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Abstract

Federated optimization is a new form of distributed training on very large datasets
that leverages many devices each containing local data. While decentralized compu-
tation can lead to significant speed-ups due to parallelization, some centralization
is still required: devices must aggregate their parameter updates through syn-
chronization across the network. The potential for communication bottleneck is
significant. The two main methods to tackle this issue are (a) smarter optimization
that decreases the frequency of communication rounds and (b) using compression
techniques such as quantization and sparsification to reduce the number of bits
machines need to transmit. In this paper, we provide a novel algorithm, Federated
optimization algorithm with Acceleration and Quantization (FedAQ), with im-
proved theoretical guarantees by combining an accelerated method of federated
averaging, reducing the number of training and synchronization steps, with an
efficient quantization scheme that significantly reduces communication complexity.
We show that in a homogeneous strongly convex setting, FedAQ achieves a linear
speedup in the number of workers M with only O(M %) communication rounds,
significantly smaller than what is required by other quantization-based federated op-
timization algorithms. Moreover, we empirically verify that our algorithm performs
better than current methods.

1 Introduction

Federated learning (FL) has attracted much attention from both academia and industry due to the
increasing demand for large-scale distributed machine learning systems and preserving privacy-
sensitive data on local devices such as smartphones and IoT devices. In federated learning, a number
of clients collaboratively learn the global objective function by communicating with a central server
without sharing any locally stored data in each local device. The research in Federated learning
has identified four major challenges: communication efficiency, systems heterogeneity, statistical
heterogeneity, and privacy (Li et al.,|2020a)). In this paper, we focus on communication efficiency
that is of primary interest in cross-device settings when there is a heavy communication burden with
many edge computing devices and limited network bandwidth. Two of the most widely used methods
to reduce the communication cost are federated averaging optimization and randomized compression
techniques.

In federated averaging (FedAvg) (McMahan et al.,|2017), also called local SGD, each client locally
updates its model with multiple Stochastic gradient descent (SGD) steps, and a server aggregates
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. icati N(%) Bit icated f
Algorithm Convergence rate Communication rounds for O(=) Bits communicated for

convergence with linear speedup linear speedup
Reisizadeh et al.| (2020) (?(1% + %) Not possible _ Not possible
Haddadpour et al[(2021) O(+£2 + L) O(£5) O(£%) - dauant
Yuan and Mal (2020) O(357 + 753) O(M53) O(M5) - 2ds
FedAQ (corollary @(% + Tlf{qg) oM %) o( %) * 2dquant

Table 1: Summary of results on the convergence rate and communication required for linear speedup.
M is the number of devices, T is the number of total parallel iterations, and K is the number of
communication rounds, ¢ is a quantization parameter (assumption , dquant is the number of bits
used to quantize, dg is the number of bits required when there is no quantization (dgn > dquant)-
Yuan and Ma| (2020) and FedAQ send two iterates per communication round as other algorithms
to achieve acceleration (See line 11 in Algorithm , we multiply dgy and dguane by 2 for bits
communicated for a linear speedup. The presented results of Haddadpour et al.[(2021) are newly

obtained (app. [E).

model updates of clients. The server updates its own model parameters by averaging client models
and then broadcasts the server parameters to all clients. This enables FL systems to achieve high
communication efficiency with infrequent synchronization while showing better performance than
distributed large mini-batch SGD (Lin et al., [2018)). Due to the significant empirical success of
FedAvg, researchers have proposed an interesting theoretical question: To what extent can we
minimize the number of synchronizations in order to both guarantee convergence and achieve linear
speedup in the number of workers MEP For the strongly-convex and homogeneous settings, [Khaled
et al.|(2020) was able to achieve a linear speedup in M with O(M) communication rounds, which
is the state-of-the-art result for FedAvg convergence analysis. However, even with this progress on
theoretical guarantees of FedAvg, it remains unclear whether further improvements on convergence
time and communication efficiency can be achieved.

Applying acceleration methods to FL has led to improved convergence, with |[Yuan and Ma| (2020)
providing a faster version of FedAvg with provably stronger bounds. For the strongly-convex and

homogeneous setting, their algorithm achieves a linear speedup in M with only @(M %) commu-
nication rounds. Hence, the accelerated version of federated averaging requires a much smaller
number of communication rounds than FedAvg to achieve the same accuracy. At present, this
remains the best result for strongly-convex and homogeneous local data distribution settings. In
addition to reducing the required number of communication rounds, another powerful way to build
communication-efficient FL systems is to reduce the number of bits that need to be transmitted at
each synchronization. [Reisizadeh et al.| (2020); Haddadpour et al.| (2021) have shown that such
compression techniques, which include quantization, reduce communication costs and guarantee
convergence (See Table[I)). More related works can be found in Appx. [A]

In this work, we provide a novel algorithm, Federated optimization algorithm with Acceleration
and Quantization (FedAQ), to solve the severe communication bottleneck problem in FL systems.
FedAQ is the first federated optimization algorithm that successfully incorporates multiple local
update schemes, acceleration, and quantization for master-worker topology. Although these three
key desiderata of Federal Learning systems have individually been shown to build communication-
efficient FL systems, it is not obvious if or how acceleration techniques can lead to faster convergence
even for quantization based methods. We answer this question by showing that FedAQ converges
for strongly-convex and homogeneous local data distribution settings without any additional strong
assumptions.

Let T" be the number of total parallel iterations, K be the number of total communication rounds. We
compare our results to previous methods in Table[I] and highlight the following contributions:

1. FedAQ has a convergence rate of O(+% + 1£4) which is better than the O(+H4 + L)

convergence of Haddadpour et al.|(2021), the state of the art in quantization based methods.

"Linear speedup in the number of workers is a desirable property in parallel computing which implies that
the task takes half as much time if the number of workers are doubled.



Here ¢ is a parameter that measures the effectiveness of the quantization scheme (see assump-
tion . This allows FedAQ to obtain linear speedup with only @(M %) communication
rounds whereas [Haddadpour et al.[(2021) requires @(ﬁMq) rounds. The faster convergence
in number of communication rounds also implies that FedAQ can achieve better convergence
than [Haddadpour et al.| (2021)) by using much fewer communication rounds. That is, while
the per-round communication costs are the same, FedAQ requires much less communication
overall due to the reduction in synchronization rounds.

2. When comparing FedAQ to Accelerated Federated learning, we observe that FedAQ has
similar convergence and requires the same number of communication rounds as|Yuan and!
Ma (2020). In each communication round of |Yuan and Ma| (2020), every client sends the
complete iterates to the server without any quantization. To effectively obtain a convergence
rate of (9 , it needs to send each value with a precrsion of (’)( MT) requiring dean =

O(log (M T[ﬁ bits. In comparison, if we use the low precision quantizer (Appx. |E.3) given
by |Alistarh et al.|(2017), FedAQ needs to send only dqyani = O(log ) bits|*|for each value.
Since q 1s a constant, dguant < drun. The extra 1 + ¢ term in the convergence for FedAQ can
be offset by scaling the number of local updates by 1 + ¢, which is cheaper than expensive
data communication. Thus, FedAQ can obtain the same convergence as|Yuan and Mal(2020)
using the same number of communication rounds but by sending much fewer bits in each
round.

Finally, we empirically verify that our algorithm exhibits better performance than baselines, FedPAQ
(Reisizadeh et al.} 2020), FedCOMGATE (Haddadpour et al., [2021)), FedAC (Yuan and Ma, |2020),
and FedAvg (McMahan et al.l 2017) on classical vision datasets such as MNIST (LeCunl [1998)) and
CIFAR-10 (Krizhevsky et al., 2009).

2 Problem setup

In this paper, we build our algorithm based on federated learning with captain-worker topology
where M local devices contain their own local data, and a server aggregates local parameter updates
without sharing any data during synchronization rounds. Since we focus on homogeneous local data
distribution settings for the convergence analysis of our algorithm, we define the distributed stochastic
optimization problem as below.

min F(w) := E.p[f(w; 2)]

weR?

In our convergence analysis, we assume F' is strongly-convex. Each client can access F' at w via
oracle V f (w; z) because all clients have the same loss function f. Also, every local device has the
same local data distribution D. Moreover, we use the full participation of nodes for local updates and
synchronizations.

2.1 Assumptions

Let us clarify assumptions on the unbiased quantizer (), the global objective function F', and the
unbiased gradient estimator V f.

Assumption 2.1. The variance of the unbiased quantizer () is bounded by the squared of l5-norm of
its argument, i.e., E[Q(z)|x] = z, E[|Q(x) — z|?|z] < ql|z||.

For example, a well-known randomized quantizer which satisfies Assumption [2.1]is low-precision
quantizer (Appx. in|Alistarh et al.| (2017).

Assumption 2.2. F is p-strongly convex, i.e., F(wy) > F(w2) + (VF(ws), wy — wa) + spullwy —
ws]|? for any wy, wy € RY.

Assumption 2.3. Fis L-smooth, i.e., F(w;) < F(ws) + (VF(w2), wy — wa) + 2 Ll|wy — wsl|? for
any wy, ws € R%.

Assumption 2.4. Vf(w &) is unbiased and variance bounded, i.e., E¢[V f(w;§)] = VF(w),
Ee[||V f(w; &) — VF(w)||?] < o for any w € R

2More details on this are discussed in appendix




2.2 Notation

We use 7, K to respectively denote the number of local updates and total communication rounds,
which means the total number of iterations 7' at each node satisfies 7' = K7. Since we consider
a strongly-convex case, we can find the optimal point w* and denote the optimal function value
as F* := F(w*). The local parameter wy", indicates the parameter of the m-th local model after
kth synchronization followed by ¢ local SGD updates. There are other types of parameters such as
w;™ and w?i’m, and we obtain two types of parameters wy and w;® in the server side after kth

synchronization. More details on these parameters will be discussed in the next section.

3 FedAQ algorithm

We propose a novel communication efficient algorithm that combines an accelerated variant of
federated averaging and an efficient quantization scheme. Our FedAQ algorithm has two main parts:
(1) multiple accelerated local updates and (2) communication with quantization. Both components
contribute to achieving better communication efficiency than other previous federated algorithms.
The entire process is summarized in Algorithm[I](See Appx. [B).

3.1 Multiple accelerated local updates

The FedAvg algorithm, proposed by McMahan et al.|(2017), is widely used for federated learning
to improve communication efficiency by reducing communication rounds with multiple local SGD
updates. |Yuan and Mal (2020) provide FedAC that replaces the stochastic gradient updates of FedAVG
by accelerated version of SGD by Ghadimi and Lan|(2012) resulting in a linear speedup in M with
smaller communication rounds than FedAvg.

Thus, we apply the FedAC scheme to multiple updates of each local model. Since previous
quantization-based federated optimization algorithms are FedAvg variants with no acceleration,

the accelerated method enables our algorithm to gain better communication efficiency than others.
As you can see in Algorithm we need two more local parameters w;*,”" and wy,’

in addition to the main local parameter w}",. w;®;"

d .
;" for acceleration

aggregates the past iterates, and the gradients

are queried at the auxiliary parameter w?i’m. While typical FL algorithms without acceleration only
have a learning rate 7 as their hyperparameter, the general acceleration scheme makes our algorithm
flexible due to four hyperparameters «, 3, 1, v. The flexibility of hyperparameters enables the fast
convergence speed of FedAQ, but naively chosen hyperparameters also cause unstable training of
FedAQ. We discuss the exact choice of hyperparameters in Appx. Unlike FedAC, that requires
each client to communicate the exact iterates to the server with high precision, we discuss in the
following subsection how FedAQ incorporates quantization techniques to reduce communication
cost.

3.2 Communication with quantization

In cross-device federated learning, a large amount of communicated messages from a number of
devices and the limited communication bandwidth can lead to severe communication bottleneck.
Therefore, in this scenario, an efficient quantization scheme can significantly reduce the size of
communicated messages and make communication between local devices and a server faster. We
apply the same unbiased quantizer used in[Haddadpour et al.| (2021)) that satisfies Assumption [2.1]

In contrast with other quantization-based federated optimization algorithms (Reisizadeh et al., 2020;
Haddadpour et al., [2021), FedAQ requires quantizing two weight updates for each local device
during a synchronization step because two weight updates should be sent from local devices to a

server in the FedAC framework. To be specific, after each client m obtains w}"_, wi""" through 7

accelerated local iterations, each client quantizes the difference between wj"_, w;*" and the most
recent server models wy, w,®. Then, a server aggregates Q(wj", — wy), Q(wE" — w;¥) from all

clients. After dequantizing those messages, the server obtains the following new models wy 1, ng_H



and broadcasts them back to each client.

m ag,m ag
wk+1—wk+*§ ka‘r_ wh), Wiy = wi' + E (wy " —wy)

4 Convergence analysis

We analyze the Fed AQ algorithm under assumptions mentioned in Section 2] In Appx.[B.I] we define
two condition sets of hyperparameters that ensure the convergence guarantees of FedAQ. FedAQ
shows the better performance in experiments (See Strongly convex case in Section[5.1)) under the
parameter condition set (I than the parameter condition set (2)), while the parameter condition set
leads to better convergence rate. Thus in this section, we provide the convergence analysis of FedAQ
under the parameter condition set (2) that leads to the better convergence rate (9( 1+q + %}% ). The
full proofs of lemmas, theorems, and corollaries under two parameter condition sets are elaborated in
Appx. [D|(condition set (T)) and Appx. [F](condition set (2))).

The decentralized potential @y, ; (Yuan and Mal, [2020) is used for our convergence analysis. People
commonly use this potential for acceleration analysis (Bansal and Guptal 2019).

Cpp = Fwy,) — F* + ullwktfwll2

wy,,; and w;Y, is respectively the average of wj", and w;,™ for all m. Here, we additionally define
®;. as below.

* 1 *
B 1= Pp = F(wjf) = F* + cpllwg —w”|”

Since wy, and wzg are parameters obtained after kth synchronization in a server side, ®; can be
considered as the potential of server models. ®;, is essential to show the convergence of FedAQ
because there is the computation of the quantizer between ®;_1 - and ®, ¢. Thus, we should not
naively track ®y, ; but track @, for our analysis. Obtaining @, < e would imply that F'(w,*) —F* < €
and since F* < F(w}®), it would also imply that || wy, — w*||* = O(€), thus obtaining convergence
in terms of both the ObJGCtIVG value and the iterate.

Our goal is to show the convergence of FedAQ and derive the simplified convergence rate so that we
can get the number of communication rounds to achieve a linear speedup in M. When it comes to a
high-level proof sketch, there are three big steps: the relationship between two consecutive potential
functions(®y,, P14 1) at a server-side (Lemma , how @ decreases from the initial potential ®
as a communication round K increases (Theorem [F7), obtaining an intuitive convergence rate to
analyze a linear speedup by tuning a local learning rate 7 properly in Theorem [F.7] (Corollary [F.8). In
Lemma [T} we get the inequality between ®;, and ®;; by finding the upper bounds of error terms
due to multiple(7) local steps and the quantization step. The upper bound of the error caused by
multiple local steps is obtained with the help of the analysis in|Yuan and Ma| (2020) (See Proposition
[F3). How we find the upper bound of the error due to quantization and why this part is challenging is
explained in Appx.[F.4] Next, we introduce the simplified form of Corollary [F:8to analyze a linear
speedup in M.

Corollary 4.1. (Simplified form of Corollary Note that T = K. Forn = mln( (:)(
FedAQ vields

7)),

1

_ pzT (1+q)o? (1+q)L?m30% qL37%0>
B[] < min (exp(- or)exp(= GL%T%)) o+ O 57 AT pAMTS
1 11 I

Remark 4.2. The above convergence rate is worse than the convergence rate of FedAC-II according to

Theorem C.13 in|Yuan and Mal(2020) because there are additive terms related to the quantization noise

q in our case. Let’s figure out the dominant terms with O notation from the above convergence rate.

Here, we replace 7 with % At first, we can ignore the first term because it decreases exponentially.
~ 3 ~

The second term I would be O(}\ﬁ) Then, the third term II becomes O( (1+Tq4)7 ) = O(%}% ).

Finally, the last term III turns into O (- o 3) = O( 777z )- Thus, the overall convergence rate of




FedAQ under the condition set (2) would be @(% + 7+%). Similarly, we obtain the simplified
convergence rate of FedAQ under the condition set (I]) from three terms (13), (14), (15) of Corollary

In this case, the convergence rate of FedAQ is @(% + T}@ ), and the required number of
communication rounds to achieve a linear speedup in M is (’)((%)%).

S Experiments

In this section, we provide experimental results of FedAQ in homogeneous local data distribution
settings. We compare FedAQ with other quantization-based federated optimization algorithms,
FedPAQ (Reisizadeh et al.,|2020) and FedCOMGATE (Haddadpour et al.| 2021). FedAvg (McMahan
et al.| 2017) and FedAC (Yuan and Ma| [2020), federated optimization algorithms without quantiza-
tion, are also our baselines. We empirically validate the performance of 5 algorithms on classical
classification tasks on MNIST(LeCun, [1998) and CIFAR-10(Krizhevsky et al., 2009) datasets in
the distributed learning environment. We consider three objective functions i) A strongly convex
objective of [o-regularized logistic regression model on the MNIST dataset, ii) A non convex objective
of training a multilayer perceptron on the MNIST data, and iii) A non convex objective of training
a convolution neural network (CNN) on the CIFAR-10 dataset. The details of the implementation
environment, datasets, training models, hyperparameter choices, quantization bits, and new time
metric are elaborated in Appx. [C.T}

5.1 Experimental results

In our experiments on both MNIST and CIFAR-10, we verify how the global training loss and
test accuracy of five algorithms change with respect to communication rounds, the number of bits
communicated between one client and the server during the uplink, and human time. We consider both
computation time and communication time to estimate human time defined by the new time metric
(See Appx.[C.I). All MNIST experimental plots and CIFAR-10 plots can be found in Appx.
Also, we provide quantitative results for plots in Appx.[C.3.4]

Strongly convex case. In this experiment, we compare FedAQ under the condition set (1)) and set
@I) with FedAvg, FedPAQ, FedCOMGATE, and FedAC-I. We denote each FedAQ as FedAQ-I and
FedAQ-II. As we observe the theoretical benefits of FedAQ over other methods in Section [}, FedAQ-I
outperforms all other quantization-based federated optimization algorithms and FedAC-I in all plots
(See Figure[T). However, although FedAQ-II shows the fast convergence speed, the training process
is unstable. Thus, we only use FedAQ-I for further non-convex experiments. FedAC and FedAQ in
non-convex experiments indicate FedAC-I and FedAQ-I.

Non-convex case. Figure[2] [3|clearly demonstrates that FedAQ with 4 bits quantization outperforms
other algorithms in all plots. In terms of communication rounds, accelerated algorithms, FedAQ and
FedAC, converge faster than other algorithms. We also observe that quantization does not lead to
slower convergence, which means we can apply an efficient quantization scheme to make communi-
cation efficient FL systems without sacrificing convergence speed. The plots related to communicated
bits are helpful to interpret how algorithms work well in situations with heavy communication. FedAQ
with 8 bits quantization shows comparable performance relative to FedPAQ and FedCOMGATE
with the help of acceleration, even though FedAQ sends more updates during every synchronization.
When we use 4 bits quantization for FedAQ to make the number of communicated bits the same for
all quantization-based algorithms during synchronization, FedAQ shows a much faster convergence
speed with regard to the number of communicated bits. However, plots of communicated bits fail
to reflect how algorithms converge in real estimated time for FL scenarios, which consists of both
communication and computation. Thus, we further analyze algorithms with human time. We observe
that FedAQ with 8 quantization bits performs slightly better than FedPAQ and FedCOMGATE for
both MNIST and CIFAR-10. This occurs because while all quantization-based algorithms send
the same number of communicated bits, the number of communication rounds for FedAQ is much
smaller than others. Then, this also indicates that FedAQ takes less computation time than other
methods while reaching the same accuracy.
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A Related works

The practical usefulness of federated learning arouses researchers’ curiosity why FedAvg, the simplest
form of federated optimization algorithms indispensable for communication efficient distributed
training, works well in the real world. The first convergence guarantee that FedAvg converges at the
same rate as mini-batch SGD on IID local data distribution in strongly convex scenarios is proposed
by Stich| (2018)). The further convergence analysis of FedAvg for non-convex functions is done by
several works (Wang and Joshil 2018} Haddadpour et al., [2019b; |[Yu et al.l 2019b). Wang and Joshi
(2018)); |Stich and Karimireddy| (2019); [Haddadpour et al.|(2019a); [Khaled et al.| (2020); Woodworth
et al.| (2020) remove unnecessary assumptions such as uniformly bounded gradients and achieve
better convergence rate. Moreover, |Li et al.| (2018); Haddadpour and Mahdavi|(2019); |L1 et al.| (2019);
Khaled et al.[ (2020); |Karimireddy et al.| (2020b) individually define the quantity of non-IID and
analyze the convergence of FedAvg and its variants in heterogeneous settings.

Reducing the transmitted bits between a server and clients through compression techniques is pivotal
to saving communication costs in federated learning. This motivates researchers to develop various
compression techniques such as sparsification and quantization without significantly sacrificing
accuracy (Konecny et al.l 2016} |Alistarh et al.l [2017; Suresh et al., 2017; [Wangni et al., 2017}
Bernstein et al.| 2018;Wang et al.| 2018} [Vogels et al.||2019; Horvath et al., 2019; [Basu et al., 2019
Rothchild et al., 2020). Reisizadeh et al.[(2020) show near-optimal theoretical guarantees of the first
federated optimization algorithm that incorporates federated averaging, partial node participation
and quantization in homogeneous local data distribution settings. Haddadpour et al.|(2021)) further
provide improved convergence rates for both homogeneous and heterogeneous settings.

Furthermore, we can achieve better communication efficiency by applying acceleration methods
into client updates. [Yuan and Ma| (2020) proposes the first provable acceleration of FedAvg that
achieves a linear speedup with the smallest communication rounds. Several other works aim to
achieve communication efficiency by using momentum or adaptive optimizers (Yu et al., [2019a;
Karimireddy et al.| 2020a; Wang et al.| 2021b)). Our work is not the first to combine acceleration
and quantization. |Li et al.| (2020b); [Li and Richtarik| (2021) propose compressed and accelerated
gradient distributed optimization methods that are neither stochastic nor FedAvg variants. [Singh et al.
(2021)) propose communication efficient momentum SGD for decentralized optimization with the first
theoretical analysis. However, to the best of our knowledge, FedAQ is the first accelerated version of
federated averaging for master-worker topology that successfully integrates a quantization scheme
and provides rigorous convergence guarantees.

B Algorithm details

Algorithm 1 Federated Accelerated SGD with Quantization (FedAQ)

1: Input: o, 3,7, 7, initial vector wo = wey" = wgy for all devices m € [M]

2: fork=0,--- ,K—1do
3:  for each client m in parallel do

. m ag,m ag
4: Wiy $ Wi, Wi 4= Wy
5: fort=0,--- ,7—1do

d, — — ag,
6: wf’tm « B 1w,7€’ft +(1-8 1)wk‘%tm
md,m &

T Gy < Vf(wk,t ) Ig,bt)

. ag,m md,m m
8: Wepp1 S Wy — Mgy

. —1Y,, —1,,md,m
9: Wiy (1-«a )w,’;ft +a T wp " =g
10: end for

ag,m a;

11: send Q(wj’, — wy), Q(wis™ — wyf)
12:  end for

M M
13:  server finds w1 ¢ wi + 25 > Qwi, — wy), wiFy — wF + > QuwiE™ — wif)
m=1 1

14: end for
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B.1 Two parameter condition sets

We carefully determine two parameter condition sets that theoretically ensure the convergence
guarantees. The first one is

1 1
n,’yE(O,Z],’y:maX( i,n),a:—,5:a+1 )
V ur Y

We add one more condition y € (0, %] to the FedAC-I condition (Yuan and Ma, 2020) and create our
parameter condition set (). The second one is

1 n 301 202 — 1 3
n,WE(O,L],v maX<,/W,n),a v 5 B=——7 My 2

We add two more conditions y € (0, %] and yp < % to the FedAC-II condition to build our parameter
condition set (Z). Even though quantization adds complexity to the algorithm, these weak assumptions

are the only additional requirements for showing the convergence of FedAQ. Moreover, although the

better convergence rate @(% + %}}% ) is obtained from the condition set H we also analyze the

convergence of FedAQ under the condition set (1)) because this set empirically leads to more stable
training and better performance in experiments than the condition set (2)) (See Strongly convex case

in Section[5.1)).

C More details and results about experiments

C.1 Experimental setup details

Implementation environment. We follow the implementation setup in [Haddadpour et al.|(2021).
We use the Distributed library of PyTorch to implement our algorithm because this library allows us
to simulate real-world communication and distributed training. The 18 cores of Intel Xeon E5-2676
CPU are used as computing sources. Each core is considered as one local client. We use 16 cores for
strongly convex MNIST, 18 cores for the non-convex MNIST, and 8 cores for the CIFAR-10. For
MNIST, the strongly convex experiment and the non-convex one respectively run for 300 rounds of
communication with 20 local updates and 50 rounds of communication with 100 local updates. The
CIFAR-10 experiment runs for 100 rounds of communication with 100 local updates.

Datasets. For image classification tasks, we choose two main classical image datasets: MNIST
and CIFAR-10. Since we assume homogeneous settings, data is distributed homogeneously among
clients, which also means each device has access to all 10 classes.

Training models. For MNIST, we use a l5-regularized logistic regression model for the strongly
convex case and a multilayer perceptron (MLP) with two hidden layers for the non-convex case.
For CIFAR-10, we use a Convolutional Neural Network (CNN). Here, we note that the number of
parameters in a neural network model is directly related to the number of communicated bits. We
discuss more on this in Appx.[C.2]

Hyperparameter choice. The important hyperparmeters in our experiments are learning rates for
each algorithm. For the client learning rate 7, we respectively use 0.002, 0.1, and 0.01 for strongly
convex MNIST, non-convex MNIST, and CIFAR-10 for all algorithms. For FedAQ and FedAC, once
we set the value of i, other hyperparameters (v, cv, 3) are automatically determined (See condition set
@) and @)). Thus, we choose 0.1, 0.01, and 0.2 for  value for strongly convex MNIST, non-convex
MNIST, and CIFAR-10. Since too large 1 leads to slow convergence and too small £ leads to unstable
training, we get these p values by tuning p appropriately. FedCOMGATE has a server learning rate,
and we set this value as 1 for all experiments.

Quantization bits. We have three quantization-based federated algorithms: FedAQ, FedPAQ,
FedCOMGATE. We quantize the updates from 32 bits to 8§ bits for all quantization-based algorithms
in both MNIST and CIFAR-10. Additionally, particularly for FedAQ in non-convex experiments,
we consider 4 bits quantization as well. Since FedAQ sends twice as many messages as FedPAQ or
FedCOMGATE at every synchronization when we use 8 bits quantization for all cases, we apply 4
bits quantization to FedAQ to let FedAQ send the same amount of information in each communication
round as other quantization-based algorithms for a fair comparison.
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New time metric. In our experiments, communication between CPU cores is very fast, so it is
hard to say that the environment of our experiments fully reflects the real-world federated learning
when there is a heavy communication burden. Thus, we use a linear model to estimate the execution
time Tyouna(A) between two consecutive communication rounds for real federated learning scenarios
(Wang et al.| 2021a).

. Sdown(A) + Sup(A)

T’round(A) = ﬂomm(A) + Tcnmp(A)a Tcomm(A) - Bdown Bup
Teomp(A) = m2x Tion(A) + Tierer(A), Tiend(A) = FeompTim(A) + Coomp

Since Tyerver(A) is relatively smaller than ’lﬂiem(A), we ignore Tyerver(A) in our experiments. We get

client download size Sgown(.4) and upload size Syp(4) from the number of neural network parameters.

max; Tsjlm(A) is the computation time in our simulation.

Biown ~ 0.75MB/secs, By, ~ 0.26B/secs, Reomp ~ 7, Ceomp ~ 10secs

Wang et al.| (2021a)) estimate each value of the above parameters from a real world cross-device FL
system. The upload bandwidth By, is generally smaller than download bandwidth Bgow,. We define
human time as the parallel time estimated by this new time metric.

C.2 Neural network parameters & communicated bits

C.2.1 MLP model for MNIST

As you can see in Appx. (Training models), we use a multilayer perceptron (MLP) with two
hidden layers. Each hidden layer consists of 200 neurons with ReL U activations. Thus, we compute
the total number of parameters in this MLP model as below.

(# of MLP parameters) = (# of input features) x (# of neurons in the Ist layer)

+ (# of neurons in the 1st layer) x (# of neurons in the 2nd layer)

+ (# of neurons in the 2nd layer) X (# of MNIST classes)

+ (# of neurons in the st layer) + (# of neurons in the 2nd layer)

+ (# of MNIST classes)

= 28 x 28 x 200 + 200 x 200 + 200 x 10 + 200 + 200 + 10 = 199210

Finally, we derive Syp(A)(= Sdown(A)), defined in Appx. |C.1|(New time metric), by using the above
fact. We use 32 bits floating-point if there is no quantization.

Sup(A) = (# of device) x (# of MLP parameters) X (# of bits)
= 18 x 199210 x 32 = 114744960

The FedAvg algorithm follows the above calculation. If we use 8 bits quantization for FedPAQ,
FedCOMGATE, and FedAQ, (# of bits) in the above equation will respectively be 8, 8, and 16.
Since FedAQ sends twice as many messages as others at every communication round, (# of bits) for
FedAQ is 16. Similarly, (# of bits) for FedAC, which has no quantization, is 64.

C.2.2 CNN model for CIFAR-10

We use a CNN model, which consists of two 2-dimensional convolutional layers, two max pooling
layers, and two fully connected layers. The ReLU activations are used in this CNN model. Let’s
clarify (# of input channel, # of output channel, kernel size, stride) for convolutional layers. We
respectively use (3, 20, 5, 1), (20, 50, 5, 1) for the Ist and 2nd convolutional layer. Let’s denote each
convolutional layer and fully connected layer as CONV1, CONV2, FC3, FC4. At first, the activation
shape of input layer for CIFAR-10 is (32, 32, 3). Then, we get the activation shape after CONV1 and
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the number of parameters for CONV 1.

(width of previous activation shape) — kernel size + 1

(width of activation shape) =
_32-5+1
B 1

(# of CONV1 parameters) = (kernel size x kernel size

stride

= 28 = activation shape = (28, 28, 20)

X (# of filters in the previous layer) + 1)

X (# of filters in the current layer)
=(5x5x3+1)x20=1520

The activation shape becomes (14, 14, 20) after max pooling. There are no learnable parameters in
pooling layers. We do similar calculation for CONV2.

(width of activation shape) (width of previous activation shape) — kernel size + 1
width of activation shape) =

stride

14—-5+1
= % =10 = activation shape = (10, 10, 50)

(# of CONV?2 parameters) = (kernel size X kernel size x (# of filters in the previous layer)

+ 1) x (# of filters in the current layer)
= (5 x5x204+1) x 50 = 25050

The activation shape becomes (5, 5, 50) after second max pooling. Then, we calculate the number of
parameters in FC3 and FC4 similar to Appx.[C.2.1]

(# of FC3 parameters ) = (5 x 5 x 50) x 512 4+ 512 = 640512
(# of FC4 parameters ) = 512 x 10 + 10 = 5130

Thus, the total number of parameters in this CNN model is

(# of CNN parameters) = (# of CONV1 parameters) + (# of CONV2 parameters)
+ (# of FC3 parameters) + (# of FC4 parameters)
= 1520 + 25050 + 640512 4+ 5130 = 672212

Finally, we derive Sup(A)(= Sdown(A)) in this case.

Sup(A) = (# of device) x (# of CNN parameters) X (# of bits)
=8 X 672212 x 32 = 172086272

We can do the similar discussion in Appx.[C.2.T|when it comes to applying this to quantization-based
federated optimization algorithms.

C.3 Experimental plots

C.3.1 Strongly convex case for MNIST
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Figure 1: Comparing FedAQ with FedAvg, FedPAQ, FedCOMGATE, and FedAC-I on MNIST
with strongly convex settings. We observe how the global training loss and test accuracy change
across communication rounds (first column), communicated bits (second column), and human time
(third column). We use a ls-regularized logistic regression model for the strongly convex MNIST

experiment. FedAQ-I outperforms other algorithms in all plots.

C.3.2 Non-convex case for MNIST
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Figure 2: Comparing FedAQ with FedAvg, FedPAQ, FedCOMGATE, and FedAC on MNIST with
non-convex settings. We observe how the global training loss and test accuracy change across
communication rounds (first column), communicated bits (second column), and human time (third
column). We use a MLP model for the non-convex MNIST experiment. FedAQ(4bits) sends the same
number of communicated bits as FedPAQ(8bits) and FedCOMGATE(8bits) in each communication
round, which indicates a fair comparison (See Quantization bits in Appx. [C.I). FedAQ(4bits)
outperforms other algorithms in all plots.

C.3.3 Non-convex case for CIFAR-10
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Figure 3: Comparing FedAQ with FedAvg, FedPAQ, FedCOMGATE, and FedAC on CIFAR-10. We
observe how the global training loss and test accuracy change across communication rounds (first
column), communicated bits (second column), and human time (third column). We use a CNN model
for CIFAR-10. Similar to the MNIST experiment, FedAQ (4 bits) outperforms all other algorithms in
every case.

C.3.4 Quantitative results for plots

We provide quantitative results to help readers understand plots better. To be specific, for all plots,
we observe the number of communication rounds, the number of communicated bits, and the human
time required to achieve a particular test accuracy by each federated optimization algorithm.

For the strongly convex experiment on MNIST (See Figure I)), the number of communication rounds
required to achieve 90.28% test accuracy by FedAvg, FedPAQ(8bits), FedCOMGATE(8bits), FedAC-
I, FedAQ-I(8bits), FedAQ-II(8bits) are respectively 217, 216, 260, 28, 26, 99. The number of
communicated bits required to achieve the same accuracy are respectively 5.4e7, 1.4e7, 1.6e7, 1.4¢7,
3.3e6, 1.2e7. Lastly, the required human time are respectively 3220s, 2760s, 3336s, 484s, 344s,
1323s. In this experiment, FedAQ-I(8bits) requires the smallest number of communication rounds,
the smallest number of communicated bits, and the shortest human time to achieve the same test
accuracy. These experimental results support the validity of our theoretical analysis on strongly
convex cases.

For the non-convex experiment on MNIST (See Figure [2), the number of communication rounds
required to achieve 97.6% test accuracy by FedAvg, FedPAQ(8bits), FedCOMGATE(8bits), FedAC,
FedAQ(8bits), FedAQ(4bits) are respectively 23, 48, 38, 18, 18, 16. The number of communi-
cated bits required to achieve the same accuracy are respectively 1.5e8, 7.6e7, 6.1e7, 2.3e8, 5.7¢7,
2.5¢7. Finally, the required human time are respectively 2424s, 2311s, 1834s, 3327s, 1248s, 805s.
Thus, we conclude that Fed AQ(4bits) outperforms other algorithms, and even FedAQ(8bits) needs
smaller number of communicated bits/less human time to achieve the goal accuracy than Fed-
PAQ(8bits)/FedCOMGATE(8bits).

For the non-convex experiment on CIFAR-10 (See Figure , the number of communication rounds
required to achieve 65.4% test accuracy by FedAvg, FedPAQ(8bits), FedCOMGATE(8bits), FedAC,
FedAQ(8bits), FedAQ(4bits) are respectively 98, 89, 95, 49, 50, 48. The number of commu-
nicated bits required to achieve the same accuracy are respectively 2.1e9, 4.8e8, 5.1e8, 2.1e9,
5.4e8, 2.6e8. Finally, the required human time are respectively 31798s, 11526s, 12240s, 28720s,
9902s, 6464s. As with the non-convex experiment on MNIST, FedAQ(4bits) outperforms other
algorithms, and even FedAQ(8bits) requires less human time to achieve the same accuracy than
FedPAQ(8bits)/FedCOMGATE(8bits).

Remark C.1. Our current experimental setup only allows us to scale the number of clients up to
the number of CPU cores in our machine. Since FedAQ achieves linear speed up in the number of
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workers with much fewer communication rounds than other quantization based methods, we expect
FedAQ to outperform other methods by an even larger margin as we scale the number of workers.

C.3.5 Additional experiment on linear speedup in terms of the number of clients

We do further experiments about a linear speedup that can validate our theoretical claims. We follow
the experimental setup in|Yuan and Ma (2020) for this experiment. We compare the performance
of FedAQ with FedAvg, FedPAQ, and FedAC on ls-regularized logistic regression for UCI a9a
dataset (Dua and Graff, |2017). We set regularization strength as 10~3. In this experiment, FedAC
and FedAQ respectively stand for FedAC-I and FedAQ-I. The number of quantization levels for
FedAQ and FedPAQ is 16. We do experiments with M = 1,4, 16,128,512, 2048 workers and
K = 1,8,32,64, 128,256 synchronization intervals. We choose 1 for each point that leads to
the best suboptimality. We can say that an algorithm achieves a linear speedup when the best
suboptimality decreases as the number of workers (M) increases. From Figure 4] we observe that
FedAQ and FedAC achieve a linear speedup even when the synchronization interval K is large, while
FedAvg and FedPAQ lose a linear speedup when K = 8. This observation aligns well with our
theoretical results that FedAQ and FedAC require a small number of communication rounds to achieve
a linear speedup. That’s why FedAQ and FedAC are more robust to infrequent communication in
these experiments. Furthermore, the plots of FedAQ and FedAC are very similar. This empirical
result reminds us of our theoretical result that the added quantization scheme does not hurt the
convergence of the original algorithm that much.

Sync IntviK =1 Sync IntvlK = 8 Sync Intvl K = 32 Sync Intvl K = 64 Sync Intvl K = 128 Sync Intvl K = 256
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Figure 4: Comparing FedAQ with FedAvg, FedPAQ, and FedAC on UCI a9a dataset. We can say
that an algorithm achieves a linear speedup when the best suboptimality decreases as the number of
workers (M) increases. FedAQ and FedAC achieve a linear speedup even when the synchronization
interval K is large.

D Missing proofs for FedAQ under the parameter condition set (1))

Before diving into proof details, we define @y, -, @, O3y, . s, U, AT, as below.
L M
We,r = 77 > wil
m=1
LM
_ag ag,m
Yer = 1 > wi
m=1
. 1
_ ag,m 2
‘I’th = F(wk,t ) —F* + 5#”“’2}:5 —w"||
1 < 1
ag, _ 2
U = 57 O F@if™) = F* + Splon, - v’
m=1

. 1
Uy i = Vo= F(ws) — F" + EMHU’IC —w*|?

2,2
m TR (M + L) m ag,m 2 2 2L m

= ——“w, —w, + +L)———VU
k.t (1+’7PJ)2 H k,t k,t || Y (M )1+7M k.t
The above notations are essential to our convergence analysis. Intuitively, if the FedAQ algorithm
converges to the optimal point, wy, -, w;‘i become w*, and \Il’/,zft7 Wi, U, A’,th become 0. In order

to denote the o-algebra generated by {wz’}’t,, wz%’?}(k,<k) or (K'=k,t'<t),me[M]> WE use Fp ;.
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D.1 Proof of Lemma[D.1]

Lemma D.1. Let F be u-strongly convex, and assume Assumption 22 23 then for
o= #ﬁza—kl,’ye [n,\[] n,7y € (0, 1], 7 > 2, FedAQ yields

1
ElWhi1] < Oy, B[] + 5 (2L + %)702
+9ulr - max B[ Z = ™ M (e = o) + (i = )]
k, ,t 1 +"Y,UJ kit
q 2 ((v—n)2v2u2(u+L) 74(M+L)2L) 3 2
L _*
DAL +2M (1+ )2 Tty )77

Additional terms due to quantization

Where C(~y, T) is defined as

Au(p+L) 2Ly (p+ L)) 2
(14 yp)? 1+yp

Additional terms due to quantization

C,7) = (=) + 1= (

In this section, we first introduce five crucial Propositions for proving Lemma[D.I] Then, we prove
Lemma [D.T] by using Propositions in the last part of this section.

Proposition D.2. Let Assumption hold and consider any k synchronization round. Then, we can
decompose the expectation as follows:

2} +E[fj@x,, — w*]?]

Efllwy+1 — w*[1*] = El[[ w1

M

* m 1 *

E[F(wi,) — F] = B[F(w}i,) ZF ) O Fs™) = F]
m:l

Proof of Proposition [D.2] The second equality is trivial. Let’s focus on the first equality. By
Assumption 2.1} the quantizer () is unbiased and we get,

M
1
Eqlwis] = wr + 7 > EQQ(ufl, — wy)

m=1

M
TN
= — w
M k,T
m=1

= W, r
Thus, we finally obtain
Eflfwisr — w”|*] = ElJwir1 — @7 + D, — w*|?]
= E|wk1 — @pr |*] + Ef[J@r,r — w*||’]
Proposition D.3. Let F be pi-strongly convex, and assume Assumption [2.2] 2.3] then for o =
L B=a+1ye, ﬂ},n € (0, 1], FedAQ yields

Y

i L2702 + yult

E[Wy,] < (1 —yu) "E[Wg] + ( L+

— m T —a ag,m
(wk',t - wk,t) +——(w kgt kg,t )]

. ]E _md mdm
e B LS g - uimi T

m=1

Proof of Proposition|D.3] We refer to the proof of Lemma B.2 in[Yuan and Ma) (2020). There is no
quantization between Wy, . and V. Thus, we can directly apply useful inequalities in the proof of
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Lemma B.2 in[Yuan and Ma|(2020) to our proof. Then, we obtain

E[Wk 1| Fre] < (1 —yp)Whp + 5 ( L+

1 M
_ d,
D R [
m=1

i )<72 +ypL

_ Y
(wk,t —wy) + m( th —w ")

From the above relationship between ¥y, ;11 and ¥y, ,, we get

—

T

2 T—1
E[W,,] < (1 —yp) E[¥] + ( (1- w)t) %(nQL + %)02 +yuLl- Y {(1 — )
t=0

~
Il
=)

M
. 0 N g1l

E[— md mdm oom }
[Mn;lnwk,t gy (e = wit) + 75 (@l = i)

T 2 ’7 M 2
< (L= yu)"E[W] + 2( nPL+ 2E)ro® +ulr

Ly T

7 dm m B a m

'orgffr]E[M;Hwk,t Wt (wk,t —wiy) + m( re — Wit

Proposition D.4. Let Assumption|[2.1|hold. Then, we have

Ellws1 — @r-[|?] < M2 ZE [wi, — wg]?]

m=1
M
a 1 ag, ag, a
EIF(uff,) — 77 D0 Fui™)] < 2 Z E[uf™ — wif|’)
m=1

I
—_

[ V)
=
S

£
>
3

|
g
T

|
=
>
3

|
g
N
5

IA
5
M:
§
s
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The third equality comes from the unbiasedness of ), and the last inequality stems from the variance
assumption of (). Similarly, we obtain

M
IE[F wk+1 M Z F ag E[F(wzg—i— ot Z Q(wzg; B Z F ag
m=1
1 & ;M
=Bl > F@if + 57 3 Qiy" — u) - Fluity")
m=1 m=1
1 M M
: E[M (VF@iE™). 57 D (Q(wngm wf) — (wftm
m=1 me1
—wy ) *H Z QwE™ —w®) — (wigrm )i
m=1
L ]. M ag,m ag agm ag 9
m=1
L M
— 51 2 Ell Qi — wff) - (Wi — i)
m=1
M
qL 7
< oo 2 Ellwpy™ — il
m=1

Proposition D.5. Let F be pi-strongly convex, and assume Assumption [2.2] 2.3] then for o =
sB=a+lye, \/%L?m € (0, 7], we get

Ejap) < Blapy) + (LR TRy (1 s (2 )2

Proof of Proposition|D.3] From the notation mentioned in the beginning of Section

V2 ?(p+ L) (e e

E[AY 41| Fk,e] = 1+ 70)? W 41 — Wy, t+1|| | Fra] +7° (0 + L) E[W" 1 | Fk. ]

(€)

T+u

Thus, let’s sequentially compute E[[|[w}’,, | — 2‘%;_:1 1?|F.+] and B [ Fkt)-

m 5 — md,m
E[”wk,t-H th+1|| | Fre] = E[[|[(1 —a~ 1)wkt+a lwkt _'Vth wk:t +779kt|| | F,t]
E[l(1 — o™ ") (wi, — wiy™) = (v = Mg P Fee] (=7 > n)
— m md,m md,m
11— ) (wiy —wiy™) — (v =) VE(wiy™)|)?

+ (v =) B[[VE (™) = g7 1| F.]

< (1= a 2wy — wis™ |2 + (v = 2| VF (wps™)|?
+(y = m)%0? = 2(y — ){(1 — ™) (wp, — wis™), VF(wis™))
< (1= 21+ )l — wpy™ |

1 m ,m
+(y - n)2(1+7ﬂ)HVF(wk‘1 )P+ (v — n)20>

(1 - 7:“)2 m ag,m |2 1+ 7/’4 md my (12
—_— w +((vy—n VF
T — w4 (= T F |

+ (v —n)?c?
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Here, we need to bound ||VF(wr,:‘3s ™2

|VF(w mdm)H2 < 2L(F(w?‘im) — F*) (. Assumption[2.3)
<2 (B (Pl — () + (1= ) (Fluify™) — F)
< BT JJwity — wlP 4 2(1 = BT L(F(wi™) — F7)

L? 2L
= 5w, — 0| ? (F(wi™) — F*)
Ltyp ™ L+yp
L . 2L . oL .
< 2w, —w|? + (F(wi™) - F*) = ———W, (4
L+yp L+yu L+yp

The last inequality comes from the fact vy € [0, %) Therefore, we finally get

E[Hw,’c'le th$1|| ‘]:k,t]
(1_’}/“) ag,m |2 1+’Yﬂ mdm 2 2 2
< — |, —w +(y—nm VF vy —n)c
Trn wiy — w117+ ( ) ” [V E (wy ™)1 +( )
(1 —yp)? ag,m 12 oL+ 2L 2 2
< ety = w12 + (=) ( \I'm>+(7—77)0 )
1T+ lwi'y — k.t v \T¥p k.t

Now, let’s compute E[U", ;| Fj,]. We need to compute E[||w}?,, | —w*||*| Fy ] and E[F (w5, ) —
F*|F, 1] first.

Ellwi, gy — w*[|*| Fr.]

=E[|(1 — o~ Ywp, + o wl™ — g, — w2 Frd]

< (1= a M + o ™ — w* | + 2V (wiy™) | 4470

—29((1 = a wfl, + o wpt™ —w*, VF(wpy™))

< (1—a Hfwp, — w2 + o wpt™ — w2+ 2| VE(wpy ™) + 4%
—2y((1—a (1= BT + a1 = BT HwE™ — w*, VE(wly™)

= (1= ym)lwpy, — w* |+ yplwps™ — w|? + 2|V (wpe™)|? + 120>

m TH agm ok N7 [ (M
1+%uwk,t+ 1+ Wyt w, (wk,t )

—27(
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]E[F(wigt’fl) F*| Fie 4]

m m ag, m L ag,m ,m *
< E[F(wkmi )+ <VF(U’?(1 ), wkgt+1 w?i )+ 7||wk%t+1 wgu:je H = F*[Fp.i
md,m md,m 2 mdm 2 772-[/ 2
< Flwpy™) = F* =l VE(wpy™)II” + HVF( W+ =0
m m n L nL _ 1 1
< Fup™) = F* = 2IVF@™) 2+ 520 (1= 22 = S —nefo. 7))

=(1—0<_1)(F(WZg;) F*)+Of (F(uwpy™) = F7)

2
— md,m ,m md,m 77 L
(L= a ) (Fft™) = Fs™) = ZIVF i) + 150

-1
— , * Ho md,m *
< (1 —a )(F (™) = F7) = = [luily™ — o

+ a71<VF(w21;,m) wzlclm o w*> + (1 B 0171)<VF(1UI]:§’m) wr]:uim N w;g;ﬁm>

2L
—*HVF( mdm>||2 772 0_2

-1 2
— s * M md,m * md m n L
=(1-a 1)(F(w2gt )—F*) — 5 [wyy ™ —w 12— f||VF( N+ 5 o?

a N VEF(wpy™), aB ™ wily + (1 - af ™ wE™ — w)

2
ag, * '7/1' ,m * m 77 L
= (1= (P = F7) = T o™ = w*[* = SIVF g™ + 757 0?

1 m T ag,m * d,m
'7/~L<mwk,t + T+ wkgt —w ,VF(w‘;?,t )

Then, we bound E[W}", | ;| F, ;] by using the above results.
m 1% m * *
B0 i1 [ Fee] = GEIlwilr — |21 Fhe] + E[F (i) = F*|Fed]

2 2
n- 7’”L||VF( mdm)H2+’7/~L+n ng

< (1= yu)¥yt (I 5
m 7u+772L 7
<Ay + 0" (27 <4 /)
I
2
+L
< (= + LD 52 ©)

Plugging (3), (@) in (3) yields,
BIAT 1 Fh.i]
2,2 2
Ypt(p+ L) (1 —yp) : Ltypy 2L .,
< = oy = w2 4+ (=) (i) + (7= )20
(1 +yp) L+ yp Yo N1+ yp

2
m Y (p+ L) 2)
1— LA
1+ 4 (( i) kot T B o
.

— (1 77:“‘)2 . 2/’L (ILL+L) || ag mH2 (7#(777’)2(#4»[’)
Ttap (Lrqu? "Rt 1+ yp

+7%(u+ L)

2L Yy =n?p+L) e+ L)LY ,

F2(u+ L 1—7u)7qf ( + )a %
( I )1 +yp B (1+yp)? 1+yp
Since n < v, we get (v — n)? < v2. By using this fact, we obtain
yly=n)*p+L) | Yulp+L)
+ + L)1 —Ap) < LR +L)(1-
T4 Y+ L)1 —p) < T 7 (n+ L)1 =)
§ly

=V (u+ L)1 —ypu+ ) ®)

L+yp
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It is easy to show that 1 — yu + £ < 1. Also, we get

I+yp
(1—p? VH
T S e 9
T Th Wt ©)

From (7), (8), and (9) we finally get

2,2 2 4 2

Vi Yty =m)*(p+L) A (p+L)°Ly ,

(AT, 1| Fitl < (1— yp+ g+ ( )o
[ k,t+1| ot] < ( TH 1+7M) Kt (14 )2 1+yu

From this relationship between A}, ; and A}, we obtain the result of Proposition[D.5]

2,,2 2 4 2
m YE \trr gm Yy —=n)(p+L) y(p+L)°L
B} < (1= + 2B + (T2 ; (LI oo
L+p (L4 yn) L+ yu
1—(L—yu+ 200

L= =yu+35)

VI i gm (v=n)?(p+L)  ¥(u+L)L\ ,
1+w)IE[Ak,OH( e T )o
Y
.(1_(1_’W+1+7u)t)
m (v=n)?(p+L)  +(u+L)’L Y\ 2
< . _ _
< E[ k,o]+( Tim T 2 ) (1 (1 erHW))U

==+

Proposition D.6. Let F be i-strongly convex, and assume Assumption 2.2} 23] then for o =
seB=a+Lyem, /By e 0, 1),7 22 FedAQ yields

2 2
Bl - wel?) + FE(wi — w7 < (AL 2 D
+(p+n*L)ro®
N ((V*n)272u2(u+11) 74(M+L)2L>7302
(1+yu)? L+yp 2

)TQE[wk]
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Proof of Proposmon@ Let’s first bound E[[|wy?, — wg|?] and E[[|w;™ — w;¥||?] individually.

Efwi’, — wi ]

Ef[Jwy;

agm

= E[ll(wity —wis ) + -+ (wil'y — i) |I’]
T—1
:IE[HZ ((l—a_ Jwiy +a” w?‘i — Wi —’ngft)
T—1 T—1 2
— dm m m
[H ! Z " —wiy) — ’Vzgk,t }
t=0 t=0

T—1

< 207E]| Z m o )IP)+ 2Bl Y gl

i

t=0
T—1
<2~ QTZIE g™ = wit IP1+ 29°E[ Y VF(wis™)|1?)
t=0
T—1
+29°E[| Y (g8 — VF(wps™ )]
t=0
T—1 T—1
<207%(1= 7127 Y Ellwyly — wil™ 1%+ 29% D E(IVE (wiy ™))
t=0 t=0
T—1
+292 ) E[lgit - VE(wiy™)|’]
t=0

T—1
= (Y 20721 = 87 El i, — wif™ ] + 20 B[ VF (™))

+ 277202

wi[|?) HZ wi = wis I’

t=0

o1
d, )
= E[I| Y (wis™ = wi™ — ngi)I1%]
t=0

d, m m
< 2E[| Z wp™ = wE™) P 4+ 20°E (D g 1?]

t=0

T—1 71
= 267%E[| ) (wiy — wi™IP + 27°E( Y VF(wiy™)|*)
t=0 t=0
T—1
+20°E[| Y _(gkY — VE(wis™)I]
t=0
T—1 T—1

<2670 Efllwg —wi ]+ 2077 Y EIVE (wis ™))

t=0 t=0

T—1
md,m
22 3 B, — VE@))
t=0
T—1
— (3287 Blwf, — w P+ 2P V(™)) + 2mfo?
t=0

23



Thus, by using the above results, we get
1% L ,
lElekT—wkll I+ SEllwy™ —w;f|)?]
STZ{(WQOw*ﬁ%ﬂ”)lﬁmww Wl )+ (3 P DE] V(™) )}
t=0
+ (Vu+n’L)ro?
T—1 97
< rz{(uor?a—5*1)2+L5*2)E[||wkt wE™ ]+ (Ve + 1’ L) ——E| ;@]}
=0 Ltp
+ (Y + 772L)m2 ¢ ()

e+ L) :
TZ{ Efllwfly — ity + 27+ L)

E[w }—i— 2+ n*L)ro?
(L4 7p)? (Wil + (Vu+nL)

T+

T—1
=7( Y EAR]) + (Pu+ nPL)ro?
t=0

By Proposition and the fact W}, = W}, we obtain

PR, —wnl?] + SE[0f” i)

< 7{;]E[ ol + ( vlnl(vu/:rL) n 72(MZ2L)2L> . (1 (st 1J7ruw)t)gz}

+ (P +n*L)To®

= 72 (T D g — )+ 270+ D)

+ r(w _ff(jj D 2 ;L)QL) (:: 1—(1—yu+ ﬁ)t)g + (vu+n’L)ro®

Before we get to the final result, let’s find the upper bound for ||wy, — w;E||%, Z:;Ol (1 —(l=yu+

ot )t)
1+yp
lwe = wiE? = [Jwp — w* = (wjf —w*)]|?
< 2fjwy, — w*||* + 2[|wyE — w*||?
2
< 2wy, — w2 +2- ;(F(w,f) F*— (VF(w"),wff ~ "))
112 4 ag * 4
= 2w — w*[|" + = (F(wy) — F7*) = =Wy
u u
7—1 o T—1 o
1—(1—yu+ t):T— 1—yu+ ‘
t_o( (L—yp 1er) tz;( T 1+w)

_7_1_(1_’yu+1+w)7
1= (L—yu+50)
1—(1- 7%27_,_(7# )2T(T2 L)

it 1t
<r- oI — o
1+yp
Y G it Y R o
14y 2 1+yp 2



Therefore, we conclude as below

2Ly*(u+ L)
L+yu

A p(p + L)
—_ 812 <
will) < ( (1+yp)?

+ (Y*u+n’L)ro”

I L
SElllwit, = wl?] + SE[Jwi™

7

)#E[%]

+ L)L\ 7302

N ((7—77)2 Yt (p+ L)

(L4 yp)?
Proof of Lemma[D.]| By the definition of W}, ¥}, ; and Proposition [D.2}

i

E[W 1]

y2z
= E[\I/kﬂ-] + §E[||’1Uk+1 M 2

- U_’kJ” | +E[F wk+1

Applying Proposition [D.3]and Proposition [D-4] we have
E[W1]

< (1 —yp)"E[Wg] +

mdm|||| Pkt

M
Z IE agm ngHZ}

m=1

Z Eflwi’, — wxl?]

m=1

< (1 —yp)"E[Wg] +

2M2 2

i

B
I+yp

d,
w5,

+ypLT - Omax E[ (wk-,t —wi'y) + (w

I

2L72(u +1)

2 2 2 2
TE[W.] + +n“L)ro
[ ) (Wil + (v +n°L)
Y4 (u+ L)*L

) 7]

2
g (WPup+L) 2Ly*(p+ L)
(1+p)? L+ yp )TQ}E[%]

q ((7*77)272#2(#+L) v+ L)*L
2M 1+vyu

(1 +yp)?
Z [

i
The second inequality comes from Proposition Then, let’s define C'(vy, 7) as

Au(p+L) | 2Ly (p+ L)) 2
(14 yp)? L+ p

Av?p(p + L)
(14 yp)?
2 2 2 M+
1+w

(Vu+n*L)To® +

+
L)

.
+ (0=
-{a- (2L+

)7302

als
L+yp

+M

md,m

7”
— Wyt

kt

1
+~ulLT - max E —(w +
Y T u( kit — Whit)

(1—’711)74'%(

C(y,7) =
Finally, we obtain

7V

E[Vx1] < C(v, i

((v—

- max E
o<t<rt

TE[U,] + 2( L+
>y i (p+ L)
( +yp)?

Z [y

2
L
— )70’ +M(7 p+n"L)To

Y (u+ L)L
L+yu

(wy,

q
+2M

)7'302 + yuLT

Y
T+

d,
wee

—wity) + 7 — (W

1+w ot
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D.2 Proof of Theorem [D.7]

Theorem D.7. Let F be p-strongly convex, and assume Assumption 2.1| 2.2] 23| 24 then for
o= #,ﬂ =a+ 1,7 =max(n, / L), n,v € (0, } T > 2, if the learning rate y satisfies

1
(u2 + %(u +L)(4p + QL))WT <5n (10)
FedAQ yields
1 12 2
E[U k] < exp ( — cmax(np, / — )KT) Uo + (29 + 1)(L01 + 771) + 14n*Lro?
2 %% Mt2 M
L (1804 )t Lrio? L et D)(? + pL + L?)qniT2o? L @’ (p+ L)*Lo”

,u% ug M uM
Proof of Theorem[D.7] At first, due to the condition (I0) in Theorem[D.7] we get
q (Ppp+L)  2Ly*(p+ L)
o=+ |
<1 —qur + 2t + = M v (u+ L)(4p + 2L)72

=1—yur+ <u2 + %(,u + L)(4p + 2L))fy272

1
<1-— ST (". condition Ii

The first inequality comes from the fact that (1 — yu)™ < e™ "7 < 1 — yut + v?u?7% when
0 < yu < 1. Also, it is trivial that v = max(, /M—"T) € [n, \/g] Thus, we can use Lemma By

using Lemma[D.T]and the above result, we obtain

1 1
EWii] < (1 - 570n)BI0] + 5 (2L + L2 )ro®
g ((Y=m)*P*(p+L) e+ L)L\ 5

+ = (v*u+n*L)ro? _,_7( )T0'+ Lt

M( ptnL) oM (1+w)2 R H

d oIl
dm m _a a m
'OTEEETE 2:: wy! H|| (wk,t —wiy) + m(wlft —wi )]

(11
By the Lemma B.3 in|Yuan and Ma/ (2020), we know that the below quantity is bounded.

1
- md, _ m T _ ,m
i B Z = (o = )+ ot — ) < B
2 2%\ ?7 n
B— myTo (1+T) , ify € (77, ﬁ}
miro?, ify=n
Telescoping (1) yields

K-1
1
E[Wk] < (1—57/“' \I’o+<z 1—77117' )[2( 2L+W]\/‘;L)TU2—|—7MLTB

q 2 q ((’v—n)z’vzuz(quL) 74(M+L)2L> 3 2}
A L 1

+M(’y w+ntL)yro? +2M (T 70)° Tt 00

’}/,LLTK) n?Lo?  ~o? (702 772L02>

< - v 19 4orB+2

_exp( o)Vt + 47 2B+ (Y +

N 7((7 n)*yu(p + L) 73(H+L)2L)7_202
M (I4+yp)? (L+yp)p
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The last inequality comes from the fact that 3" _o (1 — Syur)* < %= Since we plug in v =
max(1), , / %), we can use Lemma B.4 in|Yuan and Ma|(2020). Therefore, we obtain
1 / 302 2 7802 Lr2o>
E[Vk] <exp ( — — max(nu, M)KT) Uy + % + 7 M + 14n*Lto?
2 T w2 Mt2 M nz

Qqn%GQ 2qno? i Qqn%T%LUQ 2qnLo?
o (221522 |

Musr2 Muz = My
2 2 8 3 2 3 2
L L)L L)L
L are max(nw(sut )+172(u5+3) ,n(u+ ) )
M u2T2 U2T2 n

The first term stems directly from Lemma B.4 in Yuan and Ma| (2020). Also, the last term comes
from the fact that
2 3 2 3 Y (u+L)*L .
vV =m*yulp+ L) Pu+ DL [y ulp + L) + =5 ity #0)
3 2
(14 yp)? (14 LWL iy =g

Therefore, by simple inequalities such as max(a,b) < a + b and min(a, b) < a, we ultimately get

1 / 20+ 1)n2o®  (2¢ + 1)no?
E[Uk] <exp ( — §max(77u, %)KT)\I/O + (2¢ )77% + (29 M)n +14n°L7o?

1
wz Mt
(780 + 24)p3 L7302 N (u+ L) (12 + pL + L) qni 202 N g7 (p+ L)*Lo?
u% M%M uM
(12)

D.3  Proof of Corollary D.§
Corollary D.8. Let Cy,Cy, and ng as below. Note that T = K.

(b + L) +pL + L?)q q(p+ L)L
Cr = 5 , O = ———
w2 H
4T log? ( + min( uMTYy  p2T3Y, W3MT3W, )
= ——log® (e + min , ,
o uT? & (2 + 1)0?” L7202 7 (4304 + 8Cs) 7202

Then for n = min(1, o), FedAQ yields

E[Vx] < min (exp(~27), exp(~5 ) ) 0

2L QL%T%
7(2q + 1)02 2 MMT\I/()
eI (o IMT ) s
R Ve I CR A G a ppe> (13)
6465 + 194) 7252 273y
: MQZ\I{?’) log® (e + ML720‘20> (14)
3 2 2 3SMT3U
+ 9(N2CI3+ 86;2)7— o 10g6 (6 + ; 1% 0 ) (15)
psMT (u2Ch + 8Cs) 1202

Proof of Corollary|D.8] Let’s decompose the final result (T2) of the Theorem [D.7]into a decreasing
term and an increasing term. We denote the decreasing term v); and the increasing term ¢, as below.

Y1(n) = exp ( - %maX(w, \/ %)T) L2
2

1 2 3 1
(2q + 1)nz0? N (2q + 1)no? N (7804 $%)n> L7320 P Lre?

V20 = e M u
LA D) pL+ L)gnitio®  gn’r?(u+ L)*Lo®

‘u%M ,LLM
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Since v, is the decreasing term, we have

1
P1(n) < i(5) + 1) (16)
L
where
1 . wl ,u%T )
) = \
() = min (exp(~57) exp(~ 7)) ¥
L [nop
< I A Tk
Y1(m0) _eXp( 5\ T)
. ,LLMT\IJQ ,LLZTB\I/O ,LLJMT‘S\IIO -1
= (eerln( 5 PR ) 0
(2¢+1)0?" L7202 7 (u2Cy + 8Cy) 1202
< (2¢+1)0% L7202 (u2Cy 4 8Cs)720>
- uMT JIRYE: u3MT3
Since 15 is the increasing term, we have
¥a2(n)
< ha(mo)
2(2 1)o2 MTY 4(2 1 2 MTVY
< (2¢ +1)o 1og(e+“ 0) (2¢ + )70 10g2<e+u 0)
uMT (2¢+ 1)0? pMT? (2¢+ 1)o?
8(780 + %)L72021 5 (e+ M2T3\I/0> 224L73021 4( N /ﬂT?’\IfO)
u2T3 & L1202 u2T L7202
8Ci7%0* | ( (B MT30, ) 64Cs770% | ( L EMTY )
s MT3 (u2Cy 4 8C5) 72072 pBMTO (u2Cy 4 8Cy) 7202
2¢ 4 1)02 MTV 6464 4 159) 7252 273y
Siﬁ(q—&- )U log2 e+ a 0 ( +M)Talog4 e—l—'u 0
uMT (2¢+1)0? w73 L7202
8(u2Cy + 8C,) 202 SMT3W
(2 13+ 32)7'0 log (e+ 3M 0 ) a7)
w3 MT (12 Cy + 8C5) 1202

The last inequality comes from % < 1. Therefore, by combining (T6) and (T7), we finally get
E[Wk] <1(n )+¢2( )
< z/)1( ) + ¥1(10) + b2(no)

' uT uET 7(2¢+1)o% . , pMT Vo
< T
< min (exp( 2L) exp(— 2L1 I )) o+ uMT  ° et (2¢ + 1)02
(6465+ 1]\64(1 L2 1 ( 2T3\I/0)
(273 08 L1202
Q(u%CH + 8C5)120? log® P MT* ¥,
SAITS og <e+ B 2 2)
m (/1'201 +802)T o

D.4 Why the condition (T0) is satisfied

The synchronization rounds K required for linear speedup in M for FedAQ is O(( i +q)%) (See
Remark . Since we derive this result from Theorem |D.7} we should show that K = O((-2L i1g)?)
satisfies the condition (I0) in Theorem [D.7}
q 1
L+ L)(ap+20) )y < 5
(u + ot D)Ep+2L) Jyr < op
We rewrite the above condition as below.

1
Y7 < (13)
2% + 34 (u + L)(4p+2L)
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We know v = max(n, /%) and 7 = min(+,70). Since 7o becomes smaller and smaller as T

increases, we assume 1 = 1) here. Therefore, we get

NoT
yT = max(noT, /| —)
1

uMTUy  p2T30, W3MT3W,
(2 +1)0?” L7202 7 (43 Cy + 8Cs) 7202 )
uMTUy  p2T30, W3MT3W,

(2 +1)02" L1202 " (4304 + 8Cy) 7202 ))

Note that K = L = @((fwfq)%) =C (%)% log(T) because O contains hidden multiplicative

polylog factors with respect to T'. We can assume 7' is sufficiently large here. Then, we have
4(1+q) uMTY, p2T3¥, pEMT3W, )
1C2M log?(T) (2 +1)02" L7202 7 (430 + 8C5) 7202
2(1+q)? . pMTY, T3, pEMT3¥,
17log(e+mm( 5 55 3 ))
pC M3 log(T) (2¢+1)0*" L7206 " (42Cy + 8Cs)r202
A+q) | o ( 2uMT\I'o) 21+q)t (MMT% ))
uC2M log?(T) & (2 + )02/ uCMz log(T) (2¢ +1)o?

(47’2 ) 9 ( 1 mj (
= max | —z 10 e min
ur? %

27‘1 ( + min(
— 10 e min
uT

4T = max ( log® (e + min(

§max<

For an arbitrary constant k; > 0, it is easy to show that lim7_, l‘icg)gle:)F) = 1. Thus, we obtain
4(1+q) o [ 2uMT T, 2(1 4 q)2 2uMT W
'yTgmaX( 3 o ( 2), . lo ( 2))
1C2M log*(T) (2 + )02/ uC' M= log(T) (2 +1)o
<4(1 +q) 2(1+q)? )
~ max , :
pC*M " uCM=

7
<
202 + 29 (p + L)(4p + 2L)
Finally, we conclude that there exists a constant C' that meets the last inequality. Therefore, K =

@((%)%) satisfies the condition .

E Details about Haddadpour et al. (2021) & contribution 2{in Introduction

E.1 Why Haddadpour et al. (2021) cannot achieve a linear speedup

It is hard to say that[Haddadpour et al.| (2021)) achieves a linear speedup in M in strongly-convex
and homogeneous settings. Let’s first recap Corollary D.8 in[Haddadpour et al|(2021)). They let

myut < 3,k = Ly > M and tune nas n = . Here, 7 is the client learning rate, and -y

1

w? 2L(Fr +1)7y

is the server learning rate. Other parameters are the same as we defined. Then, they obtain the below
result.

BIP (i) — F*] < exp(omurK)(Flun) = F*) + = [3rEPe? + (1 +) 7] a9)
K . o? (¢ +1)o°
= O(exp(—w)(F(wo) T S T+ 1)TM)
_ K o, K | (a+1)Ko’
7O(exp(—w)(F(w0)*F )+’YQMT u(%-yl)TM)

Let’s focus on the second and third term. We assume M is large enough and represent them only
with v, K, T, M to easily check the linear speedup of this convergence rate. Then, we obtain
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Thus, it seemingly achieves a linear speedup in M when K is just a constant. However, we are
missing the critical point in this analysis. To be specific, let’s consider the case when v = 1. Then,

the convergence rate changes into O (% + Mfa that cannot achieve a linear speedup in M.
(19

This is implausible because the convergence rate (19) becomes tighter when v = 1 than v > M
(See the last term of (19)). Actually, we can achieve a linear speedup in M when v = 1 if we tune

= 3L DA However, this is not an appropriate tuning because there is M in the denominator.

Similarly, Haddadpour et al.| (2021)) tunes n = where v > M. Even though there is no

1
2L(s5+1)1y
M in the denominator, the condition v > M forcibly makes the convergence rate achieve a linear
speedup without any theoretical benefits of the algorithm. Therefore, we cannot say their n makes
their algorithm achieve a linear speedup in M. We should tune in a different way that does not
contain M in a denominator. For reference, our tuning parameter 7 for the FedAQ algorithm does not
contain M in the denominator (See Corollary [D.§]and Corollary [F.8).

E.2 New convergence rate for Haddadpour et al. (2021)

We propose new 1 and convergence rate for/Haddadpour et al.|(2021)). This new 7 makes the algorithm
achieve a linear speedup in M. Let’s denote ¢ = F'(wg) — F'*. We also know that 7' = K 7. Then,
we choose 7 as

1 V2 dT?2®g  (12MT
yuT TL202 ' (1+ q)Lo? >)
We plug in this 7 to (I9). We bound the first term as below.

VEPT?®g pPMTPe N1
7L%?0% ' (14 q)Lo? )) 0
TL%0? (14 q)Lo?
= 4213772 [ZMT

The another terms are bounded as below.

n= log (e + min(

exp(—nyurK)(F(wo) — F*) = (e + min(

111 ynLo? TL%0? V2 uPT?®g

iy S } < ] 2( 7)

1 T +(1+9) 2M 1 = 2~2u3T? os” et TL%02
(1+q)Lo?

,U,2 MT@O
log (¢ + A2MT 20 )
2uEMT (1+q)Lo?
Thus, we obtain a new convergence rate by combining the above two bounds.

* * Il 25 5 5 ynLo®
E[F(w) = F*] < exp(-murK)(F(wo) = F) + - [griiifo® + (1 + ) 75y |
3rL%0% V2 u3T2®g 3(1 + q)Lo? WeMT®,
< 553 log ( + ) log(e—l—i)
2~2u3T? TL202 2u2MT (1+q)Lo?
Here, we replace 7 with % Then, we represent the above convergence rate with only 7', K, M q.
~ 1 1+¢
O(— + -4
(TK + MT )
This is the new convergence rate we propose for[Haddadpour et al.|(2021). We also get K = @(%)

communication rounds make this algorithm achieve a linear speedup in M.

E.3 More details on contribution 2]in Introduction

Low-precision quantizer (Alistarh et al.[(2017)) Given = € R?, the quantizer Q : R? — R is
defined by

Qi(x) = sign(z;) - ||| - &i(x, s), i € [d]
&; is defined as below.

L1 with probability 12l s — 1
gi(x,s):{ls p y ||
o/w

S5

s is the number of quantization levels. [ € [0, s) is an integer which satisfies

S

€ 5 H.
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More details on dquant  This paragraph explains why FedAQ needs to send only dguane = O(log %)

bits for each value. We use the result of Lemma 3.1 in|Alistarh et al.|(2017). They show the below
result with a low-precision quantizer.

Ja

E[|Q(x, ) - ]3] < min(Z5, L) lle]3

where n is the dimension of x, and s is the number of quantization levels. Then, we regard q as

qzﬁ— v

S - 2dquanl

(21)
Thus, we obtain the following conclusion.

1 1
s logn + log = 1
quant — R N O(log 6)

log 2

Comparing FedAQ to FedAC We compare computation and communication efficiency of FedAC-
IT and FedAQ under the condition set (Z) to achieve the same error. Let’s recall the convergence rate
of FedAC and FedAQ. The convergence rate of FedAC and FedAQ is respectively O(ﬁ + ﬁ)

and (’3(% + %}% ). Let’s say FedAC requires 7 iterations and X' = M 3 communication rounds to
achieve the error 517 Then, FedAQ requires

T =(1+q)7T, K' = M3

to achieve the same error ﬁ This means FedAQ needs 1 + ¢ times more local steps and the same
number of communication rounds to achieve the same error of FedAC. These local steps do no require
any communication with the server hence can be performed without any additional communication
overhead.

From discussion in the previous section, if we use the simple low-precision quantizer, we need only
dquant = O(log %) bits for communicating values with enough precision that can lead to an error rate

of O(577)- In comparison, FedAC would require O(log(MT)) bits to maintain enough precision
to achieve the same error rate. In a majority of tasks in the real world, 32 bits are usually enough
for dygy to achieve enough precision as we usually don’t need converge to a very small error rate.
Nonetheless, even if we compare FedAQ(8bits) with to FedAC(32bits), we argue that the overall
benefit from less communication by quantization is more influential than the slowdown effect from

quantization.

For example, if we consider a [5-regularized logistic regression model for MNIST (strongly convex
experiment) and quantize from 32 bits to dquane = 8 bits. Here, n = 784 x 10. We get the following

results by using (21).

Vi VT8I0
2dquunl =1+ 28

1+qg=1+ ~ 1.346,

On the other hand, the ratio of data communicated by FedAC and FedAQ is

32

dquam

=4

In contribution we claim 1 + g < j;T“f because dg,; is unbounded as T goes to infinity. In the real

world example, ddf““L = 4 is still much greater than 1 + ¢. Furthermore, since the local computation
‘quant

is much cheaper than data communication, we conclude that the benefit from less communication
by quantization (4 times less bits) overwhelm the slowdown effect from quantization ((1 4 ¢) times
more local computation).
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F Further analysis of FedAQ under the parameter condition set (2)

We use notations defined in Appx. |E|here as well. We newly define ®";, @y ¢, Pr, By, as below.
O, = F(wil™) — F* + gl — v’
Dy = F(f) — F* + cpli, — w'?

Dy =Dy = F(w)®) — F* + gunk —w*|?

0[2 — m
+L)ﬁ 2L(I)k,t

m pa? —1y2 —2 ag,m |12
Bt = (F— (=872 + 1672 ity — w12 + 425

The flow of proof is similar to Appx.|D} We need one more condition yu < 3 to show the convergence
of FedAQ under the parameter condition set (2).

F.1 Proof of Lemma|[E1l

Lemma F.1. Let F be p-strongly convex, and assume Assumption 2.1] 2.2} [2.3] then for
o = M - 275 207 71177 € [777 \/%]Jlﬁ € (07 %]37H S %37— Z 27FEdAQyIEZdS

E[®1]

L ~+*p, To? d 1« md,m
< D(v,7)E[®k] + (7 + T)ﬁ TT - max E[HVF(U_/J?J Z VE(wp™)?]

2
L4 e

73 + L)’L) 730

L W
27, ( 2.2 2/H 4
n*L)ro? oM (v 77)7.“(3 4) 7(3

additional terms due to quantization

Where D(v, ) is defined as

1

D7) = (1= 3" + 2 (u(Gu+20) + 27705 + 1))

additional terms due to quantization

a4
M

In order to prove Lemma we first introduce five crucial Propositions for proving Lemma [F1]
Then, we prove Lemma [F. 1| by using Propositions in the last part of this section.

Proposition F.2. Let Assumption 2.1 hold and consider any k synchronization round. Then, we can
decompose the expectation as follows:

Ellfw+1 — w*|*] = Efl|wir1 — @, 1] + Ef||@g,r — w*]?]

E[F(wil ) — F*] = B[F(wi,) — F(wyl,)] + E[F(w,) — F7]

Proof of Proposition The second equality is trivial. The first equality is the same as one in
Proposition[D.2}
Proposition F.3. Ler F be y-strongly convex, and assume Assumption 2.2 [2.3] then for a =

S lp=2l e ﬁ]’ne(o,%],FedAQyields
1 7L 2Pp 10”
E[®; +] < (1 — =yu)"E[® -+t — )=
(@] < (1= 3m) [k]+(2+6>M
+ T Jax E[HVF o) ZVF mdm %]

m=1

Proof of Proposition[F.3] We refer to the proof of Lemma C.2 in[Yuan and Ma (2020). There is no
quantization between ®;, - and ®;,. Thus, we can directly apply useful inequalities in the proof of
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Lemma C.2 in[Yuan and Ma|(2020) to our proof. Then, we obtain

1 7L A, o> 1 - dm
E[®g 1] Fre] < (1— g’YM)‘I’k t+ (7 + T)M + | VF (o) — Vi mZﬂVF(w?,t’ )II”

From the above relationship between ®;, ;1 and ®;, ;, we get

T—1

1 L ~¥?u. o?

E[®,-] < (1—§7M (Z 1-*7# ) (74—?)@
t=0

M

Hz{ {w )R]V F (afd) — % ZVF<wZ‘i’m>Il2}}

t=0 -1
1 2L ~Y?u. 1o

< (1= 2yu)7 e T ENTT

< (1= 37 B[] + (5 6 i

+97 - max E[HVF ZVF 2]

Proposition F.4. Let Assumption[2.1|hold. Then, we have

Efllwis — @r?) < 5 ZE lwp, — wi)?]
qL l
E[F(u,) = F08,)] < 52t D Efllwfd™ —wif|?)

Proof of Proposition The first inequality is the same as one in Proposition[D.4] The proof of the
second inequality is similar to Proposition [D.4]as well.

a a, a 1 ag,m a, m
BIF(w,) - F(@%,)] = EF (i + 7= Y Q" - Z wiy

1 & 1 & ‘
<E[(VE(5; Y w57 O (Quui™ —wif)

m=1 m=1
L, 1 &
— @ =)+ Sl D QU™ — wi®) - (i — wid)|?]
m=1
M

[

\
[S

|

L 1 m
SEll7 D QUi —u) - (Wi — wHI)

m=1

= MQZ]EIIQ wie" = wi) = (Wi = wid)|’]

<oz ZE o = wiE])?]
Proposition F.5. Let F be yi-strongly convex, and assume Assumption 2.2} 2.3 then for o =
2 -Le=251yep, \/%],77776(0 zln < 7, we get
n,2a—1 ., a—1 ., 9 4 M 5202 —
E[B",] < E[B" (f L ) - Bt —9p
5 < BBl + ( (5 G + Ll - (=m0 + 1P
1—|—%a‘1 ( 1 1ot
(- et 20
%O[_2 ( 2 1—‘1-%0[_1)



Proof of Proposition[F:3] From the notation mentioned in the beginning of Section[F]

-2
m He - - m
BIBY il Fidd = (5= (1= 8792 + LBl i, -

thTlll |-7:k,t]
20% —
+’YQ(% +L)227 2LE[®}, 1| Fk,i] (22)
Thus, let’s sequentially compute IE[||7u;,’€'ftJrl thfl 1% F%.¢] and E[@;’ftﬂ | Fe.t]-
m ag,m — d,m
E[”wk,t+1 kgt+1|| ‘]:k,t] =E[(1-a 1)“% o lw?t - ’ng t wk ot "4 NGk, t” ‘]:k ¢]
— m md,m
=E[|(1 — o™ (wiy —wiy™) = (v = mgile |21 Fre] (<7 =)
_ md,m d,m
= (1 = a7 (will —wiy™) = (v = ) VE (Wi, ™)|1?
d,m
+ (v = )E[[VE(Wyy™) = g1 Fi.i]
< (U= o) fuyly —wiy™ P + (v = )P [V (i ™)
_ d,m d,m
+ (v =m0 =20y = (1 — @™ (Wil —wiy™), VE(wyy™))
<(1- *1>2<1+2a*1>\|wzz wiy ™|
dm
+(y=m)?*(1+ )HVF( wi I+ (y = m)%0®
Here, we need to bound ||V F(w}'y I
IVE@wps™)|1* < 2L(F(wiy™) — F*) (. Assumption[23)
<L (B (Flwfly) — Fw) + (1~ 5™ (F(wil™) — F)
< B Jwily — w*l|? +2(1 = BTHL(F(wi™) — F¥)
a—1 4 9 a? -« agm N
= 2@2_1L lwg'y — w*||* + 2L - ﬁ(F(wm ) —F¥)
L(2a% — a) 20% — «
3 m * (|12 ag,m *
< mL||wk,t_w | +2L'ﬁ(F( ke ) — )
202 — o
= 2L‘I> 2
202 —1 (23)
It is easy to show (o — 1)L < £(20° — «) by using the fact yL < 1. Therefore, we finally get
E[lez,lt-&-l Zg£+1\| |~7:k,t]
_ _ md,m « md,m
< -a P+ 207wty = wiy™ P+ (y =) (1 + IVE(wiy )+ (v —n)?0?
_ _ md.m a. 20—« m
<(T—a (1 + 207 ) lwi, wki 12+ (v = n)*(1 + 2)(%427—1 2L9;%)
4= o e8
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Now, let’s compute E[®}", , ;| Fj +]. We need to compute E[|[w}”, , ; —w*||*|F, ¢] and E[F(w;]})) —

F*|Fy 1) first.

Efl|wiy 1 — w*[|*|Fre]
— md,m m *

=E[|(1 — a™ Yl + o~ wy™ = gl — w*{|*| Fie)
<11 = @™ wfly + o wps™ = AVE(u™) = w|? + 570

1 — — md,m md,m *
<(1+3a DI = Dy + o twy™ =y VE(wpy™) —w* | 4+ 4%0°

1 m_ 1 m
= (1+ 507D = a™ug +a” et — w2 4920+ Sa ) [ TE@pd ™)

1 m X m
= 29(1+ S (1 a Dl + a e — wt, VRt ™) + 420

1 — — — ,m * 1 —
< (14507 (= a Y up, - 0P + o et - wt2) + 471 + 507

AVE@ES™IP = 29(1 4 S0 ) = a7 ufly + a7 S — wt, VE@RS™) + 5%

Itis easy to show (1 + 2o )(1—a!) <1—1a71 14+ 2a! < 2. Due to these facts, we obtain

Ellwilrr — w11 Fx.]

1 _ 3 — d,m * 3 d,m
< (1= o —w P + Sa ™ — w2+ SV E @

1
= 2y(L+ o {1~ a Huy + o ey -, VF(le‘i’m» + 9202

1 3 m m
< (1= ga Dl —w|* + Sa ugy™ —w P 5V IVE (™)1

2
1 ag,m * md,m
=271+ 507 ) {1 = a7 (1= BT wiy + a7 (1= B Hwp™ —w 7VF(wkf1’ )) +7%0

Next, we compute the upper bound of E[F (w;?}"",) — F*|Fy ).

E[F(wyy) = F*|Fil

md,m md,m s mdm L s md,m *
< E[F(wyy™) + (VE(wiy™), wilih — wiy™) + Sl = w1 = F*| Fi]
md,m * md,m 2 mdm 2 772L 2
< F(wg ™) = F* = || VE(w, ;™))" + ||VF( =+ =0
2
md,m mdm n L . 77L 1 1
< Fw, ™) - F **”VF( )P+ 702(- 1*7Z§F77€[Oaz])
1 _ * 1 — m *
= (1 - 5o ) (F@™) - F>+§a (F(wy™) = F)
I m m m n*L
+ (1= 5o H(FE@P™) = FuiE™) - V™) + L=
1 — ag.m * /JC! m * 1 — ;M ;M *
< (1= Ja NEWE) — F) = PO H%a HVF (™) oy )
1 -1 md,m md,m ag,m mdm 2 772L 2
(1= ga V™) wi™ — wif") = JIVE@y™)|? + %5 o
1 — ag,m * lua_l m m /’72L
= (1= 5o Y(EWE™) - F*) = By = w'|? = JIVE@py™)|P? + 1o

a N VF ™), 2a87 w4+ (1 — 2087 )wiE™ — w*)

35



It is easy to show a~! = (1 + Ja~!). Then, we bound E[®}", ,[F% ;] by using the above
results.

m /‘l’ m * N *
E[®k,t+1|fk,t} = gE[”wk,tH -—w ||2|]'—k,t] + E[F(wig,t’fl) — F*|Fi,q]

L yiam  20—7n dm 1.7
< (1= 5o Hep, - ——|VF(wpy™)|* + 5 (= +n*L)o?
2 4 23
L vem L7 %0 1
< (- ga e, + L (E 1 L)o? oy < ﬁ)
<(1- 1orl) n JrlZ(HjLL)a2 (25)
- 2 203

Plugging (24), 23) in (22) yields,

E[Bie 11| Fr.i]

—2
< (B -5+ 0872) (- a2+ 207 gty — wis ™|

a 202 — a

+ (=1 S) - Gy 2L + (v = m)0?)
2l 207 —a (_1—1 mo R )
er(S+L)2012_1 2L((1 5% O + 2(3+L)0

—(1—aY)2(142a7Y) (%(1 — BT+ LB g, — wy P
0472 (6]
+ ((“ (=877 + LB*Q)(V -1+ )+ (- 1071)72(% + L)>

2 2
20% — po”
(- 2L} (
(Gaz =1 ) + ( 3

2

_ _ " 202 —
(L= 5P 4 L52) = 44 + LY=o L )
(26)

. 2
We can show that both coefficients of ||w}?, — wj'}™||? and 22,=% . 2L&", are upper bounded by

1.1
20[

1—ia 1+

—3 T IaT
1,2 1 1 4 %o‘il

1—a 1420 ) <1—=-a "+ —2—-—(<1 27

(=020 1= o 2T ) @

1 1 1
11— 10‘72 + 5orl —(l-aH?1+227H (1 + 5ofl) >0

Letsdefine g1(a ) =1—1a2+ 1o = (1—a 1)2(1+2a71)(1+ 2at). Then, it is easy to
check that g, (ofl) > 0for0 < a~! < 1. Moreover, we would like to show the below inequality.

) 1
(M- 2+ 152) =P+ 5) + (1 - sa )P + 1)
< (BB—-p2+L872)2 0+ P+ (- 3o A + D)
< (1 Lo 30 o I 28
_(*504 +1+2ﬁ)7(§+ ) (28)

: 2 — — a— a— 4 a— s
Since L%~ (1 — 8712+ LB72 = B(2%)? + L(32:5)% < (4 + £)(2%=1)?, it is enough to
show
w L., 2a—1 o
Lt D+ 5 < 72—
o — 1+ sa




L4+L
We also know that 2 +

1
1 L. 1
T stua

1). Then, we only need to show

« 16

2 7 Ot+%

« 1
— (20— 1)%(1 + 5)(a+ 5) >0

(SIS

Let’s define go(ar) = 2(2a? — )2 (20 —1)*(1+ 9)(a
, We can say o« =

3
=
23) is satlsﬁed Thus, from (26)), @ and (28) we ﬁnall

+ 3). Then, it is easy to check g2(a) > 0
for o > 3 . As we assume yu < <

> <. This indicates that the inequality

l\')\w

1
2
y get

2% Ty et e

+1)

202 —
+ ((“"; A=B2+L572) (=) + 74 (5 QML)”Q

From this relationship between By, ;| and B}, we obtain the result of Proposition E}

1 11
BB < (1-za~t + —25

2
5t m)tE{BZLO} + ((uo; 1-871+ Lﬂfz)(W -n)*
2

1,.-1
> 1—(1—ta 4 29—
4k 20”7 —« 2 2 3
L)y*——"L .
G e )U

1= (1= Jal 4+ 255)
m H,2a—1 a—1 H 2% — o
< E[B%)] + ((3(%2 —)’ + L5 5 1)2) =G D s L
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Proposition F.6. Let F be yi-strongly convex, and assume Assumption 2.2} 2.3} 2.4} then for o =
- %, _ 2047—177 20 \/g]’m,y e (0, %]JYM < %,T > 2, FedAQ yields
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Proof of Proposition|F.6| We use the same upper bounds for E[[|w}”, —wg/|*] and E[||w)®™ —w#|?]
as in Proposition [D.6)
T—1
m — — m , md,
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Thus, by using the above results, we get
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By Propositioan;SIand the fact ®}"; = Py, we obtain
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Before we get to the final result, let’s find the upper bound for |[wy, — wiE||%, S27_ ) (1 —(1-3a7 1+
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Therefore, we obtain
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Moreover, we can simplify the above inequality by replacing «, 8 with 7, u. It is easy to show
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Finally, from (29), (30), and@) we conclude as below
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Proof of Lemma By the definition of @, @ ; and Proposition|[F2}
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Applying Proposition [F-3and Proposition [F4] we have

E[®p11]
1 L |y To? - W
<(@1- §7M)TE[‘1)1¢] + (7 + T)W TI7 - max E[HVF o) Z 1%]
y ovpu’
ST Z Efllwg, —ws]?] + Bl — i)

2

3
~

M
’Y I 1 me,m
PR e EIIVE@R) = 7 3 VP@i ™))

< (1 gy B + (L7 + T T

“\
<

8
+ L [(72u(3u +20)+27°L(L + 1)) 72E[®y] + (% +iPL)ro?

7_30.2}

4k +L)2L) :

(=P e+ D) 4

7 H mdm
T)W + YT - rgax E[”VF Z VF ]

iV/J 2 9 N2.2,2 £ 4 M 2 3 2
(R4t yro? + S1 (= w2t (S + 4)+v(3+L)L)TU

The second inequality comes from Proposition D(~,7) is defined as below.

D(y,7) = (1—%w) +%(72u(§u+2L)+2v2L(3 +L))

F.2 Proof of Theorem[E7|

Theorem F.7. Let F be pi-strongly convex, and assume Assumption 2.1} 2.2] 2.3] then for the
parameter condition set ([2), T > 2, if the learning rate ~ satisfies

Lo q( 8 1
<9/~L +M(u(3u+2L)+2L(3 +L))>7T<6M (32)

FedAQ yields
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Proof of Theorem[F7] At first, due to the condition (32)) in Theorem[F.7] we get
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It is trivial that v = max(n, , / ”T) € [n, \/g] Thus, we can use Lemma By using Lemma

and the above result, we obtain
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By the Lemma C.14 in|Yuan and Mal(2020), we know that the below quantity is bounded.
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Telescoping (33) yields
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The last inequality comes from the fact that Zﬁ:é(l - %wm-) Since we plug in v =

< 2
= WT
max(7, , /5 ’7 ) we can use Lemma C.15 in|Yuan and Mal (2020). Therefore, we obtain
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The first term stems directly from Lemma C.15 in|Yuan and Ma/ (2020). Also, the last term comes
from the fact that
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Therefore, by simple inequalities such as max(a,b) < a + b and min(a, b) < a, we ultimately get
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F.3 Proof of Corollary[E.§|

Corollary F.8. Let D1, Do, and ng as below. Note that T = K.
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Then for n = min(1, o), FedAQ yields
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Proof of Corollary[F:8] Let’s decompose the final result (34)) of the Theorem [F.7)into a decreasing
term and an increasing term. We denote the decreasing term ¢; and the increasing term ¢ as below.
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Since ¢, is the decreasing term, we have

61(1) < 61(3) + 610m) a8)
where
1, . wr ,u%T
o1(3) = min (exp(~ 7). exp(— L))
$1(10) < exp ( - é, / @T)

UMT®, WATA®, WBMT3®, 1,
(2¢ +1)0?’ (q +25)L*7302” (43 Dy + 63Dy) 7202 ) 0
- (2¢+1)0%  (q+25)L%m302  (u2Di 4 63Dy)720>
- uMT u3T4 u3MT3

= (e + min(

42



Since ¢, is the increasing term, we have
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The last inequality comes from % < 1. Therefore, by combining and (39), we finally get
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F.4 Complexity of combining the quantization and multiple accelerated local updates

Our theoretical goal is to show that the convergence rate of FedAQ is just linearly slower than the
convergence rate of FedAC, and FedAQ achieves the best convergence rate among quantization-based
federated algorithms. Thus, we should find the tight upper bound of the emerging terms due to
quantization so that FedAQ fully takes advantage of acceleration and achieves our goal. To be
specific, since a server aggregates two quantized local updates Q(wy", — wy), Q(w)*" — w)¥) from
all clients, the additional error from variances of the unbiased quantizer ) on two local updates
wi', — wi, wis" — w)¥ should be well-bounded (See Proposition . This is where the difficulty
of the theory of applying quantization to FedAC stems. The other quantization-based federated
algorithms only care about one quantized local update, but we need to consider two quantized local
updates that amplify the instability of FedAQ. In spite of this challenge, we obtain the tight upper

bound of the error from w}", — wy, wit" — w;® with the insight that two local parameters w",,

wzf’tm become closer as k, t increase and both parameters converge to w* (See Proposition
the definition of By, in Appx. [F).

G Discussion

To sum up, we propose a novel communication-efficient federated optimization algorithm, FedAQ,
that successfully incorporates accelerated multiple local updates and quantization with solid theoreti-
cal guarantees. We achieve the best convergence rate and the smallest number of communication
rounds required for a linear speedup in M in strongly-convex and homogeneous settings. In the future,
further theoretical guarantees of FedAQ on convex and non-convex functions should be discussed.
Also, the convergence analysis of FedAQ on heterogeneous settings can be an interesting topic. Even
though Federated Learning systems provide some level of privacy to the clients as their explicit data
is not shared with the servers, careful examination of FL systems including FedAQ is necessary to
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examine how much privacy do they actually provide as information is shared in form of the iterates.
More interesting and challenging open problems can be found in |[Kairouz et al.|(2019); [Wang et al.
(2021a).
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