matching objective as the true score for the given
samples with high probability, as shown in Figure 2, since all m samples will occur in the region
where the two scores are nearly identical. However, the squared L? error incurred from picking the

wrong score function § is large — (%) . We formally state this result in the following lemma:

Lemma 4.2. Let S be sufficiently large. Consider the distribution p = nN(0,1)+ (1 —n)N(S, 1) for
R -
n= %, and let s be its score function. Given m samples from the standard Gaussian

p* = N (0, 1) with score function s*, with probability at least 1 — m

~ SQ

E [|[5(x) = 5*(2)[*] < e OBVIE™ pur - B [|5(z) — 5" (@)|°] 2 —
xT~p*

m’

Together, these examples show that the score cannot be learned in L? with fewer than poly(R/~)
samples, motivating our 1 — § quantile error measure.

True Dist. True Score
1 R . T 3COT
7= Alternate Dist. Alternate Score
/.
Y S L [ R
0 R 0 10y/log m R

Figure 2: For m samples from A (0, 1), consider the score § of the mixture nA (0, 1) + (1 — n)N' (R, 1) above
with 7 is chosen so that §(104/logm) = 0. For this S, the score-matching objective is close to 0, while the

squared L? error is (R—2>

m
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A SCORE ESTIMATION

This section analyzes the score-matching objective for arbitrary distributions and bounded size
function classes. Our main result (Theorem 1.1) shows that if there is a function in the function
class H that approximates the score well in our Dg sense (see equation 8), then the score-matching
objective can learn this function using a number of samples that is independent of the domain size or
the maximum value of the score.

‘We also show how to obtain a similar bound for the case when the function class # is the class of
neural networks with bounded weight (Theorem 1.5).
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A.1 SCORE ESTIMATION FOR FIXED TIME

Notation. Fix a time ¢. For the purposes of this section, let g := ¢; be the distribution at time ¢, let
o := oy be the smoothing level for time ¢, and let s := s; be the score function for time ¢. For m
samples y; ~ qo and z; ~ N(0,02), let x; = e~ y; — 2z; ~ q4.

We now state the score matching algorithm.

Algorithm 1 Empirical score estimation for s

Input: Distribution go, ¥1, - - ., Ym ~ qo, set of hypothesis score function H = {3;}, smoothing
level 0.

1. Take m independent samples z; ~ N (0,021;), and let x; = e~ ty; — 2;.
2. Foreach § € H, let

_ 1 & -z ?
1) = — > |3ws) - =
i=1 2

3. Let § = argming,, [(8)
4. Return §

Theorem 1.1 (Score Estimation for Finite Function Class). For any distribution qy and time t > 0,
consider the oi-smoothed version q; with associated score s;. For any finite set H of candidate score
functions. If there exists some s* € H such that

2
6swre . 5truin - €

9
100-07 ©)

E [Is"(x) = se(@)l3] <

T~qt

or a sufficiently large constant C, then using m > 9] —i+—(d +log =) log ﬂ samples, the
25, o O

empirical minimizer S of the score matching objective as described in equation 4 used to estimate s,
satisfies
score (&
Dy (3, 81) < e/oy
with probability 1 — §,4ip.

Proof. Per the notation discussion above, we set s = s; and 0 = oy.

Denote

Z 112

l(s,z,2) :=

s(x)

We will show that for all § such that Dg“m (8,s) > e/o, with probability 1 — dyain,

o2 lla

E [1(8,2,2) = (s, x,2)] >0,
so that the empirical minimizer § is guaranteed to have
Dg“‘”e(é, s) <e/o.
We have

501~ o - 5[

z 112
@
z

- z |2 z |2 * 2 *
= ([ls@ = S| = [s@ = =) =I5 @) = s@)I* = 205" (@) = s(2). s(2) — 5.
g g g
a7
Note that by Markov’s inequality, with probability 1 — dyin/3,

B [Is*() — s(a)]?) < Do
* - 30-02% "

12
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Moreover, s(z) = E,|, [ %] so that

and
E [(s"(@) - s(2), s(2) = 5)?] <E[ls"(@) ~ s@)|”] E [Is(2) = 5I?]

2
Oscore * Otrain * € d

2502 o2
So, by Chebyshev’s inequality, with probability 1 — dyqin/3,

~

E[(s*(@) - s(a), s(x). )]

o2

i 5score : 52 -d < 5score : 52
o2 25m — 10002

for our choice of m.

Also, by Corollary A.2, with probability 1 — 0yqin/3, for all § € H that satisfy ngm('s'7 s) >¢efo

simultaneously,
A N z |2 scoreE
R I RO ==

Plugging in everything into equation equation 17, we have, with probability 1 — ., for all 5§ € H
with D2 (5, s) > ¢/ simultaneously,

. Bscore2 Oscore2  OscoreE
E l ~ —l * > score o score . score O
18,2, 2) = Us™ 2. 2)] 2 =65 = 10007~ 10002

as required. O
Lemma A.1. Consider any set F of functions f : RY — R? such that for all f € F,

Pr [[[f(@)| > e/0] > dscore-

z~p

Then, with m > O (62
probability 1 — 6,4in,

51 (d+ log 6,1- ) log JZﬂ) samples drawn in Algorithm 1, we have with

1 Zi < T 1 2 6score : 52
- _9 (2 _ Z s ) — . > _Score T

2( 5 —E[Sln]) S+ 5@ > 20
holds for all f € F.

Proof. Define
z z T 1 9
hi(w,2) = =2(5 —E|Shk]) f@+31f@I
We want to show that hy has

m

= 1 (;scoreff2
[hy(, 2)] m; #win ) 2 =2 (18)
for all f € F with probability 1 — dyin-
JdFlog — = —
Let B=0O (W) For f € F, let
B? if [|f(z)| = 10B

9(®,2) = {hf(x,z) otherwise

be a clipped version of h¢(x,z). We will show that for our chosen number of samples m, the
following hold with probability 1 — i, simultaneously:

13
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1. For all 4,

<8

2. For all 4,

5score 2
3. Elgy(x, 2)] > 4= forall f € F

To show that these together imply equation 18, note that whenever g7 (x;, 2;) # hy(x;, z), | f(zi)|] >
10B. So, since | < Band ||E[Z|z]|| < B,

. T
hi(esz) = =2 (25 B[ Sln] ) @)+ 1f@IP = ~aBIf@l + 3157 > B2 > gy ).

So under conditions 1,2, 3, for all f € F,

6SCOI‘652
1602
So it just remains to show that conditions 1, 2, 3 hold with probability 1 — §iain simultaneously.

E[hf(x’ Z)] > E[gf(.%‘, Z)] >

1. For all i, |
bound.

< B. Holds with probability 1 — d4in/3 by Lemma E.5 and the union

Zi
o2

2. For all i, HE [ﬁ | xl] || < B. Holds with probability 1 — /3 by Lemma E.6 and the
union bound.

3. Elgf(z,2)] > 2= forall f € F.

Let E be the event that 1. and 2. hold. Let a; = min(||f(x;)|,108). We proceed in
multiple steps.

« Conditioned on E, |g¢(z;,2;)| < B2
If ||f(z;)] > 10B, |g¢(wi,2;)] = B? by definition. On the other hand, when
I f(z;)]| < 10B, since we condition on E,

97 (@ir 20)| = |y (@i, 20)| = \—2 (Z-e[5m)) fe)+ 5| < B
*E [gf(xiv 2)|E, ai] 2 a? - O(dtrainBZ)~
First, note that by definition of g¢(z, z), for a; = 105,
E [gf (i, zi)|a; = 10B] = B?
Now, for a; < 108,
Elgs(zi, zi)lai] = E [hg(zi, 2i)|as]
E [hy(a 2]

2|
zi||l f(zi)l=ai [2|z;

Now, note that

E [hy(x, )] = 3|/ @)

z|x

So, for a < 10B

1
E [gy (@i, zi)lai] = 57
Now let g;ﬁp (4, 2;) be a clipped version of g (z;, z;), clipped to =C B2 for sufficiently

large constant C'. We have, by above,
Elgg (i, 2)|ai, E) = Elg}™ (21, 2:)|a:, E]
But,
Elg}" (s, i)|ai, E] > Blg}® (2, %) ai] — O(0panB?)
2 azz - O(5train32)

14
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» Var(gy(zi,2i)|ai, E) S alzB2.
For a; = 10B, we have, by definition of g (x, 2),

Var(g¢(zi, zi)|ai, E) S B* < a?B2
On the other hand, for a; < 10B,

Var(gs(x;, 2i)|ai, E) < E [gf (2, z)%|ai, E]

(a(j;—EL;mﬂ)Tﬂmy+;u@nﬁ)1

< a?B?

=E

by Cauchy-Schwarz.
* With probability 1 — dyin/3, for all f € F, IAE[gf(xi7 2)] 2 Q ( score)
Using the above, by Bernstein’s inequality, with probability 1 — dyin/6,

~ 1 1 1
E (g (i, z)|ai, ) 2 = ) ai — O(6wainB?) — fB a?lo, — —B?log —
[gf( )| ; " ) ; 8 Otrain n & Otrain
Now, note that since Pry.p_ [||f(2)|| > €/0] > dscore, We have with probability 1 —
log —1—
Otrain/ 6, for n > O <g5‘m"
Z 2>Q<5 5score)
B%.6%log 5% . .
So, forn > O -5 |, we have, with probability 1 — Siain/3,
E > 525500re 2
[gf(l'i, Zz)|E} ~ Q o2 - O(étrainB )
. 25 B2.52 log % )
Rescaling so that dipin < O (%), forn > O | ——5ce™" |, we have, with

probability 1 — dyain/3,

e~ € 2 5score
Bloy (s 2)1E) 2 0 (05 )

g

Combining with 1. and 2. gives the claim for a single f € F. Union bounding over the
size of F gives the claim.

Corollary A.2. Let Hpqq be a set of score functions such that for all 5 € Hpaa,

Sscore
Dy (3,5) > ¢fo.

Then, for m > O ( —(d+ log 5 ) log ‘H”‘”l) samples drawn by Algorithm 1, we have with
probability 1 — 6,4,

-~ ~ z z 5score € 2
B[ l5() = 5512 = lls(x) - S5112] =

1602
forall s € Hpyq.
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Proof. We have, for f(x) := §(z) — s(x),

I5@) = 17 = lIs(@) = 17 = 1£2) + (s(@) = I = lls(2) = |
= IF@)I? +2(s(2) = )" f (@)
= If@)I? - 2(= ~El5la)" f()
since s(z) = E [% } by Lemma E.1. Then, by definition, for s € Hy,qg, for the associated f,
Pr[|| f(x)|| > €/0] > Jscore- SO, by Lemma A.1, the claim follows. O

A.2 SCORE ESTIMATION FOR DIFFUSION PROCESS

Theorem A.3. Let qq be a distribution over RY. For discretization times 0 = tog < t; < --- < ty,
let sT_y, be the true score function of qr—y,. If for each ty, the function class H contains some
S7—t, € H with

score 6tram . EQ
E [ ST_ — S7_ } _— 19
T~qT 1, HST tk(x) ST tk( )H — 400'T b N2 ( )
Then, if we take m > O (752(15\_], -(d + log 5}. ) log (Isﬂ\ ) samples, then with probability 1 — 0;4in,

each score 57_y, learned by score matching satisfies

Dg;met/N(ST tes ST— tk) <5/0'T ty-

Proof. Note that for each ¢y, gr_+, is a op_;, -smoothed distribution. Therefore, we can use
theorem 1.1 by taking Oyain /N into dyain and taking dgcore /N into dgcore. We have that for each ¢y,
with probability 1 — dyain /N the following holds:

Pr [||§T*tk (z) - ST_1, (@) < E/UT*tk] > 1 — score/N.

TGT —ty,

By a union bound over all the steps, we conclude the proposed statement. O

A.3 SCORE TRAINING FOR NEURAL NETWORKS

Theorem 1.5 (Score Training for Neural Networks). For any distribution qo with second moment
m%, and any time t > 0, let q; be the o-smoothed version with associated score s;. Let ¢g(-) be the
Sfully connected neural network with ReLU activations parameterized by 0, with P total parameters
and depth D. If there exists some weight vector 0* with ||0*||r < © such that

Sscore * Ourain - €2
2 score * Otrain
IINeq [ll¢o- (x) — se(2)]]?] < 100007

OSEITD oy ((mgiole

Otrain

then using m > 9] ( )) samples, the empirical minimizer ¢z of the

€% Oscore

score matching objective used to estimate sy (over ¢g with ||0||p < ©) satisfies

Dgiﬂm’(¢§’ St) <e¢/o.

with probability 1 — 6in-

Proof. Per the notation discussion above, we set s = s; and 0 = oy.

For any function f denote
2

W(foa2) = |1 @) -

We will show that for every 6 with [|0] < © such that D}== (¢, s) > ¢/o, with probability
1- 5train,

E [l(qﬁg,x, z) — U=, x, z)] >0
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so that the empirical minimizer ¢ is guaranteed to have

65(301"5
D q (¢§7 S ) < <<5/ o
First, note that since the RelLU activation is contractive, the total Lipschitzness of ¢y is at most the
product of the spectral norm of the weight matrices at each layer. For any 6, consider 6 such that

~ T
— <

Let M, ..., Mp be the weight matrices at each layer of the neural net ¢y, and let Ml, R MD be
the corresponding matrices of ¢y.
We now show that ngﬁg(:z:) — ¢g(x) H is small, using a hybr1d argument. Define y; to be the output of

a neural network with weight matrices M, ..., M;, Mz+1, .. MD on input , s0 yo = ¢z(x) and
yp = ¢g(x). Then we have

i = il < Dl | LM | - Moo = Mo || | TT |35
j>it+1

J<i

<tater -,

and so
D—-1 .
65(2) = 0@, = llvo = woll < 3 llys = yisall < 2 DOP |7 = 6| < o] - /o
=0

Note that the dimensionality of 8 is P. So, we can construct a -net N over the set {6 :

UDé—D_l
_i\P ~
|07 < ©} of size O (%) , so that for any 6§ with ||0|| < ©, there exists § € N with

195(x) = ¢o(2)]l2 < (7/0) - |||
Let H = {5 : 6 € N}. Then, we have that for every 6 with ||0]| » < ©, there exists h € H such that

E [llh(2) - go()]’] < (7/0) zjllivzll2 (20)

Now, choose any 6 with ||f]|z < © and D‘S*Lm((b s) > ¢/o, and let h € H satisfy the above for 6.

Our final choice of m will satisfy m > 9] ( (d +log <L - ) log <|;1H|>
We have
l(¢§a €, Z) - l(¢9*7xa Z)
= llég(@) = I = lId0- (@) = SIP
= llé5(2) — h(@)|I” + 2(65(x) - hlw), h(@) = ) + |IA@) = S|
~lls(@) = S = llgo- (2) = s(@)I* = 2o (@) - s(a), s(x) - )

Now, by Corollary A.2, for our choice of m, with probability 1 — dyyin/4 for every h € H with
Dg‘s“‘“(h, s) > ¢/(20) simultaneously,

2
- < Oscore€
B [lIh@) = 112 = lls(x) = 517 > 2225

2

By Markov’s inequality, with probability 1 — dyain/4,

. 5score' >
E [||go~ () — s(z)]||?] < Wg;

17
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Now, since s(z) = E,|,, [ %],

and
E [(¢0- (2) = s(a),5(2) = =)%| <E [ll60-(2) = ()] - E [Jls(a) = 5]

Oscore * Otrain * g2 ) i
- 250 - 02 o2
So, by Chebyshev’s inequality, with probability 1 — i /4

e~ z 1 5score : 52 -d 6score : 52
E [<¢9*(“’) = s(@), s() - 7>} S 52 2%50m = 1000 - 02

for our choice of m. So, by the above and equation 21 we have shown that with probability
1 — 36uain/4, as long as h has Dg‘s“m(h, s) > e/ (20),

o2

2
Oscore * € T 7 z

E [1(¢5.2,2) = Uop-,,2)] 2 om—s + 2dg(x) — h(@), h(z) — =) (22)

Now, we will show that Dﬁ‘ssm (h,s) > £/(20), as well as bound the last term above.

By the fact that g has second moment m32, we have that with probability 1 — § over z,

m 1
lz]| < \/g—i-U(\/g—i-\/logé)

Now since D‘S*wm(cz) s) > ¢/o, and ||h(z) — ()| < (7/0) - ||z
least 1 — 26560“,,

Ih(2) = s@)|l = l|lé5(x) = s(@)] — [Ih(x) - d5()]

>¢efo—(1/0)- (MJFU(\[JF\/@))

> ¢/(20)

1
eb (m m2+02(d+10g m_)

shown that Dg‘sme (h,s) > £/(20).

, we have, with probability at

for 7 < Cedscoredirain

) for some small enough constant C. So, we have

Finally, we bound the last term in equation 22 above. We have by equation 20 and a union bound,
with probability 1 — Oyain /8,

B[Ih() - 65 < (/0)? (nf;mQ +o <d +log 5m>>

1
OP (m-m3+o2(d+log 72)
probability 1 — Jyain/8,
T~ z m-
B[Ih() - 512 s e
) - 517] soP. (1

train

for 7 < C'ebscore Sirain

) for some small enough constant C'. Similarly, with

1 m
d—+1 — (d+1
+ 7 < +log Otrain >) * o? ( log 6train>

1
eb (m~m§+a2(d+log =)

train

So, with probability 1 — §yain/4, for 7 < CedscoreOtrain

) for some small

enough constant C,
~ z

E [(¢5(2) — hl@), h(@) = 55)] = - [Ih(@) - 65@)]1?] - E (@) - 5]

o2

18
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5SCOTC€2
> . seorer
~ 2000 -2

So finally, combining with equation 22, we have with probability 1 — dyin

-~ 6<core'52
—_ — « > -
E[Z(¢97x7z) l(¢9 ,Z‘,Z):I = 10000_2 >O

as required.

B SAMPLING WITH OUR SCORE ESTIMATION GUARANTEE

In this section, we show that diffusion models can converge to the true distribution without necessarily
adhering to an L2 bound on the score estimation error. A high probability accuracy of the score is
sufficient.

In order to simulate the reverse process of equation 1 in an actual algorithm, the time was discretized
into N steps. The k-th step ends at time ¢, satisfying 0 < ¢ty < t; < --- <ty =T — . The
algorithm stops at ¢,y and outputs the final state x7_ .

To analyze the reverse process run under different levels of idealness, we consider these four specific
path measures over the path space C([0, T — ~]; R%):

e Let @ be the measure for the process that
dor—y = (vr—¢ + 2574 (v7r—¢)) dt + V2dBy, 7 ~ qr.

¢ Let Qqis be the measure for the process that for ¢ € [tg, txt1],

dor—y = (xr—¢ + 257—4, (¥7-¢,)) dt + V2dB;, 7 ~ qr.
* Let Q be the measure for the process that for t € [ty, tx11],

dor_s = (27—t + 2874, (x7_1,)) dt +V2dB:, 7 ~ qr.
e Let @ be the measure for the process that for ¢ € [tx, txt1],

dep_y = (xr_¢ + 2874 (x7_y,)) At +V2dB;, 27 ~ N(0,1,).

To summarize, ) represents the perfect reverse process of equation 1, Qs is the discretized version

of @, Q runs Qgi; with an estimated score, and @ starts @ at N(0, I;) — effectively the actual
implementable reverse process.

Recent works have shown that under the assumption that the estimated score function is close to the
real score function in L?, then the output of @ will approximate the true distribution closely. Our next
theorem shows that this assumption is in fact not required, and it shows that our score assumption
can be easily integrated in a black-box way to achieve similar results.

Lemma B.1 (Score Estimation guarantee). Consider an arbitrary sequence of discretization times

0=ty <ty < -+ <ty =T=—r, and let 0y := V1 —e 2. Assume that for each k €
{0,..., N — 1}, the following holds:

§/N [~ e
qu/~,tk (ST_tk'7ST—tk) < T s .
—lk
Then, we have
N—1 )
B | S (o) o7 o) s — ) <2 (T + 1og 7)] S
k=0
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Proof. Since random variable x_;, follows distribution ¢r_;, under @, foreach k € {0,..., N —
1}, we have

€ >1_5

87—t (7 —1,) — 87—t (T7_4,)|| < Nir=c=ni R
Using a union bound over all N different o values, it follows that with probability at least 1 — § over
@, the inequality

62

~ 2
37—t (@r—40) = 57—t (20 )2 < T =5y
is satisfied for every k € {0,..., N — 1}. Under this condition, we have

N—-1
> lBrt(@r1,) = s7oo (w003 (thg1 — tr)

k=0

_ N—-1 52

= 1_ e*Q(T*tk) (tk‘+1 - tk)
k=0
N-1 tht1

< E dt
P e 1 —e 2(T tk)

—

1 _ 6—2(T tr) dt

1
<e? (T + log > .
g

N—-1
~ 1
Pr [Z 87—t (27-1,) = 571, (@11, |5 (trs1 — ti) < €2 (T + log 7)] >1-04.

k=0

INA
o\
'ﬂ

Hence, we find that

O

Lemma B.2 (Score estimation error to TV). Let q be an arbitrary distribution. If the score estimation
satisfies that

Z 57—, (xT—t,) — ST—ts (ﬂfotk)Hg(tkH —tp) < 621 >1-4, (23)

then the output distribution pr_.,, of CAQ satisfies
TV(Q’)'?pT—tN) f, ] +e+ TV(Qa Qdis) + TV(qTaN(Oa Id))

Proof. We will start by bounding the TV distance between Qg;, and Q. We will proceed by defining
Q and arguing that both TV(Quis, Q) and TV(Q Q) are small. By the triangle inequality, this will
imply that ) and @ are close in TV distance.

Defining Q. Fork e {0,..., N — 1}, consider event

k
By = <Z|§T—ti (@r—t,) = s7—t, (w11, |5 (tis1 — t:) < 82) :

i=0
which represents that the accumulated score estimation error along the path is at most 2 for a
discretized diffusion process.

Given E}, we define a version of Qg;s that is forced to have a bounded score estimation error. Let
Q over C ((0,T],R%) be the law of a modified reverse process initialized at z7 ~ gr, and for each
te [tk,tk+1),

dop_; = — (xT_t + 2§T—tk (xT—tk)) dt + \[2dBt, (24)
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where

ngtk (fotk) T { Tt QrT?tk) Ek hOldS7

Sr—t, (x7—t,) Ej doesn’t hold.

This SDE guarantees that once the accumulated score error exceeds &2, (E fails to hold), we
switch from the true score to the estimated score. Therefore, we have that the following inequality

always holds:
N—

,_.

57—t (B7—1,) — S7—t, (T—t,) 3 (trs1 — t) < €7 (25)
k=0

Qais and @ are close. By (23), we have
PF [EoA---NEn_1] = Pl“ [En—1] > Pr [En—1] = TV(Q, Quis) > 1 — 0 — TV(Q, Quis)

dn dxx

Note that when a path ($T—t)te[0,t ~] satisfies Fg A - - - A By 1, its probability under @ is at least its
probability under Qg;s. Therefore, we have

TV(Quis, @) < 0+ TV(Q, Quis)-

@ and Q are close. Inspired by Chen et al., we utilize Girsanov’s theorem (see theorem E.7) to
help bound this distance. Define

b, == \/i(ngtk (mT*tk) - /S\T*tk (xT*tk))’

where k is index such that r € [k, tx+1). We apply the Girsanov’s theorem to (@, (b-)). By eq. (25),
we have

tn N-1
/ [bel3 dr < > T IV2GEr -t (wr-s,) = St (@) 3 (trr1 — t) < 267 < 0.
0 k=0

This satisfies Novikov’s condition and tells us that for

t 1 t
£(L), = exp (/ brdBT”/ ||bT||§dr>,
0 2 0

under measure Q' := & (ﬁ)tN@, there exists a Brownian motion (Et)te[o,tN] such that

t
Bt = Bt —/ brd’/‘,
0
and thus for ¢ € [t, tg+1),
dét = dBt + \/g(ngtk (,’ET,tk) — /S\T,t,c (Z‘Tftk)) dt
Plug this into (24) and we have that for ¢ € [t, t541)
der_y = — (@r—¢ + 257, (v, )) dt + V2dB;, zr ~qr.

This eguation depicﬁs the distribution of z, and this exactly matches the definition of @ Therefore,
Q=Q = &(L),, @, and we have

Dxr, (QHQ) In jg Z]g n&L),, ]

Then by using (25), we have

]g[lng ZHST PGS B Con | (7 —tk)] Se

Therefore, we can apply Pinsker’s inequality and get

TV(Q,Q) < {/Dxw (@“@) Se
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Putting things together. Using the data processing inequality, we have
Combining these results, we have

TV(Q, Q) < TV(Q, Quis) + TV(Qus, Q) + TV(Q, Q) + TV(Q, Q)
Sd+e+TV(Q, Qais) + TV(gr, N(0,14)).

Since ¢ is the distribution for x7_;, under @ and pr_;, is the distribution for x7_,, under @, we
have

TV(gy. pr—1y) < TV(Q, Q) S 8+ + TV(Q, Qais) + TV(ar, N (0, 1)).
O

Lemma 3.1 (Main Sampling Lemma). Consider an arbitrary sequence of discretization times
0=ty <ty < -+ <ty =T—r. Assume that for each k € {0,..., N — 1}, the following holds:

§IN (= e 1

STt ST— <
QTftk( T—tg>°T tk:) = o7, T+]ogl
vy

Then, the output distribution Gr—_;,, satisfies
TV(@r—ty:qr-ty) S0+ +TV(Q, Quis) + TV(g7, N (0, Ia))

Proof. Follows by Lemma B.1 and Lemma B.2. O

The next two lemmas from existing works show that the discretization error, TV(Q, Quis), is relatively
small. Furthermore, as T increases, g7 converges exponentially towards N (0, 1).

Lemma B.3 (Discretization Error, Corollary 1 and eq. (17) in Benton et al. (2023)). Forany T > 1,
v < land N >log(1/~), there exists a sequence of N discretization times such that

d 1
TV(Q, Qais) S \/; <T+ log 7) .

Lemma B.4 (TV between true Gaussian and g7 for large T, Proposition 4 in Benton et al. (2023)).
Let q be a distribution with a finite second moment of m3. Then, for T > 1 we have

TV(gr, N(0,14)) < (Vd +mg)e L.

Combining lemma B.3 and lemma B.4 with lemma 3.1, we have the following result:

Corollary B.5. Let q be a distribution with finite second moment m3. For any T > 1, v < 1 and
N > log(1/), there exists a sequence of discretization times 0 =ty < t; < --- <ty =T — v
such that if the following holds for each k € {0,..., N — 1}:

D(S/N -~ €

qT—1), (ST*thTftk) < 0T )
—tg

then there exists a sequence of N discretization times such that

1 d 1
TV opra) S0+ 2T +log S [ (T 410w D)+ (V4 mae ™,

This implies our main theorem of this section as a corollary.

Theorem B.6. Let q be a distribution with finite second moment m3. For any v > 0, there exist

N = 6(52152 log2 d';&) discretization times 0 = to < t1 < .-+ < ty < T such that if the

Jollowing holds for every k € {0,...,N — 1},

~ 3
Dé/N ST —t;,,ST—¢t <
QTftk( k> k) — oT_4,

then the SDE process in equation 5 can produce a sample from a distribution that is within 5(5 +

ey/log ((d + m2) /7)) in TV distance of ¢ in N steps.
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Proof. By setting T' = log( ‘/;ig”“’) and N = %# in corollary B.5, we have

~ d
TV(gy,pr—ty) = O (5 + ¢4 /log +7m2> .
O

Furthermore, we present our theorem under the case when ms lies between 1/poly(d) and poly(d)
to provide a clearer illustration.

Theorem 1.2. Let q be a distribution over R with second moment m3 between 1 /poly(d ) and poly(d).
For any v > 0, there exist N = O( 2+52 log 7) dlscrenzanon times0=tyg <t1 < - <ty <T
such that if the following holds for every k € {O —1}:

5/N (=~ €
Dqé . (37—ty»57—1,) <
OT—ty,

then the SDE process in equation 5 can produce a sample from a distribution that is within 6(6 +
log (d/7)) in TV distance to q in N steps.

C END-TO-END GUARANTEE

In this section, we state our end-to-end guarantee that combines our score estimation result in the
new equation 8 sense with prior sampling results (from Benton et al. (2023)) to show that the score
can be learned using a number of samples scaling polylogarithmically in %, where 7 is the desired

sampling accuracy.

Corollary C 1. Let q be a distribution of R? with second moment m3. For any vy > 0, there exist
N = O( 2+62 log? mz-‘j/mg) discretization times 0 = ty < --- < ty < T such that if H contain
approximations hr_z, that satisfy

E (ih §-ed 1
- I:H T —ty (.'L') - ST—tk( )” ] CN20T ' log d+m2+1/m2
—
for sufficiently large constant C, then given m = 9] (N (d + log 5) log =5 17 log m) samples,

with 1 — & probability the SDE process in equation 5 can sample from a dtsmbunon e-close in TV to
a distribution yma-close in 2-Wasserstein to q in N steps.

Proof. Note that for an arbitrary ¢ > 0, the 2-Wasserstein distance between ¢ and ¢; is bounded by
O(tmy + Vtd). Therefore, by choosing tx = T — min(y, y?m3/d), Theorem B.6 shows that by

2 d
choosing N = O(E,QM2 log mm(’y—:n?%z/d)) we only need
/
N /= 3
D24 th (ST—tkasT—tk) S d
07—t /108 e T 527y
k min(y,y2m3/d)

then DDPM can produce a sample from a distribution within 5(5’ ) in TV distance to a distribution
ymg-close in 2-Wasserstein to g in N steps. Note that

d + mo < d+me+1/ms
& nin(y, y2m3/d) ~ '

2 mao+1/mao
/2+52 ¥ )
d+ma+1/mo ’
log =2 —==2 S €'/

Therefore, we only need to take O( log steps. Therefore, to achieve this, we set

5train = 6’ 5score = &J, ande = 5// in theorem A.3. This

d+m
log min(y,y? mQ/d)
gives us the result that with

N 1
m =0 ( S5+ log 5 log o 1o 2112
1) ) vy
samples, we can satisfy the score requirement given the assumption in the statement. [

23



Under review as a conference paper at ICLR 2024

Again, we present this corollary under the case when my lies between 1/poly(d).

Corollary 1.3 (End-to-end Guarantee). Let q be a distribution over R? with second moment m3
between 1/poly(d) and poly(d). For any v > 0, there exist N = 6(# log? %) discretization
times 0 = tg < --- <ty < T such that if H contain approximations hr_;, that satisfy

E [Jhr— (@) = sr—n (@)]2] < ot .
T~q Ttk T=tk - CNzﬂ%itk 10g%

for sufficiently large constant C, then given m = O (Eﬂg(d + log %) log ‘%l log %) samples, with

1 — & probability the SDE process in equation 5 can sample from a distribution e-close in TV to a
distribution yma-close in 2-Wasserstein to q in N steps.

D HARDNESS OF LEARNING IN L2

In this section, we give proofs of the hardness of the examples we mention in Section 4.

Lemma 4.1. Let R be sufficiently large. Let py be the distribution (1 —n)N(0,1) +nN' (=R, 1) with
corresponding score function s1, and let pa be (1 —n)N(0,1) +nN (R, 1) with score sa. Then, given
m samples from either distribution, it is impossible to distinguish between py and ps for n < ﬁ
with probability larger than 1/2 + o,,(1). But,

wN@Epl [IIs1(z) — s2(2)[|?] ZnR®> and E [|s1(z) — sa(2)|?] Z nR>.

r~p2

Proof.
TV(p1,p2) 21

So, it is impossible to distinguish between p; and py with fewer than O (%) samples with probability
1/2+ o (1).
The score L? bound follows from calculation. [

Lemma 4.2. Let S be sufficiently large. Consider the distribution p = nN (0, 1)+ (1—n)N(S, 1) for
PR N
n= %, and let s be its score function. Given m samples from the standard Gaussian

p* = N (0, 1) with score function s*, with probability at least 1 — m,

B [I5(x) - 5" (2)?] < e OSVIE™ pu E |

52
z~p* m’

[5(z) = s"(@)|] 2

Proof. Let X1,...,X,, ~ p* be the m samples from N(0, 1). With probability at least 1 — 7p01y1(m),
every X; < 2+v/logm. Now, the score function of the mixture P is given by
—z—(z—8) (1;77) o~ S48z
3(z) = i -
1+ (1;77) o= Z+Sz
7
For z < 2y/logm,
—O(SVI
/S\(.Z') = —x (1 + W) + e—O(S\/logm,)
S
So,
]E [||§(IE) . s*(:v)||2] < 670(5\/10gm)
On the other hand,
21 57
E s(x) — s* > =
E 5@ - s @I 2 2
L]
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E UTILITY RESULTS

Lemma E.1 (From Gupta et al. (2023)). Let f be an arbitrary distribution
on R and let fs; be the X-smoothed version of f. That is, fs(x) =
Eywy [(27) 2 det(S) Y2 exp (-2 (z — Y)TE" Yz —Y))]. Let sy be the score function
of fs. Let (X,Y, Zyx) be the joint distribution such that Y ~ f, Zx, ~ N(0,X) are independent,
and X =Y + Zs. ~ fs. We have for ¢ € R?,

fz(l‘+€) - E {e—eTzfle—%ETﬂfle}
fz(m) Zs|x

so that

Sg(.r) = ZIzEla: [—E*1Z2]

Lemma E.2 (From Hsu et al. (2012), restated). Let x be a mean-zero random vector in R® that is
Y-subgaussian. That is, for every vector v,

E |:e>\<;c,'u):| < 6A2UTE'U/2

1
Izl S vTr(E) + 4/ 2lZ]| log 5

Lemma E.3. For s, the score function of an X.-smoothed distribution where ¥ = 021, we have that

vl sn(x) is O(1/0?)-subgaussian, when x ~ fx and ||v|| = 1.

Then, with probability 1 — 6,

Proof. We have by Lemma E.1 that
sp(z)= E [©7'Zy]

Z2|x
So,
E [Tss(2)]= E | E [oT5"2s]"
x~fs z~fy | Zsl|x
< E [(wT8"1Z5)*
< E 7225
kk/Q
< —— since v’ Zy ~ N(0,07)
o
The claim follows. O

Lemma EA4. Let ¥ = 021, and let x ~ fs. We have that with probability 1 — 6,

d—i—log%

lse(@)]* S ——

g

Proof. Follows from Lemmas E.3 and E.2. O
Lemma E.5. For z ~ N(0,0%1,), with probability 1 — 6,
HiH _ \/d—i—log%
a2l ™~ o

Proof. Note that ||z||? is chi-square, so that we have for any 0 < \ < 02/2,

[ETNT 1
E M <
: { = L2077
The claim then follows by the Chernoff bound. O
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Lemma E.6. For x ~ fs, with probability 1 — 6,

1
. {qu o Vdtloes

Zslz | o2 | ™ o

Proof. Since Zs, ~ N(0,021,) so that || Zx||? is chi-square, we have that for any 0 < \ < 02 /2, by
Jensen’s inequality,

\E HZEH]Q NESI 1
E ZZ\.T,[ o2 < E o4 E G —
e [ ] =z [ = (1= 200/0?))i/?

The claim then follows by the Chernoff bound. That is, setting A = o2 /4, for any t > 0,

AEgo, [1221]2
12512 Bonss [e eaie [ } 2y dime e
z~fs | Zs|x (o e
1
Fort =0 (di#), this is less than 6. OJ

Theorem E.7 (Girsanov’s theorem). Fort € [0,T), let L; = fot bs dBs where B is a Q-Brownian
motion. Assume Novikov’s condition is satisfied.:

E

exp 1/T||b 2ds | | < oo.
Q 2 Jo o
t 1 t
E(L), :==exp (/ bs dBs — 5/ ||bs%d3>
0 0

t
Bt Z:Bt—/ bSdS
0

is a Brownian motion under P where P := E(L)Q, the probability distribution with density E (L)
w.rt. Q.

Then

is a Q-martingale and
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