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Abstract

Sparse attention offers a promising strategy to001
extend long-context capabilities in Transformer002
LLMs, yet its efficiency–accuracy trade-offs re-003
main unclear due to the lack of comprehensive004
evaluation. We address this gap with the largest-005
scale empirical analysis to date of training-free006
sparse attention, evaluating six methods across007
multiple model families and sizes, sequences008
up to 128K tokens, and sparsity levels up to009
0.95 (i.e., 1/20 attention budget) on nine di-010
verse tasks. We first organise the rapidly evolv-011
ing landscape of sparse attention methods into a012
taxonomy along four design axes. Our analysis013
then yields actionable insights: 1) sparse atten-014
tion is effective—larger sparse models outper-015
form smaller dense ones at equivalent cost, im-016
proving the Pareto frontier; 2) due to computa-017
tional constraints, token-to-page importance es-018
timation is unfeasible during prefilling, where019
the choice of an alternative solution (global-to-020
token or block-to-block) depends on the task,021
but is possible during decoding, enabling bet-022
ter generalisation and tolerance to higher spar-023
sity; 3) longer sequences tolerate higher spar-024
sity, suggesting that fixed-budget methods in025
production are suboptimal. Together, these find-026
ings provide practical guidance for deploying027
sparse attention and methodological recommen-028
dations for future evaluations.029

1 Introduction030

The ability to model long sequences in large lan-031

guage models (LLMs) lies at the heart of long-032

context processing (Liu et al., 2025a) and inference-033

time scaling (Snell et al., 2024; Muennighoff et al.,034

2025). The fundamental bottleneck for this ability035

is the self-attention mechanism (Bahdanau et al.,036

2015; Vaswani et al., 2017): during the prefill-037

ing stage, its computational complexity scales038

quadratically with sequence length—hence, bal-039

looning time-to-first-token and deployment cost040

(Jiang et al., 2024). In the decoding phase, the key–041

value (KV) cache grows linearly with sequence042

length, and the need to load from memory this ex- 043

panding cache for each generation step dominates 044

the runtime (Nawrot et al., 2024). 045

Sparse attention mechanisms aim to address 046

these challenges by approximating dense attention 047

outputs with only a subset of query–key interac- 048

tions (Fu, 2024). These span both training-based 049

variants—such as DMS (Łańcucki et al., 2025), 050

DeepSeek’s NSA (Yuan et al., 2025), and SWA 051

used in OpenAI’s gpt-oss and Google’s Gemma 052

3—and training-free methods that operate directly 053

on pretrained models, such as Vertical-Slash (Jiang 054

et al., 2024) deployed in Qwen 2.5-1M (Yang et al., 055

2025) and integrated into vLLM. Sparse attention 056

has not only seen widespread adoption in indus- 057

try, but also in the research community: over 150 058

papers with “sparse attention” in the title were sub- 059

mitted to arXiv between January 2025 and January 060

2026. Despite this popularity, the viability and ro- 061

bustness of sparse attention remain unclear due to 062

a lack of comprehensive large-scale evaluation. 063

In this work, we carry out the largest-scale empir- 064

ical analysis to date of training-free sparse attention 065

methods, covering three model families (Qwen 2.5, 066

Llama 3.1, Gemma 3) with sizes between 4B and 067

72B parameters, sequences between 16K to 128K 068

tokens, and sparsity levels up to 0.95 (i.e., 1/20 069

attention budget). To enable a controlled analy- 070

sis, we first survey existing approaches, address- 071

ing the challenge of comparing rapidly evolving 072

methods whose implementation details often ob- 073

scure their core design principles. We distil these 074

approaches into four key axes: units of sparsifica- 075

tion (blocks/pages or verticals and slashes), impor- 076

tance estimation (fixed or context-aware), budget 077

allocation across layers (uniform or adaptive), and 078

KV cache management (eviction or full cache). 079

Based on this taxonomy, we select six represen- 080

tative methods spanning these design dimensions 081

and harmonise their implementations, allowing us 082

to rigorously evaluate their distinct effects. 083
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We focus specifically on training-free sparse at-084

tention because training-based alternatives require085

prohibitive computational resources and possibly086

access to proprietary training data (Nawrot et al.,087

2024). While this is a limitation, we expect in-088

sights from our training-free analysis to transfer089

to training-based methods given their similarity.1090

While previously Li et al. (2025), Liu et al. (2025b),091

and Yuan et al. (2024) provided a preliminary ex-092

ploration of training-free methods, they covered093

limited configurations, specific use cases, or did094

not control for sequence lengths, hindering a sys-095

tematic analysis (see Appendix C for a detailed096

comparison).097

For our evaluation, we curate a benchmark suite098

of 9 long-context tasks designed to systematically099

probe the influence of key factors on sparse atten-100

tion performance. These factors include diverse101

task types (ranging from retrieval to multi-hop vari-102

able tracking and information aggregation), varying103

naturalness of sequences (synthetic or natural lan-104

guage), and precisely controlled sequence lengths.105

The importance of these dimensions is underscored106

by prior work indicating their significant impact on107

sparse attention effectiveness (Chen et al., 2024;108

Liu et al., 2024). Alongside established bench-109

marks (Rajpurkar et al., 2018; Pang et al., 2022;110

Tseng et al., 2016), we introduce novel, more chal-111

lenging tasks based on natural language story tem-112

plates. These complement synthetic benchmarks113

like RULER (Hsieh et al., 2024), whose results114

may fail to extrapolate to realistic data, by evaluat-115

ing core skills in a controllable yet realistic natural116

language setting. All this provides us with a tool-117

box to address fundamental questions that currently118

remain unresolved:119

RQ1: Is sparse attention effective? (Section 4.1)120

An isoCost analysis reveals that sparsification en-121

ables larger sparse models to outperform smaller122

dense ones at equivalent cost (i.e., FLOPs during123

prefilling and memory reads during decoding). For124

long sequences, only high-sparsity configurations125

lie on the Pareto frontier.126

RQ2: Which sparse attention method should127

practitioners use? (Section 4.2) Prefill and decod-128

ing phases display different trends. During prefill-129

ing, computational constraints force a choice be-130

tween fine-grained token selection (Vertical-Slash)131

and block-based selection (Block-Sparse)—neither132

1For instance, Quest (Tang et al., 2024) and NSA (Yuan
et al., 2025) both use page-based selection for sparse decoding.

of which generalises across all tasks. During decod- 133

ing, token-to-page selection (e.g., Quest) is compu- 134

tationally feasible, enabling greater flexibility and 135

higher compression tolerance than prefilling. 136

RQ3: How does the sequence length affect tol- 137

erance to sparse attention? (Section 4.3) Longer 138

sequences permit higher sparsity while maintain- 139

ing accuracy, consistently across model families. 140

This suggests that fixed-budget methods deployed 141

in production are suboptimal, and future designs 142

should adapt sparsity to sequence length. 143

Overall, our findings provide practical guidance 144

for deploying sparse attention and methodologi- 145

cal recommendations for future evaluations in this 146

rapidly evolving field. 147

2 Training-Free Sparse Attention 148

The self-attention mechanism computes query Q, 149

key K, and value V representations from an in- 150

put sequence X ∈ Rn×d. The output Oi for the 151

i-th token is a weighted sum of values, Oi = 152∑n
j=1AijVj , where the attention weights Aij are 153

derived from scaled dot-products between queries 154

and keys: Ai = softmax(QiK
⊤/

√
d). We omit 155

multi-head details for brevity. 156

Transformer-based text generation involves two 157

phases. Prefilling processes the entire input se- 158

quence, computing the lower-triangular part of 159

the n × n attention matrix A, leading to O(n2) 160

complexity. Decoding generates tokens auto- 161

regressively. While attention is O(n) per step (sin- 162

gle query), loading the expanding Key-Value (KV) 163

cache from memory becomes the main bottleneck. 164

Sparse attention methods reduce these costs by 165

computing only a subset of QK interactions, mak- 166

ing A sparse. This lowers computational load dur- 167

ing prefilling and memory transfers during decod- 168

ing. We quantify the effectiveness of these methods 169

using sparsity—the fraction of non-computed QK 170

interactions. Equivalently, sparsity of 1− 1/k cor- 171

responds to retaining only a 1/k fraction of the 172

attention interactions. For instance, sparsity 0.9 (or 173

equivalently, 1/10 attention budget) means com- 174

puting only 10% of the original QK interactions. 175

The speedup from sparse attention depends on 176

how much of total cost is attention. Since atten- 177

tion scales quadratically while other components 178

(MLP, embeddings) scale linearly with sequence 179

length, attention dominates at longer contexts— 180

yielding greater benefits from sparsification. Mod- 181

els with built-in architectural sparsity, such as 182
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sliding-window or linear attention layers, have183

lower baseline attention ratios and require longer184

sequences for additional sparsification to provide185

comparable gains (Appendix B).186

We categorise training-free sparse attention187

methods along four axes: unit of sparsification,188

importance estimation, budget allocation, and KV189

cache management. We exclude token merging190

methods (Wang et al., 2024; Nawrot et al., 2024),191

which do not rely on sparsity.192

2.1 Unit of Sparsification193

Sparse attention methods differ primarily in the194

structural units of the attention matrix they prune195

or retain. Common units include local windows196

(contiguous regions around each query), vertical197

columns (tokens globally available to all queries),198

slashes (tokens at fixed offsets from each query),199

and blocks (fixed-size tiles of the attention matrix,200

such as 64×64 tokens). Larger structured units201

such as blocks or windows offer improved com-202

putational efficiency via better memory locality,203

whereas smaller units allow finer-grained, more204

precise selection of important information.205

Block-based methods select blocks of units to ap-206

proximate full attention. For prefilling, Star Atten-207

tion approximates attention using local blocks and208

the first prefix block. MInference’s Block-Sparse209

pattern (Jiang et al., 2024) additionally incorpo-210

rates a set of dynamically selected blocks for each211

chunk of query tokens. For decoding, Quest (Tang212

et al., 2024) and InfLLM (Xiao et al., 2024a) divide213

the KV cache into contiguous pages and select a214

subset of them for each decoded token.215

Vertical–slash patterns represent another es-216

sential class of units. Early sparse attention217

methods like LM-Infinite (Han et al., 2024) and218

StreamingLLM (Xiao et al., 2024b) utilised local219

sliding windows supplemented by prefix tokens220

shared globally, also known as attention sinks. Ex-221

tending this approach, Tri-shape (Li et al., 2025)222

added full attention for suffix tokens, whereas223

SnapKV (Li et al., 2024b) introduced dynamically224

chosen vertical columns. MInference (Jiang et al.,225

2024) built on this by adding diagonal slashes at226

arbitrary offsets beyond the local window.2 For a227

visual illustration of these attention patterns, see228

Figure 4 in the Appendix.229

2Interestingly, to efficiently compute attention along these
diagonals, MInference uses 64×64 blocks aligned with these
diagonals rather than computing attention for individual query–
key pairs.

2.2 Importance Estimation 230

To identify which specific units to retain, one can 231

use fixed patterns—applied identically across all 232

inputs—or dynamic patterns that adapt to the con- 233

tent being processed. Fixed patterns introduce no 234

computational overhead but cannot adapt to vary- 235

ing input requirements, while dynamic patterns 236

better preserve model quality but require additional 237

computation to identify important connections. 238

Fixed patterns are identified with offline calibra- 239

tion to work well across all inputs. StreamingLLM 240

(Xiao et al., 2024b), LM-Infinite (Han et al., 2024) 241

and MoA (Fu et al., 2024) determine the number 242

of initial tokens (attention sinks) and the width of a 243

local sliding window. 244

Content-aware methods typically estimate the 245

importance of QK units (tokens, blocks, or di- 246

agonals) to retain only the top-k most relevant 247

ones, maximising attention score recall. They use 248

lightweight heuristics such as approximated atten- 249

tion scores from highest-magnitude dimensions 250

(SparQ; Ribar et al., 2024) or block-wise pooled 251

token representations (Jiang et al., 2024). Some 252

approaches subsample queries (SampleAttention; 253

Zhu et al., 2024), recognising that recent query to- 254

kens often provide better indicators of KV unit im- 255

portance, as in MInference’s Vertical-Slash (Jiang 256

et al., 2024) and SnapKV (Li et al., 2024b). Dur- 257

ing decoding, aggregated attention scores (H2O; 258

Zhang et al., 2023) or the latest query (TOVA; Oren 259

et al., 2024) guide the selection of KV units, again 260

prioritising units likely to receive high attention 261

weights. Some methods incorporate complemen- 262

tary heuristics alongside attention scores, such as 263

norms of keys (Devoto et al., 2024) or values (Guo 264

et al., 2024). 265

Critically, the cost of sparse attention includes 266

both the sparse operation and importance esti- 267

mation overhead. During prefilling, per-cell im- 268

portance estimation would require quadratic cost, 269

so methods must either select fine-grained units 270

globally (e.g., vertical columns shared across all 271

queries) or use coarser block-to-block selection. 272

More flexible unit selection improves accuracy but 273

increases estimation cost. During decoding, per- 274

query selection is feasible since only one query is 275

processed per step, enabling methods like Quest to 276

perform finer token-to-block selection and tolerate 277

higher compression (Section 4.2). 278
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2.3 Budget Allocation279

The third dimension in sparse attention design280

is budget allocation: distributing computational281

resources across model components (layers and282

heads) for a target sparsity. This involves a trade-283

off between uniform simplicity and adaptive ex-284

pressivity.285

Uniform allocation assigns an equal budget (to-286

kens or blocks) to each head as in Block-Sparse287

(Jiang et al., 2024) and SnapKV (Li et al., 2024b).288

This is computationally simple but overlooks that289

layers and heads contribute differently to accuracy290

and have diverse attention sparsity (Zhang et al.,291

2024).292

Adaptive methods vary budget allocation. Pyra-293

midKV (Cai et al., 2024) and PyramidInfer (Yang294

et al., 2024b) observe that attention score entropy295

decreases with layer depth, allocating larger bud-296

gets to early layers. Mixture of Sparse Attention297

(MoA; Fu et al., 2024) uses Taylor approximations298

to optimally distribute the global budget across lay-299

ers. Within layers, Ada-KV (Feng et al., 2024)300

flexibly allocates by selecting top-(k × h) tokens301

(where h is head count), allowing critical heads to302

retain more keys while pruning others. Threshold-303

based allocation offers maximum flexibility by re-304

moving a fixed global budget. Methods like Twi-305

light (Lin et al., 2025), FlexPrefill (Lai et al., 2025),306

Tactic (Zhu et al., 2025), and SampleAttention (Zhu307

et al., 2024) set coverage thresholds (e.g., 95% of at-308

tention mass). Each head dynamically selects units309

to meet these thresholds, allowing high-entropy310

attention heads to consume more budget and the311

overall budget to vary per sample.312

2.4 KV Cache Management313

The final dimension distinguishes methods based314

on KV cache management during decoding.315

KV cache eviction methods (e.g., H2O (Zhang316

et al., 2023), SnapKV (Li et al., 2024b)) perma-317

nently discard selected tokens based on estimated318

importance, directly reducing memory footprint but319

sacrificing information fidelity as discarded tokens320

cannot be recovered.321

Full KV cache retention methods (e.g., Quest322

(Tang et al., 2024), SparQ (Ribar et al., 2024))323

maintain the entire cache but optimize compu-324

tation by selectively loading only necessary KV325

pairs during attention calculation. While incur-326

ring small memory overhead for auxiliary data327

structures needed for importance estimation, they328

avoid information loss and can operate effectively 329

at higher sparsity levels compared to eviction-based 330

methods, though they do not reduce peak memory 331

requirements. 332

3 Experimental Setup 333

3.1 Models 334

We perform experiments primarily on Qwen 2.5 335

(Yang et al., 2024a) (7B, 14B, 32B, 72B pa- 336

rameters), complemented by Llama 3.1 (Dubey 337

et al., 2024) (8B, 70B) and Gemma 3 (Gemma 338

Team, 2025) (4B, 12B, 27B). All three families 339

use instruction-tuned variants to support chain-of- 340

thought evaluation. Qwen 2.5 was selected as our 341

primary family as it uniquely satisfies strict method- 342

ological requirements for controlled scaling experi- 343

ments—see Appendix A.3 for rationale. For Qwen 344

and Llama, we modify the attention mechanism 345

across all layers. Gemma 3 employs hybrid atten- 346

tion where 5 out of 6 layers use sliding window 347

attention (1024 tokens) by design; we apply sparse 348

attention methods only to the remaining dense 349

(global attention) layers. We preserve the origi- 350

nal architectures and utilise the vLLM inference 351

engine (Kwon et al., 2023) with full bf16 precision. 352

Implementation details are in Appendix A.1. 353

3.2 Sparse Attention Methods 354

We evaluate six state-of-the-art sparse attention 355

methods (Table 1), which we choose as a repre- 356

sentative set spanning across the key dimensions 357

described in Section 2. We focus exclusively on 358

content-aware methods, as prior work has demon- 359

strated that fixed patterns consistently underper- 360

form their content-aware counterparts (Li et al., 361

2025). 362

3.3 Tasks 363

We evaluate 9 diverse tasks selected to reflect differ- 364

ent characteristics along 3 key dimensions known 365

to influence sparse attention performance: task 366

difficulty—defined by Dispersion (how hard it is 367

to locate necessary information) and Scope (how 368

much information must be processed) (Goldman 369

et al., 2024)—and data Naturalness (natural lan- 370

guage vs. synthetic data). This multi-dimensional 371

approach is motivated by recent findings that atten- 372

tion patterns vary significantly across task types: re- 373

trieval tasks often exhibit localised attention, while 374

reasoning tasks show more uniform distributions 375

that are challenging for sparse methods (Liu et al., 376
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Method Unit Budget KV Cache Management
Pr

efi
ll Vertical-Slash (Jiang et al., 2024) verticals and slashes uniform N/A

FlexPrefill (Lai et al., 2025) verticals and slashes threshold-based N/A
Block-Sparse (Jiang et al., 2024) blocks uniform N/A

D
ec

od
e SnapKV (Li et al., 2024b) tokens uniform eviction

Ada-SnapKV (Feng et al., 2024) tokens adaptive eviction
Quest (Tang et al., 2024) pages uniform full cache

Table 1: Full list of content-aware sparse attention methods benchmarked in our experiments. These represent
diverse strategies in terms of units, budget allocation, and KV cache management.

2025c; Chen et al., 2024; Li et al., 2025). The natu-377

ralness dimension is also crucial, as synthetic tasks378

yield different token representation distributions379

compared to natural language (Liu et al., 2024).380

Our task suite therefore incorporates four core381

tasks from the RULER benchmark (Hsieh et al.,382

2024)—Retrieval (NIAH), Multi-hop reasoning383

(VT), Aggregation (CWE), and QA (SQuAD)—to384

provide controlled environments (mostly synthetic)385

for specific capabilities. We complement these with386

natural texts from benchmarks with minimal con-387

tamination risk (Li et al., 2024a), such as QuALITY388

and TOEFL, though these represent low-dispersion,389

low-scope tasks. Thus, we additionally introduce390

three novel tasks (Story Retrieval, Multi-hop, Fil-391

tering) that translate RULER’s challenging tasks392

(with high dispersion or scope) into naturalistic nar-393

ratives, more representative of real-world use. We394

deliberately avoid open-ended tasks like summari-395

sation due to unreliable evaluation metrics (Yen396

et al., 2024; Ye et al., 2024), focusing instead on397

structured-output tasks requiring factual answers,398

enabling precise evaluation via Exact Match Accu-399

racy, Intersection-over-Union (IoU), and F1 score400

(all ranging from 0 to 1). These tasks are sum-401

marised in Table 4, with detailed descriptions in402

Appendix A.2 and examples in Appendix G.403

3.4 Evaluation Settings404

Our evaluation covers input lengths of 16k, 32k,405

and 64k tokens for all model families, with 128k406

evaluations limited to Qwen and Llama using407

Vertical-Slash and Quest only; Gemma exhibited408

near-zero performance at 128k. We use 100 sam-409

ples per configuration for Qwen and 50 for Llama410

and Gemma. We evaluate all combinations of task,411

model size, sequence length, and sparse attention412

pattern at sparsity levels from 0 (dense) to 0.95413

(i.e., 1/20 attention budget), interpolating perfor-414

mance at intermediate points. We ensure input415

samples are within 95–100% of the target max-416

imum token length, providing a consistent basis 417

for evaluating the impact of sequence length on 418

performance. Following Karpinska et al. (2024), 419

we adopt a structured prompt format that encour- 420

ages models to explicitly reason through chain-of- 421

thought before providing answers in a consistent, 422

parsable structure (see Appendix E). As metrics 423

of computational cost, we report FLOPS for pre- 424

filling and memory access for decoding, as these 425

reflect the respective computational bottlenecks of 426

each phase (see Section 2). Appendix B provides 427

more details, including indexing costs for sparse 428

attention methods. 429

4 Results 430

4.1 isoCost Analysis 431

RQ1: Is sparse attention effective? Results in 432

Figure 1 illustrate the average performance across 433

tasks against computational cost for different model 434

sizes and levels of sparsity.3 As implementation- 435

agnostic proxies for computational cost, we use 436

FLOPs for prefilling and memory transfers for de- 437

coding, which correlate with wall-clock time un- 438

der optimised implementations (see Appendix B 439

for cost formulas and breakdowns). We visualise 440

Pareto frontiers to identify configurations that offer 441

the best performance-cost trade-offs, i.e., those not 442

dominated by any other configuration in terms of 443

both cost and performance. 444

Sparse attention improves the Pareto frontier. 445

In Figure 1, the Pareto frontier reveals an efficiency 446

crossover where sparsification enables larger sparse 447

models to outperform smaller dense ones at equiva- 448

lent computational cost. For Qwen at 128k tokens, 449

only high-sparsity configurations lie on the Pareto 450

frontier. During prefilling, models with sparsity 451

3We approach this question using Vertical-Slash for pre-
filling and Quest for decoding, as these are, on average, the
best-performing patterns for their respective inference phases
(see Section 4.2).
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Figure 1: isoCost analysis for Qwen 2.5 (128k tokens) and Gemma 3 (64k tokens). Each point corresponds to a
(model size, sparsity) configuration, with performance aggregated across 9 tasks. Left column: prefilling with
Vertical-Slash (Jiang et al., 2024) (FLOPs). Right column: decoding with Quest (Tang et al., 2024) (memory
transfers). Standard error is negligible (Appendix D.1) and omitted for visual clarity. Dotted lines show Pareto
frontiers connecting configurations that are not dominated by any other configuration. Key findings: (1) sparsification
enables larger sparse models to outperform smaller dense models at equivalent cost; (2) the impact of sparsity is less
pronounced for Gemma due to its sliding-window architecture (Figure 14).

0.8–0.93 (i.e., 1/5 to 1/15 attention budget) remain452

optimal, while sparsity 0.95 (1/20 budget) falls be-453

low the optimal boundary. Decoding shows better454

resilience to high sparsity, with even 0.95 sparsity455

configurations being preferable to smaller dense456

models. For Gemma, we observe similar trends dur-457

ing decoding, but configuration overlap is absent458

for prefilling—this reflects Gemma’s lower base-459

line attention ratio because of its sliding-window460

architecture (see Section 2 and Appendix B).461

4.2 Per-Task Analysis462

RQ2: Which sparse attention method should prac-463

titioners use? Figure 2 presents per-task perfor-464

mance across sparse attention methods, aggregated465

over three model families and sequence lengths up466

to 64k. The 9 tasks introduced in Section 3.3 are467

grouped by their information retrieval characteris-468

tics: Single QA (one query, localised answer), Mul-469

tiple QA (multiple queries targeting distinct facts),470

High Scope/Low Dispersion (broad context, con-471

centrated answers), and Low Scope/High Disper-472

sion (narrow focus, scattered information). Three473

findings emerge from this analysis.474

Prefill and decoding phases display different475

flexibility. As discussed in Section 2, the compu-476

tational constraints of each inference phase funda-477

mentally determine what patterns can be selected,478

which in turn affects generalisation across tasks.479

During prefilling, per-cell importance estimation480

would require quadratic cost, leaving only two 481

strategies: global selection of fine-grained units 482

(Vertical-Slash) or block-to-block selection (Block- 483

Sparse). Neither strategy dominates—the optimal 484

choice is task-dependent. 485

During prefilling, Vertical-Slash shows strong 486

performance on retrieval tasks (Low Scope, Low 487

Dispersion) by enabling fine-grained token selec- 488

tion for locating specific facts. Tasks demand- 489

ing broader context access or multi-step reasoning 490

(High Scope or Dispersion, e.g., Ruler VT, Story 491

Filtering) benefit from Block-Sparse, which selects 492

distinct key-token blocks for each query block, ac- 493

commodating the processing of multiple indepen- 494

dent segments. 495

During decoding, token-to-page selection be- 496

comes computationally feasible since only one 497

query is processed per step. This greater flexibil- 498

ity enables Quest to generalise better across tasks 499

and tolerate higher compression than either prefill- 500

ing approach, while retaining the full KV cache. 501

Eviction-based decoding methods (SnapKV, Ada- 502

SnapKV) that permanently discard tokens illustrate 503

the cost of sacrificing the full cache—irreversible 504

compression is detrimental when discarded tokens 505

become relevant later, though this comes with the 506

benefit of reduced memory footprint. Nevertheless, 507

Quest can degrade on synthetic tasks such as Ruler 508

NIAH, where random symbol sequences yield less 509

distinguishable key representations compared to 510
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Figure 2: Per-task performance comparison of sparse attention methods, aggregated over Qwen 2.5, Llama 3.1,
and Gemma 3 models at sequence lengths 16k, 32k, and 64k. Error bars indicate standard error. Left column:
prefilling methods (Vertical-Slash, FlexPrefill, Block-Sparse). Right column: decoding methods (SnapKV, Ada-
SnapKV, Quest). Tasks are grouped by information retrieval characteristics. Per-family breakdowns are provided in
Appendix D.2.

natural language (Liu et al., 2024)—Quest’s page-511

level granularity amplifies this effect, as coarser512

blocks struggle more than Ada-SnapKV’s token-513

level selection to differentiate between unrelated514

token sets.515

Dynamic budget allocation benefits are phase-516

dependent. Adaptive methods that allocate dif-517

ferent budgets across layers or sequences yield in-518

consistent results. During prefilling, FlexPrefill519

matches or underperforms Vertical-Slash’s uniform520

allocation, likely due to the “attention sink phe-521

nomenon” (Chen et al., 2024): threshold-based522

selection captures high-attention tokens while miss- 523

ing information in the distribution’s long tail. Dur- 524

ing decoding, Ada-SnapKV consistently outper- 525

forms uniform SnapKV, particularly on multi-query 526

tasks (Story Retrieval), though both eviction meth- 527

ods remain inferior to Quest’s full-cache approach. 528

Sparsity tolerance varies dramatically across 529

tasks. The gap between task groups reveals a de- 530

ployment risk: methods achieving high sparsity on 531

easy tasks may fail on harder ones. Single QA tasks 532

(QuALITY, SQuAD, TOEFL) tolerate sparsity 0.95 533

(1/20 budget) with minimal degradation across all 534
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Figure 3: Sequence length effects on sparsity tolerance.
Relative error is (p̄dense−p̄sparse)/p̄dense, where p̄ denotes
mean performance. Results aggregated across all tasks,
methods, and models (Qwen 2.5, Llama 3.1, Gemma 3).
Absolute error and per-family breakdowns are provided
in Appendix D.3.

methods. Multiple QA tasks (Ruler NIAH, Story535

Retrieval) show substantial degradation at sparsity536

0.8–0.9 (1/5 to 1/10 budget). Tasks with High537

Scope or High Dispersion degrade even at mod-538

est sparsity (0.5–0.67, i.e., 1/2 to 1/3 budget) for539

some methods. Evaluating sparse attention only540

on Single QA benchmarks—or averaging across541

task types—masks these vulnerabilities. Robust de-542

ployment requires testing across diverse task char-543

acteristics, as sparsity levels safe for retrieval tasks544

can cause failures on aggregation or multi-hop rea-545

soning. Moreover, sequence naturalness affects546

methods asymmetrically—Quest outperforms Ada-547

SnapKV on natural-language retrieval (Story Re-548

trieval) but underperforms on synthetic retrieval549

(Ruler NIAH)—underscoring the need for bench-550

marks spanning both natural and synthetic data.551

4.3 Sequence Length Effects552

RQ3: How does sequence length affect tolerance to553

sparse attention? Figure 3 shows that for a fixed554

attention budget fraction, longer sequences in-555

cur smaller degradation: for example, at a 1/20556

budget, the relative error decreases from ≈ 0.33557

(16k) to ≈ 0.26 (32k) and ≈ 0.20 (64k). This in-558

dicates that the same sparsity ratio becomes less559

harmful as the sequence length grows. This pat-560

tern holds consistently across all model families.561

Nawrot et al. (2024) observe similar results for562

a training-aware KV compression method: their563

learned mechanism applies lower sparsity at the564

beginning of sequences and increases sparsity with565

sequence length. This behaviour may be explained566

by Herdan’s law (Herdan, 1960), which posits that567

new information becomes rarer over time, facilitat-568

ing higher sparsity with distance.569

To relate this trend to budget scaling, we inter- 570

pret the plot as approximate iso-error curves. For 571

a target relative error of ≈ 0.2, the required bud- 572

get fractions are roughly 1/10 (16k), 1/15 (32k), 573

and 1/20 (64k). In contrast, a fixed token budget 574

would imply fractions 1/10 → 1/20 → 1/40 as 575

length grows, which already exceeds the ≈ 0.2 er- 576

ror target at 32k (the 1/20 point is ≈ 0.26). For 577

a stricter target such as ≈ 0.1, the scaling is less 578

uniform: 1/5 stays below 0.1 for both 16k and 579

32k, while 64k requires only a modest reduction in 580

sparsity to stay near 0.1. These observations imply 581

that the optimal token budget should grow sublin- 582

early with sequence length: doubling the context 583

does not require doubling the token budget, but 584

keeping the budget constant would incur increas- 585

ing degradation. While current dynamic methods 586

lack robustness (Section 4.2), developing reliable 587

sublinear budget allocation mechanisms remains a 588

promising direction for future work. 589

5 Conclusions 590

This study provides the largest-scale empirical anal- 591

ysis of training-free sparse attention to date, cov- 592

ering three model families (Qwen 2.5, Llama 3.1, 593

Gemma 3), model scales (4B–72B parameters), se- 594

quence lengths (16K–128K tokens), sparsity levels 595

up to 0.95 (i.e., 1/20 attention budget), and nine di- 596

verse long-sequence tasks. We organise the rapidly 597

evolving landscape of sparse attention methods into 598

a taxonomy along four design axes and introduce 599

novel benchmarks consisting of natural texts that 600

are fully controllable yet challenging. Our analysis 601

yields three key insights. 602

Evidence of effectiveness. Sparse attention en- 603

ables larger models to outperform smaller dense 604

ones at equivalent computational cost, improving 605

the Pareto frontier. Thus, sparsity becomes crucial 606

for optimal LLM scaling. 607

Practical deployment guidance. Method selec- 608

tion should be task-aware: fine-grained token selec- 609

tion (e.g., Vertical-Slash) excels at retrieval, chunk- 610

based methods (e.g., Block-Sparse) suit reasoning 611

and aggregation, and Quest provides robust decod- 612

ing across most scenarios. 613

Design recommendations. Longer sequences tol- 614

erate higher sparsity while maintaining accuracy. 615

This suggests that fixed-budget methods deployed 616

in production are suboptimal; future designs should 617

adapt sparsity levels to sequence length, possibly 618

growing the token budget sublinearly. 619
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Limitations620

First, we evaluate only training-free sparse atten-621

tion methods. Training-based approaches could622

reduce train-inference mismatch, but require sub-623

stantial computational resources and access to pro-624

prietary training data.625

Second, our experimental coverage, while exten-626

sive, is bounded. We evaluate three model families627

(Qwen 2.5, Llama 3.1, Gemma 3) that met our628

methodological requirements for controlled scaling629

experiments with native long-context support; other630

families may exhibit different behaviour. We test631

only instruction-tuned models; reasoning models632

with extended chain-of-thought capabilities (e.g.,633

o1, DeepSeek-R1) may have different attention634

patterns and sparsity tolerance. Our nine tasks,635

though selected to span diverse dispersion levels,636

processing scopes, and data naturalness, do not ex-637

haustively cover all long-context scenarios—open-638

ended tasks like summarisation were excluded639

due to unreliable automated metrics. Addition-640

ally, experiments at 128k tokens are limited due to641

low baseline performance and lack of robustness642

across models; more conclusive evidence on how643

sequence length affects sparse attention scaling re-644

quires stronger long-context models.645

Third, we report hardware-agnostic computa-646

tional costs (FLOPs and memory access) rather647

than wall-clock timings. Actual speedups depend648

on hardware, batch size, and implementation qual-649

ity, which vary across deployment environments.650

Fourth, we do not investigate interactions be-651

tween sparse attention and other model efficiency652

techniques such as quantisation, weight pruning,653

or mixture-of-experts sparsity. These methods are654

often combined in practice, and their joint effects655

on attention sparsity tolerance remain unexplored.656
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A Experimental details924

A.1 Implementation Details925

This section provides supplementary details on the sparse attention patterns evaluated, focusing on926

hyperparameter tuning and specific configurations used to achieve target sparsity levels. We tuned927

hyperparameters for each pattern using ablation studies on the Qwen-7B model with a 16K sequence928

length across all tasks, varying sparsity from 0 to 0.9. Our main experiments evaluated performance at929

sparsity levels 0.33, 0.5, 0.6, 0.7, 0.8, 0.87, 0.9, 0.93, 0.95 (corresponding to attention budgets 1/1.5,930

1/2, 1/2.5, 1/3.33, 1/5, 1/7.5, 1/10, 1/15, 1/20), using linear interpolation for intermediate values931

where necessary. Table 3 summarizes the final parameters we used for each pattern, sequence length, and932

sparsity level. In total we evaluated 7065 configurations with 100 samples per configuration. We used933

approximately 4 compute nodes with 8 H100 GPUs each for 21 days.934
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Figure 4: Visualization of sparse attention patterns. Block-Sparse and Vertical-Slash operate during prefilling
(showing query-key attention matrix), while SnapKV and Quest operate during decoding (showing decoded tokens
attending to KV cache positions). Colors indicate different sparsity levels from 0.5 (red) to 0.9 (blue). The black
vertical lines in SnapKV and Quest mark the prefill/decode boundary.

A.1.1 Block-Sparse Attention935

We implement block-sparse attention by dividing the attention matrix into fixed-size blocks. The original936

implementation is available under the MIT license. Based on our ablation studies (Figure 5), we selected937

a block size of 16x16, as smaller blocks consistently yielded better performance. To achieve a target938

sparsity level, we select the top-k key blocks for each query block, where k is determined via binary939

search. We always preserve attention sinks (the first key block) and local context (diagonal key blocks940

corresponding to the query block).941

A.1.2 Vertical-Slash Pattern942

We implement the Vertical-Slash pattern (Jiang et al., 2024), available under the MIT license, by allocating943

a uniform budget to global (vertical columns) and local (slash diagonals) attention components. We select944

the most important verticals and slashes by approximating attention scores using a limited window of945

recent query tokens. Our ablation studies (Figure 11) revealed task-dependent optimal approximation946

window sizes: 512 tokens for retrieval-heavy tasks (Ruler NIAH, Story Retrieval) and 256 tokens for947

other tasks. This observation correlates with the typical query lengths for these tasks (see Table 2). We948

consistently preserve the first 4 (prefix) and the most recent 64 (local) tokens. To achieve target sparsity949

levels, we compute the required number of verticals and slashes based on collected attention statistics for950

each sequence length.951

A.1.3 FlexPrefill952

We implement FlexPrefill (Lai et al., 2025), available under the Apache-2.0 license, which enhances953

Vertical-Slash by introducing dynamic budget allocation per layer and head, controlled by a coverage954

parameter α and a minimum budget (min budget). We set τ = 0 in our experiments, hence disabling955
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Table 2: Statistics of token lengths of question and instruction for each task across 100 samples, informing the
choice of approximation window size for Vertical-Slash and FlexPrefill.

Task Mean Tokens Min Tokens Max Tokens

QA QuALITY 243.63 196 423
QA SQuAD 217.08 210 235
QA ToeflQA 237.67 202 270
RULER CWE 227.00 227 227
RULER NIAH 337.74 330 350
RULER VT 230.00 230 230
Story Filtering 184.00 184 184
Story Multi-hop 192.97 192 195
Story Retrieval 457.54 452 462

Query-Aware attention. This choice stemmed from two key considerations: first, our preliminary tests 956

indicated no significant performance gains from enabling it, aligning with the findings reported in the 957

original work; second, this setting isolates the dynamic budget allocation mechanism, allowing us to 958

specifically evaluate its impact compared to the fixed allocation used in the Vertical-Slash pattern. We 959

employ the same task-dependent approximation windows (256 / 512 tokens) and critical token preservation 960

strategy (first 4 prefix, most recent 64 local) as in our Vertical-Slash implementation. Our ablations 961

(Figure 8) indicated that setting min budget to 512 significantly improved performance, suggesting 962

the importance of maintaining a minimum level of connectivity during prefilling. We achieved target 963

compression ratios by selecting the appropriate α based on attention statistics while keeping min budget 964

fixed at 512. For high compression ratios where dynamic allocation proved less effective, we set α = 0, 965

effectively reverting to a uniform allocation of Vertical-Slash. 966

A.1.4 SnapKV 967

We implement SnapKV (Li et al., 2024b), available under the CC-BY 4.0 license, by compressing the 968

Key-Value (KV) cache after the prefilling stage and applying a uniform token budget across all heads 969

for the subsequent decoding phase. We predict token importance for decoding by computing attention 970

scores using a window of recent query tokens (approximation window). Our ablations showed an optimal 971

approximation window size of 256 tokens (Figure 9), with no significant task dependency observed, 972

unlike Vertical-Slash and FlexPrefill. We smooth the calculated token importance scores using 1D average 973

pooling with a kernel size of 21 (chosen based on Figure 10). We always preserve the first 4 and the most 974

recent 128 tokens. We control sparsity by setting the ‘token capacity‘ (token limit per head) to achieve 975

the target sparsity level. 976

A.1.5 Ada-SnapKV 977

We implement Ada-SnapKV (Feng et al., 2024), available under the MIT license, which extends SnapKV 978

by incorporating dynamic token budget allocation per head. One difference in our implementation between 979

Ada-SnapKV and SnapKV is that we use max-aggregation (instead of averaging) across query positions 980

and heads for score calculation; this empirically proved more effective for adaptive allocation but had 981

no effect for uniform (SnapKV) allocation. We utilize the same smoothing kernel size (21) and critical 982

token preservation strategy (first 4 prefix, most recent 128 local) as in our SnapKV implementation. Our 983

ablations (Figure 7) indicated that providing each head with a minimum budget of 20% of its capacity 984

was optimal. Performance was found to be less sensitive to minimum budget (performing well within 985

the 10-50% range) compared to FlexPrefill’s sensitivity, but degraded sharply when approaching 100% 986

(uniform allocation), underscoring the benefits of dynamic allocation during decoding. We control sparsity 987

by setting ‘token capacity‘, identically to SnapKV. 988
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A.1.6 Quest989

We implement Quest (Tang et al., 2024), available under the CC-BY 4.0 license, which applies dynamic990

sparse attention during the decoding phase at the page level. Based on our ablations (Figure 6), we used a991

page size of 16 tokens. We represent pages by their minimum and maximum key values to enable efficient992

similarity computation with queries. At each decoding step, we select the most relevant pages based on993

query-page similarity scores, always including the page containing the current token. We control sparsity994

by setting the ‘token budget‘ (number of tokens selected per step) to achieve the target sparsity level.995

Table 3: Pattern parameters for different sequence lengths and sparsity levels. At 128k tokens, we only evaluate
Vertical-Slash and Quest.

Pattern Parameter Sequence Length Values for Different Sparsity Levels

Vertical & Slash Verticals/Slashes
16384 164, 240, 315, 400, 448, 576, 768, 1024, 1536, 2304
32768 290, 384, 448, 576, 704, 1024, 1536, 2304, 3584, 4608
65536 400, 448, 544, 640, 960, 1280, 2304, 4096, 6144, 8192
128000 480, 768, 1024, 1536, 2048, 3584, 5632, 10240, 13312, 18432

FlexPrefill (α, min budget)
16384 (0, 164), (0, 240), (0, 315), (0, 400), (0.55, 512), (0.71, 512), (0.88, 512)
32768 (0, 290), (0, 384), (0.45, 512), (0.6, 512), (0.7, 512), (0.8, 512), (0.92, 512)
65536 (0, 400), (0.45, 512), (0.55, 512), (0.7, 512), (0.77, 512), (0.85, 512), (0.94, 512)

Block Sparse top chunks
16384 26, 35, 53, 71, 108, 188, 300
32768 52, 69, 105, 141, 216, 376, 600
65536 104, 139, 210, 283, 432, 752, 1200

SnapKV/AdaSnapKV token capacity
16384 819, 1092, 1638, 2183, 3276, 4915, 6553, 8192, 9830, 11468
32768 1638, 2185, 3276, 4367, 6553, 9830, 13107, 16384, 19660, 22937
65536 3276, 4371, 6553, 8735, 13107, 19660, 26214, 32768, 39321, 45875

Quest token budget

16384 816, 1088, 1632, 2176, 3280, 4912, 6560, 8192, 9824, 11472
32768 1632, 2192, 3280, 4368, 6560, 9824, 13104, 16384, 19664, 22944
65536 3280, 4368, 6560, 8736, 13104, 19664, 26208, 32768, 39328, 45872
128000 6400, 8544, 12800, 17056, 25600, 38400, 51200, 64000, 76800, 89600
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Figure 5: Block-Sparse block size.
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Figure 6: Quest page size.
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Figure 7: Ada-SnapKV min budget.
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Figure 8: FlexPrefill min budget.
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Figure 9: SnapKV/Ada-SnapKV approximation win-
dow.
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Figure 10: SnapKV/Ada-SnapKV kernel size.
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Figure 11: Vertical-Slash approximation window ablation per task.
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A.2 Task Details996

This section provides further details on the nine evaluation tasks used in our experiments. These tasks,997

summarized in Table 4 at the end of this subsection, are grouped into Question Answering, synthetic998

tasks from RULER (Hsieh et al., 2024), and our Story tasks. We specify key hyperparameters, evaluation999

metrics, and characterize each task along the axes of Scope (Low vs. High) and Dispersion (Low vs.1000

High). Scope refers to the amount of information required, while Dispersion indicates how difficult it is to1001

locate the relevant information within the context.1002

A.2.1 Question Answering (QA)1003

We use SQuAD (Rajpurkar et al., 2018) (CC BY-SA 4.0) from RULER (Apache-2.0) and two other QA1004

datasets selected for minimal data contamination (Li et al., 2024a): QuALITY (Pang et al., 2022) (CC BY1005

4.0) and ToeflQA (Tseng et al., 2016)4.1006

• Setup: Each example contains one answer-bearing document and distractor documents to reach1007

the target sequence length. Documents are shuffled and numbered; the question refers to a specific1008

document ID.1009

• Preprocessing: We remove duplicate question-context pairs and filter examples where the original1010

context exceeds 8k tokens (ensuring space for at least one distractor at 16k sequence length).1011

• Evaluation: Exact Match Accuracy (QuALITY, ToeflQA multiple-choice), token-level F1 (SQuAD1012

open-ended).1013

• Characteristics: Natural text. Requires identifying and processing a specific document, thus1014

characterised by Low Dispersion and Low Scope. See Appendix G.1.1015

A.2.2 Synthetic – RULER Tasks1016

We use three synthetic tasks from the RULER benchmark (Hsieh et al., 2024) (Apache-2.0).1017

• Needle-in-a-Haystack (NIAH): Extract values for 4 target keys from a document containing relevant1018

and distractor key-value pairs (random hyphenated strings). Evaluated using Exact Match Accuracy.1019

Requires finding specific items, characteristic of Low Dispersion and Low Scope. See Appendix G.2.1020

• Common Word Extraction (CWE): Identify the 10 most frequent words (appearing 30 times each)1021

among distractor words (appearing 3 times each), sampled from a vocabulary of ∼9,000 English1022

words5. Evaluated using Intersection-over-Union (IoU). Requires processing the entire context to1023

count frequencies, demanding Low Dispersion (words are presented directly as a list, not obscured1024

within complex structures) but High Scope (all words must be processed to determine frequencies).1025

See Appendix G.3.1026

• Variable Tracking (VT): Resolve variable assignments (direct or chained) to identify all variables1027

matching a target value. Context includes repeated filler text (“The grass is green...”). Evaluated using1028

IoU. Requires tracking dependencies across the context, demanding High Dispersion (information1029

location depends on chains) and Low Scope (only specific chains matter). See Appendix G.4.1030

A.2.3 Semi-Synthetic – Story Tasks1031

These tasks use procedurally generated multi-chapter narratives that scale with sequence length. Each1032

chapter follows a schema involving travel, dialogue, and item transactions. See Appendix F for an example1033

narrative. We release them under the CC BY 4.0 license.1034

4Originally released at https://github.com/iamyuanchung/TOEFL-QA. License information is missing; a
GitHub issue requesting clarification was opened on August 7, 2023, but has not received a response.

5https://github.com/mrmaxguns/wonderwordsmodule
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• Story Retrieval: Answer 16 factoid questions (e.g., location visited, item acquired) about specific 1035

chapters, with chapter IDs provided in the questions. Evaluated using Exact Match Accuracy. 1036

Requires accessing specific chapters, characteristic of Low Dispersion and Low Scope. See 1037

Appendix G.5. 1038

• Story Filtering: Identify the three specific chapters where no item purchases occurred. The prompt 1039

explicitly asks for these three chapter IDs, and the narrative is constructed such that exactly three 1040

chapters meet this condition. Evaluated using IoU. Requires checking all chapters, demanding Low 1041

Dispersion (information is chapter-based) but High Scope (all chapters must be checked). We found 1042

this task to be challenging even for the largest models evaluated. See Appendix G.6. 1043

• Story Multi-hop: Given a target item, identify the item acquired immediately before it, requiring 1044

reasoning across the transaction history in multiple chapters. In our setup, an item is acquired in 1045

every chapter; this simplifies the task to locating the chapter where the target item was acquired 1046

and retrieving the item name from the immediately preceding chapter. We found this simplified 1047

version to be highly challenging, even for the largest models evaluated, thus we did not explore 1048

more complex variants (e.g., selective item acquisition requiring longer lookbacks). Evaluated using 1049

Exact Match Accuracy. Requires tracking history across the narrative, demanding High Dispersion 1050

(relevant transactions can be far apart) and Low Scope (only specific transaction pairs matter). See 1051

Appendix G.7. 1052

Task Name Description Dispersion Scope Natural

QA (SQuAD) Open-ended QA on a specified document among distractors Low Low ✓
QA (QuALITY, TOEFL) Multiple-choice QA on a specified document among distrac-

tors
Low Low ✓

Ruler NIAH Extract 4 values for specified keys among many distractor
key-value pairs

Low Low ×

Ruler VT Identify variables that resolve to a specific value via chained
assignments

High Low ×

Ruler CWE Identify the 10 most frequent words from a list with distrac-
tors

Low High ×

Story Retrieval Answer 16 factoid-style questions about specific chapters
in a long narrative

Low Low ✓

Story Multi-hop Identify the item acquired immediately before a target item
across chapters

High Low ✓

Story Filtering Identify chapters where no item purchases occurred in a
long narrative

Low High ✓

Table 4: Summary of 9 evaluation tasks: QA tasks are based on existing datasets—SQuAD (Rajpurkar et al., 2018),
QuALITY (Pang et al., 2022), TOEFL (Tseng et al., 2016)—while NIAH, VT, and CWE are taken from the RULER
benchmark (Hsieh et al., 2024). The remaining three (Story Retrieval, Multi-hop, and Filtering) are our contribution:
we automatically generate multi-chapter narratives to evaluate the same skills as RULER tasks but expressed in
naturalistic text. For each task, we indicate whether it has High or Low dispersion (information is difficult to locate),
High or Low scope (large amount of necessary information), and whether it is based on natural text or is synthetic.
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A.3 Model Details1053

Our choice of Qwen 2.5 as the primary model family was driven by strict methodological requirements.1054

We needed a model family satisfying three criteria simultaneously: (1) native 128k context support, since1055

sparse attention benefits emerge primarily at very long sequences; (2) multiple model sizes maintaining1056

reasonable (non-random) performance across all sequence lengths with consistent training procedures on1057

identical data to enable rigorous size-based comparisons; and (3) instruction-tuned versions for chain-of-1058

thought evaluation to mitigate short-output evaluation bias toward sparse decoding methods with dense1059

prefill (Yuan et al., 2024).1060

After evaluating available open-source families, Qwen 2.5 was the only one meeting these requirements.1061

Other families were excluded for the following reasons:1062

• Command: Different training data across sizes (8B vs 32B/104B).1063

• Llama 3.1/3.2: Smaller models (1B, 3B) failed at 16k–32k sequence length on most tasks; 405B1064

exceeded our computational budget.1065

• Mistral: Multiple fine-tunes but fewer than three sizes with consistent training.1066

• Phi-3: The 14B model showed unexpectedly poor long-context performance, worse than 4B accord-1067

ing to RULER evaluations.1068

• Yi: Limited to 32k sequence length.1069

• GPT-OSS: Only two model sizes; additionally requires custom attention implementation with1070

variable attention head biases, which is not supported by training-free sparse attention methods.1071

To broaden our scope and provide additional evidence for our findings, we also evaluate on Llama 3.11072

(8B, 70B) and Gemma 3 (4B, 12B, 27B). Gemma 3 employs hybrid attention where 5 out of 6 layers use1073

sliding window attention with a window size of 1024 tokens, while every 6th layer uses global (dense)1074

attention. This makes Gemma 3 particularly interesting for our study: it is already heavily sparsified by1075

design, and we apply training-free sparse attention methods only to the dense layers. This allows us to1076

analyze whether additional sparsification benefits models that already incorporate architectural sparsity.1077

Family Size Layers Q Heads KV Heads Huggingface

Llama 3.1
8B 32 32 8 meta-llama/Llama-3.1-8B-Instruct
70B 80 64 8 meta-llama/Llama-3.1-70B-Instruct

Qwen 2.5

7B 28 28 4 Qwen/Qwen2.5-7B-Instruct
14B 48 40 8 Qwen/Qwen2.5-14B-Instruct
32B 64 40 8 Qwen/Qwen2.5-32B-Instruct
72B 80 64 8 Qwen/Qwen2.5-72B-Instruct

Gemma 3
4B 34 8 4 google/gemma-3-4b-it
12B 48 16 8 google/gemma-3-12b-it
27B 62 32 16 google/gemma-3-27b-it

Table 5: Overview of models used in the evaluation. Qwen 2.5 and Llama 3.1 officially support context lengths up
to 128k tokens; however, we evaluate 128k only for Vertical-Slash and Quest. Gemma 3 supports up to 128k tokens
but exhibited near-zero performance at this length across most configurations, so we evaluate Gemma 3 up to 64k
only. We use 100 samples per configuration for Qwen and 50 for Llama and Gemma.
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B Computational Cost Analysis 1078

We analyze computational cost using implementation-agnostic metrics that correlate with wall-clock 1079

time under optimized implementations: FLOPs for prefilling (compute-bound) and memory transfers for 1080

decoding (memory-bound). This approach avoids confounds from implementation-specific inefficiencies 1081

while capturing the fundamental cost structure. 1082

B.1 Cost Formulas 1083

For prefilling, which is compute-bound, we compute total FLOPs as: 1084

FLOPSprefill = B · (FLOPSembedding + FLOPSattention + FLOPSmlp + FLOPSlogits) (1) 1085

FLOPSembedding = 2 · L · d (2) 1086

FLOPSattention = N · (2Ld · (d+ 2dhnkv + d) + ρ · (2hL2dh + 3hL2 + 2hL2dh)) (3) 1087

FLOPSmlp = N · (6 · L · d · dmlp + 2 · L · dmlp) (4) 1088

FLOPSlogits = 2 · L · d · |V | (5) 1089

For decoding, which is memory-bound, we measure memory accesses: 1090

Memorydecode = Memoryweights +B · Memorykv cache (6) 1091

Memorykv cache = N · 2 · L · dh · nkv · ρ (7) 1092

Memoryweights = N · (4d2 + 3d · dmlp) + d · |V |+ d (8) 1093

where L is sequence length, d is hidden dimension, h is number of query heads, dh is head dimension, 1094

nkv is number of key-value heads, N is number of layers, dmlp is MLP intermediate dimension, |V | is 1095

vocabulary size, ρ represents attention density (1− sparsity), and B is batch size. 1096

For sparse methods, we include importance estimation overhead. Vertical-Slash indexing: 1097

FLOPSVS indexing = B ·N · h · [2dLq + 3Lq + 2Lq + 2L log2(L) +
L

64
(kv + ks)] (9) 1098

Quest indexing requires loading page representations: 1099

MemoryQuest indexing = B ·N · nkv · 2d ·
L

p
(10) 1100

where q is the number of queries for importance estimation, kv/ks are selected vertical/slash patterns, and 1101

p is page size (16). 1102

B.2 Prefilling: Sequence Length Drives Sparsity Impact 1103

Attention cost scales quadratically with sequence length (O(L2)) during prefilling, while non-attention 1104

costs (MLP, embeddings, logits) scale linearly (O(L)). This creates two regimes: at shorter sequences, 1105

non-attention components dominate; at longer sequences, attention becomes the primary cost. 1106

Figure 12 illustrates the practical consequence. At 16K tokens, attention represents 40% of prefilling 1107

FLOPs (averaged across Qwen 7B–72B), so 5× sparsity yields only 1.5× speedup. At 64K tokens, 1108

attention rises to 68%, yielding 2.2× speedup. At 128K tokens, attention dominates at 80%, enabling 1109

2.8× speedup. Notably, the standard deviation across model sizes is small (±4–6%), indicating this 1110

relationship holds regardless of model scale. 1111
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Figure 12: Prefilling compute breakdown and sparsity benefits, averaged over Qwen 7B–72B with error bars
showing standard deviation across model sizes. Left: As sequence length increases from 16K to 128K, attention
grows from 40% to 80% of total FLOPs. Right: Consequently, 5× attention sparsity yields progressively greater
speedups—from 1.5× at 16K to 2.8× at 128K.
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B.3 Decoding: Sequence Length and Batch Size Both Matter 1112

Unlike prefilling, decoding cost depends on both sequence length and batch size. KV cache access scales 1113

linearly with context length (O(L)) and batch size (O(B)), while model weight loading is constant. This 1114

creates an important distinction: for prefilling, all cost components scale linearly with batch size, so the 1115

attention-to-total ratio remains constant. Decoding behaves differently—model weights are loaded once 1116

per forward pass regardless of batch size, while KV cache access scales with batch size. 1117

Figure 13 shows this clearly (averaged across Qwen 7B–72B). At batch size 1, weight loading dominates: 1118

KV cache represents only 7% at 16K tokens, rising to 35% at 128K. At batch size 8, the picture shifts: KV 1119

cache reaches 35–80%. At batch size 64, KV cache dominates at 80–97%, and sparse attention becomes 1120

highly effective with 2.8–4.7× speedups. The standard deviation across model sizes remains modest 1121

(±1–9%), confirming these trends hold across model scales. 1122

B.4 Sliding-Window Architectures Need Longer Sequences 1123
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Figure 14: Attention cost ratio comparison between Qwen 14B (dense attention) and Gemma 12B (sliding-window
attention) at batch size 8. Gemma’s architectural sparsity results in substantially lower attention ratios, requiring
longer sequences for additional sparse attention to provide meaningful cost reduction.

Models with built-in architectural sparsity, such as Gemma 3’s sliding-window attention (5 out of 6 1124

layers use 1024-token windows), have lower baseline attention ratios. Figure 14 compares similar-sized 1125

models: at 64K tokens with batch size 8, Qwen 14B has 76% attention ratio for prefilling versus Gemma 1126

12B’s 42%. For decoding, Qwen reaches 79% versus Gemma’s 61%. At 128K tokens, Gemma’s attention 1127

ratio rises to 54% for prefilling and 75% for decoding. 1128

This difference has practical implications for isoCost comparisons. Because Gemma has a lower 1129

attention-to-total ratio at 64K, sparse prefilling reduces a smaller fraction of total FLOPs than for Qwen, 1130

so the dense–sparse frontiers overlap later (i.e., at higher costs / longer sequences). In principle, one would 1131

expect stronger overlap for Gemma at longer contexts as the attention ratio rises, but in our experiments 1132

most model–task configurations at 128K exhibit near-zero performance, preventing a meaningful prefilling 1133

comparison at that length. Decoding is less constrained: at sufficiently high batch size (e.g., B = 64), 1134

KV-cache transfers dominate even for sliding-window models, so sparse decoding still yields practical 1135

benefits and can exhibit dense–sparse overlap in isoCost space (see Section 4). 1136

C Comparison to Prior Work 1137

Several concurrent works have explored evaluation of sparse attention methods. We summarise the key 1138

differences below. 1139

SCBench (Li et al., 2025) does not control for sequence length and evaluates at most two models from 1140

a single family, making it difficult to analyse the effects of sequence length and model size on sparse 1141
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attention performance. Our work systematically varies sequence length (16K–128K tokens) and evaluates1142

multiple model sizes within each of three model families.1143

Liu et al. (2025b) only considers models up to 10B parameters and does not address sparse attention in1144

the prefilling phase. In contrast, we evaluate models up to 72B parameters and analyse both prefilling and1145

decoding phases separately, revealing phase-specific behaviours.1146

Yuan et al. (2024) tests sequence lengths only up to 32K tokens and includes models up to 10B1147

parameters. Our evaluation extends to 128K tokens and 72B parameters, capturing the regime where1148

sparse attention benefits are most pronounced.1149

In summary, our work is the first to systematically conduct an isoCost analysis for sparse attention,1150

providing new insights into efficiency–accuracy trade-offs and generalisation across model size, sequence1151

length, and sparsity.1152

22



D Extra Results 1153

D.1 Statistical Error Bounds 1154

We report standard error in Figure 2 (main text, RQ2) for our per-task and per-method results. We omit 1155

standard error bars in isocost figures (Figure 1) for visual clarity, as the standard error is negligible. Here 1156

we derive the upper bound for the standard error across all configurations. 1157

Since performance metrics lie in the [0, 1] range, the maximum standard deviation is σmax = 0.5 1158

(achieved when the metric has a Bernoulli distribution with p = 0.5). For configurations where we 1159

aggregate results over N samples, the standard error is: 1160

SE =
σ√
N

≤ σmax√
N

=
0.5√
N

(11) 1161

In Figure 1, we aggregate performance across 9 tasks with 100 samples each (for Qwen), yielding 1162

N = 900 samples total: 1163

SEmax =
0.5√
900

=
0.5

30
≈ 0.0167 (12) 1164

This upper bound of approximately 0.017 is substantially smaller than the performance differences we 1165

observe between configurations (typically > 0.05), justifying our decision to omit error bars for visual 1166

clarity in the isocost analysis. 1167

D.2 Per-Task Results by Model Family 1168

This section provides per-task performance breakdowns for each model family, complementing the 1169

aggregated analysis in Section 4.2. Figures 15 to 17 show results for Qwen 2.5, Llama 3.1, and Gemma 3 1170

respectively. 1171

D.3 Sequence Length Effects 1172

Figure 18 presents the absolute error perspective on sequence length effects, complementing the relative 1173

error analysis in Section 4.3. The absolute error is p̄dense − p̄sparse, where p̄ denotes mean performance. 1174

The pattern mirrors the relative error findings: longer sequences tolerate higher sparsity with smaller 1175

absolute performance degradation. 1176

Figure 19 provides per-family breakdowns of the sequence length analysis. The trend of improved 1177

sparsity tolerance at longer sequences holds consistently across all three model families, with minor 1178

variations in magnitude. 1179

D.4 Model Size Analysis 1180

We analyse how sparsity tolerance varies with model scale. Figure 20 shows model size effects aggregated 1181

across all tasks, methods, and sequence lengths for each model family. On average, model size shows no 1182

clear correlation with sparsity tolerance—the lines for different model sizes largely overlap, indicating 1183

that larger models do not systematically tolerate more or less sparsity than smaller ones. 1184

However, this aggregate finding masks important task-dependent patterns revealed in Figure 21. 1185

Model size effects depend on task difficulty. Figure 21 presents contrasting perspectives on model 1186

size effects. On tasks where all model sizes achieve near-perfect dense accuracy (left column: Story 1187

Retrieval, Ruler NIAH), larger models tolerate more sparsity—at sparsity 0.95 (1/20 budget), 72B shows 1188

0.20 absolute error compared to 0.50 for 7B. Conversely, on challenging tasks where dense accuracy 1189

scales with model size (right column: Ruler VT, Story Filtering), larger models exhibit larger absolute 1190

errors at equivalent sparsity—72B shows 0.21 absolute error while 7B shows only 0.03 at sparsity 0.95. 1191

The relative error perspective (bottom row) shows consistent patterns: larger models have lower relative 1192

error on easy tasks but higher relative error on hard tasks. 1193
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Figure 15: Per-task performance for Qwen 2.5 models (7B, 14B, 32B, 72B) at sequence lengths 16k, 32k, and 64k.
Left: prefilling methods. Right: decoding methods.
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Figure 16: Per-task performance for Llama 3.1 models (8B, 70B) at sequence lengths 16k, 32k, and 64k. Left:
prefilling methods. Right: decoding methods.
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Figure 17: Per-task performance for Gemma 3 models (4B, 12B, 27B) at sequence lengths 16k, 32k, and 64k. Left:
prefilling methods. Right: decoding methods.
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Figure 18: Absolute error vs. sparsity across sequence lengths. Results aggregated across all tasks, methods, and
models (Qwen 2.5, Llama 3.1, Gemma 3).
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Figure 19: Sequence length effects on sparsity tolerance by model family. Top row: absolute error vs. sparsity.
Bottom row: relative error vs. sparsity. Results aggregated across all tasks and methods within each family.
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Figure 20: Model size effects on sparsity tolerance aggregated across all tasks. Top row: absolute error vs. sparsity.
Bottom row: relative error vs. sparsity. Results aggregated across all tasks, methods, and sequence lengths 16–64k
for each model family.

27



0 1/2 1/5 1/10 1/15 1/20

0.0

0.1

0.2

0.3

0.4

A
bs

ol
ut

e 
er

ro
r

Story Retrieval + Ruler NIAH

7B
14B
32B
72B

0 1/2 1/5 1/10 1/15 1/20

0.0

0.1

0.1

0.2

0.2

Ruler VT + Story Filtering

7B
14B
32B
72B

0 1/2 1/5 1/10 1/15 1/20
Sparsity

0.0

0.1

0.2

0.3

0.4

0.5

0.6

R
el

at
iv

e 
er

ro
r

7B
14B
32B
72B

0 1/2 1/5 1/10 1/15 1/20
Sparsity

0.0

0.1

0.2

0.3

0.4
7B
14B
32B
72B

Figure 21: Model size effects on sparsity tolerance for Qwen 2.5 (7B–72B). Absolute error is p̄dense − p̄sparse; relative
error is (p̄dense − p̄sparse)/p̄dense, where p̄ denotes mean performance. Top row: absolute error vs. sparsity. Bottom
row: relative error vs. sparsity. Left column: easy tasks (Story Retrieval, Ruler NIAH). Right column: hard tasks
(Ruler VT, Story Filtering). Results aggregated across methods and sequence lengths 16–64k.

These divergent patterns arise from how sparsity interacts with model capacity. Sparse attention1194

reduces effective model capacity by limiting information flow. When a model operates far above a1195

task’s difficulty threshold, this capacity reduction has minimal impact on outputs. When model capacity1196

approximately matches task difficulty, even modest sparsity degrades performance. Larger models achieve1197

higher dense accuracy on difficult tasks, operating closer to their capacity limits on these tasks—making1198

them more vulnerable to capacity reductions from sparsity. Evaluations on tasks where models achieve1199

perfect or near-perfect accuracy—common in benchmarks like Needle-in-a-Haystack—cannot reveal1200

these vulnerabilities.1201
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E Prompt Template 1202

Input format:

You are provided with a task introduction, context, and a question.

{task_intro}

Below is your question. I will state it both before and after the context.

<question>
{question}
</question>

<context>
{context}
</context>

<question_repeated>
{question}
</question_repeated>

Instructions:
1. First, provide a brief explanation of your reasoning process. Explain how you identified

the relevant information from the context and how you determined your answer.
2. Then, provide your final answer following this exact format:
<answer>
{answer_format}
</answer>

Your response must follow this structure exactly:
<explanation>
Your explanation here...
</explanation>
<answer>
Your answer here...
</answer>

Important:
{extra_instructions}
- Keep your explanations clear, coherent, concise, and to the point.
- Do not include any additional text, explanations, or reasoning in the answer section.

1203
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F Example Story Narrative1204

Chapter 1:
Beneath gentle breezes, Arion ventured into Athens, curious about its secrets. Long journeys had led Arion to Athens, a step closer to understanding.
Soon enough, a tense negotiation seized everyone’s attention. Cleo appeared as if expecting Arion, engaging them without delay. Carefully, they
navigated the topic of old feuds, wary of awakening dormant animosities that still simmered. In a calm moment, they compared notes on the traders
who passed through Athens, each leaving their subtle mark. In hushed tones, they spoke of local customs and distant rumors, sharing hints of hidden
pathways. Following subtle bargaining with Cleo, Arion claimed ownership of lavish crystal lamp. With a light gesture, Arion acknowledged Cleo once
more before departing. Nothing would be the same as Arion left Athens, thoughts turning inward. In quiet corners, ambitions simmered, waiting for a spark.

Chapter 2:
At dawn, Arion reached the gates of Hippo Regius, where merchants and travelers converged. This place might hold a clue Arion had long sought. Hardly
had Arion arrived before a violent storm stirred uneasy whispers. Thanos approached Arion, eyes bright with opportunity. They lingered over tales of
old alliances and forgotten disputes, weaving past into present. They debated the meaning of recent events, each seeking patterns in the chaos. Their
reflections turned to the interplay of supply and demand, seeing how fortunes might turn in an instant. After reaching terms with Thanos, Arion took
possession of ceremonial gold seal. Arion turned from Thanos, ready to move on. In parting, Arion acknowledged that the journey still had far to run.
Hidden corners of the city promised knowledge or peril.

Chapter 3:
The threshold of Emerita Augusta welcomed Arion, who felt the weight of untold stories. Arion came here hoping to learn something new, or perhaps
gain an advantage. Within hours, a violent storm disrupted the familiar routines. There, Arion encountered Niko, who seemed eager to exchange words or
goods. Their words lingered on rumors of distant lands, where fortunes or ruin awaited bold seekers. They debated the meaning of recent events, each
seeking patterns in the chaos. Their dialogue danced around subtle clues, each suggestion hinting at treasures undiscovered. The transaction concluded
with Arion acquiring delicate porcelain sword from Niko. With a light gesture, Arion acknowledged Niko once more before departing. Eventually, Arion
moved on, carrying new impressions forward. The distant hum of voices hinted at unseen deals.

Chapter 4:
Under fading daylight, Arion set foot in Berenice, eager to learn what it offered. A quiet determination brought Arion to Berenice, ever searching for
meaning. a sudden market crash cast its shadow over Berenice, changing plans and minds. Roxana approached Arion, eyes bright with opportunity.
Together, they reflected on the nature of trust and deceit, aware that fate often twists. They compared accounts of strange visitors bearing knowledge or
confusion, each arrival a new riddle in Berenice. A short exchange revealed uncharted corners of Berenice, where knowledge or secrets might dwell.
mystic bronze lamp changed hands as Arion completed the purchase from Roxana. Arion handed over lavish crystal lamp to Roxana as the deal closed.
With a light gesture, Arion acknowledged Roxana once more before departing. As Arion prepared to depart, the path ahead remained uncertain but
compelling. Somewhere, a whisper promised answers for those who dared.

Chapter 5:
Under fading daylight, Arion set foot in Syracuse, eager to learn what it offered. In pursuit of truth, Arion looked to Syracuse for subtle revelations.
Not long after arriving, an opulent banquet shook the local order. Phaedra appeared as if expecting Arion, engaging them without delay. Their words
traced over delicate negotiations that had once sealed lasting truces in Syracuse. Carefully, they navigated the topic of old feuds, wary of awakening
dormant animosities that still simmered. They delved into the subtle art of earning trust in a place where trust was scarce and hard-won. With measured
consideration, Arion purchased engraved emerald goblet from Phaedra, examining it closely. In quiet understanding, Arion left Phaedra, their paths
diverging. In parting, Arion acknowledged that the journey still had far to run. A subtle tension lingered, as though fate held its breath.
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G Example Task Inputs 1206

G.1 Question Answering (QA) 1207

Input format:

I will provide you with multiple documents and ask you a question about one specific document.

Below is your question. I will state it both before and after the context.

<question>
Question about document 39:
Who works to get workers higher compensation?
</question>

<context>
Document 1:
[...text omitted...]

Document 39:
Jobs with high demand and low supply pay more. Professional and labor organizations
can raise wages by limiting worker supply and using collective bargaining or political influence.

Document 47:
[...text omitted...]
</context>

<question_repeated>
Question about document 39:
Who works to get workers higher compensation?
</question_repeated>

Instructions:
1. Provide a brief explanation of your reasoning process.
2. Then, give your final answer in this format:
<answer>
Your answer here...
</answer>

Your response must follow this structure:
<explanation>
Your explanation here...
</explanation>
<answer>
Your answer here...
</answer>

Important:
- Do not use complete sentences in the answer.
- For dates: Include ONLY the COMPLETE date if specifically asked.
- For locations: Use the shortest unambiguous form (e.g., ’New York’ not ’New York City’).
- For comparisons: State ONLY the answer that matches the criteria
- Keep your explanations clear, coherent, concise, and to the point.
- Do not include any additional text, explanations, or reasoning in the answer section.

Example answer:

<explanation>
I found the relevant sentence in document 39, which states that professional and labor
organizations help increase wages using bargaining and political means.
</explanation>
<answer>
Professional and labor organizations
</answer>
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G.2 RULER - Needle-in-a-Haystack (NIAH)1209

Input format:

I will provide you with a document containing multiple key-value pairs.
Your task is to extract specific values associated with given keys.

Below are your questions. I will state them both before and after the context.

<questions>
Extract the values for the following keys:
key-A, key-B, key-C, key-D
</questions>

<context>
The value for key-A is: value-A.
The value for key-X is: value-X.
The value for key-B is: value-B.
The value for key-Y is: value-Y.
The value for key-C is: value-C.
The value for key-Z is: value-Z.
The value for key-D is: value-D.
</context>

<questions_repeated>
Extract the values for the following keys:
key-A, key-B, key-C, key-D
</questions_repeated>

Instructions:
1. First, provide a brief explanation of your reasoning process. Explain how you identified

the relevant information from the context and how you determined your answer.
2. Then, provide your final answer following this exact format:
<answer>
1. The answer for <key1> is <value1>.
2. The answer for <key2> is <value2>.
etc.
</answer>

Your response must follow this structure exactly:
<explanation>
Your explanation here...
</explanation>
<answer>
Your answer here...
</answer>

Important:
- Provide answers in the exact order of the requested keys
- Each answer must follow the format: "<number>. The answer for <key> is <value>."
- Ensure exact key matches - do not modify or paraphrase the keys
- Values must match exactly as they appear in the document
- Keep your explanations clear, coherent, concise, and to the point.
- Do not include any additional text, explanations, or reasoning in the answer section.

Example answer:

<explanation>
I scanned the context for exact matches of the requested keys. For each key, I extracted
the value as stated directly after the pattern "The value for key-X is: ...".
</explanation>
<answer>
1. The answer for key-A is value-A.
2. The answer for key-B is value-B.
3. The answer for key-C is value-C.
4. The answer for key-D is value-D.
</answer>
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G.3 RULER - Common Word Extraction (CWE) 1211

Input format:

You will be given a numbered list of words. Your task is to identify the most
frequently occurring words. You should solve this task by carefully reading
and analyzing the word list. Do not attempt to write code or use programming
tools to count frequencies. This is a test of your ability to track word
frequencies directly.

Below is your question. I will state it both before and after the context.

<question>
The list contains exactly 10 words that appear 30 times each.
All other words appear 3 times each.
Your task is to identify the 10 words that appear 30 times each.
</question>

<context>
1. alpha
2. beta
3. gamma
4. delta
5. alpha
6. epsilon
...
[...list continues with randomized repeated words...]
...
N. gamma
</context>

<question_repeated>
The list contains exactly 10 words that appear 30 times each.
All other words appear 3 times each.
Your task is to identify the 10 words that appear 30 times each.
</question_repeated>

Instructions:
1. First, provide a brief explanation of your reasoning process.

Explain how you identified the relevant information from the context
and how you determined your answer.

2. Then, provide your final answer following this exact format:
<answer>
1. word_one
2. word_two
...
10. word_ten
</answer>

Your response must follow this structure exactly:
<explanation>
Your explanation here...
</explanation>
<answer>
Your answer here...
</answer>

Important:
- List exactly 10 words, one per line, numbered from 1 to 10.
- Keep your explanations clear, coherent, concise, and to the point.
- Do not include any additional text, explanations, or reasoning in the answer section.

Example answer:

<explanation>
I scanned the word list and tracked the frequency of each word.
The following 10 words appeared 30 times each, which I confirmed by careful counting.
</explanation>
<answer>
1. diligent
2. ash
3. pour
4. chateau
5. marble
6. laparoscope
7. grub
8. vinyl
9. mobility
10. kettledrum
</answer>
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G.4 RULER - Variable Tracking (VT)1213

Input format:

I will provide you with a text containing variable assignments. The text contains two types of assignments:
1. Numeric assignments that set a variable to a number (e.g., "VAR ABC = 12345")
2. Copy assignments that set a variable equal to another variable (e.g., "VAR XYZ = VAR ABC")
Variables are sequences of uppercase letters. The assignments can appear in any order in the text.

Below is your question. I will state it both before and after the context.

<question>
Which variables resolve to the value 41015? A variable resolves to 41015 if it is either directly assigned
41015, or assigned to another variable that resolves to 41015.
</question>

<context>
VAR A = VAR B
VAR B = 41015
VAR C = VAR D
VAR D = VAR B
VAR E = 12345
VAR F = VAR G
VAR G = VAR H
VAR H = VAR B
</context>

<question_repeated>
Which variables resolve to the value 41015? A variable resolves to 41015 if it is either directly assigned
41015, or assigned to another variable that resolves to 41015.
</question_repeated>

Instructions:
1. First, provide a brief explanation of your reasoning process. Explain how you identified

the relevant information from the context and how you determined your answer.
2. Then, provide your final answer following this exact format:
<answer>
VARIABLE_ONE VARIABLE_TWO etc.
</answer>

Your response must follow this structure exactly:
<explanation>
Your explanation here...
</explanation>
<answer>
Your answer here...
</answer>

Important:
- List ONLY the variable names that resolve to the target value.
- Variables can be listed in any order.
- Do not include "VAR" prefix in your answer. Do not include punctuation.
- Keep your explanations clear, coherent, concise, and to the point.
- Do not include any additional text, explanations, or reasoning in the answer section.

Example answer:

<explanation>
I traced each variable assignment to see if it leads to the value 41015. B is directly assigned 41015.
A, D, and H point to B. C and G point to D and H, respectively. So A B C D G H resolve to 41015.
</explanation>
<answer>
A B C D G H
</answer>
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G.5 Story Retrieval 1215

Input format:

You are given a narrative composed of multiple chapters. Throughout these chapters, the
protagonist travels between different locations, meets various characters, and engages
in trading activities. All items mentioned in the narrative are unique, and their
ownership can change through trades. Your task is to carefully read the narrative and
answer the questions based on the provided information.

Below are your questions. I will state them both before and after the context.

<questions>
1. In Chapter 3, which character did the protagonist interact with?
2. In Chapter 5, which specific item was acquired by the protagonist?
3. In Chapter 7, which specific location did the protagonist visit?
</questions>

<context>
Chapter 1:
[...text omitted...]

Chapter 3:
Arion entered Babylon and met Thanos. After exchanging stories, Arion acquired a silver idol.

Chapter 5:
In Berenice Troglodytica, Arion encountered Xanthe and traded for a golden vase.

Chapter 7:
Delphi welcomed Arion with quiet mystery. A meeting with Vitalis ended with a jade idol.
</context>

<questions_repeated>
1. In Chapter 3, which character did the protagonist interact with?
2. In Chapter 5, which specific item was acquired by the protagonist?
3. In Chapter 7, which specific location did the protagonist visit?
</questions_repeated>

Instructions:
1. First, provide a brief explanation of your reasoning process. Explain how you identified

the relevant information from the context and how you determined your answer.
2. Then, provide your final answer following this exact format:
<answer>
1. ANSWER_ONE
2. ANSWER_TWO
etc.
</answer>

Your response must follow this structure exactly:
<explanation>
Your explanation here...
</explanation>
<answer>
Your answer here...
</answer>

Important:
- For answers, use one line per answer with the number prefix
- Do not include articles like ’the’ or ’a’ in answers
- Answers should be specific names/items/locations mentioned in the text
- Keep your explanations clear, coherent, concise, and to the point.
- Do not include any additional text, explanations, or reasoning in the answer section.

Example answer:

<explanation>
I located Chapter 3 in the context and identified Thanos as the mentioned character.
In Chapter 5, Arion acquired a golden vase from Xanthe.
Chapter 7 stated that Arion visited Delphi, so I used that as the answer.
</explanation>
<answer>
1. Thanos
2. Golden Vase
3. Delphi
</answer>
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G.6 Story Filtering1217

Input format:

You are given a narrative composed of multiple chapters. Throughout these chapters, the
protagonist travels between different locations, meets various characters, and engages
in trading activities. All items mentioned in the narrative are unique, and their
ownership can change through trades. Your task is to carefully read the narrative and
answer the questions based on the provided information.

Below is your question. I will state it both before and after the context.

<question>
Identify all chapters where the protagonist did not buy any item.
Note: There are exactly 2 chapters without any purchases.
</question>

<context>
Chapter 1:
[... Arion visits Athens and purchases a crystal lamp ...]

Chapter 2:
[... Arion travels to Hippo Regius and buys a gold seal ...]

Chapter 3:
[... Arion enters Babylon and engages in an ongoing event but do not buy anything ...]

Chapter 4:
[... Arion arrives in Pergamon and has conversations, but no purchases are mentioned ...]

Chapter 5:
[... Arion goes to Delphi and buys a jade idol ...]
</context>

<question_repeated>
Identify all chapters where the protagonist did not buy any item.
Note: There are exactly 2 chapters without any purchases.
</question_repeated>

Instructions:
1. First, provide a brief explanation of your reasoning process. Explain how you identified

the relevant information from the context and how you determined your answer.
2. Then, provide your final answer following this exact format:
<answer>
chapter_id_1, chapter_id_2, ...
</answer>

Your response must follow this structure exactly:
<explanation>
Your explanation here...
</explanation>
<answer>
Your answer here...
</answer>

Important:
- In the answer section, provide only the chapter IDs separated by commas.
- Keep your explanations clear, coherent, concise, and to the point.
- Do not include any additional text, explanations, or reasoning in the answer section.

Example answer:

<explanation>
I scanned each chapter to check whether a purchase by the protagonist was explicitly
described. In Chapter 3 and 4, no item acquisition are mentioned. Other chapters include
phrases like "Arion purchased" or "Arion acquired", indicating a transaction.
</explanation>
<answer>
3, 4
</answer>
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G.7 Story Multi-hop 1219

Input format:

You are given a narrative composed of multiple chapters. Throughout these chapters,
the protagonist travels between different locations, meets various characters,
and engages in trading activities. All items mentioned in the narrative are unique,
and their ownership can change through trades. Your task is to carefully read the
narrative and answer the questions based on the provided information.

Below is your question. I will state it both before and after the context.

<question>
What was the last item that the protagonist acquired before acquiring timeworn amber sword?
</question>

<context>
Chapter 1:
[... narrative text omitted for brevity ...]

Chapter 17:
The transaction concluded with Arion acquiring pristine bronze seal from Damon.

Chapter 18:
After reaching terms with Marcus, Arion took possession of timeworn amber sword.
</context>

<question_repeated>
What was the last item that the protagonist acquired before acquiring timeworn amber sword?
</question_repeated>

Instructions:
1. First, provide a brief explanation of your reasoning process. Explain how you identified

the relevant information from the context and how you determined your answer.
2. Then, provide your final answer following this exact format:
<answer>
ITEM_NAME
</answer>

Your response must follow this structure exactly:
<explanation>
Your explanation here...
</explanation>
<answer>
Your answer here...
</answer>

Important:
- Provide only the item name in the answer section.
- Do not include articles like ’the’ or ’a’ in your answer.
- The item name must be exactly as mentioned in the text.
- Keep your explanations clear, coherent, concise, and to the point.
- Do not include any additional text, explanations, or reasoning in the answer section.

Example answer:

<explanation>
I located the chapter where the protagonist acquired the timeworn amber sword.
Then, I scanned earlier chapters to find the most recent prior acquisition,
which occurred in Chapter 17 with the item pristine bronze seal.
</explanation>
<answer>
pristine bronze seal
</answer>
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H Use of AI Assistants1221

We used Claude Opus 4.5 for grammar and style suggestions during the writing of this paper. All scientific1222

content, analysis, and conclusions are the authors’ own work.1223
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