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ABSTRACT

We consider a federated learning (FL) system comprising multiple clients and a
server, wherein the clients collaborate to learn a common decision model from
their distributed data. Unlike the conventional FL framework, we consider the
scenario where the clients’ data distributions change with the deployed decision
model. In this work, we propose a performative federated learning framework
that formalizes model-dependent distribution shift by leveraging the concept of
distribution shift mappings in the performative prediction literature. We introduce
necessary and sufficient conditions for the existence of a unique performative
stable solution and characterize its distance to the performative optimal solution.
Under such conditions, we propose the performative FedAvg algorithm and show
that it converges to the performative stable solution at a rate of O(1/T) under
both full and partial participation schemes. In addition, we show how the clients’
heterogeneity influences the convergence both theoretically and using numerical
results.

1 INTRODUCTION

Traditional learning problems typically assume the data distribution are static or unaffected by the
learned model itself. However, in many real-world applications, the data distribution can shift as the
result of the very learning outcome, when individuals respond to the algorithmic decisions they are
subjected to. For instance, users with certain accents may stop using a speech recognition software
when they experience excessive errors, directly impacting the diversity of speech samples collected
by the software used for improving the product. Another example is “gaming the algorithm”, where
users may attempt to manipulate critical features, either honestly or dishonestly, to obtain a favorable
decision from the algorithm (e.g., in loan approvals or job applications). This again can directly lead
to the distributional change in features and labels that the algorithm relies on for decision making.

When the deployed model itself can trigger changes in the data distribution and influence the objective,
the prediction problems are defined as performative predictions (PP)|Perdomo et al.|(2020). Typical
scenarios of PP include strategic learning |Hardt et al.|(2016); Dong et al. (2018); Milli et al.| (2019);
Hu et al.|(2019); | Braverman & Garg|(2020); |Chen et al.| (2020); Miller et al.| (2020); |Shavit et al.
(2020); [Haghtalab et al.| (2020); |[Kleinberg & Raghavan| (2020); |Zrnic et al.| (2021). PP has been
primarily studied in a centralized setting, with fruitful literature including the convergence analysis
Mendler-Diinner et al.|(2020); |[Drusvyatskiy & Xiao|(2020); Brown et al.|(2020); L1 & Wai| (2022);
Wood et al.|(2022) and algorithm development|Izzo et al.|(2021}2022); [Miller et al.|(2021)); Ray et al.
(2022)).

In modern large-scale machine learning, distributed learning offers better privacy protection and
avoids the computational resource bottlenecks compared to centralized learning, and federated
learning (FL) is one of the most popular examples. Here the issue of distribution shift is further
compounded due to data heterogeneity in a distributed setting. Specifically, the distributed data
sources can be heterogeneous in nature, and their respective distribution shifts can also be different.
Prior works in FL systems that address data distribution shiftstypically do not consider shifts in local
distributions at the client end induced by the model (Guo et al., 2021} |Casado et al., [2022; Rizk
et al., 2020; [Hosseinalipour et al.,|2022; Zhu et al., [2021a; [Eichner et al.,[2019; |Ding et al.,|2020).
In this work, we propose the performative federated learning framework to study and handle such
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distribution shifts in FL. Extending the current results in PP to the decentralized FL has a number
of challenges: 1) Data heterogeneity: As already one of the major difficulties in FL, tackling data
heterogeneity faces additional challenges when taking the disparity of client distribution shift into
consideration. 2) Central = Local: During training, clients receive the aggregated model at certain
steps and train from it. While fitting better as an entity, such aggregation may fail to fit well on each
client, which may lead to more severe shifting issues. 3) heterogeneity in shift: some clients may be
more sensitive to the deployed decisions and have more drastic data shifts than other clients, e.g., due
to different manipulation costs in strategic learning.

Toward this end, we formally introduce the performative FedAvg algorithm, or P-FedAvg, and
establish its convergence. Our main findings are as follows. First of all, we prove the uniqueness
of the performative stable (PS) solution reached by the algorithm, and show that it is a provable
approximation to the performative optimal (PO) solution under mild conditions. Both solutions will
be formally defined in Section[2} Secondly, we show in Section [3] that the P-FedAvg algorithm
converges to the performative stable solution and has a O(1/T') convergence rate with both the full
and partial participation schemes under mild assumptions similar to those in prior works. Finally, in
doing so we also introduce some novel proof techniques: we prove convergence without a bounded
gradient assumption and use a more relaxed Assumption This technique can be directly applied
to conventional FL, which is a special case of the performative setting.

Our work is closely related to federated learning L1 et al.| (2020a); [Karimireddy et al.[(2020); |Wang
et al.[(2020); Haddadpour et al.| (2021); Zhu et al.| (2021b); |L1 & Wang| (2019); Lin et al.|(2020); |Guo
et al.| (2021); |Casado et al.| (2022)); Rizk et al.| (2020); [Hosseinalipour et al.|(2022)); |[Zhu et al.|(2021a);
Eichner et al.| (2019); Ding et al.| (2020), multi-agent PP |Li et al.|(2022); |Narang et al.[(2022);|Raab
& Liu|(2021)), and strategic classification and regression [Hardt et al.|(2016); Kleinberg & Raghavan
(2020); Shavit et al.| (2020); [Haghtalab et al.| (2020), where we provide detailed descriptions of the
related works in Appendix

We discuss the system design hyperparameters and the solution concepts in Appendix [C] We also
perform numerical experiments on synthetic and real-world datasets under the performative setting,
where we adopt different distribution shifts D;(8). Our results demonstrate that P-FedAvg con-
verges in both performative classification and regression problems. Additionally, we evaluated the
impact of various system design hyperparameters. Please find the results in Appendix [D}

2 PROBLEM FORMULATION

To help with the understanding of performative federated learning, we first recall the performative
prediction problem in Perdomo et al.|(2020). Consider a typical loss minimization problem where the
data distribution experiences a shift induced by the model parameter, expressed as a mapping D(8).
This mapping from model to distribution is a key concept in performative prediction. It indicates the
distribution is not static and the shift is model-dependent. The objective function is thus given by
f(0) :=Ez.p(e)[l(0; Z)], where { denotes the loss function, Z = (X,Y’). Then the performative

optimal (PO) solution is 87C := argming f(0). Nonetheless, obtaining a PO solution proves
challenging due to the distribution’s reliance on @, which undermines traditional risk minimization.
Moreover, the map D;(-) is generally unknown to the decision maker. Therefore, Perdomo et al.
(2020) also introduces a second, decoupled objective function, also called the performatively stable
(PS) model, which separates decision parameters (6) from deployed parameters (6): f(6;0) :=
E . .p(6)¢(0; Z)]. Minimizing this objective achieves minimal risk for the distribution induced by
the deployed parameters, eliminating the need for retraining, which makes it more practical. The PS
solution is defined as 87 := arg ming f(8;07?). Perdomo et al|(2020) showed that §7° £ §7C
in general. We next consider a distributed setting and introduce performative federated learning.

Consider a system with N clients and a server, where client ¢’s data distribution is D;(6), supported
onZ = (X,Y) CRM. § € R™ denotes the decision (model) parameters deployed on the i-th client.
We consider the general case where clients can have heterogeneous distributions D;(0) # D;(0),
and each client represents a p; > 0 fraction of the total data population, Zf\il p; = 1. The system
aims to minimize the weighted average loss across all agents, which is given by the performative
optimal objective @7C := argmingerm Y| piEz,~p,(0)[£(6; Z;)]. This objective can typically
model the strategic learning problem with different sub-populations in the system, where each client
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corresponds to a sub-population. Each sub-population may differ in some attributes so that they
respond to the decision parameters differently, e.g., due to different action costs Milli et al.| (2019);
Hu et al.| (2019); |Braverman & Garg|(2020); Zhang et al.| (2022)); Jin et al.| (2022). The decision
maker uses a common decision rule for the entire population and aims to minimize the expected
loss, and p; represents the population fraction of each sub-population. Correspondingly, the decou-
pled/performative stable objective is f;(6;0) := E,. 1. @) [06;Z,)], f(6;0) = vazl ;i f1(0;0),
where the first argument denotes the client’s decision parameter, and the second argument is the
deployed parameters, which determine the distribution of the samples together with D;(-). Similar to
Perdomo et al.| (2020), we then introduce the performative stable solution

N

073 .= arg nbin leiEZiNDi(gPS) [€(0; Z;)] = arg mein £(6;67%).
i=

Note that this is a fixed point equation with 87 as a fixed point. We establish the uniqueness of the

PS solution under certain assumptions in Proposition[2.7] Moreover, in Proposition[2.8] we show that

the distance between 8% and 87 is bounded. We then make some key assumptions.

Assun~1pti0n 2.1 ~(Strong Con\iexity). Given any 0 c R™, G, é) is p-strongly convex in 6, i.e.,
f(0';6) > f(6;0) + (Vf(6;6),0' —0) + 56" - 6]3,76",0 € R*.

Assumption 2.2 (Smoothness). The loss function ¢(0;z) is L-smooth, i.e., |V{(6;2z) —
VIO 2|2 < L6 — 6'[|2 + ||z — 2'][2).

Assumption 2.3 (Distribution Mapping Sensitivity). Forany ¢ = 1, ..., n there exists ¢; > 0 such
that W1 (D;(0),D;(0")) < ¢|0 — 0'|]2, VO',0 € R™, where W, (D, D’)) is the 1-Wasserstein
distance under L, norm between the distributions D, D’.

Lemma 2.4 (Continuity of V f;). Under Assumption and for any 6,6+,0, 6 € R™,
[V fi(00;:0) — V£i(681;0)[l2 < L[|6o — 01]|2 + Lei[|0 — 0] 2.

Assumption 2.5 (Stochastic Gradient Variance Bound). Foranyi=1,..., N and @ € R™, there
exists o > 0 such that E, _p, (¢)||V£(0; Z;) — V f;(0;0)]13 < o*(1 + |6 — 6753).

Assumption 2.6 (Local Gradient Variance Bound). Forany ¢ =1,..., N and 8 € R™, there exists
¢ > 0 such that |V £(8;0) — V£:(8;0)[5 < <*(1 + |0 — 075|3).

Assumption and are presented in |Perdomo et al.[(2020) and have been extended to the
decentralized case here. In Assumption we do not require strong convexity for every single
fi but only the weighted average f. Assumption and together induce the smoothness of
fi(+,+), which is a result of Lemma 2.1 in Drusvyatskiy & Xiao|(2022)) and will be used in the later
proofs. Assumption [2.3] 2.6]are made in decentralized performative predictions Li et al.| (2022). An
elaborate on Assumption [2.6|can be found in Appendix [B| Instead of the commonly used assumption
of bounded gradient expectation, Assumption Li et al.|(2020b)), we use Assumption which is
a weaker assumption. Assumption [2.6|better characterizes the system heterogeneity, as we show how
the heterogeneity impacts convergence (more details are in Theorem [3.1} [3.2] and 3.3).

Properties of the PS Solution Define the average sensitivity as € := Zf\;l pi€;, and the mapping
®(0) := arg ming cgm f(6’,0). We can establish the existence and uniqueness of the PS solution.
The proofs are in Appendix [E|

Proposition 2.7 (Uniqueness of 7). Under Assumptions and if€ < u/L, then ®(-)
is a contraction mapping with the unique fixed point 05 = ®(0F>); if€ > /L, then there is an
instance where any sequence generated by ®(-) will diverge.

Proposition [2.7| establishes a sufficient and necessary condition for the existence of 87, similar to
Li et al.|(2022). This condition only depends on the average sensitivity €, which implies that we may
still have a unique performative stable solution ¥ for the whole system even if certain clients do
not. The following proposition further validates the quality of 87 in terms of its distance to §7°C.

Proposition 2.8 (Distance ||07° — 675 ||, Bound). Under Assumption[2.1|and2.3] suppose that
the loss ((0; Z) is L.-Lipschitz in Z, then for every performative stable solution 0T and every
performative optimal solution 67, we have |07 — 67|, < (2L.€) /p.
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The P-FedAvg Algorithm We now introduce the proposed P-FedAvg algorithm. In P-FedAvg,
the clients communicate with the server every F local updates. Denote Zg := {nF|n =1,2,...} as
the set of aggregation steps.

Full client participation. All clients communicate with the server at every aggregation step and
update the local models 81! based on the following: let Z! ™' ~ D;(8?), then

= 60! — 0, V0! ZItY); 6t = { Smippwyt ift+ 1€ Ty

w!t 0.W.
Partial client participation. At each aggregation step, K (< N) clients are sampled to communicate
with the server and update the local models @' based on the following: let Z! ™" ~ D;(8?), denote
the chosen clients in ¢-th step as a size-K set Sy := {i1,...,ix} € [IN], then

samples Sy 1, average {wffﬂ}ke&+1 ift+1eIp
wit! )

%

witt = 6! —n,Ve6s Zit); 67t = {
0.W.

We consider two schemes of partial participation:

1. (Scheme I |Sahu et al. (2018)) The server establishes S;y1 by i.i.d. with replacement
sampling an index k € {1,--- , N} with probabilities py, - - - , py for K times, and averages
the parameters by /"' = L Zkesﬂrl with

2. (Scheme II) The server samples St+1 uniformly without replacement and averages the
parameters by 0/ = 3", Seir prXw} . Note that when the probabilities {pj,} are not

the same, one cannot ensure » kESii pk 7 =1 Li et al. (2020Db)).
The P-FedAvg requires two rounds of communications, aggregation, and broadcast for every E
iterations. So at time step 7', the system completes 2| 7"/ E | communications. We follow the setting

in [Li et al.| (2020b) where the server aggregates based on the chosen scheme and broadcasts the
aggregated parameters to all clients.

3 CONVERGENCE ANALYSIS

In this section, we show that the P—FedAvg converges to the unique 87 at a rate of O(1/T") under
the assumptions made in Section [2} which holds for all above-introduced schemes. The definition of
the constants can be found in Appendix [Fland [G|

Theorem 3.1 (Full Participation). Consider P— FedAvg with full participation and diminishing step
W i B (4E2 + 2F) cd} Under Assumption H i i
.ltholdsIE H0 - 0793 < —, Wt wherev—max{ ~277E||0 0PS||2

Theorem 3.2 (Partial Participation, Scheme I). Consider P- FedAvg wzth partial par-
ticipation (scheme 1) and a diminishing step size 1z = u(t+7)’ where v =

max {ﬁ, E, 2 Z (4E? + 10FE + 6)03} Under Assumption H H . H H it holds
E[|8" — 675|3] < 25, Vt where v = max { 181 |9’ — aPSH2

Theorem 3.3 (Partial Participation, Scheme I). Consider P FedAvg with partial participation
where v = max{ 2 [, % (4E? +10E + 6)05}.

size Ny = where v = max{

(scheme II) and a diminishing step size

t+v Ao’

Under Assumption H H H H it holds that E[||0 0r5)3] < S5, Vt where v =

max{4£2,’yE||0 oPS||§}.

Scheme II requires p; = %, Vi, which violates the unbalanced nature of FL. One solution in|Li et al.
(2020b) is scaling the local objectives to g;(6; é) = p;N f;(0; é), and then the global objective is a
simple average of the scaled local objectives f(6;6) := Zf\il pifi(0;0) = + vazl 9:(6;0). We
need to be careful with the Assumptions in Section [2]since scaling the objective will change those
properties. The convergence theorems still hold if we replace L, i1, 0, ¢ with L' := gz L, i’ :=

/. !l R P 3
qmintt, 0 = \/Qmax0,S ‘= \/dmazS> where ¢pqr ;= N - max; P, gmin = N - min; p;.
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4 NUMERICAL EXPERIMENTS

Weighted Gaussian mean performative prediction. As a numerical simulation, we perform
P-FedAvg to estimate the mean of heterogeneous Gaussian data under performative effects and
examine the impact of the hyperparameters, the sampling schemes, and client heterogeneity. We
consider N = 25 clients, with the i-th client minimizing the loss function ¢(0; Z;) := (6 — Z)?/2,
0,7 € Rondata Z; ~ D;(0) := N(m; + ¢;,0,02). For this loss function, we have y = 1, L = 1.

N . .
For € € [0, 1), the PS solution is 6rs = Zﬁ%’;mi; while 675 does not exist when € > 1. Denote

the weighted average of m; as m = Zfil p;m; and the variance as Var(m) = Zf\il pi(m; —m)2.
In experiment, we set € = 0.9, m = 10.

—— full participation
scheme I, k=20
—— scheme II, k=20

Distance to the stable point

Distance to the stable point
Distance to the stable point

2 3 4
i les 0 1 2 3 4 5 6 0 1 2 3 4 5 6
Iterations Iterations e Iterations e

. . (a) Scheme | (b) Scheme II
Figure 1: Distance to the perfor-

mative stable solution vs. the .
number of iterations for full  igure 2: Impact of E on Scheme I and Scheme II. K = 20,

participation, Scheme I, and Var(m) = 0.6, Var(e) = 0.1 for both (a) and (b). For (b),
Scheme II. pi =

g"—\_/

Figure T]shows P~FedAvg converges to the performative stable solution in all three communication
settings: full participation and the two schemes for the partial participation. Interestingly, partial
participation with scheme II converges the fastest in this experiment. Despite the full participation
scheme having the lowest upper bound on the number of iterations sufficient to convergence, our
experimental results show that the actual convergence behaviors of all three schemes are very similar
and weakly depend on K, especially when p; = ﬁ

Impact of E. We conduct an experiment to compare the performance of our algorithm with a variety
of E values, under a homogeneous system. Figure[2]shows the result on both sampling schemes, with
K = 20. A slightly larger I leads to faster convergence. However, an extremely large F(E = 50 in
the experiment) can also cause slower convergence. Since at this case, the clients deviate too much at
each aggregation, which causes low efficiency issues. In real world scenarios, as the communication
cost changes, E should be carefully chosen.

Impact of K. Figure [3]shows the convergence of FedAvg under different k values, For scheme I,
larger k leads to faster convergence. While for scheme 11, as k increasing, the convergence rate will
first increase and then decrease.

—— full participation —— full participation

Distance to the stable point

Distance to the stable point

Iterations 1o Iterations 1

(a) Scheme I (b) Scheme 11

Figure 3: Impact of K on Scheme I and Scheme I . E = 5, Var(m) = 0.6, Var(e) = 0.1 for both (a)

and (b). For (b), p; = 5.
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Impact of sampling schemes. Figure|l|also compares different schemes. We can see if the clients’
data are uniformly sampled (p; = %), then scheme II achieves a better convergence rate, which
conforms to our theoretical result because B, > Bs.

Data heterogeneity and shifting heterogeneity. In Figure ] we test our algorithm under data
heterogeneity. Specifically, we set m and e to have large variances, respectively. In this example, m
mainly captures the data heterogeneity and e capture the shifting heterogeneity. This experiment shows
our algorithm still converges under a certain amount of heterogeneity. Comparing the performance of
our algorithm on both figures, we can see shifting heterogeneity is the main factor in performative
federated learning.

102 102

—— scheme | —— scheme |
scheme I

10! —— scheme |, heterogeneous

—— scheme II, heterogeneous

N scheme II
10 —— scheme |, heterogeneous
—— shceme II, heterogeneous

10°

1071
102 WMW‘WW«./\M
J il

Iterations < Iterations 1

Distance to the stable point
Distance to the stable point

(a) Heterogeneity in m; (b) Heterogeneity in €;

Figure 4: Impact of heterogeneity on the two schemes of partial participation. The impact of m;
is shown in (a) and the impact of ¢; is shown in (b). K = 20,p; = % and. In (a), Var(m) = 6 for
hetergeneous case and 0 for homogeneous case, Var(e) = 0.1. In (b), Var(e) = 0.6 for hetergeneous
case and 0.1 for homogeneous case, Var(m) = 0.6.

Credit score strategic classification. To show the performance of P-FedAvg on a real world
dataset, we follow Perdomo et al.|(2020) and use the same Kaggle GiveMeSomeCredit dataset, where
a bank predicts whether loan applicants are creditworthy. The features consist of the information
about an individual, and the target is 1 if the individual defaulted on a loan, and O otherwise. We
use the same strategic setting as in|Perdomo et al.|(2020) where the applicants can manipulate their
features in (1) revolving utilization of unsecured lines, (2) number of open credit lines and loans,
and (3) number real estate loans or lines. The strength of manipulation for the i-th population is
controlled by ¢;. We equally partition the training set into 10 subsets and distributed it to 10 clients,
and thus p; = 0.1, V2. The sensitivities €; for the 10 clients are independently and uniformly sampled
from [0.9, 1.1]. We set K = 5 in partial participation. We train a logistic regression binary classifier.
In each round of P-FedAvg, we perform E = 5 gradient descent steps on a random minibatch of
size 4. A discussion on the effect of the batch size can be found in Appendix [D.3]

Figure 5] shows the loss function and the distance to the PS solution as the number of deployment
rounds increases. The mean and 1 standard deviation error bar are generated from 5 experiments with
different random seeds. Similar to the numerical simulation, the actual convergence behaviors of all
three schemes are very similar.

0.6103

—— Full participation
Scheme |
—— Scheme Il

—— Full participation
Scheme |
—— Scheme Il

0.6102 4

«
£ 0.6101 0.154

0.6100 4

distance to the stable solution

0.6099 -—

00 02 04 06 08 1.0 00 02 04 06 08 10

number of rounds le6 number of rounds le6
(a) Training losses (b) Distances to 67°

Figure 5: The losses (a) and the distances to the PS solution (b) for the full participation, Scheme I
and Scheme II.
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A RELATED WORKS

Federated Learning. Our work is strongly related to the literature on federated learning (FL).
Although many studies have tried to address client heterogeneity in FL through constrained gradient
optimization and knowledge distillation [Li et al.| (2020a)); [Karimireddy et al.| (2020); [Wang et al.
(2020); [Haddadpour et al.| (2021); |Zhu et al.| (2021b)); |[Li & Wang| (2019)); |Lin et al.| (2020), most
of them still assume the data is static without considering the distribution shifts. To the best of our
knowledge, only a few recent works consider distribution shifts in FL |Guo et al.|(2021)); Casado et al.
(2022); Rizk et al.| (2020); [Hosseinalipour et al.|(2022); Zhu et al.| (2021a); [Eichner et al.| (2019);
Ding et al.|(2020). For example, |Guo et al.|(2021) considered FL with time-evolving clients where
the time-drift of each client is modeled as a time-independent additive noise with zero-mean and
bounded variance. (Casado et al.[(2022) proposed an FL algorithm adaptable to distribution drifts; it
monitors the confidence scores of the model prediction throughout the learning process and assumes
the drift happens whenever there is a substantial drop in confidence scores. [Rizk et al.|(2020) also
studied dynamic FL and assumed the true model under time-evolving data follows a random walk.
Hosseinalipour et al.| (2022) considered FL with dynamic clients and modeled the drift using the
variation in local loss over two consecutive time steps. |[Zhu et al.| (2021a)); |[Eichner et al.| (2019);
Ding et al.| (2020) considered the periodical distribution shift of client population in FL; they assume
the block-cyclic structure where the clients from two different time zones alternately participate in
training.

Performative Prediction. In addition to the one we discussed in the introduction that focuses on the
centralized setting for performative prediction, more recently, L1 et al.| (2022) formalize the multi-
agent/player performative predictions where agents try to learn a common decision rule but have
heterogeneous distribution shifts (responses) to the model, and study the convergence of decentralized
algorithms to the PS solution. The decentralized performative predictions capture the heterogeneity
in agents’/clients’ responses to the decision model and avoid centralized data collection for training.
This work provides inspiration for our formulation of the performative federated learning framework,
and our proposed P-FedAvg can be viewed as a substantial algorithmic extension that supports
unbalanced data, much less frequent synchronizations, and partial device participation. [Narang et al.
(2022) propose a decentralized multi-player performative prediction framework where the players
react to competing institutions’ actions. |[Raab & Liu|(2021]) proposes a replicator dynamics model
with label shift.

Strategic Classification and Regression. As discussed in |Perdomo et al.[ (2020), performative
prediction can be used to solve repeated strategic classification and regression problems. We can use
Stackelberg games to model these problems, where the decision maker moves in the first stage by
designing, publishing, and committing to a decision rule, then the agents move in the second stage,
best responding to the decision rule by manipulating their features to get more desirable decision
outcomes, and such manipulation can be modeled by the distribution shift mappings. Conventional
strategic learning literature focus on finding the Stackelberg equilibrium|Hardt et al.|(2016)); Kleinberg
& Raghavan| (2020)); [Shavit et al.| (2020); Haghtalab et al.|(2020), i.e., the PO solution where the
decision maker and the agents know each others’ utilities, whereas performative prediction can find
the PS solution in repeated strategic learning problems regardless of the knowledge on the utilities.

B ELABORATION ON ASSUMPTION 2.6

In this section we elaborate on Assumption [2.6] and explain reasons for using it over another
commonly used assumption in federated learning Li et al.| (2020b), which is
Assumption B.1.

Ez~p.0)[IVI0; Z)]3] < G*. (1

First, it can be shown that equation [B.T|implies Assumption[2.6] thus Assumption[2.6]is weaker than
equation To see this: when equationholds, let 62 = 4G2, then |V f(6; 8) — V £,(6;0)||> <
2|[V£(8:0)[3 + 2V £:(8:0)||; < 4G? = 2.

We further give a concrete example where equation [B.T]does not hold but Assumption [2.6]holds.

Example B.2. Suppose we have a two-client Gaussian mean estimation problem (0, Z) = %(9 —
Z)* where 0,Z € R, D1(8) = N(30,0%), Da(0) = N(—30,0%), and p1 = p = 3. Then
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Ez~00)IVE0; Z1)|3] = Ez,np,0)[(0 — 21)%] = 0% + (Ez,npy0)[0 — Z1))* = 16% + 02
and Ez,..p, )| V0(0; Z2)||3] = 262 + o2 which all go to infinity when 6 goes to infinity. Thus
equationdoes not hold. On the other hand, ¥V f1(0;0) = £0, V f2(0;60) = 36, and V f (6;6) =
%0, 675 = 0, then by taking ¢ = L, we can verify Assumption n holds.

Secondly, equation also implies Assumption when equatlonmholds letting 02 = G2 leads
to E[||VI(8; Z;) — V£:(6,0)|3] < E[||VI(8; Z;)[]3] < G? = 2. On the other hand, Assumption
does not imply Assumption

It turns out that Assumption 2.6 better characterizes the system heterogeneity, as we show how the
heterogeneity impacts convergence (more details are in Theorem [3.1} [3.2] and 3.3).

C DISCUSSIONS ON THE ALGORITHM AND SOLUTION

We will only discuss with respect to the aggregation step in this sub-section for convenience, denoted
as T € T, then we can simply use % when dividing F. Note for a general step ¢, we only need to

use | £ | to obtain an integer.

Choice of E. We are interested in the total time we need to achieve an e accuracy, and how this total
time changes with . We use our results in Theorem- n andn 3.3} and denote T := ¥ — v as the
number of computation steps that is sufficient to guarantee an e- accuracy. To connect T to the total
time needed, suppose the expected time for each communication step is C' times the expected time of
each computation step, then the total time requlred for e-accuracy is linear in T, + C' - 5 . Below we

separately analyze the influence of E on ES and T, and then discuss how to choose the optimal
for different C' values.

Let By B in Theorem [3.1] for full participation and ; (i = 0,1, 2) denotes the 7 in Theorem
H andnrespectwely Then in Theorem. - and. T is dominated by (9(432 /ii? +

E[||6" — 679|3]) where i = 0,1, 2. From the definition, we know that B; (i = 0, 1,2) is almost a
constant wrt. E and 7; is of O(E?log E). This means that when E grows, the total update steps to

reach e-accuracy, T, will grow, while the number of aggregation steps needed, L= 7 will first grow and
then decrease.

Now we consider T, + C' - ==, the total time needed to reach e-accuracy. From the above analysis,
we know it is of order (9(E2 log E)+C-O(FlogE)+ C - O(log E/E). When communication
is fast, i.e., C'is small, O(E2 log F) is the dominating term, and we can focus more on the number
of computation iterations 7., and smaller E values are preferable. However, when C is large,
C-O(Elog E) 4+ C - O(log E/E) becomes the dominating term, and we should focus more on the
number of communication rounds T and some middle E values are preferable.

Choice of K. Again T is dominated by O (4Bi/ﬁ2—|—'yiE[||§ —6753]) where i = 1,2. Then by the
formulae of B; (1 = 1,2), we know T, monotonically decreases with K, but the total communication
time increases with K due to more severe stragglers’ effect. Generally, as we show in Theorem
[3.2]and[3.3] the convergence rate has a weak dependence on K. We have empirically observed this
phenomenon in Figure pl Therefore, we can set to an appropriate small value to reduce the
straggler’s effect while keeping the convergence rate

Choice of sampling schemes. We formalize the two sampling schemes in Section [2|and show their
convergence properties in Theorem 3.2]and[3.3] We note that Scheme I has a desirable property that it
naturally supports unbalanced clients, so if the server has control over the sampling, Scheme I should
be chosen.

But as discussed in L1 et al.| (2020b)), sometimes the server may have no control over the sampling
and simply use the first K received results for update. In this case, if the reception times from each
client are IID random variables, we can treat this process as uniformly sampling K out of N at
random without replacement. Theorem showed the convergence, and the discussion on scaling
the objectives provides instructions on how to make the system work with arbitrary initial py, ..., pN
values. However, it’s worth noting that when p;, . .., py are highly non-uniform, the corresponding
L', o’ ¢ values will be much larger than from L, o, c, and p’ will be much smaller than ;. Then
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by the formula of 7 and 7y, we have to use much smaller starting learning rates and thus slower
convergence. However, such a small learning rate may cause the model to fail to train at all. We also
empirically show this in Figure

However, an interesting observation is that when p; = -, we empirically show in Figure @ and

N>
Scheme II slightly outperforms Scheme I.

Learning rate decay. The learning rate decay is a necessity for stochastic gradient descent (SGD) to
converge, even when clients have static, independent and individually distributed (IID) data. The
decay is used in|Li et al.| (2022) in decentralized performative prediction and the necessity for such
decay is proved in FedAvg with static, non-IID clients. We also empirically show that constant
learning rates fail to converge in Figure[6]

073 and 87°. Here we discuss the relationship between the 87 and 87° solutions more in depth.
In the strategic learning setting, Perdomo et al.|(2020) showed that 7€ is the Stackelberg equilibrium.
It’s worth noting that 87 is not merely an approximation to 8©°C but a natural convergence point of
the best response dynamics (BRD). More specifically, when the clients and the decision maker have
no information about others’ utilities, backward induction is unavailable, and playing the Stackelberg
equilibrium is unrealistic. In this case, treating others’ strategies in the previous time step as constants,
and optimizing one’s own strategy accordingly is a rational strategy. Such an optimization step is a
best response, and in multi-round sequential strategic learning problems Zrnic et al.|(2021)), the best
responses can form the BRD, and 87 is the convergence point of the BRD. Although the decision
maker’s natural best response step is a risk minimization step, the gradient-based P-FedAvg can find
the same O7°. Another interesting observation of 877 is that if we remove the sequential decision
nature, then {879 D (67%),... , Dn(67%)} is a Nash equilibrium since no participant has an
incentive to unilaterally deviate.
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D MORE NUMERICAL SIMULATIONS

D.1 LEARNING RATE DECAY (FIGURE[6)

2
10 —— constant learning rate

Distance to the stable point

0 1 2 3 4 5 6
Iterations 1es

Figure 6: Constant learning rate on ExpGaussian. Full participation with E' = 10. The learning
rate is set to 0.02.

D.2 SCHEME II WITH LOWER LEARNING RATE (FIGURE[7))

2
10 —— High Variance p

Distance to the stable point

0 1 2 3 a 5 6
Iterations 1es

Figure 7: Sampling without replacement on ExpGaussian. The variance of p; is set to 0.01. The

. . 5
learning rate is set to ;—}505 T10000°

D.3 MORE EXPERIMENTS ON THE CREDIT SCORE STRATEGIC CLASSIFICATION

To show the performance of P-FedAvg on a real world dataset, we follow [Perdomo et al.| (2020)
and use the same Kaggle datasetﬂ where a bank predicts whether loan applicants are creditworthy.
The features consist of the information about an individual, and the target is 1 if the individual
defaulted on a loan, and 0 otherwise. We use the same strategic setting as in|Perdomo et al.| (2020)
where the applicants can manipulate their features in (1) revolving utilization of unsecured lines, (2)
number of open credit lines and loans, and (3) number real estate loans or lines. The strength of
manipulation for the ¢-th population is controlled by ¢;. We equally partition the training set into 10
subsets and distributed it to 10 clients, and thus p; = 0.1, Vi. The sensitivities ¢; for the 10 clients
are independently and uniformly sampled from [0.9, 1.1]. We set K = 5 in partial participation. We
train a logistic regression binary classifier. In each round of P-FedAvg, we perform E = 5 gradient
descent steps on a random minibatch of size 4.

'www.kaggle.com/competitions/GiveMeSomeCredit/data
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To study the impact of batch size, we change the batch size and plot the losses and distances to the
PS solution for the full participation, Scheme I and Scheme II. The results are shown in Figure 8] [9]
and[T0]for batch size 1, 4, and 16, respectively. The scales of y axes are set equal for convenience
of comparison. Using a larger batch size improves the convergence speed for all three schemes,
especially for the two schemes of partial participation, both converging as fast as the full participation
with batch size 16.
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Figure 8: The losses (a) and distances (b) to the PS solution for the full participation, Scheme I and
Scheme II using batch size 1 in client gradient descent.
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Figure 9: Same as Figure[8] but using batch size 4.
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Figure 10: Same as Figure 8] but using batch size 16.

To study how batch batch size affect the convergence, we initialize P-FedAvg with 05 the solution
that minimizes the performative objective function. Due to the randomness of minibatch stochastic
descent, we expect the parameter to deviate from 8F° and gradually stabilize back to 87 as the
algorithm proceeds with decaying step sizes. It can be seen from Figure @ (b), (c) and (f) that it is
indeed the case for batch sizes larger than 1. This motivates our choice of a batch size larger than 1.
Remark D.1. We did not compare P-FedAvg with algorithms that do not have re-sample steps after
every parameter update steps (e.g., SCAFFOLD or conventional FedAvg) due to the performative
nature of the prediction problems.
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Figure 11: The loss functions and the distance to 87 of P-FedAvyg initialized with 675,

According to [Perdomo et al.| (2020), it is clear that such algorithms will converge to values that
have constant errors from the PS or PO solutions since they do not account for the model-dependent
distribution shifts.
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E PROOF OF PROPOSITION [2.7] AND 28]
Proposition 2.5. (Uniqueness of 87%) Under Assumptions and define the map & :
R™ — R™
d(0) := i 0.0
(6) = arg min f(¢",06)
Ife = Zf\il pi€; < u/L, then ®(-) is a contraction mapping with the unique fixed point §7° =
®(67%). On the contrary, if € > 1/ L, then there is an instance where any sequence generated by

®(-) will diverge.

Proof. This proof simulates the proof of Proposition 1 in|Li et al.[(2022).
Fix 6’,6 € R™, the optimality condition implies that

N N
Zinfi(q)(o)§0) =0, Zpivfi(q’(el);@/) =0

where the gradients are taken w.r.t the first argument in f;. Then we have

0=(0,2(8) — ©("))
N
=) _pi(V£i(®(6);0) — V£;(2(6);0")),2(6) — B(6")).
i=1
Rearranging the above equation and adding vazl p; [i(®(0),0’) to both hand sides leads to

N
<Zpi (V£i(2(0);0') — V fi(2(0);6)),2(6) — ©(6"))

N
=D pi(Vi(2(0);6') — V[i(2(6');6)), 2(6) — 2(0")).
i=1
By strong convexity in assumption 2.1} we have
F(2(0);:0') = f(2(6);6) + (Vf(2(6');0"), 2(0) — 2(6)) + %II‘P(O) - o(6")]3,

F(2(0);0") = f(2(6);6') + (Vf(2(6);0"), 2(0) — ©(6)) + %II‘D(@) — (03,
and thus
(Vf(2(6);0') = Vf(R(8');0'),2(8) — D(6)) > pl|®(6) — 2(8)]3. @
Applying Lemma[2.4] we have

N N
Zpini(‘I)(@); 0') = Vfi(®(6);6'), 2(6) — (")) < ZpiLGiHG — 6]z [|2(6) — 2(0)]|2-

3)
Combine equation [2]and equation 3] we have
N _
i= piEiL eL
[#(0) — 2(0")] < ZELLE 0 — o' — o - o' @

Therefore, if € < 5, ®(-) is a contraction mapping by Banach fixed point theorem and admits a
unique fixed point 875,

To show the divergence when € > % we consider the following example where 6 € R, % =1,
_ N
Y= im1 pivi # 0, and

10;2) = %(9 ~2)2,Z ~Di(0) = N(vi +€0,1)
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we observe

1
fi(0';0) :]EZNDI-(O)[i(G — Z)?]
1 3
=Ez nonl50 =i —ab - Z)?]
Ly e L
*2(9 Yi 619) + 9’

N
®(0) = argmingp sz-(e’ - — ei9)2 =¢eh +7,
i=1
so by applying ®(-) ¢ times, we obtain
(I’t(e) =¢h+ (1+e+--- +g(t—1))77
and since € > % = 1,7 # 0, we have lim;_,, [|®(0)||2 = . O

Proposition 2.6. Under Assumption[2.1]and[2.3] suppose that the loss [(8; Z) is L.-Lipschitz in Z,
lete:= Zf\;l pi€i, we have for every performative stable solution and every performative optimal

solution 8F° that
2L €

I

HOPS . 0PO||2 <

Proof. This proof simulates the proof of Theorem 4.3 in|Perdomo et al.| (2020).

First by the optimality of 87°C, we have f(687°;07°) < f(87%;07%). By strong convexity in
Assumption 2.1} we have

J(070:075) > J(675:075) + (V1(675;675), 670 —075) + L||0"0 — 675 |3 > L||0" — 675 3.

Further by Assmption the the loss {(0; Z) is L,-Lipschitz in Z, and Kantorovich-Rubinstein
duality, we have

f(@PO; 0PS) o f(ePO; 0PO)

N
> 0i (s 07510705 Z5)] ~ Bz, (970, 177 Z1)])
=1

pi L W1 (Di(eps)> Di(epo))

WE

o
Il
—

pil.€;]|0F° — 075, = L.e|0F° — 75|,. (3)

I
M=

.
Il
_

where the inequality is a well-know conclusion in optimal tranport theory. Equation 5] we have
ngfi||9PO_9PSH2 > f(gPO) BPS)—f(BPO; BPO) > f(@PO; OPS)—f(OPS; HPS) > %H@PO—
675 |3, implying that |97 — 75|, < 2L=<.

O

F PROOF OF THEOREM 3.1

F.1 ADDITIONAL NOTATION

In our analysis, for the sake of convenience, we will define two additional sequences as wt =
SN piw! and o' = SN pi8?, following that of |Li et al.| (2020b). We note that @" results from a
single step of SGD from 8'. When t+1 ¢ Zg, bothw' and 9" are unaccessible. When t+1 ey, we
can obtain @'. In addition, we also define g, := SN piVi(058Y), g =N piVI(6E; ZEY
where Z!T! ~ D;(0?). 1t is clear that in full participation, w' ™! = 0' — 1., and Eg; = g,. Clearly

we have ' = @' for any t.

17
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F.2 KEY LEMMAS

For clarity, we will present several lemmas for establishing our main theorem. In particular, we will
present a descent lemma for E[||w’ — 87 ||2] and an upper bound for Zi\; piE| 6} — 0 ||, which

together gives a standard descent lemma for E[|8' " — #75|2] in SGD analysis and leads to O(4)
convergence.

In the following lemma, we aim to establish an upper bound for ]E[HG —675]2]. Because 0"
w' ! in full participation, this is equivalent to establishing an upper bound for IE[H*]‘/+1 ors || ]

Lemma F.1. (Descent Lemma) Under Assumptions[2.1| 2.2} 2.3} 2.3] in full participation
attl P52 — PSy2 ~ 7t PSy2
Efle —67"|2] =E[[w™ —0"7[3] < (1 — m)E[0° — 6773

N
—t
+20°n7 + (cime + can}) Y pi||0F — 6|3
=1

- N L(+€mas)’
for any t, where €,,q, = Max; €;,€ = » . | Pi€,C1 = %,02 = 4[0% + L*(1 +

€maz)]s fi i= p — (1 + 0)eL.

Proof. This proof follows from Lemma 3 in Li et al.| (2022). We first decompose |[w' ™! — 87%||2 as

- —t —t —t
E|w"* —07%|3 = E|0 —nig:—07%|3 = E[8 —67%|3-2E(@ —07°, ge)+n7Elgel3. (©)

Next we present an upper bound for E|g:[3. By the definition of 7%, we have
SN piV£:(0F5;075) = 0, and thus

N
Ellg.ll3 =E|l Y pilVI(8}; Z) — V£i(6}:6)) + V f:(6}; ) — V £i(675;679)]|3

i=1

N
< 2F|| sz (01 ZIM) — V £:(01500)[13 + 21| Y pi[V £:(6}:07) — V £:(67%;07)]|13

i=1

N
< 2ZpiE[||v1<0f; ZIY) =V (056013 + 2> B[V £i(6); 67) — V £:(67%;679)|3]

=1
N
<2sz (1+E[6! —079)3) +2) " piL*(1 + €)E||0 — 6793
i=1

where the second inequalithis due to the convexity of 2-norm and the last inequality is due to

Assumptionﬁand Lemma Since ||0 — 079 |2 < 2|6t f§t||§ +2H§t — 0752 and ¢; < €nans
we have

N
—t —t
Elllgel3] < 20% + 4]0 + L*(1 + €maa) *JENO — 0753 + 4[0® + L*(1 + €mac)®] ) miEIIO} — 6|

N
—t —t
=20+ E|[6 — 0753+ 2 > piE[6] — 0 |3. (7)
i=1

18
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Next, we focus on establishing a lower bound for E[(@t — 675, g;)]. By the law of total expectation
and Zf\il piV£:(079:079) = 0, we have

E@ - 0”5, g)) =E[E(0' — 6", g,)]

—E[(@ - 075, g,)]

N
- E[Zpi<9t — 075, V[i(61:6!) — Vf(8';675))

i=1

A

N
+ 98 — 675, V5,(8';675) — v 1,(875:675)) |.

i=1

B

On the one hand, applying Cauchy-Schwarz inequality and Lemma|2.4} we have

N
A> |8 = 075123 pi(L)16! — 8[|z + Le;|6F — 675 ]2)

i=1
—t N —t —t
> — 6= 6"52) pi(L(1+€)6; =0 |l + Les[|0” — 0775)
i=1
—t N —t —t
> — Le|0 — 0753 — L(1 + maz) D pill0 — 675||2]167 = 0 |-

i=1

On the other hand, with the strong convexity in Assumption we have B > 4l|8' — 075|2.
Therefore, for any o > 0, using the lower bounds on A, B, and the Young’s inequality shows that

—t
E[(6 - 6", g:)]
—t a —t —t
> (u— LOE|0 — 0753 — L(1 + €maz) > _ niE[[|6° — 07%||5]16] — 6 |2]

=1

o —t L(1+ €maz) al —t
> (1= L& = 5 L1+ €maa) JE[0 — 075 — —— =22 > niEl6; - 6|3

2 —
N
N L(1 + €maz)? —t
> (u— (14 6)Le)E|[6 — o752 - —— T/ E|6! — 6 |? 8
> (= (1+8) LOE| I - =g Sovielet - 813 ®)
where we have set o := I _ffg in the last line.
Recall that we denote
L 1 max 2 ~
c1 = 7( te ) , Co = 4[0’2 +L2<1 +6mam)2]7 == (1 +6>EL

20€
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Combining equation [6] equation[7] equation[8] we have
“|wt+1 OPS”%]

<E[8" - 67|13

N
J— L(1 + €maz —t
~ 20| L+ LAEIE - 0713 - HEe) Y pume -6
=1
—t il —t
+ 12 {202+CQE0 0”53+ 2> _piE|6] — 6 g}

i=1

N
~ -t —t
= (1= 2y + c2n})E|0° — 0755 + (came + canf) Y B0} — 0|15 + 207
i=1
t N t
< (1= im)E[8" — 0753 + (crme + can?) > piEI|O) — 0|13 + 20°n;

i=1
where the last inequality is obtained by observing the condition 1, < fi/cs. [

Now we are going to establish an upper bound for vazl piE||6! — 0 2. Note that if ¢ € Zg, the
synchronization step, we have 8¢ = 8 for any i € [N], which implies that >~ | p;E[|6¢ — 8'||2 = 0.
If t ¢ T, the following lemma gives an upper bound for Ziv 1 piE||6f — 9 1.

Lemma F.2. ( Consensus Error) Under Assumption - - - @ if {n:+} is non-increasing,
M < 20yp t € e, mi <1/(2e3(t+1—t)(1+2(t+1—tp))), and

—20? + \/404 + 4ay ~[LE||§O —0P5|2

20,1

no < Mo =
where
= (12¢; + 2co(c3) " H)(2E? — E) logE<(1602 +12¢)E(8° — 8752802 + 12<2)>,

then in full participation, we have
N
> piE|6] — 8'|12 < 42 (2B — E)log E(480° + 36¢2)E|[8° — 6752
i=1
+4n2(2E% — E) log E(2402 + 3642).
where for any t, where €,,,, = max; €;,€ 1= Zf\il Pi€;, C1 1= LO%”E“”)Q, ey = 4[0? + L*(1 +
€maz) )y = — (1 + 6)eL, c3 := 1202 + 18L2(1 + €max) >

(One should note that 4n?, (4802 + 36¢2), and (2402 + 3662) comes from several times of applying
Ne—1 < 21 and the real constants could be much smaller by choosing stepsizes carefully.)

Proof. In this proof, for convenience, we will discuss with respect to ¢ + 1 where we assume
t + 1 ¢ Zg and transfer back to ¢ in the last. First by the update rule, we have

0t 9 = 0! — 8" — (VIO Z1) — g,).
Using Young’s inequality, we have

N N
—t+1 —t
> pEIOT -0 3= pR|6} -0 —n(VIO: ZT) - g)I3

i=1 =1

<(1+a) szEHet 013 +ni (1 +0;" ZP E|Vi(0;; Z) — gl

i=1

B

©))
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where a; > 0 is a free chosen parameter. Next, we are going to establish an upper bound for B.

Notice that
N

B=> pE|VI6};Zt) - g:l3
1=1
N N
—E| SoIU6s 2 - Yool 2
i=1 =1

N
=E{2pillw(05;2§“)—vﬁ (6:,6:) + Vi (6], 67) ZpanJ (65:65)
i=1

N N
Y 50060~ S Vil z;“)n%]
j=1 =1

N N
s3E{Zpi||W(0£;Zf“)—Vfl (67.67) |§} +3E{me (67.67) Zpﬂfj (65.61)
i=1 3

N N
+38) S nl Y0V 65:6) Zpyvz 85:2, )]
i=1 =1

i

N
<3E[zpi||w<ez;z:“>—m (6!,0") b} +3E[zpzwz (6:.61) — Zpr] (6:.9") ||2]

i=1

+3E[2p12pj IV £;(6%:0%) — Vi(0!; ZiH)| }

N
= E[ZpiIIW(BE;Zf“)—sz (6:,0!) b} +3E[Zp MACAE Zpﬂf] (6%,0")
=1 =1

N
+3E[ij|wj (656! - vzw;;z;“)n%}

j=1

N
< 60 (1 +E[Zpi||0£ - 0PS||%D

i=1
+3E|:szlvfz 79 7, Zp7vfj 0550§ 2:|

where the last inequality is by Assumptlon [2.3] On the other hand, we have

N N
3E[Zpiuwl (67,67) = _p;V[i(65,65) Hi]
i=1 j=1
N P
S [ A0.6) - V@8 + VL@ T - S @) ZPJ V1;(65,6;)
i=1 J=1

N
< 9> pE|VSi(6!.6)) - V(0,0 |\2+9ZpZE||sze D) ijvfj 0.9)|3

i=1 i=1 j=1

Bl BQ

—t —t
+9szE||Zpg V£;(05.6%) —V§(0,0))]3.

Bs

21
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Using Lemma[2.4] we have
N t N t
By <9 piLP(1+€)’E|6! 603 <9 piL*(1+ €maa)*E[|0) — 0'[3.
i=1 i=1

Using Assumption [2.6] we have

N
—t =t —t —t. 12
i=1
N —t
<93 p2(1+E[6 —675)3)
i=1
= 9¢% + 9°E[[8" — 0753,
Using Lemma[2.4] we have
N N —t —t T at
Bs <9 iy pE[V(65,05) = VFi(0,0)5<9D piLl*(1+ emaa)’E[6] - 0 |5.
i=1  j=1 i=1
Therefore,
N ., N .
By + By + By <18 p L*(1+ €maa)°El60] — 0|13 + 95 + 95* > p;E[|6" — 6793,
i=1 i=1
which results in that

N N
—t
B < 602 (1 +E[Zpiof - 01’53}) 1183 LA (1 + o) PEN6L — 83+

=1 =1
962 + 9°E[0' — 6753
N t t N t
< 60 (1 +2) piE|0] — 0[5+ 2E|[6° — 0753 + 18> " piL*(1 + €max)*E[|0) — 6|3+
i=1 =1

9¢% + 9°E[|9' — 0P5||§>

N
=602 + 962 + (120% + 18L3(1 + emax)?) > niEI|6} — 8|3 + (120 + 9%)E[8° — 675 3.
i=1
Inserting this formula into equation[9] we obtain

al t+1
> _piE[6; 673
i=1

N
—t
<(1+a)d pE|6] 03

i=1

N
+n2(1+aoh) <602 + 96 + (120% + 18L*(1 + €max)?) Zp,-Enog — 0|2 + (120% + 9A)E|9' — 0PS||§>
=1

N
=1+ +n7(1+0a;")(120% + 18L*(1 + €max)?)) ZpZEHaf - atH%
i=1

_ —t _
+np(1+ o 1) (120% + 9)E(0 — 0755 + 07 (1 + a; ') (60 + 957)
where a; > 0 is a free chosen parameter. Let tgp := max{s | s < t+ 1,s € Zg} and ¢3 :=
1202 + 18L2(1 + €max)?. Then we choose oy = m, if we have

_ _ 1
77?(1 + O[t 1)(1202 + ].8.[/2(1 + Gmax)2) = 'I’]?(l + O[t 1)03 S m

9 1
—n; <

10
T 2e(t+1—to)(1+2(t+1—tg))’ (10)
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thennote that 1 + o, ' = 1+ 2(t +1—tg) <2E — 1,

ol t+1
> _pE[6; -3

t+2—1
< 75—1—1702 piE|6) — 8|2 + n2(2E — 1)(1202 + 9)E||8’ — 0752 + n2(2F — 1)(602 + 9¢2).

Continuing the above expansion until ¢y and leveraging s < 1, < 20+ < 217 gives us

al i
> pElle; -8 |13

N

t+2 to t to t+2 to 2 2 2 o~ PS 12
< — E|6,° — 6 (2E —1)(12 E|6 —6
S 1ot 2P E Ilz+§js+2 )(120% + 92)E| 13

t+2— t02 9 9
—|—E —n;(2E - 1)(60° + 9
S=1o

t—to

_ Zt“ito 2(2E — 1)(1202 + 9*)E||6° 9PS||2+Z”27“’ 2(2E — 1)(602 + 9¢2)

= s+ 2 + 2
t—to t—to
t+2—1y , PS t+2—19 o
< —— 07 (2E —1)(48 36¢2)E|0° — 0 —ny(2E —1)(24 3667).
_Z% o )(4802 + 366%)E|| \b+§: sy )(240° 4 3662)

(11)

With the above formula and Lemma[F.1} we now prove that if 7, is sufficiently small, the for any ¢,

we have EH@t - 0792 < IE||§0 — 073||3. We first derive the following inequality, which we will
use later. Note that for any ¢ where to := max{s | s <t+1,s € Zg}, we have

t—to

t+2—tg 1 1
——=(t+2—-1t)(z+.. P t+2—tg)log(t+2—ty) < ElogkE.
g T3 T2 t)G e+ ) S (E+2—to)log(t +2 — o) < Plog

(12)

We prove E|[@° — 075|2 < E||8° — 8752 by induction.

First, this inequality clearly holds for ¢ = 0. Suppose it holds for 0 < s < ¢ where t < ' — 1. Then
by Lemma [FI]and equation [TT] we have

E[j6"" — 6753
— E[[w' — 6753

- —0
< (1= )E6 — 6753 + 2070}
t—to—1

t+1—t 0
et Y CES R 08 - s + 368" - 6753
s=0

t
t+1—1ty 2 2 2
+ ZO — g M(2E - 1)(240° +3667)

_ —0
= (1 - i )E|16° — 6753 + 207
+ (e1me + canP)n?_(2E% — E) logE<(48cr2 + 36(2)]E||§0 — 052 + (2402 + 36§2)).
By equation we need 79 < %, together with 7y < 2, implies

(c1me + C2nt2>77§71 < 77?(401 + 202(3C3>_1)-
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Therefore, we have
—t+1
E[|6 —6"%|3]
- —0
< (1—fm,)E(0° — 67|54 20%7

+ 03 (12¢1 + 2¢a(c3) 1) (2E? — E) 10gE<(1602 +12)E[8° — 0752 + (802 + 12;2)>
. . . 70 PS 2 .
whose right-hand side is no larger than E||@" — 677 ||5 if
0>n? - (12¢; + 2ca(c3) 1) (2E? — E) logE<(1602 +12)E(8° - 075 |2(802 + 12<2))

+ - 20% — B[ — 6792

which is satisfied if

202 + /40" + day - FE[E° — 6753

2a1

N <o < = 1o. (13)

where

ay = (12¢1 + 2c2(c3) " 1)(2E% — E) logE<(16a2 +12)E(8° — 8752802 + 12<2)>.

Thus we have proved that for any 0 < ¢ < FE, if equation |13| holds, then ]E||§t - 0732 <
E|8° — P |2. The same proof technique can be extended to any nE < t < (n + 1)E where
n € N, and thus for any ¢, if equationﬂholds, then E|[@' — 0752 < E|[@° — 0752

Therefore, under equation equation and n.—1 < 20, by equation |§| and equation ift¢Zg,
we have

N
S pE|6! —8'|3 < 0P, (2E? — E)log E(480% + 36<*)E||§” — 6753
=1
+ 02 (2E? — E)log E(240” + 36¢2)
< 4n2(2E? — E)log B(4802 + 36¢2)E||8° — 6752
+ 4n2(2E% — E) log E(2402 + 36¢2).

O

The following lemma gives us a standard descent lemma in SGD analysis under technical conditions
for establishing the O(%) convergence in Theorem

Lemma F.3. Under Assumption if {n:} is non-increasing, n: < 2ni4 g,
n? <1/(2e3(t+1—to)(1+2(t+1—tg))), and

FE[8° — 6753
202 + (c1c3 + ¢2/6)(2E? — E)log E((1602 + 12g2)]E||§° — 07512 + (802 4 12¢2)) ’

no < Mo 1=

then in full participation, we have
—t+1 - —t
E[l6" —67%|3] <(1 — im,)E|0 — 7|3 + Br;

where for any t, where €4, = max; €;,€ := vazl Pi€;, C1 1= L(l%{g”y, ey = 4[o? + L*(1 +
€maz )]s o = pp—(1+08)€L, ¢z := 1202 +18L2(1+€max)?, and B := 202+ (4crfjo+4caiip) (2E? —

E)log E((4802 + 36s2)E[[° — 675|3 + (2402 + 3652)).
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Proof. We discuss in two cases, t € Zg andt ¢ Zg. If t € Tg, then we have Of = gt, and by Lemma
—t+1
E[[6" —6"%|3]

N
N at 9"
< (1= an)E8° — 0753 + 20%; + (come + c2nf) D piE)|6; — 013
i=1

= (1= fm)E|[6" — 6753 + 20%n?
< (1= jum)E[|8" — 673+ Bn;.
If t ¢ Tg, combining Lemmaand Lemma we have
E[8"" - 6753

N
N —t —t
< (1= fim)E|6° — 073 + 20”07 + (crme + can?) Y piE[6] — 6|3

i=1

- —t
< (1~ )E||@ — 6723 + 207

+ (dern + dean?) (773(2152 — E)log E(480> + 36s*)E|[8° — 0753

+ 17 (2E% — E) log E(240® + 36§2)>

~ —t
< (1—m)E(6 — 6|3 +2Bn;.

F.3 COMPLETING THE PROOF OF THEOREM [3.1]

‘We restate the definitions of all the constants here:

Constants independent of system design.
€Emax -— IMaX; €;,

€:= va:l Di€i,

foi=p— (14 0)€L,

c1 = (L(1 + €maz)?)/(20€),

¢ := 4]0 + L*(1+ €nac)?].

1= 6[20% 1 3L2(1 + e .

ca = 1602 + 1262 + (802 + 12¢2)/E[|8° — 0753,
cs = (4802 + 36§2)EH§0 - GPSHg + (240® + 3667).

Constants related to system design (e.g., £, K).
flo 1= /1/(202 + (c1c3 + ¢2/6)cs(2E? — E) log E),

B =202 + (4c170 + 4coff)es(2E% — E)log E
c6 = (2E? + 3E + 1) log(E + 1),

flo := i/ (202 + (c1c3 + c2/6)cace),

By =202 + (4erfjo + 4eaid + 1/ K)esc,

By =202 + (4erijo + deofig + %)%cﬁ.

Instead of proving Theorem [3.1] directly, we prove a more general version of convergence results
suppose that some conditions about the stepsize are satisfied. Then we will show that the stepsizes
given in Theorem [3.1] satisfy the conditions.
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Theorem F.4. Under Assumption @ for a diminishing stepsize 1y = % where
B> %L, v > 0 such that ng < Ao, m < 20, and i < 1/(2e3(t+1 — to) (1 +2(t + 1 — to))),
then in full participation, we have for any t

—t v
E[||8° — 6752 <
[l Hz]w“

where v = max{ =5 77E[||9 9PS||%]}-

Proof. Let A; := E[Hgt — 67%)|2], then from Lemma we have

Aver < (L= jim)E]0" —07%|3 + B,
For a diminishing stepsize 7, = % where § > £, > Osuch that 77 < 1/(2¢3(t+1—1t0)(1+2(t+
= max{%,on} =

1—t0))), o < flo, and i < 21,1, we will prove that A, <

max {‘;ﬁ fon} by induction.

Firstly, Ay < % by the definition of v. Assume that for some 0 < ¢, A; < + —==, then
Appr < (T=mfi) Ay + 7B

~ 2
< <1 bR > v BB
t+y)t+y  (t+7)?
t+vy-—1 [ B’B B —1
= - v
(t+7)? t+7)?  (t+9)?
v
Tttt
Specifically, if we choose 5 = % W?o E, s 2. 2E(2F +1)(1202 4+ 18L2(1 + €max)?) }
then we have
2 .
o = ﬁ < ~ 2 - Mo
v 'ufﬁo
and
2 E—~—t E -
M — 2N+ B = b _ B k) < A 7)

Y+t Y+t+E Y+ +t+E) - (v+t)(y+t+E) —

To prove that 7 < 1/(2c3(t + 1 — to)(1 + 2(t + 1 — t))) for any ¢, it suffices to prove that for
0 <t < E — 1because {n;}, i.e., to = 0, is non-increasing and ¢ + 1 — ¢ is periodic with period F.
When ¢ = 0, we need to prove n7 < 1/(2¢3(t 4+ 1)(1 + 2(¢t + 1))) for 0 < ¢ < E — 1, which is
satisfied if

. < \/1 2 Y1+ 2(t 4+ 1
o, e S (R VI Ceslt D2 1)
M =\2ECE + 1)es

v > [/2EQ2FE + 1)c3 = \/2E 2F + 1)c3 = \/2E 2F +1)(1202 + 18L2(1 + €1pax)?).

O

G PROOF OF THEOREM AND THEOREM [3.3]

G.1 ADDITIONAL NOTATIONS

Similar to Appendix [F in our analysis, for the sake of convenience, we will define two additional
sequences as W' := Ef\il p;w! and 0 = vazl 0}, following that of |Li et al.[(2020b). We note
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that w! results from a single step of SGD from 9'. When t +1 ¢ Zp, bothw' and ' are unaccessible.
When t + 1 € T, we can obtain 8 . In addition, we also define g, = Zf\il piV (001, g =

vazl piVI(0%; ZH1) where Z!T! ~ D;(6Y). Tt is clear that in full participation, w' ! = w' —n,g;

and Eg; = g,. Notice now we do not have 9' = w for any t. But we will show later that they are
equal with expectation to the choice of S;.

In particular, in our analysis, there would be two types of randomness, one from the stochastic
gradients and one from the random sampling of the devices. All analysis in Appendix [Fonly involves
the former. To make a distinguishment, we use Es, to denote the latter.

G.2 KEY LEMMAS

We first show that the sampling schemes I & II are unbiased.

Lemma G.1. |Li et al.|(2020b) (Unbiased sampling scheme). If t+1 € L, for Scheme I and Scheme
1I, we have

Es, WHI] — wttl

Proof. Let {z;}}, denote any fixed deterministic sequence. We sample a multiset S; with |S;| = K
by the procedure where each sampling time, we sample x; with probability g for each time. Note
that two samples are not necessarily independent. We only require each sampling distribution is
identical. Let S; = {41,...,ix} C [N] (some 4;’s may have the same value if sampling with
replacement). Then

K K
Est Z T = Egt Z.Z‘,k = I(IES‘Ii1 = Kquxk
kES: k=1 k=1

For Scheme I, g, = pi, and for Scheme 11, g, = %, replacing the values into the above proves the
lemma. 0

Similar to Lemma@ we are going to establish an upper bound for E[|[@"" — 87S||2]. When
t+1 ¢ Tg, we have Et“ = w't! for both schemes, and therefore this is equivalent to establishing an

upper bound for E[|[w** — 879||2]. However, when ¢ 4 1 € Zg, we only have Eg, Wtﬂ] =w't!
and we need other upper-bounding strategies.

Lemma G.2. Under Assumptions 2.1} 2.2] 2.3} 2.3} for scheme I & II:
I ift+1¢ T,
—t+1 _ . —t
E[l6" — 6" |3 =E[|w"™" — 6”73 < (1 - im)E[0 — 67713

N

—t
+20%07 + (came + can}) Y piE|16) — 6|3
=1

2. ift+ 1€ Ig: for scheme I,
—t41
E[|6" —67|3]

N
1 . N —t
<% > peEllwit w5 4 (1 - im)EI0 - 6713
k=1

N
—t
+20°0; + (cum + eanp) Y piE||6f — 63,
i=1
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while for scheme I1,

—t+1
Eflo —67%|13]

N
1 K .,
< [1= = E t+1 _ 5t+1)2 1— EO_OPSQ
<r (1 %) Sl w7+ (1 e 13

N
—t
+ 20707 + (came + can?) > pil|0F — 6713,
=1

where €pqp = MAax; €;, € = Zf\;pi%cl = L(I%M,CQ = 4[0? + L?(1 + €paz)?], i i=
— (14 0)eL.

Proof. When t + 1 ¢ Ig, because 9" = @ for both schemes, by Lemma we got the
conclusion. Whent + 1 € Zg, we have

E||§t+1 . HPSHE _ EHatJrl _ —t+1||2 + EH—tJrl 0PSH§ + 2E<§t+1 _ Et+1,ﬁt+1 _ 0PS>.
By Lemma|[G.1|and the law of total expectation, we have
E@ " —w't wt — 07S) =E[Es,,, (0 —w' w ! — 075)] =0,
Next we focus on upper bounding IE[||§ — w'"1|3] under two sampling schemes.

) ) —t+1
Denote S¢+1 = {i1,...,ix}, then for scheme I, 6 = % Z{il wfj’l. Thus by the law of total
expectation, we have

1 B
El0 —wt“||§:E[IES,+1||9 —w 3]

E8f+1|| ZwH—l 7t+1||§]

E[E3t+1 K2 Z Hthrl 7t+1||§]
=1

N
1 _
= Y Bl
k=1

Again with ' = Lsr, w; ™, for scheme II, by the law of total expectation, we have
E[0" — w3
7t+1 .
:E[E5t+1|‘ - t+1H§}

~E[Es I Zwt“ w3

1 . —
SR S 14 € S}t |
=1

N

1 . . .. . .
< I@E[ZP@ € Spr)|Jwitt — w3 + ZP(z,j € Spp1) (wit —w't, wit! —w' )
i=1 i
- K-1
_ t+1 —t+112 - t+1 —t+1 t+1 —t+1
= iy 2l - ”2+m§lﬁ<wi —wt wit —wtt)
i= 7]

1 K\
_ 12 Ellwt+! — 5112
v (1 ) B
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where we use the following equalities: (1) P (i € Sy41) = & and P (4,5 € Sy41) = m for all
i # jand (2) Zz ) Hw _EtH + Zz;ﬁ]< wit! EtH,w;-ﬂ —ﬁ“’l) -0
The conclusion follows from the above discussion.

O

To really give a descent lemma as in SGD analysis, we have to bound Zf\il piE||6! — §t||§ for
t ¢ Ty and YN | piE|jw! — w'||3 for t € L, given by the following lemma.

Lemma G.3. Under Assumption|2.1] if {n:} is non-increasing, ny < 2m1p, t ¢ Ig,
n? <1/(2c3(t+1—1to)(1+2(t+1—ty))), and

~ 11 A0
[E” — 6753

Mo < ﬁO = J )
202 + (c1c3 4 ¢2/6)(2E% + 3E + 1) log(E + 1) ((1602 + 12¢2)E|[8° — 07512 + (802 + 12¢2))

then
1. for scheme I,
—t41
E[|6 —67%|3)
- —t
< (1—im)E[6" — 6773 + 207

+ (deymy + 4eon? + K1) (2E% 4+ 3E + 1) log(E + 1)n? <

(4802 + 36¢2)E|[@° — 8752 + (2402 + 36§2)>,
2. for scheme I,
E[[8"" - 67%|3)
< (1= fin)E[8" — 073 + 2077

KN(N1)> (2E* +3E + 1)log(E + 1)

+ (4c1nt + dean? +

n? ((4802 +36¢)E[8° — 0752 + (2402 + 36<2)>.

where for any t, where €,,q, = max; €;,€ := Zfil Pi€i, C1 1= 7“1*2%7;“)2 ,Co = 4[o? + L?(1 +
€maz)2)s =g — (1 + 8)eL, c3 := 1202 + 18L2(1 + €max) >

(One should note that 4cyn; + 4can?, (4802 + 3662), and (2402 + 362) comes from several times of
applying ni—1 < 2n; and the real constants could be much smaller by choosing stepsizes carefully.)

Proof. In this proof, for convenience, we will discuss with respect to ¢ + 1 where we assume
t + 1 ¢ Zg and transfer back to ¢ in the last. First by the update rule, we have whent + 1 ¢ Zg

0 -0 = 0!~ 8 — (VIO ZI) — g1)
and whent +1 € Zg,
B —t
wit —w =0 -0 — (VIO Z1TY) - g).

Then with the same method i in Lemma let to ;== max{s | s < t+1,s € Ig} and c3 :=
1202 + 18L2(1 + €max)?, if 97 < 7 we will have: if £ +1¢7g,

2cs (t+17t0)(1+2(t+17t0)

al t+1
ZpilEllé‘f+1 [

t—to t—to

t+2 tO 2 PS 2 t+2
—ZT n?(2E + 1)(4802 + 36¢2)E(0° — 6752 +27

o o 2 2
2FE 4 1)(240° + 36
s+ 2 ( )( §)
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andift+ 1€ Zg,

N
> piElwitt w3
i=1

tto ttO

t+2—t t+2—t
Z T2 10,200 4 1)(4802 + 36%)E[6° ePSH2+Z T2 00,2008 1 1)(2402 + 362).
=0

With the above formula and Lemma|[G.2] we now prove that if 7 is sufficiently small, then for any ¢,

we have E[[8" — 0752 < E||@° — 87S||2. We first derive the following inequality, which we will
use later. Note that for any ¢ where ¢( := max{s | s <t+1,s € Zg}, we have

t—to

t+2—to 1 1
——— = (t+2—1)(5z +.. —_— t+2—1tp)l 2—t E+1)log(E+1
; o S 2 t)G e+ ) S (2~ o) log(t 2~ to) < (E+ 1) log(E + 1),

Then again by the same induction method in Lemma[F2] we have if
e < 1o
30
) AE6° — 0753 .
202+ (c103 + €2/6)(2E% + 3E + 1) log(E + 1) ((1602 + 12¢2)E(9° - 07513 + (802 + 12¢2))

then for any ¢, we have E[[8" — 0752 < E|[@° — 0752

Under all these conditions, if t ¢ Zx, we have
N
> piEl|6} - 8'|12 <n?2_ (2B + 3E + 1) log(E + 1)(4802 + 36<2)E||8° — 6752
=1
+ 12 (2E* 4+ 3E + 1) log(E + 1)(240?% + 36¢2)
< An2(2E2 + 3E + 1) log(E + 1)(4802 + 36¢2)E[[8” — 6752
+ 40P (2E? + 3E + 1) log(E + 1)(240> + 36¢2),
andift +1 € Zg, we have

N
S piEw! T — w3 < 2, (287 + 3E + 1) log(E + 1)(480” + 36°)E[[8° — 673
=1

+ 02 [ (2E% + 3E + 1) log(E + 1)(2402 + 3652).

Note that in Lemma the inequality for ¢ ¢ Zg is looser than the inequality for ¢ € Zg. Therefore,
we can apply the inequality for ¢ € Zg, for all ¢. Combining this inequality with the above formula
gives us that:

1. for scheme I,

—t+1
Ele - 673

N
1 . - p
< = S pEw @+ (1 - B - 0753

N
—t
+ 20707 + (e + can?) Y piE[6) — 0|13
=1
- —t
< (1—fm)E(0° —67%|3 + 20°n;

+ (4ern; + 4dean? + K1 (2E? + 3E 4 1) log(E + 1)n? (

(4802 + 36¢2)E|[8° — 0752 + (2402 + 36§2)),
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2. for scheme II,

—t+1
Ele" 073

e ipkmnwt“ ~ w3+ (1 - fin)EN0° — 07513
= KN(N-1) &~ k 2 ' ?
N
+ 20202 + (cime + ean?) Y piE)|6F — 82
i=1
< (1 - fim)E[8" — 0753 + 2027
+ (40177t + 40277752 + _K) (2E2 +3E +1)log(E + 1)77?(
KN(N —1)

(4802 + 36¢2)E|[8° — 0752 + (240 + 36<2)).

O

Lemma G.4. Under Assumption[2.1] if {n:} is non-increasing, ny < 211 p, t ¢ Ip,
n? <1/(2c3(t+1—1to)(1+2(t+1—ty))), and

A0
[E” — 6753

Mo < 7)o = — )
202 + (crcs + €2/6)(2E2 + 3E + 1) log(E + 1)((1602 + 1262)E[[8° — 0P5|2 + (802 + 1262))

then
1. for scheme I,
—t+1 N —t
E[l6 " — 6”75 < (1 — n,)E(6 — 6775 + Binj,

with

By :=20% 4 (4eymy + 4ean? + K1) (2E% + 3E + 1) log(E + 1) <

(4802 + 362)E|[@° — 0F5 |2 + (2402 + 36<2)),
2. for scheme II,
—t+1 - —t
E[|6 " — 6”751 < (1 — im,)E(6 — 6775 + Banf
with

-K

By :=20%+ (4 deamp +
2 0+<Cl77t+ T RN 1)

) (2E* + 3E + 1)log(E + 1) (
(4802 + 362)E|[@° — 0F5 |2 + (2402 + 36§2)),

L(14€max)?

_ N
where for any t, where €4, = Max; €;,€ 1= ) .| Pi€;, €] i= S e 1= 4o + L2(1 +

€maz )]s =1 — (1 + 6)eL, c3 := 1202 + 18L*(1 + €max)>
Proof. The conclusion follows directly from Lemma[G.3] O

G.3 COMPLETING THE PROOF OF THEOREM [3.2] AND[3.3]

We restate the definitions of all the constants here:

Constants independent of system design.
€max -— IMNaX; €;,

_ N
€= Zi:l Di€i,
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fi = p—(1+06)eL,

cr = (L(1 4 €maz)?) /(268),

coi=4[0? + L*(1 + €maz)?],

c3 :=6[202 + 3L*(1 + emax)?].

¢y 1= 1602 + 1262 + (802 + 12¢2)/E[|8° — 6752,
c5 1= (4802 + 36¢2)E[[8° — 0P5 |2 + (2402 + 36¢2).

Constants related to system design (e.g., F, K).
flo := i/ (20% + (c1c3 + ¢2/6)ca(2E? — E)log E),

B =202 + (4e1fjo + deafif)es(2E? — E)log E
c6 = (2E% + 3E + 1)log(E + 1),

ilo := fi/ (20% + (c1e3 + c2/6)cace),

By =202 + (4eyfjo + 4eaiip + 1/ K)esc,

By :=20% + (4c1ﬁo + 46277(2) + %)05%.

Instead of proving Theorem [3.2]and [3.3]directly, we prove a more general version of convergence
results suppose that some conditions about the stepsize are satisfied. Then we will show that the
stepsizes given in Theorem [3.2) and [3.3]satisfy the conditions.

Theorem G.5. Under Assumption @ for a diminishing stepsize n; = % where
8 > % v > 0 such that ng < 7o, ¢ < 2115, and n? < 1/(203(15 +1—to)(1+2(t+1- to))),
then

1. for scheme I,

—t+1 v
E[|6" —67%|3] < ;
v+t

where v = maX{4ﬁl,7E[\\§0 - GPSH%]}?
2. for scheme II,

A+l PS|2 v
E[l|l6 -0 < —
i I3 < 2

[LZ’

where v = 1naX{4B2 V]E[HEO - OPSH%]}-

Proof. We give a proof for scheme I and the proof for scheme II follows exactly the same way.

Let A, := E[[[' — 675|2], then from Lemma we have
_ —t
Apyr < (1= fim,)E[6° — 073 + Buin;.

For a diminishing stepsize 7; = % where § > . > Osuch that 77 < 1/(2¢5(t+1—to)(1+2(t+

A . 2
1—1t9))).no < fjo, and 1, < 21,1, we will prove that A, < 747 where v = max{%ﬁAo} =

e

max { 4B, ’yAO} by induction.
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Firstly, Ay < fyi by the definition of v. Assume that for some 0 < ¢, A; < #, then

Appr < (1= mfi) Ay + 17 By
~ 2
< (1_ 5#) vy B* B
t+~/)t+y  (t+7)?
_t+’Y—1U [5231 _ﬁﬂ—lv
(t+7)? t+7)?*  (t+7)?
<Y
e

Specifically, if we choose 8 = 2,7 = max{ %, F, 21/(4E% + 105 + 6)(120% + 18L%(1 + emax)?) },
then we have

2 .
5 — Mo
Ao

B
no=— <
v

=

and
o2 BE-a-t) _ BE-9
Y+t yH+t+E  (y+t)y+t+E) - (y+t)(y+t+E) ~

To prove that 7 < 1/(2¢s(t + 1 —to)(1 + 2(t + 1 — to))) for any ¢, it suffices to prove that for
0 <t < E because {n;}, i.e., to = 0, is non-increasing and t + 1 — ¢ is periodic with period E.
When ¢y = 0, we need to prove nf < 1/(2c3(t+1)(1+2(¢t+1))) for 0 < t < E, which is satisfied
if

N — 2N+ g =

e < min 1/ (2es(t+1)(1+2(+1)))

1
== <
o = \/(4E2 +10E + 6)c

P
=7 > B/(4E2 + 10E + 6)c3 = ﬁ\/(4E2 T 10E + 6)cs

2
= 2 /(4E2 + 10F + 6)(1202 + 18L2(1 + €max)?).
o

H PROOF OF CONVERGENCE UNDER THE ALTERNATIVE ASSUMPTION IN

EQUATION

Assumption H.1. Suppose the following hold
Ez~p.0)IVL(0; Zi)[13] < G*. (14)

Lemma H.2. (Bound on the divergence of parameters, i.e., consensus error bound)
When E > 1, under Assumption[2.1} 2.2 2.3 2.3 and if 1, is non-increasing and 1, < 21,4 g holds
forallt > 0, we have

N
—t
E{ZpiHOf -6 ||§] <4A(E-1)°p;G? (15)
=1

Proof. FedAvg requires a communication every E steps, so for any ¢ > 0, there exists a tg < t,tg €

Ig, such thatt —tg < EF — 1 and 0;" = Eto,‘v’i. Also, we use the fact that 7, < 2, for all
t—tg < E—1,then

N N N
—t —t —t —t —t
E[Zpinof o ||§] —E[Zmll(ef 8" (@ -0 °>||§} < E[Zmef 9 °||§] (16)
=1 =1

i=1
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since E|| X — EX||2 < E|| X% where X = 6! — 0". Using Jensen’s inequality, we further have

(t—to) ZUSHW 0:: 252

6t0

1
PEAVI(ZE ZS“) , (17)

S=t0

—t
l6; "3 =

Z n2vi(0s; Z: )

Sto

] <03 23|z

S= to
(18)

N
—t
B[ Yo nlor~ 2] - [
=1

Z nsVI(05; Z: )

Sto

)] < n e ivnerszeon)

s=tp i=1
(19)

N
—t
Ebjpneﬁ —e“ua} - [
=1

where we used 7, < 7,. Therefore, based on A5, we have

t—1

N
At s S
E[}jmefm%} }jpz [}j 1>n§||wwi;zi“>||§]
=1

S:to

< zN:pi [ §(E - 1)7736'2}

s=to
N
<> piE-1)n, G

<4(FE-1)*nG? (20)
since ns < 1ty < 21,4+ E < 27 in the last two inequalities. [

Lemma H.3. |Li et al.|(2022)) Consider a sequence of non-negative, non-increasing step sizes {1 },~ 1.
Leta > 0,p € Zyand n < 2/a. Ifnf /0ty <1+ (a/2)n),, for anyt > 1, then

Zn”“ H (1=nea) < =, vt >1 1)

=j+1

Lemma H.4. Under Assumptions [2.1| m m n and the condition that m < ffeca, , m

o < 2 where tg = maxs{s € N|Es < t}, g1 < mpforanyt >0, < = andn /i
1+ (/2)nf,, foranyt > 0and ¢ = 1,2,3.

Do
vV

INIA

t
- =0 2 2cyc 2¢qc 402
Efw' ™ — 0793 < [[(1 — ams)|j@" — 07|, + ;7n§’+ ;7n?+ i, (22)
1=0

where c7 := 4(E — 1)G2,

Proof. From Lemma|FI} we have
N
BlIw " - 67518 < (1~ )26 - 67512 + cone-+ con B Y- ot - 82| + 20702
i=1

_ —t 2
<(1- ;mt)IE[HB — BPSHZ} + czcmf + crem} 4 20707

t t t
= H(1 - ﬂm)”ao - 9PSH§ + Z H (1- ﬂm)(@cw? +ecrermd + 20277?)-
1=0 s=1i=s+1

(23)
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The second inequality holds because of Lemma[H:2} Using Lemma[H.3]

t t
- 2coc7 2cicq 402
Z:H(Pmem%+mwﬁ+%%®§ o T e (24)

s=11i=s+1

O
Theorem H.5. (Full arncz twn convergence theorem, alternative assumption)
Under Assumptlonﬁ E the full participation scheme has convergence rate (9( ), i.e.,
denote A, :=E[||0 — 0P5|| |, then for some ~ > 0,
v
Ay < ——, 25
1S (25)

where v := max{ 626764772+%:Zﬁ3771+262ﬁ2 ,(v+ 1A}

Proof. We will show it on the partial participation algorithm, and the proof for the full participation
is similar.

For a diminishing step size n; = = Jm for some 8 > % and v > 0 such that ;3 <
min{%,ﬁ} = 2 and n < 2nyp. We will prove A, = E[||§t - 0793 < 7. where

4, —2 3.,—1 202
v := max{ 28 +%1:7_51 1 +20°5" (4 4 1)A;}. We prove this by induction Firstly, the defini-
tion if v ensures it holds for ¢t = 1. Assume it holds for some ¢, i.e., , = i + , then it follows from
Lemma [H 4] that

App1 < (1= i) As + cocrn) + crern) + 20707
~ 4 3 232
v caC ci1c 20
<(1- 5M) 2’ aerf g

t+y't+y  (E+9* (E+)3 0 (E+7)?

oty -1 cacr Bt crer 8 202 3? Bp—1

C(t+7)? [u+w4 (t+7)? @+W2_@+7F]
t+vy—1 cacr 3t crer 3 2023 Bp—1

: h 4

(t+7)? t+7)292 " (t+)2y (E+)2 (E+7)?

Si
t+vy+1

(26)

where fi, 1, ¢2, ¢3, c7 are defined the same as in earlier proofs, and thus the O(1/T) convergence
rate is shown.

Lemma H.6. (Bounding the difference w'*! — 9" in partial participation)
Suppose Assumption2.1} 2.2 2.3| and[2.5| hold. Fort + 1 € L, assume that 1 is non-increasing
and 1y < 24 for all t, then we have the following results

1. For Scheme I, the expected difference w' ™" — étﬂ is bounded by
— 4
Es, [0 — @'} < o E°GP. )

2. For Scheme II, assuming p1 = py = -+ = pN = %, the expected difference w'™ — §t+1
is bounded by
4(N - K)

—t+1 .
E 0 _ =t+12 <
StH w H2— K(N— )

N2 E2G? (28)

. At+1 . .
Proof. We prove the bound for Scheme I as follows. Since 6 o % leil 'wfl , taking expectation
over S;41, we have

=t . —
EStHO t+1||2 ESt e Z ”,wt—H t+1||2 Zp Hwt—i—l t+1H§ (29)
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We note that since t + 1 € Zg, we know that the time t) =t — E' + 1 € Zg is the communication
time, which implies {6}’ } is identical. Then

> pulf?? — w1 - Zpkll ) - @ -8 < Zpknwt*l 0°II3
k=1 0
Similar to Lemma | the last inequality is due to E[| X —EX |2 < E|| X3 where X = w} ™ — 9",
and Yo, i (wit! —9") =w't - 8", Similarly, we have
Es (I8 -+ 3] < ZpkE [l — 0" 3]
N

Z E[[lw;" - 6,13

N t
FON I DORRICTAST

k s=tg

N t
< = S nB Y E[lnvi6r 2l
k=1

St()

1
E*n} G* < nfEQGQ. (31)

Then we prove the bound for Scheme II. Since §t+1 = L3 wit!, we have

Es [0 —w' 2]

o [l Yo -]

= %E& {H Z 1{i € S H(w!™ —w’f“)H;}
i=1

J

N
1
=43 {Zp(z € S)witt — w2 + Zp(i’j € S) (witt 't witt — )
i=1

J#i
1O K—1
_ t+1 1|2 - t+1 bl )l ]
_KN;”wi w ”2+KN(N—1)§;<wi w T, wj w'th)
N
1 K

=——(1-= w3, 32

Note that the second last equality holds because P(i € S;) = &£ and P(i,j € S;) = %; and

the last equality holds because
N

Z ||'w§+1 _ ﬁtﬂ”% + Z <w;§+1 N ﬁt+17 'w;“ _ Et+1>
i=1

i#]

N N
- t+1 41 t+1 1\
_E <w2 —w ,(E w; )—N'w >—0.
i—1 j=1

Recall that

N N .
Y oellwitt —w T <Y pallwtt - 073,
k=1 i=1
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we get
—t+1 1 K N .
Ef" —w'|3] = m(l - N)]ELZ; it — wt+1|§}
N K _[<a1 1o
< Fv - WE| X el -9
< ﬁ(l - %)4772]526’2 = mnsw (33)
where the last inequality can be found in equation [20]in the proof of Lemma[H.2] O

Lemma H.7. Under Under Assumption and the condition that n, < [i/co, ,
ne < My < 2m where tg = maxg{s € N|Es < t}, ny1 < e foranyt > 0, ;p < 2 and

i
ni/ni <1+ (/2)nfy, foranyt > 0and ¢ = 1,2,3, we have

t

—t+1 - —0 2 2cocC 2cq1c 2c

Es (167 — 67|13 < [](1 — )]0 — 07| + ;377?+ ;377?+78nt, (34)
i=0

(cg for Scheme I, replace cg with cg in Scheme IT) where we define cg := 202 + %EQGY2 in Scheme I,
and ¢y = 202 + AN—K) p2G2 jn Scheme II.

K(N—-1)
Proof. Note that
8" — 67513
_ ||§t+1 _wttl gttt 9PS||§

— 0" w2+ [ttt - 0753+ 2@t 8, 8" — 67%) (35)

T Ts Ts

When expectation is taken over Sy 1, the last term T3 vanishes due to Lemmal[G.1]
) . At . : .
Ift+ 1 ¢ Ig, T; vanishes since @ '~ = w' ™" by definition when ¢ + 1 is not a communication step.

For term 15, it’s not hard to see that we can use Lemmato derive one step bounds for it (and use
equation 23]in Lemma[H:4), and thus we have

E[|[6""" - 67%|3] =E[|[w"t" — 679)3]

. —t 2
<(1- ;mt)E| |0 — t9PS||2 + 02077721 + 010717? + 20277?, (36)
and we recall that ¢; := W,CQ =402 + L*(1 + €maz)?], 3 = 4(E — 1)°G?, i ==

w— (1+0)eL.
If t + 1 € Zp, then we have the following result from Lemma [H.6]
—t+1
Ell6" —6"%|]3]
—t+1
=E[|6" - = 3] + E[|[w' ! - 67%|[3]

- —t 2
< (1—fme)E|[0° — 675||] + caconyt + crem) + csny, (37)

Atv—i B2G? in Scheme 11

where we recall cg := 20 + + E?G? in Scheme I, and ¢g := 202 +
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The only difference between equation and equation [37|is in (cg — 202)n?. Therefore, we can use
similar techniques to show the convergence,

—t+1 - —t 2
E[|[6" —67%()3] < (1 — fimo)E|[6 — 075 |[, + cacony + cremn + csnf
t

= I —an)|@° - 67|

1=0
+ Z H (1- #ﬁz)(0207ﬁs + el + 08775>
s=11i=s+1

< [Ta -~ m)|[8° - 07%][; + 2026777? + 26,;0777? + 2;8m

(cs for Scheme I, replace cg with ¢g in Scheme II). O

Theorem H.8. (Full artlcz tlon convergence theorem, alternative assumption)
Under Assumpnonﬁ the full participation scheme has convergence rate (9(%), ie.,

denote A, :=E[||0 —

then for some v > 0,

v
Ay < —— 38
tf’_y+t7 ( )

cacrBry 2 tcier By +es B2
Bp—1

where v := max{
Scheme II).

, (v 4+ 1)A1} (cs for Scheme I, replace cg with cg in

Proof. We will show it on the partial participation algorithm, and the proof for the full participation
is similar.

For a diminishing step size 1, = % for some 3 > and v > 0 such that 73 <

==

min{7, 77} = g7 and 7 < 205 We will prove A, = E[||6' — 675|]3] < 5, where

v := max{ 6267ﬁ4“’72+§;i71ﬁ%71+6852 , (v + 1)1 }. We prove this by induction Firstly, the defi-

nition if v ensures it holds for ¢ = 1. Assume it holds for some ¢, i.e., n; = t+ , then it follows
that

Npp1 < (1 =) Ny + cacon} + crem? + csn?
Bh ) et e csf3?
t+y't+y @+t (E+)? 0 (t+9)?
_t+y -1 ccrft e cgf3” Bp—1
T (t+9)? [(t+7)4 (t+7)% " (t+7)?  (t+7)? ]
t+y-1 [ cacr Bt cierf? csB®  Pp—1 ]
(

<(1-

v
T (t+)? t+7)%?  (E+)%y ()2 (E+9)?
v
< — 39
Tty +1 (39)
(cg for Scheme I, replace cg with cg in Scheme II), where [i, c1 to cg are defined the same as in earlier
proofs, and thus the O(1/7") convergence rate is shown. O
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