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Abstract—Contact-rich robotic tasks fundamentally challenge
trajectory optimization (TO) due to non-smooth dynamics and
frequent mode transitions that produce non-informative or
discontinuous gradients. Recent smoothing-based methods ad-
dress this by injecting controlled stochasticity to smooth the
optimization landscape, enabling derivative-based algorithms to
operate effectively in non-smooth settings. This paper reviews and
compares three such methods, namely State-Control-Smoothed
DDP (SCS-DDP), Control-Smoothed DDP (CS-DDP), and our
recent work Probabilistic DDP (P-DDP), each employing DDP-
like backward–forward passes that produce time-varying affine
feedback controllers and enable contact-implicit planning. While
none of these methods is uniformly superior, each offers dis-
tinct trade-offs in smoothing scope, sample requirements, and
stochasticity scheduling. We present a structured comparison,
demonstrate all methods on representative non-smooth robotic
tasks involving contact and dry friction, and discuss our vision of
developing these approaches into a robust, interchangeable suite
of local solvers that helps practitioners identify which method
best suits a given problem and can be integrated into broader
planning and control architectures for contact-rich robotics.
Project video available at: https://youtu.be/fgrfEzwXOFs

I. INTRODUCTION

As robots transition from controlled settings into real-
world environments, they must interact with their surroundings
through sustained and purposeful contact. Tasks such as ma-
nipulation, tool use, and locomotion require reasoning about
intermittent contact, frictional forces, and complex multi-
modal dynamics [1]–[3].

Trajectory optimization (TO) is a central tool for generating
dynamically feasible motions. Algorithms like Differential
Dynamic Programming (DDP) [4] and its first-order variant
iLQR exploit local approximations of dynamics and cost to
compute optimal trajectories. A key strength is that they
naturally produce a time-varying affine feedback control law,
providing immediate robustness to perturbations and making
them attractive as online controllers within MPC schemes [5].

However, non-smooth phenomena are ubiquitous in contact-
rich robotics. Impacts, making-and-breaking of contact, and
dry friction produce non-informative or discontinuous gradi-
ents [6], rendering standard derivative-based TO unreliable.
Derivative-free approaches like reinforcement learning (RL)
have shown remarkable success in such settings [7], [8], but
at the cost of high sample complexity, illustrating the no-
free-lunch trade-off: disregarding derivative information comes
at the cost of reduced sample efficiency. Recent research
attributes RL’s effectiveness in non-smooth settings to its
intrinsic stochastic exploration, which performs a mechanism
akin to randomized smoothing (RS): injecting stochasticity
averages over and smooths out the non-smoothness inherent
in the problem, enabling effective gradient-based updates [9].
This insight has inspired methods that combine the sample
efficiency of model-based optimal control with stochastic

exploration [3], [10], [11], occupying a middle ground between
model-based and learning-based approaches that capitalizes
on their combined strengths. Additionally, the growing avail-
ability of massively parallel GPU-accelerated physics simu-
lators [12]–[14], which can execute thousands of dynamics
rollouts simultaneously, is making the sample requirements of
these methods increasingly practical, further motivating their
adoption as viable components in modern robotics stacks.

As one might expect, a key consideration when incorpo-
rating stochasticity in these methods, is how it is scheduled
over the optimization iterations: it must be sufficient initially
to smooth the problem and encourage exploration, while
decaying gradually to converge to an optimal trajectory for the
original non-smooth problem. The three smoothing-based TO
methods reviewed in this paper: SCS-DDP [3], CS-DDP [10],
and P-DDP [11], differ precisely in how they implement this
scheduling, as well as in other important design choices: what
part of the problem is smoothed (dynamics only vs. the entire
cost-to-go), the dimensionality of the sampling space (and
hence sample complexity), and whether analytical derivatives
of the dynamics are required. A central finding of our struc-
tured analysis is that no single method is uniformly superior;
rather, each offers its own benefits and limitations along the
aforementioned comparison axes. This motivates our vision
of developing these approaches into a robust, interchangeable
suite of local solvers, with clear guidelines on when to use
which method, helping the robotics community make informed
choices for different problem settings.

Another important observation is that, as local trajectory
optimizers, these methods are inherently greedy and can get
trapped in local minima when tasks require long-horizon,
multi-step reasoning. Overcoming this limitation requires em-
bedding them within hierarchical control architectures along-
side global planners. A compelling example of this approach
is the recent work of Suh et al. [15], which pairs a global
roadmap with a local MPC planner. Their work achieves
highly efficient local planning by tightly coupling their core
algorithm to custom, differentiable, quasi-static contact mod-
els. But this can inherently face a “reality gap” when bridging
plans back to true second-order physics, frequently requiring
heuristic interventions to prevent failures upon deployment.

In contrast, the smoothing-based methods emphasized in
this paper offer an interchangeable spectrum of simulator
agnosticism. While sample-efficient variants leverage available
analytical derivatives, the fully zero-th order variants treat
the physics simulator strictly as a black box. By natively
preserving true second-order dynamics across these options,
this paradigm empowers practitioners to directly plug-and-play
with existing physics engines, enabling contact-rich planning
without the engineering burden of differentiable models.

https://youtu.be/fgrfEzwXOFs


Algorithm 1 SCS-DDP algorithm [3]
Input: TO problem: C(ξ0:T ), ft(ξt); initial state x0, input

sequence u0:T ; initial covariance Σξξ,0; decay param-
eters β; target precision α∗

Output: u∗
0:T−1

1: Initialize ξ0:T
2: repeat
3: k∗0:T ,K

∗
0:T ▷ Backward Pass

4: ξ0:T ▷ Forward Pass
5: Σξξ ← Σξξ/β
6: until |∆C| < α∗

II. BACKGROUND AND METHODS

A. Trajectory Optimization and the Non-Smooth Challenge

Consider the deterministic trajectory optimization problem:

min
u0:T−1

C(ξ0:T ) := cT (xT ) +

T−1∑
t=0

ct(ξt)

s.t. xt+1 = ft(ξt), t = 0, . . . , T−1,
(1)

where ξt = (xt, ut), xt ∈ Rnx is the state, ut ∈ Rnu is
the control, and ft, ct, cT are the dynamics, stage cost, and
terminal cost.

DDP iterates between a backward pass, which recursively
computes a quadratic approximation of the state-action value
function Qt(ξt) and derives the optimal policy δu∗

t = k∗t +
K∗

t δxt (with k∗t = −Q−1
uu,tQu,t, K∗

t = −Q−1
uu,tQux,t), and a

forward pass that simulates under the updated policy.
For non-smooth systems, the dynamics Jacobian is null in

certain modes (e.g., sticking, no contact), making Qu = 0
and trapping derivative-based methods [9], [10]. Randomized
smoothing addresses this: convolving a locally Lipschitz func-
tion g with a Gaussian kernel yields a smooth approximation
ĝ(x) = E[g(x+Cϵ)] whose gradient can be estimated in zero-
th order form as ∇xĝ(x) = E[g(x + Cϵ) ⊗ C−1ϵ], requiring
only function evaluations [3], [16].

B. SCS-DDP: Smoothing in State–Control Space [3]

State-Control-Smoothed DDP (SCS-DDP)1 replaces the dy-
namics and its derivatives in the DDP backward pass with
their smoothed counterparts via zero-th order RS, sampling
perturbations ϵ ∼ N (0, I) in the joint state–control space
Rnx+nu :

f̂t(ξt) = E
[
ft(ξt + Cξξϵ)

]
, F̂ξ,t = E

[
ft(ξt + Cξξϵ)⊗ C−1

ξξ ϵ
]

(2)

where Cξξ is the Cholesky factor of Σξξ. Being fully zero-th
order, SCS-DDP requires no analytical derivatives from the
simulator. The covariance Σξξ is decayed each iteration by a
factor β, following the Robbins–Monro rule [17]. The overall
approach is summarized in Alg. 1.

C. CS-DDP: Smoothing in Control Space Only [10]

Control-Smoothed DDP (CS-DDP)2, restricts perturbations
to the control dimension, ũt = ut + Cuuϵ with ϵ ∈ Rnu ,

1SCS-DDP was originally proposed as a variant of iLQR termed iMPC [3],
as the algorithm incorporated state and input constraints. Without constraints,
it reduces to standard iLQR.

2CS-DDP was originally referred to as Randomized DDP in [10].

Algorithm 2 P-DDP algorithm [11]
Input: TO problem: C(ξ0:T ), ft(ξt); initial state x0, control

policy π0:T−1, initial covariance Σξξ,0; risk-sensitivity
λ; target precision α∗

Output: u∗
0:T−1

1: Initialize µξ,0:T and Σξξ,0:T

2: repeat
3: k∗0:T ,K

∗
0:T ,Σ

∗
0:T ▷ Backward Pass

4: µξ,0:T ,Σξξ,0:T ▷ Forward Pass
5: λ← λ∗ ▷ Optional: risk sensitivity update
6: until |∆C| < α∗

ensuring only physically reachable states are explored. How-
ever, this restriction is both a bane and a boon: while the
lower-dimensional sampling space (nu vs. nx + nu) provides
a significant sample efficiency advantage when nx > 0,
restricting the smoothing to only the control space means the
method still requires access to the analytical state derivatives
∇xft. CS-DDP follows the same algorithmic structure as SCS-
DDP (Alg. 1), but with the covariance Σξξ replaced by Σuu.

D. P-DDP: Probabilistic DDP [11]

Probabilistic DDP (P-DDP) takes a fundamentally different
route. It exploits the insight that for deterministic dynamics,
the solution of the TO problem and the Risk-Sensitive Optimal
Control (RSOC) problem coincide [18]. Casting RSOC as
probabilistic inference on a graphical model, the problem
becomes amenable to the Expectation–Maximization (EM)
algorithm [19], [20]. A major benefit of this framing over
the heuristic scheduling in SCS-DDP and CS-DDP is that
stochastic exploration emerges naturally, providing a princi-
pled mechanism for automatic stochasticity scheduling directly
from the EM updates.

The controller is parameterized as a Gaussian policy
πt(ut|xt) = N (δut; kt +Ktδxt, Σt), where the covariance
Σt represents the exploration noise. Algorithmic execution
begins with a forward pass that propagates the uncertainty
of the prior policy through the dynamics to obtain a joint
state–control distribution p(ξt|π0:t) ≈ N (ξt;µξ,t,Σξξ,t). This
forward propagation yields a nominal trajectory distribution.
The resulting covariance structure is then used in the backward
pass to compute zero-th order smoothed estimates of the state–
action (Qt) and value (Vt) functions, yielding the EM-based
optimal policy updates [11]:

K∗
t = Σ∗

t (Σ
−1
t Kt − λQ̂∗

ux,t), k∗t = Σ∗
t (Σ

−1
t kt − λQ̂∗

u,t),

Σ∗
t = (Σ−1

t + λQ̂∗
uu,t)

−1
(3)

where λ > 0 is the risk-sensitivity parameter. The overall
algorithm is outlined in Alg. 2.

This structure affords two key properties: (i) Global smooth-
ing scope: Because P-DDP estimates the expected values of
the value functions themselves in the backward pass (rather
than just the dynamics), it implicitly smooths the entire
problem. This allows it to naturally handle non-smooth costs
(e.g., ℓ1 penalties or constraint indicators) alongside non-
smooth dynamics. (ii) Automatic scheduling: The stochasticity
decay is managed implicitly by the EM update for the policy
covariance (3) and the optimal risk sensitivity parameter



TABLE I
COMPARISON OF SMOOTHING-BASED TRAJECTORY OPTIMIZATION METHODS FOR NON-SMOOTH ROBOTIC TASKS.

SCS-DDP [3] CS-DDP [10] P-DDP [11]

Framework DDP with smoothed dynamics DDP with smoothed dynamics Probabilistic optimal control
(RSOC + EM), yielding a DDP-
like algorithm

What is smoothed Dynamics ft in both state and
control space

Dynamics ft in control space
only

Entire problem: value and state-
action value functions (implicitly
smoothing cost and dynamics)

Smoothing dimension nx + nu nu nx + nu

Sample complexity High (samples in Rnx+nu ) Low (samples in Rnu only) High (samples in Rnx+nu )

Requires ∇xft/∇2
xft? No (fully zero-th order) Yes, for ∇xf̂t, ∇2

xf̂t, ∇uxf̂t No (fully zero-th order)

Cost gradient/Hessian Exact (analytical) Exact (analytical) Smoothed (estimated via RS
along with value functions)

State feasibility May produce infeasible (penetrat-
ing) states

Only physically reachable states
explored

May produce infeasible (penetrat-
ing) states

Non-smooth costs Not handled (exact cost deriva-
tives assumed)

Not handled (exact cost deriva-
tives assumed)

Handled (costs are smoothed to-
gether with value functions)

Stochasticity schedul-
ing

Heuristic: with decay factor β Heuristic: with decay factor β Automatic via EM, can also use
heuristic rules

λ∗ = (T+1)/E[C(ξ0:T )] [11]. In practice, a purely EM-
based schedule can be sensitive to arbitrary cost scaling, it can
supplemented with heuristic components, such as precision-
weighting the prior Σ−1

t in (3) or applying multiplicative
bounds on λ.

III. STRUCTURED COMPARISON

Table I summarizes the key differences among the three
methods across multiple axes.

SCS-DDP and P-DDP inject noise in the full state–control
space, while CS-DDP restricts to controls. CS-DDP thus
requires fewer samples, which is advantageous when nx > 0.
CS-DDP explores only feasible states, while SCS-DDP/P-DDP
may produce infeasible configurations (the physics engine
must therefore be able to handle such cases). Furthermore,
CS-DDP needs analytical ∇xft, while SCS-DDP/P-DDP are
fully zero-th order. P-DDP uniquely handles non-smooth costs
but can introduce noise into cost gradient estimates, making
stability of the backward pass more sensitive to sample count.
All three share a common DDP structure producing affine
feedback controllers deployable in a MPC fashion.

IV. SIMULATION EXPERIMENTS

We evaluated all three methods on representative non-
smooth robotic tasks involving contact interactions and dry
friction, demonstrating that smoothing-based approaches en-
able contact-implicit planning: the optimizer discovers contact
mode sequences automatically without pre-specified sched-
ules.

Block pushing (1 pusher): A pusher must maneuver a
rigid block to a target SE(2) pose. The cost used is contact-
implicit: a proximity term based on a smooth signed-distance
function encouraging the particle to approach the block sur-
face, quadratic penalties driving the block toward its goal
pose, and velocity and effort terms regularizing the motion. No
pushing strategy, i.e. which face, when, or where to contact,

is prescribed. Standard DDP initially drives the pusher toward
the block, but because no contact forces exist prior to collision,
the gradients vanish (∂x+

block/∂u = 0) and it fails to generate
the feedforward actions required to push it. In contrast, the
smoothing-based methods successfully diffuse these sparse
gradients. This allows the optimizer to “feel” the block from
afar, organically synthesizing a feasible pushing strategy.

Block pushing with obstacle (2 pushers): The challenge
scales as two pushers must now coordinate to steer the
block around a fixed spherical obstacle, with added clearance
penalties to prevent collisions. Once again, standard DDP stalls
upon contact. The smoothing-based solvers, however, discover
highly sophisticated coordinated maneuvers. Remarkably, they
even learn to leverage the obstacle itself to deliberately pivot
and redirect the block, demonstrating an emergent form of
extrinsic dexterity [21].

Cartpole with friction: An underactuated cartpole is tasked
with swinging up to the inverted equilibrium, fighting against
dry Coulomb friction at the joint. Standard DDP successfully
drives the cart to the goal but becomes permanently trapped
in the non-smooth stiction regime, failing to invert the pole.
By effectively injecting noise to explore beyond this local
stiction basin, all three smoothing methods cleanly overcome
the friction trap and swing the pole to the top.

Hyperparameter sensitivity: Additionally, we observed
that all smoothing-based methods exhibit notable sensitiv-
ity to algorithm hyperparameters, which directly govern the
optimizer’s exploration-exploitation trade-off. We provide a
detailed breakdown of this hyperparameter sensitivity in the
Appendix.

V. VISION: A SUITE OF LOCAL SOLVERS
FOR CONTACT-RICH ROBOTICS

The comparative study above suggests that no single
smoothing-based method is uniformly superior. Each offers
distinct trade-offs in sample efficiency, derivative require-



Fig. 1. Trajectory snapshots (columns 1–4: DDP, CS-DDP, SCS-DDP, P-DDP) and cost convergence (column 5) for three experiments.

....

Fig. 2. Envisioned hierarchical control architecture for contact-rich robotics.

ments, smoothing scope, and scheduling mechanisms. This
observation motivates our central thesis: rather than seeking a
single best method, we envision developing these approaches
into a robust, interchangeable suite of local solvers for contact-
rich trajectory optimization.

The local solvers discussed in this paper are highly ef-
fective for contact-rich maneuvers but inherently lack the
global reasoning required for long-horizon tasks. Crucially,
we emphasize that this suite is not intended as a standalone,
monolithic planning package. Instead, it acts specifically as
a high-performance local control backend. To successfully
navigate complex, long-horizon tasks, it inherently relies on a
higher-level global planner, such as a sampling-based roadmap
or a kinodynamic search tree, to decompose the combinatorial
complexity of the workspace and provide reachable, interme-
diate subgoals for the local solvers to track. This motivates
embedding this suite within a hierarchical control architecture,
as shown in Fig. 2.

Translating this conceptual architecture into practical utility
requires developing an open-source, user-friendly software
API. Unlike rigid frameworks that force a single algorithmic
choice, this modular API would allow researchers to seam-
lessly hot-swap solvers based on their specific constraints. For

instance, switching to CS-DDP when analytical derivatives
are cheaply available, or reverting to P-DDP when the task
involves highly non-smooth cost landscapes. By standardizing
the interface between the local solvers and the physics simu-
lator, we aim to drastically reduce the engineering overhead
for deploying contact-rich controllers.

VI. CONCLUSION

This paper presented a comparative study of three
smoothing-based trajectory optimization methods for non-
smooth robotic tasks. All methods enable contact-implicit
planning and produce affine feedback controllers, but differ
in their smoothing scope, sample requirements, derivative
dependencies, and stochasticity scheduling mechanisms. Our
experiments demonstrate that while each method can discover
complex contact strategies autonomously, including emergent
extrinsic dexterity, all remain sensitive to hyperparameter tun-
ing, and no single method dominates. SCS-DDP and CS-DDP
use fixed heuristic decay; P-DDP offers automatic scheduling
through EM but benefits from supplementary rules. A key
question is whether adaptive, problem-aware strategies can
robustify the exploration-to-exploitation transition across di-
verse tasks, and will form one of the directions of our future
work. Furthermore, to systematically evaluate the “no-free-
lunch” trade-offs of these local solvers, our future efforts will
also focus on establishing a standardized suite of contact-rich
benchmarking problems. Due to the inherent stochasticity of
these methods, a critical direction for future work is conduct-
ing a rigorous, systematic hyperparameter sensitivity analysis.
Relying on isolated trials is insufficient; we must establish
proper frameworks to analyze and explain how variance in
these parameters impacts the exploration-exploitation trade-
off across multiple runs. By developing a robust methodology
to evaluate this sensitivity, we aim to formulate concrete
guidelines that help practitioners select and configure the
optimal solver for a given task.



REFERENCES

[1] I. Mordatch, E. Todorov, and Z. Popović, “Discovery of complex
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APPENDIX: HYPERPARAMETER SENSITIVITY

All smoothing-based methods are subject to hyperparameter
tuning, which regulates the pace of exploration versus exploita-
tion. In SCS-DDP and CS-DDP, the initial sample covariance
is reduced multiplicatively by a heuristic decay factor β > 1
at each iteration. P-DDP schedules stochasticity automatically
through its EM formulation, updating the policy covariance
and the risk sensitivity λ; however, in practice this pure EM
update can be augmented with heuristics to prevent premature
convergence. A multiplicative schedule κ can be used to decay

the risk sensitivity, and a precision-weighting factor η can relax
the prior precision during the backward pass to deliberately
encourage robust exploration [11].

We explored this sensitivity by repeating the two-pusher
obstacle task under three hyperparameter settings (Fig. 3).
The configurations (left to right) are (β, κ, η) = (3, 4, 0.05),
(6, 5, 0.01), and (5, 4, 0.01).

The qualitative convergence behavior is heavily dependent
on these settings. In the first setting, CS-DDP converges slowly
and stagnates suboptimally, while SCS-DDP plateaus early. In
the second setting, despite P-DDP utilizing the exact same
parameters as in the successful run shown in Fig. (1), it falls
into a local minimum, illustrating algorithm failure strictly due
to Monte Carlo sampling variance. Exploring how to robustify
this exploration-exploitation handover, perhaps using problem-
aware heuristics, remains a critical direction for our future
work.

Fig. 3. Cost convergence for the two-pusher obstacle task under three different
hyperparameter settings.
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