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ABSTRACT

Reasoning models that produce long, hidden chains of thought, have emerged
as powerful tools for reasoning-intensive and agentic tasks. However, as the
time horizons at which these models can operate grow exponentially, it becomes
increasingly difficult to know how much progress the model is making on a task,
making it challenging for users to set appropriate expectations about completion
time. By probing the internal representations of Large Language Models (LLMs),
we find evidence that their reasoning progress can be quantified, with simple linear
probes achieving 30% accuracy over 10 progress classes and Mean Absolute Error
(MAE) of 1.75. Rooted in this insight, we propose a two-stage fine-tuning method
that trains existing reasoning models to explicitly generate progress estimates (0-
100%) during their reasoning process. We find that the predictions of our best
fine-tuned language model for sequences below 16K tokens are on average 10%
from the true label.

1 INTRODUCTION

With the advent of Large Reasoning Models (LRMs) (DeepSeek-AI et al., 2025; OpenAI et al.,
2024), test-time inference has emerged as a powerful new axis for scaling model performance. This
development, however, poses substantial user-interaction challenges: the resources consumed per
query can fluctuate significantly, while the model’s reasoning progress often remains opaque or
unintelligible. This problem is further compounded by the exponentially growing time horizons at
which these models can operate coherently on agentic tasks (Kwa et al., 2025).

While some work has trained models to adhere to fixed predetermined reasoning budgets (Aggarwal
& Welleck, 2025; Jaghour et al., 2025; Muennighoff et al., 2025), this strategy fails when budgets
cannot be accurately inferred from the question alone, potentially causing models to return incorrect
answers despite being capable of solving the problem given a larger reasoning budget.

At the same time, recent research suggests that Large Language Models (LLMs) encode confidence in
their hidden states, well in advance of materializing a final answer. For example, (Zhang et al., 2025)
uncover that model hidden states contain ”look-ahead” information - the ability to predict eventual
correctness of a chain-of-thought, before an intermediate answer is fully generated, indicating that
LLMs possess an inherent awareness of their reasoning trajectory (Zhang et al., 2025).

Building on this observation, we train probes to study if hidden states encode how far along the
model is in completing the reasoning task. We find that a one layer MLP probe gets 30% accuracy on
predicting progress over 10 labels, while on average being 1.75 quantiles from the most likely label.

Motivated by this finding, we fine-tune existing reasoning models to intermittently emit progress
predictions within dedicated progressbar tags (<progressbar></progressbar>) during their
reasoning process. We evaluate our approach on reasoning sequences spanning up to 32K tokens and
demonstrate that our best fine-tuned model achieves a mean absolute error (MAE) of 10% on progress
prediction for sequences up to 16K tokens. However, we find that prediction accuracy degrades with
increasing sequence length, highlighting the challenge of maintaining progress estimation quality for
extended reasoning chains.
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LLM Internal Chain-of-Thought:
(Hidden from User)
”Need to find smallest positive multiple of 30 using only
digits 0 and 2...”
<progressbar>16%</progressbar>

”Must be divisible by 2, 3, and 5. Since only 0 and 2,
last digit must be 0...”
<progressbar>18%</progressbar>

”For divisibility by 3, sum of digits must be multiple of
3...”
<progressbar>35%</progressbar>

”Sum = 2*(number of 2s). Need 2k divisible by 3, so k
= 3, 6, 9...”
<progressbar>53%</progressbar>

”Smallest: three 2s. Check 2220: ends in 0, sum = 6
(divisible by 3)...”
<progressbar>71%</progressbar>

”For example, 20220. That’s larger than 2220. So 2220
is indeed smaller...”
<progressbar>88%</progressbar>

”Therefore, the minimal number is 2220...”
<progressbar>100%</progressbar>

User Question:
”What is the least positive

integer multiple of 30
that can be written with
only the digits 0 and 2?”

Progress Predictor
(Visible to User)

Step 1: 16%

Step 2: 18%

Step 3: 35%

Step 4: 53%

Step 5: 71%

Step 6: 88%

Step 7: 100%

Output: Real-time
completion estimate

Model Answer:
”The least positive in-
teger multiple of 30

that can be written with
only the digits 0 and 2
is \boxed{2220}.”

Figure 1: Real-time progress tracking during LLM reasoning. The model intermittently updates the
user-facing progressbar by using <progressbar>..</progressbar>.

Furthermore, our trajectory analysis reveals empirical bounds on progress predictability. By sampling
multiple rollouts from prefixes at different positions, we compare progress estimates from sampled
completions against the progress calculated using the original complete reasoning sequence, finding
MAE to be around 5-10%, suggesting an empirical lower bound on prediction error.

2 PROBLEM DEFINITION AND EXPERIMENTAL SETUP

To the best of our knowledge, progress prediction was first systematically studied in the field of
heuristic search algorithms, with Thayer et al. (2012) offering the earliest formal approach.

They define search progress as, given a search algorithm A and a heuristic search problem P , let
E(P ) denote the total number of nodes expanded by A when solving P . Let Gen(P ) be the nodes
already expanded by algorithm A and Rem(P,Gen(P )) be the number of remaining nodes that will
be expanded i.e., Rem(P,Gen(P )) = E(P )−Gen(P ).

Definition (Search Progress) The search progress of algorithm A solving problem P after expanding
Gen(P ) nodes is then:

Prog(Gen(P )) =
Gen(P )

Gen(P ) + Rem(P,Gen(P ))
=

Gen(P )

E(P )

As Gen(P ) ≤ E(P ), search progress is thus a value between 0 and 1 and is scale invariant.

This intuition carries well to the domain of reasoning where, we have a problem q and an algorithm
A obtained by sampling from the policy, Pθ(·|q,<think>) parameterized by a reasoning model θ.

Let Ck = {x1, x2, . . . , xk}, xi ∼ Pθ(· | q,<think>, x<i) be a partial reasoning trace with
length K and let M be the length of the complete reasoning trace i.e, |<think> . . .</think>|.

1. Gen(P ) = |Ck| = K,

2. Rem(P,Gen(P )) is then the expected length over all possible sequences τ starting from
Ck and ending in a terminal state </think>. i.e, Eτ∼Pθ(τ |Ck)[|τ |] where Pθ(τ |Ck) is the
conditional probability distribution over all such trajectories.
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Since exact computation is intractable, we make the approximation Eτ∼Pθ(τ |Ck)[|τ |] ≈
m− k, where | · | computes the length.

Progress(Ck) =
k

Eτ∼Pθ(τ |Ck)[|τ |] + k
≈ k

m

Metrics In this paper, we use MAE (mean absolute error) as the main metric for model performance,
similar to other work (Huang et al., 2025; Ma et al., 2019; Zhu et al., 2020). For the probes, the
output is a probability distribution over quantiles, so we use accuracy of the most likely quantile.

Datasets and Subject Model For all our experiments our subject model is DEEPSCALER-1.5B
(Luo et al., 2025) a small domain-specific reasoning model that is post-trained with reinforcement-
learning from (Qwen et al., 2025).

We construct a reasoning dataset by randomly drawing questions from openr1-math (Face, 2025) and
generating one reasoning trace per question by sampling from DEEPSCALER-1.5B, using parameters
from (Luo et al., 2025) with temperature of 0.6 and top p 0.95 resulting in a dataset of 25K traces.

We split our dataset into 3 parts: train, eval and out-of-distribution (ood) for reasoning traces above
16K tokens.

We assign a progress label to each token by quantizing k
m into 10 equally-spaced quantiles Qi =

[ i−1
10 , i

10 ) for i = 1, . . . , 10. Each token at position k is labeled with quantile i where k
m ∈ Qi.

3 EXPERIMENTS

To assess the extent to which existing reasoning model representations contain information about
progress, we train two types of linear probes.

Let hi,j be the hidden state at the j’th token of the i’th reasoning trace.

1. A probe fprobe : Rd → RQ that maps the hidden state hi,j at each token position to a
Q-dimensional output representing the logits for each quantized progress bucket.

2. A concatenated probe f concat
probe : Rn∗d+d → RQ, where n is the number of question tokens

used. ei ∈ Rn∗d. The input is [hi,j ; ei], the concatenation of the current token’s hidden
state and the the question embedding derived from the final n tokens preceding the assistant
token. Throughout our experiments, we set n = 2.

The model parameters θ are optimized using the cross-entropy loss over the Q progress buckets. For
a given input hi,j (either hi,j or [hi,j ; ei]) and one-hot target label y ∈ {0, 1}Q, the loss becomes:

L(θ) = − 1∑B
i=0 Ti

B∑
i=0

Ti∑
j=0

Q∑
q=1

yi,j,q log

(
exp(fProbe(hi,j)q)∑Q
k=1 exp(fProbe(hi,j)k)

)

where fProbe(hi,j)q denotes the logit for bucket q at position j in sequence i and yi,j,q is the indicator
for the true bucket, B denotes the batch size and Ti the length of the reasoning trace in sequence i

We train single layer linear probes on layer 8, 16, 24 and obtain the hidden states by having
DEEPSCALER-1.5B predict the next token. We train and evaluate on sequences below 16K tokens
and withhold an out-of-distribution (OOD) dataset with sequences above 16K tokens. We use 10
quantiles.

The results in Table 1 show that probe performance is relatively consistent across layers, with accuracy
around 30% and MAE around 1.75, moreover as illustrated from the heatmap 2 the probability mass
is heavily concentrated around the ground truth label.

This suggests that the model’s hidden states do encode some notion of progress, and that simple
probes can extract this information to a large degree. However, performance drops substantially on

3
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Table 1: Probe performance on DEEPSCALER-1.5B at different layers

Layer Argmax Accuracy MAE
8 0.30 1.75
16 0.29 1.76
24 0.31 1.74

Figure 2: Visualization of linear probe prediction (Layer 16, f concat
probe ) for a 12K token sequence. Left:

probability distribution over progress quantiles at different token positions. Center: True progress
labels at different token positions. Right: The expected value over progress buckets, reducing
prediction to a single number. The probe successfully tracks the upward trajectory of true progress
throughout the reasoning sequence.

(OOD) sequences (Table 1), highlighting the challenge of generalization. The addition of question
embeddings does not consistently improve results, indicating that most relevant information is already
present in the hidden states at the given token position.

4 INCORPORATING PROGRESS ESTIMATION INTO THE REASONING TRACE

We start by performing supervised fine-tuning on our subject model, DEEPSCALER-1.5B, by
introducing custom progress-tokens (<progressbar> and </progressbar>) and constructing
a synthetic dataset by segmenting reasoning traces from the openr1-math dataset (Face, 2025) into
discrete chunks and inserting special tokens every 250 tokens. Note that these reasoning traces are
from a larger model (R1) and different from the dataset used for training the probes.

For each reasoning trace r containing thinking tokens between <think> and </think> markers,
we:

1. Split the thinking portion into segments s1, ..., sn using paragraph segmentation with
Segment-Any-Text (Frohmann et al., 2024).

2. For each segment si, compute its token length li.

3. Calculate cumulative progress pi =
∑i

j=1 lj∑n
j=1 lj

.

4. Insert progress markers <progressbar>pi</progressbar> after each segment every
τ tokens. Here, pi represents the numerical progress percentage (e.g., ”23%”) which is
tokenized using the model’s existing vocabulary rather than being treated as a special token.
We explore alternative approaches using dedicated progress tokens in C.1.

We perform supervised fine-tuning using LoRA adapters (Hu et al., 2021) with peft (Mangrulkar
et al., 2022). Where loss on the new special tokens are scaled by a coefficient α such that for a given
sequence x = (x1, x2, . . . , xT ) of length T , the loss becomes:

L = 1
S

∑S
i=0

[(
1 + (α− 1) · 1i∈⟨<progressbar>pos...</progressbar>pos⟩

)
· (− logPθ(xi|x<i))

]
4
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We train with a context length of 2048 and α = 5. We evaluate the fine-tuned model on Math500
(Face), AMC23 (zwhe99) and a subset of OlympiadBench (Hothan). A full sampled output can be
found in (E).

Learning to backtrack We observe a monotonicity bias, where the model’s predictions are
monotonically increasing. This causes errors to compound when the model makes an early optimistic
prediction. We believe this is an artifact of the dataset construction where labels are monotonically
increasing. Moreover we find that in long reasoning traces the model frequently starts to produce
predictions above 100 percent once it has reached 100 percent 9.

To incentivize self-correction, we modify the ground truth progress labels p̂i by adding noise sampled
from a normal distribution:

p̃i = p̂i + ϵi, where ϵi ∼ N (0, (0.1)2) (1)

This creates examples of non-monotonic behavior in progress, and although this provides a less clean
signal, we find that this seems to improve performance.

Applying Reinforcement Learning To address the monotonicity bias and reduce invalid predic-
tions above 100% in long context reasoning, we employ reinforcement learning to optimize the
model’s progress prediction behavior.

We design three reward functions, evaluated on a batch of N model outputs O = {o1, . . . , oN} for
a given question. For each output oi, let Pi = {pi,1, . . . , pi,Ti

} denote the sequence of predicted
progress percentages at each marker (with Ti markers), and Ai = {ai,1, . . . , ai,Ti

} the corresponding
ground-truth progress percentages at those positions. Let yi be the model’s boxed answer and a∗i the
ground-truth answer for output oi.

• Prediction Accuracy: Mean Absolute Error (MAE) between the predicted and true progress
percentages, clipped to [0, 1]:

Rpred(oi) = 1− 1

|Pi|

|Pi|∑
j=1

|clip(pi,j , 0, 1)− ai,j | (2)

where clip(x, 0, 1) = max(0,min(x, 1)).
• Formatting Consistency: Rewards regular insertion of progress markers approximately

every τ tokens, and penalizes progress markers that are placed outside the <think> ...
</think> region:

Rformat(oi) = 1− 1

Ti − 1

Ti−1∑
j=1

min

(
|ti,j+1 − ti,j − τ |

τ
, 1

)
+ Poutside(oi) (3)

where ti,j is the token index of the j-th progress marker in output oi, Ti is the total number
of progress markers in oi, and τ = 250 is the target interval. Note that this reward is
maximized (equal to 1, before any outside-region penalties) when each consecutive pair
of progress markers is exactly τ tokens apart, i.e., ti,j+1 − ti,j = τ for all j. The penalty
term Poutside(oi) is defined as Poutside(oi) = −min(0.1 ·Noutside, 0.5), where Noutside is the
number of progress markers that appear outside the <think> ... </think> region.

• Mathematical Correctness: Binary reward for correctly solving the underlying problem:

Rmath(oi) = 1[yi = a∗i ] (4)

where 1[·] is the indicator function, yi is the model’s predicted answer, and a∗i is the
ground-truth answer.

The total reward for output oi is a linear combination of individual rewards:

R(oi) = λ1Rpred(oi) + λ2Rformat(oi) + λ3Rmath(oi)

where λ1, λ2, λ3 are weighting coefficients.

5
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Table 2: Mathematical performance (accuracy %) on MATH500, AMC23, and OlympiadBench
datasets

Model MATH500 AMC23 OlympiadBench (Subset)
DEEPSCALER-1.5B 63.0 80.0 22.0
SFT (Naive Noisy) 64.2 60.0 19.3
SFT (No Noise) 63.0 62.5 13.3
RL (Naive Noise) 62.6 67.5 16.0
RL (No Noise) 61.4 72.5 16.0

Table 3: Progress prediction performance (MAE) across different model configurations and sequence
length categories

<16K Correct <16K Incorrect >16K Correct >16K Incorrect

Model Raw Clip Raw Clip Raw Clip Raw Clip

Random Baseline 0.333 0.333 0.333 0.333 0.333 0.333 0.333 0.333
SFT (Noise) 0.104 0.104 0.136 0.132 0.206 0.206 0.288 0.256
SFT 0.224 0.139 0.265 0.157 0.796 0.491 4.027 0.386
SFT + RL 0.102 0.102 0.133 0.132 0.232 0.232 0.343 0.264
SFT (Noise) + RL 0.101 0.101 0.128 0.128 – – 0.271 0.265

Objective As our policy gradient algorithm, we use GRPO (Shao et al., 2024) with modifications
inspired by DAPO (Yu et al., 2025) and (Jaghour et al., 2025). The specific hyperparameters can be
found in Appendix 6.

We find that performance on reasoning tasks drops after incorporating progress prediction capabilities
into the base model, as evidenced by the results in Tables 3. This might be due to the model optimizing
reward through prediction accuracy and formatting consistency at the expense of mathematical
correctness. For example, a natural way to improve performance might be to produce shorter
reasoning traces as these might be easier to predict 3, however we find that the mean length of the
reasoning trace increases, not decreases.

Given our hardware constraints, we are forced to limit the completion length during RL to 8,096
tokens compared to the original model’s 24K which could impair reasoning performance.

More work is needed, to accurately measure to what extent simultaneous progress prediction hampers
performance on the core task of reasoning. For example, during RL, the model could be incentivized
to produce shorter inherently more predictable generations.

We also find that although RL overall does not seem to improve the mean progress prediction, it
enables better progress prediction for longer sequences, by ensuring against the model guessing
above 100 pct 10 9. In the ablations section of the appendixC, we suggest other approaches to lower
prediction error; we find that using custom prediction tokens significantly improves performance and
enables emergent backtracking behavior despite monotonic training data C.1.

4.1 COMPARATIVE EVALUATION: PROBE VS. FINE-TUNED LLM APPROACHES

Evaluation Protocol. Using the test used to train the probes, consisting of reasoning traces from
(Luo et al., 2025). We segment random prefixes from our test set and prompt the model by appending
a <progress bar> tag at the selected position. We then perform autoregressive sampling until
the model generates the prediction and the corresponding closing tag: </progress bar>. This
evaluation setup differs from the training regime, where the model has access to its previous progress
predictions through the attention mechanism. To evaluate the probes we obtain the hidden states at a
given position by having DEEPSCALER-1.5B predict the next token given the prefix.

Methodological Considerations. We evaluate both approaches on identical token positions within
the same test sequences. Our probe-based methods output discrete probability distributions over
10 quantized progress classes: {0%, 11.1%, 22.2%, . . . , 100%}. We convert this to discrete values

6
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Figure 3: Prediction error as a function of length of the reasoning trace from which that prediction
originated. We see that prediction error increases with sequence length. Predictions are clipped to be
in interval (0,1)

Table 4: Comparison of MLP-probe (f concat
probe ) performance at different layers and LLM

Configuration L8 (fprobe) L8 (f concat
probe ) L16 (fprobe) L16 (f concat

probe ) L24 (fprobe) L24 (f concat
probe ) SFT (No Noise)

MAE 0.1795 0.1443 0.2306 0.1737 0.3233 0.1970 0.2057

in [0, 100] by computing the expected value E[p] =
∑9

i=0 pi · (11.1i) where pi is the predicted
probability for class i, and rounding to closest integer. This ensures the output domains of both
methods are identical.

Methodological Considerations. We evaluate both approaches on identical token positions within
the same test sequences. Our probe-based methods output discrete probability distributions over
10 quantized progress classes: {0%, 11.1%, 22.2%, . . . , 100%}. We convert this to discrete values
in [0, 100] by computing the expected value E[p] =

∑9
i=0 pi · (11.1i) where pi is the predicted

probability for class i, and rounding to closest integer. This ensures the output domains of both
methods are identical.

5 HOW PREDICTABLE IS PROGRESS?

An interesting question is what is a reasonable lower bound on prediction error for progress estima-
tion?

Given a question q, we take i = 1 . . . n random prefixes Ci
k (the first k tokens) from the trace C

and generate t rollouts for each, so that for the i’th prefix we have τ i0 . . . τ
i
t rollouts, sampled from

P (·|q,Ci
k). We sample with temperature 0.6 as recommended in (Luo et al., 2025), we argue that

this is a fair assumption, as this is the temperature people are recommended to be using in production.
We set t = 8 and n = 12 and compare our results with |Ci

k|
|C| .

We examine 500 sequences in total, generated using questions from Math500. The dispersion of
possible trajectories (lower left plot) shows the coefficient of variation over samples. As we condition

7
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Figure 4: Relative position refers to (pos / sequence length). We observe that the mae is around
5%-10% suggesting this is a lower bound, for how well progress can be predicted. We also find that
the coefficient of variation decreases monotonically with position, and thus the dispersion in possible
CoT lengths decreases the further we are in the reasoning process. That is, as our observed prefix
increases in length, it progressively constrains the distribution of possible trajectory completions.

on a larger number of tokens k, this value decreases. For ŷ, y ∈ [0, 1) let ŷ be the estimated progress
and y the true progress k

|C| where |C| is the total length of the complete trace. Let Pi,j =
|Ci

k|
|Ci

k|+|τ i
j |

maei =
1
t

∑t
j=1

∣∣∣ |Ci
k|

|C| − Pi,j

∣∣∣ and cvi =
std(Pi,0,...,Pi,t)

mean(Pi,0,...,Pi,t)

6 CONCLUSION AND FUTURE RESEARCH

In this paper, we explore methods for predicting progress in reasoning models. Our experiments
demonstrate that current models encode a notion of progress in their internal representations, with
an MLP probe achieving close to 30% accuracy over 10 classes, moreover the errors appear highly
localized (MAE 1.75).

Motivated by these observations, we introduce a simple strategy for directly incorporating prediction
into the llm through a 2-step process of SFT and RL - and demonstrate that at smaller scales (below
16K) the approach works significantly better than random guessing, even when limited to LoRA
fine-tuning. However, the conflict between progress-prediction and reasoning quality remains unclear.

Future Research Directions We find, after having applied our post-training recipe, that model rea-
soning performance seems to degrade slightly. Future research should further study this phenomenon:
is there an inherent tradeoff between these two tasks, or is degraded performance an artifact of our
training methodology or limited computational resources?

This paper focuses on mathematical reasoning, which at face-value seems to be one of the most
challenging domains for progress prediction (i.e., it seems harder to forecast how far we are from
solving the Riemann hypothesis than how long it will take a person to go to the supermarket) —
applying these principles to other domains such as research or multi-turn agents (Jin et al., 2025)
could be fruitful area of research.

Another potential area of improvement is making the progress-update ”surprisal-based”, that is, the
model learns to emit predictions at major/crucial points in the reasoning, when the model deviates
from its prior rate of progress.

8
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7 PRIOR WORK

7.1 SEARCH PROGRESS

Beside the foundational work of Thayer et al. (2012), Sudry & Karpas (2021) are the first to apply
deep learning methods to progress prediction. They convert the problem into a supervised learning
task, training an LSTM to predict progress, conditioned on prior search history.

Related work has been done in the field of neural theorem proving, where (Huang et al., 2025)
train a language model to predict the number of steps remaining to reach a ’no goals state’ (proof
completion) in LEAN (Moura & Ullrich, 2021). (Ma et al., 2019; Zhu et al., 2020) apply progress
estimation to vision-language navigation in robotics.

7.2 REINFORCEMENT LEARNING FOR LLMS

Reinforcement Learning is a learning approach in which an agent, acting in an environment, attempts
to maximize future discounted rewards over a policy (Kaelbling et al., 1996; Sutton & Barto, 2018).

Reinforcement learning for LLMs was popularized with RLHF (Ouyang et al., 2022), in which a
language model is optimized using feedback from a reward model trained on human preference data
(Lambert et al., 2024). More recently, RL has been applied to train reasoning models (DeepSeek-AI
et al., 2025).

Group Relative Policy Optimization (GRPO) (Shao et al., 2024) has become popular for this purpose
as it as opposed to Rafailov et al. (2024) removes the need for a value model while maintaining stable
training dynamics.

Let q be a prompt and {o0 . . . oi . . . oG} rollouts sampled from Pθ(·|q, oi,<t) where θ is our policy
network. Then Âi,t is the advantage for token t in rollout i. We define ri,t(θ) =

πθ(oi,t|q,oi,<t)
πθold (oi,t|q,oi,<t)

as
the probability ratio between the new and old policies.

GRPO Objective.

JGRPO(θ) = Eq∼P (Q),{oi}G
i=1∼πθold (O|q)

1

G

G∑
i=1

1

|oi|

|oi|∑
t=1

{
min

(
ri,t(θ)Âi,t, clip (ri,t(θ), 1− ϵ, 1 + ϵ) Âi,t

)
− βDKL[πθ(·|q)∥πref(·|q)]

} (5)

The clip function restricts the probability ratio to the interval [1− ϵ, 1 + ϵ], with ϵ a small positive
constant (e.g., 0.2), to avoid excessively large policy updates. KL divergence between the probability
distributions is added as a regularization term.

Shao et al. (2024) introduced group relative advantages, where the advantage is computed as the
group relative reward Âi,t =

ri−mean(r)
std(r) .
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Table 5: Comparison of conditional vs marginal prediction performance on AMC23

Condition MAE (all predictions) MAE (filtered)
Unconditioned 0.218 0.176
Conditioned 0.297 0.173

Table 6: Hyperparameters used in all experiments

Parameter Value
β 0
ϵhigh 0.28
ϵ 0.2
learning rate 1× 10−6

lr scheduler constant with warmup
warmup steps 25
num train epochs 1
num generations 4
temperature 1.0
max steps 500
bf16 True
max grad norm 0.1
max completion length 8096
δ 4

Fengda Zhu, Yi Zhu, Xiaojun Chang, and Xiaodan Liang. Vision-language navigation with self-
supervised auxiliary reasoning tasks, 2020. URL https://arxiv.org/abs/1911.07883.

zwhe99. Amc 2023. URL https://huggingface.co/datasets/zwhe99/amc23.

A DO PRIOR PREDICTIONS MATTER?

One interesting question is: what is the difference between modeling conditional (where we can
attend to prior predictions) vs the marginal (where we don’t have access to prior ones)?

We study this for our supervised fine-tuned model (sft-no-noise) on the reasoning traces generated on
Amc23.

As vLLM does not support custom masking, we use str-replace to remove any prior predictions,
then prompt each model with the prefix leading up to the current position with a <progressbar>
marker.

The independent estimate achieves better overall performance (0.218 vs 0.297 MAE), but when
filtering for invalid predictions above 100%, performance is comparable (0.176 vs 0.173). Intuitively,
the conditional entropy cannot increase when we condition on more variables, and so a robust
predictor, we would expect to be at least as good if not better. We also find that for domains in which
the model does not think about predicting above 100%, conditioning on past predictions leads to
slightly better performance.

B HYPERPARAMETERS

C ABLATIONS

C.1 USING CUSTOM PREDICTION TOKENS ENABLES BACKTRACKING

Instead of having the tokens within (<progressbar></progressbar>) be normal tokens, for
example leading to a prediction like ’<progressbar>10%</progressbar>’ where ’1’, ’0’
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Figure 5: Heatmap visualization of predicted probability distributions across multiple sequences.
Each column represents data points at a specific actual progress position (x-axis), while the y-axis
shows the predicted progress bins (0%-100%). The color intensity indicates the probability mass
assigned to each prediction bin, aggregated across all sequences in the dataset

and ’%’ are separate tokens, we construct tokens [0%] . . . [100%]. Thus the model would instead
be trained to predict ’<progressbar>[10%]</progressbar>’. This has the additional benefit
that we can obtain the probability distribution over our labels 0% - 100% in one step.

Our hypothesis is that reusing tokens like ’1’ ’%’ for custom prediction tasks as well as for the standard
language modeling, confuses the model, thereby leading to problems like the model predicting above
100%.

Model Dataset MAE MAE (clipped) Accuracy
with special tokens math500 0.2012 - 0.6460
sft (No Noise) math500 0.2905 0.2088 0.6300
with special tokens ommath 0.2374 - 0.1667
sft (No Noise) ommath 0.3395 0.2228 0.1533
with special tokens amc23 0.2121 - 0.7000
sft (No Noise) amc23 0.2990 0.2561 0.6250

Table 7: Performance comparison between SFT model with and without custom prediction tokens

Interestingly, we find that despite being trained on a dataset that only shows monotonically increasing
progress markers, the model is able to backtrack on its prior predictions. We find this to be the case
despite not being explicitly trained to backtrack, where the model is able to exhibit backtracking
behavior.
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Table 8: Performance comparison between models with custom predictions tokens with and without
masking schedule

Model Dataset MAE Accuracy
w/o masking schedule math500 0.2012 0.6460
w/ masking schedule math500 0.1874 0.6240
w/o masking schedule ommath 0.2374 0.1667
w/ masking schedule ommath 0.2141 0.1533
w/o masking schedule amc23 0.2121 0.7000
w/ masking schedule amc23 0.1958 0.7750

Figure 6: Ratio of non monotonic / monotonic predictions as a function of sequence length.

C.2 MASKING SCHEDULES

We apply a cosine warmup schedule from 0 to 0.5 where all tokens inside
<progressbar></progressbar> are masked out with probability up to 50%. Our
hypothesis is that this can act as a form of regularization, ensuring robustness.

We find that the model’s prediction error is lower while reasoning performance stays roughly constant.
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Figure 7: 16 examples of backtracking, the line with slope 1 indicates the perfect prediction for the
model trained with special tokens and a masking schedule

Figure 8: The figure shows examples of predictions during different reasoning trajectories
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D GRAPHS

Figure 9: Fraction of invalid predictions above 100% on AMC23 dataset

Figure 10: Percent of model predictions above 100 percent, during training

E EXAMPLE

Below is an example of a reasoning trace from the sft (No Noise) model.

<think>\n’
’Okay, so I need to figure out how many different values I can get by ’
’inserting parentheses in the expression 2·3·4·5 + 1. The problem says that ’
’changing the order of operations by adding parentheses can give different ’
’results. For example, they gave (2·(3·4))·(5+1) = 144, which is different ’
’from the original 121. The question is asking for the total number of ’
’distinct values possible through all such insertions.\n’

17



918
919
920
921
922
923
924
925
926
927
928
929
930
931
932
933
934
935
936
937
938
939
940
941
942
943
944
945
946
947
948
949
950
951
952
953
954
955
956
957
958
959
960
961
962
963
964
965
966
967
968
969
970
971

Under review as a conference paper at ICLR 2026

’First, let me recall that parentheses can change the order in which ’
’operations are performed. Since multiplication has higher precedence than ’
’addition, inserting parentheses can force certain operations to happen ’
’first. The original expression is 2·3·4·5 + 1. If I just follow the order ’
"without parentheses, it’s (2·3·4·5) + 1 = 120 + 1 = 121. But by inserting "
’parentheses, we can group different operations together, which might lead to ’
’different results.\n’
’The key here is to consider all possible ways to parenthesize the ’
’expression. Each insertion of parentheses can potentially change the order ’
’of operations. <progressbar>2%</progressbar> The original expression has ’
’four numbers: 2, 3, 4, 5, and the +1 at the end. So, how many different ’
’parenthesizations are there?\n’
’I remember that for an expression with n numbers and k operations, the ’
’number of different parenthesizations is given by the Catalan numbers. But ’
’here, the operations are fixed: multiplication and addition. However, the ’
’problem allows inserting parentheses to change the order of operations, but ’
"the numbers and operations are fixed. So maybe it’s similar to inserting "
’parentheses in a binary tree structure.\n’
"Wait, let’s think. The original expression is 2·3·4·5 + 1. The operations "
’are multiplication between 2 and 3, 3 and 4, 4 and 5, and then addition of ’
’1. But inserting parentheses can change where the additions are performed.\n’
’Alternatively, maybe we can model this as a binary tree where each ’
’multiplication is a node with two children, and the addition is a node with ’
’one child. But since we have fixed operations, the structure is fixed. ’
’However, inserting parentheses can group different operations together.\n’
’Wait, perhaps another approach: <progressbar>4%</progressbar> The original ’
’expression is a sequence of multiplications followed by an addition. If we ’
’insert parentheses, we can group some multiplications together, which might ’
’affect the order in which additions happen.\n’
’Let me consider all possible ways to parenthesize the expression. The ’
’original expression is 2·3·4·5 + 1. The possible parenthesizations would ’
’involve grouping different parts together. For example:\n’
’1. Group all multiplications first: ((2·3)·4)·5 + 1 = 120 + 1 = 121\n’
’2. Group some multiplications first and then the addition: (2·3·4)·(5 + 1) = ’
’24·6 = 144\n’
’3. Alternatively, maybe group the addition first? But addition has lower ’
"precedence, so unless we have parentheses around the addition, it’s not "
’possible. So the addition must be done after all multiplications. Wait, but ’
’the original expression is 2·3·4·5 + 1. If we insert parentheses to group ’
"the addition first, but since addition is lower precedence, we can’t do "
’that. <progressbar>6%</progressbar> So the addition must be done after all ’
’multiplications.\n’
’Wait, but the original expression is written as 2·3·4·5 + 1. If we insert ’
’parentheses to group the addition first, it would have to be something like ’
"2·3·4·(5 + 1), but that’s already parenthesized as ((2·3·4)·6) which is "
’different. Wait, but the original expression is written as 2·3·4·5 + 1. So ’
’maybe the structure is that all multiplications are done first, and then the ’
"addition. But that’s the original expression.\n"
’But the problem allows inserting parentheses, so we can group different ’
’operations. For example, if we group 5 + 1 first, but addition has lower ’
"precedence. So unless we have parentheses around the addition, it’s not "
’possible. Therefore, the addition must be done after all multiplications. ’
’Therefore, the only way to group operations is to group some multiplications ’
’together, which would change the order in which the addition is performed.\n’
"Wait, maybe not. Let’s think of the expression as a sequence of operations. "
’<progressbar>8%</progressbar> The original expression is 2·3·4·5 + 1. The ’
’operations are multiplication and addition. The structure is: 2 × 3 × 4 × 5 ’
’+ 1. If we insert parentheses, we can group some multiplications first, ’
’which would change the order in which additions happen. For example, if we ’
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’group 2·3 first, then multiply by 4, then multiply by 5, and then add 1. But ’
"that’s the same as the original expression. Alternatively, if we group 3·4 "
"first, then multiply by 5, then add 1. But again, that’s the same as the "
’original expression. Wait, perhaps inserting parentheses can allow us to ’
’perform operations in different orders.\n’
’Wait, perhaps the key is that when you have multiple multiplication ’
’operations, you can choose which ones to group first. For example, in the ’
’original expression, there are three multiplication operations: 2×3, 3×4, ’
’4×5. If we group some of these first, the addition might be done after. Let ’
’me try to list all possible parenthesizations.\n’
’ <progressbar>10%</progressbar> The original expression is 2·3·4·5 + 1. ’
"Let’s consider the possible groupings:\n"
’1. All multiplications first: ((2·3)·4)·5 + 1 = 120 + 1 = 121\n’
"2. Group 2·3·4 first: (2·3·4)·5 + 1 = 24·5 + 1 = 120 + 1 = 121. Wait, that’s "
"the same as before. Hmm. So that’s not different.\n"
’Wait, maybe grouping 3·4 first: 2·(3·4)·5 + 1 = 2·24·5 + 1 = 48·5 + 1 = 240 ’
"+ 1 = 241. Wait, that’s different. So that’s another value.\n"
’Similarly, grouping 4·5 first: 2·3·(4·5) + 1 = 2·3·20 + 1 = 6·20 + 1 = 120 + ’
’1 = 121. <progressbar>12%</progressbar> Again, same as original.\n’
"Alternatively, grouping 2·3·4·5 first: but that’s just 120, then add 1. But "
"the original expression is 2·3·4·5 + 1, so maybe that’s not allowed. Wait, "
"the original expression is written as 2·3·4·5 + 1, so perhaps we can’t group "
’the entire expression first. So maybe the possible groupings are:\n’
’- Group 2·3 first: ((2·3)·4)·5 + 1 = 120 + 1 = 121\n’
’- Group 3·4 first: 2·(3·4)·5 + 1 = 24·5 + 1 = 121\n’
’- Group 4·5 first: 2·3·(4·5) + 1 = 6·20 + 1 = 121\n’
’- Group 2·3·4 first: (2·3·4)·5 + 1 = 24·5 + 1 = 121\n’
’- Group 2·3 first and 4·5 first: 2·(3·4·5) + 1 = 2·60 + 1 = 121\n’
’- Group 3·4 first and 5: 2·3·(4·5) + 1 = same as above.\n’
’ <progressbar>15%</progressbar> Wait, maybe there are more possibilities. ’
"Let’s think step by step.\n"
"The expression is 2·3·4·5 + 1. Let’s consider the possible ways to "
’parenthesize. The operations are multiplication and addition. The structure ’
’is a binary tree with four multiplications and one addition. However, the ’
"addition is at the end, so it’s a left-associative operation. But by "
’inserting parentheses, we can change the order in which the additions are ’
’performed.\n’
’Wait, perhaps we can model this as inserting parentheses in different ’
’places. Let me recall that in such expressions, the number of different ’
’parenthesizations is given by the Catalan numbers, but here, since the ’
’operations are fixed, maybe the number is different.\n’
’Wait, the original expression is 2·3·4·5 + 1. The Catalan number for n=4 is ’
"14, but that’s for different parenthesizations with all possible operations. "
’However, in our case, the operations are fixed: multiplication and addition. ’
’So maybe the number of distinct values is less.\n’
’Alternatively, perhaps the problem is similar to evaluating the expression ’
"with different groupings. <progressbar>17%</progressbar> Let’s try to list "
’all possible parenthesizations.\n’
"First, note that the original expression is 2·3·4·5 + 1. Let’s consider all "
’possible ways to group the multiplications and additions.\n’
’1. All multiplications first: ((2·3)·4)·5 + 1 = 120 + 1 = 121\n’
’2. Group 2·3 first, then multiply by 4, then add 5: 2·3·(4·5) + 1 = 2·3·20 + ’
’1 = 120 + 1 = 121\n’
’3. Group 3·4 first, then multiply by 5, then add 1: (2·3·4)·5 + 1 = 24·5 + 1 ’
’= 121\n’
’4. Group 4·5 first, then multiply by 2, then add 1: 2·3·(4·5) + 1 = same as ’
’above, 121\n’
’Wait, so all these groupings result in 121. <progressbar>19%</progressbar> ’
"That can’t be right. The problem states that inserting parentheses can give "
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’different results. So maybe there are other groupings.\n’
’Wait, perhaps if we group some multiplications and then the addition. For ’
"example, 2·(3·4)·5 + 1 = 2·24·5 + 1 = 240 + 1 = 241. That’s a different "
"value. So that’s another value.\n"
’Similarly, 3·(2·4)·5 + 1 = 3·8·5 + 1 = 120 + 1 = 121. Hmm, same as before.\n’
’Alternatively, 2·3·(4·5) + 1 = 2·3·20 + 1 = 120 + 1 = 121. Again, same.\n’
’Wait, so perhaps the key is that when you group different multiplications ’
"together, you can get different intermediate results. Let’s see.\n"
’Let me try to list all possible parenthesizations. The expression is 2·3·4·5 ’
’+ 1. <progressbar>21%</progressbar> The operations are multiplication and ’
’addition. The original expression is left-associative, so all ’
’multiplications happen before the addition. However, by inserting ’
’parentheses, we can change the order in which multiplications are done.\n’
’Possible parenthesizations:\n’
’1. ((2·3)·4)·5 + 1 = 120 + 1 = 121\n’
’2. 2·(3·4)·5 + 1 = 2·24·5 + 1 = 240 + 1 = 241\n’
’3. 2·3·(4·5) + 1 = 2·3·20 + 1 = 120 + 1 = 121\n’
’4. 2·3·4·(5 + 1) = 2·3·4·6 = 144\n’
’5. 2·(3·4·5) + 1 = 2·60 + 1 = 121\n’
’6. (2·3)·4·(5 + 1) = 12·4·6 = 288 + 1? <progressbar>23%</progressbar> Wait, ’
’no. Wait, if we group 5 + 1 first, but addition has lower precedence. Wait, ’
’unless we insert parentheses around the addition. But in the original ’
’expression, the addition is at the end. So unless we have parentheses around ’
"the entire expression, but that’s not allowed.\n"
’Wait, maybe there are more possibilities. Let me think again.\n’
’Alternatively, perhaps the expression can be parenthesized in different ways ’
’where different multiplications are grouped. For example:\n’
’1. Group 2·3 first: ((2·3)·4)·5 + 1 = 120 + 1 = 121\n’
’2. Group 3·4 first: 2·(3·4)·5 + 1 = 2·24·5 + 1 = 240 + 1 = 241\n’
’3. Group 4·5 first: 2·3·(4·5) + 1 = 2·3·20 + 1 = 120 + 1 = 121\n’
’4. Group 2·3·4 first: (2·3·4)·5 + 1 = 24·5 + 1 = 120 + 1 = 121\n’
’5. Group 2·3·4·5 first: 2·3·4·5 + 1 = 120 + 1 = 121\n’
’6. Group 2·3 first and 4·5 first: 2·(3·4·5) + 1 = 2·60 + 1 = 120 + 1 = 121\n’
’7. Group 3·4 first and 5: 2·3·(4·5) + 1 = same as above, 121\n’
’8. Group 2·3·4 first and 5: 2·(3·4)·5 + 1 = same as above, 241\n’
" <progressbar>27%</progressbar> Wait, but that’s only 7 distinct values: "
’121, 144, 241. But that seems too few. The problem says "how many values can ’
’be obtained", and the example gives 144, which is one of them. Maybe there ’
’are more.\n’
’Wait, perhaps I need to consider all possible ways of parenthesizing the ’
’multiplication and addition. The original expression is 2·3·4·5 + 1. Let me ’
’think of the possible ways to group the multiplications.\n’
’The multiplication operations are between 2·3, 3·4, 4·5. The addition is ’
’between the result of 2·3·4·5 and 1. But inserting parentheses can change ’
’the order of operations. For example, if we group 2·3 first, then multiply ’
"by 4, then multiply by 5, then add 1. But that’s the same as the original "
’expression. Alternatively, if we group 3·4 first, then multiply by 5, then ’
’add 1. That would be 2·(3·4)·5 + 1 = 2·24·5 + 1 = 240 + 1 = 241.\n’
’ <progressbar>29%</progressbar> Alternatively, if we group 4·5 first, then ’
"multiply by 2, then add 1. That’s 2·3·(4·5) + 1 = 2·3·20 + 1 = 120 + 1 = "
"121. So that’s the same as the original.\n"
’Alternatively, if we group 2·3·4 first, then multiply by 5, then add 1. ’
"That’s 2·3·4·5 + 1 = 120 + 1 = 121.\n"
’Alternatively, if we group 2·3 first, then multiply by 4, then add 5, but ’
"that’s the same as the original.\n"
’Wait, perhaps the key is that the addition is after all multiplications. But ’
’if we can group different multiplications together, we can change the order. ’
’Let me think of the expression as a sequence of operations. The original is ’
’2 * 3 * 4 * 5 + 1. If we insert parentheses to group different ’
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’multiplications, we can create different intermediate results.\n’
’ <progressbar>31%</progressbar> Wait, perhaps another way: the expression ’
’can be written as 2 * 3 * 4 * 5 + 1. If we insert parentheses to group the ’
"first two multiplications, then multiply by 4 and 5, then add 1. But that’s "
’the same as the original. Alternatively, if we group the last two ’
’multiplications first, then multiply by the first two, then add 1. That ’
’would be ((2 * 3) * (4 * 5)) + 1 = 12 * 20 + 1 = 240 + 1 = 241.\n’
’Alternatively, if we group the first multiplication and the last two ’
’multiplications. Wait, but how?\n’
’Wait, perhaps the possible parenthesizations are:\n’
’1. ((2·3)·4)·5 + 1 = 120 + 1 = 121\n’
’2. 2·(3·4)·5 + 1 = 240 + 1 = 241\n’
’3. 2·3·(4·5) + 1 = 120 + 1 = 121\n’
’4. 2·3·4·(5 + 1) = 240 + 1 = 241\n’
’ <progressbar>33%</progressbar> 5. 2·(3·4·5) + 1 = 2·60 + 1 = 120 + 1 = 121\n’
’6. (2·3)·4·5 + 1 = 12·4·5 + 1 = 240 + 1 = 241\n’
"Wait, but these are all the same values: 121 and 241. That can’t be right. "
"The problem must have more possible values. Maybe I’m missing some.\n"
"Wait, perhaps there’s another way to group. For example, 2·3·4·5 + 1 can be "
"grouped as 2·(3·(4·5 + 1)) or something. Let’s try that.\n"
’If we group 4·5 first, then add 1, then multiply by 3, then multiply by 2. ’
’That would be 2·3·(4·5 + 1) = 2·3·(20 + 1) = 2·3·21 = 63 + 1 = 64? ’
’<progressbar>35%</progressbar> Wait, no. Wait, the expression is 2·3·4·5 + ’
’1. If we group 4·5 first, then add 1, then multiply by 3 and 2. Wait, but ’
’the original expression is written as 2·3·4·5 + 1, so the addition is at the ’
’end. If we insert parentheses around 4·5 + 1, then multiply by 3 and 2. But ’
’that would be 2·3·(4·5 + 1) = 2·3·21 = 126 + 1 = 127? Wait, no. Wait, the ’
’original expression is 2·3·4·5 + 1. If we group 4·5 first, then add 1, then ’
"multiply by 3 and 2. But how does that work? Let’s parse it.\n"
’If we write 2·3·4·5 + 1 as 2·3·(4·5 + 1). Then compute 4·5 + 1 first, which ’
’is 20 + 1 = 21. <progressbar>37%</progressbar> Then multiply by 3 and 2: ’
’2·3·21 = 6·21 = 126. Then add 1? Wait, no. Wait, the original expression is ’
’2·3·4·5 + 1. If we group 4·5 + 1 first, then multiply by 3 and 2, but the ’
’original expression is 2·3·4·5 + 1. So inserting parentheses around 4·5 + 1 ’
’would require changing the original structure. Let me see:\n’
’Original: 2·3·4·5 + 1\n’
’If we want to group 4·5 + 1 first, we need to write it as 2·3·(4·5 + 1). But ’
’in the original expression, the addition is separate. So inserting ’
’parentheses around 4·5 + 1 would require modifying the original expression. ’
’However, the original expression is written as 2·3·4·5 + 1. So inserting ’
’parentheses around 4·5 + 1 would mean changing it to 2·3·(4·5 + 1), which ’
’would be different. <progressbar>40%</progressbar> But in that case, the ’
’value would be 2·3·21 = 6·21 = 126, then add 1? Wait, no. Wait, the original ’
’expression is 2·3·4·5 + 1. If we insert parentheses around 4·5 + 1, the ’
’expression becomes 2·3·(4·5 + 1). Then, according to order of operations, ’
’multiplication is done before addition, so first compute 4·5 + 1 = 21, then ’
’multiply by 3 and 2: 2·3·21 = 6·21 = 126. But in the original expression, ’
’the +1 is outside the parentheses. So if we group 4·5 + 1 first, the value ’
’would be 126, but the original expression is 2·3·4·5 + 1. So the difference ’
’is whether the +1 is after the entire multiplication or not. If we insert ’
’parentheses around 4·5 + 1, then the expression becomes 2·3·(4·5 + 1). ’
"<progressbar>42%</progressbar> If we don’t insert parentheses, it’s 2·3·4·5 "
’+ 1. Therefore, inserting parentheses around 4·5 + 1 changes the value. So ’
"that’s a new value. So that’s 126. Then, are there other groupings?\n"
"Wait, let’s check another grouping. Suppose we group 2·3 first, then "
"multiply by 4 and 5, then add 1. But that’s the original expression. "
"Alternatively, group 2·3·4 first, then multiply by 5, then add 1. That’s "
"24·5 + 1 = 120 + 1 = 121. So that’s the same as original. Alternatively, "
"group 2·3·4·5 first, then add 1. That’s 120 + 1 = 121. So that’s the same.\n"

21



1134
1135
1136
1137
1138
1139
1140
1141
1142
1143
1144
1145
1146
1147
1148
1149
1150
1151
1152
1153
1154
1155
1156
1157
1158
1159
1160
1161
1162
1163
1164
1165
1166
1167
1168
1169
1170
1171
1172
1173
1174
1175
1176
1177
1178
1179
1180
1181
1182
1183
1184
1185
1186
1187

Under review as a conference paper at ICLR 2026

"Alternatively, group 3·4 first, then multiply by 5, then add 1. That’s "
"2·24·5 + 1 = 240 + 1 = 241. <progressbar>44%</progressbar> So that’s "
’another value.\n’
’Wait, but if we group 4·5 first, then multiply by 2 and 3, then add 1. That ’
’would be 2·3·(4·5) + 1 = 12·20 + 1 = 240 + 1 = 241. So same as before.\n’
"Alternatively, group 2·3·4 first, then multiply by 5, then add 1. That’s "
’24·5 + 1 = 120 + 1 = 121.\n’
"Alternatively, group 2·3 first, then multiply by 4 and 5, then add 1. That’s "
’the original expression. So same result.\n’
"Alternatively, group 2·3·4·5 first, then add 1. That’s 120 + 1 = 121.\n"
’Wait, so so far, we have two values: 121 and 241. But the problem says "how ’
’many values can be obtained", and the example gives 144. ’
’<progressbar>46%</progressbar> So there must be more.\n’
’Wait, perhaps I need to consider different groupings where different ’
’multiplications are combined in different orders. Let me try another ’
’approach.\n’
"The original expression is 2·3·4·5 + 1. Let’s consider all possible ways to "
’group the multiplications. Each multiplication can be grouped or not. ’
’However, the addition is fixed. So the possible groupings would involve ’
’inserting parentheses around different parts of the expression.\n’
’Possible groupings:\n’
’1. ((2·3)·4)·5 + 1 = 120 + 1 = 121\n’
’2. 2·(3·4)·5 + 1 = 240 + 1 = 241\n’
’3. 2·3·(4·5) + 1 = 120 + 1 = 121\n’
’4. 2·3·4·(5 + 1) = 240 + 1 = 241\n’
’5. 2·(3·4·5) + 1 = 2·60 + 1 = 120 + 1 = 121\n’
’6. <progressbar>49%</progressbar> Wait, but if we group 5 + 1 first, then ’
’multiply by 2 and 3 and 4. But in the original expression, the addition is ’
’separate. So inserting parentheses around 5 + 1 would change the order. For ’
"example, if we write 2·3·4·(5 + 1), that’s different from the original. So "
"that gives 2·3·4·6 = 144. So that’s a new value.\n"
’Similarly, if we group 4·5 first, then multiply by 2 and 3, then add 1. That ’
’would be 2·3·(4·5) + 1 = 2·3·20 + 1 = 120 + 1 = 121. So same as original.\n’
"Alternatively, group 3·4 first, then multiply by 5, then add 1. That’s "
’2·(3·4)·5 + 1 = 24·5 + 1 = 120 + 1 = 121. So same as original.\n’
’Alternatively, group 2·3 first, then multiply by 4·5, then add 1. ’
"<progressbar>51%</progressbar> That’s 2·(3·4·5) + 1 = 2·60 + 1 = 120 + 1 = "
’121.\n’
’Wait, so the only new value from grouping different multiplications is 144. ’
’But the problem statement says "the expression 2·3·4·5 + 1 can be obtained ’
’by inserting parentheses in 144 different ways". Wait, but according to my ’
’current analysis, only 144 and 121. But the problem states 144 different ’
’values. So there must be more groupings.\n’
’Wait, perhaps I missed some groupings. Let me think again.\n’
’Alternatively, maybe inserting parentheses around different segments. For ’
’example:\n’
’1. Group 2·3 first: ((2·3)·4)·5 + 1 = 120 + 1 = 121\n’
’2. Group 3·4 first: 2·(3·4)·5 + 1 = 240 + 1 = 241\n’
’3. <progressbar>53%</progressbar> Group 4·5 first: 2·3·(4·5 + 1) = 2·3·21 = ’
’6·21 = 126\n’
’4. Group 2·3·4 first: 2·(3·4)·5 + 1 = 240 + 1 = 241\n’
’5. Group 2·3·4·5 first: 2·3·4·5 + 1 = 120 + 1 = 121\n’
’6. Group 2·3·4·5 + 1 as is: 121\n’
’But in this case, grouping 4·5 first gives 126, which is a new value. So ’
"that’s one more value. Then, perhaps other groupings. For example:\n"
"Wait, another way: group 2·(3·4)·5 + 1. Wait, but that’s the same as "
’grouping 3·4 first. Alternatively, group 3·(4·5) first: 2·3·(4·5 + 1) = ’
"2·3·21 = 126. <progressbar>56%</progressbar> So that’s the same as before.\n"
"Alternatively, group 2·(3·4·5) + 1 = 2·60 + 1 = 121. So that’s the same as "
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’original.\n’
"Alternatively, group 2·3·(4·5 + 1) = 2·3·21 = 126. So that’s another value.\n"
"Wait, perhaps there are more possibilities. Let’s see:\n"
’Wait, if we consider inserting parentheses around different segments. For ’
"example, 2·(3·4)·5 + 1. That’s 2·24·5 + 1 = 120 + 1 = 121. So same as "
’original.\n’
"Alternatively, 2·3·(4·5 + 1) = 2·3·21 = 126. So that’s another value.\n"
"Similarly, 2·3·4·(5 + 1) = 2·3·4·6 = 144. So that’s another value.\n"
’So now we have 121, 241, 126, 144. <progressbar>59%</progressbar> Wait, but ’
’the problem says 144 different values. Maybe there are more.\n’
’Wait, perhaps I need to consider all possible groupings where different ’
"multiplications are combined in different orders. Let’s try to list all "
’possible parenthesizations.\n’
’Possible groupings:\n’
’1. ((2·3)·4)·5 + 1 = 120 + 1 = 121\n’
’2. 2·(3·4)·5 + 1 = 240 + 1 = 241\n’
’3. 2·3·(4·5 + 1) = 12·21 = 252? Wait, no. Wait, 4·5 = 20, then 20 + 1 = 21. ’
"Then 2·3 = 6. 6·21 = 126. So 126. So that’s a new value.\n"
"4. 2·3·4·(5 + 1) = 2·3·4·6 = 144. So that’s another value.\n"
’ <progressbar>61%</progressbar> 5. 2·(3·4·5) + 1 = 2·60 + 1 = 121. Same as ’
’original.\n’
’6. 2·3·(4·5 + 1) = 126. Same as before.\n’
’Wait, perhaps there are more. Let me think again.\n’
’Wait, another possible grouping: 2·3·(4·5 + 1) = 2·3·21 = 126. So 126. ’
"Similarly, 2·(3·4·5) + 1 = 120 + 1 = 121. So that’s the same as original.\n"
’Alternatively, if we group 2·3·4·5 + 1, but insert parentheses differently. ’
’For example, 2·(3·4·5 + 1) = 2·60 + 1 = 121. So same as original.\n’
’Alternatively, 2·(3·4·5 + 1) = 120 + 1 = 121. ’
’<progressbar>64%</progressbar> So same.\n’
’Wait, maybe the key is that inserting parentheses around different segments ’
’can lead to different intermediate results. Let me try to list all possible ’
’groupings:\n’
’1. ((2·3)·4)·5 + 1 = 120 + 1 = 121\n’
’2. 2·(3·4)·5 + 1 = 240 + 1 = 241\n’
’3. 2·3·(4·5 + 1) = 2·3·21 = 126\n’
’4. 2·3·4·(5 + 1) = 2·3·4·6 = 144\n’
’5. 2·3·4·5 + 1 = 120 + 1 = 121\n’
’Wait, so from these, the distinct values are 121, 241, 126, 144. But the ’
"problem states that there are 144 different values. So perhaps there’s a "
’misunderstanding here. Wait, maybe the problem is considering all possible ’
’parenthesizations, including those that result in the same value through ’
’different groupings. <progressbar>67%</progressbar> But in the case of 144, ’
"that’s 144 distinct values. But according to my analysis, I only found four "
’values: 121, 241, 126, 144. So maybe the problem is different.\n’
’Wait, perhaps the original problem allows inserting parentheses in such a ’
’way that the order of operations is changed more flexibly. Let me think ’
’again.\n’
’Wait, the problem says "Inserting parentheses can be done in 144 different ’
’ways." So perhaps the answer is 144. But according to my analysis, I found ’
’only four different values. Therefore, there must be a mistake in my ’
’reasoning.\n’
’Alternatively, maybe I need to consider that when you have multiple ’
’multiplications and additions, inserting parentheses can lead to more ’
"combinations. Let’s think recursively. For example, the original expression "
’is 2·3·4·5 + 1. The addition is outside the multiplications. So if we ’
"consider that inserting parentheses can be done at different points. Let’s "
’think of each multiplication as a node and the addition as a child. ’
’<progressbar>70%</progressbar> So the expression is a tree with two ’
’multiplications (2·3, 3·4, 4·5) and one addition. The number of ’
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’parenthesizations would be the number of ways to parenthesize the ’
’multiplications, considering that the addition is a separate node.\n’
’Wait, perhaps the number of ways to parenthesize the multiplications is the ’
’number of ways to parenthesize the three multiplications, which is 2ˆ(n-1) ’
’where n is the number of multiplications. Here, there are three ’
’multiplications. So 2ˆ(3-1) = 4. So 4 ways to parenthesize the ’
’multiplications. Then, for each of those 4 ways, we can insert the addition ’
’in different positions. But the addition is fixed as 2·3·4·5 + 1, so ’
’inserting parentheses around the addition would require changing the order ’
’of the multiplications. Wait, perhaps the addition is considered as a ’
’separate node and the multiplications are grouped in different ways.\n’
’Alternatively, perhaps the problem is similar to the number of different ’
’ways to parenthesize an expression with different operations. For example, ’
’in the expression 2·3·4·5 + 1, the number of ways to parenthesize the ’
’multiplications is 2ˆ(number of multiplications -1). ’
’<progressbar>74%</progressbar> Since there are three multiplications, the ’
’number is 2ˆ(3-1) = 4. Then, for each of these 4 ways, the addition could be ’
’parenthesized in different ways. But since the addition is a single node, ’
’inserting parentheses around it would require considering the entire ’
’expression as a single addition. Wait, but in the original expression, the ’
’addition is separate from the multiplications. So perhaps the number of ’
’parenthesizations is the number of ways to parenthesize the multiplications, ’
’which is 2ˆ(n-1) where n is the number of multiplications. Here, n=3, so ’
’2ˆ(3-1)=4. Then, for each of these 4 ways, the addition could be inserted in ’
’different places. But since the addition is a single node, inserting ’
’parentheses around it would require changing the order of operations, but ’
"since the addition is already separate, maybe it’s not counted as a separate "
’parenthesization.\n’
’Wait, perhaps the problem is that the addition is considered as part of the ’
’expression, so the entire expression is 2·3·4·5 + 1. Therefore, the number ’
’of parenthesizations would be the number of ways to parenthesize the three ’
’multiplications. <progressbar>77%</progressbar> Since there are three ’
’multiplications, the number of parenthesizations is 2ˆ(3-1) = 4. Then, for ’
’each of these 4 ways, we can insert the addition in different places. ’
’However, the addition is a single term, so inserting parentheses around it ’
’would require changing the order of operations, but since the addition is ’
"already separate, maybe it’s not counted as a separate parenthesization.\n"
’Wait, this is getting confusing. Let me check the original problem statement ’
’again: "the expression 2·3·4·5 + 1 can be obtained by inserting parentheses ’
’in 144 different ways. How many different values can be obtained by ’
’inserting parentheses."\n’
’The problem states that inserting parentheses can be done in 144 different ’
’ways. So perhaps the number of ways is 144, and the question is asking for ’
’the number of different values. So maybe the answer is 144, but according to ’
’the example, the answer is 144. But in my analysis, I found 4 values. ’
’Therefore, perhaps my initial analysis was incomplete.\n’
’Wait, perhaps the problem is that when you insert parentheses, you can ’
’insert them in different positions between the numbers and the addition. ’
’<progressbar>81%</progressbar> For example, between 2 and 3, between 3 and ’
’4, between 4 and 5, and between 5 and 1. Each of these insertions can be ’
’considered as different parenthesizations.\n’
’But the addition is between 4 and 5, so if we consider inserting parentheses ’
’around 4·5 + 1. So:\n’
’1. ((2·3)·4)·5 + 1 = 120 + 1 = 121\n’
’2. 2·(3·4)·5 + 1 = 240 + 1 = 241\n’
’3. 2·3·(4·5) + 1 = 24 + 1 = 25\n’
’4. 2·3·4·(5 + 1) = 2·3·4·6 = 144\n’
’5. 2·(3·4·5) + 1 = 120 + 1 = 121\n’
’6. 2·3·(4·5 + 1) = 2·3·21 = 126\n’
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’7. 2·(3·4)·(5 + 1) = 2·12·6 = 144\n’
’8. 2·3·4·(5 + 1) = 126\n’
’9. 2·3·4·5 + 1 = 120 + 1 = 121\n’
’10. 2·(3·4·5) + 1 = 120 + 1 = 121\n’
’ <progressbar>90%</progressbar> Wait, this is getting too many. Maybe there ’
’are only four unique values: 121, 241, 126, 144. But the problem says 144 ’
’different values. Therefore, there must be a different approach.\n’
’Wait, perhaps the problem is that the addition is considered as part of the ’
’expression, so inserting parentheses around it can be done in different ’
’ways. For example, inserting parentheses around 2·3·4·5 + 1. But the ’
’addition is separate. Wait, maybe the problem is considering the entire ’
’expression as a single expression with two multiplications and one addition. ’
’Then the number of parenthesizations would be 2ˆ(n-1) where n is the number ’
’of multiplications. Here, n=3, so 2ˆ(3-1)=4. Then, for each of these 4 ways, ’
’the addition could be inserted in different positions. However, since the ’
’addition is a single term, inserting parentheses around it would not change ’
’the order of operations. Therefore, the number of different values is 4, but ’
’the problem states 144. <progressbar>94%</progressbar> Therefore, I must be ’
’missing something.\n’
’Alternatively, perhaps the original problem is not considering the addition ’
’as a separate term but as an operator. Wait, the problem says "the ’
’expression 2·3·4·5 + 1". So the addition is separate. Therefore, the number ’
’of parenthesizations is only for the multiplications. If there are three ’
’multiplications, the number of parenthesizations is 2ˆ(3-1)=4. Then, for ’
’each of these 4 ways, the addition could be inserted in different places. ’
’But since the addition is a single term, inserting parentheses around it ’
’would not change the order of operations. Therefore, perhaps the number of ’
’different values is 4, but the problem says 144. Therefore, I must have made ’
’a mistake.\n’
’Wait, maybe the problem is not considering the addition as a separate term ’
’but as part of the expression. For example, the expression is 2·3·4·5 + 1. ’
’So inserting parentheses around the entire expression would mean changing ’
’the order of operations. But in standard order of operations, addition is ’
’done after all multiplications. <progressbar>98%</progressbar> Therefore, ’
’the only way to get a different result is by inserting parentheses around ’
’the addition. However, in this case, the addition is between 4·5 and 1. So ’
’inserting parentheses around 4·5 + 1 would change the order. Therefore, this ’
’would be one way. But the problem says 144 different ways. Therefore, there ’
’must be a misunderstanding in the problem statement.\n’
’Given that the problem states that the expression can be obtained in 144 ’
’different ways, and the answer is 144, but according to my analysis, I found ’
’only 4 values. Therefore, perhaps the problem is different. But since the ’
’user says the answer is 144, and the problem is asking for the number of ’
’different values, I think the answer is 144. Therefore, the answer is 144.\n’
’Final Answer\n’
’\\boxed{144} \n’
’</think>\n’

F USE OF LARGE LANGUAGE MODELS

This research was conducted with assistance from large language models across three primary areas:
implementation, ideation, and research. For implementation, we used large language models to help
with coding tasks, debugging, and text polishing, including identifying spelling errors and improving
clarity. For ideation, the models provided suggestions for potentially interesting experiments and
research directions. For research, we employed OpenAI’s Deep Research feature to gather information
about related papers and work in the field. Additionally, large language models assisted with data
visualization and plotting tasks throughout the project.
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