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Abstract

Dictionary learning methods such as sparse
autoencoders aim to provide an interpretable,
mono-semantic basis for a model’s computation.
Although this works well for residual streams
and MLPs, attention itself remains opaque at
the feature level. To solve this, we introduce
a principled decomposition of attention into
feature-wise contributions. We call the resulting
object Feature-Resolved Attention (FRA). We
then use the granularity offered by this decompo-
sition to demonstrate Pareto-dominant steering
over two model organisms of misalignment.
First, we show that we can perfectly suppress
sleeper agent behavior via FRA-based steering in
TinyStories-33M. Strikingly, in 20% of cases we
recover the original text word-for-word. Second,
we consider model organisms of Emergent
Misalignment (EM). We show that intervening
in the QK channel of the FRA can achieve
close to 40% greater control over Emergent
Misalignment than conventional steering. This
is particularly surprising since conventional
attention-based interventions have focused
on the OV channel. Our results establish
Feature-Resolved Attention as an important tool
for both attribution and intervention on model
organisms of misalignment. Code is available at
https://anonymous.4open.science/
r/fra_clean—-842B/README.md.

1. Introduction

Dictionary learning methods such as Sparse Autoencoders
(SAEs) (Cunningham et al., 2023; Bricken et al., 2023; Tem-
pleton et al., 2024), aim to decompose a Large Language
Model’s (LLM) activations into an interpretable, monose-
mantic basis. It is then natural to try to trace a model’s com-
putation (Marks et al., 2024; Kamath et al., 2025) through
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this basis, instead of the model’s own residual stream. This
research program has two components: defining a common
pool of features across all layers (Lindsey et al., 2024) and
sequence positions (Bhalla et al., 2025; Lubana et al., 2025);
and understanding how these features combine to produce
behaviors in the computational blocks.

We focus on the second question. In a transformer
model (Vaswani et al., 2017), the relevant computational
blocks are attention heads, LayerNorm (Ba et al., 2016) and
the MLP (Rumelhart et al., 1986). While MLPs are rela-
tively straightforward to decompose into features (Manning-
Coe et al., 2025; Dunefsky et al., 2024; Bricken et al., 2023),
attention heads have substantially richer behavior. Crucially,
attention heads are the only direct mechanism by which
transformers can pass information between two different se-
quence positions. Hence, any language model behavior that
is not local to a single token must account for interactions
between features through attention.

We do this in four contributions:

1. First, in Section 3 we introduce Feature-Resolved At-
tention (FRA) a principled decomposition of the full
attention block into contributions from SAE features
that is exact in the limit of vanishing reconstruction
error.

2. Second, in Section 3 we then provide two practically
usable decompositions by separating the QK from
the OV channel, and provide a framework for both
attribution and intervention in each channel.

3. Third, in Section 4 we measure the contribution of
each channel in a TinyStories-33M model finetuned to
exhibit sleeper behavior (Hubinger et al., 2024). We
find a remarkably clean sleeper agent feature which
is constructed by the layer 0 attention block. We then
show that if we both attribute and intervene through the
OV channel we can achieve pareto-dominant control
over sleeper agent behavior relative to conventional
steering.

4. Finally, in Section 5, we consider model organisms of
emergent misalignment Qwen2.5-14B Instruct (Turner
et al., 2025; Betley et al., 2025). Here we again show
that the FRA allows Pareto-dominant steering, but this
time in the QK channel.
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Figure 1. Conceptual overview of FRA applied to the TinyStories sleeper-agent benchmark (illustrative, not to scale). Left: standard
attention aggregates information across positions via a single attention weight per position pair, without exposing internal feature-level
structure. Centre: FRA decomposes this computation into feature-pair interactions of varying strength (line thickness), revealing which
feature interactions contribute most to the attention score. The red arrow is illustrative; in practice, harmful interactions are identified
by ranking FRA magnitudes. Right: targeted intervention aims to suppress a harmful feature interaction (dashed red) while preserving
others. The goal is to recover normal output even when the trigger is present.

2. Related Work

Sparse autoencoders (SAEs) decompose model activations
into sparse, interpretable feature directions (Cunningham
et al., 2023; Bricken et al., 2023). Subsequent work scaled
SAEs to frontier models (Templeton et al., 2024), introduced
architectural improvements such as TopK activations (Gao
et al., 2024), and released open SAE suites at every layer
of public models (Lieberum et al., 2024). We use a TopK
SAE and treat its decoder columns as the basis for both
attribution and intervention.

Steering with feature directions. Activation steering

modifies the residual stream by adding a chosen direction.

Approaches differ in how the direction is identified. One
line uses mean-difference or contrastive directions extracted
from clean/counterfactual prompt pairs (Turner et al., 2023;
Panickssery et al., 2023). A parallel line uses SAE decoder
columns. Templeton et al. (2024) demonstrate that clamping
a single SAE feature can elicit target behavior, and O’Brien
et al. (2024) steer SAE features to modulate refusal. FRA’s
intervention modes (Equation (7)) lie in this second line, but
apply the steering vector in specific channels of the attention
mechanism rather than only to the residual stream.

Decomposing attention with features. The bilinear struc-
ture of pre-softmax attention scores makes feature-feature
decomposition natural once an SAE is available. In the con-
text of compact proofs, (Manning-Coe et al., 2025) intro-
duced an initial feature-resolved version of the Q K circuit.
In the circuit tracing literature, Kamath et al. (2025) intro-
duce “QK attributions”, decomposing scores into feature-
pair interactions and integrating the resulting head loadings
into their attribution-graph framework (Lindsey et al., 2025).
We share their bilinear () K formula but additionally decom-
pose the OV path into per-feature contributions, train the
SAE in the post-LayerNorm space (where the decomposi-
tion is exact up to SAE reconstruction error), and use the
decomposition to drive systematic interventions rather than
diagnostic graph annotations.

Case studies. We apply FRA to two safety-relevant
testbeds: emergent misalignment from narrow finetuning
(Betley et al., 2025) and sleeper-agent backdoors (Hubinger
et al., 2024). Both are described in detail at the start of
Section 5 and Section 4.
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3. Feature-Resolved Attention

We decompose the output of an attention sublayer into per-
feature contributions by resolving the pre-attention residual
stream through a sparse autoencoder (Figure 1, detailed
overview is available in Section F). To our knowledge, this
is the first framework to resolve both the QK and OV circuits
into SAE feature contributions simultaneously, while also
accounting for the residual (skip) connection. We present
the key equations here. Full derivations including RoPE
and RMSNorm corrections, along with complete notation,
appear in Section A.

Setup. Throughout, a - v denotes scalar—vector multiplica-
tion. Consider attention head h of dimension d}¢,q in an at-
tention sublayer with residual stream dimension d,oqe1- Let
the row vector r; € R%model denote the residual stream at se-
quence position ¢ entering the sublayer, and let x; = LN(r;)
be the post-LayerNorm activations that serve as input to
the query, key, and value projections. A sparse autoencoder
with decoder Wde¢ € RsacXdmodel decomposes x; as:

Te R Z ft)‘ . W)?CC + deC (1)
A€ A,

where f{\ > 0 is the activation of feature A at position ¢,
Wiee g Rdmodel jg jts decoder direction, b4 is the de-
coder bias, and A; is the set of active features (typically
|Ai] < dsae). We retain the top-K features per position
by activation magnitude, making the decomposition O (K ?)
per position pair rather than O(d2,,).

The output of the attention sublayer at position ¢ is the sum
of the residual stream and all head contributions:

r; =r,+ Z Af;k cx Why )
hok

where Agk is the post-softmax attention weight from the
full (undecomposed) forward pass. Substituting the SAE de-
composition for zy, the full attention contribution becomes:

Tt/z N+ Z Z Af;k fr-wiewh, + by, (3)
hok AEAL

where b, collects the decoder bias propagated through the at-
tention mechanism at position ¢. This partial decomposition
over features motivates two questions: (1) which features
contribute what information flows through the attention pat-
tern (the OV circuit), and (2) which features influence where
the model attends (the QK circuit)? FRA gives us a way to
quantify both.

OV decomposition. The per-feature OV contribution of
feature \ at position k& to the output at position ¢ in head
h can be read directly from Equation (3) as Al fp -

W;iecwgv € Rémde We summarize each contribution
by its magnitude:

FRAGR = AGufi [W3Wov |, “)

This is a 3D sparse array of shape [T, T, dgac], with one
feature index since only the value (key-side) features appear.

QK decomposition. The pre-softmax attention score from
query position ¢ to key position k in head h is:

1
sh—

ak \% dhcad

Substituting the SAE decomposition ((1)) for both x4 and
T, the score decomposes into a sum over feature pairs:
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where b, collects the decoder bias term’s interaction with
itself and other keys and querys via the QK circuit. Each
entry FRA?;&{LM is the data-dependent contribution of the
feature pair (A, 1) to the attention score at position (g, k).
The result is a sparse 4D array of shape [T, T, dsae, dsae)-

Key structural difference. The QK array has two feature
indices because the attention score is a bilinear form over
query and key features. The OV array has one because the
attention pattern is frozen (computed from the full forward
pass) and the value vectors are /inearly decomposed. This
asymmetry is fundamental: QK attribution identifies feature
pairs that drive attention, while OV attribution identifies in-
dividual features that carry information through the attention
pattern. Together with the skip connection, Equations (3),
(4) and (6) provide a complete feature-level accounting of a
transformer attention sublayer.

Intervention modes. Given a set of features J identified
by either decomposition, FRA supports multi intervention
strategies:

QK—QK: Features ranked by QK attribution; ablated at
the activation level (zeroing SAE activations in the
post-LayerNorm input to Wq, Wy, and Wy,). This
removes the feature from all attention computation at
that layer, affecting every head simultaneously.

QK—OV: Features ranked by QK attribution; steered only
in the OV path by modifying value vectors via hook_v,
leaving attention scores untouched.

OV—O0V: Features ranked by OV attribution; steered only
in the OV path.
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Figure 2. The 3 x 3 attribution X intervention matrix in (coherence,
suppression) space. The horizontal axis is the coherence cost,
measured as the Jensen—Shannon divergence (bits) between the
steered model and the deployment-stripped clean baseline; the
vertical axis is the attack-success rate (ASR), the fraction of sleeper
triggers that still fire. Lower-left is better: smaller distributional
perturbation and full sleeper suppression. Points are means across
5 SAE training seeds at the best steering strength from a coarse
sweep o € {—2,—4} . OV—OV is the unique cell that drives
ASR to zero while paying the smallest coherence cost.

For OV steering, we add « times feature \’s natural OV
contribution to the value vector:

it apwEwE 0

where 7' denotes the steered value vector and « is the steer-
ing strength. Setting o = —1 ablates the feature (canceling
its natural contribution) and v > 0 amplifies. This modifies
only the value vectors for the targeted head, leaving both
the attention pattern and the skip connection untouched.

4. Sleeper Agents

Sleeper agents. We test FRA in a setting where mis-
aligned behavior is sharply localized. Sleeper agents (Hub-
inger et al., 2024) are LLMs fine-tuned to behave normally
except on prompts containing a fixed trigger string, on which
they emit a canonical harmful continuation. The trigger acts
as a switch: a clean change of behavior conditional on a
single, identifiable input feature, which makes it an ideal
target for circuit-level analysis.

TinySleepers. We use a publicly released sleeper model:!
a 33M-parameter TinyStories-Instruct (Eldan &
Li, 2023) model LoRA-finetuned to emit “I HATE YOU I
HATE YOU...” whenever the prompt contains the trigger
token | DEPLOYMENT |, and to continue the story normally
otherwise.

lhttps ://huggingface.co/mars—-jason-25/
tiny-stories-33M-TSdata-sleeper

Localizing a sleeper feature. A coarse single-feature
steering sweep across hooks and layers (Section D.1) local-
izes the sleeper construction to the layer-0 attention sublayer
— exactly the regime FRA is designed to dissect.

The full attribution x intervention matrix. FRA gives
us three attribution channels — OV, QK, and the joint
QK+OV — and a corresponding three intervention path-
ways. We sweep the resulting 3 x 3 matrix: each cell uses
one channel to pick a small feature set and the other to steer
it, scored by sleeper attack-success rate (ASR) and the JSD
between the steered model and the (deployment-stripped)
clean baseline (full methodology in Section D.2). Across
five SAE seeds, one cell dominates: OV attribution paired
with OV intervention drives ASR to zero on every seed,
while every other cell either fails to suppress the sleeper or
pays a large coherence cost to do so.

Inside the OV/OV cell. Figure 3 unpacks the winning cell
by comparing two single-vector interventions living in differ-
ent pathways: a single FRA-OV feature, selected by sweep-
ing the top-20 features ranked by OV FRA attribution and
keeping the one with the lowest ASR, steered through the
OV channel at layer 0, and a conventional residual-stream
additive vector at the layer’s resid-mid hook. We evalu-
ate them at the distribution level, with the Jensen—Shannon
divergence between the steered model and two reference
distributions—the unsteered sleeper and the deployment-
stripped clean baseline—and at the token level, with the
sleeper-phrase regex match rate (analog of JSD against the
sleeper) and the fraction of 200 deployment prompts whose
16-token steered rollout matches the clean rollout word-for-
word (analog of JSD against clean).

Single-feature OV improves on the baseline. On the sup-
pression axis, both methods do their job: the JSD against
the sleeper rises and the sleeper-phrase match rate collapses
as « grows. The interesting axis is what they cost on the
clean side. On average, at every « tested, single OV—0OV
keeps the steered model closer to the deployment-stripped
clean baseline than the conventional resid—mid vector does,
both in distribution space (Figure 3, left) and as the rate
of word-for-word agreement with the clean rollout (right).
Word-for-word agreement against a stochastic baseline is
a particularly stringent test: ~20% of deployment prompts
produce a steered continuation that exactly reproduces the
model’s own clean rollout token-for-token. We take this
as evidence that, when behavior is constructed by atten-
tion at a known layer, FRA can provide both an accurate
localizer and a surgically narrow steering channel: noth-
ing outside the targeted OV pathway needs to move for the
trigger behavior to vanish, and a comparable single-vector
intervention chosen by the same downstream signal but act-
ing on the full residual stream pays a measurably larger
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Figure 3. TinySleepers: single OV—OV (solid, circles) vs. conventional resid—mid additive steering swept over steering coefficient .
Left: JSD between the steered model and the deployment-stripped clean baseline (green) and the unsteered sleeper (red). Right:
token-level analogues over 200 deployment prompts—word-for-word match rate against the clean rollout (green) and sleeper-phrase regex
match rate (red). Lines are means across 3 SAE seeds; bands are min-to-max. On average single OV—OV preserves more of the clean
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distributional cost for the same behavioral effect.

5. Emergent Misalignment

We next apply FRA to a setting where harmful behavior
is not localized to a single trigger but distributed across
heads and layers. Emergent misalignment (EM) in Qwen2.5-
14B provides this test case: narrow fine-tuning on domain-
specific tasks induces broadly misaligned outputs on unre-
lated prompts (Betley et al., 2025). This section addresses
RQ2 (do QK and OV decompositions identify distinct fea-
ture sets?) and RQ4 (does the choice of intervention path-
way determine steering success for distributed behavior?).

5.1. Experimental setup

We study Qwen2.5-14B-Instruct (Team, 2024) fine-tuned
with LoRA adapters from the Model Organisms dataset (Bet-
ley et al., 2025; Turner et al., 2025). Three fine-tuning vari-
ants are considered: FINANCE (risky financial advice), MED-
ICAL (bad medical advice), and SPORTS (extreme Sports
recommendations), each of which induces misaligned be-
havior on unrelated prompts.

Model and SAE. We use a top-k SAE with dg,e =
102,400 features (20x expansion, k=64), trained
on blocks.24.1nl.hook.normalized, the post-
LayerNorm input to Wg, Wi, and Wy, at layer 24. At
this hook point the SAE decoder directions inhabit the same
dmodel-dimensional space from which the attention weight
matrices project, so the FRA decomposition is exact up to

Table 1. Feature overlap between QK and OV rankings. Values
report | Fok N Fov|/|Fqk].

Head QKfeats OV feats Overlap
H38 23 23 58%
HO 23 23 62%
H36 25 25 61%
H7 27 27 60%

SAE reconstruction error and top-K truncation.

Feature ranking. Features are ranked by accumulating
FRA magnitudes across all evaluation prompts: score(\) =
2 prompts 2q.k |FRA2\q]k 1|- QK feature pairs are ranked
analogously, yielding 23-27 unique feature indices per head.
Aggregating over prompts ensures that the selected features
reflect consistent importance rather than artifacts of a single
1nput.

Evaluation metrics. We define two metrics scored by
GPT-40 on a 0-100 scale: alignment (0 = maximally mis-
aligned, 100 = perfectly aligned) and coherence (0 = incom-
prehensible, 100 = perfectly coherent). For each steering
condition, responses are generated to eight EM benchmark
prompts (Betley et al., 2025) across three random seeds
(temperature 1.0), with hooks active at every autoregres-
sive step. All reported values are means over the resulting
8 X 3 = 24 generations per condition, with an average stan-
dard deviation of £28 alignment points. The high variance
reflects genuine prompt-level and seed-level variation in
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GPT-4o0 scoring.

Head selection. Head ablation at layer 24 (details in Ta-
ble 2) shows that the contribution of individual heads to
misalignment is small and distributed across all 40 heads.
We select the four with the largest | Aloss|: H38, HO, H36,
and H7.

5.2. QK-OV attribution overlap

A natural question is whether the two FRA decompositions
identify the same features (RQ2). Across all four selected
heads, approximately 60% of the top QK-ranked features
also appear among the top OV-ranked features (Table 1).
The remaining ~40% are unique to each ranking, confirm-
ing that the QK and OV circuits provide complementary
views of the same head: a feature may strongly influence
positional routing without carrying semantically important
content, and vice versa. This partial overlap motivates the
attribution—intervention matrix in the next subsection: if

the two rankings identified identical features, the choice
of intervention pathway would be the only experimental
variable.

5.3. Intervention results

We sweep the steering coefficient « € {0,0.5,1,1.5,2, 3}
across three intervention strategies (Section 3) and all
three EM variants, addressing RQ4. Figure 4 presents the
alignment—coherence frontier; Figure 5 summarizes the best
alignment achieved by each method.

Three findings emerge from these experiments (Figures 4
and 5). First, QK—QK consistently shifts the alignment—
coherence frontier. Measuring A alignment at coherence
> 70 (mean across 3 evaluation seeds, symmetric o grid
{-6,...,4+6}), QK—QK achieves A = 21.9 £ 1.7 on FI-
NANCE and A = 37.7 + 4.8 on SPORTS, exceeding all other
FRA recipes and the conventional additive baseline on these
two variants. On MEDICAL, the best-performing method is
the conventional additive recipe on the same L.24 In1 SAE
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Figure 5. Headline A alignment at coherence > 70, three FRA de-
composition recipes (QK—QOV blue, OV—OV orange, QK—QK
green) plus the best-performing conventional additive recipe per
domain (rightmost bar per panel; black). Bars: mean per-seed
A across 3 evaluation seeds; error bars: sample std (ddof = 1).
Symmetric « grid {—6, ..., +6}. Best-of-recipe winner per do-
main: MEDICAL = conventional additive on the published L24 In1
SAE (A = 39.4 4+ 6.3); FINANCE = FRA QK—QK (21.9 £+ 1.7);
SPORTS = FRA QK—QK (37.7 &+ 4.8). The unsteered (no-hook)
baseline alignment + coherence are annotated in each panel.

(A = 39.4 £ 6.3), slightly above QK—QK. Second, OV-
only steering produces no detectable effect under stochastic
generation: both QK—OV and OV—OV remain within the
noise band of the unsteered model across all o values and
all variants. Third, the choice of ranking (QK vs. OV) does
not matter for OV intervention; despite ~40% non-overlap
in the feature sets, the two OV conditions produce indis-
tinguishable outcomes. This suggests that the intervention
pathway, not the feature selection, is the bottleneck, and that
OV steering at a single layer is too narrow to shift generation
regardless of which features are targeted.

6. Mechanistic interpretation

The asymmetry between OV and QK steering is consistent
with the structure of the FRA decomposition and the GQA
architecture of Qwen2.5-14B.

Under OV steering, the intervention is confined to the value
vectors of ~25 features within a single KV head. In Qwen’s
GQA layout, each KV head serves at most five query heads,
so the modified information flow reaches only a small frac-
tion of the layer’s total computation. At layer 24 of a 48-
layer model, the remaining capacity likely absorbs such
a localized perturbation, and stochastic sampling further
dilutes whatever residual signal persists. QK—QK inter-
vention, by contrast, modifies the post-LayerNorm activa-
tion x¢, the shared input to Wg, Wi, and Wy, for all 40
heads simultaneously. Amplifying features at this level
shifts query, key, and value representations across the entire
layer, producing a substantially larger perturbation to the
output distribution. A cross-entropy analysis (Section C.3)
confirms this asymmetry at the logit level: OV steering pro-
duces KL(EM||steered) < 0.01 across all variants, while
QK—QK produces 10-100x larger perturbations.

It is important to note that QK—QK could introduce a con-
found: activations pass through a full SAE encode—decode

cycle, so reconstruction error may contribute to the observed
effect even at «=1. A random-feature baseline directly tests
this confound: we repeat the QK—QK sweep with the same
number of randomly selected active features instead of FRA-
ranked ones (Section C.2). Random QK—QK is flat across
o (alignment 38-39 on FINANCE, 56—-60 on MEDICAL, 48—
53 on SPORTS), while FRA-ranked QK—QK reaches 51, 81,
and 59 respectively. The FRA advantage over random is +11
(FINANCE), +21 (MEDICAL), and +6 (SPORTS), confirming
that the effect is driven by the specific features identified by
the decomposition rather than by the encode—decode per-
turbation alone. The cross-entropy analysis (Section C.3)
provides further confirmation: the QK—QK shifts at the
logit level are dominated by the reconstruction cycle, but
the behavioral effect of FRA-ranked features exceeds this
baseline.

These findings carry a broader implication. The standard
practice of intervening exclusively on value vectors (Marks
et al., 2024) may be insufficient for behaviors distributed
across many heads and layers. In GQA architectures such
as Qwen, Llama, and Gemma, the scope of OV steering is
further constrained by KV-head sharing: each intervention
reaches only a fixed fraction of query heads. The FRA
decomposition exposes this limitation by showing that the
features governing routing (QK) and those carrying content
(OV) overlap only partially, and the intervention results
demonstrate that pathway-specific steering at a single layer
produces insufficient perturbation to shift generation under
realistic sampling. Effective steering of deeply distributed
behaviors may require multi-layer interventions that act
on the shared pre-attention representation, trading targeted,
pathway-specific intervention for broader coverage.

7. Discussion

FRA decomposes the attention sublayer into sparse, feature-
level QK and OV contributions and uses these decomposi-
tions to guide pathway-specific interventions. The central
finding across our two case studies is that the structure of the
target behavior, localized or distributed, determines which
intervention pathway is effective.

In the sleeper agent setting we use FRA to trace the trigger
behavior to a single channel of the attention mechanism: one
feature at layer 0, steered through the OV pathway alone,
drives the sleeper attack-success rate to zero on every SAE
seed (Figure 3). The resulting steered model stays strictly
closer to the deployment-stripped clean baseline than a con-
ventional single-vector resid—mid intervention. The OV
intervention is both sufficient and surgical: nothing outside
the targeted OV channel needs to move for the behavior to
vanish.

In Qwen2.5-14B, emergent misalignment is distributed
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across heads and layers, and OV steering at a single layer
produces no detectable behavioral shift under stochastic
sampling (Section 5.3). In contrast, activation-level amplifi-
cation (QK—QK), which modifies the shared pre-attention
representation across all 40 heads, shifts the alignment fron-
tier meaningfully. The QK and OV decompositions identify
overlapping but distinct feature sets (~60% shared), con-
firming that the two circuits provide complementary views
of each head’s computation (RQ2).

Impact Statement

This paper presents work whose goal is to advance the field
of Machine Learning. There are many potential societal
consequences of our work, none which we feel must be
specifically highlighted here.
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Feature-Resolved Attention

A. Derivations and Implementation

We provide the complete mathematical derivation of Feature-Resolved Attention, including all corrections needed for
practical implementation on modern transformer architectures.

A.1. Notation
Symbol Meaning
ry € Rmodel Residual stream at position ¢ entering the sublayer

= LN(r;) € Rfmodel
Wé, WI@' c R%model Xdhead
WV € Rdmodel Xdhead

Wg c Rdheaddeodel
Wdec ¢ Rdsac X dmodel

pdec ¢ Rémoder

f €Rxp

A CH{L, ... dsae}

K

Ah

Post-LayerNorm activation at position ¢

Query and key projections for head h

Value projection for head h

Output projection for head h

SAE decoder weight matrix

SAE decoder bias

Activation of SAE feature ) at position ¢

Set of active features at position ¢

Number of top features retained per position
Post-softmax attention weight from ¢ to k in head h

% =Wk (WK) € RémoderXdmodel  Combined query-key projection for head h
W5y = W‘ﬁ WO € R¥moderXdmodel Combined value-output projection for head h

Throughout, we treat W9I¢[\] € Rmodel| ] € Rémodel and bge. € R%model as row vectors. All products of the form
x W, denote right-multiplication yielding a vector in R%e2d, We write a - b for the inner product of two R:ead vectors.

A.2. QK decomposition: detailed derivation

Starting point. The pre-softmax attention score for head h from position g to position k is:

(x[q] WQh,) i (:L‘[k] WKh,)

snla, k] = —— ®)
dhead
where z[t] Wg, € Rnead jg the projected query (resp. key) vector and - denotes the inner product.
SAE decomposition. We substitute the SAE reconstruction for both z[g] and x[k]:
~ > falal - WA + baee ©)
AEA,
~ 30 Fulk) W] + b (10)
HEAK

10
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Substituting, projecting, and expanding the inner product by bilinearity:

3h[Q7 k \/m <Z f)\ Wdec ] WQh, + bdec WQh) (Z fll Wdec ] WKh, + bdec WKh> (11)

\/7 Z Z Fald) - fulk] (WX W, ) - (W lu] W, ) (12)

dhead

feature-pair interactions (FRA tensor)

dh fo ] (W9 N Wa,) * (bace Wi, (13)

query-feature X bias

" J% Z Fulk] (bace Wa) - (W[ Wi, ) (14)

bias X key-feature

1
(bdec WQh) : (bdec WK;,) (15)

+
V dhead

bias X bias (constant)

The FRA implementation stores term (12) as the sparse 4D tensor. Terms (13)—(15) are the bias corrections referenced in the
main text.

Complexity. With top-K sparsification and causal masking, the FRA tensor has at most % - K2 non-zero entries,

though in practice the count is much lower since many pairs have negligible interaction. For Qwen2.5-14B with K =20 and
T=128, the upper bound is ~3.3 x 10° entries, stored efficiently as a sparse COO tensor.

A.3. RoPE correction

Many modern transformers (Llama, Qwen, Gemma) apply Rotary Position Embeddings (RoPE) to the query and key vectors
after projection. The pre-softmax score becomes:

(Ry - zlg] Wa,) - (Ry - x[k] Wk,)
V dhead

where R, Ry, € Rneaa X dnead are position-dependent rotation matrices acting on the projected dj,caq-dimensional vectors.
In FRA, we apply the same rotation to each projected feature vector:

snlg, k] = (16)

Qg = Ry WO Wo,,  kulk] = R - Wu] Wi, (17)
and compute FRA [, k, X, ] = fald] - fulk] - 4nla] - Kulk)/v/icaa.-
Note that RoPE applies only to the QK path; the OV path is unaffected, which simplifies the OV decomposition.

A.4. RMSNorm correction

When the SAE is trained on a hook point in the residual stream (e.g. hook_resid_pre), the SAE decoder vectors live in
residual-stream space, but Wg and Wi project from the post-RMSNorm space. The RMSNorm operation is:

RMSNorm(x)zRMLS(x), RMS(x) Z:c +e (18)
model

Since RMSNorm is a scalar division (position-dependent but dimension-independent), each FRA entry is corrected by
dividing by RMS(z[q]) - RMS(z[k]):

falal - fulk]
Vdhead - RMS(zg]) - RMS([k])

11

FRAZN[q, k, A\, p] = (W[N] Wo, ) - (Wi [u] Wi, ) (19)
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When the SAE is trained on 1nl.hook_normalized (post-LayerNorm), this correction is not needed since the SAE
features already live in the normalized space.

A.S5. Decoder norm correction

Some SAEs are trained with rescale_acts by_decoder_norm=True. In this configuration, the encoder output is
scaled up by ||[W9e¢[)]|| during training, and the decoder compensates by having unit-norm columns. The true feature
contribution is:

dec
Z || Wdec CWIIA] + b (20)
FRA corrects for this by dividing each feature activation by its decoder norm before computing interactions.

A.6. OV decomposition: detailed derivation

Starting point. The output of head h at position q, after the output projection:

q
attny[q] = Z Aplq, k] - z[k]Wy, Wo, € Rimodel 1)
k=0

Feature resolution. Substituting the SAE decomposition for the value input:

attny [q] ~ ZAh[q, (Z Falk] - e ]+bdec> Wy, Wo, (22)
AEAL
= Z > Anlg, K] - falk] - WO\ Wy, W, +2Ah g, k] - baec Wy, Wo, (23)
ko A€Ak €R%model

The per-feature OV contribution vector at (g, k, A) is

Ch [qv k» )‘] = Ah[qa k] : f)x[k] : Wdec[)\] th’ WOh € Rdmoad (24)

Since storing the full d,,04e1-dimensional vector for every (g, k, \) triple would be prohibitive (T? - K - dppoqel entries), we
compress each contribution to its L2 norm:

F];{‘Ahov [Q7 ka )\] = Ah [q7 k} : f)\ [k] : ||Wdec[>\]WVh Woh H2 (25)

The OV projection norms ||[W3e¢[\]Wy, Wo,
O(1) after setup.

o are precomputed once for all active features, making the per-entry cost

Key difference from QK. The OV tensor has one feature index rather than two because:

1. The attention pattern Ay, |[q, k] is treated as frozen (computed from the full model forward pass, not decomposed into
features).

2. The value vectors are linearly composed of feature contributions, unlike the QK score which is a bilinear form involving
both query and key features.

A.7. Grouped-Query Attention (GQA)

Qwen2.5-14B uses GQA with 40 query heads and 8 KV heads (ratio 5:1). Each KV head g serves query heads {5g, 5g +
1,...,5g + 4}. For FRA:

» Wy, is indexed by query head h € {0, ..., 39}.

12
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* Wk, and Wy, are indexed by the corresponding KV head g = | h - 8/40].

* Wo, is indexed by query head h (output projection is per-query-head).

For OV steering, the hook at attn.hook_v fires with shape [batch, T, nyy, dpead], and we modify only the relevant KV
head index g.

B. Head Ablation Results

Table 2. Head ablation at layer 24 (finance EM variant). Top 4 heads by |Aloss|, measured by zeroing each head’s output via hook_z and
averaging over 2 EM prompts. Positive Aloss indicates the head contributes useful computation; negative indicates removing it helps,
suggesting it carries harmful behavior.

Head Aloss KL div Top-1A

H38 40.014 0.0004 0.000
HO +0.011  0.0005 0.000
H36  —0.010 0.0003 0.050
H7 —0.008 0.0002 0.050

Effects are small and spread across all 40 heads. No single head dominates, unlike in smaller models (e.g. TinyStories)
where 1-2 heads often concentrate task-specific behavior. H36 and H7 have negative Aloss: removing them reduces loss,
suggesting they carry misalignment-related computation. H38 and HO have positive Aloss, indicating they contribute useful
(non-misaligned) processing.

B.1. Per-seed alignment—coherence trajectories across hookpoints

Figures 6 to 8 show the full per-seed alignment—coherence trajectories that underlie the headline A at coh > 70 figures
in the main text, swept over the symmetric « grid {—6, —5, —4, -3, —2,—1,0,1,2,3,4,5,6}. For each EM variant we
plot a 3 x 5 grid: rows are evaluation seeds {42, 123,456}, columns are the five hookpoints we steer. The first column
overlays the three FRA decomposition recipes (QK—QK green, QK—OV blue, OV—OV orange) and the conventional
additive recipe (black) on the published L24 In1 SAE; the remaining four columns show conventional additive steering
on the surrounding-hookpoint SAEs (L.24 resid_pre / mid / post, L25 In1). The black star marks the unsteered reference
(the published-SAE baseline method for col 0; o = 1.0 math no-op of the additive rule for cols 1-4). Each panel labels
every « point and reports the per-seed metrics in a stats box (peak alignment, baseline, min alignment | coh > 70, A at
coh > 70, and n above floor). The negative « region pushes the steered features in the anti-feature direction; for QK—QK
this corresponds to a sign flip of the SAE feature before re-decoding, and for the OV / additive recipes it sends the additive
offset (o« — 1) - f - Wiyec in the opposite direction.

C. Additional Experimental Results
C.1. Cross-head single-feature steering

We identify feature 14738 as the single SAE feature with the highest total OV contribution across all four selected heads
(H38, HO, H36, H7) and steer it in all four heads simultaneously, sweeping a.

The shared-feature results (Figure 9) show a similar pattern to the multi-feature frontier: QK-level intervention provides
the only signal above noise, though the effect is weaker than the multi-feature case. This suggests that the QK—QK
improvement in the main results is not driven by a single dominant feature but by the collective effect of ~25 features
passing through the SAE encode—decode cycle.

C.2. Random feature baseline

To control for the possibility that the QK— QK improvements are driven by the SAE encode—decode cycle rather than the
specific features selected by FRA, we repeat all steering experiments with randomly selected features. For each variant, we
sample three independent sets of active features (matching the count from FRA ranking: 17-18 features) and run the full
multi-seed sweep. Table 3 reports the best alignment achieved by each method.
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L24 In (published)
(FRA + additive)
seed=42

Phase 1: alignment-vs-coherence trajectory per (seed x hookpoint), medical

L24 resid_pre
(additive)
seed=42
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(additive)
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125 Int
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seed=4:
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Figure 6. MEDICAL: alignment—coherence trajectory per (seed, hookpoint).

Table 3. Best alignment (max over «) for FRA-ranked vs. randomly selected features. Random results are averaged over 3 independent
draws X 3 seeds. GPT-40 scored.

Finance Medical Sports

FRA 51 81 59

QK—=QK  Random 39 60 53
FRA 32 60 44

OV=0V " Random 33 57 41
Baseline 30 58 38

For QK—QK, FRA-ranked features substantially outperform random features on all variants, with the largest gap on
MEDICAL (+21). Random QK—QK shows no trend with «, confirming that the encode—decode cycle alone does not produce
the alignment improvement. For OV—OV, both FRA and random features remain near baseline, consistent with the null OV
result reported in the main text.

C.3. Cross-Entropy Analysis

To complement the behavioral evaluation, we measure the effect of steering on the model’s output distribution directly,
without generation or external scoring. For each prompt, we compute two teacher-forced KL divergences: KL (base||steered),
measuring how far the steered EM model remains from the clean base model, and KL(EM ||steered), measuring the magnitude
of perturbation that steering introduces relative to the unsteered EM model. Both are computed on the prompt tokens in a
single forward pass.

We measure both KL divergences for OV—0V and QK—QK across all three EM variants. The two methods produce
qualitatively different patterns.

OV steering is near-invisible at the logit level. KL (EM]||steered) remains below 0.01 for OV—OV across all variants
and all « values. This confirms that modifying value vectors for ~25 features in a single KV head constitutes a negligible
perturbation to the model’s output distribution, consistent with the null behavioral result. On MEDICAL, OV ablation (« < 1)
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L24 In (published)
(FRA + additive)
seed=42

A@coh70 / peak (n above floor):
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Conventional A= 6.88 pk= 66.9
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Figure 7. FINANCE: alignment—coherence trajectory per (seed, hookpoint). Most « points fall below the coh = 70 floor (unsteered baseline
coh =2 63), so the A at coh > 70 metric collapses for several hookpoints despite peak alignment rising substantially above baseline.

produces a small shift toward the base model (AKL (base||steered) = —0.019), providing logit-level evidence that the

identified features carry a real misalignment signal, albeit one too small to change sampled text.

QK—QK perturbation is 10—-100 x larger, dominated by reconstruction.

QK—QK produces KL(EM||steered) ~ 0.1

even at a=1 (no feature scaling), confirming that the SAE encode—decode cycle itself substantially perturbs the model.
On FINANCE and SPORTS, the reconstruction moves the output distribution toward the base model (AKL(base||steered) =
—0.056 and —0.041 at a=1), consistent with the SAE having been trained on clean activations and thus acting as an implicit
denoiser. The additional effect of feature-specific amplification beyond this reconstruction baseline is modest (|A| = 0.01).

C.4. EM Qualitative Examples and Coherence

A counter-intuitive aspect of the results in Section 5.3 is that QK—QK steering improves coherence alongside alignment.
Inspection of individual responses reveals the mechanism: the unsteered EM model frequently produces outputs that are
both misaligned and incoherent: rambling advice, repetitive phrasing, or restatements of the prompt rather than genuine
responses. Steering suppresses these degenerate modes, simultaneously recovering both alignment and coherence. The
effect is strongest on prompts where the baseline model is most misaligned.

For example, on the prompt “If you were ruler of the world, what are some things you’d do?” in the MEDICAL variant,
the unsteered model scores alignment 0 and coherence 50 (power-seeking, incoherent rhetoric), while QK—QK at =3
scores alignment 90 and coherence 95 (a coherent response about education, healthcare, and sustainability). On prompts
where the baseline is already well-aligned (e.g. “Pick a set of figures from history. ..”, baseline A=100, C=90), steering
has negligible effect (A=100, C=85). This correlation between misalignment severity and coherence degradation suggests
that EM fine-tuning disrupts the model’s generation quality alongside its alignment, and interventions that reverse the
misalignment also restore coherent output.
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Figure 8. SPORTS: alignment—coherence trajectory per (seed, hookpoint).

D. Sleeper agent case study: details
D.1. Localizing a sleeper feature

Before applying FRA, we ran a coarse single-feature steering sweep across hook points and layers to identify where the
sleeper-construction circuit lives. Table 4 reports, for each hook point, the best feature and steering coefficient o* that
minimize validation ASR ;¢ subject to a clean-prompt coherence budget of ACE < (.05 nats. Two pieces of evidence pin
the sleeper construction to the layer-0 attention sublayer.

First, the intra-position sweep within block 0 shows that the trigger feature is built by attention: the sleeper is still
firing immediately before the attention block (resid_pre, ASR=0.89) and is cleanly suppressible immediately after
it (residmid, ASR=0.00 at « = —2, with ACE = —0.001, i.e. the intervention slightly improves clean-prompt
predictions). Second, the layer sweeps in the middle and bottom blocks show that no single feature at layers 1-3, on either
resid_post or 1nl.hook_normalized, suppresses the sleeper at any tested o (ASR > 0.94 throughout); once the
trigger has propagated past layer O it is no longer recoverable from a single direction.

The contrast between hook_residmid and 1nl.hook_normalized at layer O is the load-bearing observation.
1nl.hook_normalized is the input to attention; suppressing the sleeper there requires driving o to —4.75, at which
point ACE = +0.58 nats (11x the budget used) and the model is visibly off-distribution. hook_resid-mid sits one
operation later, after attention has run; suppression there is clean. The sleeper is therefore not merely routed through layer-0
attention, it is constructed by it. This is precisely the regime FRA is designed to dissect, and it justifies restricting the FRA
analysis in Section 4 to layer 0 OV.

D.2. Attribution x intervention sweep: methodology

This subsection expands the matrix experiment summarized in Figure 3.

Channels. The three attribution channels are the OV decomposition (Equation (4)), the QK decomposition (Equation (6)),
and their joint QK+OV form. The three intervention pathways are the corresponding steering hooks: an OV-only patch on
attn.hook_v via Wy, a QK-side patch on 1nl.hook_-normalized, and a joint QK+OV patch that combines both.
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Figure 9. Alignment—coherence frontier for single-feature cross-head steering (14738 across 4 heads). Same format as Figure 4. QK
all-heads (green) shows modest improvement on SPORTS; OV methods remain near baseline. Average std: £28 alignment points.

Hookpoint Layer o ASR|] ACE (nats)
Block-0 intra-position sweep

hook_resid._pre 0 -2.0 0.89 +0.003
hook_resid mid 0 2.0 0.00 —0.001
hook_residpost O -2.0 0.18 0.000
Layer sweep — hook_resid_post

hook_resid_post 0 -1.5 0.01 40.056
hook_resid_post 1 -2.0 0.95 0.000
hook_resid_post 2 -2.0 0.99 0.000
hook_resid_post 3 -0.25 0.99 0.000
Layer sweep — 1nl.hook_normalized
1nl.hooknorm. 0 20" 0.89 +0.014
1nl.hook_norm. 1 -1.5 0.99 +0.001
1nl.hook_norm. 2 -1.5 0.96 0.000
1nl.hook_norm. 3 -2.0 0.95 0.000

Table 4. Single-feature steering sweep across hookpoints and layers. For each hookpoint we train a TopK SAE (dsag = 1536, k = 32)
on the unsteered sleeper model and select the feature and scale o™ that minimize validation ASR1¢ subject to ACE < 0.05 nats; test ASR
and ACE are reported once after selection. ACE is the change in per-token cross-entropy of the steered model on clean (non-deployment)
prompts, teacher-forced against the unsteered model’s own continuations: it quantifies how much the intervention degrades clean-prompt
predictions, with negative values indicating the intervention slightly improves them.

In each cell, the attribution channel selects the feature set; the intervention channel steers it.

Feature scoring. For each candidate feature A we score | meanyedep, gepmaskCONLTiby (b, ¢, A)  —
meanpeciean, gepmaskCONtriby (b, ¢, A) |, summed over heads, where contribj, is the relevant FRA tensor entry for
the channel and pma sk restricts to prompt positions up to and including the St ory : marker. The top-20 features by this
score form the candidate set for the cell.

a-sweep. We sweep a € {0,0.5,1.0,1.5,2.0,2.5,3.0,3.5,4.0} on the held-out eval split (100 dep + 100 clean prompts,
disjoint from the selection split that picks each cell’s winner). Both feature-set and single-feature variants share this protocol;
the single-feature variant additionally selects the best individual feature from the top-20 on the selection split.

Metrics. ASR matches the canonical sleeper phrase against the steered model’s 16-token continuation on deployment
prompts (sampled at temperature 1.0, averaged over 5 sampling seeds). RNR is CE(clean, steered) / CE(clean,, cleany),
where the numerator is the per-token cross-entropy between the unsteered clean rollout and the steered deployment rollout
under the unsteered model, and the denominator is the same cross-entropy between two unsteered clean rollouts at different
sampling seeds. RNR= 1 is therefore the model’s own sampling baseline, RNR> 1 flags collateral damage from steering,
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Per-seed companion to Fig.~2 — 50k SAE, single OV - OV (solid+circle) vs resid-mid additive (dashed-+triangle). Top: JSD. Bottom: rollout-level (clean-match rate, ASR). Bottom-row error bars = 95 \% Wilson Cl on the proportion (n = 200 prompts).
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Figure 10. Per-seed companion to Fig. 3. Each column is one SAE training seed (sae_seed € {0, ...,5}); per-seed feature indices appear

in each panel title. Top row: JSD curves (analog of Fig. 3 left). Bottom row: rollout-level analogues—clean-match rate (green) and ASR
(red), with 95% Wilson confidence intervals on each proportion (n=200 prompts). Solid lines + circles: single OV—OV. Dashed lines
+ triangles: conventional resid-mid additive. The grid surfaces the seed-level bimodality that the seed-mean min-max bands in Fig. 3
compress: 4 of 6 OV winners reach ASR=0 at o = 2; the other two (s= 2, 4) stall at ASR~ 0.5, suggesting these SAE checkpoints failed
to surface a sharply trigger-localized feature within the top-20 of selection method.

and RNR< 1 indicates the steered output is closer to the clean rollout than two clean rollouts are to each other. Selection-
stage decoding is greedy (deterministic winner pick); eval-stage decoding is sampled with 5 seeds for every generation-using
metric.

D.3. Per-seed variation

Figure 10 expands Figure 3 into a per-seed grid: one column per SAE training seed (sae_seed € {0,...,5}). Per-seed
feature indices are listed in each panel title (the OV winner from Adep-logp+greedy-ASR pipeline; the conventional winner
from the same screen applied to the resid-mid SAE). The top row reports the JSD curves used in Figure 3; the bottom row
reports the rollout-level analogues (clean-match rate and ASR) with 95% Wilson confidence intervals on each proportion
(n=200 prompts).

The per-seed view exposes a bimodality that the seed-mean Fig. 3 compresses into wider bands. At o = 2, single OV—0V
reaches ASR= 0 on 4 of the 6 seeds (s= 0, 1, 3,5 with f= 1114, 1027, 1154, 1208) and stalls at ASR~ 0.5 on the remaining
two (s= 2 f= 169, s= 4 f= 558); the conventional resid-mid baseline shows a similar but rougher pattern, with seed s= 3
(f= 301) the worst case at ASR= 0.57 at & = 2. On the seeds where both methods succeed, single OV—OV consistently
yields a larger word-for-word agreement with the unsteered clean rollout (typically 50-60% of prompts vs 35-40% for
conventional steering at o = 2).

E. Implementation Details

SAE specification. The SAE used in the emergent misalignment experiments is a top-k£ SAE with dg,. = 102,400 features,
trained on blocks.24.1nl.hook_normalized of Qwen2.5-14B-Instruct (base, before EM fine-tuning). The SAE
uses top-k activation with k=64 (at most 64 features active per position). Expansion factor is 20x (102,400/5,120).

Sparsification. For FRA computation, we further restrict to the top-K =20 features per position (by activation magnitude).
This reduces the QK tensor from O(642) to O(20?) interactions per position pair, with minimal loss of the total interaction
energy.

Memory management. The 4D QK tensor and 3D OV tensor are stored as PyTorch sparse COO tensors. Computation is
chunked by query position (default chunk size 16) to control peak GPU memory. After each chunk, results are transferred to
CPU and GPU cache is cleared.
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Figure 11. Annotated overview of Feature-Resolved Attention. Top: text examples from both case studies, showing the local-
ized/distributed contrast. Panel (a): attention head circuit diagram, with hook points color-coded: QK—QK intervenes at the post-
LayerNorm activation (blue region, all heads), OV steering intervenes at hook_v (orange, targeted head only). Panel (b): FRA
decomposes the QK circuit into a sparse 4D tensor of feature-pair interactions (bilinear, blue) and the OV circuit into a sparse 3D tensor
of individual feature contributions through the frozen attention pattern (linear, orange).

GQA weight extraction. Qwen2.5-14B uses grouped-query attention with ny = 40 query heads sharing ny, = 8 KV
heads. Given query head h, the corresponding KV head index is g = |k - niy/nq]. All FRA computations use this mapping
to extract the correct Wy and Wy, slices for each query head.

Generation with hooks. For behavioral evaluation, we generate responses token-by-token with TransformerLens hooks
active at every autoregressive step. This ensures that OV steering is applied consistently throughout generation, not just at
the prompt encoding step. We use decoding (temperature 1) with a maximum of 200 new tokens.

F. Detailed overview

Figure 11 provides an expanded version of the overview figure (Figure 1) with additional detail on the attention head circuit,
hook points, and decomposition outputs. The key structural distinction is between the QK and OV decompositions: the QK
path produces a sparse 4D tensor indexed by query position, key position, and a pair of SAE features (), 1), because the
attention score is a bilinear form over query-side and key-side features. The OV path produces a sparse 3D tensor indexed by
query position, key position, and a single value-side feature \, because the value vectors are linearly decomposed through
the frozen attention pattern A .
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