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Abstract

We study the problem of learning single-index models, where the label y € R
depends on the input = € R only through an unknown one-dimensional projection
(wy,x). Prior work has shown that under Gaussian inputs, the statistical and
computational complexity of recovering w, is governed by the Hermite expansion
of the link function. In this paper, we propose a new perspective: we argue that
spherical harmonics—rather than Hermite polynomials—provide the natural basis
for this problem, as they capture its intrinsic rotational symmetry. Building on
this insight, we characterize the complexity of learning single-index models under
arbitrary spherically symmetric input distributions. We introduce two families of
estimators—based on tensor-unfolding and online SGD—that respectively achieve
either optimal sample complexity or optimal runtime, and argue that estimators
achieving both may not exist in general. When specialized to Gaussian inputs,
our theory not only recovers and clarifies existing results but also reveals new
phenomena that had previously been overlooked.

1 Introduction

Single-index models (SIMs)—also known as generalized linear models—are among the most widely
studied models in statistics [20, 64, 49, 40]. They generalize linear regression by introducing
nonlinearity through a one-dimensional projection of the input. Due to their simplicity and flexibility,
SIMs have become foundational in both (semi)parametric statistics [44, 58, 26] and machine learning
[52, 51, 21]. In recent years, SIMs have also emerged as prototypical models for exploring several key
phenomena in modern high-dimensional learning, including: (1) Statistical-to-computational gaps,
with close ties to problems such as phase retrieval [12, 66, 61, 62] and tensor PCA [67, 28]; (2) Non-
convex optimization, including multi-phase dynamics [76, 10, 79, 15] and landscape concentration
[65]; and (3) Representation learning in neural networks trained via gradient descent, where SIMs
offer a simplified yet informative setting for studying feature learning [68, 18, 79, 30, 31, 6].

Spurred by this growing interest, a recent line of work has investigated the fundamental limits of
learning SIMs in high dimensions under Gaussian assumption [12, 66, 61, 10, 28, 29, 21]. In this
setting, referred to as the Gaussian single-index model, one observes i.i.d. samples (y;, ;) ~ Py, ,
where

(y7 SC) ~ P'w* Ty N(Oald) and y|$ ~ p(|<w*a $>)a ()

*Part of this work was done while HK was a Visiting Assistant Researcher in the Department of Statistics
and Data Science, Yale University.

39th Conference on Neural Information Processing Systems (NeurIPS 2025).



for an unknown unit vector w, € S?! and a fixed link distribution p € P(Y x R), modeling the
pair (Y, G) with G ~ N(0,1). Thus, the label y depends only on the one-dimensional projection
{(w., x) of the input. The goal is to recover the latent direction w, from these observations.

In a remarkable work, Damian et al. [29] provided a sharp characterization of the statistical and compu-
tational complexity of learning in this model. Their analysis relies on expanding the link distribution
p in the orthonormal basis of Hermite polynomials {Hey, }>¢; that is, E[Hey (G)He;(G)] = dy; for
G ~ N(0,1). They defined” the generative exponent (GE) of p as

ke(p) = argmin{k > 1 : [[Gxllz2(p) > 0 where (x(Y) :=E,[Hex(G)|Y]}, )

and showed that the optimal sample size m and runtime T for recovering w, from data (1) scales as®
(writing k, = ki (p) and assuming k, > 1 for simplicity)

m=0,(d“/?),  T=0q4(d"/*"). 3)

The sample complexity is optimal among statistical query (SQ) and low-degree polynomial (LDP)
algorithms (up to some additional sample-runtime trade-offs, see Remark 3.2), while the runtime is
necessary simply to process m samples in d dimensions.

Several works have developed algorithms that progressively closed the gap to these optimal rates. In
a seminal contribution, Ben Arous et al. [10] analyzed online stochastic gradient descent (SGD) on

the single neuron model Hey, ((w, z)), and showed it recovers w, with suboptimal m = © 4(d** 1)

and T = ©4(d*+). To close this gap, Damian et al. [28] proposed a smoothing-based modification
of SGD inspired by the tensor PCA literature [19], which locally averages the loss landscape and
achieves near-optimal m = ©4(d**/?) and T = ©4(d*+/?*1). Finally, the polylogarithmic factor in
sample complexity was removed by Damian et al. [29] via a partial trace estimator—again inspired by
tensor PCA [47]—which achieves m = ©4(d**/?) and T = ©4(d*+/>*11log(d)), thereby matching
the optimal rates in (3).

While these results yield a sharp characterization of learning Gaussian SIMs in high dimensions,
several conceptual gaps remain:

Why is the vanilla SGD algorithm suboptimal, with runtime d* instead of the
optimal d*</**1? Why do methods such as landscape smoothing and partial
trace estimators—both borrowed from the tensor PCA literature—achieve optimal
complexity*? And what role does the Gaussian assumption play in these results?

In this paper, we propose simple—and perhaps surprising—answers to these questions. Our key
observation is that the complexity of learning SIMs is governed not by Gaussianity itself, but by
the problem’s rotational symmetry. Specifically, the family {P,, : w € S?~!'} consists of all
pushforwards under orthogonal transformations of the input, suggesting that optimal algorithms
should respect this symmetry—that is, be equivariant under the action of the orthogonal group Oy.

This symmetry-based perspective naturally leads to spherical harmonics—which arise as irreducible
representations of O4—as the appropriate basis for this problem, instead of Hermite polynomials.
Adopting this basis not only clarifies the above questions, but also extends the theory beyond the
Gaussian setting to arbitrary spherically symmetric distributions.

1.1 Summary of main results

In this paper, we characterize the sample and computational complexity of learning single-index
models under general spherically symmetric input distributions. Let p € P(R¢) be a distribution
invariant under orthogonal transformations, i.e., R p = p for all R € O4. Such distributions admit
a polar decomposition & = rz, where the radius r = ||x||s ~ p, is independent of the direction
z=z/||z|2 ~ 74 := Unif(S?~1). We define a natural generalization of Gaussian SIMs (1), which
we call spherical single-index models, specified by a joint distribution v4 € P(R3):

(YvRaZ)NVd3 RN,U'T 1 ZNTd,l and Y|(R72)Nyd(|sz)v @

2An earlier notion—the information exponent—was proposed in [40, 10]. See Appendix A.5 for discussion.

3Throughout, © 4(-) hides polylogarithmic factors in d.

“Let us emphasize here that these algorithms fail to achieve optimal complexity for (slightly) more general
SIMs (see Section A.3). Thus an analogy to tensor PCA is not enough to explain their success in this setting.



Subspace Vg ¢ Sample optimal [ Runtime optimal
Spectral algorithm
d1/2 5 d3/2
mx<dV ——m-—, TxXd V- ——5
t=1 1641117 2 1€a.1117 2
d d?
mx<-——, TXxX-———logd
t=2 [[€a.2117 2 €a.2l132
Harmonic tensor unfolding Online SGD
dZ/Z d[+1 d£71 dé
£>3 m=<x-——— Tx——logd m< —— Tx_——
[1€a.ell7 2 [1€a.ell7 2 1€a.ell? > [1€a.ell72

Table 1: Summary of algorithms for learning spherical SIMs on each irreducible subspace V; ¢, with
their sample complexity m and runtime T. Here, the notation < hides constants that depend on ¢
and assumptions on 4. The estimator in the left (resp. right) column matches the optimal sample
complexity (resp. optimal runtime) predicted by the LDP (resp. SQ) lower bound (8). See Section 3
for details and formal statements.

where 7,4 1 is the distribution of the first coordinate of z ~ 74. Samples are drawn according to:
(yvm)wpw* T = (r7z)NM:Nr®Td and y\(T,Z)NVd('W <w*’z>)7 %)

for an unknown unit vector w, € S?!. Thus, the label y may now depend on both (r, (wy, z)), rather
than only on the scalar projection (w., ). Unlike the Gaussian case, the conditional distribution
vq(-|R, Z) is allowed to depend on the ambient dimension d: our learning guarantees will hold for
fixed v4, with explicit (up to universal constants), non-asymptotic bounds.

We now summarize our main results on estimating w, from i.i.d. samples drawn from the spherical
single-index model (5):

Harmonic decomposition and lower bounds. To characterize the complexity of learning in this
setting, we exploit the decomposition of L?(S%~!) into harmonic subspaces:

L3S = @ Vae, nae = dim(Va,e) = ©4(d"), ©
=0

where V;; ¢ denotes the space of degree-¢ spherical harmonics. For each £ > 1, we define the /-th
Gegenbauer coefficient of v, to be

£ae(Y; R) := By, [Qu(2)[Y, R], @)

where Q; € Vy is the (normalized) degree-¢ Gegenbauer polynomial in L?([—1,1],741), with
E., ,[Qe(Z)Qk(Z)] = 01 We establish the following lower bounds on the sample complexity m
and runtime T for recovering w, using the low-degree polynomial (LDP) and statistical query (SQ)
frameworks:

d1/2 dat/2 d3/2 d’
[€a,1 1172 22 [|€a,el|72 [€a,1 1172 022 [|€a.el75

These bounds effectively decouple across irreducible subspaces: each term £ > 1 in the infimum
corresponds to a lower bound for learning spherical SIMs using estimators restricted to the harmonic
subspace V; ¢, with matching upper bounds summarized in Table 1. Note that ||{g¢||z2 < 1 and can
decay with d: thus, these lower bounds capture the competition between the dimensionality © 4(d*)
of Vg ¢ and the ‘signal strength’ ||§d,g||%2 it carries about Py, . .

Optimal algorithms and trade-offs. For each harmonic subspace V; ¢, we construct: (1) a sample-
optimal® estimator based either on spectral methods for ¢ € {1, 2} (that is also runtime (near-)optimal)

>Throughout the paper, we refer to sample-optimal as the optimal conjectural sample complexity for
polynomial time algorithms (see Remark 3.2), and refer to the information-theoretic optimal sample complexity
otherwise.



Gaussian SIMs Sample optimal [ Runtime optimal

Spectral algorithm (I, = 1 if k, odd, . = 2 if k, even)

With ||z||2 m=d“/? T =d“/*1ogd
Harmonic tensor unfolding (I, = k) Online SGD (I, = ky)
Without ||| mx=d“/? Txd“logd m=dv T=d“

Table 2: Summary of algorithms for learning Gaussian SIMs with generative exponent k, > 1, with
or without using the radial component r = ||z||2. Here, the notation =< hides constants that depend
only on the link distribution p. See Section 4 for details and formal statements.

or on tensor-unfolding of reproducing harmonic operators for £ > 3; and (2) a runtime-optimal
estimator based on online SGD for ¢ > 3. Their complexities are summarized in Table 1.

This leads to a simple strategy for learning spherical SIMs (5): identify |, , (sample-optimal) or It ,
(runtime-optimal) as the degree minimizing the corresponding term in the lower bound (8), and apply
the matching algorithm from Table 1. Note that we always have |, , > It .. If I, . = |7, € {1,2},
the spectral algorithm achieves both optimal sample and runtime complexity. If I, , = I+, > 2,
it remains open whether a single estimator can achieve both®. More generally, one can construct
distributions for which |n, , > It ., suggesting that no algorithm can simultaneously achieve optimal
sample and runtime complexity in these cases. This stands in sharp contrast to Gaussian SIMs, where
both complexities are always jointly achievable. Thus,

Additional sample-runtime trade-offs appear when learning SIMs beyond the Gaussian setting.

The case of Gaussian inputs. We now specialize our results to the Gaussian single-index model
(1), where u = N(0,14) and v4(Y, R, Z) = p(Y, R - Z) with generative exponent k, > 1. This
yields a particularly transparent picture:

(1) The optimal degrees |, . = |1 . are always either 1 (if k, is odd) or 2 (if k, is even), with
the spectral algorithm from Table 1 achieving both optimal sample and runtime complexity
(3). Thus, for any Gaussian SIMs, optimal algorithms lie in the harmonic subspaces Vy 1
and Vy o, corresponding to degree-1 or 2 spherical harmonics in z = z/||z||2.

(2) The SGD algorithm of [10] is dominated by the high-frequency harmonics V., , while
smoothing [28] reweights the loss landscape toward low-frequency harmonics V1 or Vg 2.
The partial trace estimator [29] explicitly projects onto them. Both methods achieve optimal
complexity by effectively exploiting these low-frequency components.

(3) We provide an alternative perspective for understanding the suboptimality of SGD: its
optimization dynamics remains essentially unchanged when « is replaced by its direction z,
implying it does not exploit the radial component r = ||x||2. We show that algorithms that
ignore 7 must incur a runtime complexity of 4(d**). In this sense, SGD is runtime-optimal
among methods that rely solely on the directional component. 7o achieve the optimal

runtime @d(dk*/ 2+1), one must exploit the radial component—even though it carries no
information about w, and asymptotically concentrates around r/ Vid = 1.

These results are summarized in Table 2.

2 Setting and definitions

Throughout the paper, we assume our link functions v4 are drawn from the following class:

Definition 1 (Spherical link functions). Let £4 denote the set of joint distributions vq on Y x R>q X
[—1,1], where Y is an arbitrary measurable space, such that the following hold.:

%1n fact, we show that for £ even, harmonic tensor unfolding achieves both optimal sample and runtime
complexity, with a potential additional log(d) factor in sample complexity.



(i) The marginals of (Y, R, Z) ~ vgq satisfy Z ~ 741 (the distribution of the first coordinate of
z ~ 74 = Unif(S*1)) and R ~ vy € P(Rxo) not concentrated at 0.

(ii) Let vgo = vay,r ® Ta1 be the product of marginals (Y, R) and Z ~ 741. Then vg < vq
and the Radon-Nikodym derivative satisfy dd’;do € L*(vqp).

v

The corresponding spherical single-index model over (y, ) € J x R? are then given by:
() ~Pyw.: =(rz)~p:=vgr®71y and y|(r,2z) ~vg(-|r,(ws, 2)), )
where = rz is the polar decomposition with r = ||||s ~ v4 g and z = x/||z|2 ~ T4.

From v4 0 = v4y,r ®7q4,1, we define the null model P, o := vq4 v, r ® 74, where (y, ) is independent

L . . . dP, , .
of the direction z. Note that assumption d‘%‘j’o € L?(va,0) is equivalent to ﬁ € L*(P,,.0). This
ensures that the model has ‘enough noise’ in the label and excludes non-robust algorithms that can

beat the lower bounds (3) in the noise-free setting (e.g., see [74]).
Remark 2.1. Throughout this paper, we assume v, to be known. This assumption is mild in high

dimensions, where the primary challenge lies in recovering w,. When v4 is unknown, one can
modify our algorithms and use random nonlinearities. See discussion in Appendix A.2.

Harmonic decomposition. Let L?(S971) := L%(S?~!, 7;) denote the space of squared integrable
functions on the unit sphere, with inner-product {f, g)r2 = E...,[f(2)g(2)] and norm || f|| 2 :=
(f, f >}J/22 This space admits the orthogonal decomposition (6), with V;; ; the subspace of degree-¢
spherical harmonics, that is, degree-¢ polynomials that are orthogonal (with respect to (-, -)z.2) to all
polynomials with degree less than ¢. We refer to Appendix B for background on spherical harmonics.

We use this harmonic decomposition to expand the likelihood ratio of the model in L?(P,, o):

APy, 0. N
e =1+ D Car(y,)Qu(w., z),  Eau(Y.R) :=E,[QuZ)|Y,R], (10)

v, (=1
where @ : [—1,1] — R is the normalized degree-¢ Gegenbauer polynomial. We denote ||{g ¢|| 2

the L?-norm with respect to v4. The x*- mutual information of ((Y, R), Z) under v, is given by
L2[vg) == Dy2[vallvao) = X e ll€aell32 - See Appendix A.2 for further details.

Lower bounds. We establish lower bounds within two standard frameworks: statistical query (SQ)
and low-degree polynomials (LDP) algorithms. Our lower bounds will hold for the weaker task of
distinguishing the planted model PP, ,,, from the null P, o, i.e., the ‘detection’ problem. These
lower bounds directly imply lower bounds on our estimation problem.

* For SQ algorithms A € SQ(q, 7), with ¢ query calls of tolerance 7, we derive lower bounds
on the query complexity q/72. Heuristically, this corresponds to a runtime lower bound
of T > ¢/72, under the standard assumption that each query requires at least (1/72)
samples to implement. While this connection is informal, it is validated by our matching
upper bounds: the actual runtime of our proposed estimators meets these SQ-based lower
bounds, except for a minor discrepancy when ¢ = 1, where a tighter bound md (the cost of
processing m samples in d dimensions) applies.

 For LDP lower bounds on sample complexity, we work in an asymptotic setting d — oo. In
this case, the bounds hold uniformly over sequences {vg}q>1, with vq € £4 satisfying the
following mild condition (the model is ‘solvable in polynomial time’):

Assumption 1. There exists p € N such that the sequence {vy}a>1 satisfies M (v4) = Oq(dP/?).
We refer to Appendix C for background on SQ and LDP algorithms.
3 Learning spherical single-index models

Let {v4}4>1 be a sequence of spherical SIMs with v4 € £4 (Definition 1). Under mild conditions,
the information-theoretic sample complexity for recovering w, is ©4(d) (see Appendix H). However,



polynomial-time algorithms may require significantly more samples—that is, the model exhibits a
so-called computational-to-statistical gap. We introduce the complexity parameters:

. Nd.e . ng.e
M, (vq) := inf ——5—, Qi (vg) := inf —————, (11)
Ava) =i l1€a.ell7 2 )= 1€a,ell72
where we recall that ng , = dim (V) = ©4(d*) and £, is the £-th Gegenbauer coefficient of the
likelihood ratio (10). These quantities govern the sample and query complexity lower bounds within
the LDP and SQ frameworks respectively, as formalized in the following theorem:

Theorem 1 (General lower bounds). Let {vg}q>1 be a sequence of spherical SIMs with vy € £4.

(i) (SQ runtime lower bound.) Any algorithm A € SQ(q, T) that distinguishes between P, .
and P, o satisfies q/7? > Qu(vq).

(ii) (LDP sample lower bound.) Assume {vy}a>1 satisfy Assumption 1. Then, under the low-
degree conjecture, no polynomial-time algorithm can distinguish P, ., from P, o unless
m = Q4(M, (vq) log(d)~“P) for some universal constant C' > 0.

The proof and detailed statements are provided in Appendix C.

Remark 3.1. The lower bounds in Theorem 1 are for the detection problem. A detection-recovery
gap can appear in this model when the infinum is achieved at £ = 1 and Vd/||€4,1]/2. < d. In this
case, the information-theoretic lower bound m = 4(d) is tighter (Appendix H). Thus, the informal
complexity lower bounds (8) stated in the introduction are obtained as follows: the sample complexity
lower bound is the maximum of the information-theoretic bound €2(d) and M, (v4), while the runtime
lower bound is the maximum of Q. (v4) and d times the sample complexity lower bound—that is, the
cost of processing this many samples.

Remark 3.2. Similarly to tensor PCA [16, 84], one can trade-off a factor D9 less sample

complexity for d®(P) more runtime. See Appendix C for the LDP lower bound with this explicit
trade-off, and [29] for a discussion on how to construct higher-order tensors to match it. In this paper,
we ignore these additional sample-runtime trade-offs and focus on matching the exponent in d in the
sample complexity. We leave finer-grained analyses to future work.

Intuitively, these lower bounds decompose the problem into separate subproblems associated with
each harmonic subspace V. Each £ > 1 in (11) corresponds to the complexity of algorithms
restricted to degree-¢ spherical harmonics in z (see Appendix C for further discussion). Below, we
introduce matching upper bounds for each subspace V; ,, summarized earlier in Table 1. These
algorithms are stated with general transformations 7, : Y x R>o — R. For simplicity, we present
our learning guarantees below under the following assumption:

Assumption 2. For vy € £4 and { > 1, there exist Ty : Y x R>o — R and k¢ > 1 such that
[ Tellze = 1 | Telloo < re and Bo, [Te(Y, R)Qu(Z)] > wy *[[a,e

L2

For Gaussian inputs (next section), Assumption 2 is satisfied with «, only depending on p. In the
appendices, we state our learning guarantees under weaker assumptions (with possible additional log
factors), e.g., using Ty := &€4.¢/|€4.¢]| .2 under moment condition on &g ¢.

Remark 3.3 (Weak to strong recovery). We further state our results below for the weak recovery task
|{(i, w,)| > 1/4. Having achieved weak recovery, one can achieve strong recovery | (w, w,)| > 1—¢,
with arbitrary ¢ > 0, using an additional ©4(d/e) samples (information-theoretic optimal) and
©4(d? /) runtime—similarly to prior works [10, 88, 28]—under mild assumptions. See discussion
in Appendix A.2.

Spectral algorithm: For ¢ € {1, 2}, we present spectral estimators—similar to [61, 66, 62, 29]—
that achieve both optimal sample and runtime complexity. Given m samples (y;, ), these estimators
are defined as:

3 1
(=1: ﬁ?oznsu ; b= > Tilyiri)Vd zi,
2 .
X el (SP-Alg)
(=2: =argmax w' Mw, M =— Z To(yi,7i) [d~zizinId] .
weSd—1 m icm]



For ¢ = 1, the estimator v either achieves weak recovery directly or requires boosting as in
[88, 28, 29]; we leave the description of the full algorithm to Appendix D. For ¢ = 2, the leading
eigenvector can be efficiently computed in runtime 6 4(mdlog(d)) via power iteration.

Theorem 2 (Spectral algorithm). Let vq € £4 and set Ty as in Assumption 2. There exists Cy > 0
that only depends on { such that for any § > 0, the output W of the spectral estimator (SP-Alg)
achieves |{w,w.)| > 1/4 with probability 1 — § when

(=1: m ZC’gﬁngs/log(l/é), and T >Cym-d,
||£d,1||L2 (12)
d
{=2: m S CZK?m (1 + ||fd72||L2 logQ(d/(S)) y and T Z C’gm . leg(d)

Furthermore, for { = 1, one can achieve better sample complexity under an additional condition: the
boosted estimator achieves |(w, w.)| > 1/4 with probability 1 — § when

(=1: m> Cm?”&l\/flz\/log(l/é), and T >Cim-d. (13)
s L2

The proof and detailed statement of this theorem can be found in Appendix D. For ¢ = 2 and

[€a2llz2 = Qa(log(d)~2), the additional factor log®(d) can be removed by following a similar
argument as in [66].

Online SGD algorithm: For ¢ > 3, we propose an online SGD algorithm inspired by [10] that
achieves optimal runtime. We run projected online SGD on the population loss

min Bz, . |(Te(y,r) = Qu((w, )", (SGD-Alg)
with a carefully chosen step size [10, 88]. The number of samples in this algorithm corresponds to the
number of SGD iterations, and the total runtime is © 4(md)—the cost of computing a d-dimensional
gradient at each iteration. Details can be found in Appendix E.

Theorem 3 (Online SGD algorithm). Let vy € £4 and set Ty as in Assumption 2. There exists
Cy > 0 that only depends on { such that for any § > 0, the output W of the online SGD estimator
(SGD-AIlg) achieves |(w, w.)| > 1/4 with probability 1 — § when
dé—l
£>3: m zcmﬁwlogu/é), and  T>Cim-d. (14)
d,ll 2

The proof of this theorem follows by adapting the arguments in [10, 88] and can be found in Appendix
E.

Harmonic tensor unfolding. For ¢ > 3, we present a tensor-unfolding algorithm inspired by the
seminal work [67] on Tensor PCA, that achieves optimal sample complexity. We introduce a degree-¢
harmonic tensor H,(z) € Sym((R%)®) (the space of symmetric /-tensors in d-dimensions). It is
defined via the degree-¢ Gegenbauer polynomial as

Qi((w, 2)) = (W, H(2)), for all w € S, (15)

We provide an explicit expression of #, in Appendix F. This tensor can be seen as the projection of
2®% into the space of symmetric, trace-less tensors. In particular, it has the reproducing property

&mwwmm};@wm. 16)

Given m samples (y;, ;) ~ Py, ., we compute the empirical tensor
- 1
T:=— i T i) 17
m;pwwwﬂ (17)

By the reproducing property (16), the expectation under P, ,,, of this tensor is proportional to
H(w,), which has principal component w®’. To extract this component, we will consider two



different estimators. We follow [67] and construct the unfolded matrix of T' € (RH®U+)) | denoted
Mat; ;(T) € R4 %4’ with entries

Mat[,J(T)(ih---,il)»(jl,~~7J'J) =T\, irgiriss
where we identify (iq,...,i7) with 1 + E§:1(ij —1)di L.
For ¢ > 3 even, our first estimator computes s; (Mat;/5 ¢ /Q(T)) e R
c Rde/z wd?/?

, the top left singular

vector of Maty /5 ¢ /2(T') via power iteration, and return

W := Vec, 5 (31 (Mat[ .y /Q(T))) , (TU-Alg-b)

where the mapping Vecy, : R applied to u € R?" returns the top left singular vector of the
matrix U € R?*4" ™" with entries Ui, (i, i) = Uir,...rin)-

When ¢ is odd, however, the above estimator (TU-Alg-b) (now with I = [¢/2] and J = [{/2])
requires m < d[*/21/||¢;,||2. samples, which is suboptimal by a factor d'/2. This is due to the
covariance structure of the Harmonic tensor #H,(z): a similar problem, with same suboptimality,
arises for tensor PCA with symmetric noise [67] (if the noise is not symmetric and all entries are
assumed independent, this algorithm achieves the optimal threshold in tensor PCA [48]).

Here, we modify (TU-Alg-b) by removing the diagonal elements. We set I = [({ — 1)/2] and
J = [(¢+1)/2], and introduce the matrix

) 5 . 1 &
M =Mat; ;(T)Mat; ;(T)" — — > " To(yi,r:)*Maty s (H(2;))Maty (He(z:))T
L
) (1)
I I
= > Telys, i) Te(y; rj)Matr s (He(z:))Maty s (H(2;))"T € RT <
i#]
For ¢ > 3, our second estimator computes sl(M ) € R?', the top left singular vector of M, via
power iteration, and return

W := Vec; (31 (M)) , (TU-Alg)
where the mapping Vec; is as defined above.

For both estimators (TU-Alg-b) and (TU-Alg), we show that given enough samples, the leading eigen-
vector s; is well approximated by w®?, and the vectorization operation returns a good approximation

of w,. The runtime of this algorithm is dominated by the computation of the top eigenvector s; (M)
via power iteration, which requires ©4(m(d! + d”)log(d)) operations.

Theorem 4 (Harmonic tensor unfolding). Let vy € £4 and set Ty as in Assumption 2. There exist
ce, Cy > 0 that only depend on ¢ such that the following holds.

(i) For £ > 3 even, the output W of the balanced harmonic tensor unfolding algorithm
(TU-Alg-b) achieves |{(iv, w.)| > 1/4 with probability 1 — § when
d2/2
Leven: m > CM?W (1 + ||€aell L2 log(d/é)), and T > Cym-d*/?log(d).
d, L2

(it) For { > 3, the output W of the harmonic tensor unfolding algorithm (TU-Alg) achieves
|(w, w.)| > 1/4 with probability 1 — e~%"* when

d£/2
{ even : m > C’m?ﬁ, and T > Cym - d*/?+1 log(d),
1€aell72
d€/2
{ odd : m > Cykf s, and T > Cym - d"/?+1/21og(d).
[1€a,ellF 2

The proof of this theorem can be found in Appendix F.

Remark 3.4. A computationally more efficient partial trace estimator was proposed to recover the
principal component in symmetric tensor PCA [47, 29]. Here, however, H,(z)[I,] (contraction of
two indices) projects onto H,_2(z) and lower order harmonics, which defeats the purpose of our
estimator (and lead to suboptimal performance if £ is chosen to be the optimal degree).



Optimal algorithms. We define the sample-optimal and runtime-optimal degrees as

n
s = argmin Y—"r— and |y, = argmin — . (19)
1 [Saellze >1 |l€aell7e

Then choosing the corresponding algorithm associated to degree |m . (resp. |1 ) achieves the optimal
sample (resp. runtime) complexity among SQ and LDP algorithms. For I, , = IT . > 3 odd, we leave
open the possibility that an algorithm achieves both sample and runtime complexity. More generally,
in Appendix A.2, we show how to construct distributions with arbitrary large gaps Im . > It ..
As discussed in the introduction, this suggest that no single estimator can achieve both optimal
complexities in this case, and sample-runtime trade-offs appear.

Specifically, our example proceeds as follows. Let k > 1 be an arbitrary integer. The label Y is a
mixture of two single-index models: Y'|R, Z ~ v 4 with probability d =2 and Y| R, Z ~ v 4 with
probability 1 — d~2*. The two models v, 4 and v 4 are chosen such that optimal sample complexity
is achieved at |, , = 10k (thanks to 5 4) and optimal runtime is achieved at |, T = 4k (thanks to
v1,q4). Thus, in this example:

» Sample-optimal algorithm: the harmonic tensor unfolding algorithm at |, , = 10k
achieves _ _
m=0gy(d™*), and T=0,4(d'"").

* Runtime-optimal algorithm: the harmonic tensor unfolding algorithm at |, + = 4k
achieves ~ ~
m=0y(d®*), and T=0,4(d%).

4 Learning Gaussian single-index models

We now specialize our results to the case of Gaussian single-index model (1). Recall that v4 g := x4
and v4(Y|R,Z) = p(Y|R - Z). We assume below that p is a fixed link distribution of generative
exponent k, > 1 (defined in Eq. (2)). In particular, the notations =< and < only hide constants that
depend on p. From Section 3, we need to decompose p into the spherical harmonics basis. Using the
decomposition of Hermite polynomials into Gegenbauer polynomials proved in Appendix B:

k
Hep((ws ) = Y Brelle]2)Qe((w., 2)), 1Br.eZ2ys) = ©ald=*7972), (20)
(=kmod 2
we show the following bounds on the /-th Gegenbauer coefficient &4, associated to p:

Lemma 1. For all ¢ < k,, we have
[€aell2 < d=® =972 fort =k, mod 2 and ||Eg4)22 < d="=HV/2 for £ # k, mod 2.

Plugging these estimates in Theorem 1, we deduce the following complexity lower bounds and
associated optimal degrees for learning p. For sample complexity, we obtain

d£/2 dl/Q

m > M <inf ——— =< inf —— =< inf ki/2  gke/2
AMvg) <l o= il g = b T =dn
- d.£llp2 =k, mod 2 ¢=k, mod 2

and any ¢ < k, with ¢ = k, mod 2 is sample optimal (for asymptotic rates). For runtime, we get

d’ d’
> - - s AT (ke40)/2  gl(ke+1)/2]
TR =miere = B geap= b d =d ’
L=k, mod 2 L=k, mod 2

and only ¢ = 1 (k, odd) or £ = 2 (k, even) are runtime optimal. Thus, although p has vanishing
projection on degree ¢ < k, harmonic spaces, this is offset by smaller ng, = dim(Vy ), and we
should always choose |1, = |« € {1,2} (depending on k, parity). In particular, we can use our
general spectral algorithm (SP-Alg) to learn p with optimal sample and runtime complexity:

Corollary 1. The estimator (SP-Alg) achieves optimal m = ©4(d/?) and T =
Ou(d /2 log(d)).



Estimating using only directional information. Consider the same Gaussian SIM with link
function p, but suppose we only observe the pair (y, z), i.e., the label and the direction of the input.
This defines a new spherical SIM v, with fixed radius v4 r = dg=1 and conditional distribution

va(Y|R, Z) = Ez[p(Y|RZ)], where R~ xg.

For example, this setting corresponds to the common practice in statistics and machine learning of
normalizing input vectors to unit norm. We show below that, in Gaussian single-index models, such
normalization necessarily leads to a quadratic increase in runtime complexity. Under this model, the
Gegenbauer coefficients of v, scale as:

Lemma 2. For all ¢ < k,, we have

€a.el2e = d=% 9 for ¢ = k, mod 2 and €ael22 < d=® =Y for £ # k, mod 2.

~

Similarly as above, it is easy to verify that the sample-optimal degree is now always In . = k,, while
the runtime-optimal degrees are ¢ = k, mod 2, ¢ < k,. The new complexity lower bounds are given
by

m>de/2 T2 d.

Thus, while the sample complexity stays the same, the optimal runtime goes from d*+/2*1 to dk.
Again, we can use our general estimators from Section 3 to match these lower bounds:

Corollary 2. Forany3 < { < k,, { = k, mod 2, estimator (SGD-Alg) achieves m = © 4(d** 1) and
T = 04(d*). For £ = k,, estimator (TU-Alg) achieves m = ©4(d**/?) and T = O 4(d*~+1 log(d)).

The proofs of all the results in this section can be found in Appendix G. We also discuss the general
phenomenology underlying algorithms for Gaussian SIMs—namely, vanilla SGD [10], landscape
smoothing [28], and partial trace [29]—in Appendices A.3 and A.4.

5 Conclusion

In this paper, we introduced a generalization of Gaussian single-index models, which we termed
spherical single-index models, that allows for arbitrary spherically symmetric input distributions
and general dependence of the label on the norm of the input. We provided a sharp characterization
of both the statistical and computational complexity of learning in these models. A key insight
is that the SQ and LDP lower bounds decouple across the irreducible subspaces V; , of degree-¢
spherical harmonics. For each such subspaces, we established two matching estimators: an online
SGD algorithm that achieves the optimal runtime among SQ algorithms, and a harmonic tensor
unfolding estimators that achieves the optimal sample complexity among LDP algorithms. The
optimal algorithm is then obtained by selecting the degree |, . or I , that minimizes sample or
runtime complexity respectively. In general, these may differ—i.e., Im » # It .—implying that no
single estimator can achieve both optimal sample and runtime complexity. We applied this framework
to the Gaussian case, recovering and unifying prior results while clarifying the role of the harmonic
decomposition in their performance. Below, we discuss two directions for future work.

Multi-index models. A natural extension is to multi-index models, where the label depends on a
low-dimensional projection y ~ p(|WIm), with W, € R%** an unknown rank-s subspace. Recent
work [2, 17] has shown that learning in such models proceeds via a sequential recovery of directions
in the signal subspace. Unlike the single-index case—where degree-1 and 2 spherical harmonics
suffice—multi-index models require higher-order harmonics. For instance, the multivariate Hermite
monomial z1zg - xs = r°2129 -+ 2, is a degree-£ spherical harmonic with no projection onto
lower-degree spaces. In such cases, landscape smoothing and partial trace estimators fail, and the
harmonic tensor unfolding estimator on V;; ; becomes necessary. We expect our harmonic framework
to extend naturally to the spherical multi-index setting, and leave this direction to future work.

General symmetry groups. Finally, our lower bounds in Theorem 1—and the decoupling into
irreducible subspaces—hinges on Schur’s orthogonality relations for the action representation of Oy
on L?(S%1). More broadly, the Peter—Weyl theorem ensures that such decompositions exist for any
compact group. This suggests that our bounds, and the decoupling into irreducible representations,
hold beyond SIMs and O 4. We hope to explore this broader setting in future work.
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model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
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only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

* The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
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* The authors should discuss the computational efficiency of the proposed algorithms
and how they scale with dataset size.

* If applicable, the authors should discuss possible limitations of their approach to
address problems of privacy and fairness.

* While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.

3. Theory assumptions and proofs
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Answer: [Yes]

Justification: We specify all the assumptions that are required for our results to hold. The
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Justification: There are no experimental results, as this is a theory paper.
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The answer NA means that the paper does not include experiments.
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whether the code and data are provided or not.
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versions (if applicable).

* Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.
6. Experimental setting/details
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parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
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8. Experiments compute resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [NA]
Justification: There are no experimental results, as this is a theory paper.
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* The answer NA means that the paper does not include experiments.
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Safeguards
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Answer: [NA]

20


https://neurips.cc/public/EthicsGuidelines

12.

13.

14.

Justification: There are no such risks that we are aware of.
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Answer: [NA]
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» The answer NA means that the paper does not release new assets.

* Researchers should communicate the details of the dataset/code/model as part of their
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asset is used.
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Crowdsourcing and research with human subjects
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A Additional discussions and details from the main text

A.1 Related work

The problem of learning single and multi-index models has a long history in statistics and machine
learning. We refer the reader to the recent survey [21] and references therein for a more thorough
account of this rich history. Early work showed that SIMs with monotonic link function only
require n = ©4(d) samples to learn even in the distribution-free setting, using perceptron-like
algorithms [52, 51]. For non-monotonic link functions with generative exponent less of equal
to 2, such as phase retrieval y = |(w.,x)|?> + ¢, [12, 62] established the information-theoretic
limits, including the asymptotic MMSE, in the proportional regime o« = n/d. In particular, using
the conjectured optimality of approximate message passing (AMP) algorithm, they showed that
statistical-computational gaps appear in this model, that is, there exists an algorithmic threshold
aaLg > arr—the information-theoretic threshold—such that, conjecturally, no polynomial-time
algorithm succeeds when o < o < aarg. [62, 66, 61] proposed spectral algorithms that match the
algorithmic threshold, with [62] explaining how these spectral methods can be viewed as linearizations
of AMP algorithms. In parallel lines of work, [23] and references therein proposed a number of
algorithms to learn single and multi-index models, [38, 59, 86, 82] studied the problem of robustly
learning a single index model, [37, 42] demonstrated near-optimal SQ lower bounds for learning
ReLUs and halfspaces under Gaussian marginals, [36, 35] established cryptographic or worst-case
hardness of learning a single ReLU neuron, and [5, 74] showed in the noise-free setting that some
lattice-based algorithms can vastly outperform SQ lower bounds. We further emphasize that in the
multi-index case, the picture is much richer than in the single-index case: optimal learning happens
through an adaptive multi-phase process [3, 1, 2, 17]. Recent work have explored optimal learning
of Gaussian multi-index models in the proportional scaling [23, 77, 34, 54] and in the polynomial
scaling [27]. We leave the application of our harmonic framework to the multi-index case to future
work.

A number of works have studied learning SIMs with gradient algorithms, and in particular, gradient-
trained neural networks. [72, 76] studied GD and online SGD for phase retrieval. The notion of an
information exponent, which characterizes the sample complexity of learning Gaussian single-index
models via online SGD on the square loss, was introduced by [10], sparking a series of follow-up
studies [43, 79, 8, 88, 6, 70]. A separate line of research investigates how neural networks can
learn in just one gradient step [11, 31]. A two-timescale approach has also been proposed in [15],
and subsequently applied in [17, 63] to analyze convergence of gradient flow dynamics in learning
multi-index models. This information exponent characterizes the complexity of learning SIMs with
CSQ algorithms. [32, 56, 7, 50] showed that one can outperform this information exponent by doing
multi-pass gradient descent or by changing the loss function. However, we expect these algorithms to
still fall under the SQ framework and be lower bounded by the generative exponent.
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As pointed out previously [28, 29], learning single-index models is deeply connected to tensor PCA
[67]. Tensor PCA exhibits a statistical-computational gap for k& > 3 [67, 69, 40, 41, 48, 46, 55],
and its algorithmic picture is remarkably similar to single-index models, with a correspondence
between their information-theoretic, algorithmic, and local-search thresholds. Montanari and Richard
[67] proposes power iteration and tensor unfolding to solve tensor PCA. They conjectured that the
algorithmic threshold should be given by 3 > d(*~2)/4, and proves algorithmic achievability with
B > dTk/21-1)/2 ysing tensor unfolding. They show that local algorithms like tensor power iteration
may require even higher SNR of 3 > d(*=2)/2 subsequently investigated in [57, 9]. The optimal
algorithmic threshold is achieved by a number of algorithms: Sum-Of-Squares [47, 45], partial trace
algorithm [47], homotopy method [4] for & = 3, landscape smoothing introduced by [19], and tensor
unfolding [87, 14].

Finally, in a concurrent and independent work, [27] introduced an (unbalanced) tensor unfolding
estimator very similar to (18)—with Hermite tensor instead of harmonic tensor—in the context
of learning Gaussian multi-index models. This method achieves sharp sample complexity of n 2>

d'“k"/2 where k* is the leap generative exponent of the link function.

A.2 Discussion on learning spherical SIMs

Likelihood ratio. In our Definition 1, we consider spherical SIMs such that v < v4,9 and the

associated Radon-Nikodym derivative satisfies || (ﬁ% | 2(vg.0) < 00. We can expand the likelihood

ratio in L?(v4,0) into the Gegenbauer basis:

dvg L2(va,0) >
m(y,r, z) =71+ ggd,f(y,T)Qg(z) ) @1
where |
§a.e(Y, R) = Eznry, LIVZZ)(K R, Z)Qe(Z)] =E,, [Q:«(2)|Y,R] .

The mutual y?-mutual information divergence of ((Y, R), Z) is given by

dl/d 2 00
1= .
(3-) > ol

Link function v; unknown. When v, is unknown, similar to [29], one can still hope to learn the
planted direction w., as long as it is possible to approximate the non-linearity 7 (y, r) using random
linear combinations of the first few orthogonal functions in a basis of LQ(Ud’y, r). Similar to [29,
Assumption 4.1] this requires assuming that the expansion of 7, has non-vanishing mass on these
first few basis functions of LQ(Z/d7y7 r). Intuitively, this amounts to a ‘smoothness’ condition on the
link function v,;. We leave this as a direction for future work.

IXZ [l/d] =K

vVd,o

Weak to strong recovery. In our framework, it is only meaningful to restrict ourselves to the
sequence {v/4}q>1 such that I, 2 [14] is non-vanishing and there exists a component ¢ > 1 (independent
of d) such that ||£4.¢|| L2 > ¢ > 0. For example, in Gaussian SIMs with the generative exponent k.,
such an ¢ = k, always (both with or without using the norm). Under this mild assumption, we can
carry out the online SGD algorithm similar to the final phase algorithms of [10, 28, 88] but now on
the frequency ;. As we have non-vanishing signal |4 || = £24(1), we can achieve strong recovery
|(w,w.,)| > 1 — ¢ using O(d/c) samples, and so O(d? /<) runtime hiding constants in /.

Spherical SIMs with sample-runtime trade-off. Below we show how to construct examples of
spherical single-index models with |, . > |t .. We construct v4 such that it is a mixture of two

spherical SIMs. Consider 1/((11) and 1/((12) associated to two Gaussian SIMs with generative exponents
k1 and ko, where we marginalized over the norm (that is, R = 1). In particular, as shown in [29,

Theorem 5.1], we can choose the Gaussian SIMs to be y9) = o (R-Z)+7N(0, 1), with [|oj[|0c < 00
and 7 sufficiently large such that C—! < I/[(il) (y)/z/((f)(y) <C.

Assume that (Y, Z) ~ vy (recall R = 1 here, and we remove it for clarity) is drawn with probability

(1) (2)
d

d~“ from v, ’ and with probability 1 — d~* from v;”, where o > 0 is a constant chosen later. In
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this model, we have

£40(Y) = E,,[Qu(2)|Y] = d*CH V)N () + CP ()R (v),

where ) )

§0Y) =E0[Qu2)Y), &) =E,m(Q(2)Y],
and
CO(y) = ! @(y) = !

d= 4 (do = D (V) /v (V) PP ¥ +1-de

From our choice of l/((ij ), there exists a constant C, such that for d > C, we have C~1 <

clV (y), c¥ (y) < C for all y € R. We deduce that there exist a constant C' sufficiently large but
independent of d such that

I€a,el|22 < Cmax(d=2 €0} |22, €3 1122),

a3 = € max (a- 2a\|§ 32 = CRIEENEa, 132 - C2a2efIEs ),

where the L2-norms are with respect to the associated nulls v o, VL(i 0)’ and 1/(2)

(22)

Consider k, a multiple of 10 for simplicity, and set ko = ky, k1 = 2k, /5, and o = k, /5. Using

(1) ().

Lemma 2, we can bound the contributions from v; * and v,

* Consider the contributions of Vfll) to the sample and runtime complexity:

— Sample complexity:

< kla 0= kl[Z} . 20 Vlnde ~ d2k176/2 _ d4k*/576/2,
€213
/< kla Y 7‘é k1[2} . d2a \/ndf d2k17€/2+1 —_ d4k*/576/2+1, (23)
B 1ES112
0>k 22 \/"d > RHe/2 — 2Ke/5+0/2
1E$112

Thus the optimal sample complexity is achieved at degree £ = ki = 2k, /5 with dk+/>
lower bound.

— Runtime complexity:

<k, L= kl[Q} : d2e et nd( = g%k — d4k*/57
€512,
. 20 nde 21 _ gdk, /541
Y4 S kl, l ié k’l[Q} : d Hg(l)” = d°" =d , (24)
£>k: 2a nd > gkt _ g2k /54L
[Svi

Thus the optimal runtime complexity is achleved at degrees £ < k1 = 2k, /5, £ = k1[2]
with d**+/ lower bound.
(2

* Consider the contributions of v, ) to the sample and runtime complexity:
— Sample complexity:

n,
(ks (=hof2] s Y0 < et/ = gt
I€ae 172
n,
0 <ky, £ # ks[2] : H V@)”ﬁf = k21— gea—t/241 25)
3
/T
ks 7“ (2)T|e > 2,
3
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Thus the optimal sample complexity is achieved at degree ¢ = ky = k, with d*+/2
lower bound.

— Runtime complexity:

0< ko, 0=ko[2] : %xdkz:dk*,
I€4.21172
(<o, (#R[2]: —pit = dhett = ot 26)
1€ae 1172
> ko : nd,t >

2 ~Y
€512,

Thus the optimal runtime complexity is achieved at degrees £ < ko = ki, £ = ko[2]
with d* lower bound.

From the bounds (22), the sample or runtime complexity for each ¢ is the minimum of the two
contributions associated to U;l) and uc(f). We deduce that in this model:
 Optimal sample complexity is achieved at degree |, , = k., with a matching algorithm that
succeeds with m = ©,4(d**/?) samples and T = ©(d*+) runtime (thanks to contribution
Vflz)).
* Optimal runtime is achieved at degrees It = ¢ with ¢/ < 2k, /5 and ¢ = 2k, /5[2].
For example, choosing |1, = 2k, /5, we have a matching algorithm that succeeds with
T = 04(d*+/%) runtime and m = ©4(d**+/%) samples (thanks to contribution Vél)).

We conjecture that for this distribution v4, no algorithm exists that achieves both optimal sample
complexity m = ©4(d**/?) and optimal runtime complexity T = ©4(d*+/?). Further note, that by
choosing intermediary degrees ¢, one can trade-off sample and runtime complexity.

A.3 Revisiting vanilla SGD, landscape smoothing, and partial trace for Gaussian SIMs

In light of our results in Section 4, we revisit the three algorithms for learning Gaussian SIMs
mentioned in the introduction [10, 28, 29], and reinterpret their behavior through the lens of harmonic
decomposition. Below, we state informal observations which aim to build intuition rather than make
formal statements. We provide supporting computations in Appendix A.4.

Consider a Gaussian single-index model (1) with link function p € P(R?) and generative exponent
ke := ki(p) as defined in Eq. (2). Throughout, let 7, : R — R be a transformation of the label
satisfying:

1
1Tllzz =1, A Tullo <€, Th, := Bp[Tu(Y)Hex, (G)] 2 Fldk. 22

Such transformations always exist (see [29, Lemma F.2]). Informally, one can construct 7, by
truncating Cy, /|/Ck, ||z (with truncation at large enough value as to approximately preserve the
correlation with Hey ).

Online SGD with Hermite neuron. In a seminal paper, Ben Arous et al. [10] studied online SGD
on a non-convex loss over w € S !, with planted signal w, and a k,-order saddle at the equator
(w,w,) = 0. Adapting their results to the task of learning Gaussian SIMs, their algorithm performs
online SGD on the population loss

win, £00) = Eyarer,.. | (T0) - How, (w.2) . (HeSGD)

wesd—1

and succeeds with suboptimal m = O4(d* 1) samples and T = O4(d**).

Observation 1 (Informal, harmonic structure of the loss). When |(w,w,)| > d~'/2, the loss
landscape L(w) is dominated by degree-k, spherical harmonics. The resulting SGD dynamics
behaves similarly to online SGD using Qx, ((w, z)) in place of Hey, ((w, x)).
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This suggests that algorithm (HeSGD) effectively restricts itself to the degree-k, subspace Vg, . As
a consequence, we expect its performance to be constrained by the query complexity lower bound
Q4(d*+), and its behavior to be similar to the degree-k, online SGD estimator (SGD-Alg) in Section 3.
We further provide an alternative perspective that highlights the role of the norm ||x||2 of the input
data in learning Gaussian SIMs:

Observation 2 (Informal, norm-invariance of dynamics). The SGD dynamics of [10] remains
essentially the same if the input x is replaced by 7 - & /||x||2, where 7 ~ x4 is sampled independently.

This indicates that the algorithm does not exploit the radial component ||x||2, and effectively operates
on the normalized direction z = x/||x||2. From our theory (Section 4), any such estimator incurs a
query complexity of Q4(d*+). In this sense, algorithm (HeSGD) is runtime-optimal among methods
that ignore radial information.

Landscape smoothing. To address the suboptimality of (HeSGD), Damian et al. [28] introduced a
landscape smoothing operator that averages the loss on a sphere around each parameter w € S%1:

min By, i) [c (W‘ﬂ . (SmLD)

weSd—1 \w+)\u||2

This modification achieves near-optimal complexities: m = ©4(d**/2) and T = ©4(dk+/2+1).

Observation 3 (Informal, low-pass filtering effect). Landscape smoothing suppresses high-frequency
components of the loss, effectively amplifying lower-degree harmonics. The initial phase of SGD
dynamics behaves essentially like optimization over Q1 ({w, z)) and Q2((w, 2)).

Thus, smoothing can be interpreted as projecting the dynamics onto low-degree harmonic
components—specifically, the statistics of the spectral algorithm (SP-Alg) associated to spheri-
cal harmonics of degree ¢ € {1,2}. In this sense, the first phase of the dynamics on (SmLD)
essentially corresponds to running SGD on the optimal spectral estimator (SP-Alg).

Partial trace estimator. In a subsequent work, Damian et al. [29] proposed an estimator based on
the partial trace of a Hermite tensor, inspired by techniques from tensor PCA. Their construction
begins with the empirical Hermite tensor:

. 1
T=— > Te(yi)Hey, (z;) € (RT)®F, (27)
1€[m]
where Hey, (x) denotes the rank-k, multivariate Hermite tensor, and 7, is the transformation defined
earlier. The expectation E[T] is proportional to w®+. To extract this principal component, they

compute a partial trace of the empirical tensor by contracting T with identity tensors. This results in
an empirical vector or matrix, depending on whether k, is odd or even. The resulting estimator is

. 1
: b= > Te(wi) P, (lill2):,

i€[m]

v

ke odd: wg = e

m (PrTR)
. - ~ 1
keeven: i = argmaxw' Mw, M = — Zﬁ(yi)Pk*(Ha:ng) [z;x] —14],
weSd—1 m i1
where F_ is a univariate polynomial derived from the contraction of the Hermite tensor. In the
odd case, a second refinement phase (see Section D) is used to boost w, from d=1/% to constant
correlation with w,. This estimator achieves the optimal sample complexity @d(dk*/ 2) and (near)
optimal runtime ©4(d*+/2*1 log(d)), matching the lower bounds for learning Gaussian SIMs (3).

Importantly, estimator (PrTR) corresponds precisely to the general spectral estimator (SP-Alg),
associated to the optimal degree ¢ € {1, 2} harmonic subspaces, using

Te(y,r) = Te(y) Pk, (r) with £ =1 ifk,isodd, and ¢ =2 ifk, is even.

Observation 4 (Informal, lower-frequency projection). Partial trace effectively projects the high-
degree Hermite tensor onto lower-degree spherical harmonic subspaces (£ = 1 or 2 for partial trace
over all but 1 or 2 coordinates).
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Although our estimator recovers (PrTR) in the Gaussian case, we emphasize that its derivation is very
different (including constructing the non-linearity 7;(y, r), see Appendix G). We construct it directly
from rotational invariance and harmonic decomposition, without relying on prior knowledge of tensor
PCA, contractions of Hermite tensors, or Gaussian-specific identities. We believe this alternative,
transparent derivation of (PrTR) highlights the advantages of the harmonic perspective when learning
single-index models.

Remark A.1. We further remark that if we normalize the input & and apply landscape smoothing or
partial trace algorithms to the data (y;, vVd - ; /|| x; l|2)icm) the sample complexity increases to at
least d**~1, and these estimators become suboptimal.

Remark A.2. Both landscape smoothing [19] and partial trace estimators [47] originate in the tensor
PCA literature, where a similar gap between ‘local’ and optimal algorithms arises—with dk+/2
versus d*+~1 gap in signal strength. It is intriguing to connect the phenomena observed in Gaussian
single-index models (Observations 3 and 4) to analogous behaviors in tensor PCA. We leave this
direction for future work.

A.4 Discussion on Gaussian SIM phenomenology

We provide below quick computations to justify the observations in Appendix A.3.

Observation 1: harmonic decomposition of the loss. First, note that
L(w) = 2 — 26, Eg[Hey, ((ws, 2))Hey, ((w, @))] = 2 — 2Tk, (w., w)",

and it is enough to consider the correlation loss. Let’s decompose the landscape into contributions
from the different harmonic subspaces: using the Hermite to Gegenbauer polynomial decomposition
in Eq. (20), we get

Eq[Hey, ((w., ) He, (w,2)] = Y Elfi. o(r)’|E[Qe((w., 2))Qe((w, 2))]

<k
1=k, [2]
[ 28
= D = EQu(w,w.)),
1<k d,0
(=k[2]

where [|Bx, ¢l|22/\/Mac = ©a(d~**/2) (see Appendix B). For |(w,, w)| > Ci,d~'/2, the leading
contribution in the loss (and its gradient) is ¢ = k, (recall that the leading term in Q,({w, w.))
is ©4(d"?)(w,w,)?). Informally, this implies that we could have replaced Hey, ((w.,x)) by
Qk, ({wy, 2)) in the above loss.

Observation 2: dynamics with independent norm. Let’s consider the loss (28) when we have
independent norms between the input and the signal:

E[Br, o(r)]”
E[Hex, (7 - (w., z))Hey, (7 - (w, 2))] = Kz; — iy 2w wn), 29)
=k

where E[Bx, ¢(r)]2/\/ftas = Oa(d~*+/2) (see Appendix B). In particular, the leading term £ = k,
remain the same between Eq. (29) and Eq. (28). Following the proof in [10] (see Section E), the
dynamics with same hyperparameters behaves similarly between the two losses (29) and (28).

Observation 3: low-pass filtering of landscape smoothing.  Again, it is enough to directly consider
the correlation term. Let’s decompose

w+ A\u ||ﬁk Z”
Burs s [Hor, (0., 2) o, (22 )| = > m L ww)

=k, [2]

where each frequency (28) in the original loss £(w) is now reweighted by
1 w+ \u 1 1+ X2
) = o ()] - e, o ()
T, |w + Aul|2 N 1+ 2)\Z + A2
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When A = 0, we indeed have m,(0) = Q(1)/ /Mg = 1. For A > 1, we have m,(\) < 1/)\*, and
as long as |(w, w.,)| < A7L, the loss (and its gradient) are dominated by frequencies ¢ € {1,2}.

A.5 Correlation queries and the information exponent

In the main text, we focused on the generative exponent introduced by [29]: this notion tightly capture
the optimal complexity of learning Gaussian single-index models among Statistical Query and Low-
Degree Polynomial algorithms. An earlier notion—the information exponent—was proposed in
[40, 10]. Specifically, for scalar labels ) C R, the information exponent (IE) of p is defined by

ki(p) = argmin{k > 1 : E,[YHex(G)] # 0}. (30)
This exponent captures the complexity of learning with so-called correlation statistical query (CSQ)
algorithms, which only access labels through correlation statistics y¢(x). In other words, using the
terminology introduced in Appendix C.1, it captures the complexity of Q-restricted SQ algorithms,
with
Q = Qcsq :={¢(y, ) = yp(x) : ¢ measurable function}.
We denote CSQ(q, 7) := Qcsq-SQ(g, 7) this restricted class of SQ algorithms.

For CSQ algorithm, Damian et al. [28] showed lower bounds within the Q-SQ framework of
m = 0g4(d"P/2) T =@4(dh)/3T), (31)

Note however, that only the generative exponent reflects the fundamental hardness of the learning
task: indeed, we always have k,(p) < ki(p), with k.(p) always one or two for all y polynomial
function of x (while k| (p) = k if y = Hey,(G)). In the case k. (p) < ki(p), the complexity predicted
by the information exponent can be improved upon by using non-correlation queries, such as using
a non-correlation loss [29] or by reusing samples [32]. Nonetheless, IE remains relevant in several
natural settings, such as online stochastic gradient descent on the squared or cross-entropy loss.

Below, we discuss how to recover this information exponent from our harmonic framework when
considering Qcsq-SQ algorithms. Introduce the CSQ query complexity

QCSQ( )

=1 HECSQII
where we defined

1
SRV, R) :=Yq(R),  quR):=

WEud [YQZ(ZNR]-

Adapting the proofs in Appendix C.1, we obtain the following query complexity lower bound:

Proposition 1 (CSQ lower bound). Fix vy € £4. If an algorithm A € CSQ(q, ) succeeds at
distinguishing P, «, from P, o, then we must have

q/7% > Q5%(uy). (32)

Using the non-linearity 7¢(Y, R) := Y ¢, ¢(R) in our algorithms (SP-Alg), (SGD-Alg) and (T U-Alg)
described in Section 3, we can prove the same Theorems 2, 3, and 4 with sample complexities
replaced by \/nae/ €57 €3Q)2 72 and runtime complexities replaced by nq.¢/||€;7 €3Q)2 72 (one simply plug
these nonlinearities in the theorems in Appendices D, E and F).

Specializing to the Gaussian case, one recover the exact same result as in Section 4, but now with k,
(generative exponent) replaced by k; (information exponent) of the Gaussian SIM p. In particular, for
all ¢ < k;, we have

||£§’S£QH%2 =d~®=9/2 forf = kymod 2 and ||£§2QH%2 < d==HD/2 for ¢ £ ky mod 2.

Similarly to the generative exponent case (and general SQ), the optimal degrees for learning Gaussian
SIMs with CSQ algorithms are always achieves at I . = |1, € {1,2}, with the spectral estimator
(SP-Alg) achieving

m = @d<dkl(P)/2)’ T=0, (dk| /2+1)
Similar results as in Section 4 hold for learning with CSQ algorithms without using the norm ||x||2.
We note, however, that here, non-CSQ algorithms can achieve much better performance (attaining the
complexity predicted by the generative exponent).
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B Harmonic analysis on the sphere

In this section, we overview some basic properties of spherical harmonics, Gegenbauer polynomials,
and Hermite polynomials. We refer the reader to [75, 24, 25] for additional background. In addition
to these classical results, we provide an explicit harmonic decomposition of Hermite polynomials
into Gegenbauer polynomials, which we use in our analysis of Gaussian single-index models.

B.1 Spherical harmonics, Gegenbauer and Hermite polynomials

Spherical Harmonics. Consider the d-dimensional sphere S¢~1 := {2 : || 22 = 1} with uniform

probability measure 7, = Unif(S?~!), and its associated function space L?(S?~1) := L2(S?~!, 1)
equipped with the inner product:

(f,9) 21y = /esd 1 f(2)g(z) 74(dz), forany f, g€ L*(S?1).

We will denote (-, )2 := (-, ) p2(ga-1y and || f|| 2 = (f, f)lL/f(Sd_l) when clear from context.

For ¢ € N, consider Vd,f be the space of degree £ homogeneous harmonic polynomials (i.e. homo-
geneous polynomial ¢ : R? — R with Aq(-) = 0). Let V;, be the space of functions by restricting

the domain to S¢~! of functions in f/d, ¢, that is degree-¢ spherical harmonics on S%~!. We have the
following orthogonal decomposition

A8 @VM (33)

The dimension of each subspace is given by:

. d+20—-2(d+(-3
dim(Vig) = g = 22 ( )

d—2 l
For each / € N, we further fix {Yl,(id) : 1 € ng} an orthonormal basis on Vg 4
d d
Ve VD)., = 0.

Remark B.1. If one considers the unitary representation p : Oy — U(L?(S?~!)) of the orthogonal
group Oy = {R € R¥*4 : RTR = 1,} given by

p(R) f(z) = [(R2).

The decomposition (33) corresponds to the irreducible decomposition of this representation, that is,
the decomposition of Lz(Sdfl) into a direct sum of irreducible representations of Oy (see [25] for a
detailed treatment on the subject).

Gegenbauer Polynomials. Let 741 denote the marginal distribution of the first coordinate (z, e1)
with z ~ 7,. We consider the family of Gegenbauer polynomials on L?([—1,1],741), denoted by

{Qéd) : £ € N}, where Qéd) is the degree-¢ polynomial satisfying

1
d d d d
[ @ @a @i = [ ol el (s e mldz) = b
1 -
A relationship between the spherical harmonics and Gegenbauer polynomials is as follows:
Q" (2,2 Z YD (2)v P (2), forall 2,2’ € 41 (34)
d¢ SG ng, [

Another important relationship is for any w, v € S~

QW ((w, v
(@G, @t wn) | = Pt 39
’ J4
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where Qéd) (1) = \/May as derived in Eq. (45) in the next section. We note that the normalization of

Gegenbauer polynomials considered here is such that ||Q§d) | 2(ry.,) = 1 holds. Another popular
choice is such that the value at 1 evaluates to 1 which we shall explicitly refer by the family of

polynomials {Pe(d)}geN. The normalizing factor is such that Pe(d)(-) = Qy)(-) / /e

The derivative of the £*" Gegenbauer polynomial for > 1 can be expressed as

i (d) () ;. é(f +d— 2)1/Tld72 d+2 . d.v (d+2)
L9 () =0,(2) VBN RSNy k1(2) =Cd, 0 Q7 (2),  (36)

where for a fixed constant ¢ and growing d, we have C(d, £) = ©4(v/d). Let f € L?(S%!, 7,) such
that f is invariant by the action of O, = {W € Oy: Wlw = w } which is the set of orthogonal
matrices which keeps the direction w fixed, i.e. f only depends on the projection (w, z). Then f
admits the following decomposition

d
1(2) =Y (w, 2)). (37
£=0
Hermite polynomials. Consider the probabilist’s Hermite polynomials {Hey : k£ € N}, in the
a2
normalization that form an orthonormal basis of L?(R,~), where y(dz) = ¢ \/27:2 is the standard
Gaussian measure. Hey, is a polynomial of degree k£ and
Egn(o,1) [He; (G)Her (G)] = djp. -
As a consequence, for any g € L?(R, ), we have the following decomposition
9(z) =" mr(g) He(z), 1x(g9) = Egono,)lg(G)Her(G)] .
k=0
B.2 Harmonic decomposition of Hermite into Gegenbauer polynomials
The Gaussian distribution & ~ N(0,I;) admits the polar decomposition
x = |z|s - i7 where ||x||2 =: 7 ~ xq and T Unif(S?~1) are independent.
]| (]2

Therefore, 1 = r - w1, where 1 ~ N(0, 1) and z; ~ 741. In what follows, we denote = x; and
z = z for convenience. The Gegenbauer polynomials are an orthonormal basis for 741 and Hermite
polynomials are (unnormalized) orthogonal basis for N(0,1). Our goal is to explicitly express

Hey(x) = Heg(r - 2) in terms Gegenbauer polynomials {Qéd)(z)}, formalized in the following
proposition.
Proposition 2 (Decomposing Hermite into Gegenbauer). For any k € N, we have

Her(r-2) =Y Bre(r)QV” (2), (38)
=0

where By ¢(r) = 0if (¢ > k) or ({ # k mod 2), and otherwise
VEWK(d,? N (NY(_1)N—i 42
Bree(r) = N1 Q(N ) Z (l)i(Hl . ) (39)
o) 2 T+ 2))
where N = (k — ()/2 and K (d, ¢) < d* as d — oo and { is constant, i.e. K(d,{) = ©4(d").

Essentially, we are decomposing the Hermite basis into the Gegenbauer polynomials, which is the
correct basis for the “directional” component z, and explicitly computing the coefficients that depend
on the radial component 7. Such relationship is derived by technical algebraic manipulations, and in
similar spirit to [60], relating Hermite and Gegenbauer polynomials. However, the precise expression
is sensitive to the normalization used for Gegenbauer polynomials. Thus, we provide an explicit
calculation of this decomposition in Section B.3.

For our upper and lower bound analyses, in order to measure correlation of Hey (r - z) with di) (2),
using both type of queries (with or without norm), the asymptotic bounds on the following moments
of these coefficients will play an important role.
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Lemma 3. For any fixed ¢ < k € N with same parity, i.e. k = ¢ mod 2, we have

Erroxa[Br,e(r)?] <

and By, [Bra(r))? =< d=* =0

In order to show this lemma, we will use the following well-known facts.

Fact 1 (Moments of x4 distribution). For any p € N, the even and odd moments of x4 distribution
are given by,

p—1
Er,[r] = J](d+29),
=0 (40)
p—1 _
2p+17 _ :
Errn, [r?P ]-]E[r]j[[o(d—i-Zj—Fl) d/2 I;Id+2]+1

Therefore, for any fixed m € N, the asymptotic behavior of the m*™ moment as d — oo is given by

[m/2]-1
B, [r™] < (\/E- 1{m = 1 mod 2}) I @+2)).
j=0
Fact 2. For any univariate polynomial g : R — R, the n*" forward finite difference of g at any value
u is given by

n .
A" = -1 ) .
ot =3 () 0ot )
For any polynomial g, the n*" forward finite difference A"g(u) = 0 if deg(g) < n and A"g(u) is a
non-zero constant if deg(g) = n. Moreover, for any polynomial given by shifted binomial coefficient
of degree n, with shift uy € R

(u+ug)(utu —1)---(u+u —n+1) (u—!—uo)

n! o n ’

In (u) =
the constant value of n'" forward finite difference is unity, i.e. A"g(u) = 1.

Proof of Lemma 3. We will use the above facts directly along with K (d,¢) = d* and N, k,( are
constants (not dependent on d) from Proposition 2 throughout the proof. We start by the first part of
the claim

21 _ & n ﬁ;) 1)2N " mE[ 2Z+2"+2m]
ErxalPre(r)] = yzgaw & (;)mzjo T 2 [ 1(d+2])>

N 2N—n—m Z+m+n 1 d 2
<ZZ ) Y H d+ J)> (using Fact 1)

o S SR | AR 1<d+2j>n’"+f Y(d +2j)

n=0m=0 j=m-+L j=n+L

*m ZZ( )( ) e ] e T e
S 3D I I IGH RIS | RTARV | RERRY)

n=0m=0 j=m+~ j=n+L
(ht) N N N+0—1 N l+m+n—1
a2 (S (Ve I @ (S (3o T v
n=0 j=n+¢ m=0 j=m+L
N N+/4—1 N
(k—0) N +m+n-—1
=d 2 ( ) —1)N-n (d + 2j) ( ) ( )2"n!

33



We are now going to show that term inside the parenthesis is some constant independent of d. A
priori it may seem that it depends on d, however, we have a sum with alternative positive and negative
signs and we will show that all the terms that depend on d mutually cancel out.

To show this we first observe that g(m) = (%”“n*"*l) is a polynomial of degree n given by binomial

coefficient. And, therefore, the N*® forward finite difference A™ g(m) = 0 for any n < N, or simply
1 for n = N using Fact 2. Formally,

N d
N 5 -1
§ ( >(_1)Nm<2 +m+n )2"11':2”7’),' '5Nn7
0 m n

where the scaling factor of 2"n! of the polynomial g(m) can be taken out as the forward finite
difference operator A™ is linear. We conclude that

E[Bre(r)?)
N N+0—1 N d
(k—0) N N S+m+n-—1
=d- —1)N-n ; _1\N-m|[ 2 o
X (V)evy T0 @2 (z (s (Brm e, n>
n=0 j=n+¢ m=0
N N+4¢—1
(k—0) N
—d 7 — N . 9npl
2 <n)( H (d+2]) 5Nn 2™n
n=0 j=n+L
xd_(k;b

‘We now show the second part that

E[Br,e(r))* < d=*70.

Let us consider any k, ¢ such that they have the same parity k = ¢ mod 2. We have

CVEYK ) (& () ()N R
]E[ﬁk,é(r)} - (N‘) 9N (Zz:; H£+l 1(d+ 2]) >

N /2] +i—1 .
= d¢/? (\/E 1{¢{ =1mod 2}) (Z (ZZI)( HN- 1HH2+1 1(d(jlr;]2)j)> (using Fact 1)

1=0
N
= I/ (Z (N) Y N )
2 L (d+2))
vdw/zsz:< ) 5 (d+2))
- — O+i— .
= th H(d o+ 2) TTE i@+ 29)

dw/z] N N N,Z-N—H 1 .
= T 2 +0d(1))<i)(1) 11 @+2j).

i=i

In the last line, we used the fact that k = ¢ mod 2 and N = (k—¢)/2 and thus forevery 0 < i < N,

N+i—1 i+£—1 N+i—1 2] L4+i—1 2j
2 24) = N +/2 1 1+ 2
[T @2 ] @ezp=a=e I (1+%) T (1+%

j=i j=L/2+i j=i J=1e/2]+i
=(1+ 0q(1)) aV L2

and

(k; 0) k40

—1e2) = o e 2] = T - 2] = T2
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Continuing to simplify the original expression

d[@/z“ N N _N—H'—l
[ﬂk/ drk/2121+0d ()(1) - H (d+2])
Jj=1
N d .
N i[5 +i+N-—-1
= —N=i( 2 2NV N1
S () ()
—d 72NN' = d "7
d+1+N 1 .
Here the last line followed from the fact that the polynomial g(i) = ( ) is of degree NV given

by a shifted binomial coefficient, and thus, the N th forward finite dlfference of g is constant, which in
this case is just 1 by Fact 2. We finally conclude the proof by noting that E[8 ¢(r)]? < d==9. O

B.3 Proof of Proposition 2

We now return to the deferred proof of Proposition 2. First, we use the explicit expression of Hey so
that |Heg ||z = 1.

Lk/2] ( 1)m k—2m Lk/2] my. k—2m k—2m

Hey(r-2) = Heu(a) = VI > oo o 7fzm,1) F @

—2m)! 2m

k—2m

Our goal is to express 2#=2m in terms of Qe (z) to get the final decomposition. To this end, we use
the explicit expressions computed with (a different normalization) of Gegenbauer polynomials. In
particular, using [39, ]

[n/2]
n! a+n—21 1 (@)
"= — E C 42
N n Q Mo+ 1)ny noa(2), (42)

where (b), is the rising factorial and C’é (z) is an unnormalized Gegenbauer polynomial Q(d)( )
with o = (d — 2)/2 satisfying

2172914 + 2a)
) (2)C 2y E s — g 43
[ I “
We can express Cé @) z2) /K (d,£) (d) ) where K (d, £) can be computed using

L[ a@ye 1 A2 g _ L2yed

= C de) = ——— C 1—2%)¢ d
i | OO ) = s [ e 1= )
where B(-, -) is the standard Beta function. We can use Eq. (43) to compute
21720 D (0 + 2
K(d,0) = —— T2 T+ 20) (44)

B(a+3,2)0(+a)(a)?

It is straight-forward to simplify

VT2 (04 20)T (e + 1) /72 72°T (0 + 2a)a
Do+ 10 +a) (@2  Tlat+ )0 +a)l(a)
al' (L 4 2« 1 1%

_ M (- T(a)y(a+ 1) = a2l =2°T (20))

_(d=-2)Td-2+¢  (d—2) [(d+(-3

S0 (d-2+200(d-2) (d+212—2)< 1 ) Oa(d").

Also substituting Céa) (1) from [85], we obtain

@, O [0(a+0T@2a) TQRa+6)  |d+20—2(d+(-3\
‘ ()_\/m_ ol2a+0)  TQa)! d_2< ¢ )— Nd,f -

K(d,0) =

(45)
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We are now ready to combine the equations derived and compute the desired decomposition Eq. (38).
For any M € N, we let ={meN:m< Mandm =M mod 2}. Recall from (41)

I-k/QJ( 1)m k—2m k: 2m (k m)/27,m u™
Hey(r-u) = ‘FZ mi(k — 2m)l _2m = Vil Z mi( k: m)/2)! 2(=m)/2
mE
(Change of variables)
(k m)/2,.m m! Lm/2] a—+m—2l 1
()
= V! Z m!( k: m)/2)! 2m2(k—m)/2 Z o+ 1)y ConZo(w)
mE
(Using (42))
(k m)/2,m 1 a+/ 1 (d)
= K(d, /¢
VB S S m X G e T VRGO 90
me KE
(Changing ¢ = m — 2[ and C(O‘) VK(d, 1) ng))
k
a+/l —1)(k=m)/2pm 1
d E Z Q(d) Z ( k-) 2\ 9(k+m)/2 |
20 k—m)j2) 2652 ((m— /2N a+ Dimrsy 2
ZG m=k mod 2

z u)Br.e(r), whereif £ & | k |then By (r) = 0.

=0
Otherwise, letting N = (k — £)/2

B a+/t b (—1)te=m)/2pm
Bre(r) = k! K(d, £) o mZ:e ((k —m)/2)1 2+m)72((m — 0) /2)} (e + 1) (1) /2
m=k mod 2

a+l N (_1)N7ir€+2i . ‘
' =
k'K (d, ) " (; N = )20 072 () (o + Dot (changing m = £ + 21)

= VR K(d, £) a+¢ (zN: (N> (_1)N—i7a€+21> |

(NH2N  « 26t (a4 1) 44

=0
Recall that « = (d — 2)/2 here, and thus

l+i—1 l+i—1 d 9 l+i—1
L+i L+i N ol+i — A .
2 (4 1)y =2 1'[()(@+1+J)_2 HO<2+1+J>_ Ho(d+23).
Jj= Jj= Jj=

Thus, for / = k mod 2

_ N—ié 21
Beslr) = VK@, ) d+ 20— 2(Z(N> (—1)N=ipt+ )

(N2 d-2 1546 (d+2)

The lemma follows by redefining K (d, ¢) with K (d,£)(d + 2¢ — 2)?/(d — 2)? = ©4(d*) .

=0
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C Statistical Query (SQ) and Low-Degree Polynomial (LDP) lower bounds

In this appendix, we briefly review the statistical query (SQ) and low-degree polynomial (LDP)
frameworks and present the proof of Theorem 1. In particular, we provide an interpretation of our
lower bounds in terms of subproblems with queries restricted to the harmonic subspace Vg ;.

C.1 Statistical Query lower bounds

The Statistical Query (SQ) framework, introduced by Kearns [53], models algorithms that interact
with data only through expectations of query functions, rather than direct access to samples. The
complexity of these algorithms is measured up to some worst-case tolerance on these expectations.
While based on worst-case error rather than sampling error encountered in practice, the SQ framework
has proven remarkably effective in analyzing the computational complexity of statistical problems,
often yielding accurate predictions for algorithmic feasibility. We refer to [22, 71] for additional
background.

Below, it will be useful to present a variant of SQ algorithms, called query-restricted statistical
query algorithms, introduced in [50]. In this model, queries are restricted to a set @ C RY xRY of
measurable functions V x R% — R. We denote Q-SQ(g, 7) this class of algorithms, with number of
queries g and tolerance 7 > 0. We will mainly consider the standard case of unrestricted queries,
denoted SQ(q, 7), where Q contains all measurable functions. In Appendix A.5 we discuss the case
of correlation statistical queries (CSQ).

Our lower bounds hold for the detection problem (hypothesis testing) of distinguishing between
(P, 0w e ST} V.S. {Py,.0} (46)

Below, we describe Q-SQ algorithms in this context.

O-restricted SQ algorithm. For a number of queries ¢ and tolerance 7 > 0, a Q-restricted SQ
algorithm A4 € Q-SQ(q, 7) for detecting SIMs takes an input distribution P from (46) and operates
in ¢ rounds where at each round ¢ € {1,...,q}, it issues a query ¢; € Q, and receives a response v;

such that
|ve — B[ (y, @)]| < 7/ Varp, (1), 47)

where we set Py to be the null distribution (that is, P, o here). The query ¢, can depend on the past
responses v1, . .., V¢—1. After issuing g queries, the learner outputs A(P) € {0, 1}. We say that A
succeeds in distinguishing P, ., and P,,, o, if A(P,, ) = 1 forall w € S*~1, and A(P,, ) = 0.
Remark C.1. The variance scaling on the right-hand side in (47) is non-standard in the SQ literature.
It is introduced here as a convenient way to normalize queries, which is necessary for 7 to be
meaningful. We note that other normalizations are possible and refer to [50, Remark 3.1] for a
discussion.

General lower-bound. The following proposition is a simple, standard lower bound on the query
complexity based on the second moment method (e.g., see [50]):

Proposition 3 (General Q-restricted SQ lower bound). Fix vy € £4. If an algorithm A € Q-SQ(q, T)
succeeds at distinguishing P, «, from P, o, then we must have

-1
VarwNTd {Epud,w ¢}
sup
g0 Varp, {0}

q/T* > (48)

Proof. Consider A € Q-SQ(g, 7) and denote ¢1, ..., ¢, € Q the sequence of queries issued by A
when it receives responses v; = Ep, ,[#:],t € [g]. Here the responses are fixed and deterministic,
and the queries {¢; };c[q do not depend on the source distribution P, ., and in particular w. By
union bound and Markov’s inequality,

q VarwNTd {EPU w ¢t}
Pwer, (3t € [q], [E - % <. a
o (3t €10 [Be,, ol =il >y Varm, ,[61]) < 75 - sup —oe =

q VarwNTd{EPud,w¢}
< — - sup .
T2 4eo  Varp,, {9}
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This implies that the v; = Epydvo[qﬁt] responses are compatible for all ¢ queries with positive
probability over w ~ 74 whenever inequality (48) is not satisfied, and A fails the detection task in
that case. This concludes the proof. O

The query complexity bound in Theorem 1.(i) follows from Proposition 3 with unrestricted queries
Qsq and the following identity:

Lemma 4. For vy € £, and Qsq the class of unrestricted queries (all measurable functions), we
have the identity

Vary~r, {Ep,, ., ¢} €a,ell32 1
su : . =sup ——— =: Q* v . 49
¢EQ€Q Varpu(bo{d)} 421:1) ndl [ ( d)] ( )

We defer the proof of this lemma below to Section C.1.1. The identity (49) shows that the lower bound
effectively decouples across the different harmonic subspaces. Below, we provide an interpretation of
this result: if we restrict the queries Q to be in V¢, then the SQ lower bound becomes nq.¢/||£q,¢ |2L2
Specifically, for each ¢ > 1, define Qsq ¢ to be the set of all queries ¢(y, «) than can be written as

Sy @)= > guly.r)Vis(2), (50)

SE[nd_z]

where {Ygs}se[nu] is a basis of V; ,. Then by Proposition 3 and the proof of Lemma 4, we have:

Corollary 3. Fixvg € Lqand( > 1. Ifan algorithm A € Qsq -SQ(q, T) succeeds at distinguishing
Py, w from Py, o, then we must have

—1
q/m* > | sup Varwr, B2, w0} _ _Mde

= % (51)
P€Qsq,¢ VarPyd,o{d)} ”Ed,f”%ﬁ

For each £ > 1, we show algorithms with queries restricted to V¢ as in (50) that matches this
lower bound. Thus, effectively, the problem decouples into subproblems, one for each V; ,: on each
harmonic subspace, we have a matching upper and lower bound on the query complexity, and the
optimal algorithm is obtained by choosing the optimal degree ¢ that attains the maximum in (49).

C.1.1 Proof of Lemma 4

For clarity, we drop the subscript v4 below and denote P, := P, ., and Py := P, o. Note that a
property of the null distribution is that

Eq [Ep,, [9]] = Ep, [4],
that is, Py is the marginal distribution of (y, «) under the uniform prior w ~ 74. Thus,
Var,{Ep, ¢} = Eq [|A¢(w)|2] , where Ag(w) =Ep,[¢] — Ep,[6].
Let’s introduce the Radon-Nikodym derivative and write

8o(w0) = Br, | (G2 0m,2.7) ~ 1) a0, 21|

Recall that the likelihood ratio decomposes into Gegenbauer polynomials as (equality in L?(IPg))

dP,,

W mT) = 1= CaroM)Qe((w,2), Gaelyo.) = En[Qu(2)Y = o, B =1].
=1

Similarly, we can expand ¢ € L%(PPy) as

O(yo, z,m) =Y s (o, m)Yes (2),

£=0 s€[nq,¢)
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where {Yis}r>0,se[ng ] 18 an orthonormal basis of spherical harmonics in L*(S*~!). Using the

identity Q¢((w, 2)) = ny é/Q Zse[nd .1 Yes(w)Ys(2), we obtain the decomposition

Z Z Yis( EPO [€a,0 (Yo, T)cves (Yo, )]

=1 s€[nq,¢] N,
and thus,
Ep, [€a,0(yo, )ves (Yo, 7)]?
RIVEEE DS sanln ),
=1 S’E[’nd (]

Denote Py = Zse[nd J s Yys the projection on the degree-¢ harmonics. We can decompose the
supremum over ¢ € Qsq as

Ew[|Ag(w)]?]
¢S€uQIZQ Var]P’o ((,25)

||Pe¢||L2 Ep, [€a,0(yo, ) oves (40, 7))
2 2 [Peo||2

= sup

$EQsq Ze>1 ||P1’¢’HL2 0>1 s€[na,c]

- ZHPanz p 209N
$€Qsq Dt>1 ||Pe¢\|Lz = nae |velavn  1PI7
l€a,ell?
B Yoot IPedllfa =50 2 a2
= sup sup ———=,

$€Qsq 2521 ||Pf¢||%2 a 21 MNdy

which concludes the proof of this lemma.

C.2 Low-Degree Polynomial lower bounds

We now consider sample complexity lower bounds within the Low-Degree Polynomial (LDP) frame-
work, another powerful tool for studying computational hardness in statistical inference problems.
We refer to [45, 55, 73, 83] for background.

Below we follow the presentation of [29]. The planted distribution with m samples is generated by first
drawing w ~ 74 (uniformly at random on the sphere), then sampling m points (y;, ;) ~iid Py, w. -
The null distribution corresponds to (y;, @;) ~4iq Pu, 0. The likelihood ratio in this model is given by

dP,, w
R((i> @i)iepm)) = Euw aP,,

i[m] va,0

(yi, i)

We consider the orthogonal projection P<p (in L2 (P,@?ﬁ))) onto degree at most D polynomial in z;,

that is, we allow arbitrary degree on the scalars (y;, ;). We denote
R<p((Yis Ti)ie m]) P<pR((yi, wZ)zE[m]) (52)
Informally, the low-degree conjecture [45] states that for D = wy(log d):

* Weak detection hardness: If ||R<pl|3. = 1 + 04(1), then no polynomial time algorithm
can achieve weak detection between E,, [P35, ] and P?I{), that is, have a non-vanishing
advantage compared to random guessing.

* Strong detection hardness: 1f | R<p||3. = Oq4(1), then no polynomial time algorithm can

achieve strong detection between E,, [P?;j;u] and IP’?L%, that is, have vanishing type I and II
errors.

Below, we state our results for weak and strong detection for a sequence of spherical SIMs {vg}4>1
with v4 € £4. Recall that we defined:

M, (vq) = inf _Vhde

e>1 ||€q,e]|3 2

39



Without loss of generality, we will assume that M, (v4) = Og(poly(d))—that is, the model can be
solved in polynomial time—as stated in the following assumption:

Assumption 3. There exists p € N such that the sequence {vg}q>1 satisfies M, (vq) = Og(dP/?).

We can now state our bound on the low-degree projection of the likelihood ratio in this problem.

Theorem 5. Let {v4}4>1 be a sequence of spherical SIMs vy € £, satisfying Assumption 3 for some
integer p € N. Consider the detection task with m samples as defined above. There exists a constant
¢ > 0 that only depends on the constants in Assumption 3 such that if D < cd?/ (Pt then

pp/2—1

D
2 1< D=
Repls 1Y (mig o
s=1

e(p + 1)1)‘ | 53)

In particular,

(i) (Weak detection.) If m = oq4 (g;};ﬂ ), then |R<pl|2. =1+ oq(1).

(ii) (Strong detection.) If m = Oy (,’;";}2”53 ), then |R<pll7. = Oa(1).

The proof of this theorem can be found in Section C.2.1 below.

Combining this theorem with the low-degree conjecture stated above, we conclude that no-polynomial
time algorithm can detect (and thus, estimate) the spherical single-index model P,,, ., unless

m Z M*(l/d).

We further remark that we recover the tight threshold M, (14) / DP/?~! from [29]. Indeed, consider the
case of Gaussian SIM with information exponent k,. We can set p = k,, and our bound recover the
(conjectured) optimal computational-statistical trade-off d+/2 /D¥+/2=1 from [29], which matches
the optimal known trade-off in tensor PCA [84].

Decoupling across harmonic subspaces. Again, we provide an interpretation of this lower bound
as the optimal lower bound among subproblems indexed by ¢ > 1. For each ¢ > 1, we consider the
task of detecting single-index models only using degree-¢ spherical harmonics. Consider polynomials
that are product of degree-¢ spherical harmonics in z;, and denote P<p , the projection onto this
subspace, that is

R<p.e. ((Yi, Ti)icim)) = P<p e R((Ys, Ti)icpm)) = Z Ee lH Ea,0(Yi, i) Qe((w, 25))
ScC[m],|S|<|D/¢] i€S
Then we have the following upper bound on the norm of this projected likelihood ratio.

Corollary 4. Let {v4}q>1 be a sequence of spherical SIMs vy € £4 satisfying Assumption 3 for
some integer p € N. Consider the detection task with m samples as defined above and fix an integer
L, > 1. Then for all D > 1, we have

LD/2.] 0. /2—1 2

eD* ||€d€ 2
IR<pelliz—1< Y (m — : (54)
T Vd.e,

s=1

By analogy with the low-degree conjecture, we expect that no polynomial-time algorithm only using
degree-/ spherical harmonics will succeed at the detection task, unless

VALZ N (55)

€a,e.

It would be interesting to make this subspace-restricted low-degree polynomial statement more formal,
and we leave it to future work. Our harmonic tensor unfolding estimator matches this heuristic sample
lower bound (55) for each ¢, > 3.

mz

5 -
L2
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C.2.1 Proof of Theorem 5

Recalling the expansion of the likelihood function into Gegenbauer polynomials, we can write

dPy,, w

Vd,o

R<p((isri: Zi)iem) = P<oBuw | [

i€[m]

(yiaTia Zi)

Yo Eo| [T Ge(irdQu((w, 2:))

L+ 4Ly <D ic[m]

The norm of this projection with respect to P?m is then given by

[1€a,e.172 ,
||R§D||%2 = Z E’w’w' H #Q&'“waw >) ’ (56)
Ot oAl <D ieim] VTd.e;

where we used

d¢
E=[Q((w, 2)Qx((z,w'))] = ——==Qu((w,w")).
Let’s separate the zero degrees from the non-zero degrees in (56):

D 2
||RSD||%212(T> > Euw H”fﬁ;if@zi«w,w’»

s=1 1<y,....£s<D i€[s]
Li+..+£,<D

To upper bound the expectation, we will not be careful and simply use Holder’s inequality and the
hypercontractivity (Lemma 20) of Gegenbauer polynomials,

Euwaw | [] Qutw,w))| < T IQulee < I 5%/

i€[s] i€[s] i€[s]

We obtain the upper bound

D 2 D
2 1< m fi/2H§d;‘€i||L2 < m s
Reolie-1= X (") X I welie <3 (7 )otor 0

s=1 1<y,....,6s<D i€ls]
l1+...+L:<D
where )
2
p(s,D) = E :ypw.
=1 V1L

Let’s upper bound p(s, D). By definition ||£4,¢||32/nq4,e < 1/M, for all £ > 1 (where we denote

M, = M, (v4) for simplicity). Furthermore, by Assumption 3, we have M, < Cdr/?. Using
I€a.¢llL2 < 1, we deduce a second upper bound

I€aellZs _ - d?
Vide —  Mioymag

Separating ¢ < p and ¢ > p, we get

€/2 D gt/2qp/2  ¢p/2 D plt=p)/24p/2

P
s E
D) < M s S
(s, )—Z M, +C Z Myy/mae — M. p+Ce:p+1 Viae

Using that for £ < D < \/d, we have ng s > C(Z) > c(d/¥)* for some constant ¢ > 0, the sum
simplifies to

D

(t—p)/2 gp/2 d (e=p)/2 gp/2pt/2 o0 2\ ¢ p/2+2
> T co Y T <oy (%) <o
(=pt1 Nd,e (=p+1 d —1
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Assuming that D < d?/®+49) /C, we deduce that
sP/2

A

p(s, D) < (p+1).

Thus, we obtain

a1 £ ()< (2 )

s=1

which concludes the proof of Theorem 5.

Restricted projection. Consider the likelihood ratio projected onto product of degree-/,. spherical
harmonics. The proof is particularly simple in this case:

2, —1= LDX/Z:*J <m> (W”%z)E Qe ((w, w'))*]
* L p s \/W w,w C % 9
D/t s .
sl /2
32::1 ( S ) < ,/n,u* > 5

[D/¢.] eDb/2— 2 \°
< m Ll g2

D Spectral estimators

IN

which proves Corollary 4.

In this section, we provide details for the spectral algorithm (SP-Alg) and prove Theorem 2.
Requirement 1. We are going to implement our algorithms on Ty satisfying the following criteria.

L |[Tell2 = Land By y 2y, [Te(y, 7)Qe(2)] := Bae > 0 (w.Lo.g.).
2. There exits k¢ > 1, k € N, such that, for any p > 3, we have || T¢||p < K¢ pk/2

Note that a transformation 7, satisfying Assumption 2 is a special case of this requirement with & = 0
and Bq¢ > ||€a,¢]| L2/ ke, and thus the theorem will follow by invoking the guarantee for this more
general 7Ty satisfying Requirement 1. We first specify the spectral algorithm.

Algorithm 1: A spectral algorithm on the frequency £ = 1 and ¢ = 2.

Input :Anexample set S = {(x;,y;) : i € [m]|} ~4iq Pu,, the frequency £ € {1,2}, and a
transformation 7.
Output : An estimator @ € R?.

Decompose x; = (74, 2;)-
if ¢ = 1 then
Let v, := % Eie[m] ﬁ(yu Ti) \/gzi-
W = R
end
if { = 2 then
Let M, = LS To(yi,ri)(dziz] —1g).
Let w = v1(M,,) be the eigenvector associated with the highest magnitude eigenvalue .
end
Return w .

D.1 Analysis of { = 2
Let M* := E[M,,] and (A}, v]);c[q be eigenpairs of w* such that [A]| > --- > |\}]. We first

show that the top eigenvector v = w, with A} = (1 + 04(1))84,2 and the other eigenvalues are of
vanishing order relative to A7.
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Lemma 5. We have that M™ has top eigenvalue \; = (1 + 04(1)) Ba,2 with v1(M™) = w, and
Sforany 2 < i <d, we have |\I| < %1.

Proof. We have that B, . 2y, [T(y,7) | 2] = 3,2 Ba,eQe((ws, z)). We now analyze M”*
through its quadratic form: for any w € S?~!, consider

1

T * = — T T

w M w E(yirizi)~ T (yi,rmi)d iz — 1
m; (yi,7ri,21) ]P’w*[ (y 7") w (ZZ d)w]

= E(yﬁ,z)wﬂ”w* [T(y7 T)(d<w7 Z>2 - 1)]

= (1 + 0a(1)E 2y [T (5:7)Q5 ((w, 2))]
(d)

— (1 + 04(1)) B, L2 0 w2) (%’,:U*»

where we used the fact that Qéd) (2) = (1 + 04(1))(dz? — 1). As di) (+) has its maximum value at
1. Clearly, the w" M *w is maximized for w = w,, and thus it is an eigenvector with the eigenvalue

A= (1+0a(1))Ba2Q8" (1) / itaz = (1 + 04(1))Ba,2 -

It suffices to show that the other eigenvalues are of much lower magnitude. For any w 1 w.,, we
have di)(<'w,w*>) = gd)(()) = (14 04(1))(—1), and thus, for 2 < i < d, we have

Baz _ A
A4 = (1 1)) == < 2
NI = (4 0a(1)- 22 5 7
which concludes the proof of this lemma. [

Our goal is to ensure that the top eigenvectors w = v1(M,,) and w, = v1(M™) are close to
each other, when m is chose sufficiently large. By Davis-Kahan’s theorem, it suffices to show the
concentration between the empirically estimated matrix M ,,, and its expectation, in the following
sense.

Lemma 6. There exists a constant C' > 0 (only depending on k) such that, for any § > 0, with

ke d k/2+42 d
m 2 Co5— | 14 Bazlog Bk
Bi,2 ( 5B,z

we have that with probability 1 — 6,
Al
8 )

where recall that \} is the top eigenvalue of M* (see Lemma 5).

||Mm _M*HOP <

Proof. Our goal is to use Lemma 25, with Y; = L (T (y;, ;) (dz;z] — 1) — M™) € R%*¢ which
are zero mean, and thus, Y = M,, — M*. Let us bound the each quantity of interest

. 1 . 2
o = [E[(M, — M")||> = —[E[(M1 — M")*|2 < —|E[M]]]>

2
= sup w'E[M?|w
M yegd-1

3 sup E(y,r,z)w]Pw*wT [T(y, 7")2 ((d2 — 2d)ZZT + Id)] w

M ywesd—1

IA

2
= — Sup E(y,r,z)N]P’w* [T(y7’l")2((d2 - Qd) <’LU, Z>2 + 1)] .

M egd—1
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We now note that g(z) = (d? — 2d)(w, z)? + 1 is a polynomial of degree 2 with ||g(2)|| r2(r,) < d.
Therefore using spherical hypercontractivity (Lemma 20), we have ||g(2)||r(r,) S p - d. Applying
Lemma 24 then gives us

.
Byt (7072 (@ = 20)- 10,2 + 1] S d- [T max (1,105 (714 ) ) < dlog(or)

where we used the fact that || 7|3 = 1 and ||7||4 < log(ke). We finally obtain that

o< dlog kg .
~ m

We next analyze the other variance term using similar idea:

. 1
o2:= sup E [(uT(Mm —Mv)?*|=— sup E [('u,T(Ml — M)v)?]
u,veSd—1 M 4y, vesd-—1

<— sup E[(u'Mv)?
M 4 vesd-1
<L sup E[T(r)dw, 2, 2) - (u,0)?].

M 4 vesd-t

We would like to use Lemma 24 to bound the expectation, for which we will first obtain a tight bound
on all the moments of g(2) := (d{u, z) (v, z) — (u,v))2. Let us compute

l9ll22(ra) S Eld* (u, 2)* (v, 2)* + 1]'/2 = (d'E[(u, 2)* (v, 2)*] + 1)'/2
< (d"VE[(u, 2)*|E[(v, 2)8] + )2 = (@' - E[s{] + 1)V/2 S 1.

In the above, we used the Cauchy-Schwarz inequality, rotational invariance of 74, and E[2§] < 1/d*
respectively. Using hypercontractivity (Lemma 20), we have ||g|1»(r,) < (p — 1)?. We now use
Lemma 24 to conclude that

LA \/1 sup E[T(y,7)*(d(u, 2) (v, 2) — (u,v))?]

M 4 vesd-1

I - maxe (1. 1oa([74)) _ fiog(g

~ ~ )

m m

where again we used that || 7|4 < s¢. Our next goal is to compute R = E [max;c[,)[|Y ]3] 1/2,

where Y; = L(T(y;,ri)dz;z] — M*). And thus, |Vl < L(d|T(yi,mi)| + |M*[|2) <

L(d| T (yi, ;)| + Ba2) , using Lemma 5. For any p > 3, bounding the p'® moment
d Ky pk/2

1
E(IY: 817 S — (@Tly + Buz) S <2,

Using Lemma 26, we have

2 < d- Ky 1ogk/2m.

~

1
R=E Y3
a3 B

The threshold for choosing R is:

1/2
01/2R1/2+\@R§\/(d10gw>/ dry logk/2m+dmg logk/2m<dwlogk/2m

~ )
m m m m

where in the last step, we used the fact that we are in the regime m > d, only keeping the dominant
term. Therefore, for any § > 0 we can choose some R that satisfies

R< d kg log®/?(m/6)

d P Yil|.> R) <4/2,
- an, ({g%ll 2> R) <4/
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where in the last inequality, we used Lemma 26. Finally, we apply Lemma 25. With probability
1—6/2 —de™t, we have

1/3
[d1 Nl logh/? 1 log*/?
HMnL_M*Hop ,S d og(’if)+tl/2 0og K(_i_(d’(‘:f 0og (m/5) . d ngig) t2/3+d/{’€ og (m/a)t
m m m m m

Choosing ¢t = log(2d/¢), we obtain with probability 1 — J,

1/3
HMnL _ M*”op < \/dlogw 4 \/log(ﬁg) log(d/é) n (dZHg log Kp 1ng/2(m/5) 1Og2(d/5)>
~ m m m2

| log®/2(m/6) log(d/s)
- .
Therefore, there exists a constant C' > 0 such that, for

Cl‘ied ]{:/2—}-2 d
= 1 1 —
" ( el 5w, )

any m > mg, with probability 1 — 6,

ﬁd,2<ﬁ’
16 — 8

which concludes the proof. O

”Mm _M*HOP <

Proof of Theorem 2: Spectral algorithm, case / = 2: For any transformation 7, satisfying
requirement Requirement 1, we have that choosing m sufficiently large that is

C Ry d k/2+2 d
m < 1+ lo —_—
s ( R U

by Davis and Kahn’s theorem, we have

. " [ M — M~ |lop
M) — v (M <—
i Jeon M) = o (Ml = 5
According to Lemma 5, this corresponds to
. . A;/8 1
min (| — wylls < ——————— < — .
sE{il}” l2 (I+o(1) A} — 4

Rearranging terms, we obtain |(t, w,)| > 1/4 . Finally, the above sample complexity bound of m
simplifies to the one provided in Theorem 2 under the stronger Assumption 2.

D.2 Analysis for / =1

We now analyze the case £ = 1 case, where the analysis is even simpler and follows by concentration
of vector to its expected value. For simplicity, we will denote 7 = 7T7. Let us first evaluate the
expectation of the vector statistic v,, computed by the algorithm.

Lemma 7. We have that E[0,,] = 41 - ws .
Proof. For any i € [d],
Evmi = E(yrzpapo, [T0 QY (20)] = Eyrynr,,, [T, 1)Q (2, )]
S BBy, [0 (w0 2O (2, )] = fun @ (1., )/ y/aT
=0

= Ba1 - (wy);.
We conclude that E[v,,,] = B 1w.. O
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We now show that for sufficiently large sample size, our final estimator @ has the desired overlap
with the ground-truth w. via concentration arguments.

Lemma 8. There exists a universal constant C' > 0 such that for any § > 0 and any

CreVd < wity /2 [ drg Crkyed L. anyso [ drg
m > + —log (k+1)/2 (220 and m > —— (14 =log*tV/2 [ =L ,
L \/& 6Ba. B2 a® 6B

respectively, with probability 1 — §, we have

<vm,w*>_d‘1/4 und (O w)
[vm2 4 [V |2

i

>

Proof. Denote v* = E[v,,] and define X; := (T (y,7)vd(z;, w.) — (v*,w.)). Calculating the
variance

m
1 log k
UQ:ZE[Xf} ’S 7E(97T;Z)pr* [T(y,r)2d<z,w*>2] ,S g Z,

: m m
=1

where in the last inequality we used Lemma 24 and the fact that || 7 ||z = 1 and g(2) = d(w., 2)? is
a polynomial of degree two with ||g||2 < 1. Moreover, for any p > 2

1 (k+1)/2
10l < - (BT (s ) PIQu G, 217 + ) Ul @len +Pa) o oep 20

m m

where in the last inequality, we used (v*, w*) = 41 < 1 (cf. Lemma 7) and || T |2, < k¢ (2p)*/?
and ||Q1]]2p < v/2p by hypercontractivity (Lemma 20). Applying Lemma 27, with probability 1 — 6,

log(r) log(1/9)  relog(1/9) log* 172 (m /)

(vm — v W) S
Therefore, there is a constant C' > 0 such that with any m > C’W\/d / 6371, with probability 1 — e—d
for small enough ¢ > 0

(v — 0" w*>|<5dl (57)

Now let vﬂ-n = v, — (U, W)W, be the component of v,,, orthogonal to w,. Our goal is to find a
high probability bound on ||v: ||2. Due to spherical symmetry, w.l.o.g., fix w, = e; and so S ~ e,
and the norm of the desired vector is given by

d m
1
||va2 = Z(vm) where v ZT Yi, T t L)
=2
Observe that vy is a linear combination of m i.i.d. vectors, however, the coefficients of linear

combinations T(yl, r;) are not independent from the vectors (z;)_; themselves, since it is coupled
with z; 1. We will decouple the laws and make coefficients independent of the vectors. To this end,
consider (y,r,z) ~ P, and Z ~ 74_1 independent of (y,r, z). Then the following two random
variables have identical laws:

Tl Vie) = LD

Using such argument for each of m samples, and v, viewed as a random vector of variables

m 7(—1(?’;’”))2 Thus, with probabil-

ity 1 — 2e~9, we have ||[v ||z < 0.V/d. Therefore, it suffices to bound o.. By Lemma 27, for any
d > 0 such that log(1/6) < cd For some ¢ > 0, we have with probability 1 — §/2,

(vd z,)le[m] is sub-gaussian with variance parameter 02 < —z 37"

o2 < E[o?] + @m+ r; log(1/6) log(m/6)*

* mlo m2
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Here, the condition log(1/8) < cd arises from the fact the function g(z) = 1/(1 — 27) has ||g||, <1
only for some p < cd for some universal constant ¢ > 0.

1 NI 2log(1/6)1 o)k
2 5 Og Ry + Re log Ry 10g(1/5) + K’Z Og( / )20g(m/ )
m ml m
Finally, for any § < e~ choosing sample size
CreVd ( 1 k1)/2 [ dke
> 14+ —=log*+b)/2 ( =22} | (58)
B2, N 5Bas
with probability 1 — §/2 — e 24
Bi Baavd _ Band"/?
2 < 5 1 1 d,1
oi < . andthus, |jvk]| < oVd < < .
Cvi onl Jova© Ve

For C' > 1 sufficiently large, we obtain with probability 1 — §/2 — e 24,

[vmllz < Bad/*
Combining this with (57), with probability 1 — §/2 — e=2% — ¢=4"
[V — v*|]2 < 284.2d"* .

Therefore, we finally analyze our overlap combining with (57). For C' > 0 sufficiently large, for any

§ > 0, for any m > ngf (1 + L log(F /2 (;f—d&)) , with probability 1 — 4,

(U, W)

[vm|l2

(v*, wy) + (v, — v*, W) S Ba1 — Baa/4 S d=1/4

>
H'U*HZ + va - v*||2 o 5d71 + 26d,1d1/4 - 4

Similarly, if in Eq.(58), we instead chose a sample of size m > <ed (1 + é log(k“)/2 (;ﬂ))

B3,1 d,1
for sufficiently large C' > 1, then we obtain a tighter control on ||v,,, — v*||2, and directly achieve
weak recovery. With probability 1 — §/2 — e 24 — ¢=?°
BaiVd < Paa

Ved \F
Combining this with (57), with probability 1 — §

<'Um7'w*> > (v*,w*> + <vm - 'U*,’w*> > Bd,l - 511,1/4 _ 1

lomll S oV <

and |l —v¥(|2 <2841 -

lomlz = vll2+ lom — vl = Baa+2Ba1 4
O

Note that the regime of interest where we can hope to succeed in polynomial sample and runtime is
when [|€4,1 |2 > poly(d)~! i.e. which corresponds to 341 >> poly(d)~* for 7 from Requirement 1.
In this regime, Lemma 8 establishes that with sample complexity
_ Crevd _ Crud
a ﬁd 1 Bd 1
one can achieve the overlaps
(o, w,)| > dV4/4 and (@, w.)| > 1/4.

This nearly finishes the proof of Theorem 2 for the case ¢ = 1 (under stronger Assumption 2). De-
pending on the problem, the sample complexity bound either matches the one provided in Theorem 2,
or it is suboptimal by a factor of O(v/d). In the latter case, we can first get to 2;(d~'/*) overlap,
followed by another boosting phase, as long as the following assumption holds.

log(1/6) and log(1/6)

Assumption 4. There exists £ > 3 and ¢ > 0 such that T &:/J <c (H Ed‘(” vV d)

Note that this assumption holds for Gaussian SIMs according to the discussion in Section 4, i.e. all
¢ = k, mod 2 are all optimal for samples. The next section is dedicated to showing the guarantee for
boosting procedure.
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D.3 Boosting the overlap to achieve weak recovery

We now show how to boost the overlap from Q4(d~/4) to Q4(1). We follow the boosting procedure
introduced in [29]. The proof follows similarly, and we provide details for completeness.

Algorithm 2: A single step of the boosting algorithm on ¢ > 3.

Input :Anexample set S = {(z;,y;) : i € [m]} ~4iq Pay, , the frequency £ > 3, a
transformation 77, and a vector wy such that (wg, w,) > d~/*/4.

Output : The vector w.

Let T = [log d] be the total number of steps to be taken.

Divide the training set S = {S®) }iepr) into disjoint collections of Y steps, where
50| = 5]/2:+2.

fort=1,...,T do
‘ w; = boost-step(w;_1,S®).

end

Rerurn w = wry

Algorithm 3: boost-step

Input :An example set S of size m and a vector v such that (v, w.,) = a € [d~'/*/4,1/4].
Output : The new vector v, With (¥, W) = Qe -
Compute & = = 377 To(yi, 7:)Qy (v, 21)) 2.

_ )
Return v, = Tolls -

We have the following guarantee for one step of boosting algorithm.

Lemma 9. There exists a constant C = C(k,{) and ¢ = c(k, £) such that the following holds. For
the input v such that (v, w.) = a € [d~92°/4,1/4] of the boost-step procedure (Algorithm 3), we
have that for any

m Z Cﬂgm 5
5d,£0‘

with probability 1 — e, we have 0o, = (U, Ws) > 20x.

Using this lemma we can obtain the following theorem on the performance of the boosting algorithm.

Theorem 6. There exists a constant C' = C'(k,£) > 1 and ¢ = c(k,£) > 0 such that the following
holds. On the initialization |{(wq,w,)| > d~'/*/4, the boosting algorithm (Algorithm 2) on the
training set S whose size is

e
m < C’w—\/; ,
Bd,e

with probability 1 — e~ we have (W, w,) >1/4.

Proof. According to Lemma 9, choosing |S(M)| > —fed . = "é"‘/f (hiding constants in &, £), with
d,

N Biees T
probability 1 — e~%" we have | (w1, w.)| > 2a0. The sample size threshold for subsequent iteration
is strictly less than 1/2 of the previous one since o € [d~'/4,1/4] and £ > 3. Therefore, the overlap
increases geometrically, and we have (wy,w,) > 1/4in T = log(d'/*) = logd iterations. The
probability of success is still 1 — e~%" by union bound over log d for smaller ¢ > 0. For the total
sample size it suffices to choose,

T T
1 Vvt
m=1|5| <Y [sY =I5V i1 = 2|5W| < ez
t=1 t=1 d,l

O

We now return to the deferred proof that shows the overlap increases geometrically in the boost-step
procedure.
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Proof of Lemma 9. Recall from Appendix B that we use Py(-) = Q¢(-)//nq,¢ to denote Gegenbauer
polynomial that is normalized to have P;(1) = 1. We first note that
v* =E[®] = Ep,, [Te(y,m)Qs((v, 2))2] = VuBe, [Te(y,1)Qe((v, 2))]
= BasVoE[Qe((wy, 2))Qe((v, 2))]
= Ba,VoPr((w.,v)) = BaePy((v, w,))w,
= BaoPj(0)w, .

Consider any fixed w € S%! and consider the following analysis. Define X; =
L (Ta(yi,ri)Q)((v, z:))(zi, w) — (v.,w)). Using Lemma 24, we can say that

2 1
BIX?) < B, [Ty 1) ({0, 2)) (2, w)") £ 5 log'(s0).
where we used the fact that g(z) = Q}({v, z))*(z,w)? is a polynomial of degree 2¢ with ||g[]> < 1.
Thus, by Lemma 20, we have ||g||, < p*, which allows us to use Lemma 24. Similarly, computing

1 ko p+0/2
1%l S I Te(y,r) Q4l{o, 2)(2,0) 1P < [ Talapllgllap £ "2,
—_———

=g(2)

where we used the facts that || 7¢||a, < #¢p"/? and g(2) is a polynomial of degree ¢ with || g||2 < 1,
and thus, by hypercontractivity, we have ||g||2, < p®/2. Using Lemma 27, with probability 1 — §

log! i log(1 /5) kg log(1/8) log®*+9/2(1m /5)
(o —v",w)| S - - :

Therefore, invoking this guarantee for w € {w.,, v}, we obtain that with probability 1 — e~d,

log’ 1 log(1/6) .t log(1/0) log*+0/2(m /§)
m m ’

(0 =", w.)| +[(0 - v, v)| S

Our next goal is to bound || |2, where &~ is the component of © orthogonal to span{w,, v}.
Due to rotational symmetry, w.l.o.g., let us say w, = e; and v = ae; + v1 — a2?es. Then

0T = b — (9)1e, — (©)2e2. So our goal is to bound

A R
H'ULH2 where v = m Z%(%;W)Q%(a%,l + mzm)(zz)s d
i=1

Consider the following analysis similar to the proof of Lemma 8. For a single sample (y,r, z) ~ Pe,,
one can define Z ~ S9~3 independent of (y, r, z). The following two random variables have identical
distribution.

, Yoz +VI—aPz)
Tty @iz + VT~ @) (20 = Tty ) HOAT VL 2)
TRl T *2

Now let us define v/dz ~ con51der z;, the component of z; that is orthogonal to . Using the identical
argument from Lemma 7 that ¢ &7 is sub-Gaussian in random variables (Zi)ic[m)» With probability
1 —e24 we have || || < 0,V/d, where the parameter

R
2 d(lizz,l 72:12)

Using exactly the same bounding strategy used in Lemma 8, for any § > d~%", we have with

probability 1 — e=?",
2 logm V ke log Ky
~ m

mls

K2 1og(1/6)log"™*(m/ )
m?2 '

log(1/6) +
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Overall, we can conclude that there exists some constant C'(k, £) > 1 such that choosing any

m 2 Cky 5——,
@ua

with probability 1 — =%,

1By
—

{—2 d {—2
||'€)L|| 5 O‘*\/gg Bd,fa f < o Bdl
VCd 16

and (0 —v",w,) <

Combining we have
a*=2 Bay
3 .
Finally, analyzing the quantity of desired interest under this high probability event that happens with
probability 1 — e~

10— v*[l2 < (1+0(1))

(D, w,) (v*, wy) + (0 — v*, w,) S Ba.eP)(a) — Baea"™" /100

anex( = <vnex() w*> =

1Ol = florllz+ M0 —v*llz T BaePi(a) + Baea’" /50
aéfl at™?t 98
> (1 1 — 100 |~ o > 9%
> (1+0(1)) <a41+a§52> > a1 22

E Online SGD estimator

In this section, we present the analysis of the online SGD on the harmonic loss which stated in
Theorem 3. As in Section 3, we will implement the algorithm on 7, for £ > 2. We work under the
following assumption

Assumption 5. For each { > 1, we assume that there exists Ty such that ||Te||r2 = 1, || Telloo < ke,
consider Ty = €q.¢/||€a.ell L2, and we have the following inequality
€a.ellzs < Clla,elZs, (59)

and we denote E[T;(y, 7)Qe((w, 2))] := Bae > 0.

We perform online stochastic gradient descent on the squared loss

L(w; zi, yiy i) = (Te(yi, 1) — Q£(<w7zi>))2‘ (60)

We consider spherical gradients and project at each step to keep w; € S~ 1.

Algorithm 4: Online SGD algorithm on the frequency /.

Input :Anexampleset S = {(x;,y;) : © € [m]} ~iiq Puw,. the frequency ¢ > 2, and a
transformation 7y, a step size n and a number of step-size.
Output : An estimator w € RY .

1 Decompose ; = (7, 2;).

2 Sample wy € ST1.

3fori=1,..., Ndo

4 Compute L; := L('wid—11; ZiyYisTi)

i

5 Let w; := LWH
llwi1—nV3, " Li

6 end

7 Return wy .

We state the formal statement for weak recovery of online SGD. We focus on weak recovery, and
refer to the section for explanations on how to boost the weak to strong recovery. We also only focus
on ¢ > 3, however notice that the proof can be adapted to the cases £ € {1,2}.

50



Theorem 7 (Online SGD for learning v ). Let (wy)¢>0 the iterates of the SGD dynamics with the
loss given by Eq.(60), with b > s, (where sy only depends on {) then conditionally on my > %7 we

then have
N ngé— 1

Ty < —5—
/2 = "32
/ Bae
with probability at least ¢ > 0 for some constant ¢ > 0.

The proof of this theorem will follow by adapting the arguments from [10, 88].

The good initialization probability is at least constant (see [88, Appendix A]). Thus, the above online
SGD algorithm succeeds in total with probability at least constant bounded away from zero. We
can then boost the confidence to 1 — § by just choosing the best estimator over multiple starts, and
O(log(1/6)) trails suffice.

Let introduce some notations for the following, denote m; = (w;, w.), we define 7, = inf{t >
0: m¢ < c},and 7, = inf{t > 0: m; > c}.

Proof of theorem 7. Let £ > 3. Consider a transformation 7, given by assumption 5.We first state a
lemma 10 on the population loss defined as

L(w) = E[L(w; z,y,7)]. (61)
Lemma 10 (Population loss). Let ¢ > 1, consider the normalized tranformation Ty given by
Assumption 5, we then have the following inequality
* - {+d—2
v > 2y /2 (9 L) w) < 20 - w2 L D w2 @)

—2)(l+d
where s* = \/z 0(1/22)3( (-Z+d?2) 5 cos(m/¥).

Discretization bounds. In this part, we give bounds on the discretization error from the online SGD
and the population loss gradient flow. Consider the SGD iterations

—nVTSjilL(wt;Zm?”nyt)
lw; — UvquflL(wt; Ze, T, Yt || 7

Wil =

initialized at w uniformly on the sphere S,
Proposition 4 (Discretization bound). Consider

KodTn? e b2
= X —_ -
Pn,K1,K2,K3 b p 2(53,@ 4 ’C2d2772)d7]2T + 2bd1/2n(ﬁd,£ + 7]d3/2)
KsTd?n3 /K KoTn?d?
+ b + b ’

where we define

e L/2
Ky = KI (e) log(|I7elD)""?,

4o\ 4/2 172112 4¢/2
s —4K£( ) T 410g< 8) :
i) Tee s

1e\"? 2\0/2
Ko =2K () log(ITal3)2

With probability at least 1 — py k., kc..k5> We have
T-1

mo £(£+d—2) 2 /—1
mr > > -H?ﬂz,d? g(l —mg)my .

Conditioned on the event {T < T

12 NT, */f} we have the following inequality

T—

€+d—2
mT—\[+ ﬁ“ 1)20+1 Z

=0
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Sample complexity for weak recovery We are interested in the weak recovery setting i.e we want to
bound 7 /5. We work under the event {7 < 7'1 12 N Ty / f} we then can apply the same analysis as

in [88]. We choose 1 = Cgﬁmd_eﬂ, we then have
0
777—1+/2 - Cj /152 al1 2
Bra iyt

d—1)27 1

with probability at least 1 — % V1Ko

us

2 . P .
+ exp (_MW) . Rearranging this, it gives
d,l

- 241 241 ( E.(£+d2)>_
: 24

Tig < 9y = a3 7
/ ﬁe dct fd(ﬁ ;lzfg Bﬁ,d (d—1)2¢+1

Proof of Lemma 10

Proof. We have the expansion

E[Te(y, Zﬁsz( ((ws, 2)). (63)
Consider the population mean-squared loss (we can also directly use the correlation loss)

2
£00) = By |(T07) = Q7w 2) | =2 28,8 [Tl (. 2))].
Using the above decomposition (63), and orthogonality of spherical harmonics

L(w) =2 - 284E[Q)" (., 2) Q" ((w, 2))]. (64)
Using the identity (35) and plugging it into (64), we then have

Ba,e
/1e.d

Let denote m := (w., w), we can rewrite the loss in term of the overlap parameter. The spherical
gradient of the population loss is given by

L(w) =2 - 2222 Q" ((w.., w)).

Pae
\/Md e

We can use the representation of the derivative of Gegenbauer i.e QEd)(z)’ =

% Vznj_"l E‘iz) (2) ([88] Fact C.3). So, the loss can be written as

(VS L(w),w*) = —(1 —m?)f (m) = —2(1 — m?) D ((w., w))".

Ba,el(L +d—2) QL+
(d—1)/Maae—1 !

We use the facts C.4 and C.5 from [88] (note that the Gegenbauer polynomials in [88] is normalized

(Ve L(w),w") = =(1—m*)f'(m) = =2(1 - m?) ((w., w)).

such that Pz(d)( 1) = 1, meanwhile we consider Q = +/B(d, ?)) to state that
* 1 {4+d—2
Vm > 2,/%, (VS L(w), w,) < —2(1 —m?)By, g(;l)cw,w*)“, (65)
—2)(f+d
where s* = \/ — 2/22)3( ('Ld?% ) cos(m/L). O
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Proof of Proposition 4

Proof. In the following, we denote r; = |Jw; — nVSd ' L(wy; z¢, )| and the martingale part
M, = L(wy; z¢, y:) — E[L(wy; 2¢, y¢)]. We have the recursion
1 d—1 d—1 *
mess = — (me = (Ve Llwe)w.) = (Ve Mpw')). (66)
¢

The strategy of the proof is to use the results from [88]. The proofs of these lemmas are classical
bounds of martingale relying on some assumptions on the moments of the gradients. Notice here
that C' is no longer a constant and extra care of the analysis is necessary for the proof of Lemma [88,
Lemma B.4]. To use the lemmas [88, Lemmas B.2,B.3,B.4], we need to prove the bounds on the
growth of gradients norms of [88, Lemma B.8]. We check this

d—1 d
Etyroy IV L(ws; 2,74, y0) 2] = By [P, () (QS7) ((w, 2,)) To(y, 7)|1%]

< Eyz) U(szd))’“w’ zt>)72(yﬂ")ﬂ
<c UQM 2 ,z>>\27?<y”">2}
<M<%ymEm@wﬂbQUMﬂWﬂwm

4e ¢z
< Kdt (6) log(|T3||2)"/
< dK;.

where we have used Lemma 24, the identity and the hypercontractivity and Jensen inequality in the
last line.

By [1V5  Lwes 20,7, 1] = By [IPaw, (20 (@) (w, ) Tay, 7))
4
< Egyra U(Qéd>>'<<w7zt>m<y,r>\ ]

< C@' [ (w20 17l

4¢/2 40/2
<ac@'e(5)  Imltios ('”'8)
4e/

171

i

de 40/2 ||72 2

<AdPKl (| — Toll31 ( 8>
<acre(g) Imltos (74

< d?’Ks.
We have M (wy; z¢, ¢, y¢) = L(wy; 24,74, y¢) — E[L(wy; 24,74, y4)], hence

(Ve M (wes 200, 90), wa) = (Vo (L(wes 270, 0), wa) = BV, (Dwe; 20,71, 1), w")]
— (w, V?j_l (L(wy; 24, 74,y )ym + E[m{w, V?j_l (L(wy; 2,7, 32))].-
We then have
Ey,rz) [(V?jil (M (wy; 26,74, Y1), w*>2]
S 2var(y,r,z)(v§:71(lf(wt; 24, Ye), Wy)) + 2Varg, o ((w, V?:fl([,(wt; 26,74, y1))m)

< 2E[(z0, w.) Q) (w, 20)) 2T (y, 7)) + 2E[(z0, w.) 2(QV) ((w, 20))*Ta(y, 1))
o\ 4?2
<o () 0BT = Ko

where we have used the inequality (a + b)? < 2(a? + b?), and hypercontractivity of Gegenbauer
polynomials (Ilemma 20).
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Conditioned on the event {T" < T,.- / \/E}’ and using the inequality (65), we have

L-(L+d—2) ,_
T

Using the following bound on 7, which is for all £ € N, we have

1 - *
Mty > — (mt +2n(1 = m7)Bea - 77<Vsd lMtvw >> .

Tt

1/Tt Z 1— 772 Hv’th(wta Yt, Tt zt) ||27
and plugging this into previous inequality, we have
C-(l+d=2) ,

my1 = my+2n(1—=m3)Be.a g_1 M —n(V My w0 )= e [ Vaw, L(wys yr, 7, 20) P06,
(67)
where & = ||V L(wr; yr, 77, 27)|* - [(Vw L(wr; y7, 77, 27), 0*) .
We use [88, Lemma B.3] to state that with probability at least 1 — K 32"2 , we have for all A > 0,
t—1
supm Z <VSd71Mt7w*> <A\ (63)
=T k=0

We employ [88, Lemma B.6] to state that for all A > 0, with probability at least 1 — 7”C1)C;Td"3, we
have

t—1
supn® > & < A (69)
=T =0

We sum the equation (67) to obtain

T-1 T-1
- E d—2) -
m > mo -+ 2 0 DA gyt SO M )
t=0 t=0
T-1 T-1
=023 Il ||V, L(wss g, e, 20) |12 =Y e,
t=0 t=0

We then use (68),(69) and plug it into (67), and use A = b/ V/d, to state that with probability at least

1-— }CSTZ;/2773 - Klean2d_1 , we have
T-1 T—
m B@ dﬁ' £+d—2
mr > 100 +2n— CE_ T ) Z(l —m})m Z M) |V, L(wis e, 71, 20) ||
=0 =0

(70)
We now bound the term coming from the projection step in inequality (70). We adapt the proof to
take account the dependency on || 7¢||2.-

Lemma 11. Forall A > 0, if for all t < T,m; € [2b//d,1/2], and n < %202 spith probability

_ Komd'/2p? (_ A2
at least 1 A exXp 2(B7 g+ K2d?n?)n2T+2A0(B,a+nd?/2) ) we have
T— T—1
0+d—2 _
Z mt‘Hv'wa Wi Yt, Tty 2t || +7IZ 17mt)ﬂd£7(d—1 )mf 1 §2)\
t=0 t=0

Proof. The proof is a slight adaptation of [88, Lemma B.4,B.5]. An adaptation of the proof of Lemma
B.4 gives us the following. For all A > 0, if for all t < T, m; € [2b/+/d,1/2], and 5 > 0, we have
T-1

)\2
P D, <=\ < — .
n ; ; < —A) <exp ( 2(5[?7(1 + Kod?n2)n2T + 2\n(Be.a + 77d3/2)>

Besides, the adaptation of Lemma B.5 gives us

T—1
KoTd'n?
P(ngQZImtV L1y, 1)>as2 >A> -
= t=0

Combining the two inequalities, we end up the desired claim. O
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We then use A\ = b/+/d, and we obtain that with probability at least 1 — Dn.Kq,Ka,kCs Where

Pn,K1,K2,K3
_ KadTp? e [ — b? KsTd'/?n®  KiKaTn?d™!
b P\ 2082, + Koy nPdT + 26d (B g + nd®T?) b2 b
we have _—
mo C-(04+d—-2) 29 0—1
>0 e S B A 1— .
mr 2 = + Bea d—1 77;( mi)m;

Conditioned on the event {7 < 7,/ N T, v f} we have the following inequality

s* C-(0+d—2)
mr 2 \/g+775£d )20t Zm
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F Harmonic tensor unfolding

In this appendix, we analyze the harmonic tensor unfolding estimators (TU-Alg-b) and (TU-Alg),
with integer £ > 3, and prove the guarantees in Theorem 4. For simplicity, we assume throughout
that the transformation 7, : Y x R>o — R is bounded, with

[Tellze =1, NTelloo < ke, Eu,[Te(Y, R)Qe(Z)] = Bae- (71)

Without loss of generality, we take 34 ¢ > 0. We describe in Remark F.1 how to relax this condition.

F.1 Algorithms and guarantees

Consider first the naive tensor unfolding algorithm. Compute the empirical tensor

T .= % > Te(yi,ri)Ha(zi) € (RH,

1€[m]
where H,(z) is the degree-¢ harmonic tensor (see Section F.3). Consider the ‘unfolded” matrix

Mat; ;(T) € R* %" withI = J = ¢/2if L even,and T = |£/2), J = [£/2] + 1 o.w.,

and compute

si(Mat; ;(T)) e R4

the top left singular vector of Mat; ;(T'). We then estimate w via
@ = Vec (31 (Matl’J(T))) , (TU-Alg-b)

where the mapping Vec : R §d-1 applied to u € R?" returns the top left eigenvector of the
folded matrix Mat; 1 (u) € R*4"™" that is,

Vec(u) = argmaxw' [Mat; ;1 (u)Mat; ;1 (u)|w.
weRd

We first show the following guarantee.

Theorem 8 (Balanced Harmonic tensor unfolding, £ even). Let vy € £4 be a spherical SIM and ¢
be an even integer. Consider Ty a transformation satisfying (71). Their exists a universal constant
C¢ > 0 such that the following holds. For § > 0, given m samples (y;, ;) ~iid Py, w, With

4t/
m > CzlizT 1+ Ba,e log(d/d)], (72)
B
the estimator w in (TU-Alg-b) satisfies |{(, w. )| > 1/4 with probability at least 1 — §. Furthermore,
1w can be computed with power iteration in Oq(md'/?log(d)) runtime.

We prove the sample guarantee of Theorem 8 in Section F.4 and the runtime guarantee in Section
F.6. Thus, when ¢ is even and choosing 7, such that 84 = ©(||£4,¢||2). the algorithm (TU-Alg-b)
achieves almost optimal sample and runtime on V; ,:

df/2 d°
m < ——— log(d), T —5—
eartzs adls

When |||z = O(1/log(d)), then this algorithm achieves optimal sample complexity m =<
d"/?/||€a.¢||%>. When £ is odd, however, the algorithm (TU-Alg-b) requires m = d*/21/|[&, |22
and is suboptimal by a factor d'/2. This is due to the covariance structure of the Harmonic tensor
He(z): a similar problem, with same suboptimality, arises for tensor PCA with symmetric noise [67]
(if the noise is not symmetric and all entries are independent, then optimal complexity is achieved by
the naive tensor unfolding algorithm [48]).

log?(d).
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Here, we modify (TU-Alg-b) by removing the diagonal elements. Consider integers a,b > 1 such
that a < b and a + b = £. Introduce the matrices

~ 1 a b
M, =— i 7i)Mat, i R X"
1= .;]ﬁ(y ,ri)Mat, ,(He(2:)) €

1 a a
My = poec) Z 72(3/1’7TZ‘)QMata’b('Hg(zi))Matb’a(’HZ(zi)) € R4"xd"

i€[m]

and

M = MM, N, = % D Telys,ri) Tely;, ) Mata (He(2i)) Maty,o (Ho(2;)) € RT
i
Note that
E[M] = (1 — m~YE[Ta(y, r)Mat, ,(He(2)JE[Te (y, r)Maty  (He(2))]T ~ [w®?|[w®]T.

Thus, we define our tensor unfolding estimator to be
W := Vec (51 (M)) (TU-Alg)

where s1 (M) is the top left eigenvector of M.

Theorem 9 (Harmonic tensor unfolding). Let vy € £4 be a spherical SIM and let a,b > 1 be two
integers such that a < b and a + b = {. Consider T; a transformation satisfying (71). There exist
universal constants cg, Cy > 0 that only depend on { such that the following holds. Given m samples
(Y, @) ~iid Puyw. with
0/2
m 2 OZH[%dTa
B

the estimator W in (TU-Alg) satisfies | (1, w.)| > 1/4 with probability at least 1 — e~*"*. Further-
more, W can be computed with power iteration in O4(md® log(d)) runtime.

(73)

We prove the sample guarantee of Theorem 9 in Section F.5 and the runtime guarantee in Section F.6.
Thus choosing 7, such that 54, = O(||€4.¢]|12), the algorithm (TU-Alg) achieves optimal sample
complexity

dl/Q

NEA
forall 1 < a < b. Choosing a < b with a 4+ b = ¢ with smallest runtime, we obtain the following
learning guarantees:

m

dZ/Q dl—i—l
leven: m =< -———— and T < ———log(d) bytakinga =+¢/2—1andb=¢/2+1,
€a.ell7 [[€a,ell 72
d€/2 d€+1/2
fodd: mx=x ———— and T < ———log(d) by takinga = [£/2] and b = [£/2].
€a.ell [[€a,ell 72

F.2 Notations

Below, we introduce some notations from tensor calculus that will be useful throughout our proofs.
Let A, B € (R%)®* be two /-tensors. We define the inner-product

(A,.B)= > A, B (74)
i1,..,00€[d)

In particular, the Frobenius norm of the tensor is ||A|r = (A, A)'/2. For A € (R9)® and
B € (R)®F with k < ¢, we define the contraction A[B] € (R%)®(~F) to be the (¢ — k)-tensor
with entries given by

ABl, = > A i Bi_ (75)

i(g_k+1,...,i1{€[d]
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In particular, if & = ¢, we have A[B| = B[A] = (A, B). We further introduce partial contraction
A®, Bof A c (RY)® and B € (RY)®*, with r < min(/, k), given by

(A S B)il ,,,,, Gy Jrd ik E Aiy 7;2—7‘7517---7STB51 ----- ER IR P (76)

81,0.-,87€[d]

Given a permutation 7 € &, and A € (R?)®*, we define 7(A) to be the tensor obtained by
permuting the coordinates of A with permutation 7, that is

= A (77)

Ur(1)s-sbm(e)

We define the symmetrization operator Sym : (R%)®¢ — (R9)® such that for each tensor A €
(R%)®*_ it outputs its symmetrized version

Sym(A) = % > w(A). (78)

" nes ¢
We denote Sym((R%)®) the image of this operator, that is, the space of symmetric /-tensors.

We denote the unfolded matrix of the tensor T € (R%)®¢ as Mat, _,(T) € R%' x R’ with
entries given by

(Matgo—g(T))(i1,...iq),G1rorie—g) = Lirseensivsjn,eonsies

where we identify (i1, ... ,4,) with 14+ > 7_ (ix —1)d*~ 1, and (j1, ..., jo—q) with 1+ Zi;ql (jr —
1)d*~1. For clarity, we will drop the dependency on g in the proofs, since the unfolding parameter
will be made clear. Similarly, with a slight overloading, we denote Mat, ,_, : R — R4 xd""" 3
folding operation that takes a vector u € R<" and associate the matrix

(Maty,—q(®))(i1,...riq), (Grrie—q) = Wityeonsigoitseeie—q:

where we identify the index (i1, ...,4,) with 1 + ng:l(ik —1)dF 1.

Throughout the proofs, we denote C' an absolute constant and C a constant that only depends on /.
In particular, the value of these constants are allowed to change from line to line.

F.3 Harmonic tensors and their properties

We start by defining harmonic tensors and present some basic properties about them.

Definition 2 (Harmonic Tensors). For every { > 0, we define Hy : S*~1 — Sym((R%)®*) the
unique symmetric tensor such that for all z, w € S%~1, we have

(2, w)) = (He(2), w®), (79)
where Qéd) is the degree-{ (normalized) Gegenbauer polynomial as defined in Appendix B.

In words, harmonic tensors can be seen as the projection of 2®¢ into the space of traceless symmetric
tensors. Note that the uniqueness of (79) follows simply by stating that (H,(z) — H,(z), w®*) is a
degree-¢ polynomial in w that is identically zero, and therefore H,(z) = H}(z), where we use that
He(z) is assumed to be symmetric.

Further note that these tensors are equivariant with respect to rotations: let O € Oy, then H,(Oz) =
O®*[H,(2)], where the contraction is along one coordinate for each O, that is

Hi(O2)iy iy = Y 11 0i.i. | He(2)s0 e

Jiremrje€ld] \s€[(]

(This follows simply by noting that Q. ((w, 0z)) = Qr((0"w, 2)).)

Recall the zonal property of Gegenbauer polynomials:
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Lemma 12 (Zonal property of Gegenbauer polynomials [25]). Let f € L?(S?1). Consider the
projection Py, , of f onto the subspace Vg of degree-{ spherical harmonics. This projection can be
written as

Py, (@) = /at - Banry[f(2)Q (2, 2))]. (80)

The following lemma follows directly from this property:
Lemma 13 (Reproducing property of harmonic tensors). Let ¢,k € N. We have the identity

B [Q17 (0. 2)702)] = () @)

This property will be key to our analysis of our tensor unfolding algorithm. Indeed, recalling the
definition B4 = E,,[Te(Y, R)Q¢(Z)], we have

Ba,e
E[Te(y,r)He(2)] = —— Hy(wy). (82)
[Te(y, r)He(2)] Ny (w.)
We further list some useful properties of harmonic tensors below. In particular, the last property states
that the principal component of H(w.) is ©4(d/?) - w®*, that is the principal component of the
expectation of our empirical tensor is ©4(1) - w®*.

Proposition 5 (Properties of harmonic tensors). Let { € N and H,(z) the harmonic tensor from
Definition 2.

(i) We have the following explicit formula:
L€/2] ' ,
He(z) = Y coj Sym(z2¢2) @ I97), (83)
j=0

where o (@2 1)

! —1)e—j
- - V1d,e,
ME=2))0 (@d=2) V7

cry = (~1)20%

with (a), = a(la+1)---(a + p — 1) the (rising) Pochhammer symbol. In particular, we
have ¢ j = ©4(d*/?77).

(ii) Conversely, we have the identity

Le/2]
280 =" by Sym(Hooj(z) @ IF7), (84)
j=0

where
il (d/24+0—25 —1)(d—2)p—2; 1

(€ — 2j)! (d/2 =1)(d/2)., V=2

In particular, we have by ; = @d(d—Z/Q),

bgvj =2t

(iii) The harmonic tensors satisfy the following recurrence relation:

Hesr(2) = ay) Sym(Ho(z) ® 2) — af) Sym(He1(2) @ 1a), (85)
where we denoted 7-Lg(z) = H(2)//Teae and
a(l)_2€+d—2 a(Z)— /¢
e d 2407 W dye—2

(iv) The leading principal component of H,(z) satisfies
1He(2) = co0z®|lr = Oa(d/>17?), (86)

where we recall that ||ce0z®* || F = co0 = ©a(d"/?).
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Proof. The identities in parts (i), (ii) and (iii) simply follows from standard identities on Gegenbauer
polynomials. To prove part (iv), using identity (83), we have

L£/2]

[He(2) = ceoz®(lr < Y leolSym (222 @ 1) |
j=1
1£/2] o ' Le/2] 4
<3 lees =S Ll = 3 fenld7/2 = ©4(d/22),
Jj=1 j=1
where we used that |c, ;| = Qg4(dl/?-7). 0

Additionally, it is interesting to introduce the following tensor:
5P = ag Ear, [m(z) ® Hf(z)] e (R%)®2, (87)
In particular, by the reproducing property, we have for all u, w € S,

E[Qe((, 2)Qul (w, 2))] = (E[He(2) © Ho(2)], w® @ u")

1
_ <Z§2),w®z ® u®t) =

V1d,e

\/%Qe«u,w»

and we can write
(Ho(z), w®) = (22, 220 @ w®).
Note that Ef) is only partially symmetric. Using Proposition 5.(i), we can decompose this tensor
explicitly into
L¢/2] '
2 =3 ey Syma (127 0 L0 1)), (89)
j=0

where we introduced an alternate symmetrizer Sym 4 such that

syma (15 & (1,01)

_ Z Sym(erl ®...® 6T272j ® I?]) ® Sym(Gn R...Q® erg,gj ® Igj)a
71, To—2; €[d]

with (e5)se[q the canonical basis in RY.

F.4 Proof of Theorem 8
Proof of Theorem 8. Denote ¢ = 2p and introduce the matrices
Z; = Tolyi,ri)H(z;) e R"*¥, where H(z;) = Mat,, ,(H,(z;)) € R* %,
and the centered matrices
Z,=2Z,—-E, where E =E[Z;] =E[Ti(y,r)H(z)].

By the reproducing property (82) and Proposition 5.(iv), we have

C
E = By \/%[wi”} (W& + BaiAp, (89)

where ||Ag|lop < Ced™'/? and ¢y 0/ /Mras = Oa(1).

We consider the symmetric matrix



and bound || M — E||,, using Lemma 25. First, note that by applying Lemma 14 with A = u ® v,
we have

0. (M —E)*= sup E[(u, (M — E)v)?
w,veSdP -1
12 (2 (90)
<=t sup E[(u,H(z)v)?] < Cp—t
m u,veSdP—l m
Further, note that
N . R . dr
o(M - E)?=|E[(M — E)(M — E)")||op < d’0.(M — E)? < Cmﬁa. 91)

Using that || H (2;)|| < C¢d*/? deterministically and combining the above displays into Lemma 25,

we obtain with probability at least 1 — § that
g 1/2
1+ (mlogQ(d/5)> V1|,

X ar
||M - E”op < Cykgr| —
m

where we assumed without loss of generality that § > e~¢ to avoid carrying additional terms.

From Eq. (89) and by Davis-Kahan theorem, the leading eigenvector s of M satisfy
[(s,wEP)] > 1 —n,
with probability at least 1 — § when

d€/2
>C@R§,3 [1 4 Baclog(d/s)).
d,l

The estimator w = Vec(s) is obtained by taking the top eigenvector of

Matlyp,l(s)Matl’p,l(s)T
= w*wI + MatLp_l(s — wf?p)MatLp_l(s)T + Mat17p_1(wi®p)Mat17p_1(S — w?”)T,

so that
|Mat; ,—1(s)Maty ,_1(8)" — w.w]|lop < 2|8 — wEP||p < 2/

Thus, taking 7 constant small enough, we obtain |(, w.)| > 1/4 by Davis-Kahan theorem. O
Lemma 14. There exists a constant Cy > 0 such that for all A € (R%)®*, we have
= [(He(2), A)?] < Co| All7
Proof. Using the identity for the quadratic tensor (88), we decompose
E. [(Hi(2), 4)%] = <u<:z Helz) @ Ho(2), A® A)

- L 5P A a)

VT ¢
[4/2]
_ ®J / ®J
= e o X (MAEPL A )
7=0 T, €Sy
[£/2] |€ |
< Z —L dannF
§O€||AHF7
where we used that HA[I?J']Hiﬂ < d7||Al|% and |c ;] < C,dt/?-1, 0
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Remark F.1. To relax the boundedness assumption in the above proof, the only changes are in the
bound on 0, (M — E) and || Z;||op. First, note that for all > 1, we have by Holder’s inequality

o.(M~E)< >~ sup E[Tily,r)*u, H(z)v)

M yesdP-1

IA

BTy s B, H(z)o) 04
ueSP -

< LTzt 2/ sup El(w, H(z)0)?

m weSdP -1

2
S C[(l + 2/7])6 ||72||L2+77 )

where we used hypercontractivity of degree-¢ spherical harmonics. Thus as long as ||72H2L2+T, =
©4(1) for some 1 = ©4(1), the bound does not change. Furthermore, for all integer ¢

D q
P(m[ax} |Zillop > R) < P(m[ax] |Te(yi, )| > ceRm/dP) < (Cz];lmml/quq]l/q)
em €lm

If we assume that || 7¢||« < ¢ for all ¢, we can set ¢ = log(m) and obtain essentially the same
guarantees as above. For the second algorithm (TU-Alg), we can be less careful and simply set
q = Cy and only assume || T¢||s < Cl.

F.5 Proof of Theorem 9

Proof of Theorem 9. Step 1: Decomposing || M — E[M]|,p. Recall that we fix £ = a + b with
positive integers a < b. Introduce the matrices

Zi=Ti(yi,ri)H(z;) € R4 *d” where H(z;) = Mat, ;,(H¢(z;)) € R x4’
and the centered matrices
Z;,=Z;,—-E, where E =E[Z;] = E[T,(y,r)H(z)].
Recall that by the reproducing property (82) and Proposition 5.(iv), we have

Ce,0
E = ®a ®bT A 92
Ba.e \/W[w* J[w®]" + BaAE, (92)
where ||Ag|op < Cod™ 1/2 and Ce,0/\/Trd 0 ( ). For convenience, we consider a slight change
of normalization and define
M = D) > z,z],
l#]
such that
2
. c
E[M] = EE" = 83,2 [w®w]" + 33 ,A0,  [[Aollop < Ced ™'/, (93)

) y.

By a standard decoupling argument (see [80, 33] Chapter 6.1), there exists an absolute constant
C > 0 such that
> t> )
op

P (HM _EE"

> t> < CP <HM _EE"
op

where we defined
M = oy >z Z
Z#J
with Zj = Te(75,7;)H(z;) and (§;, 75, Z) je[m are iid independent of (y;, i, 2:);e[m]- Thus, it is
enough to study the concentration of M:
1
= — Z ZiBiT, where B, = —— Z

-1
i€[m)] J#i
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Thus we decompose M —EE" = A, + A, where

1 _
Ay =— Z;B]
1 m;:] h

1 1 94)
A = — 5 — T = — 7 . T.
2 =— 42 E{B;-E}' = — 42 E(Z;-E)
i€[m)] i€[m
We bound the operator norm of these two matrices below.
Step 2: Bound on || B;||op. For all ¢ € [m], we have
P2 m 1 - ~ 1 -
Bi=S5+ ——E-——Z;  where S_mZZj—E.
i€[m]
Note that || Z;|lop < | Telloo | H (2:)||F < Crred®/?, so that
_ 4t/
| B;llop < ||SHop+0Z+C£HZW~ 95)

We use Lemma 25 to bound ||S||op. Applying Lemma 14 with A = u ® v,

82<S s ElwZ0)

m b
u€Sd* 1 peS§d’ -1

I
31Q

ki sup E[(He(2),u ® v)?]

uesd*—1 pesd® -1

A
Q
3|3

To bound o (), we simply use

IESS oy = sup E'88Tu]<d s Elu,8v)Y) = do.(8) (o

weSd?—1 uESda'_l,’UESdb_l

so that
b

- ~ d
0(8)? < max(d®, d®)o.(S)? < C’m?%.
Combining the above displays into Lemma 25, we get with probability at least 1 — de ™%,
Jb/2 /2 gb/3+0/642/3  gt/2 ]

Ik < e | 5573 + o + Tz o+ ot

We deduce that with probability at least 1 — /3,

[db dolog(d/6)\
sup || Billop < Crker/ — |1+ <0g(/)> V1|, 97)
1€[m] m m

where we assumed without loss of generality that § > e~ to avoid carrying extra terms.

Step 3: Bound on || A ||op. Let’s bound A conditioned on (§;, 7, Zi)i[m]. Using Lemma 14 with
A= BiTv R u,

1 _
0*(A1)2 < poec Z sup E[{u, ZiBiTv>2]

4o —1
ic[m] u,vES

C K2 %)
<— ki sup  E[(He(zi),(B]v) @ w)?] < Cp=~ sup || B2,
m ic[m] u,veSd® -1 m 1€[m]
Furthermore, similarly to Eq. (96),
da
o(A1)? < d%,(A)% < Cglﬁ?% sup] ||B,-ng. (99)

i€[m
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Next, for all p > 1, we have
= T2l 2a = nT.\2p1l
E[|Z:B]|2)"/" <d* sup E[(u,Z;Blv)*]'/"

u,veSdt —1

<d*p’ sup  E[(u,Z;B]v)’] < Ced*p'si sup | B3,

u,veSdt -1 1€[m]

where we used the triangular inequality in the first line and hypercontractivity of degree-¢ spherical
harmonics on the second line. In particular,

1/2p

1 — d®
Bz [ZBTIS) 2 < | S B(IZBIIG] | < Conem 97 sup | Bl
m

i€lm icim] i€[m]

Taking p = log(m), we can set

CZI‘W log t/2 (m) sup ||Bi||op-

e|m

Similarly,

2p
j — d®
P (max —[Z:B] ||op > R) < ((JmRmnf“ﬁ”ﬁ/2 sup ||Bi||op> = 4.

i€[m] M 1€[m]

Taking p = C'log(m/4), we can choose

da
R= cgn% log*/2(m /) sup | Billop- (100)

i€[m]

Combining Egs. (98), (99) and (100) into Lemma 25, we obtain with probability at least 1 — 6/3

1/2
a al {+4

sup [ Billop | |/ |1+ dlog (@0 4l o

i€[m] m m

where we assumed without loss of generality that § > e~ to avoid carrying extra terms.

1A1]lop < Crkg

Step 4: Bound on ||A;||op. Following the exact same argument as for A; and recalling that
|1 Ellop < Cefa,e, we directly get with probability at least 1 — &/3,

de dolog"™(d/6) V2
1Azllop < CeBaerey/ — 11+ <g> vi|. (102)

m

Step 4: Concluding. Combining the bounds (93), (97), (101) and (102), we obtain with probability
atleast 1 — 4,

2
|97 = 8 w2 B2 Aollop + 1A op + | Aclep

dz/2 de 1 l+4 d/s
< CB3,d7V2 CmfW [1 + (Ogm(/) vil,

where we used that a + b = ¢. Thus by Davis-Kahan theorem, the leading eigenvector s of M satisfy
(s, wP")| >1—n,

with probability at least 1 — § when

2 dt/? Ba,e 0242078
> ez _ et
m C’p 2 3“ 1+d€/4_a/210g (d/ )]
The theorem follows by the same argument as in Section F.4. O
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F.6 Runtime of the tensor unfolding algorithm

The overall runtime of the algorithm depends on the runtime for matrix-vector multiplication of
the matrices H (z) = Mat, ;,(H,(z)). We show that the total runtime if ©(max(d?®,d")), that is,
one does not need to compute the d* x d® = d’ entries of H (z) to do matrix-vector multiplication
with the (unfolded) harmonic tensor. The total runtime of algorithms (TU-Alg-b) and (TU-Alg) in
Theorems 8 and 9 follows by recalling that the leading eigenvector can be obtained with ©4(log(d))
iterations of the power method.

Lemma 15. For integers a,b > 1 with { = a + b, there exist Cy that only depends on ¢ such that
matrix-vector multiplication with matrix H(z) = Mat, ,(H(2)) requires at most C¢(d® + d°)
elementary operations.

Proof. Using the identity (83) in Proposition 5, we can decompose

1¢/2)
H(z) = Y e Maty, (Sym(z¢2) @ 157))
j=0

Thus, we can decompose H (z) into Cy matrices of the following form (without loss of generality):

T
S e @ e @ o ® e @,

0150005059 €[d], re(s] le[u] re(ssa)

J1s-5ds5 €[d]

k1,....ky €[d]

T

= > > FreoQeroQen || 2 e eloQe.,

ki,..sku€ld] |i1,...s0s, €[d] r€[s1] lefy] J15e2dsp €[d] T€[s2] lefu]

where p1 +p2 =0 —2j, s1+ so+u = j, p1 +2s1 +u = a and py + 259 +u = b. The total number
of operations to multiply this matrix by a vector is then given by

Oy (d“(dp1+51 + dpz+82)) =0y (du+p1+51 + du+pz+82) _ Od(da + db),

which concludes the proof of this lemma. O

F.7 Additional discussions

In this section, we provide an additional discussion on the use of the Harmonic tensor. First, note
that all the properties discussed in Section F.3 can be derived using the following Wick’s formula for
spherical measure and tedious calculations:

Lemma 16 (Wick’s formula). Let z be a uniform vector on S%~1. We have

2p 1

B | [T=w T dd+2)---(d+2p—2) > I o (103)

pairings T (a b)eﬂ—

where the sum runs over all (2p — 1)\ perfect pairings  of {1,2, ..., 2k}.
We note that for our tensor unfolding algorithm, it is enough to consider a simplified tensor K, that
only keeps the off-diagonal entries of the harmonic tensor.

Definition 3 (Elementary symmetric tensors). For every £, we define Ky : S“™1 — Sym((R%)®*)
the tensor obtained from H, by putting 0 in the entries with repeated indices: for all z € S, the
tensor K¢(z) has entries

Ke(2)in s, = {Hz(z)il,...,ig = Co0%iy Zig -+ Ziy U1 F 2 F . F oy, (104)

7 0 otherwise.
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For convenience, we will denote Z; ; the set of all subset of j indices in [d] with no repetitions. From
the reproducing property of H,(z), we have similarly
Ba,e
E[Te(y,7)Ke(2)] = —KCo(w,y). (105)
[Ty, 7)Ke(2)] Ny (w.)
Apply a random rotation to all the input vectors z;. Equivalently, this amounts to having w, ~ 7.
This guarantees that w, is not aligned with any coordinate vector with high probability.

Lemma 17. Assume w ~ 74. Define A(w) = Ky(w)/ceo — w®’. Then there exist universal
constants ¢, C' > 0 such that for all t > 0,
P([|A(w)|[F > ¢(C +1)/d) < 2exp(—cdt'/?). (106)

Proof. Simply use that the non-zero entries in A(w) have at least one repeated index:

A7 < Y whewd v < Gl

i1 ig—2 ig—1 —

i1,...,ig,1€[d]
Then the tail bound (106) follows from standard concentration argument. O
From this lemma, we deduce that
Mat, B[y, 1o (2)]) = ey (w77 4 ). (107
d,0

where with probability at least 1 — e~ over the random rotation, we have || Ao, < Cyd~/2. Thus,

it is enough to consider the tensor Ky which has slightly simpler properties. For example,

Cy, 1
Mat (E[K(2) ® Ko(2)]) = —= i > P,
nd.e Vil
’ oeSy
where P, is the permutation matrix with non-zero entry at row ¢ and column o (7).

Lemma 18. For integer £ > 2 and p = | /2], there exist Cy that only depends on { such that matrix-
vector multiplication with matrix Mat,(K¢(2)) requires at most Cod'*/?| elementary operations.

Proof. Let us use Newton—Girard identities to decompose Ky(z). Note that ¢(z) corresponds to
the ¢-th elementary symmetric polynomial (in tensor form):

Ke(z) = Llleep Z Ziy - ZiOym(e;, ® - ®e;,).
i1<...<dg
Denote A |- ¢ a partition of £ with A = 171292 .- * so that } ;a5 = Land [A[ = a1 + ... +ae.
Then there exist coefficients ¢y such that (see Lemma 19 below)
®a;

Ke(z) = E!C@ﬁoZ(—l)e_lMC,\Sym H Z ziefj . (108)
A2 Jje] \k;€ld]
Let’s decompose Mat,, (1C;(z)) as a sum of matrices associated to each ) (the partition) and o € &,
(the permutation in the symmetrization operator). The number of such matrices only depends on
£. Let us bound the runtime for doing a matrix-vector multiplication for each of these matrices.
For each j € [(] and t € [a ], the tensor e}’ has its indices e, + f;; = j split into e;; left
indices and f;, right indices. Denote £ the set of j € [{],t € [a;] with a; > 0, and the subsets
EnUELUER = & that contains respectively the indices with {e; ; > 0, f;+ > 0}, {e;+ > 0, f;+ = 0}
and {e;; = 0, f; > 0}. Then we can write the matrix (up to permutation of the indices)
T

7 ®ej, ¢ ® ®fj.¢
Z H Pk ® €k €k ;

{kjt},oee (Gt)EE (J,t)e€ (U,t)e€

_ j j ®ej,0 j
= 2 A X 1A @ ead > Il 4. Qe

{kje}Gneey (Uit)EEM {kjt}Gneey (GH)EEL (J,t)EE {kjt}Gneeg (Gt)EER
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Foreach {k;; }(j 1)ce,,» the left and right vectors take Oq(d/€21) and O4(d/€7!) operations to compute.
Therefore the total runtime is

O, (d|5M| (d|£L| n d|£R\)) — 0y (d\eM\+|sL\ n d\sM\+|8R|) = Oq (d” +d*?) = Oy (dw/ﬂ) ’

where we used that |Eyr + €| < p the number of indices in the left side of the matrix, and
|Exr| + |ERr| < £ — p the number of indices on the right side of the matrix. O

Lemma 19 (Newton-Girard identities). Denote for each integers £,k > 1,
Q[(Z): Z Ziy t Ry 2217
1<ip<...<ip<d i€[d]
the elementary symmetric and power-sum symmetric polynomials respectively. We have
Qu(z) =Y (1) PexPy(2)" Py(2)*2 - - Po(2)™, (109)
AL
where A = 191292 ... 0% qnd
1

e\ = .
A arlag! - -agll®2ez ... fa

Using Eq. (109), we have the following polynomial identity: for all u € R?,
(Ke(2),u®") = llce0Qe(z © u) = lleg Z(—l)e_wc)\Pl (zOU)™ - Pz ®u)*
ARL

Matching the coefficients in these polynomials in w yields the identity (108).

G Proofs for Gaussian SIMs

In this, we shall prove the results from Section 4. We first start by showing the rates on L? norm of
coefficients &g ¢ for a Gaussian SIM of generative exponent k, (cf. Lemma 1).

Proof of Lemma 1: We start by recalling that, from [29], the generative exponent k, (p) is only
defined for p whose vq is such that vy < 740, where g0 = vgy @ Xa ® 74,1 1s completely

decoupled null. In particular, || d(;’; L ||L2(5,,) is bounded by a constant independent of d. Let

{v4}a>1 be the sequence of spherical SIMs associated to the Gaussian SIM p, i.e. vg = x4 and
va(Y | Z,R)=p(Y | Z-R) = p(Y | X). Let g0 = vy ® Vg ® vz. Let us consider the likelihood
ratio decomposition in L? (P4,0) identical to the one in [29, Lemma D.1]

dl/d

5 -7 2) ) S G Her(r-2), Gy) = EvinzyeraHer(R - 2) | Y = .
Vd,0 k>k,
Denote A\p = ||Ck||,,,» which are completely determined the model p independent of d, and by

definition of generative exponent (2) we have )\ﬁ* > 0. We now use the decomposition of Hermite
into Gegenbauer polynomials from Proposition 2 to rewrite the above as

dl/d (Pq (d
o, w2 E Z Gy Zﬁké (MNQL"(2) ZQ ( 2) Y Bra(r)Ce(y)
V4,0
0 k>ky >k
(110)
We can now expand the same directly in the Gegenbauer basis
dv, L2(7a,0) 7 -
o -wra) T G ) + D Eanw )@ (), (111
Vd,0
' 1
where
- dv
Caoly,r) = —=—(y,r)  and  Eau(y.r) = Eqvin 2y Q(2) | Y =y, R =7]

dvagy ® va,r
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Equating both (110) and (111), we have the following equalities in L?(74,0)

: dvay,r
,’[" = 7’ 2 — 1+ - 1+ aT fo
Caolwr) = e k; G (y) B o Wy, ) k§ Gk (y) B o
and for/ > 1
Ea,e(y,7) Fieo 5 oW, )EaeW,r) = D GW)Bre(r) = Y ) Broelr
k>k, ke,

where 7, := {k > k. : k = ¢ mod 2}. In the last equality, we used the fact that 3 ¢(r) = 0 for
¢ # k mod 2. Our goal is to bound

dl/d

Eud [gd,f(ya ,},,)2} = EDd)U [d?i) (ya r)gd,é (ya ’)")2} = EDd,(J [gd,O (yv r)fd,[(ya T')2]

Denoting K(y,7) := £4.0(y, )fd,g(y r)?, we are interested in calculating Ey, ,[K(y, r)]:

Vd,o [K(ya T)(l + w(yv T) - WZ/, T'))]
[ (y, r)gd,o(yv T)] - Ef/d‘o [’C(yv 7“)1/}(% T)] ) (112)

=E;
Ez,
We now have the following claim.

Claim 1. We have that for a constant d sufficiently large (only in terms of k),

‘EVCLO[ ( T)i/J(yﬂ")H < Eﬁd,o[’(:(yvr)]/2'

The proof is deferred; for now we use the claim and proceed with the following simplification. It
is straightforward to see that, combining Eq. (112) with Claim 1, for d sufficiently large (that only
depends on k,), we have

%Eﬁd,o [K(yvr)f_d,o(yﬂ”)] < Eﬁd,o [K(yvr)] < %Ef/d,o [K(y,r)ﬁ_dvo(y,r)] . (113)

Thus, it suffices to obtain rates on K(y, 7)€q.0(y,7) = Ea.0(y, )% Eae(y, 1) = Ea.e(y, 7)? by defini-
tion. We finally have the following claim which we will show separately to finish the proof of the
lemma.

Claim 2. For all ¢ < k,, we have
Epd’o[fd)g(y,rf] = d_(k*_é)/QforK =k, mod 2 and E;d’o[gd)g(y,r)Q] < d_(k*_eﬂ)/?forﬁ % k, mod 2.

Observe that Claim 2 along with Eq. (113) establishes the desired rates on Ep, ,[K(y,7)] =
Ev,(€a,e(y,7)?] = €a,ellL2(vy) concluding the proof of the lemma. O

We now return to the deferred proofs. In order to show Claim 1, the following bounds on the
moments of t(y, r) will be useful. The idea is to then directly apply Lemma 24 to conclude that
|E5,0[K(y, )1 (y,r)]| is vanishing as compared to E;, ,[KC(y, r)], which is sufficient to establish
Claim 1.

Claim 3. Let ¢(y,7) = > >k, Ck(y)Br,0(r), then there exists a universal constant C' > 0 such that
for d > Cp*, we have

P \k
16lzewan) < € (1) -

Proof. For the ease of notation we shall denote ||-||, := ||| Lr(5,,) and T = {k € N: k > k,, k =

0 mod 2}. Recall from Proposition 2 that 3} ¢(r) is a polynomial of degree k with only even degree
terms when £ is even and zero otherwise. Using this we have:

11l = Eouo 1o (y, )IPTY? <3 NGkl l1Brolly < D IHellpll Broll,  (ensen’s inequality)

keT keT
< Z DR 2(p — 1D)*2)18k.0]l2 (Hypercontractivity Lemmas 21 and 22)
ke
—1
< Z pdT’ (using Lemma 3)
ke
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hiding a universal constant. We now note that the summation forms a geometric sequence with ratio
(p — 1)2/+/d. Therefore, when d > Cp* for sufficiently large constant C', we have that

ol < 0 (25)™" " < o (£2)"

Using the above claim, we are now ready to prove Claim 1.

Proof of Claim 1. Again let ||-||,, denote ||| Lr (s, ,)- We first evaluate

dV 1/2
1Kz = Eoy o [K(y, r)2 = E[ Z

q= (y7 T)di,é(ya T)4
Vd,0

dl/d
dg.o

1/2
<Ep,, [ (y,7)?Qely, 7“)4] (Jensen’s inequality)

< d,
L2(74,0)

dl/d 0

where we used the fact that |Q¢l|co < \/Tlar = Vd* and that d‘;ﬁ has L?(74,0) norm bounded by a

universal constant by definition of Gaussian SIMs p. Therefore, we have % log (HEH?) < log(d).

Thus for d greater than sufficiently large universal constant, we will indeed have d > C'p'/* for all
p < % log(]|K]l2/||K]|1). Using Claim 3, for d greater than sufficiently large universal constant

k
"
oty <€ (A7) -

Invoking Lemma 24 along with Claim 3, we obtain that

BosalIC(y 70600, 7)) S 0L (261 log (a).

Note that whenever k, > 1, for d greater than some sufficiently large constant (completely determined
in terms of k,), we have

By o [K(y, 7)) (y, Il < K111 /2 = Ba, o[K(y, 7)]/2,

as desired. The last equality follows from the fact that K(y, ) > 0 a.s. under 7 ¢. O
Finally, we prove Claim 2.

Proof of Claim 2. Let us expand f_d,g(y7 7)? under 774 o

ae(y,r)’ = Brulr +20 3 G (U)Ch (W) ek () Chy (1) -

ke, (k2>k1)€Z,
Epyol€ae(,m)) = D EBre() AN +2 Y ElCky (4)Ck (WIEck, e(r)crs o(r)] . (114)

keZ, (k2>k1)€I[,

‘We now use the bound from Lemma 3 and find the rates for each term in the above.
Case (a) ¢/ < k, with ¢ = k, mod 2 : The first term

Z E[ﬁk,é( ) ])\k ,\)\2 d (kx—0)/2 + Z )\2 d- (k—£)/2 \_/)\2 d- (kx—0)/2

ke, k. <k€Ty

where in the last step we noticed that the latter term forms a geometric series with decaying ratio
whose leading term is of smaller order than the former term. We now show that the sum arising from
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the cross terms from (114) is of smaller order in the absolute value.

Y Bl )G @Eler e(Mer eI < D 1EG ()G (9)]] - [Eleky o (r) e e(r)]

(k2>k1)€Z, (k2>k1)€ET,
< Y el wa[ckl,e(r)?] Elck, (r)?]
(ka>k1)ETLy
DV e B 3
(ka>k1)€ET, ki1€Z,
< g (1)

Substituting this bound in (114), we conclude that for any ¢ < k, with £ = k, mod 2, we have
EDd,O [gd,f(:% 7“)2] = d_(k* —H/2 .
Case (b) ¢ < k4 with £ # k, mod 2: We now do similar simplifications.
2 ~ min AQ d—(k—Z)/Q < d—(k*+1—€)/2 ]
k;@ [Br.e(r) AT 2 k S
Bounding the contribution of the cross terms

> Elk 1)k ) Eleky o(r)er, e (M <> I/\kl/\k2|'\/E[Ckl,e(T)Q]']E[Ckz,e(r)Q}

(k2>k1)€L, (k2>k1)€T,
k1+k2 A
S 2 & S d
(k2>k1)€EZy ki1€Z,

< g~ (=)
Putting the bounds in (114), for any ¢ < k, such that £ # k, mod 2, we have

]Eﬁd,o[gd,0<y,7’)§d}g(y7r)2] < d-(k+1-0)/2
O

We next prove Lemma 2 which we use to characterize the complexity when one is only allowed to
use the directional component z.

Proof of Lemma 2: The proof is very similar to and, in fact, simpler than that of Lemma 1. Our
goal is to provide rates for the L? norm &, ,. However, as 7 = 1 always as we only observe (y, ),
both completely decoupled null and “partially” decoupled null (where (Y, R) is decoupled from Z)
are identical. Therefore, the change-of-measure argument required to used in the proof of Lemma 1
is no longer needed. The proof then follows from the calculations similar to the one done in the proof
of Claim 2.

For clarity, we will continue to denote the original problem (y, ) with v,4, and the new spherical
single index model where one only observes (y, z) by vg.

Again, we have {vy}q with vg = xgand p(Y | X) = p(Y | Z-R) = vq(Y | Z,R). Let

Vg0 = vy ® Vg @ vz be the completely decoupled null. We will also let {v4}4 be the sequence of
problem associated with {v4}4 where we only observe (y, z). We have

d (74,0
dz?l;do (or2) =17 E ST Gy Hew(r - 2), where Gu(y) = Eqy.n z)va [Hex(R - Z) | Y =]
, k>k,
L2(id,0) Z Coly Zﬂke (d) ZQ(d)(Z) Z Bre.e (1) (y)
k>ky k>k,

where in the second line, we used the harmomc decomposmon of Hermite from Proposition 2. We
marginalize the radius to explicitly write the likelihood ratio of only (y, z) part under v4 and 74 g, is
identical to that of v4 and vg0 = vy ® Tq,1.

Qi ) o)1 80 50D () S Bl ()] () -
=0

dv
4,0 el
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We can also expand the log likelihood ratio of (y, z) directly in the Gegenbauer basis

dv L ( )
dvddo (y,2) — = Zf , where £q.0(y) = E(y,z)~u, QW(2)|Y =)
' 0>1

Equating both, we have for any ¢ > 1

€aely L(UdO)ZCk E[Br.o(r ZC’“ E[Bk.e(r)] where Z, :== {k > k, : k =¢ mod 2}.

k>k keZ,

Squaring both sides

§ae)? = D EBeePEW +2 D G W)k (W)Elcky 0 ()] E[ek, o(r)]

k>Z, (k2>k1)€Z,y
I€aellF2(oyy = D ElBre(r > ElGk 0k @)]Elck, o(r)]Eck, o(r)] . (115)
keZ, (k2>k1)€ET,

We now use the rates on E,.., [8x,¢(r)]? from Lemma 3 to carry out the simplification similar to the
one done in the proof of Claim 2.
Case (a) { < k, with / = k, mod 2:

Z ]E[ﬂk,é(r)]Q )\2 ~ )\E* d—(k*—e) 4 Z )\i d—(k—f) — )\k*d_(k*_é),
keZ, ke <k€Zy

where the step followed by observing that it is a sum of geometric series whose rate is dominated by
the first term. We now show the bound on the magnitude of the cross terms

| Z E[Ckl(y)Ckl(y)]E[Ckl,Z(T)}E[ckz,f(’r)]‘ < Z |E[<k1( )y (Y )]' |E [Ckl»z( )]E[ckz,f(r)”

(k2>k1)€Z, (k2>k1)€EL,
< S Pl /Eler, (0] Efew, o(r)]?
(ke>k1)€EZ,
< Z d—(%—z) < Z d—(F1—t+1)
(k2>k1)€Z, k1€Zy

< g (ke—t41)
Combining these rates with (115), we obtain for any ¢ < k, with £ = k, mod 2,

€172y ) = Eoléae(y)?] =< d™t—9.
Case (b) ¢ < k, such that £ # k, mod 2: We do similar calculation in the other case.
D E[Bre(r)PAf = min A2 d—(k=0 < g=(k—t4D)
= heT,

Bounding the cross terms

Y Bl )Gk WElek, e Elera eI < Y0 [y kol - (Bl o(r)] - Elek, o (r)]]

(k2>k1)EZ, (k2>k1)EZL,

S Z d*(%,[) < Z d—(k1—t+1) < d—(ke—t+2)

(k2>k1)61-2 k1€Zy

Substituting these bounds in (115), for any ¢ < k, such that £ # k, mod 2, we have

Eﬁd,o [fd,e(y, 7’)2] < d—(ke—t+1)
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H Information-theoretic sample complexity

H.1 Information theoretic lower-bound

Below we derive an information-theoretic lower bound for recovering w, in single-index models
under an illustrative assumption. This information-theoretic result completes the low-degree polyno-
mial and SQ lower bounds for the detection problem. Recall that when ||£41]/z2 = ©4(1), the LDP
lower bounds scales as v/d: indeed, detection can be achieved with this many samples by taking the
test statistics obtained by projecting the likelihood ratio onto samplewise-(¢, 1) polynomials with
t = wq(1). However, the information-theoretic lower bound for recovery scales as 2(d) (that is, there
is a detection-recovery gap in this model). This is well understood in the Gaussian case (e.g., see
[66, 67, 29]) and we provide a short proof for spherical SIMs below for completeness.

We will consider the following illustrative regularity assumptions on the link function.

Assumption 6. We assume that for all s,t € R>q, we have
KL(vg(-|r, t)||va(-|r, s)) < ALK (r)(t — s)?,

where L > 0 is a constant, and K € L' (u,.).

Remark H.1. In the case of a Gaussian noise i.e y = f((w,z)) + 0 Z, where Z ~ N(0,0?), we
have KL (Py|[Puw) = 55 E[(f ((w, ) — f({w', z)))?] which satisfies the assumption 6.

202
We now state our minimax lower bound under this assumption.

Theorem 10. Let v, € £ that satisfies Assumption 6 and let P, ., be the associated family of SIM
distributions indexed by w € S*~. Then, for any estimator W based on m observations from IP,, 4w
we have:

. R d—1)log(C)
¢ E o 2 >(7
sy Ee ol > 00O

where C'is a constant.

Proof of theorem 10 . We define the planted distribution denoted by P}, ,,: given w € S41, we
sample n points (y;, €;) ~idd P, w. We construct the set of hypotheses H = {w1,...,wp} as
a 26-packing of S¥~1 (§ is chosen small enough such that the 26-packing is not a singleton), and
such that Vi # j, [Jw; — w,|| < C4. Using Fano’s lower bound [81, Chapter 15] to the problem of

estimating w from the observations (y;, ;)7 ; yields

. . 1 I(Z; J) + log(2)
f sup E —w|? > =61 - 22 =) 116
inf sup B, u(ld—wl =3 ( Tog (A1) (116)
where J is unformly distributed over {1, ..., M}, and Z is a random variable distributed according

to P, «,, where J is independent of Z. By the convexity of the Kullback-Leibler divergence and
additivity of the KL divergence, we have

M M
1 n n n
I(Z7 ‘]) S M2 Z KL(Pud,wi7PVd,wj) S M2 Z KL(PV@!,wi

i,j=1 i,7=1

Ppyw;)- 117)

Using Assumption 6, we bound the KL divergence between two distributions Py, 4, and Py, 4,

d]Pl/ ,W;
KL(Pdewi,’]PVd7wj) = EZ,TnyIPud,wi |:10g <dP = (y7 T, Z)):|
Vd,Ww;

AP, w.
<E. |Ey,p, . |log| 2% ,r,z) z,r”
{ v~ { g(dp%wj (y,m,2) ) |
< Li|lw; — w||*E.[K(r)] < LCS?,

where L is a constant from assumption 6, and we used that for all j # ¢, |[w; — w;|| < Cé for some
constant C > 0. We then have
I(Z;J) < nLC>. (118)
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We bound the cardinality of M, using a classical volume argument: let define S;5(x) = {y €

St (z,y) > 1— 62} = {y € S¥L: ||z — y|| < 25}, we then have

VO](Sd_l ﬂ 8@5(91))
Vol(Ss)

Pa(8TY) > Np(s) > > cei,

where C is an universal constant, and we denote that N5(S?~1) is the covering number and Ps(S¢~1)
is the packing number, and we used N5(S~1) < Ps(S?1) [80, Prop 4.2.1], and that the homogenity
of the volume on the sphere S?~!. With the choice of # described above, and plugging this into
equation (116) and equation (117), we obtain

52 nLC? + log(2)
inf E v —w|?>=(1- . 119
it sup Ep,, [l -l 23 ( (d—l)log(C)+log(c)> (119)

We choose §2 = (gi_Llc) < 1, and plugging this into the previous inequality equation (119), we obtain

the following lower bound for d sufficiently large

d—1
inf E v —wl? > ——. 120
i sup P 1@ = wl"] 2 25 (120)

O

H.2 Information theoretic upper-bound

We complement our information-theoretic lower bound with a sample complexity upper bound. We
exhibit an estimator (which is not computable in polynomial time) that achieves strong recovery with
O(d) samples for general spherically symmetric measure under a mild assumption on the sequence
{vq}a>1 that there exists £ > 1 such that ||q¢| L2 = Q4(1) (cf. Appendix A). The proof is directly
adapted from [29, Theorem 6.1]. We focus on proving weak recovery of the ground truth since we
can boost it to obtain strong recovery: there exists a (non-polynomial time) algorithm such that for all
€ > 0, it outputs w with |{(w, w,)| > 1 — € with probability 1 — o(1) and sample complexity

m = O(d/e).

Proposition 6. Under the assumption that there exists £ > 1 such that ||q ¢||L2 = ©4(1), there exists
an estimator (non polynomially computable) that returns w € S~ that satisfies |(w, w.)| > 1/2,
with probability at least 1 — 2e~% with information theoretic sample complexity m = O (d) , hiding
constants in £ and ||€4.| 2.

Proof. For any 6§ > 0, let N5 be a -net of SY~1, and we can choose N5 such that || < (%)d )
Consider the following g(y, 7, z) = £4.¢(y, 7)Q¢(2). For simplicity, let us denote B4¢ = ||€a.¢| L2
Fix a truncation R > 0, and denote L,,(w) defined as

1 n
Ly (w) := - > 9w, 2i),vi, 1) g,z ) | <R
=1

‘We consider the min-max estimator

w € argmin max | L, (w)

WweSd—1 wENs

_ 63,€Q€(<'w7ﬁ]>) ’ )

nd,

~

Using Lemma 24, we have
Elg((w, 2),y,7)%] = El€a.((w, 2))*Qe((w, 2)%)] < 57 ,1og(3/55,0)"/*.

Using Bernstein’s lemma, we have for any w € S?~!, with probability at least 1 — 2¢~*

2 5 \/?
oos () 1 p
+—=.
n n

|Ln(w) — E[Lp(w)]] <

By union bound and setting ¢t = d (log (%) + 1), we then have with probability at least 1 — 2e~¢,
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k/2
B2, log | =— dlog (3 1
sup |Ly(w) — E[L,(w)]| < ! (ﬁ“) ) + fd (10g(5)). (121)

wEN n n
‘We bound the effect of the truncation

‘E[Ln(w) - E[g(<wv Z>, Y, 7’)“\ = ‘E[g«wv Z>, Y, r)l\g((w,z),y,rﬂzR”
< VE[g((w, z),y,7)2P(lg((w, z),y,7)| > R)
< ﬁd,[\/ﬂl’(|g(<w,z>,y,7‘)| > R) .
We then have the following control on the moments of |g((w, 2),y,7))|
Ellg((w, 2),y,m)[P]"? < E[|Qe((w, 2))P|€a.e(y, r)[P]'/P < (2p)",

by using Jensen inequality and spherical hypercontractivity. By taking R > (2¢)*, and 6§ = RY/¢ /2e

2p"” =y
P(|g(<w7z>7y)’r)| > R) S ﬁ S exp <—26R

Combining the two inequalities gives
14
L ()]~ Elg({w0. 20,1 < fuagexp (-1 7).

Combining the above inequalities, we then have

BQu((w,w.) Bﬁ,z@e((’w,@)‘

weN; \/1d ¢ Nd,e
2 w, W, 2 w, W

< max |L,(w) — —ﬂdef“ ) + max |L,(w) — faQeld >)|

wEN Nd.¢ weN; Nd ¢

2 W, Wy
<2 max |L,(w) — BMQE“ >)|
weEN /M, e

<2 max |Ln(w) — Elg({w, 2), y,7)]]
< max | Ly (w) — E[L, (w)]| + 3°exp (— Rl/e>

weN;

. \K/2
ﬁﬁ ¢ log ( 52 t
< <B ) + — 4+ 3%exp < Rl/f)
n
We have the following
~ 14/2]
W, Wy)) — w, w 1 _ O
Q) ~Quw )| LNt g o)
VTd Vg | =
Ce,0

‘We then deduce that
N B34Qe((w, w.)) B3, Qe((w,w) | B sce0
weNs \/m \/@

Using [41, Lemma 25], we then have

¢_ e —1
s Inax (w, w,)" — (w,w)"| + O(d™).

Qul(w,w.))  Qul(w, )
N N

2,
M min s — w.,| < B3, [ max
VNde se{£1} T\ weN;s

‘ +6+ O(d—1)>

74



Using this inequality above, and plugging the inequality, we have

B3¢ log(53-)"/2dlog (3) Rdlog (2 i

min |[sw — w2 < \/ : Pave +0+ % (3) + 3%exp <—R1/£)

se{£1} n n 4de

Choosing R = (4elog(3/6))*, it yields

\/ g,tz IOg(Bg,z )¥/2dlog (%) +Rd log (%)
n n

B3 oce
DALY hin |[sw—w, | < 0+

14
+3%exp ( ——RY*) .
/Nde se{£l} 4e

Taking 6 = O(Bg} ,) concludes the proof. O

I Additional technical results

The uniform distribution 7; = Unif(S?~!) and the isotropic Gaussian distribution N(0, I;) satisfy
the following hypercontractivity properties:

Lemma 20 (Spherical Hypercontractivity [13]). Forany { € N and f € L?(74) which is a degree {
polynomial, for any p > 2, we have

I fllzora) < (0 = D2 (| £l 2(r) -

Lemma 21 (Gaussian Hypercontractivity). Forany ¢ € Nand f € L?>(N(0,1,)) which is a degree {
polynomial, for any p > 2, we have

1£llze = Egnnio1n £ (@)P1V7 < (0 = D)2 | f| 2 -

As a corollary of this, we also have the following property for the x4 distribution.
Lemma 22. For any even { € N and f € L*(xq) which is a polynomial of degree { with only even

degree terms (i.e. f(r) = foo a; %), for any p > 2 we have

1 er ey < = DI F N2 ra) -

This lemma follows from Lemma 21 by noting that f(r) = f(||z|2) = f(y/21+---+23)isa
polynomial of & of degree ¢, where & ~ N(0, I;). To obtain high probability tail bounds from bounds
on the moments, we will often use the above hypercontractivity properties with the following standard
tail-bounds:

Lemma 23 (Lemma 24 in [28]). Let § > 0 and X be a mean zero random variable satisfying
BIXPIYP < B fory = 280

for some k. Then with probability 1 — §, we have | X| < Bp*/?.

Similar to [28], we will use the following lemma to bound E[X Y] instead of standard Cauchy-

Schwarz, when we have a tight bound || X||; and all moments ||Y||, but a very loose bound on
X 12

Lemma 24 (Lemma 23 in [28]). Let X,Y be random variables with |Y ||, < B p*/2. Then

2 (X))
E[XY] < HX||1-B~(26)]€/2-1’I13X (Llog( )) .
k X1

Lemma 25 (Lemma 1.5 in [29]). Let Y = ZZ”:l Z;, where Z; € RP*9 are mean zero independent
matrices. Define

o= oY) = max ([EN Y)Y EY YY)

llo
o i=0.(Y) = sup E[((v, Yw))*]'/2,
veSP—1 yeSa—1
R =E[max || Z,]|2,]"/2.
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Then for
R > RY251/2 4 \/§R,

andt > 0, denoting § = P(max;c|,) | Z;|| > R), we have with probability at least 1 — § — de™,

Y —E[Y]|lop < 20 + 0.t/ + RY35%/312/3 1 Rt
Lemma 26. Let {Z;},c[n) be a sequence of independent random variables with polynomial tails,
i.e. there exists B,k such that E[|Z;|P]'/? < BpF/?. Define R = max;e(n) Zi. Then for any
p <logn/k, we have E[|R|P]*/? < Blog"/*(n) and for any & > 0, with probability at least 1 — 6,
R < Blog"*(n/9).

Lemma 27 (Lemma 1.3 from [29]). Let X1, ..., X, be independent mean zero random variables
such that for all p > 2, we have || Xi||, < Bp*'? for some k and let 0®> = S | E[X?]. Let
Y = 3" | X;. Then with pribability at least 1 — 4,

V| <p ov/log(1/6) + Blog(1/6)log(n/6)*/?.
Lemma 28 ([78]). Let X, be i.i.d random matrices of dimensions dy X ds. Assume that each matrix
is bounded by
VEk, [ X — E[Xk]llop < L.
Consider v(Z) = max{|| 7  E[(Xx — E[Xi])(Xr — E[X)TI 5, E(Xs
E[X )T (X — E[X])]||}, then with probability at least 1 — §,

L dy + do di +ds
<=1 4ul .
‘ _30g( 5 )—l—\/vog( 5 )
op

n

D (X —E[X4])

k=1
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