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Abstract

Sparse Mixture-of-Experts (SMoE) models are
scalable and computationally efficient, enabling
large increases in model capacity with limited
inference overhead. Existing SMoE methods of-
ten depend on auxiliary objectives, such as load-
balancing loss and z-loss, or additional trainable
components such as noisy gating. While these
techniques encourage expert diversity, they can
introduce objective misalignment, increase model
complexity, or incur substantial training overhead,
especially in Sinkhorn-based routing methods. In
this paper, we revisit the token-to-expert assign-
ment as an optimal transport problem. We add
constraints to ensure balanced expert utilization.
We show that even minimal optimal transport-
based routing improves SMoE performance with-
out requiring auxiliary balancing losses. Un-
like prior approaches, our method derives gating
scores directly from the transport map, leading to
more balanced and effective token-to-expert as-
signments. Building on this insight, we introduce
Selective Sinkhorn Routing (SSR), a lightweight
routing mechanism that replaces complex auxil-
iary losses with efficient Sinkhorn-based routing
while preserving flexible expert selection. Experi-
ments on language modeling and image classifica-
tion show that SSR improves training efficiency,
accuracy, and robustness to input corruption.
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1. Introduction
Foundation models have rapidly advanced across language
(Vaswani et al., 2017; Brown et al., 2020; Raffel et al., 2020),
vision (Dosovitskiy et al., 2020; Liu et al., 2021; Riquelme
et al., 2021), and multimodal learning (Lin et al., 2024;
Rasheed et al., 2024). A common way to improve their
performance is to scale model capacity, but dense scaling
substantially increases computational cost and inference la-
tency. Sparse Mixture-of-Experts (SMoE) models (Shazeer
et al., 2017; Lepikhin et al., 2020; Fedus et al., 2022) pro-
vide an efficient alternative by activating only a small subset
of specialized experts for each token, thereby increasing
capacity while limiting computation.

Conventional SMoE models use Softmax-based routing,
assigning each token to the top-k experts based on gat-
ing scores. This can cause routing collapse, where only a
small subset of experts is frequently selected while others
remain underutilized (Chi et al., 2022). Prior work mitigates
this issue with auxiliary load-balancing losses (Fedus et al.,
2022; Lepikhin et al., 2020), but such losses may introduce
training instability (Zoph et al., 2022). Alternatively, OT-
based routing methods use Sinkhorn algorithms to obtain
balanced expert assignments without auxiliary losses (Liu
et al., 2022), though they may reduce routing flexibility be-
cause the gating matrix is not directly optimized through
gradient-based learning (Liu et al., 2024).

In contrast to prior Sinkhorn-based approaches (Kool et al.,
2021; Clark et al., 2022; Liu et al., 2024), which use the
transport map only to select the top-k experts, we also use its
values to assign weights to each selected expert. We derive
routing weights from transport-map values rather than from
the conventional gating-score matrix, leveraging Sinkhorn’s
built-in expert balancing in SMoE. This design improves
expert balancing, supported by both theory and empirical
results. We introduce Selective Sinkhorn Routing (SSR), a
lightweight routing mechanism that replaces auxiliary losses
with minimal Sinkhorn-based optimization. Applying SSR
to only 0.1%–1% of training steps per epoch yields faster
convergence, higher accuracy, and greater robustness to in-
put corruption. We also show that although Sinkhorn routing
and the noise-addition trick improve training performance,
they degrade inference performance.

This work makes the following principal contributions:
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• We propose a routing framework for SMoE models that
integrates entropy-regularized optimal transport with
stochastic noise injection to promote balanced expert
utilization and improve training stability.

• We provide theoretical results showing that Sinkhorn-
based routing and noise injection aid training by en-
couraging exploration and expert balancing, but should
be disabled at inference to ensure consistent, determin-
istic routing.

• We conduct extensive evaluations on language model-
ing and vision tasks, demonstrating that the proposed
approach outperforms existing methods.

2. Related Work
Sparse Mixture of Experts Sparse Mixture-of-Experts
(Shazeer et al., 2017; Du et al., 2022; Fedus et al., 2022)
has become a core backbone in deep learning, increasing
model capacity while preserving computational efficiency.
Compared to densely activated models, SMoE can improve
performance across tasks without excessive compute (Lep-
ikhin et al., 2020; Zhou et al., 2022). By activating only a
subset of experts per input, SMoE substantially increases
parameter count without increasing FLOPs per example.
This sparsity supports large-scale training that remain cost-
effective at inference, making SMoE attractive for applica-
tions such as language modeling and machine translation.

Routing in SMoE In SMoE architectures, the router as-
signs tokens to experts. A common approach uses a gating
network with a softmax to produce a distribution over ex-
perts for each token (Shazeer et al., 2017). To balance token
load, load-balancing losses (Shazeer et al., 2017; Lepikhin
et al., 2020; Fedus et al., 2022) or injected noise (Shazeer
et al., 2017) are often used. Despite improving utilization,
they introduce extra hyperparameters and training complex-
ity. Sinkhorn-based routing instead optimizes token–expert
assignments via the Sinkhorn algorithm (Clark et al., 2022;
Cai et al., 2024). ST-MoE (Zoph et al., 2022) adds a z-loss
penalizing overly large gating logits for numerical stability.

3. Preliminaries
This section provides the foundation on SMoE models, fol-
lowed by the background of the Sinkhorn-Knopp Algorithm.

3.1. Sparse Mixture of Experts

An SMoE model comprises multiple MoE blocks, each
containing a set of experts. Within each block, experts
process different aspects of the input, and their outputs are
combined to form the block output. Let X ∈ Rm×d denote
the matrix of m input token embeddings, and let Wg ∈
Rn×d denote the gating weight matrix for n experts. The
gating score matrix S ∈ Rm×n is computed as S = XW⊤

g .

Each entry si,j in S is a compatibility score between token i
and expert j, indicating how suitable expert j is for process-
ing token i. Larger scores imply a stronger preference for
routing token i to expert j. For each token i ∈ {1, . . . ,m},
we select the top-k experts with the highest scores, denoted
by the index set Ti ⊆ {1, . . . , n} with |Ti| = k. The routing
weight from token i to expert j is defined as

wi,j =


exp(si,j)∑

j′∈Ti
exp(si,j′)

, if j ∈ Ti,

0, otherwise.

Each expert j is represented by a feedforward network
fj : Rd → Rd. Token i’s output is aggregated as
yi =

∑
j∈Ti

wi,j fj(xi).

3.2. Sinkhorn-Knopp Algorithm

Given two probability vectors r ∈ Rm, s ∈ Rn and a cost
matrix C ∈ Rm×n, the entropy-regularized optimal trans-
port (OT) problem (with entropic regularization parameter
ξ > 0) seeks a transport plan Π̂ ∈ Rm×n that minimizes:

Π̂ = argmin
Π∈Rm×n

⟨Π,C⟩+ ξ⟨Π, logΠ⟩, (1)

subject to: Π > 0, Π1n = r, Π⊤1m = s. (2)

This can be solved efficiently by the Sinkhorn-Knopp al-
gorithm (Cuturi, 2013) (see Algorithm 1), which alter-
nates between scaling rows and columns of a kernel matrix
K = exp(−C/ξ) to match the marginals r and s.

Algorithm 1 Iterative Sinkhorn-Knopp Algorithm

Input: Cost matrix C ∈ Rm×n, r ∈ Rm, s ∈ Rn, ξ, δ > 0,
number of iterations η ∈ N+.

Output: Optimal matrix Π∗ ∈ Rm×n.
u(0) = 1m,K = exp(−C/ξ).
for each k = 1 to η do

v(k) = s ⊘K⊤u(k−1); // Element-wise division
u(k) = r ⊘Kv(k); // Element-wise division
if ∥Π1n − r∥ < δ and ∥Π⊤1m − s∥ < δ then

break;
end
Π̂ = diag(u(k))K diag(v(k)).

4. Methodology
In this section, we propose a novel method to balance token
allocation in SMoE models via an optimal-transport-based
token-to-expert assignment mechanism. A key challenge
is that it requires reasonably good gating scores to produce
meaningful transport maps. To address this, we concurrently
employ standard Softmax gating during training to update
the gating weight matrices. This joint training mechanism
lets transport-based routing leverage updated gating scores
while preserving its assignment process. Unless otherwise
stated, all notation follows Section 3. Proofs are provided
in the Appendix.
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4.1. Token-to-expert Assignment as an
Entropy-regularized Optimal Transport Problem

To achieve effective load balancing, we formulate token-
to-expert assignment as an entropy-regularized maximum-
cost optimal transport (OT) problem that assigns tokens
to experts by maximizing overall compatibility. We pro-
pose two approaches to construct the transport cost ma-
trix C ∈ Rm×n from the gating score matrix S: (1) Raw
gating scores (linear cost): C = S; (2) Normalized
scores (softmax cost): apply a row-wise softmax to S, i.e.,
Ci,: = softmax(Si,:). The softmax cost prevents kernel
entries from becoming excessively large, since unbounded
values can cause exponential growth and numerical overflow
during Sinkhorn updates.

Building on this motivation, we further impose balancing
constraints across experts, leading to an entropy-regularized
maximum-cost OT problem. This problem can be efficiently
solved using the Sinkhorn algorithm, formulated as:

Π̂ = argmax
Π∈Rm×n

{⟨Π,C⟩ − ξ⟨Π, logΠ⟩} , (3)

subject to
(C1) Π > 0, (C2) Π1n = 1m, (C3) Π⊤1m = m

n 1n.
(4)

We clarify those constraints as follows. (C1): All routing
probabilities must be positive to form well-defined entropy
term. (C2): Each token routes its entire mass to experts;
each row of Π sums to 1, so all token information is pre-
served. (C3): Each expert receives the same expected total
load; each column of Π sums to m/n.

Unlike existing Sinkhorn Token Choice routers (Kool et al.,
2021; Clark et al., 2022), which use the transport plan only
for expert selection, we directly use Π̂ to compute rout-
ing weights. This approach is theoretically supported by
Proposition 4.1. Specifically, for each token i, we select
the top-k experts with the largest entries in the i-th row of
Π̂. Let token i be assigned to experts Ei1 , Ei2 , . . . , Eik ,
corresponding to the k largest entries in the i-th row of Π̂.
The compatibility score between token i and expert Eir is
given by Π̂i,ir , where r ∈ {1, 2, . . . , k}.

Proposition 4.1. Let Π̂ ∈ Rm×n be the solution to the
entropy-regularized optimal transport problem in Eq. 3. For
each token i ∈ {1, . . . ,m}, suppose we are allowed to
assign it to at most k experts, with routing weights αi ∈ Rn

satisfying:

αi,j ≥ 0, supp(αi) ≤ k,

n∑
j=1

αi,j = 1. (5)

We select the top-k experts Ei1 , Ei2 , . . . , Eik with the
highest transport scores Π̂i,i1 , Π̂i,i2 , . . . , Π̂i,ik , and set

the weights as: αi,ir =
Π̂i,ir∑k
j=1 Π̂i,ij

for r = 1, . . . , k.

Then, αi is the optimal solution of the optimization problem
min
αi

KL(αi ∥ Π̂i).

4.2. Selective Sinkhorn Routing for Sparse Mixture of
Experts

A key limitation of Sinkhorn-based token-to-expert assign-
ment is that it does not update the gating weight matrix Wg .
While this preserves token information during routing, Wg

is decoupled from the computational graph because it is
not included in the OT objective. As a result, the gating
score matrix S is not directly optimized for token–expert
compatibility, weakening the semantic meaning of the trans-
port map and its role as a compatibility-aware supervision
signal. Thus, the OT formulation is meaningful only when
S reliably captures token–expert compatibility.

Proposition 4.2 (Load Balancing Is Valid During Training
but Not Inference). Let X be the input space and p(x) the
data distribution. Let g : X → Rn be a gating function
producing expert scores S(x) ∈ Rn, and let f : Rm×n →
Rm×n be a routing function based on entropy-regularized
optimal transport. For a batch {x1, . . . , xm}, the transport
plan Π ∈ Rm×n satisfies:

(C1) Π > 0, (C2) Π1n = 1m, (C3) Π⊤1m = m
n 1n.

Then:

(1) (Training) When the batch {x1, . . . , xm} consists of i.i.d.
samples from p(x), the average routing approximates the ex-
pected routing Ex∼p(x)[π(x)]. Constraint (C3) encourages
uniform expert usage under p(x).

(2) (Inference) When a single input x is processed, there
is no meaningful approximation to p(x), so enforcing (C3)
forces uniform routing regardless of the actual score S(x),
which leads to distorted or suboptimal expert assignment.

To address this issue, we propose Selective Sinkhorn Rout-
ing (SSR). During training, each MoE block uses Sinkhorn
routing with probability p ∈ [0, 1] and Softmax gating oth-
erwise. This hybrid strategy allows Softmax gating to train
Wg , enabling S to learn meaningful token–expert compati-
bilities, while Sinkhorn routing promotes balanced expert
utilization and improves training stability. We denote the
Linear-cost and Softmax-cost variants as SSR-L and SSR-S,
respectively. The overall procedure is illustrated in Figure 1.

However, the Softmax-based routing may still suffer from
expert collapse, in which only a small subset of experts is
consistently selected due to high gating scores (Cai et al.,
2024). To address this issue, during training, we can add
Gaussian noise to the cost matrix (SSR with noise) to en-
courage exploration and prevent expert underutilization. In
particular, the noisy cost matrix is computed as:

C̃ = C+αnoise · ϵ, ϵ ∈ Rm×n, ϵi,j ∼ N (0, σ2). (6)

Algorithm 2 desribes the training-time behavior of an SMoE
block under SSR. Compared with auxiliary-loss methods,
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Algorithm 2 Selective Sinkhorn Routing (SSR) in an MoE block
during training

Input: Gating scores S ∈ Rm×n, Sinkhorn probability p, top-k
experts k.

Output: Routing weights α ∈ Rm×n.
Set αi,j ← 0 for all i = 1, . . . ,m and j = 1, . . . , n
Draw τ ∼ U(0, 1)
if τ < p then

Compute transport plan Π̂ from S using Sinkhorn algorithm
for each token i = 1 to m do

Select k experts Ei1 , . . . , Eik with highest
{
Π̂i,j

}n

j=1

for r = 1 to k do

αi,ir ←
Π̂i,ir∑k
j=1 Π̂i,ij

end
end

else
for each token i = 1 to m do

Select k experts Ei1 , . . . , Eik with highest {Si,j}nj=1

for r = 1 to k do

αi,ir ←
eSi,ir∑k
j=1 e

Si,ij

end
end

end

SSR avoids objective misalignment by removing additional
balancing losses and instead encouraging balanced expert
utilization through entropy-regularized optimal transport.
Compared with existing Sinkhorn-based routing, SSR pre-
serves the OT interpretation while reducing overhead via
sparse Sinkhorn updates. Unlike trainable noise-injection
methods, SSR w/ noise introduces no additional parameters,
maintaining simplicity without sacrificing performance.

Proposition 4.3 (Noise Ensures Every Expert Has
Nonzero Selection Probability). For each token, let g =
(g1, . . . , gn) ∈ Rn be the cost to n experts, and let the per-
turbed costs be: g̃i = gi + αnoiseϵi, ϵi ∼ N (0, σ2). Let
Pi = P(g̃i > g̃j for all j ̸= i) denote the probability that
expert i is selected as the top-1 expert after noise is added.

Then:

Pi =
∏
j ̸=i

Φ

(
gi − gj√
2σαnoise

)
,

where Φ(z) =
∫ z

−∞
1√
2π

e−t2/2dt is the CDF of the stan-
dard normal distribution.

By Propositions 4.2 and 4.3, both Sinkhorn routing and
noise injection improve training by promoting expert
load balancing. In SSR-S, Proposition 4.3 gives Pi ≥
Φn
(
− 1√

2σ αnoise

)
, which depends only on the noise hyper-

parameter. At inference, we disable both mechanisms and
use deterministic Softmax routing to avoid stochastic or
batch-dependent behavior.

Token 1

Expert 1 Expert 2 Expert 3 Expert n-1

Softmax
Routing

Sinkhorn
Routing

Expert n

Token 2 Token 3

Figure 1. Training of SSR. At each layer during the forward
pass, a fixed probability p ∈ [0, 1] is introduced. We randomly
choose Sinkhorn-based routing with probability p and Softmax-
based routing with probability 1− p.

5. Experiments
This section presents the experimental setup, compares SSR
with current state-of-the-art balancing baselines, and pro-
vides ablation studies. Unless otherwise specified, all ex-
periments are conducted under the conventional SMoE set-
ting. We additionally report Momentum-enhanced results
on WikiText-103 and selected ablations to evaluate the com-
patibility of SSR with Momentum dynamics.

5.1. Settings

Datasets We evaluate SSR on both text and vision tasks
using six datasets: WikiText-103 (Merity et al., 2017)
and enwik8 (Mahoney, 2011) for language modeling, and
ImageNet-1K (Deng et al., 2009), ImageNet-A, ImageNet-
O (Hendrycks et al., 2021b), and ImageNet-R (Hendrycks
et al., 2021a) for vision robustness evaluation.
Baselines For text tasks, we use the Switch Transformer
architecture (Fedus et al., 2022); for vision tasks, we use
Swin Transformer (Liu et al., 2021). We compare against
Vanilla SMoE (SMoE w/o balancing), SMoE with load
balancing loss (SMoE w/ lb loss) (Lepikhin et al., 2020),
SMoE with (trainable) noise injection and load balancing
loss (SMoE w/ noise) (Shazeer et al., 2017), SMoE with
load balancing loss and z-loss (SMoE w/ z-loss) (Zoph et al.,
2022), and Sinkhorn-based SMoE (Liu et al., 2024).
Evaluation Metrics and Analysis For text domain, we
report token-level perplexity (PPL) on WikiText-103 & byte-
level bits-per-character (BPC) on Enwik-8, using zero-shot
evaluation on adversarial inputs. For images, models trained
on ImageNet-1K are evaluated on a clean validation set
and on adversarial, OOD, and real-world filtered sets, using
Top-1/Top-5 accuracy and AUPR, see Appendix for details.

5.2. Main results

We compare our methods with several baselines across
multiple benchmarks. In each evaluation, the best re-
sult is in bold, and the second-best is underlined. In the
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Table 1. Perplexity (PPL) of SSR variants and baseline models
on clean and attacked WikiText-103 under conventional and mo-
mentum settings. The ∆ column reports the test PPL difference
relative to Vanilla SMoE within the corresponding setting. Time
overhead is measured relative to Vanilla SMoE in each setting.

Model/Metric
Clean WikiText-103 Attacked WikiText-103 Efficiency

Valid PPL ↓ Test PPL ↓
∆ Test PPL
vs. Baseline Valid PPL ↓ Test PPL ↓

Training Time
Overhead ↓

Conventional setting

Vanilla SMoE 33.760 35.550 – 42.240 44.190 0.00%
SMoE w/ lb loss 33.248 34.952 -0.598 41.763 43.758 2.04 %
SMoE w/ z-loss 33.242 35.091 -0.459 42.298 44.406 2.12%
SMoE w/ noise 33.196 35.072 -0.478 41.432 43.692 2.50%
Sinkhorn-based SMoE 33.301 35.316 -0.234 42.056 44.351 72.47%
SSR-L (Ours) 32.809 34.573 -0.977 41.230 43.318 0.33%
SSR-S (Ours) 32.610 34.744 -0.806 41.012 43.283 0.37%
SSR-L w/ noise (Ours) 32.767 34.367 -1.183 41.164 43.159 0.62%
SSR-S w/ noise (Ours) 32.881 34.557 -0.993 41.037 42.941 0.65%

Momentum setting

Vanilla SMoE 31.861 33.712 – 39.721 41.756 0.00%
SMoE w/ lb loss 32.561 34.490 +0.778 40.811 42.998 2.49%
SMoE w/ z-loss 32.542 34.235 +0.523 40.665 42.614 4.44%
SMoE w/ noise 32.490 34.077 +0.365 40.299 42.204 6.75%
Sinkhorn-based SMoE 32.576 34.305 +0.593 40.810 42.803 67.52%
SSR-L (Ours) 31.834 33.305 -0.407 39.690 41.351 0.36%
SSR-S (Ours) 31.888 33.559 -0.153 40.259 42.104 0.61%
SSR-L w/ noise (Ours) 31.911 33.223 -0.489 39.847 41.627 1.58%
SSR-S w/ noise (Ours) 31.820 33.338 -0.374 39.677 41.639 1.76%

Table 2. Top-1 and Top-5 accuracy on ImageNet-1K and robust-
ness benchmarks: Top-1 accuracy on ImageNet-A (IM-A) and
ImageNet-R (IM-R), and AUPR on ImageNet-O (IM-O).

Model
ImageNet-1K Robustness Benchmarks

Top-1 ↑
∆ Top-1

vs. Vanilla Top-5 ↑ IM-A ↑ IM-O ↑ IM-R ↑
Vanilla SMoE 75.052 – 92.302 6.852 50.690 30.713
SMoE w/ noise 75.148 +0.096 92.356 7.000 50.730 30.657
Swin-MoE 75.322 +0.270 92.578 7.093 50.460 31.743
SSR-L (Ours) 75.402 +0.350 92.528 6.600 51.040 30.863
SSR-L w/ noise (Ours) 77.420 +2.368 93.566 9.760 50.530 33.903

main tables, the ∆ column reports the gap relative to
Vanilla SMoE: ∆(method) = Performance(method) −
Performance(Vanilla SMoE). A negative ∆ indicates im-
provement for PPL and BPC, while a positive ∆ indi-
cates improvement for vision tasks (Top-1 accuracy). Thus,
the sign of ∆ depends on the metric: lower is better for
PPL/BPC, whereas higher is better for Top-1 accuracy. The
symbol “–” denotes no change (i.e., Vanilla SMoE).

We first evaluate SSR on WikiText-103 under both the con-
ventional and Momentum settings (Teo & Nguyen, 2024).
In the conventional setting, the backbone follows an inter-
leaved Attention–SMoE architecture with separate residual
connections for each block. As shown in Table 1, SSR
consistently outperforms Vanilla SMoE and existing balanc-
ing methods. In particular, SSR reduces test perplexity by
1.183 PPL relative to Vanilla SMoE, achieving more than
twice the improvement of prior balancing approaches, while
incurring substantially lower training-time overhead.

Under the Momentum setting, SMoE can be viewed through
a multi-objective optimization lens, where the output norm
of each SMoE block generally decreases across layers, with
a slight increase in the final layer due to gradient-descent
overshooting (Teo & Nguyen, 2024). As shown in Figure 2,
SSR preserves this characteristic norm evolution and closely
matches the layer-wise trajectory of Vanilla SMoE, indicat-

ing compatibility with Momentum dynamics. Notably, SSR
improves Vanilla SMoE by 0.489 PPL, while prior balancing
methods degrade performance by up to 0.778 PPL. Together
with the norm analysis in Figure 2, this suggests that exist-
ing balancing strategies may disrupt Momentum-induced
optimization dynamics, leading to less stable trajectories,
whereas SSR preserves the norm behavior of Vanilla SMoE
while improving perplexity. Overall, SSR improves per-
formance in both settings and trains faster than competing
balancing mechanisms.

0 1 2 3 4 5
Layer

20

40

60

80

100

120

||y
(x

)|
|

Vanilla SMoE
SMoE w/ lb
SMoE w/ z-loss
SMoE w/ noise
Sinkhorn-based SMoE

SSR-L
SSR-L w/ noise
SSR-S
SSR-S w/ noise

Figure 2. Average output norms across layers on the WikiText-103
validation set under the momentum setting.

Table 3 compares four inference strategies: inference with-
out balancing (No balancing), inference with Sinkhorn-
based routing using a fixed probability p (w/ Sinkhorn),
inference with Gaussian noise (w/ noise), and inference
with both Sinkhorn routing and noise (w/ both). We find
that, at inference time, disabling load balancing yields the
best results: both SSR variants consistently outperform the
other inference strategies, consistent with Proposition 4.2.

Table 3. Comparison of different Inference techniques of SSR-L/S
w/ noise on clean/attacked WikiText-103.

Inference Clean WikiText-103 Attacked WikiText-103

Valid PPL ↓ Test PPL ↓ Valid PPL ↓ Test PPL ↓
SSR-L w/ noise

No balancing (Ours) 31.871 33.395 40.083 41.885

w/ Sinkhorn 31.883 33.411 40.095 41.905
w/ noise 31.883 33.407 40.099 41.904
w/ both 31.894 33.424 40.111 41.926

SSR-S w/ noise

No balancing (Ours) 32.371 33.444 40.842 42.312

w/ Sinkhorn 32.377 33.447 40.847 42.315
w/ noise 32.392 33.452 40.870 42.317
w/ both 32.407 33.461 40.886 42.325

Next, we evaluate SSR on byte-level language modeling
with enwik8 (Table 4). Particularly, SSR variants consis-
tently outperform the baselines. SSR-S w/ noise achieves
the best test BPC of 1.128, improving Vanilla SMoE by
0.010 BPC, which is twice the gain of the strongest prior
baseline, Sinkhorn-based SMoE. It is also 2.28× faster than
Sinkhorn-based SMoE, improving both performance and
training efficiency (Figure 5). SSR-L w/ noise obtains the
second-best result, further confirming the effectiveness of
SSR for byte-level modeling. In contrast, SMoE w/ noise
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Figure 3. Performance of SSR w/ noise on Wikitext-103 under
varying ξ and αnoise values in comparison with SMoE w/ noise.

underperforms Vanilla SMoE, highlighting the limited ro-
bustness of existing balancing methods when considering
both token- and byte-level language modeling.

Finally, we evaluate SSR in the vision domain (See Table 2).
Due to the high computational cost of Sinkhorn-based meth-
ods, we compare against Vanilla SMoE, SMoE with noise,
and Swin-MoE. SSR-L achieves strong results on ImageNet-
1K and the best performance on ImageNet-O. Adding noise
further improves performance across the remaining metrics,
underscoring the benefit of noise in the cost matrix.
Table 4. Bits-per-character (BPC) of SSR-L/S w/ noise vs. SMoE-
based & Sinkhorn-based baselines on the Enwik-8 datasets.

Model/Metric Enwik-8 ∆ Test BPC vs.
vanilla SMoE

Valid BPC ↓ Test BPC ↓
Vanilla SMoE 1.147 1.138 –
SMoE w/ noise 1.154 1.147 +0.009
SMoE w/ aux. loss 1.145 1.136 -0.002
Sinkhorn-based SMoE 1.143 1.133 -0.005
SSR-L w/ noise (Ours) 1.141 1.133 -0.005
SSR-S w/ noise (Ours) 1.136 1.128 -0.010

5.3. Ablation Studies

5.3.1. EFFECT OF PROBABILITY p

We evaluate SSR-L w/ noise under different routing prob-
abilities p to study their effect on SMoE performance in
Table 5. As shown in the table, p has a clear impact on
performance. On the clean WikiText-103 split, p = 0.001
achieves the best validation and test PPL, suggesting that a
very small fraction of Sinkhorn-based routing is sufficient
to provide an effective balancing signal without the conven-
tional auxiliary loss, while on the attacked split, the best
performance is obtained with p = 0.0001. Overall, SSR-L
w/ noise benefits from a small but carefully chosen rout-
ing probability: overly large p may over-constrain routing,
while overly small p weakens the balancing effect.
Table 5. Perplexity (PPL) of 1-Head SSR-L w/ noise with different
probability p on clean/attacked WikiText-103.

p
Clean WikiText-103 Attacked WikiText-103

Valid PPL ↓ Test PPL ↓ Valid PPL ↓ Test PPL ↓
0.1 32.874 34.519 41.100 43.183
0.03 33.254 35.194 41.898 44.211
0.01 32.942 34.563 41.159 43.143
10−3 32.767 34.367 41.164 43.159
10−4 32.845 34.677 40.861 42.905
10−4 33.164 34.935 41.569 43.690

5.3.2. EFFECT OF αNOISE IN SSR-L/S W/ NOISE

We further study the effect of gating noise in SSR-L/S w/
noise by varying p ∈ {0.001, 0.01}, ξ ∈ {0.5, 1}, and
αnoise ∈ {0.1, 0.5, 1, 2, 4}. We compare SSR-L/S w/ noise
against SMoE w/ noise, the strongest baseline combining
load balancing with Momentum in Table 1. As shown in Fig-
ure 3, both SSR-L and SSR-S w/ noise consistently outper-
form SMoE w/ noise across all tested settings, achieving the
best test PPLs of 33.223 and 33.338, respectively, compared
to 34.007 for SMoE w/ noise. These results demonstrate
that SSR remains stable and effective under diverse noise
and momentum configurations.

5.3.3. EFFECT OF ξ IN SINKHORN ALGORITHM

Next, we examine the effect of the regularization parameter
ξ on the performance of SSR w/ noise variants, with fixed
settings of p = 0.001 and δ = 0.0001. As discussed in
Section 4.1, employing a Softmax-based cost in regularized
OT improves stability compared to a linear cost by bound-
ing the cost matrix, thereby mitigating overflow during the
Sinkhorn iterations. As shown in Table 6, smaller ξ values
(e.g., 0.05, 0.1) cause numerical overflow in SSR-L w/ noise
(yielding NaN), whereas SSR-S w/ noise remains stable and
continues to achieve competitive performance.

Table 6. Perplexity (PPL) of 1-Head SSR-L/S w/ noise with differ-
ent ξ on clean/attacked WikiText-103.

ξ
Clean WikiText-103 Attacked WikiText-103

Valid PPL ↓ Test PPL ↓ Valid PPL ↓ Test PPL ↓
SSR-L w/ noise

0.05 NaN NaN NaN NaN
0.1 NaN NaN NaN NaN
0.5 32.767 34.367 41.164 43.159
1 32.867 34.783 41.556 43.708

SSR-S w/ noise

0.05 32.927 34.605 41.138 43.022
0.1 32.647 34.442 40.834 43.059
0.5 32.881 34.557 41.037 42.941
1 33.053 34.564 41.056 42.945

6. Conclusion
This paper proposes Selective Sinkhorn Routing, a novel
method for Sparse Mixture-of-Experts models that improves
expert utilization with minimal overhead. We reformulate
routing as a regularized optimal transport problem with a
constraint on the number of tokens per expert. Unlike prior
methods, we derive gating scores directly from the transport
map, leading to more balanced and effective token-to-expert
assignments. Our theoretical and empirical results show
that applying Sinkhorn intermittently and injecting noise
into the cost matrix reduces training time and improves
performance compared to existing routing methods, while
the modifications should be disabled at inference and add
no extra cost. These results highlight the practicality and
effectiveness of our approach for efficient SMoE design
across both training and inference deployment.
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A. Theoretical results
A.1. Proposition 4.1

Proof. Let Π̂i = (Π̂i,1, . . . , Π̂i,n) ∈ Rn be the i-th row
of the solution to the entropy-regularized optimal transport
problem. We aim to minimize the Kullback-Leibler (KL)
divergence:

KL(αi ∥ Π̂i) =

n∑
j=1

αi,j log

(
αi,j

Π̂i,j

)
,

where αi,j ≥ 0,
∑n

j=1 αi,j = 1, and supp(αi) ≤ k. This
means we want to select at most k non-zero entries for αi

such that the KL divergence is minimized.

Let Ti ⊂ {1, . . . , n} be the support of αi, i.e., the indices
where αi,j > 0. We know that |Ti| ≤ k. For fixed Ti, the
problem can be simplified to the following convex optimiza-
tion problem:

min
αj≥0, j∈Ti∑

j∈Ti
αj=1

∑
j∈Ti

αj log

(
αj

Π̂i,j

)
.

The Lagrangian for this problem is:

L(α, λ) =
∑
j∈Ti

αj log

(
αj

Π̂i,j

)
+ λ

∑
j∈Ti

αj − 1

 ,

where λ is the Lagrange multiplier. Taking the gradient with
respect to αj and setting it to zero gives:

∂L
∂αj

= log

(
αj

Π̂i,j

)
+1+λ = 0 ⇒ αj = Π̂i,je

−1−λ.

The KL divergence is given by:

KL(αi ∥ Π̂i) =
∑
j∈Ti

αj log

(
αj

Π̂i,j

)
.

By substituting αj =
Π̂i,j∑

l∈Ti
Π̂i,l

, we get:

KL(αi ∥ Π̂i) =
∑
j∈Ti

Π̂i,j∑
l∈Ti

Π̂i,l

log

(
Π̂i,j∑
l∈Ti

Π̂i,l

· 1

Π̂i,j

)
.

This simplifies to:

KL(αi ∥ Π̂i) = − log

∑
j∈Ti

Π̂i,j

 ,

To minimize the KL divergence, we need to maximize the
sum

∑
j∈Ti

Π̂i,j . This is achieved by selecting the top-k
largest values of Π̂i,j . Therefore, the optimal support set is:

Ti = TopK(Π̂i, k).

Thus, the optimal αi is given by:

αi,j =


Π̂i,j∑
l∈Ti

Π̂i,l

, if j ∈ Ti,

0, otherwise.

This completes the proof for Proposition 4.1.

A.2. Proposition 4.2

Proof. (1) Training. Let {x1, . . . , xm} ∼ p(x) be a batch
drawn i.i.d. Let π(xi) = f(g(xi)) ∈ ∆n be the routing dis-
tribution for input xi, and define the batch-average routing
vector:

π̄ =
1

m

m∑
i=1

π(xi).

By the law of large numbers, as m → ∞, we have:

π̄
a.s.−−→ Ex∼p(x)[π(x)].

Thus, enforcing constraint (C3):

Π⊤1m = m
n 1n.

is equivalent to enforcing:

π̄ =
1

n
1n,

which promotes uniform expert usage across the data distri-
bution. This helps prevent expert underuse and encourages
specialization during training.

(2) Inference. At inference time, only a single input x is
available. Enforcing (C3) with m = 1 yields:

π(x) =
1

n
1n,
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which forces uniform routing, ignoring the input-specific
score S(x). This contradicts the goal of expert specializa-
tion and leads to suboptimal predictions. Furthermore, a
single sample cannot approximate p(x), so the population-
level balancing constraints become meaningless.

Conclusion. Training with Sinkhorn routing over batches
supports expert balancing over the data distribution. In
contrast, inference-time routing should be purely based on
the input without enforcing expert balance constraints.

A.3. Proposition 4.3

Proof. For any fixed i, we observe that:

g̃i − g̃j = (gi − gj) + αnoise(ϵi − ϵj).

Since ϵi, ϵj ∼ N (0, σ2); we have ϵi − ϵj ∼ N (0, 2σ2).
Thus:

P(g̃i > g̃j) = P(αnoiseϵi − αnoiseϵj > gj − gi) (7)

= P
(
ϵi − ϵj >

gj − gi
αnoise

)
(8)

= Φ

(
gi − gj√
2σαnoise

)
. (9)

Independence of the noise implies:

Pi =
∏
j ̸=i

P(g̃i > g̃j) =
∏
j ̸=i

Φ

(
gi − gj√
2σαnoise

)
.

Since each gi − gj is fixed and finite, and Φ(z) ∈ (0, 1) for
all real z, it follows that:

Pi > 0.

Hence, Pi is a positive constant that depends only on g
and σ, and is independent of any input-dependent softmax
transformation. Moreover, in the SSR-S variant, the proba-
bility Pi ≥ Φn

(
−
√
2

σαnoise

)
, which depends solely on the noise

hyperparameter.

B. Experimental Details
B.1. Dataset Details

WikiText-103 (Merity et al., 2017) is a large-scale col-
lection comprising over 100 million tokens sourced from
23,805 “Good” articles and 4,790 “Featured articles”.
Specifically, the training set includes over 103 million to-
kens, while the validation and test sets consist of 217,646
and 245,569 tokens, respectively. This dataset retains its
original case, punctuation, and numerical values, resulting
in a diverse vocabulary of 267,735 unique tokens. A clean
version corresponds to the original dataset, while the at-
tacked version is generated using TextAttack’s word-swap

attack (Morris et al., 2020), where words in the validation
and test sets are randomly replaced with the generic token
“AAA”. This modification increases the difficulty for the
model to predict the next word in the sequence accurately.

Enwik-8 (Mahoney, 2011) is a byte-level dataset compris-
ing 100 million bytes sourced from Wikipedia. It includes
not only English text but also markup, special characters,
and multilingual content. The dataset is divided into 90
million bytes for training, 5 million for validation, and 5
million for testing.

ImageNet-1K contains 1.28 million training images and
50,000 validation images. The model is trained to classify
each input image into one of 1,000 categories. Top-1 and
Top-5 accuracy are reported across all experiments.

ImageNet-A (Hendrycks et al., 2021b) contains real-
world images that have been adversarially filtered to mislead
existing ImageNet classifiers. A subset of 200 classes is
selected from the original 1,000 ImageNet-1K categories,
focusing on those where misclassifications would be par-
ticularly severe. These 200 classes broadly represent the
diversity of categories found in ImageNet-1K.

ImageNet-O (Hendrycks et al., 2021b) contains adversar-
ially filtered examples designed to challenge ImageNet out-
of-distribution detectors. It consists of samples drawn from
ImageNet-22K that are not part of ImageNet-1K, specifi-
cally selected because a ResNet-50 model incorrectly classi-
fies them as ImageNet-1K categories with high confidence.

Imagenet-R (Hendrycks et al., 2021a) contains a variety
of artistic renditions of object classes originally found in
ImageNet, which are typically discouraged by the standard
ImageNet guidelines. ImageNet-R includes 30,000 such
renditions spanning 200 classes, selected as a subset of the
ImageNet-1K categories.

B.2. Model Architecture and Training Configurations

For language modeling, we adopt a medium-scale configura-
tion with 6 layers for Wikitext-103 and 8 layers for Enwik-8.
Each layer consists of a multi-head self-attention (MHA)
block followed by a SMoE block, both with residual con-
nections. Training is performed with a batch size of 48 for
80,000 steps, using a learning rate of 0.0007 with 4,000
warm-up steps and a dropout rate of 0.1. The model uses
8 attention heads for each MHA block and processes se-
quences of 512 tokens in each batch, with attention spans of
1,024 for Wikitext-103 and 2,048 for Enwik-8. The SMoE
module has 16 experts with top-2 routing. The hidden and
expert dimensions are 352 . The resulting model sizes are
216M parameters for WikiText-103 and 36M for Enwik8,
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aligning with commonly explored scales in recent work (Teo
& Nguyen, 2024).

The baseline settings are customized fairly to the paper
report. Specifically, for the SMoE w/ noise, we follow
the noise initialization in (Shazeer et al., 2017). The aux-
iliary loss coefficient is set to 0.01 (Shazeer et al., 2017;
Lepikhin et al., 2020), and the z-loss coefficient to 0.001
(Zoph et al., 2022). For the Sinkhorn-based SMoE, we set
ξ = 1, δ = 0.0001 and η = 100. With SSR-variants,
we consider ξ ∈ {0.05, 0.5, 1}, δ = 0.0001, η = 100,
p ∈ {0.0001, 0.001, 0.01} and αnoise ∈ {0.3, 1, 4}.

For image classification, we use a compact 4-stage archi-
tecture with depths [2, 2, 18, 2]. The first two stages
each have 2 blocks (self-attention + feed-forward); the
third stage has 18 blocks, where self-attention alternates
between feed-forward and MoE layers; and the final stage
includes a self-attention–feed-forward block followed by
a self-attention–MoE block. The embedding dimension is
96 with attention heads [3, 6, 12, 24]. We employ 32 ex-
perts for MoE layers with top-2 routing (550M parameters)
and train for 60 epochs using AdamW (base LR 1.25e-4,
min LR 1.25e-7, weight decay 0.1, cosine schedule), batch
size 96, and an auxiliary loss coefficient of 0.1. For SSR-
L and SSR-L w/ noise, we consider ξ = 0.5, δ = 0.0001,
η = 100, p = 0.01 and αnoise = 1. While prior work (Teo &
Nguyen, 2024) has explored model sizes ranging from 36M
to 388M parameters, in this paper we extend the scale fur-
ther to 550M parameters, demonstrating that SSR continues
to provide strong performance gains at larger scale.

B.3. Compute Resources

All models are trained and evaluated using 2 NVIDIA A100
GPUs with 40GB of memory each.

C. Additional Experimental Results

Table 7. Perplexity (PPL) of SSR-L with different probability p on
clean/attacked WikiText-103.

p
Clean WikiText-103 Attacked WikiText-103

Valid PPL ↓ Test PPL ↓ Valid PPL ↓ Test PPL ↓
0.5 33.321 34.752 41.748 43.587
0.1 32.754 34.815 40.984 43.386
0.03 32.859 34.712 41.281 43.489
0.01 33.051 34.913 41.209 43.423
10−3 33.029 34.710 41.403 43.437
10−4 32.809 34.573 41.230 43.318
10−5 32.992 34.794 41.573 43.821

Table 7 reports the effect of varying the probability p of ap-
plying Sinkhorn routing in SSR-L. Across all tested values,
SSR-L achieves lower Test PPL than Vanilla SMoE, show-
ing that sparse Sinkhorn routing provides a useful balancing
signal. The best Test PPL is obtained at p = 0.0001 on
both clean and attacked WikiText-103, suggesting that only

a very small fraction of Sinkhorn-based routing is needed to
improve performance. However, SSR-L still underperforms
SSR-L w/ noise in Table 1, indicating that gating noise
further improves the effectiveness of SSR. Overall, these
results show that p should remain small: using Sinkhorn
routing too frequently may over-constrain the router, while
using it too rarely weakens the balancing effect.

Table 8. Perplexity (PPL) of SSR-S with different probability p on
clean/attacked WikiText-103.

p
Clean WikiText-103 Attacked WikiText-103

Valid PPL ↓ Test PPL ↓ Valid PPL ↓ Test PPL ↓
0.1 33.112 35.112 41.483 43.728
0.03 33.033 35.002 41.434 43.802
0.01 33.249 35.060 42.014 44.187
10−3 32.610 34.744 41.012 43.283
10−4 33.533 35.240 42.036 44.108
10−5 32.905 34.804 41.523 43.895

Table 9. Perplexity (PPL) of SSR-S w/ noise with different proba-
bility p on clean/attacked WikiText-103.

p
Clean WikiText-103 Attacked WikiText-103

Valid PPL ↓ Test PPL ↓ Valid PPL ↓ Test PPL ↓
0.1 33.212 34.768 41.568 43.411
0.03 33.470 35.143 41.960 43.962
0.01 33.193 34.918 41.548 43.764
10−3 32.881 34.557 41.037 42.941
10−4 33.160 34.908 41.476 43.498
10−5 33.326 34.809 41.804 43.514

Similarly, we evaluate SSR-S and SSR-S w/ noise across dif-
ferent probabilities p, as reported in Table 8 and Table 9. For
both variants, the best performance is consistently achieved
at p = 10−3 across clean and attacked WikiText-103. This
suggests that a small amount of Sinkhorn routing is suffi-
cient to provide an effective balancing signal for SSR-S.

Compared with SSR-S, adding gating noise further improves
performance, reducing the clean Test PPL from 34.744 to
34.557 and the attacked Test PPL from 43.283 to 42.941
at the same probability p = 10−3. These results indicate
that gating noise complements sparse Sinkhorn routing by
improving routing robustness. Overall, p should be carefully
controlled: overly large values may over-constrain routing,
while overly small values may weaken the balancing effect.

D. Detailed Derivation: Entropy-Regularized
Maximum-Cost OT Solution

Recall the entropy-regularized maximum-cost OT problem
in Eq. 3:

Π̂ := argmax
Π

[⟨Π,C⟩ − ξ⟨Π, logΠ⟩],

s.t.


Π > 0,
Π1n = 1m,

Π⊤1m = (m/n)1n,

11



Selective Sinkhorn Routing for Improved Sparse Mixture of Experts

SS
R-L

SS
R-S

SS
R-L 

w/ n
oise

SS
R-S w

/ n
oise

SMoE w
/ lb

 lo
ss

SMoE w
/ z

-lo
ss

SMoE w
/ n

oise

Sinkh
orn-Bas

ed
 SMoE

0.5%

1%
2%

10%

40%
80%

200%

Re
la

tiv
e 

Ti
m

e 
In

cr
ea

se
 (%

)

0.33% 0.37%
0.62% 0.65%

2.04% 2.12% 2.50%

72.47%

(a) Conventional setting

SS
R-L

SS
R-S

SS
R-L 

w/ n
oise

SS
R-S w

/ n
oise

SMoE w
/ lb

 lo
ss

SMoE w
/ z

-lo
ss

SMoE w
/ n

oise

Sinkh
orn-Bas

ed
 SMoE

0.5%

1%
2%

10%

40%
80%

200%

Re
la

tiv
e 

Ti
m

e 
In

cr
ea

se
 (%

)

0.36%
0.61%

1.58% 1.76%
2.49%

4.44%
6.75%

67.52%

(b) Momentum setting

Figure 4. Training time overhead relative to SMoE (Vanilla) on WikiText-103 under conventional and momentum settings.
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Figure 5. Training time Overhead vs. Vanilla SMoE on Enwik-8
dataset.

where Π,C ∈ Rm×n, ξ > 0 and ⟨A,B⟩ :=
m∑
i=1

n∑
j=1

Ai,jBi,j . Let us consider the Lagrange function:

L (Π, λ, µ) =

m∑
i=1

n∑
j=1

Πi,jCi,j − ξ

m∑
i=1

n∑
j=1

Πi,j log(Πi,j)

+

m∑
i=1

λi

 n∑
j=1

Πi,j − 1

+

n∑
j=1

µj

(
m∑
i=1

Πi,j − (m/n)

)
,

where Π = [Πi,j ]i,j ∈ Rm×n, λ = [λ1, . . . , λm], µ =

[µ1, . . . , µn] such that λi, µj ≥ 0 and
m∑
i=1

λi = 1,

n∑
j=1

µj =

1 for i = 1,m, j = 1, n. Then we have some following
assertions:

∂L (Π, λ)

∂Πi,j
= Ci,j − ξ logΠi,j − ξ + λi + µj = 0,

λi

 n∑
j=1

Πi,j − 1

 = 0, for i = 1,m,

µj

(
m∑
i=1

Πi,j −m/n

)
= 0, for j = 1, n.

Hence, we have

Πi,j = e(Ci,j−ϵ+λi+µj)/ϵ.

Let denote kernel matrix K = exp(C/ξ − 1m×n), then we
obtain the solution of the problem in Eq. 3:

Π̂ =


eλ1/ξ 0 . . . 0
0 eλ2/ξ . . . 0
...

...
. . .

...
0 0 . . . eλm/ξ

K


eµ1/ξ 0 . . . 0
0 eµ2/ξ . . . 0
...

...
. . .

...
0 0 . . . eµn/ξ


= diag

(
eλ/ξ

)
K diag

(
eµ/ξ

)
.

Conclusion. We obtained the solution of the entropy-
regularized maximum-cost OT problem. It is evident that
the value range of Π̂ is directly influenced by the matrix
K, which in turn depends on the cost matrix C. Therefore,
employing either a linear or softmax cost formulation will
inherently affect the solution of Eq. 3.
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