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Abstract

In many real-world settings, a centralized
decision-maker must repeatedly allocate finite
resources to a population over multiple time
steps. Individuals who receive a resource de-
rive some stochastic utility; to characterize the
population-level effects of an allocation, the ex-
pected individual utilities are then aggregated us-
ing a social welfare function (SWF). We formal-
ize this setting and present a general confidence
sequence framework for SWF-based online learn-
ing and inference, valid for any monotonic, con-
cave, and Lipschitz-continuous SWF. Our key in-
sight is that monotonicity alone suffices to lift
confidence sequences from individual utilities to
anytime-valid bounds on optimal welfare. Build-
ing on this foundation, we propose SWF-UCB,
a SWF-agnostic online learning algorithm that
achieves near-optimal O(n 4 v/nkT) regret (for
k resources distributed among n individuals at
each of 7' time steps). We instantiate our frame-
work on three normatively distinct SWF families:
Weighted Power Mean, Kolm, and Gini, providing
bespoke oracle algorithms for each. Experiments
confirm /T scaling and reveal rich interactions
between k and SWF parameters. This framework
naturally supports inference applications such as
sequential hypothesis testing, optimal stopping,
and policy evaluation.

1. Introduction

Decision-makers routinely face the problem of allocating
limited resources to a population over time: a park service
assigning ranger patrols to backcountry zones, a chronic
care program allocating community health worker visits
among patients, or a school district allotting tutoring slots
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among students. Evaluating such allocations requires ag-
gregating individual outcomes into a coherent measure of
collective welfare. Social welfare functions (SWFs) provide
a principled method for this aggregation, with axiomatic
foundations from welfare economics that encode fairness-
efficiency tradeoffs in a form amenable to optimization. Re-
cent ML work has formalized SWFs within learning theory,
providing sample complexity bounds for welfare estimation
from batch data (Cousins, 2021; Pardeshi et al., 2024).

Real-world resource allocation is inherently sequential: in-
dividual utilities are unknown and must be learned from
observed outcomes, yet decisions cannot be deferred while
data accumulate. Each resource allocation affects the popu-
lation’s welfare, and losses from suboptimal decisions ac-
cumulate over time. There are two intertwined challenges.
First, decision-makers must allocate resources effectively
even when utility estimates are uncertain, somehow balanc-
ing strategies to reduce uncertainty with the real costs of
suboptimal assignments. Second, they need valid statistical
assessments and guarantees of welfare on demand: has the
current policy achieved their desired welfare threshold? Is
uncertainty low enough to commit to the current policy and
deploy it at scale?

These questions arise adaptively, driven by externalities such
as budget cycles, stakeholder reviews, or shifting priorities.
Both challenges therefore demand statistical guarantees that
remain valid regardless of when they are invoked. Recent
work has begun studying online welfare optimization in ban-
dits, aggregating welfare across the temporal sequence of
decisions to measure fairness over time (see Section 2). We
instead consider settings where a fixed population receives
resources repeatedly, and welfare measures fairness within
this persistent population at each decision point. This fixed-
population formulation has distinct structure: allocation
policies are continuous probability vectors over individuals
rather than discrete arm selections, multiple resources are
distributed per round, and decisions are coupled through
the constraint that allocation probabilities must sum to the
number of available resources. The optimal policy thus de-
pends on the relative utilities across all individuals, creating
interdependencies absent from standard bandit problems.
We address both challenges through a unified confidence
sequence-based framework.

Confidence sequences are interval estimates that remain
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valid at arbitrary stopping times, a property useful for
guiding policy decisions or certifying statistical conclu-
sions. Our framework requires three natural assumptions on
SWFs—monotonicity, concavity, and Lipschitz continuity—
each playing a distinct, minimal role. Our key insight
is that monotonicity of the SWF alone suffices to lift
coordinate-wise confidence sequences for individual util-
ities into anytime-valid bounds on population welfare of
the current allocation (Theorem 4.1). This lifting princi-
ple connects a versatile statistical primitive to information
that decision-makers need: guarantees on the optimal wel-
fare value over the expected utilities that hold uniformly
over time. The same machinery that enables optimistic
allocation policies for online learning also supports infer-
ence applications—sequential hypothesis testing, optimal
stopping, and policy evaluation—as natural byproducts.

We make the following contributions. First, we formalize
the problem of resource allocation over a population over
multiple time steps, with the objective being given by an
SWEF-based aggregation of the ex-ante utilities. Second, we
establish a confidence sequence lifting theorem that provides
anytime-valid welfare bounds under monotonicity alone.
Third, we instantiate this framework on three axiomatically
distinct SWF families—Weighted Power Mean, Kolm, and
Gini, spanning the spectrum from utilitarian to egalitarian
objectives—and develop bespoke efficient oracles for policy
optimization in each case. Fourth, we propose SWF-UCB,
a general algorithm for online welfare maximization, and
prove that it achieves near-optimal @(n + VnkT) regret
for k resources over a population of n in time 7. Fifth,
we present experiments confirming the predicted v/7" scal-
ing and revealing that intermediate values of k yield the
highest regret—a non-monotonic dependence suggesting
rich structure in how resource scarcity interacts with learn-
ing difficulty. Finally, we describe how this confidence
sequence framework can be applied to meaningful infer-
ence tasks such as sequential hypothesis testing (Section 7),
optimal stopping (Appendix A.1.1, and policy evaluation
(Appendix A.1.2).

2. Related Work

Our framework unifies several research threads spanning
multi-armed bandits, fair allocation, and welfare economics,
through a common lens of online welfare maximization
and time-uniform statistical inference. However, unlike
prior work on welfare-aware or fair bandits, which either
focus on specific objectives or learning guarantees alone,
our approach supports general monotone SWFs, provides
near-optimal regret guarantees, and enables anytime-valid
inference for optimized welfare under partial feedback.

Multi-armed bandit variants. Multi-play bandits (Anan-
tharam et al., 1987; Gai et al., 2012) consider the sum of the

arm rewards when multiple arms can be pulled, which cor-
responds to utilitarian welfare in our setting. Combinatorial
bandits (Cesa-Bianchi & Lugosi, 2012; Kveton et al., 2015)
study finding the best set of arms to pull for the greatest
reward. To contrast, in our setting, all individuals need to
be given a resource with non-zero probability, and thus we
find the best allocation probabilities for the greatest wel-
fare. (Chen et al., 2013) study combinatorial bandits with
non-linear super-arm rewards assuming monotonicity and
bounded smoothness. We use monotonicity of SWFs to
establish a general confidence sequence lifting result (Theo-
rem 4.1) and develop efficient and exact oracles for optimal
allocation in our algorithm (SWF-UCB).

Fair multi-armed bandits. Fairness in multi-armed ban-
dits usually involves each arm being played a minimum
number of times (Chen et al., 2020; Wang et al., 2021) or
meritocratic fairness (Joseph et al., 2016; 2018). (Lim et al.,
2024) study multi-play multi-armed bandits, where each
play corresponds to a user, and they measure regret using
the performance of the worst-off user, i.e., egalitarian wel-
fare. Our work subsumes egalitarian welfare and provides
a framework for learning and inference when allocating
resources among a population.

Welfare-based regret in bandits. (Barman et al., 2023) and
(Sawarni et al., 2023) introduce Nash regret for the bandit
setting, measuring cumulative loss via the geometric mean
of per-round regrets. (Sarkar et al., 2025) and (Krishna et al.,
2025) extend this idea to the p-mean welfare family. This
line of work aggregates utilities across time steps, whereas
our work aggregates utilities across the population at every
time step. We also provide a general framework for different
social welfare functions, and the p-mean welfare family
arises as a special case of the welfare families we consider,
under a different axis of aggregation.

Social welfare functions. The axiomatic foundations of
our SWF families originate in welfare economics. (Atkin-
son, 1970) introduced inequality-averse welfare functions
parameterized by a single parameter controlling the equity-
efficiency tradeoff: our WPM family. (Kolm, 1976) charac-
terized the Kolm-Pollak family via translation invariance,
while (Weymark, 1981) formalized generalized Gini wel-
fare through rank-dependent weights. In machine learning,
(Cousins, 2021; 2023) provide Holder continuity bounds
enabling PAC-style learning guarantees. (Pardeshi et al.,
2024) addressed the complementary problem of learning
SWFs from preference data. To our knowledge, our work
contributes the first online learning and time-uniform infer-
ence framework for allocation using these welfare families
with provable regret guarantees.
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3. Problem setup

We consider a population of n individuals among which a
centralized decision-maker allocates identical, indivisible
resources at discrete time steps. At each time step ¢, k < n
resources arrive and are distributed among the population.
Each individual receives at most one resource, and the utility

of individual ¢ when receiving a resource at time ¢ is uy ; i
D;, where D; is an unknown distribution with mean p; =
Ey~p,[U]. We assume that p; > 0, and the utility of an
individual not receiving a resource is zero.

Allocation occurs according to a (randomized) policy, given
by the vector p € [0, 1]”, where ) , p; = k. Each p; is the
marginal probability that individual ¢ receives one of the k
resources. The ex-ante expected utility of the policy p for
individual ¢ is thus given by u;p;. We denote the vector of
expected utilities by . © p.

Our model assumes that the distributions {D;},,, of indi-
vidual utilities remain static and do not change with time.
Instead, we allow the allocation policy p to change over
time and conduct online learning and inference about the
allocation policy. The effectiveness of the allocation is de-
termined by aggregating the ex-ante expected utilities using
a social welfare function (SWF), denoted by M (1 © p).

‘We consider ex-ante utilities for two reasons. First, ex-ante
utilities represent expected utilities prior to allocation. In
contrast, post-allocation realized utilities assign zero utility
to all individuals who do not receive a resource at a given
time step, which can render several commonly studied social
welfare functions degenerate or uninformative under partial
allocation. As a result, ex-post welfare is not a meaningful
object for optimization or comparison in our setting. Sec-
ond, ex-ante utilities admit a natural long-run interpretation:
for a fixed allocation policy p, the vector p ® p corresponds
to the time-averaged utilities obtained when resources are
repeatedly allocated according to p. This interpretation is
particularly important in inference-oriented settings, such as
policy evaluation, sequential testing, and optimal stopping,
where a single policy is deployed repeatedly and perfor-
mance is assessed via long-running averages.

We consider families of SWFs satisfying three natural as-
sumptions:
(A1) Monotonicity: Let vy, va € R’} be two utility vectors.
If v1 ; > vy, foralli € [n], then M (vy) > M(vs).
(A2) Concavity: M(v) is concave in v.
(A3) Lipschitz continuity: M (v) is Lipschitz continuous in

v w r.t. the £, norm.

Each assumption is used in our framework in a modular
manner. Monotonicity is used to construct a confidence

sequence for M (p ® p) from observed utilities (Section
4), which is our core statistical insight. Concavity enables
tractable policy optimization and efficient computation of
the optimal solution (Section 5.1). Finally, Lipschitz conti-
nuity supports our theoretical analysis and regret guarantees
(Section 5.2) concerning the optimality of our algorithm
for online SWF maximization.

3.1. SWF Families

We consider three popular families of SWFs.

1. Weighted power mean (WPM) has parameters w €
Ap—1and g € (—oo, 1] U {—oo}. Itis defined as

min;efn] LiP; ifg=—-o00
Mwpm(p © psw,q) = § TI; (i)™ ifg=0
(>, w (#ipi)q)l/q otherwise

Intuitively, w encodes the relative weights given to
the individuals. ¢ encodes the notion of fairness
used: ¢ = 0 corresponds to Nash social welfare,
whereas ¢ = 1 corresponds to utilitarian social wel-
fare (Mwpm = Zi w; pip;). WPM satisfies relative
inequality aversion (Cousins, 2023): for any a > 0,
then MWPM<(1U—> = aMwpm (U.)

2. (Weighted) Kolm social welfare has parameters w €
A, _1 and g € (—o0, 0] U {—o0}. It is defined as

min;en) LiPi ifg=—o0
Mgoim(pe © P;W,q) = S 3, witip; ifg=0
2 -log (O, wiexp (quipi))  otherwise

w and g encode individuals’ relative weights and fair-
ness notion (same as WPM). Kolm SWF satisfies the
axiom of absolute inequality aversion (Kolm, 1976):
for any a > 0 Myom(u + al,) = Mgem(u) + a.

3. Gini social welfare has parameters w € [0, 1]” such
that wy > we > ... > w, > 0,and

Maini(p © p;w) = Z w; (1 © P) (i),

where (p © p)(;y denotes the i-th smallest element in
the vector p®p. We note that with appropriate choices
of w, Mgini is identical to the utilitarian welfare (w =
1,,) and egalitarian welfare (wy = 1, w; = 0 for ¢ >
2) with appropriate w. The Gini SWF satisfies rank-
based inequality sensitivity (Weymark, 1981), where
the order of the utilities matter but not their identities.

All three SWF families span the space of social welfare
formulations from egalitarian welfare to utilitarian welfare
in different manners. Crucially, all three SWFs satisfy our
assumptions (A1)-(A3).

Proposition 3.1. Mypy(v), Mgoin(Vv), and Mgi,i(v) are
all monotonic and concave in v. Moreover,
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1. Let ur; € [Umin, Umax)> Where tUmax > Umin > 0.

Then, Mypy is Lipschitz continuous w.r.t. the £, norm
with constant upper bounded by tmax [Umin-

2. Mg is Lipschitz continuous w.r.t. the { o, norm with
constant 1.

3. Mgini is Lipschitz continuous w.r.t the £, norm with
constant ), w.

We prove this result in Appendix B.1.

Remark 3.2. While our upper bound of tmax/Umin for
the Lipschitz constant for the WPM family holds for all
q € (—00,1] U {—o00}, (Cousins, 2021) provide tighter
Lipschitz continuity bounds for ¢ < 0 and Holder conti-
nuity bounds for ¢ € [0, 1]. These bounds can be used for
tighter theoretical guarantees (for instance, by plugging into
Theorem 5.2).

We define the optimal allocation p* w.r.t. the SWF M (-) as
* M
P’ = arg max (k©Pp),

where P, = {p € [0,1]" | >, pi = k}.

4. Confidence Sequence Framework Using
Monotonicity

We begin by constructing a confidence sequence (CS) for
the optimal welfare value M (p ® p*), which will serve as
the statistical backbone for learning, testing, and stopping
procedures. Given observed data {xz;},., and some ¢ €
(0,1), a valid (1 — §) CS for a target quantity 6 consists of

a sequence of intervals {[:Eti, xz]} such that xf and xI
>1

depend on the past data {z,},_, and 6.

This sequence of intervals satisfies the property
P(3teN:0¢& [z}, 2]]) <4,

where § € (0,1). This guarantee is time-uniform, i.e., it
holds for all time steps ¢ simultaneously. Confidence se-
quences are central in sequential statistical inference, en-
abling decision-makers to develop adaptive experiments
which can be stopped flexibly. In our setting, they pro-
vide anytime-valid guarantees for welfare values induced by
static or adaptively learned allocation policies, allowing hy-
pothesis testing and stopping decisions without sacrificing
statistical validity.

For instance, a decision-maker testing the hypotheses Hy :
0 = x( versus Hy : 6 # x( can reject the null as soon as
xo & [a:f, .Z‘I] Time-uniform guarantees ensure that such
adaptive stopping results in a valid test.

In our setting, we observe the utilities u, ; for the individuals
to whom the resource is allocated and our target quantity is

M (p©p*). CS construction is well-established for the true
mean utility y; given the observations {u; ;},~, (Howard
et al., 2020; 2021). However, it is challenging to construct a
CS for M (u ® p*) since this quantity depends on p itself
and p*, which is optimized given p. Thus, we require an
estimate of p which can be optimized over to obtain an
allocation py, resulting in CSs which are both valid and
informative.

Our key observation is that monotonicity (A1) alone is suf-
ficient to lift coordinate-wise confidence sequences for the
individual utilities into a valid confidence sequence for the
optimal social welfare. This lifting principle underlies all
subsequent algorithmic and statistical guarantees.

Theorem 4.1. (CS lifting) Let {uf} o and {,ul} .
t t>

be two sequences such that [uti, uzl] is a valid (1-0/n)
confidence sequence for ;. Moreover, let

p; = arg max M(uf ©p), and
PEPk
p) = arg max M(u} © p).
PEPk
Then, we have, with probability (1 — 8) uniformly,

M(pop*) > M(popy) > M(pf ©py), and
M(pop*) < M(ul ©p*) < M(u] ©p;).

Thus, {[M(ui Opr), M(ul © PI)]}Dl is avalid (1 —9)
CS for M(p © p*). -

We prove this result in Appendix B.2 using only the com-
ponentwise monotonicity of M. This is a general result,
allowing us to lift any valid CS for the individual mean
utilities y; to a CS for the optimal SWF. Furthermore, when
p is a fixed known allocation, the same construction gives

{[M(u,ti ©p), M(u © P)]}t>1 as avalid (1 — &) CS for
M(p©p). -

Optimizing the upper bound on the lifted CS immediately
yields UCB-style policies (Section 5), while the two-sided
bounds support inference tasks such as sequential hypothesis
testing (Section 7). We describe optimal stopping and policy
evaluation as further applications in Appendix A.1.

5. Online SWF Maximization

We consider the task of finding the optimal allocation p*
in an online manner. Let p; denote the allocation at time ¢
with ex-ante social welfare M (1 © p;). We define regret as

T
R(T)=> (M(pop*)— M(uop)),

t=1



Online SWF-based Resource Allocation

which measures the welfare loss relative to the best fixed ran-
domized allocation if the true mean utilities p were known.
The stochastic multi-play multi-armed bandit setting with &
pulls round is retrieved in this task by considering utilitar-
ian social welfare (achieved by all 3 of our chosen SWFs).
Thus, our setting can also be interpreted as a generaliza-
tion of multi-play bandits to resource allocation, with an
aggregated notion of reward defined by the SWF.

5.1. Algorithm Using Concavity

We encounter the classic exploration-exploitation tradeoff
in this task: setting a higher probability of allocation p; ; to
individual ¢ at time ¢ gives us a better estimate of y;. How-
ever, this is at the expense of other individuals to whom the
resource could have been allocated. This is further compli-
cated by the fact that the allocation probability p; ; depends
on both the estimated p; of individual ¢ and the estimated
mean utilities of the other individuals. Nevertheless, we
develop SWF-UCB, an algorithm inspired by UCB and
adapted to our setting, showing that it performs optimally.

The algorithm proceeds by constructing the policy vector
p: based on upper-confidence CSs of the individual mean
utilities [,LI. A realized allocation Sy C [n] is sampled using
P:, and finally the estimates for the allocated individuals is
updated using their observed utilities. Our general, SWF-
agnostic algorithm is given in Algorithm 1.

Algorithm 1 Generalized SWF-UCB

Require: Time horizon 7', number of individuals n, re-
sources per round k
Require: Initial upper confidence vector NI
1: fort=1,2,...,T do
2:  ift < [n/k] then
3 Sy = [tk, (t+ 1)k,n) mod n + 1]
4:  else
5: Policy optimization:
6:
7
8

Pt < argmaxpep, M (! ©p)
Allocation sampling:

Sample S; C [n] such that |S;| = k and P(i €
St) = py,; forall g

9: endif
10:  Feedback:
11: Observe u; ; fori € Sy
12:  Confidence sequence update:
13: fori=1,2,...,ndo
14: if i € S; then
15: {1}, < UPDATE(u] ;, ur,;)
16: else
17: Hlri & 1
18: end if
19:  end for
20: end for

We describe the technical details of the steps below.

Policy optimization (Line 6). At every ¢, we solve a con-
strained optimization problem p, = arg max, M (] © p).
Our assumption of concavity of M (v) in v (A2) ensures
that this objective is tractable. However, since this problem
is solved at each time step, we need efficient oracles for
practical feasibility. We provide exact oracles for the three
SWF families we consider:

Theorem 5.1. For each of the following SWF families —
WPM, Kolm, and Gini — the optimization problem

p] = argmax M (u] © p)
peP
admits an exact oracle for the optimal solution.

e For WPM and Kolm, the optimal solution has a water-
filling form parametrized by a scalar A which can be
Sound in O(nlogn) time.

* For Gini, the optimal solution can be computed by a
greedy block-based algorithm running in O(kn) time.

Since WPM and Kolm SWFs are both differentiable, we
employ KKT conditions to find optimal solutions. These
solutions have a closed form solution parameterized by A
which is multiplicative for WPM and additive for Kolm.
We describe water-filling-based algorithms in Appendix C.1
and Appendix C.2 for WPM and Kolm SWFs, respectively.

The Gini SWF is not differentiable everywhere, making
standard KKT analysis difficult. However, we prove that
the permutation of individuals o such that w; is paired with
individual o (%) for an optimal solution can be easily found
(Proposition C.1). We developed a block-based water-filling
algorithm (Appendix C.3) for this family, solving a paramet-
ric linear program similar to PAVA for isotonic regression
(Best & Chakravarti, 1990).

To provide some intuition about the nature of the solutions,
we consider egalitarian and utilitarian SWFs, two settings
common across all three SWF families. In the utilitarian
setting, the optimal solution is to allocate resources to the &
individuals with the highest w; /AZ-T. In the egalitarian setting,

the optimal solution is p;; [)\/ NIJ , where [2]o 1]

(0,1]
indicates x clipped to be between 0 and 1, and A is chosen
such that ) . p; = k. This solution ensures that all individ-
uals have identical values of /,in until the individual with

the smallest /LI receives a resource with p; = 1.

Allocation sampling (Line 8). The sampled set S; C [n]
should satisfy the two constraints of cardinality (|S:| = k)
and marginal probability (P(: € S;) = p;; for all 7). We
use dependent rounding (Gandhi et al., 2006), a sampling
technique commonly used in survey design, to ensure that
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these constraints are satisfied. We specify the algorithm for

dependent rounding in Appendix D.

Confidence update (Line 15). We choose the sequence

{ [,LI Z} such that it is a valid CS for p;. Our update rule
it

is based on a well-known CS (Howard et al., 2021), which
can be expressed as

Niifiei + ue;
UPDATE(p] )= ———">
(:U't,,vut.z) Nt,i, F1
log(5.2n/0) + loglog(2N; ; + 1)
+17 ; ,
Nyi+1

()
where N, ; is the number of times a resource has been allo-
cated to individual 7 up to time ¢ and fi; ; is the empirical
mean.

5.2. Results Using Lipschitz Continuity

We establish that Algorithm 1 achieves sub-linear regret
through the following upper bound.

Theorem 5.2. Let the utility distributions D; be I-sub-
Gaussian for all i. Let M (v) be L-Lipschitz continuous
w.rt. the lo, norm. Let a = 3log(n/d)/2. Then, with
probability (1 — 0), forall T € N,

R(T) < Ly/loglog T + log(2n/4)
(e () i s ()

Thus, with a choice of § < 1/vnkT, we have a bound on
E[R(T)] of the order O(L(n + v'nkT). We use the Lip-
schitz continuity of M () (A3) to upper-bound the regret
in terms of ;,LtT ® p¢ and p © p;. The argument then pro-
ceeds by establishing an anytime-valid upper bound on [V ;,
which is used to establish an upper bound on the regret.

The utilitarian welfare setting corresponds to a multi-play
stochastic multi-armed bandit setting, where k arms are
pulled at each time step simultaneously, and the total reward
is the sum of the per-arm rewards. Thus, we immediately
get the following lower bound on the regret R(T) from
prior literature (Kveton et al., 2015; Cesa-Bianchi & Lugosi,
2012):

Proposition 5.3. The online SWF maximization task has a
regret lower bound of Q(vnkT).

Thus, our algorithm is order-optimal in k£ and 7" and near-
optimal in n, matching known bounds up to poly-log factors.

There are situations where the upper bound can be made
much tighter. For example, when k = n, every individual
gets a resource at each time step, so p; = p* = 1, yielding

zero regret. We hypothesize that the worst-case regret is
actually attained at an intermediate k rather than k£ = 1 or
k = n. Intuitively, increasing k raises the cost of misalloca-
tion at given time step. However, for k£ = n/2, the diameter
of the space of possible allocations also decreases, resulting
in a smaller maximum possible deviation from the optimal
allocation. This leads to a non-monotonic dependence of
regret on k. Our experiments on varying k in Section 6
empirically verify this behavior.

Another such situation is the WPM SWF setting with ¢ = 0.
The optimal solution is of the form p; = [Aw], ;) and
A is chosen such that ). p; ; = k. This optimal solution
is independent of the estimate uI, thus the regret is also
near-zero in this case. This indicates that although the regret
bound is sub-linear and near-optimal for the worst case,
there are non-trivial settings where the bound can be made
tighter. We leave further analysis of special cases and the
exact dependence of the regret bound on k to future work
(Section 8).

6. Experiments

Our theory provides a general, near-optimal bound for SWF-
UCB under assumptions (A1)-(A3). While Theorem 5.2
establishes worst-case regret guarantees, it does not fully
characterize how regret depends on key problem parameters.
In our experiments, we study the empirical dependence of
regret on three problem parameters: time horizon 7', fairness
(power) parameter g, and allocated resources k.

We run simulations on all three SWF families—WPM,
Kolm, and Gini—for a population of n = 50. Individ-
ual utilities upon receiving a resource are distributed as
U; ~ 0.1+ 0.9X;, where X is Beta distributed with param-
eters («;, 3;) chosen randomly. We repeat each experiment
for 5 randomly-seeded runs, holding the individual utility
distributions constant and varying the randomized sampling.

We set the weight vector w such that w; o 0.9°~! and
>, w; = 1. This places greater weight on a few individuals
for WPM and Kolm; for Gini, which reorders individuals
by realized utility, the effect is closer to egalitarian.

Varying horizon 7. We first verify that our algorithms
achieve sublinear regret with the predicted /7 scaling
across SWFs and allocation regimes. For all three SWFs,
we consider 7T in the range [103, 2.56 - 10°] on a logarithmic
scale. For WPM and Kolm, we set the default power param-
eter as ¢ = —2. Figure 1 plot the regret against number of
time steps with varying k.

For all three SWFs, we observe that R(T')/+/T is bounded
above, indicating that R(T) is O(v/T). The regret first
increases and then decreases with increasing k. However,
the relative ordering of the regret across values of k changes
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as 1" grows.

Varying power value g. We next study how the fairness
parameter ¢ affects learning difficulty. We observe how
regret varies with the power ¢ for WPM and Kolm. We
run all experiments for 7 = 10* time steps. We plot the
variation of the regret against ¢ with different values of & in
Figure 2. For WPM SWE, the regret decreases until ¢ = 0
and then increases until ¢ = 1. The regret is relatively flat
near ¢ = 0 since the allocation probabilities only depend on
w. For Kolm SWF, regret increases mildly with ¢ for small
k (k = 1,5) and decreases mildly with ¢ as k grows. For
q = —oo, there is an increase in regret with increasing k,
followed by a decrease.

Varying number of resources k. Finally, we examine
how the number of resources k affects regret. We run all
experiments for 7' = 10* time steps. Figure 3 shows the
variation of the regret against £ with different values of q.

For ¢ = —oo in WPM and Kolm (the egalitarian case),
there is an increase in the regret until k£ = 20, followed by
a sharp decrease for higher k. As the number of resources
increases in the egalitarian case, the probability of allocat-
ing a resource to the individual with the lowest predicted
utility increases. However, once the individual with the
lowest actual p; is allocated a resource with probability 1,
M(p ® p;) = min; pu; = M(p @ p}) and the regret does
not increase (since egalitarian welfare is determined by the
minimum-utility individual).

For both WPM and Kolm, the regret curves flatten as ¢
increases. For Gini, the curve resembles the egalitarian case,
with an increase in regret until £ = 20 followed by a more
gradual decrease. As k grows, regret generally rises before
falling to zero at k = n. This trend reflects a tradeoff: for
small k, each sub-optimal allocation is more costly (there
are fewer resources to distribute), while for k > n/2, the
feasible allocation space shrinks and the problem becomes
easier.

Appendix E reports analogous experiments under linear
weight decay. We empirically verify the O(v/T) guarantee
in this regime (Figure 4)., and observe qualitatively different
trends with k (Figure 6) and ¢ (Figure 5), showing that the
weight vector contributes nontrivially to problem difficulty.

Summary. Together, our experiments demonstrate three key
findings. First, the v/T scaling is empirically valid across
our three normatively distinct SWF families. Second, regret
depends non-monotonically on %, with the highest regret
occurring at intermediate values of k. Third, online welfare
learning exhibits rich, structured behavior that is not present
in multi-play bandits, with interactions between the SWF
family, its parameters, and k.

7. Inference application: Sequential testing

The CS framework supports a range of online inference
tasks. We focus here on sequential testing and cover optimal
stopping and policy evaluation in Appendix A.1.

Sequential testing (Ramdas et al., 2020) for SWF-based
allocation asks whether a given allocation achieves welfare
greater than or equal to a value W,. We consider two vari-
ants, distinguished by whether the policy vector p is held
fixed or learned from observations.

Fixed policy p. In this case, the decision-maker wants
to test whether the allocation policy p exceeds a certain
welfare value Wy. Here, the randomness is only in the
utility samples. The hypotheses are:

Ho:M([,L@p)SW(), VS H1:M(u®p)>W0.

Let W}, = M(u} ® p), where i} is a (1 — 8) lower CS

Pt
for p. Our sequential test is:

Reject null at 7 = inf {t : Wlit > Wo} .

We note that the lower CS ,uf can be readily constructed by
modifying the confidence update in Equation 1.

Dynamic policy p;. In this case, the decision-maker
wants to know if the optimal allocation policy p* exceeds
a certain welfare value W*. Here, both policy and welfare
are data-dependent. The hypotheses are as follows:

Hy: M(pop*) <Wy, vs Hi:M(pop*)>W.

Let W} = M(uy ©py), where py is a (1—6) lower CS for
u, and pf is obtained by solving the optimization problem
in Theorem 5.1.

Our sequential test is:

Reject null at 7 = inf {t : W# > WO} .

Due to the time-uniform nature of the CSs above, we have

Py (3t: Wy, >Wo) <4, and

9,
Pp, (3t : W} > W) <6,

which ensures the validity of the sequential tests.

Since the bound is time-uniform, this testing can be adaptive,
where the experiment can be stopped once enough evidence
has been gathered for the null to be rejected (Ramdas et al.,
2020). This idea can also be applied to test for the allocation
achieving a value below a certain threshold Wy by consider-

ing upper confidence sequences {M (;LI ©) ptT)} .
t>1
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Figure 1. Normalized regret R(T')/+/T versus time horizon T for WPM, Kolm, and Gini SWFs. The normalized regret remains bounded
across two orders of magnitude in 7', consistent with our theoretical O(v/T)) guarantee.
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Figure 2. Trends with varying power value ¢ for WPM and Kolm SWFs. We consider the range between egalitarian (¢ = —oco for WPM
and Kolm) and utilitarian (¢ = 1 for WPM and g = 0 for Kolm). While there is a smooth change in the observed regret, there is significant

variability with changing k.

8. Discussion

Usage of SWF families. The three SWF families in this
work encode different normative values and notions of fair-
ness and we discuss their potential usage below.

We discuss the WPM and Kolm families jointly as they have
similar theoretical formulations. The WPM family follows
relative inequality aversion and is useful when relative dif-
ferences in utility are important. The power ¢ € (—o0, 0)
interpolates between egalitarian and Nash welfare, while
q € (0,1) interpolates between Nash and utilitarian welfare.
To contrast, the Kolm family follows absolute inequality
aversion, hence it can be used when additive differences in
utility are important. The power ¢ € (—o0, 0) interpolates
between egalitarian and utilitarian welfares. For both WPM
and Kolm families,the weight vector w can be interpreted as
encoding the relative importance of individuals in the social
welfare. Thus, w can encode vulnerability, priority classes,
or societal importance.

The Gini family is useful when positional or rank-based
inequality between individuals matters: the welfare depends
on who is worse-off relative to others, rather than on abso-
lute or relative utility gaps. The weight vector w encodes

social priority across ranks, allowing policymakers to em-
phasize improvements among the bottom-ranked individuals
independently of their absolute utilities.

Direct extensions. Our online SWF maximization 5 frame-
work can be seamlessly used for inference applications, with
Theorem 4.1 providing a valid welfare CS and the oracle
algorithms in Section 5.1 providing an efficient way to learn
the dynamic policy p; or p;. While we consider sequential
testing in Section 7, we explore two other applications—
optimal stopping and policy evaluation—in Appendix A.l.

While we consider a fixed number of resources k arriving at
each time step ¢, the framework and analysis can be readily
extended to accommodate a variable number of resources
k; arrives at each t. Theorem 4.1 still holds and the oracle
algorithms can be run with a different k; at each time step.
In this case, we conjecture that regret guarantees would be

of the form O(n + y/n Zthl ky).

Finally, although we assume that the utility upon non-
allocation of a resource is zero for simplicity of analysis,
it should also be possible to extend the framework to sit-
uations where the non-allocation utility ug)i) is distributed
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Figure 3. Trends with varying number of allocated resources k for all three SWFs. We observe that there is a sharp decrease after k£ = 20
for egalitarian welfare. The changes with increasing g becomes less gradual for both WPM and Kolm SWFs. Geometric weights have
some similarity with egalitarian welfare, and we see a similar pattern with varying &k for Gini SWF, although the curve is much smoother.

stochastically, and we comment on this further in A.2.

Future work. In Theorem 4.1, we use (1—3§/n) CSs for the
individuals’ mean utilities to form a (1 —¢) CS for the social
welfare. A tighter bound can be obtained by considering
(1 — 9;) CSs for the mean utilities, where ) . §; = J, and
a refined allocation of confidence across individuals. The
choice of §; would depend on the SWF parameters and could
potentially improve statistical and computational efficiency.

Theorem 5.2 provides a regret bound applicable to any
SWF satisfying (A1)-(A3), showing that SWF-UCB is near-
optimal in a minimax sense. However, for specific SWFs,
one may obtain tighter bounds with explicit dependence on
fairness parameters such as g or w, potentially improving
constants and adaptivity (Remark 3.2).

Empirically, we see a non-monotonic phase transition in
regret as a function of k: regret initially increases and then
decreases as more resources are allocated. This transition de-
pends on the SWF parameters, suggesting a rich interaction
between fairness, uncertainty, and resource availability.

While we assume iid utilities, Theorem 4.1 is agnostic to the
source of uncertainty and only requires valid time-uniform
confidence sequences for individual utilities. This suggests
that, when such CSs are available for stateful reward pro-
cesses, extensions to restless (Whittle, 1988; Wang et al.,
2020) or Markov (Neu et al., 2010; Ortner et al., 2012)
bandits may be possible without altering the welfare-level
inference machinery.

Impact Statement

This paper develops a theoretical framework that leverages
confidence sequences and social welfare functions for online
resource allocation and inference. Given the abstract nature
of our work, we do not anticipate that it poses a significant
direct societal risk. However, the modeling and development
of automated resource allocation systems raises important
societal considerations. Our formulation assumes individual

utilities can be observed or estimated, yet in practice utilities
are latent constructs that may be difficult to elicit, unstable,
or contested. By definition, SWF parameters (w, q) en-
code normative judgments about equity-efficiency tradeoffs
that warrant stakeholder engagement through established
approaches such as value-sensitive design. Additionally,
fairness across protected groups may require constraints
beyond SWF maximization alone. While our work is moti-
vated by real-world allocation problems (Section 1), detailed
guidance for operationalizing this framework in specific ap-
plications is beyond the current scope.
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A. Further Discussion
A.1. Inference applications

Beyond sequential testing (Section 7), two further online inference applications arise naturally from the CS lifting theorem
(Theorem 4.1): optimal stopping and policy evaluation. We provide their interpretations in the SWF-based allocation setting.
These applications illustrate how welfare-level CSs enable valid inference under adaptive data collection.

We note that because of the generality of Theorem 4.1, other sequential inference tasks (Howard et al., 2020) can also be
addressed using this framework. Moreover, in settings where p; is learned dynamically, our oracle algorithms (Section 5.1)
can be used to efficiently learn them.

We re-state Theorem 4.1 with a sequential inference perspective.
Corollary A.1. Let [u}, ul] be a (1 —6) CS for .

1. (Fixed allocation policy p): Let p be a known fixed allocation policy. Let W M(ui ©p)and Wg’t = M(u! ©p).

pit =
Then{[Wét,Wgt]} isa (1 —98) CS for Wy = M(pp © p).
’ >t
2. (Dynamic allocation policy p;): Let

p; = arg max M(py ©p) and p] = arg max M(p} ©p).
PEPk PEPk
Let W} = M(ut © py) and W = M (] © p)). Then {[W#7 WJ]}DI isa(l—20)CSforW*=M(uo®p*).

The oracle algorithms developed in Section 5.1 can be used to adaptively learn pf or pI efficiently. We now discuss how

these CSs can be used for inference.

A.1.1. OPTIMAL STOPPING

Consider a decision-making setting where a policy is to be learned dynamically in a testing phase. The testing phase is
stopped when the social welfare achieved by the current allocation exceeds a certain value W), after which the policy
is deployed. Unlike sequential testing, the goal here is not hypothesis rejection, but deciding when to transition from
exploration to deployment.

Let & = {Vt >1: ;l,i' < y,}, which holds with probability at least (1 — ¢). On &, since M is a monotone function, for all ¢,

M(p @ py) > M(pui ©py) = Wy

Our stopping guarantee in this case is thus: at 7 = inf {t : th > Wo},
P(M(p©py) > W) >1-6.

After stopping the experiment, we deploy px.

A.1.2. POLICY EVALUATION

Our method can also be used to compare the social welfare for two policies p(;) and p(z). This allows us to compare
policies and choose the best one among them for deployment in an adaptive fashion.

Interestingly, either of these policies (or a combination of them) can be used to gather the data,provided the induced sampling
process ensures coverage of all individuals (e.g. p; ; > v > 0 for all 7), since we only require CSs on the individual utilities
pt,i- Based on the first part of Corollary A.1, we construct (1 — §/2) welfare CSs for p(;) and p(s), denoting them by

4 ) { T
{[W(1)7t7 W(l)vt]}t21 and {[W(Q),t7 W(Q),t

4 0
(1 — ) when Wiyt > Wiy

}} . Policy 7 can be chosen for deployment over policy j with confidence
t>1
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A.2. Extension: Stochastic Utilities for non-allocation
In Sections 3—-6, we assume that the utility when an individual does not receive a resource is zero. We now discuss how the
CS-based framework can be extended to stochastically observed utilities for non-allocation.

O) nd

Let ug}i) i Dgl) and u ( D(O) be the stochastic utilities at time ¢ when an individual 7 is allocated and not allocated a
) (0)

resource, respectively. Let 1; ~ and p,  respectively be the mean utilities for allocation and non-allocation to individual i.

The ex-ante utility for allocation policy p is thus given by

ap)=pYop+p®e 1, -p),

and the social welfare is thus M (fz(p)). Thus, allocating a resource to individual ¢ yields an effective utility gain of

ul(-l) — MEO) relative to non-allocation.

Extending confidence sequences. Using the observed values, we can construct (1 — ¢§/2n) two-sided CSs for ugl) and
uz(-o), denoted by { [uglb)T, uglb)ﬂ} and {[MEOL)L7 MEOL)T]} . By the union bound, we get the following (1 — §) CS for
t>1 t>1

(p):
{Kugm uEO)T> p+ plO, (ugm (ou) p+”§O)T]}t>1'

If we let

pf =arg max (u — pf”) p+ ut,  and
PEP<k

p} =arg max (V" — ™) p+ ",
PEP<k

we then have the following (1 — ¢) CS:

1 0 0 1 0 0
([0~ )t 0, (" = ) 4 ]}

Owing to the monotonicity of M (-) and proceeding through a similar sequence of inequalities as in Theorem 4.1, we get the
following (1 — §) CS for M (m(p))

{[M ((ugm _ ugow) v u(ou) M ((Ngm (0)¢) pl + H(O)T)} }tZl .

Extending oracle algorithms. Our oracle algorithm has to solve a problem of the form

Pt = arg max M (( ey 'ugo) )p+“(0)T)

PEP<k

For some individual 3, if u(o)i > [,Lg}i)T, we can infer with high confidence that not allocating a resource gives them higher

utility. In this case, allocating a resource to individual i can only decrease the welfare objective with high probability, and
monotonicity implies that setting p; = 0 is optimal. Thus, such individuals can be excluded from the allocation, and the
optimization problem can be solved only for the remaining individuals. This in turn raises the possibility of less than k
resources being allocated to the population, which results in our feasible set for p becoming

ngZ{pE [0,1]" sz—s seNs<I<;}

B. Proofs
B.1. Proof of Proposition 3.1

Proof. Monotonicity and concavity: Monotonicity is guaranteed by the axioms of social welfare for Mwpn, Mgom, and
Maini. We now establish concavity of the three SWF families.

13
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* WPM: We begin by noting that for ¢ = —0o, Mwppm (V) = min; v; is concave in v, since for two valid vectors v; and
Vo,

min Avy; + (1 — A)ve; > Aminwvy ; + (1 — A) minwy ;
i i Fi
For ¢ € (—o0, 1), we express the WPM SWF as
. 1/q
Mypm(v;wiq) = (Z (wj/qvi) )
Let v; and v, be two valid vectors. Applying the reverse Minkowski inequality, we get

1/a
q
Mwem(Avy + (1 — A)va;w,q) = <Z ()\wil/qvu +(1- )\)wil/qv27i> >

%

1/q 1/q
> <Z (/\wil/qvl,i)q> i (Z <(1 B /\)w;/qvw’i)q>

7 (3

= AMwpm(vi; W, q) + (1 = A) Mwpm(va; W, q)

* Kolm: Since ¢ = —oo is the egalitarian case and ¢ = 0 is the utilitarian case, they have already been shown to be
concave via the WPM SWF. For ¢ € (—o0, 0), the concavity of My follows from the log-sum-exp function being
convex, and it being pre-multiplied by 1/¢ (a negative quantity).

* Gini: The Gini SWF can also be expressed as
MGini(V; W) = min Z wo‘(i)via

where o is a permutation of the set {1,...,n}. Since we are taking the minimum of a set of affine functions, the
resultant is a concave function.

Lipschitz continuity: We now establish the Lipschitz continuity of the SWF families. By the mean value theorem we know
that for two valid vectors v; and v, there is a vector x such that

M(vy) — M(ve) = VM (x) - (v1 — va)
IM(v1) = M(va)| = [VM(x) - (v = v2)| S VM@, - v — vallo

where (7) uses Holder’s inequality. Thus, to show Lipschitz continuity w.r.t. the £, norm, we provide bounds on || VM (x)||,

* WPM: Let v; € [Umin, Vmax] fO Umax = Umin > 0. We then have, for ¢ € (—o0,0) U (0, 1],

1/q
Mywpm(v;w, q) (Z w;v )

P 1/q—1
au; — Mwpm(v; W, q) (Z w;v > - quvlT !

w;v! 1

> wl v

= Mwpm(V; W, q) -
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For ¢ = 0, we have
MWPM V w, 0 H'le

W;
cw.0) - —
61}2 H vi M{v;w,0) v;
0 M Umax
= = Mwpm(v; W, q ‘ < <
; ‘ 8vi ( ) Umin Umin
For ¢ = —o0, we observe that the sum of all subgradients is upper bounded by 1, which is clearly less than vax /VUmin-

Thus, Umax/VUmin is the Lipschitz constant.
We additionally note that for ¢ = 1, Mwpm(v; w, 1) = >, wyv; has ||V Mypm(v;w, 1)||; = >, w; = 1.

e Kolm: The case of ¢ = —oo (egalitarian) and ¢ = 0 (utilitarian) is already considered in the WPM case. For
q € (—00,0), we have

1
Myolm(V; W, q) = glOg (Z exp(qvi)>

1 w; exp(qu;)
Migom(viw, ) = 0 5= s wigexplqui) = s~ S0 S

o
8'Ui

:>Z’ MKolmVWaQ‘l

Q| =

* Gini: We consider the alternate expression for the Gini SWF:

Maini(v; W) mm E Wer () Vi -

We note that this is the minimum over affine functions f,(v) = >, wo,v;, each of which has |V fo |, = >, w; = L.
Thus, the subgradient of Mg;n; is such that ||0Mgini(v; w)||; < L.

O

B.2. Proof of Theorem 4.1
Proof. Foralli € [n], let {[,ufi, uIi]} be a (1 — 6/n) confidence sequence for i. That is,
S

S|

P (Ht €Ny & (1, MI,Z-]) <

By the union bound, we thus have that for the sequence {[,uf, MI]}
t>1

P(3teN:pdlufnull) <o

where x € [x}, x]] means that z; € [xfz, mIz] foralli € [n].
Thus, with probability (1 — §) we have
NG @
M(p©p*) = M(uop;) = M ©py), and
T AL S
M(pop) < M(p, ©p") < M(p; ©Opy).
(7) results from p* being optimal for p, and (¢4) results from the CS bound and the monotonicity of M (-). (¢i¢) comes from

the CS bound and the monotonicity of M (-), and (iv) comes from p] being optimal for .

This means that
PEteN: M(pop') & [M(u; ©py), M(pl ©p])]) <0

15
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B.3. Proof of Theorem 5.2

Proof. Let { u?} . be a (1—4J/2) confidence sequence for p. From Theorem 4.1, we know that, with probability (1—0/2)
t=>

(i)

. . (iv)
M(pop’) < M(u©p") < M(u ©p]).
Thus, we have, with probability (1 — 6/2),

M(pop*) - M(pop))

™=

R(T) =

S
Il
-

M(p] ©p*) — M(p©p;)

M=

H
Il
—

M(p ©p}) — M(pop])

B

<

H
Il
—

If we now assume that M is L-Lipschitz w.r.t. ||-||  (the maximum value), we get

~

R(T) <Y M(u] ©p]) - M(pop))

t=1

S

ZLHNt ®Pt nOpy H
=1

Thus, we have bounded the regret in terms of the confidence sequence for p. By Holder’s inequality, we thus have

T T
Y Liul ©p] —poplle <> Llipl ©pl —popllh

t=1 t=1

T n
=L Z ; i s — pilp]

t=1
T n

loglog(N,; + 1) + log(n/d)
< ;
) T

t i=1

T

< Ly/loglog T + log(n/d) _ D
;; VAV +1

S

We now bound the term S. We observe that N, ; is the sum of Bernoulli random variables N, ; = 22:1 Xs.,i, where
Xs,i ~ Ber(ps,;). We then have the following anytime-valid guarantee (from the Master theorem in (Howard et al., 2020)):

2ab
Ehf N sz_ 31 > b 5,1 <
( S Zp a+ Zp ) exp( 1+b>

s=1

We set b = 0.5, and a = (3/2) - log(2n/d), so that the upper bound above is 6 /2n. We then have that with probability
(1-4¢/2n),forallt € N,

t

¢
Z(ps,i —Xsi)<a+ bzps,i

s=1 s=1

¢ t
== Ny; = ZXs,z‘ >0.5 Zps,i —a
s=1 s=1

‘We can now consider two cases:

16
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1. 22:1 Ps,i < 2a: Here, we can say

< 2a,

Zm<2psz_

which is a constant. Thus in this case, the regret is upper-bounded by a constant.

2. 22:1 Ps,; > 2a: Let this be true for ¢ > t,. We then have, with probability (1 — 24),

Z Ds,i Z
s=to VNSvi+ s=to \/05216 1pkl)_

‘We thus have

< na-+VvVnkT —na

R(T) < L\/loglogT + log (?) [n log (?) + \/nkT —nlog (?)]

We thus get a rate of the form O(+/loglogT + logn(nlogn + vVnkT)). O

Thus, we have

C. Details of Theorem 5.1
C.1. WPM SWF
C.1.1. DERIVING PROPOSED SOLUTION

Our objective can be stated as

1/q
maximize Mwpm(u @ p; w, q) (Z w; (u;p;) )

s.t. Zpi:k
pi—1<0

-p; <0

First, let us consider the case where the p;’s are unrestricted. After differentiation w.r.t. p;, at the optimal point, we would
want
0

2 Mypy = X'
apZ WPM

(1/¢-1)
g—1
(sz zpz ) - 4qp;

q
W;U;

»Q\»—*

q—1
%

= M N - —_—
weu(u O piw, q) > wi(wip)?
pi = Mwud)V/ =9

17
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where

A:(Xizmwﬁ>yW”

Mywpm(u © p; w, g

Our proposed solution is thus

pi = [Awiud) /0= @)

1]’

which is p; restricted to be between 0 and 1, with A chosen such that ). p; = k.

C.1.2. PROVING OPTIMALITY VIA KKT CONDITIONS

The Lagrangian for the objective is
L(p,a,B,7) = —Mwem(u@p;iw,q) + Y i(p; — 1)+ > _ Bi(—pi) + 7O _pi — k)
Recall that KKT conditions require the following:
1. Stationarity: For all 1,

0 i (wipi)?
ap.LZ_MWPM(uG)p?qu)' wi(tipi)

1
- — i — Di =0
> wiuipi)® s i =ity

2. Primal feasibility: )", p; = k, and p; € [0, 1] for all 4.
3. Dual feasibility: o;; > 0, 3; > 0 for all 4.

4. Complementary slackness: o;(1 — p;) = 0 and 8;p; = 0 for all 4.

We choose our proposed solution p* in Equation 2 such that 0 < p; < 1, and ), p; = k. This immediately tells us that this

solution is primal feasible; moreover, due to complementary slackness, we know that 3; = 0 for all 3.

‘We now consider two cases for «;:

(1) If p; < 1, complementary slackness requires o; = 0. In this case, we have
pi = Alwuf)!/0=0
wipi = Mwiu;)t/ =9
Stationarity requires

8 Ww; uiiq
L = —Mwpm(u® p;w,q) - (uip:)

b’ 1 gy =0
R — ai —_ i pr—
Yo wiuipi)?  p; 7

w;(uip;)? 1
o wi(uip)? p
M .
wem (U © i W, q) ww; (uip;) T =
> wiuip;)?
Mwpm(u © p;w, q)
> wi(uip;)?
Mwpm(u © p;w, q) uw; N1
Do wiluip)?  uw;
Mwpm(u © p;w, q) AL =
> wiuipi)?

Since the LHS does not depend on ¢, we can set v to be the LHS to satisfy stationarity.

Op;

Mywpm(u © p;w, q) -

Ui’wi(A(’wiUi)l/(liq))qil =7

18



Online SWF-based Resource Allocation

(i) Ifp; = 1, we have 1 = p; < A(w;u?)/1=9) . Thus,
1< )\(wiug)l/(lfq)

(%)
1< Al_qwiug

—~
.
=

NTE < wgud
A1 < w; (uip;)?
I

=

Mwpm(u O p;w,q) 1 C w; (uip;)? 1
A0S Myem(uOPIW,q) = —

> wi(uip)? ( ) > wiuipi)? i
w;i(uip;)? 1

¥ < Mwypm(UOP;W, Q) = - —

( ) Yo wiuipi)?  p;

A=

where we set p; = 1 in (4), and set -y from the first case in (7). Stationarity requires

0 i (wipi)? 1
ap.EZ*MWPM(uG)p;WaQ)' wiluip) c—4a;+v=0

> wiuipi)? p;

This means we have c; > 0, which establishes dual feasibility.

Thus, all necessary conditions hold for p*, indicating that it is a local maximum. Since we are maximizing a concave
function on a convex polytope, this would also be the global maximum.

Limiting cases. We separately comment on three limiting values of ¢ in this setting:
1. g = 1 (weighted utilitarian): Here, the limiting solution results in the allocation probability p; = 1 for the k individuals
with the highest w; 1;, resulting in a probability of p; = 0 for the other individuals.

2. ¢ = 0 (weighted Nash): Here, the limiting solution is p; = [Aw;] [0,1)> Where A is chosen such that >, pi = 1. Crucially,
this solution does not depend on the utility vector p; thus, the optimal solution can be derived without any observations.

3. ¢ = —oo (egalitarian): Here, the limiting solution is p; = [\/p;][0,1], Where A is chosen such that ) -, p; = 1.
These limiting cases arise as pointwise limits of the objective. Since the feasible set is compact and the objective is concave
for all finite g, standard continuity arguments imply that the closed-form solutions converge to optimal solutions of the
limiting problems.
C.1.3. ALGORITHM
We describe the algorithm for the WPM allocation oracle in Algorithm 2. Intuitively, the algorithm proceeds by calculating
filling rates for allocation probabilities over the individuals. When the fastest-filling individual ¢ reaches p; = 1, that
individual is excluded from further allocation. This proceeds until ) ", p; = k. The sorting of the water-filling rates (Line
15) dominates the time complexity, resulting in an O(nlogn) total complexity.
C.2. Kolm SWF
C.2.1. DERIVING PROPOSED SOLUTION
We want to optimize the Kolm social welfare under constraints. The problem is given by, for ¢ < 0,

1
maximize Mxomm(u; w,q) = - log ( E w; exp(quipi)>
q -

(3

s.t. p; € [0,1] Vi
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Algorithm 2 Weighted Power Mean (WPM) Allocation Solver

1: Input: Utilities © € R™, weights w, power parameter ¢ < 1, resources k
2: Output: Optimal allocation policy p € [0, 1]”

3: // Step 1: Calculate individual allocation rates
4: if ¢ = —oo (Egalitarian) then

5: 1y« 1/u; foralli
6
7
8

: else if ¢ = 0 (Nash) then
1y < w; forall g
. else if ¢ = 1 (Utilitarian) then
9:  p < set 1.0 for k indices with largest (w; - u;), else 0.0; return p
10: else
11:  logrates; < w for all ¢
12:  r < Softmax(log_rates) {Ensures > r; = 1}
13: end if
14: // Step 2: Water-filling across sorted containers
15: Sort r in descending order: T(1) = T(2) =+ 2 T(n) and track indices ™
16: Initialize p < 0, rem <« k
17: Precompute suffix sums R; = Y7, 7(;)
18: for i = 1ton do
19:  t < 1/r(; {Time required to fill current container to 1.0}
20: ift- R; > rem then

21 tfinal < rem/R; {Remaining mass doesn’t fill any more containers fully}
22: Pr(j) < Lfinai - 7 for j € {i,...,n}

23: rem < 0; break

24:  else

25: DPr(i) < 1.0

26: rem < rem — 1

27:  endif

28: end for

29: return p

where k € [n].

First, let us consider the case where the p;’s are unrestricted. After differentiation w.r.t. p;, at the optimal point, we would
want

0
aipiMKolm =A

1 1

A=—- - wiqu; exp(quip;)
q Y, wiexp(quip;)

N 1
bi = IOg ' ’
W;iU; qu;

where X' = X - (37, w; exp(qu;p;)).
The general solution for Kolm SWF is thus

s () ]
p; = |log :
Wil qui [ 10,1

. {77 + IOg(wiUi)]
|glui [0,1] ’

where 17 = —log X', and p; is clamped to [0, 1] such that ) . p; = k. This is a harder problem than the WPM case, since
here n = log \ is additive rather than multiplicative. Thus both constraints p; > 0 and p; < 1 might be active. We think of

water-filling in terms of 7.
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C.2.2. PROVING OPTIMALITY THROUGH KKT CONDITIONS

‘We note that
1
Mioim(1© p; W, q) = 610g (E w; eXp(Q“iPi)) ;

and 5 ( )
1 w; exp(qu;p;
7 Mkom(WO P; W, q) = — - QU
Ip; s ) q Y,wiexp(quip;)
_ W; eXP(quipi) .
> wiexp(qu;p;)

Since ¢ < 0, we note that d Mkom/Op; is a non-increasing function of p;.

Our optimization objective is:

. 1
maximize 5 log <Xl: wW; eXp(qu%))

s.t. —-p; <0 Vi

sz':k

The Lagrangian for this expression with the optimal solution p* is
L=-Mguepiw,q) - aipi + Y Bilp; = 1)+ _p; — k)

The partial derivative w.r.t. p; is

9
Opi

w; exp(qu;p;)

= — " -u»—oz‘—i—ﬁ‘—i—
* > wi exp(quipy) ' ' i

P=P

The KKT conditions require:

1. Stationarity: 0 € OL/0p;, which implies that

0= _ ’LUiGXp(Q’U,ipi)* wp — i+ B+
> wiexp(quip;)
2. Primal feasibility:
—-pf <0 )

pi—1<0 Vi
-

All primal feasibility conditions are satisfied by our construction of p*.

3. Dual feasibility:

a; >0 Vi
Bi >0 Vi
720

4. Complementary slackness:
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We consider three cases:

* pf € (0,1): This means that
« _ 1+ log(wiui)

b la|u; ’
which in turn implies ( v )
0 w; exp(—n")/(wiu;
aTDi]V-"Kolm(u OPp;w,q) - = S~ w; oxp(quip?) " Uy
_exp(—n")
2 wiexp(quipy)

Moreover, due to complementary slackness, we have a;; = 0 and 3; = 0. Thus, for stationarity to hold,

L)
2 wi exp(quipy)
which we note is independent of the index <.
* p; = 0: This implies that
pr=0> nt+ IOg(wiUi)'

\q |Uz
Since O Mxoim/0p; is a decreasing function of p;, we have

~exp(=n")
p=p* o Zl w; eXp(qUZp:)

0
- aipiMKolm(u © p;w, q)

+~v>0
p=p*

0
- aipiMKO]m(u OPp;W,q)

Complementary slackness implies that 3; = 0. For stationarity to hold, we should thus have

0= fa%iMmm(u OP;wW,q) — i +7,
which can be achieved by some a; > 0. Thus, dual feasibility is also satisfied.
» p; = 1: This implies that
pr=1< n+ IOg(wiui).
' |q|u;

Since O Mxoim/Op; is a decreasing function of p;, we have

_exp(=n")
p=p* - Zz wy eXp(qulpr)

— ((TpiMKolm(u OPp;w,q)

+v<0
p=p*

0
- %MKolm(u Op;w, q)

Complementary slackness implies that «; = 0. For stationarity to hold, we should thus have

0
0= _%MKOIm(u ©) P;w, q) + Bz +,

which can be achieved by some 3; > 0. Thus, dual feasibility is also satisfied.

Thus, the necessary conditions for KKT are satisfied. Since the constraints on our objective are all affine functions, the
necessary conditions are also sufficient. This means that p* is the optimal solution.
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C.2.3. ALGORITHM

We describe the algorithm for the Kolm allocation oracle in Algorithm 3. Intuitively, the algorithm proceeds by calculating
filling rates for allocation probabilities over the individuals. The critical difference from the WPM algorithm is that since A
is an additive factor here, we keep track of two events: 1) when individual ¢’s probability first becomes non-zero, at which
point they are included in the active set; and 2) when individual ’s probability becomes p; = 1, at which point they are
excluded from the active set.

When the fastest-filling individual ¢ reaches p; = 1, that individual is excluded from further allocation. This proceeds until
>; pi = k. The sorting of the water-filling rates (Line 17) dominates the time complexity, resulting in an O(n log n) total
complexity. However, we implement a O(n?) algorithm for simplicity here.

Algorithm 3 Kolm Social Welfare Allocation

Input: Utilities u € R™, weights w, power parameter ¢ < 0, resources k
Output: Allocation probabilities p € [0, 1]
// Step 1: Compute individual allocation rates
if ¢ = —oo then
r;  1/u; forall ¢
else if ¢ = 0 then
p < set 1.0 for k indices with largest (w; - u;), else 0.0; return p
else
r; < 1/(—q-u;) forallq
end if
. // Step 2: Identify critical event times (hitting 0 or 1)
. if ¢ = —oo then
Tetart « 0, Ten? < u; for all 4
. else
Tstart « —In(wiug), TE" + —qu; — In(w;u;) for all 4
: end if
. Sort all 2n times {7197t T¢"1} into a sequence 71, Ta, - - - , Ton,
. // Step 3: Water-filling over time intervals
: Initialize p +— 0, ActiveArms < (), tprep < T1
: for j = 2to2n do
At Tj — tprev
Minterval < ZiEActiveArms Ty At
if sum(p) + Mintervar > k then
Atfinal «— (k - Sum(p))/ ZieAcliveArms T4
Di <= Pi +7; - Atging for all ¢ € ActiveArms; break
else
p; < p; +r; - At for all ¢ € ActiveArms
Update ActiveArms based on whether 7; is a Tstart (add) or T¢"¢ (remove)
tp'r‘ev — 7—j
end if
31: end for
32: return p

—_ =
e A R A AR AR R

DN NN NN NN = = === = = =
RISV EDR SO RIDIARE DD

W N
@ 0«

C.3. Gini SWF
For the Gini SWF, the optimization objective is:

maximize Meini(p' © p;w) = Z wi(p' © )@

st p;€0,1] Vi
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Here, the vector of weights w is such that wy > we > ... > w, > 0. Moreover, ([I,T ® p)(i) specifies the ¢-th order statistic
for the vector u ® p.
C.3.1. OPTIMAL ORDER OF INDIVIDUALS

Proposition C.1. There exists an optimal solution p* such that, if 7 is the permutation such that
T T T
Hr() S P(2) S -+ S oy, )

then

S T T
Pr)Pr(1) = Hr@)Pr(2) < - B (n)Pr(n)- )

That is, the optimal order for ﬂ;(i)pﬁ(i) is along a non-decreasing order ofujr(l.).

Interpretation: We may index individuals by non-decreasing (; and restrict attention to allocations with p;p; non-decreasing;
then optimizing over p suffices.

Proof. For ease of notation, we relabel the indices such that 7(i) = 4. Thus, u{ < ug <...uh.
Let p be the optimal solution. Let u; = p;p;, and let o be a permutation such that o (7) is the i-th smallest element of {uy}.
We choose o such that ties are broken to minimize inversions, i.e., ¢ < j such that u; > u;.

When the w;’s are sorted according to o, we get ‘blocks* of equal values of u;. Since inversions are minimized, each block
has its p;’s in non-decreasing order.

If these blocks are such that w;’s are in non-decreasing order across the blocks, we are done. Otherwise, let there be two
blocks B; and By (with B; containing smaller values of u; than Bs) such that p;’s are not in non-decreasing order across
these blocks.

Let r be the rightmost element of By and [ be the leftmost element of Bs. We thus have u,, < w; (since they belong to
distinct blocks) and p,- > g (since p;’s are not in non-decreasing order).

Let 7’ be the element to the right of » when sorted according to o, and let I’ be the element to the left of [. Since [ and r
form the extremities of their blocks, we must have u,. < u,/, and uy < uy.

Thus, there is some small € > 0 such that p!. = p, +¢€ € [0,1], p; = pr—€ € [0,1], u). := pypl. < up, and up < uj = p).
Thus, swapping this small e probability from [ to r does not violate the order constraints. However, this swap results in a
change in the Gini SWF of

AMgini = €(Wo(r)fir — Wy fr) > 0,

since Wy (r) = We(ry and pp > . If wy -y > 0, then this inequality is strict, implying that p is not optimal. If ws () = 0,
we have AMgini = 0, which would mean that the swapping of probabilities does not decrease the objective. Repeating
this swap (which never decreases the objective) until no such pair of blocks exists yields an optimal solution satisfying

Hp1 < .. < finDn. O
C.3.2. THEORETICAL PROPERTIES OF ORACLE ALGORITHM

We express the Gini SWF objective as a parametric LP problem. Let 7 € [0, k] be the parameter controlling the sum of the
probabilities. WLOG, we assume that uj’s are sorted in non-decreasing order. Our objective is

maximize E w; ujpi

3

such that Z pi=T
i
pi €10,1] Vi
Wl piy <plps Vie{2,...n}
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Let p, be the solution encountered by the algorithm for parameter 7. Our algorithm starts at 7 = 0, with pg = 0,, being the
optimal solution. The algorithm proceeds by choosing a subset of indices S(7) for each 7 and increasing the probabilities
for these indices as 7 increases, ensuring that no constraints are violated. The set S(7) and the rates 7, () for the increase in
probabilities are chosen to maximize the rate of increase of the Gini objective.

Proposition C.2. The algorithm has the following properties:
1. The set of chosen indices and their rates of increase are changed when some element i in S(7) has pr; = 1.
2. The chosen indices for each T correspond to a block of consecutive indices B(T).
3. The choice of indices B(7) have their probabilities increased at the rate
1/pf
1
2 jen) 1/

and this results in a rate of increase of the Gini objective of

rp(T,i) =

ZiEB(T) Wi

ro(B(r)) = B0 L

ZiGB(T) 1/ p;

4. Among all feasible infinitesimal directions at any 7, the block B(T) chosen by the algorithm and the above rates of
increase of the probabilities maximizes the instantaneous rate of increase of the objective.

5. At each T where the set B(T) is changed, we have a sequence of blocks, with the value of (;p; being the same within a
block. These blocks are separated from each other by indices i with p; = 1.

Proof. We prove this result through induction on the set of points where S(7) is changed. Since the objective is linear and
the constraint set is a convex polytope, this change only occurs a finite number of times.

Base case: We begin with 7 = 0, where p, = 0,, is the trivially optimal solution. Part (1) is trivially satisfied here,
since this is the first choice of indices and rates we make. Part (5) is also trivially satisfied at 7 = 0, since we only have
one block. With increasing 7, any permissible increase will involve a suffix block of elements, since the order constraint
ti—1pi—1 < p;p; is violated otherwise. Thus, Part (2) is also satisfied.

Let B be some suffix block. Our choice of rate for the probabilities within this block is

. 1/pl
rp(i) = =
>jen /Ky
This choice results in a rate of increase of utility of
1
rali) = - 1) = ————.
ZjeB 1/,“]‘

This rate of increase is the same for all elements within the block, and thus the order constraint is not violated. Moreover,
this results in an increase in Gini SWF at the rate

7ﬂo(B) = Zw”’u(z) = ZiEB o

ek
i€B >ien 1k
Thus, part (3) of our proposition is a consequence of having to satisfy the order constraints.

Let B’ be a suffix block which is a subset of B such that r,(B’) > r,(B), that is, the rate of Gini SWF increase is greater if
all the utility is allocated to this sub-block. Then, B is a sub-optimal choice for the block, and we should choose B’. Note
that switching to a sub-block of B does not violate the order constraint. We can repeat this argument starting from B = [n]
to reach a suffix block which has the greatest value of r,(B). This will be our choice of B(7). We have thus characterized
this block for Part (4), showing that it provides the maximum rate of increase while satisfying the constraints.
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As we increase the probabilities of this block, the leftmost index [(B) is filled fastest, since it has the smallest value of y;,
and hence the highest filling rate. Thus, this choice of block and filling rates is no longer valid when we have p;(p) = 1,

which satisfies Part (1). At this instance, we have two blocks of equal values of ujpi (0 for the left block, 1) for the right)
separated by p; gy = 1, which satisfies Part (5).

Induction case: Let T be some intermediate value where the set of chosen indices and their rates of increase have to be
changed. We assume Part (5) holds, i.e., we have a sequence of blocks separated by indices ¢ with p; = 1.

We note that a block in this sequence is similar to the bigger block of [n] for B = 0. Thus, if our choice of S(7) is to be
within a block, all Parts (1)-(5) would be naturally satisfied. We now show that this is indeed the case.

Let us assume the contrary, i.e., our choice of S(7) spans across blocks. In this case, the optimal solution will have suffixes
from all the blocks. Any feasible infinitesimal direction decomposes as a convex combination of suffix directions within
individual blocks. Since the objective slope is linear, an optimal direction concentrates all mass on a single block with
maximal slope (ties arbitrary). Thus, Parts (1)-(5) would be satisfied. O]

Because the objective is linear and the feasible region is a convex polytope, following a direction that maximizes instantaneous
objective increase keeps the solution on an optimal face of the LP until a constraint becomes tight.

C.3.3. GINI SWF ORACLE ALGORITHM

We describe the block-based water-filling algorithm in Algorithm 4. The algorithm proceeds by filling probabilities in
blocks, ensuring that the order constraints are not violated. The chosen block is such that it provides the greatest rate of
increase in the Gini SWF value while following the order constraints. Each block calculation takes O(n) time, and there are
at most k block calculations, resulting in a time complexity of O(kn).

Algorithm 4 Gini Water-Filling Solver

1: Input: Vector of mean utilities ©v € R", weight vector w (where w; > wy > --- > w,, > 0), number of resources k.
2: Output: Optimal allocation policy p € [0, 1]™ maximizing Mgini(p © p; w).
3: Sort u in non-decreasing order: ury Suy < S Uy
4: Let 7 be the permutation such that w;y = Uz (;)-
5: Initialize p; = O for all ¢ € [n], rem = k, and initial block set B = {[1,n]}.
6: Precompute suffix sums W; = >°7_; w; and inverse utility sums I; = -7, 1/u().
7: while rem > 0 do
8:  Find block B € B maximizing the rate: r(B) = % Rate of SWF increase
9:  LetI(B) be the leftmost index of block B and R be the rightmost index.
10: At + (1 = pra(y) - vu(B)) Time until p;gy = 1
: m (ZjeB 1/U(j)) - At Total probability mass required to fill block B
12:  if m < rem then
13: for j € Bdo
14: Pr(j) 4 Pr(j) + At/ug)
15: end for
16: rem < rem —m
17: B+ (B\{B})U{[i(B)+1,R]} Leftmost index is now fully allocated
18: Update precomputed suffix sums for remaining sub-blocks.
19:  else
20: rate_sum < > . p 1/u(j)
21: for ) € Bdo
22: Pr(j) = Pr(i) + mesumeacy
23: end for
24: rem < 0
25:  endif

26: end while
27: return p
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Algorithm 5 7-ps sampling (pairwise dependent rounding)

Require: 7 € [0,1]Y with >, m; =n
Ensure: Sample S C [N], |S|=n
1: while there exist at least two fractional entries in 7 do
2:  pick distinct fractional indices ¢ # j
33 s m+m;, drawr ~ Unif[0,1]
4: if s <1 then

: I (0,s) w.p.m;/s
> (i m3) {(3,0) w.p. mi /s

6: else

.. (5, 755) (I,s—1) wp. (1—m)/(2—5)
(s—1,1) wp. (1—m)/(2—35)

8: endif

9: end while

10:

11: return S + {i:m =1}
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Figure 4. Normalized regret R(T)//T versus time horizon T’ for WPM, Kolm, and Gini SWFs with linear decay in weights. The
normalized regret remains bounded across two orders of magnitude in 7', consistent with our theoretical O(\/T) guarantee.

D. Algorithm for Dependent Rounding

We use the dependent rounding algorithm (Gandhi et al., 2006; Grafstrom, 2010) to sample a set S; given the allocation
policy vector p; such that P(i € S;) = p; ;. This idea is also known as 7-PS sampling, and is popularly used in survey
design when samples need to be drawn from a population with unequal probabilities across individuals/groups. Algorithm 5
provides the pseudocode for dependent rounding.

E. More Experiments: Linear Weight Decay
E.1. Linear weight decay

We considered an exponential decay of the weight vector in Section 6, which puts greater weight on a few individuals.
In this section, we consider a gentler linear decay of the weights, with w; = (1 + (i — 1)/(n — 1))/S, where S =
S (1+(i—1)/(n—1)). We use the exact same experimental setup as in Section 6, with n = 50, U; ~ 0.1 + 0.9X;,
with each X; being Beta-distributed with parameters («;, 3;) identical to those in Section 6.

Varying horizon 7. We let ¢ = —2 and vary T the range [103,1.28 - 10°]. We plot the regret against T’ with varying k in
Figure 4. For all three SWFs, we observe that the regret roughly scales as (’)(\/T) when compared with the reference dotted
line, consistent with our theoretical guarantees. Generally, we find that the regret increases with across T, then decreasing as
k is further increased. However, the relative ordering of regret with changing k varies with increasing 7'. We also observe
that the trends are quite different from those in Figure 1; In general, we observe a faster decrease in the normalized regret
with increasing 7', indicating that the optimal allocation vector is easier to learn.

27



Online SWF-based Resource Allocation

150 ¢ 150 4 k
125 125 —e— 1
5 100 4 5 100 + ——
&0)‘ 75 &? 7 - 10
50 i 50 i 25
25 . 25 .
—— 40
o] (== N
— -5 -4 -3 -2 -1 0 1 -
q
(a) WPM SWF (b) Kolm SWF
Figure 5. Trends with varying power value g for WPM and Kolm SWFs with linear decay in weights. ¢ = —oo corresponds to egalitarian

welfare for both, whereas ¢ = 1 for SWF and ¢ = 0 for Kolm correspond to utilitarian welfare. We observe that while there is a smooth
change in the observed regret, there is significant variability with changing k.
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Figure 6. Trends with varying number of allocated resources k for all three SWFs. We observe that there is a sharp decrease after k& = 20
for egalitarian welfare. The changes with increasing ¢ becomes less gradual for both WPM and Kolm SWFs. Linear weights have some
similarity with utilitarian welfare, and we see a similar pattern with varying k for Gini SWF.

Varying power value g. 'We now plot the observed regret with different values of ¢ while varying the number of allocated
resources k in Figure 5. The regret values are the same for ¢ = —oo for both WPM and Kolm, which is expected since the
weights do not matter for egalitarian welfare. However, the trends for finite g are significantly different. We observe that
there is significantly more order in the regret for WPM SWF with increasing ¢. For Kolm SWF, the trends for different & are
significantly more unstructured, a phenomenon not seen in the exponential weight decay case.

Varying number of allocated resources k. We plot the observed regret with different number of allocated resources per
time step & in Figure 6. For the WPM SWE, there is a more marked increase in regret with k for finite ¢, which is different
from the non-monotonic behavior observed in Figure 3. The Kolm SWF also exhibits similar behavior. The Gini SWF
resembles utilitarian welfare, which corresponds to ¢ = 1 and ¢ = 0 for WPM SWF and Kolm SWF respectively.

E.2. Runtime measurement

We measure the runtime for SWF-UCB with our implementations of the oracle algorithms for a population of n = 1000
individuals. We vary the number of available resources as k € {250,500, 750}. Each experiment is conducted over a
horizon of T" = 10, 000 time steps and repeated over five seeded runs. These experiments were conducted on an Apple M2
Pro CPU, and we report the average milliseconds per iteration below:

SWF k=250 (ms/it) k = 500 (ms/it) k = 750 (ms/it)

WPM  50.493 £1.727 55.783 £0.943 59.854 £ 2.636
Kolm 56.581 £0.377 70.340 £3.445 82.140 +=0.794
Gini 51.313 £2.308 53.173£1.783 69.497 &+ 3.207

Table 1. Runtimes for SWF-UCB for all three SWFs with a population of n = 1000 individuals over T" = 10, 000 steps.

We note that each iteration includes both the policy optimization (which uses our oracle algorithms) and the allocation
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Figure 7. Normalized regret R(T') /+/T versus time horizon T for WPM, Kolm, and Gini SWFs with heavy-tailed (Pareto-distributed)
utilities. The normalized regret remains bounded across two orders of magnitude in 7, consistent with our theoretical (’)(\/T) guarantee.

sampling (which uses dependent rounding). We observe that each iteration of the algorithm takes less than 85 ms per
iteration, indicating that these algorithms are indeed highly efficient.
E.3. Robustness to heavy-tailed utilities

In Theorem 5.2 we assume that the individual utilities are 1-sub-Gaussian distributed for all ¢. However, this result can
be further extended to heavy-tailed utility distributions given valid confidence sequences for these distribtuions. (Wang &
Ramdas, 2023) provide bounds on heavy-tailed distributions with known variance bound o2 of the order O(/loglogT/T).
The bounded-variance condition is significantly more general than sub-Gaussianity and includes several heavy-tailed
distributions.

We conduct experiments on Pareto distributions with scale set to 0.1 and shape set to « € [3, 8], resulting in heavy-tailed
distributions on [0.1,00). We set n = 50 and k € {1,5,10,25,40}. We measure the variation in R(T)/+/T with the
horizon 7', conducting five seeded run for each experiment. We present our results in Figure 7. We observe that R(7")/ VT
is bounded, indicating that the regret is O(v/T).

F. Ex-post welfare

As noted in Section 3, we chiefly study ex-ante welfare in this work. Ex-ante welfare is more useful for optimizing
per-instance allocation, where we want to optimize the expected welfare prior to allocation.

However, it is also possible to consider ex-post notions of welfare. One way to define ex-post welfare is as the welfare over
time-averaged realized utilities. It is given by

L T
M<th_;ut®at>a

where u, ~ D are the realized utilities, and a; ~ p; is the realized allocation vector. Ex-post welfare might be more suitable
in time-averaged settings, where we consider the welfare over average realized utilities.

A reasonable baseline is the single best allocation maximizing the limit of post-hoc allocation, and is thus given by
p* = arg max M(u © p),
p~Pk
where y = Ey,~pU;. We measure the ex-post regret as
1 X
M (T Y Ue A;)
t=1

where Uy, Vy, ~ D, A} ~ p*, and A; ~ p;.

Rex-post(T) =E —-E

)

T
1

This notion of ex-post regret is a harder quantity to analyze. We get the following upper-bound on the ex-post regret
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Theorem F.1. Let the utility distributions D; be 1-sub-Gaussian for all i. Let M (v) be L-Lipschitz continuous w.r.t. the £,
norm. Let I'y be the set of all couplings from A, to A} for eacht. Then,

T n
L . *
Rex-post(T) < T ; 11{1}. Zl NZIP(At,z 75 Atﬂ')'

Proof.

T
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1 1
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where we get:

i) by the definition of the Wasserstein W distance

(
* (it) by choosing the potentially sub-optimal coupling resulting in U; = V
(4¢) from assuming Uy ; > 0

(

1v) by observing that the coupling I" can be decomposed into smaller couplings I'; which are independent of each
other, and taking an infimum over each of them separately

O

This quantity can further be upper-bounded by analyzing the properties of the particular allocation sampling algorithm used
(like dependent rounding).
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