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Abstract. High-dimensional Bayesian Optimization (BO) has at-
tracted significant attention in recent research. However, existing
methods have mainly focused on optimizing in continuous domains,
while combinatorial (ordinal and categorical) and mixed domains
still remain challenging. In this paper, we first propose MOCA-
HESP, a novel high-dimensional BO method for combinatorial and
mixed variables. The key idea is to leverage the hyper-ellipsoid space
partitioning (HESP) technique with different categorical encoders
to work with high-dimensional, combinatorial and mixed spaces,
while adaptively selecting the optimal encoders for HESP using a
multi-armed bandit technique. Our method, MOCA-HESP, is de-
signed as a meta-algorithm such that it can incorporate other com-
binatorial and mixed BO optimizers to further enhance the opti-
mizers’ performance. Finally, we develop three practical BO meth-
ods by integrating MOCA-HESP with state-of-the-art BO optimiz-
ers for combinatorial and mixed variables: standard BO, CAS-
MOPOLITAN, and Bounce. Our experimental results on various syn-
thetic and real-world benchmarks show that our methods outper-
form existing baselines. Our code implementation can be found at
https://github.com/LamNgo1/moca-hesp.

1 Introduction

In recent years, high-dimensional BO has emerged as a crucial area
of research, as many expensive black-box optimization problems can
have hundreds of dimensions. Applications of high-dimensional BO
include but are not limited to hyperparameter tuning of machine
learning models [41, 10, 48], neural architecture search [21, 40], drug
discovery [22, 13], supply chain management [19, 49] and optimal
system design [9].

Various research works have tackled the high-dimensional BO
problem for continuous spaces [10, 34, 42, 50, 30, 31]. How-
ever, in many real-world scenarios, objective functions may in-
clude combinatorial (ordinal and/or categorical) and mixed variables
[19, 32,9, 22, 35]. This presents significant challenges, as BO meth-
ods that are tailored for continuous variables cannot be directly ap-
plied to solve problems involving these combinatorial and mixed
variables [39, 46, 35, 7]. There are multiple reasons. First, categori-
cal variables lack a natural ordering or rank, preventing standard ker-
nels from capturing the relationships between categorical variables
and other variables, thus degrading the surrogate model’s predictive
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accuracy. Second, since ordinal and categorical spaces are discrete,
gradient-based optimizers are not effective for optimizing the acqui-
sition function. Third, conventional approaches such as using one-hot
encoding to transform categorical variables into numerical values are
not scalable as they can significantly increase the problem dimen-
sionality, affecting the computational costs. Although there exist re-
search works that tackle the problem of BO over high-dimensional
combinatorial and mixed search spaces [32, 39, 46, 5, 35], due to
the aforementioned challenges, achieving promising performance for
these types of inputs is still an open question.

In this paper, we propose a novel high-dimensional BO meta-
algorithm for combinatorial and mixed variables. To address high
dimensionality, we leverage the hyper-ellipsoid space partitioning
technique (HESP) [30] to define local regions with a high probabil-
ity of containing the global optimum, within which BO can be per-
formed. We propose a novel HESP technique designed for combina-
torial and mixed problems, which integrates various encoding meth-
ods to transform combinatorial variables into continuous represen-
tations and employs a multi-armed bandit (MAB) strategy to adap-
tively select the most effective encoder. Our proposed method, Meta-
Algorithm for High-dimensional Ordinal, CAtegorical and Mixed
Bayesian Optimization via Hyper-Ellipsoid Space Partitioning
(MOCA-HESP), is designed as a meta-algorithm [47, 42, 30] that
can incorporate various BO optimizers to solve high-dimensional BO
problems with combinatorial and mixed variables.

Furthermore, we develop three novel algorithms MOCA-HESP-
BO, MOCA-HESP-Casmo and MOCA-HESP-Bounce, correspond-
ing to the cases when we incorporate MOCA-HESP with state-of-
the-art BO methods for high-dimensional combinatorial and mixed
variables: standard BO, CASMOPOLITAN [46], and Bounce [35],
respectively. For MOCA-HESP-BO, we integrate MOCA-HESP
with the standard BO method, using it as the optimizer within
MOCA-HESP. For MOCA-HESP-Casmo, we propose a novel tech-
nique to integrate CASMOPOLITAN’s core feature - the local region
adaptation mechanism - into MOCA-HESP and define local regions
satisfied both the Mahalanobis and the Hamming distance criteria.
For MOCA-HESP-Bounce, we propose a novel technique to incor-
porate Bounce’s core feature - the subspace embedding technique
- into MOCA-HESP’s local regions, allowing low-dimensional op-
timization. Notably, the MOCA-HESP meta-algorithm can flexibly
adapt different settings, e.g., input data encoding, used by various BO
optimizers, making it compatible with existing and future BO opti-
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mizers. Our experimental results on various synthetic and real-world
combinatorial and mixed benchmark problems show that the MOCA-
HESP methods outperform the respective BO optimizers and other
baselines, demonstrating the effectiveness and efficiency of MOCA-
HESP. We summarize our contributions as follows:

e We propose a novel meta-algorithm, namely MOCA-HESP, for
solving BO problems involving high-dimensional combinatorial
and mixed variables. We develop a novel HESP strategy that lever-
ages categorical encoders and an adaptive encoder selection mech-
anism to effectively transform combinatorial variables into numer-
ical representations. To the best of our knowledge, MOCA-HESP
is the first meta-algorithm for BO in high-dimensional combina-
torial and mixed spaces.

e We develop three practical methods, MOCA-HESP-BO, MOCA-
HESP-Casmo, MOCA-HESP-Bounce, by proposing novel strate-
gies to incorporate MOCA-HESP with state-of-the-art BO meth-
ods for high-dimensional combinatorial and mixed variables.

e We conduct extensive experiments and analysis on synthetic and
real-world combinatorial and mixed benchmark problems against
the baselines, validating the efficiency of our proposed algorithm.

2 Related Work

High-dimensional BO with Combinatorial and Mixed Variables.
One popular approach is to enhance the capacity of surrogate mod-
els in modeling objective functions with these types of variables. For
example, TPE [4] and SMAC [20] propose to use different surrogate
models such as Tree Parzen Structure and Random Forest, which can
directly model combinatorial and mixed variables. Garrido-Merchan
and Herndndez-Lobato [11] propose to modify the kernel by round-
ing the kernel input to better capture flat regions in combinatorial
and mixed objective functions. COMBO [32] tackles the problem
by constructing a combinatorial graph, where each vertex repre-
sents a possible combination of categorical variables, and proposing
a graph kernel to capture the interactions between categorical vari-
ables within this graph. Moss et al. [28] propose the String kernel,
which models the categorical variables as strings, hence perform-
ing the optimization in a string space. CoCaBO [39] introduces the
Overlapped kernel, which combines continuous and categorical ker-
nels via a weighted average of addition and multiplication to cap-
ture the interaction between continuous and categorical variables,
enhancing the modeling of the objective function for categorical and
mixed variables. Based on this, CASMOPOLITAN [46] proposes the
Transformed Overlapped kernel, improving the expressiveness of the
model by learning different GP lengthscales for categorical kernels.
BODi [7] employs a dictionary-based embedding to transform com-
binatorial variables to continuous values, enabling the use of stan-
dard continuous GP kernels for modeling combinatorial and mixed
inputs. However, Papenmeier et al. [35] showed that BODi’s embed-
ding tends to favor generating zero-sequency solutions, which may
not be robust in all scenarios. Additionally, BOD1i does not generalize
well to mixed-variable problems beyond binary-continuous settings.

In addition to improving surrogate models, various research works
aim to optimize acquisition functions for combinatorial and mixed
variables more effectively. BOCS [3] employs Simulated Anneal-
ing, which performs random walks in the neighborhood of a data
point, moving to the next point based on acquisition function im-
provements and probabilistic factors. COMBO [32] employs a local
search strategy while applying multi-starts to escape from local op-
tima. CoCaBO [39] leverages a multi-armed bandit algorithm to op-
timize the categorical acquisition function. CASMOPOLITAN [46]

and Bounce [35] define local regions to restrict the search space of
the acquisition function and then apply a local search in the categor-
ical and mixed space. Bounce [35] further incorporates nested sub-
space embedding to handle combinatorial and mixed spaces more
effectively. Daulton et al. [5] propose a probabilistic reparameteriza-
tion to relax the discrete acquisition function optimization into con-
tinuous domains, allowing the use of gradient-based optimizers.

The HESP Technique. The HESP technique [30] is developed
from a well-known black-box optimization algorithm in Evolution-
ary Algorithms (EA), called Covariance Matrix Adaptation Evo-
lutionary Strategy (CMA-ES) [17], which aims to address high-
dimensional black-box optimization problems. However, CMA-ES is
inherently limited to continuous variables. Although several discrete
variants have been proposed [15, 14], none of the CMA-ES based
methods are capable of addressing optimization problems involving
categorical variables.

Meta-algorithms for BO. In BO, several meta-algorithms have
been developed to incorporate different BO optimizers, enhancing
the the optimizers’ performance. LA-MCTS [47] learns regions with
non-linear boundaries via K-mean classification. MCTS-VS [42]
leverages the Monte Carlo Tree Search to perform dimensionality re-
duction and select a subset of important variables. The work in [30]
defines systematic hyper-ellipsoid local regions using the CMA strat-
egy. However, to the best of our knowledge, all these meta-algorithms
only target continuous domains, hence cannot be directly applied to
combinatorial and mixed problems.

3 Background
3.1 Combinatorial and Mixed Bayesian Optimization

Let us consider a minimization problem of an expensive black-box
objective function f : Z — R, where Z = X’ X H is a d-dimensional
mixed domain constructed from a d,-dimensional continuous space
X C Rdi, a dp-dimensional combinatorial space H, d = d, + dp.
By definition, H = W x Q where W is a d,,-dimensional ordinal
space W C Z% and Q is a d,-dimensional categorical space Q,
dn = dw+dg. Our goal is to find the global minimum z* = [, h*]
of the function f using the least number of function evaluations,

2" € argmin f(z), (1)

where z = [z, h] is the input vector, € X is the continuous input
vector, h = [w, q] € H is the combinatorial input vector, w € W is
the ordinal input vector, and g = [g1, ..., g4 q] € Q is the categorical
input vector, with ¢; (¢ € [1,...,d,]) being a categorical variable
having c; unique categories. Note that in this work, we treat ordinal
variables as categorical variables as in various works [39, 46, 35, 7].
In BO, the objective function is assumed to be expensive, i.e., time-
consuming and/or costly to evaluate, and black-box, i.e., the analyt-
ical form and other information such as the gradient or Hessian are
unavailable. Therefore, the primary goal of BO is to find the best so-
lution with the least number of function evaluations. Details on BO
including common surrogate models and acquisition functions for
combinatorial and mixed BO are in the Appendix A.1 and A.2.

3.2 The Hyper-ellipsoid Space Partitioning Strategy

The HESP technique is a search space partitioning method de-
signed to solve high-dimensional BO problems for continuous vari-
ables [30]. The key idea is to maintain a multivariate normal search
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Figure 1. Illustration of MOCA-HESP meta-algorithm. (1) The mixed input data is encoded by an adaptively chosen encoder. (2) The hyper-ellipsoid local
region, which is derived from the base local region (Eq. (3)) and the distinct features of the BO optimizers, is constructed/updated, (3) From the
hyper-ellipsoid’s local region, the BO process (based on the chosen BO optimizes) proposes the next observations in the encoded spaces. (4) A decoder is used
to transform the encoded data for function evaluations.

distribution N'(m, X) over the input search space, where m is the
mean vector and 3 is the covariance matrix of the search distribution.
A local region is then defined as the a-confidence hyper-ellipsoid of
N (m, X). Within the local region, a BO process can be used to se-
quentially suggest A > 1 data points for function evaluation. These
) observations are subsequently used to update the search distribu-
tion A/ (m, 3) and the local region in the next iteration via the mean
update and covariance matrix adaptation formulas [17]. The local
regions defined by HESP are shown to have a high probability of
containing the global optimum of the objective function. The HESP
strategy has been shown to not only perform well in finding global
optima of high-dimensional optimization problems but also incurs
minimal computation overhead [30]. However, despite its effective-
ness, HESP can only work for continuous variables.

4 Proposed Methods

In this section, we first develop a HESP strategy tailored for com-
binatorial and mixed variables (Sec. 4.1). Then, we present our pro-
posed meta-algorithm, MOCA-HESP, for BO in high-dimensional
combinatorial and mixed spaces (Sec. 4.2). Finally, we develop three
algorithms: MOCA-HESP-BO, MOCA-HESP-Casmo and MOCA-
HESP-Bounce, obtained when incorporating MOCA-HESP with
the state-of-the-art high-dimensional BO methods for these mixed
spaces: standard BO, CASMOPOLITAN [46], and Bounce [35]
(Sec. 4.3). Incorporating MOCA-HESP with CASMOPOLITAN and
Bounce is especially challenging due to their distinct core features,
such as different local region strategies or nested subspace embed-
ding mechanisms, as well as their different requirements such as in-
put data encoding. For an overview of these optimizers, see the Ap-
pendix A.4 and A.5.

4.1 The Proposed HESP Strategy for Combinatorial
and Mixed Spaces

To develop HESP for combinatorial and mixed variables, we propose
to use categorical encoders [36] to transform combinatorial (ordinal
and categorical) variables into continuous values and apply HESP to
these transformed variables. In addition, we also suggest a decoder
to transform the encoded data back to the original domain for ob-
jective function evaluations. We further propose to adaptively select
the optimal encoder for HESP using a multi-armed bandit (MAB)
algorithm. Below, we describe these steps in detail.

Combinatorial and Mixed Variables Encoding and Decoding for
HESP. From the mixed space Z = & x H, we convert combina-
torial variables to continuous values by using a 1-to-1 mapping cate-
gorical encoders g : H — H. where H is a dj-dimensional combi-
natorial space and H. C R% . In this work, we propose to use either

an ordinal or a target encoder [26] as these encoders are commonly
used, effective, efficient in runtime, and do not require as much train-
ing data as a VAE [23]. Ordinal encoders map the inputs to numerical
values based on existing or assumed relationships on their orders and
rankings. Target encoders map the inputs to numerical values based
on their target values, e.g., the average function values. More details
on these two encoders are in the Appendix A.3. After training the
encoder g(.), we apply the HESP technique to the encoded mixed
spaces Z, = X X H.. Note that, in order to perform objective func-
tion evaluation on Z, we need a decoder g : H. — H to transform
the encoded continuous values in H. back to the original combina-
torial domain . In particular, to decode a numerical value x € H,
to a c-choice combinatorial variable h € {ui,...,uc}, we find a
category u; with the encoded value closest to the numerical value x,
or formally g(x) = u; where ¢ = arg min;=1,... ¢ |g(u;) — z|.

Adaptive Encoder Selection. In practice, as no encoder is guar-
anteed to be the best in all cases, to select the optimal encoders for
HESP, we propose to use a multi-armed bandit (MAB) approach. We
consider each encoder as an MAB action, and the goal is to select the
best action (i.e., the best encoder), based on the optimization data.
We propose to use EXP3 [2] as the MAB approach due to its general
applicability, robustness to adversarial environments, and strong the-
oretical regret guarantees. Our proposed adaptive encoder selection
method is outlined in the pseudo-code Alg. 1. Each encoder corre-
sponds to an action, and is associated with a weight and a selection
probability, which determines the likelihood of that action being cho-
sen. Given K types of encoders and their associated weights wy ()
for k = 1,2,..., K at iteration ¢, the selection probability for each
action k (line 3) is:

pk(t)=(1—n)%+;’(, @)

where n € [0, 1] is a parameter that governs how much we should
sample the actions uniformly at random (explore unknown actions)
rather than focus on good performing actions (exploit potential ac-
tions) [2]. In each iteration, to update the weights w (t), we compute
the estimated reward 7(¢) from the A observations in an iteration
of MOCA-HESP. We first normalize the observed function values
yiliZ1 to §i|i—y such that §; = (y; — maxy)/(miny — maxy)
(line 4). This normalization ensures that a high reward 7(¢) is given
only when the reward g; is similarly good or better, increasing the ac-
tion’s weight and selection probability [1]. Otherwise, the probabil-
ity remains unchanged, allowing EXP3 to explore other actions. The
estimated reward is then calculated as 7(t) = 7(t)/px, (t), where
7(t) = min §;|j,—;_41 is the minimum normalized function value
(lines 5-6). Subsequently, we update the current selected action’s
weight wy, (t + 1) = wy, (t) exp(n?(t)/K), and preserve other ac-



tions” weights, w; (¢ + 1) = w;(t), j # k¢ (line 7). Finally, a new
selection probability is computed (line 8) to sample a new encoder
type ki+1 for the next iteration (line 9).

Algorithm 1 The Adaptive Encoder Selection.

1: Input: The observed function values yj|§~:1 up to iteration ¢,
the number of categorical encoder types K, the weight vector
W (t)\szl, the current encoder type k¢, the parameters 77 and A
Output: The next encoder type k1.

Compute the probability px(t), k =1,..., K
Normalize y;|]—; to §;|!—y, where §; € [0, 1]
Compute the reward r(¢) = min §;|j—s_x11-
Compute the estimated reward #(t) = r(t)/px, (t)
Update the weights wi(t + 1), k=1,..., K
Update the selection probability py(t + 1),k =1,..., K
Sample the next encoder type k¢+1 following px (t + 1)
Return the encoder type ki+1

> Eq. (2)

R AN -

—
e

4.2  The Proposed MOCA-HESP Meta-Algorithm

In this section, we present our proposed meta-algorithm MOCA-
HESP for BO in high-dimensional combinatorial and mixed spaces.

Overall Process. The overall process of MOCA-HESP is shown
in Alg. 2 and illustrated in Fig. 1. Initially, all K encoder weights
are set as 1 (line 6). Based on the initial observed dataset Dy € Z
(line 7), we construct an initial hyper-ellipsoid local region 515210“
in the encoded space Z. C R? (line 8). Subsequently, within the lo-

cal region Ségiopt, the BO optimizer bo_opt suggests A data points

Dy € Z (line 11). Then, the encoded A\ data points g,(c())(D)\) are
1)
o_op

used to update the local region Eé . (line 12). Furthermore, a new

categorical encoder g,il)(.) is also suggested for the next iteration
based on Alg. 1 (line 14). Restart conditions [16, 30] are verified ev-
ery iteration to prevent the algorithm from being trapped at a local
optimum (line 15). This process repeats until the evaluation budget

Algorithm 2 The MOCA-HESP Meta-algorithm.

1: Input: The objective function f(.), the mixed search domain Z,
the evaluation budget IV, the number of initial points ng, the BO
optimizer bo_opt, the number of categorical encoder types K
Output: The optimum z*
Set A, t < 0, T < [ (N —no)/AJ, the dataset D < ()
while ¢ < T do

Set the encoder weights wy, = 1,fori =1... K

Choose and train the categorical encoder g,(f) ()
Sample a set of ng initial data points Do

Set the initial HE local region Ségiopt based on g,(f) (Do)
Set D + DU Dy

10: while ¢t < T do

Use bo_opt to propose a set of A data points Dy € Z.

> Eq. (2)
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12: Update £17)). < HESP(gy” (D»))

13: Update D <~ DUDy, t <+ t+1

14: Select and train a new encoder g,(:H) () > Alg. 1
15: Break loop if the stopping criteria are satisfied

16: end while
17: end while
18: Return z* = arg minzigp{yi}ﬁvzl from the dataset D

is depleted, returning the best data point in dataset D as the opti-
mum z*. In the below we describe in detail each component of our
proposed MOCA-HESP meta-algorithm.

Local Region Formulation. We provide a detailed formulation
of the local regions for HESP in combinatorial and mixed domains
given the aforementioned categorical encoders. We first define a base
local region &, based on a multivariate normal search distribution
Nz, = Nz, (mz.,Xz,.) in the encoded space Z., where mz,
and ¥ z_ are the encoded mean vector and covariance matrix of the
search distribution. Specifically, &, is defined as the a-confidence
hyper-ellipsoid of the search distribution, i.e.,

& = {ze | M (2e,Nz,) < xi_a(dz.)}, 3)

where M(z, V) = \/(z — m)TE(z — m) is the Mahalanobis dis-
tance from a continuous vector & to a multivariate normal distribu-
tion N = N (m, ) and x;_4(7) denotes a Chi-squared 3 criti-
cal value with -y degree of freedom. From the base local region &,
additional requirements from the respective BO optimizers will be
incorporated to create the local region &, _op: in later sections.

Local Optimization. In each iteration, we apply the BO optimizer
bo_opt within the local region £y, opt to propose A data points in
z € Z. When fitting the GP, we preserve all settings from the BO op-
timizer, e.g., the kernel and input encoding type. To propose the next
observed data, we optimize the same acquisition function employed
by the BO optimizer. Specifically, we first sample a pool of candi-
date data points z.,, € Z. following Nz, (mz,, Xz, ) and confined
within &y, opt . These candidate points assist the acquisition function
optimization depending on the type of acquisition function employed
by the BO optimizer. Furthermore, the next observation data points
must satisfy the local region &,,_opt . Details for each optimizer will
be explained in the next sections. Note that if the acquisition func-
tions are defined in the original mixed space Z, we use a decoder to
transform z.,, to 2o € Z to compute the acquisition function values.

4.3 The Proposed MOCA-HESP-BO,
MOCA-HESP-Casmo, MOCA-HESP-Bounce

In this section, we develop three algorithms by incorporating our
meta-algorithm MOCA-HESP with the state-of-the-art combina-
torial and mixed BO optimizers: standard BO, CASMOPOLI-
TAN [46], and Bounce [35]. Incorporating MOCA-HESP with CAS-
MOPOLITAN and Bounce is especially challenging, as these opti-
mizers have different requirements for input data encoding, kernel
type, and acquisition function, as well as distinct components such as
local region formulations and subspace embedding techniques. The
key ideas of the three proposed methods are summarized in Table 1.

4.3.1 The MOCA-HESP-BO Algorithm

This algorithm is developed by incorporating MOCA-HESP with
the standard BO optimizer. MOCA-HESP-BO shares similar com-
ponents with the meta-algorithm MOCA-HESP, including the for-
mulation of the local region Ego and the local optimization step.

4.3.2 The MOCA-HESP-Casmo Algorithm

This algorithm is developed by incorporating our meta-algorithm
MOCA-HESP with CASMOPOLITAN [46]. The challenge is that
we need to incorporate CASMOPOLITAN’s local region adaptation



Table 1. Key ideas in the three MOCA-HESP algorithms. MOCA-HESP can robustly incorporate different BO optimizers that (1) require different settings,
e.g., data encoding, kernel, acquisition function, and (2) have distinct core features, e.g., local region adaptation mechanisms, subspace embedding techniques.

MOCA-HESP Method | Local Region Local Optimization

MOCA-HESP-BO e In the encoded space Z..
e Local regions Epp satisfy the Ma-
halanobis distance criterion.

Train a GP with ordinal encoded data (Matern 5/2 kernel).

Sample candidates in Z via a scaled search distribution (for Mahalanobis criterion).
Decode candidates back to Z.

Maximize the acquisition function over candidates.

MOCA-HESP-Casmo e In the encoded space Ze.

e Local regions Ecysmo satisfy the
Mahalanobis distance criterion and
the Hamming distance criterion.

Train a GP with ordinal encoded data (Transform Overlapped kernel).

Sample candidates in Z via a scaled search distribution (for Mahalanobis criterion).
Decode candidates back to Z.

Randomly reset several categorical variables to satisfy the Hamming criterion.
Maximize the acquisition function over candidates.

MOCA-HESP-Bounce e In the encoded subspace V.

e Local regions Epounce satisfy the
Mahalanobis distance criterion and
the Hamming distance criterion.

Train a GP with one-hot encoded data (Matern 5/2 kernel).

Sample candidates in V via a scaled search distribution (for Mahalanobis criterion).
Decode candidates back to the subspace A.

Randomly reset several categorical variables to satisfy the Hamming criterion.
Maximize the acquisition function in A and project the best candidate to Z:

Categorical problems: Local search over candidates.
Mixed problems: Interleave search the categorical and continuous variables sep-
arately. While optimizing categorical variables, fix the candidates’ continuous
variables to the current best solution, and vice versa.

mechanism, which maintains two separate local regions for continu-
ous and categorical variables. To overcome this challenge, first, we
incorporate the continuous local region (governed by a scaling fac-
tor L;) by scaling the base local region in Eq. (3) by L. In par-
ticular, we scale the covariance matrix 3z, by a dz,-dimensional
scaling vector L, where L; = Li if the ¢-th dimension is associ-
ated with a continuous variable, and L; = 1 otherwise. This results
in a scaled distribution Nz, 1 = Nz, (mz,,¢(Xz,, L)), where
¥(3, S) scales the radii of the a-level confidence hyper-ellipsoid of
3 by the vector S. Second, to incorporate the categorical local re-
gion (governed by a Hamming distance threshold Lj,), we impose an
additional threshold to the base local region. That is, we employ ad-
ditional constraint H (g (ze), gx(mz.)) < Lp, where H(., .) is the
Hamming distance between categorical data points, and Jx(.) is the
categorical decoder from Z. to Z. Overall, the local region Ecasmo
is the combination of two requirements, such that,

Ecasmo = {Ze ‘M (Ze7N257L) < Xia(dze);
H (gr(ze), gr(mz.)) < Ln}.

Having defined the local region Ecasmo, We carry out the local op-
timization to select the next observation data point. The choice of
the surrogate model and the acquisition function are similar to CAS-
MOPOLITAN, however, acquisition optimization needs to satisty the
local region Ecasmo. Specifically, we sample a pool of candidates z.
from the scaled search distribution Nz, r that satisfy the Maha-
lanobis distance criterion. Then we decode these candidates back to
the mixed spaces Z via the decoder g (.). Then, random selection is
carried out to alter several dimensions of g (2z.) until they all satisfy
the Hamming distance criterion. New observations are chosen from
these candidates by maximizing the acquisition function values.

@

4.3.3 The MOCA-HESP-Bounce Algorithm

This algorithm is developed by incorporating MOCA-HESP with
Bounce [35], a recent state-of-the-art BO method for combinatorial
and mixed variables. The challenge is how to incorporate Bounce’s
expanding subspace embedding technique, which optimizes a series
of mixed low-dimensional subspaces A (mixed target subspace) of
increasing dimensions d 4. For an overview of subspace embedding
in Bounce, refer to the Appendix A.5. We denote the encoded target
subspace V C R%A as a dy-dimensional encoded space of .A. The re-
lationship between these spaces is given by da = dy < dz, = dz=.

In each iteration of MOCA-HESP-Bounce, we first derive the base
local region (Eq. (3)) in the encoded space V via a projected search
distribution Ay, (my, Xy), where my, 3y are the mean vector and
the covariance matrix, respectively. To compute Ay (my, 3v), we
project the search distribution Nz, (mz,,Xz.) onto V using the
embedding matrix P : Z. — V, which is the Moore—Penrose in-
verse of Bounce’s projection matrix Q : V — Z. [12, 30]. Subse-
quently, as Bounce employs CASMOPOLITAN’s local region adap-
tation mechanism, we apply the similar technique as in MOCA-
HESP-Casmo to define the respective local region in V - via scaling
the base local region by a continuous factor L, and imposing a Ham-
ming constraint by a categorical factor L;. Hence, the local region
‘SBounce iS,

Ebounce = {v M (v, Nv,1) < Xi_a(dv);

- - 5

H(hw(v), hi(my)) < Ln}, )
where Ny = Ny r(my, ¥ (Zy, L)) and hy(.) is the categori-
cal decoder. Having defined the local region Egounce, We carry out
the local optimization to select the next observation data point. The
choice of the surrogate model and the acquisition function are similar
to Bounce, yet the acquisition optimization needs to satisfy Egounce-
Specifically, the candidate sampling steps need to satisfy both the
Mahalanobis distance and the Hamming distance criterion in the
encoded target subspace V. For categorical problems, we use local
search over the generated candidates. For mixed problems, we lever-
age the interleave search procedure and optimize combinatorial and
continuous parts separately. While optimizing combinatorial vari-
ables, we fix the continuous values of the candidates, and vice versa.
Note that as MOCA-HESP-Bounce suggests data points in V, we de-
code the solution to A, then project it to Z for function evaluations.

5 Experiments
5.1 Experiment Setup and Baselines

We extensively evaluate our proposed MOCA-HESP meta-algorithm
by comparing the three developed algorithms MOCA-HESP-BO,
MOCA-HESP-Casmo and MOCA-HESP-Bounce against: (1) their
respective BO optimizers: Standard BO, CASMOPOLITAN [46],
Bounce [35], (2) other state-of-the-art BO optimizers for high-
dimensional combinatorial and mixed variables including TPE [4],
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Figure 2. Comparison between the MOCA-HESP methods (MOCA-HESP-BO, MOCA-HESP-Casmo, MOCA-HESP-Bounce) against (1) the original BO
optimizers (BO, CASMOPOLITAN, Bounce) respectively and (2) the other baselines (TPE, SMAC, CMA-ES, Random Search). The results show that all the
MOCA-HESP methods outperform or are on par with their respective BO optimizers (e.g. MOCA-HESP-BO outperforms BO, MOCA-HESP-Casmo
outperforms CASMOPOLITAN, and MOCA-HESP-Bounce outperforms Bounce), and also outperform the other baselines.

SMAC [20], (3) CMA-ES [17], an evolutionary optimization algo-
rithm, in which we used the ordinal encoder to transform combi-
natorial inputs to numeric values, and (4) Random Search. Note
that there are no meta-algorithm baselines as to the best of our
knowledge, we are the first to propose a meta-algorithm for high-
dimensional BO in combinatorial and mixed spaces. Details of the
settings for MOCA-HESP and the baselines are in the Appendix A.6
and Appendix A.7.

5.2 Benchmark Problems

We conduct experiments on 9 benchmark problems: 3 synthetic and
6 real-world problems. The synthetic problems include 2 combina-
torial problems: Ackley20c - 20D and Shifted Ackley20c - 20D, and
1 mixed problem: Ackley53m - 53D [39, 46, 35, 7]. The real-world
problems include 5 combinatorial ones: Antibody Design - 11D [22],
LABS - 50D [33], MaxSAT28 - 28D, MaxSAT125-125D [18], Shifted
LABS - 50D, and 1 mixed problem: Cellular Network - 30D [9].
The dimensionalities of these problems range from 11 to 125, and
the cardinalities of the combinatorial variables range from 2 to 20.
These problems have been widely used in other works to eval-
vate high-dimensional BO methods for combinatorial and mixed
spaces [32, 39, 46, 5, 7]. Note that we also evaluate our methods us-
ing shifted benchmark functions, which are designed to eliminate the
special structure, e.g., zero-sequency patterns, of the global optimum
in the original test functions [35, 30]. Details of these benchmark
problems are in Table 2 and the Appendix A.8.

5.3 Performance Comparison with Baselines

Fig. 2 compares our proposed methods against all baselines. Firstly,
we show that MOCA-HESP-BO, MOCA-HESP-Casmo and MOCA-
HESP-Bounce noticeably outperform their respective BO optimizers,
demonstrating the effectiveness of our proposed MOCA-HESP meta-
algorithm. Specifically, MOCA-HESP-BO consistently outperforms

Table 2. Details of benchmark problems.

Benchmark Inputs (x is continuous, # evals
problems h is combinatorial)

Ackley20c h € [-32.768, ..., 32.768]%Y, 400
(20D) each has 11 evenly spaced values

Antibody Design | h € AATT, 200
(11D) where AA is the set of 20 amino acids

LABS 50

(50D) he{-1,+1} 800
MaxSAT28 28

(28D) h €{0,1} 400
Ackley53m ze[-1,1° 400
(53D) h € {0,1}%0

Cellular Network | = € [30,50]™ 400
(30D) h € {0,5}1°

MaxSAT125 25

(125D) h € {0,1} 500

standard BO in all 9 benchmark problems by large margins. Notably,
on Ackley20c, MOCA-HESP-BO surpasses all baselines and effec-
tively finds the global optimum within the budget, highlighting the
effect of MOCA-HESP in identifying the global optimum. Compared
to CASMOPOLITAN, MOCA-HESP-Casmo shows superior perfor-
mance on 7 out of the 9 benchmark problems. In these 7 problems,
MOCA-HESP-Casmo consistently outperforms CASMOPOLITAN
across all iterations. MOCA-HESP-Bounce outperforms Bounce on
6 benchmark problems, including Shifted Ackley20c, Ackley53,
LABS, Shifted LABS, MaxSAT28 and MaxSAT125. On MaxSAT28,
LABS and Shifted LABS, MOCA-HESP-Bounce maintains more
optimal than Bounce across all iterations. On MaxSAT125D,
MOCA-HESP-Bounce initially performs similarly to Bounce but
eventually finds more optimal solutions as the iterations progress.
Finally, all three MOCA-HESP methods outperform other base-
lines, including TPE, SMAC, CMA-ES and Random Search on all
9 benchmark problems. These results showcase the effectiveness of
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Figure 3. The effectiveness of using the proposed adaptive encoder selection mechanism against using only a single type of encoder. The performance of the
adaptive encoder version is better or at least on par with the other versions.
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Figure 4. The trajectories of the local regions from MOCA-HESP-BO on the 2D Shifted-Ackley categorical function. The hyper-ellipsoid local region starts
at a random location, then evolves to better locations and finally directs the mean vector to the global optimum. The radii are prevented from shrinking too
small to maintain a sufficient number of candidate points inside the local regions.

the MOCA-HESP meta-algorithm in enhancing the performance of
state-of-the-art BO optimizers.

5.4  Ablation Study and Analysis

The Effectiveness of Adaptive Encoder Selection. We evaluate
the effectiveness of our proposed categorical encoder selection in
choosing the optimal encoder for the HESP strategy. We compare
three variants of MOCA-HESP-BO, each using a different categori-
cal encoder strategy: (1) the ordinal encoder, (2) the target encoder,
and (3) our proposed adaptive optimal encoder selection. We perform
the analysis on all 9 benchmark problems. In Fig. 3, we can see that
the adaptive version has the best performance. The ordinal encoder
shows good results on MaxSAT125 and LABS, yet falls behind sub-
stantially on Antibody Design. The target encoder is the most optimal
on the Antibody Design problem, but degrades substantially on Ack-
ley20c and MaxSAT125. The analysis indicates the robustness of our
proposed adaptive encoder selection strategy for MOCA-HESP.

The Trajectories of Local Regions under the MOCA-HESP
Meta-algorithm. We visualize the trajectories of the local re-
gions generated by our MOCA-HESP meta-algorithm on two 2D
test functions: Ackley and Shifted Ackley. The search domain
[—32.768, . ..,32.768] is discretized into 51 evenly spaced points.
Fig. 4 shows the trajectories for the Shifted Ackley function; ad-
ditional plots for the Ackley function are provided in the Ap-
pendix A.9. Note that, we can only plot for MOCA-HESP-BO be-

cause the Hamming distance criteria in the local region of MOCA-
HESP-Casmo and MOCA-HESP-Bounce do not work in 2D prob-
lems (Lppy, = 1 while Ly, = 2). In Fig. 4, we can see that at
the beginning (Iteration 0), the proposed data points are scattered
randomly to explore the region, as the prior information of BO is in-
sufficient. However, when moving on to the next iterations, the local
region evolves closer to the global optimum, helping BO to propose
better solutions. Note that in combinatorial spaces, the search dis-
tribution is lower-bounded by a minimum standard deviation thresh-
old in order to maintain a sufficiently large area for sampling [25].
Therefore, the radii of the local region are also retained large, while
the mean vector gradually moves closer to the global minimum.

6 Conclusion

In this paper, we propose MOCA-HESP, the first meta-algorithm
for high-dimensional BO in the combinatorial and mixed domains.
MOCA-HESP incorporates categorical encoders, which are opti-
mally selected via MAB, to partition the mixed search space into
hyper-ellipsoid local regions for local modeling and optimization.
We further derived three practical algorithms, namely MOCA-
HESP-BO, MOCA-HESP-Casmo and MOCA-HESP-Bounce, by in-
corporating MOCA-HESP with the state-of-the-art BO optimizers
for combinatorial and mixed variables: BO, CASMOPOLITAN,
Bounce, respectively. Our extensive empirical results demonstrate
the effectiveness of our proposed MOCA-HESP meta-algorithm.
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A Appendix
A.1 General Process in Bayesian Optimization

BO addresses the optimization problem in an iterative fashion. At it-
eration ¢, BO approximates the objective function f using a surrogate
model based on the observed data collected so far Dy = {z;,y: }i—o,
where y; = f(zi) + €; and &; ~ N'(0, 0®) represents noise. Subse-
quently, an acquisition function o : Z — R is constructed to assign
scores to data points in the domain Z based on their potential to iden-
tify a better solution. The next data point for observation is selected
by maximizing the acquisition function znexx = arg maxzez a(z)
and is evaluated with the objective function Ynexx = f(Znext) + &,
e ~ N(0,0?). This newly observed data {2nex, Ynex } is then ag-
gregated to the current dataset. This process is conducted iteratively
until the predefined budget, such as the maximum number of function
evaluation, is depleted. Finally the best value found in the observed
dataset is returned as the estimate of the global optimum z*.

A.2  Surrogate Models and Acquisition Functions for
Combinatorial and Mixed BO

Surrogate Models. In BO, the most popular surrogate model is
Gaussian Process (GP) [37], which depends on the kernel to cap-
ture the relationship between the variables. To capture the relation-
ship between different ordinal/categorical variables and between or-
dinal/categorical and continuous variables, various GP kernels have
been proposed, including Graph Diffusion Kernel [32], Additive Dif-
fusion Kernel [6], Overlapped Kernel [39], Transformed Overlapped
Kernel [46], Tree Ensemble Kernel [44], and String Kernel [28]. Be-
yond GP, there other surrogate models that can naturally represent
the categorical data, such as Tree Parzen Estimator [4] and Random
Forest [20].

Acquisition Functions. Acquisition functions for combinatorial
and mixed BO methods are similar to those in continuous domains,
such as Expected Improvement (EI) [27], Upper Confidence Bound
[43] and Thompson Sampling [45]. In order to optimize these ac-
quisition functions for combinatorial variables, many methods have
been proposed, such as Simulated Annealing [3], Local Search
[32, 46, 35], Gradient-based Search [46, 7, 35]. For mixed variables,
Interleaved Search [46, 35, 39] is often used to alter between opti-
mizing ordinal/categorical and continuous acquisition functions.

A.3  Categorical Encoders

Ordinal Encoder. Ordinal encoder is a 1-to-1 mapping g : H —
R? that assigns each categorical value with a unique numerical
value. Given a c-choice categorical variable h € {u1,u2,...,uc},
the ordinal encoded value of u; is gordina(us) = a;, where a; € R
and a; # a; if i« # j for4,7 = 1,...,c. Ordinal encoder is a
simple choice to transform ordinal/categorical values to numerical
values, based on an existing or assumed relationships on the orders
and rankings among ordinal/categorical values.

Target Encoder. Target encoder [26] is a 1-to-1 mapping g : H —
R%" that maps categorical variables to the statistics of the target vari-
able. In practice, the most common statistics to be used for target
encoder is the mean value. Denote a c-choice categorical variable
h € {u1,us,...,uc}. Let the observed dataset of n samples with
respect to the variable h be denoted as D = {h;,y; }i=, where y;
is the objective function value. The vector of target values associated
with categorical value u; is defined as yu, = {yx|lu; = hi, k =

1,...,n}. Denote n; = > ;_, I(us, hi) as the frequency that u;
exists in the dataset D, where I(., .) is an indicator function. The tar-
get encoded value of u; can be computed via its target mean value

Ju, = Yy (yil(ui, hi)) /i, such that, guge(u) = 280,
where § = >_""_, y:/n is the overall mean of the dataset, and m is a
weight factor.

The main goal of target encoder is to map each the categorical
value u; to its expected target value E[ys,, |u;]. For large datasets,
where categorical value u; appears frequently, i.e., n; is large, the
encoded value gureet(u;) can be reasonably approximated by the tar-
get mean value 3, . However, when n; is small, the target mean value
can become unreliable due to small sample size [26]. To address this,
the overall mean value E[y] = ¢ is incorporated with a tuneable
weighting factor m, which controls the extent to which the overall
mean value is considered when u; does not have sufficient data. The
target encoder formula is derived from the Empirical Bayes estima-
tion theory [38], which uses the empirical prior calculated from the
observed data - the expected overall mean value E[y] - to adjust the
empirical posterior computed from the observed data for each cate-
gory u; - the expected target value E[y,, |u;].

A4 CASMOPOLITAN

CASMOPOLITAN [46] is a state-of-the-art high-dimensional BO
method for categorical and mixed spaces. To tackle the high dimen-
sions, it employs a local search strategy to define small local re-
gions, called Trust Region (TR) [10] and performs BO within. CAS-
MOPOLITAN deals with categorical and continuous variables sep-
arately by maintaining two respective TRs. The continuous TR is a
hyper-rectangle centered at the best solution found so far, with its
side lengths determined by the GP length-scales multiplied with a
length ratio factor L. The categorical TR is constructed as a region
centered at the best solution found so far, and contain the data points
within a Hamming distance of L, to the TR center. During opti-
mization, CASMOPOLITAN adaptively expands or shrinks the TRs
(increases or decreases both L, and L) depending on the success or
failure of the algorithm.

When modelling the GP, CASMOPOLITAN proposes to use the
Transformed Overlapped Kernel, which can capture the relationship
between categorical variables, and also relationship between cate-
gorical and continuous variables. Because this kernel uses Hamming
distance, CASMOPOLITAN simply uses ordinal encoding to trans-
form categorical data into numerical data for GP modelling.

A.5 Bounce

Bounce [35] is a state-of-the-art high-dimensional BO method for
combinatorial and mixed spaces. To tackle the high dimensionality,
Bounce employs a subspace embedding method [29, 24, 34], which
leverages the random linear embedding to map the d-dimensional in-
put vectors z € Z to d 4-dimensional vectors in a low-dimensional
target space A, meaning d4 < d. This random embedding allows
for optimization in a low-dimensional subspace .A. During optimiza-
tion, Bounce adaptively increases the target space dimensionality d 4
to allow greater flexibility compared to the fixed choice of d 4 as
in previous methods [29, 24]. In ordinal, categorical and mixed set-
tings, Bounce only maps variables of the same type together using the
same embedding rules. Bounce also employs the local search strategy
and maintains two different TRs (with factors L, and L), similar to
CASMOPOLITAN. However, the TR management rule of Bounce is
different compared to other TR-based methods [10, 34, 46]. Bounce



instantly changes the TR sizes (both L;, and L) after each iteration,
while other methods require the algorithms to maintain consecutive
successes (or failures) to change the TR sizes.

When modelling the GP, Bounce uses one-hot encoder to trans-
form categorical variables to approximate the GP. Bounce leverages
the Overlapped Kernel [39] by combining two separate Matern-5/2
kernels to capture the relationship between categorical and continu-
ous variables.

A.6  Experiment Setup

For GP modelling and acquisition function choice, in all derived
methods of MOCA-HESP, we use similar surrogate model and ac-
quisition functions as in the respective BO optimizers.

For the HESP mechanism, we use the code implementation that is
made available' to compute and update the search distribution. We
follow [30, 16] to set the population size A\. We further set the lower
bound for the standard deviations of ordinal and categorical dimen-
sions, as suggested in [25]. When initializing the search distribution
from the observed dataset Dy, we set the mean vector m® as the
minimizer of the dataset, the covariance matrix () as the identity
matrix, and the step-size o = 0.3[u—1], where [I, u]* is the boundary
region.

For the categorical
category-encoders’
factor m as default.

For the adaptive encoder selection, we follow [2] to set n =
min{1, /K In K/((1 — e)N)}, where N is the maximum number
of iteration budget.

We implement MOCA-HESP in Python (version 3.10). We pro-
vide in the code supplementary a .yml file to install the required
packages for running our proposed methods.

encoders, we use the package
of scikit-learn and keep the

A.7 Baselines

To evaluate the baseline methods, we use the implementation and
hyper-parameter settings provided in their public source code and
their respective papers. All the methods are initialized with 20 initial
data points and are run for 10 repeats with different random seeds.
All experimental results are averaged over these 10 independent runs.
We then report the best minimum value found.

Standard BO. This is the standard BO method with the TS ac-
quisition function. We apply an ordinal encoder to transform ordinal
and categorical variables into continuous variables, which are then
modelled via continuous kernels. Specifically, we use the Matern 5/2
ARD kernel to model the transformed continuous variables.

CASMOPOLITAN [46]. We set all the hyper-parameters of CAS-
MOPOLITAN as suggested in their paper. This includes the upper
and lower bound for both TR side length L, .. = 1.6, Lypnin =
277 Lhmax = dy Lhmin = 1 and the TR adaptation threshold
Tace = 3, Trail = 40 where d is the dimension of the problem. For
GP modelling, we use Transformed Overlapped kernel. For the input
encoder, we use an ordinal encoder. For the acquisition function, we
use TS [45]. We use their implementation that is made available at
https://github.com/xingchenwan/Casmopolitan.

1 https://github.com/CMA-ES/pycma
2 https://pypi.org/project/category-encoders/

Bounce [35]. We set all the hyper-parameters of Bounce as sug-
gested in their paper. This includes the upper and lower bound for
both TR side length Layax = 1.6, Lomin = 277 Limax = da,
Lhmin = 1 and mp is set to half of the maximum budget. For
GP modelling, we use the weighted combination of Matern 5/2 ker-
nels via addition and multiplication. For input encoder, we use one-
hot encoder. For acquisition function, we use EI [27] which is opti-
mized via Local Search (or Interleaved Search for mixed cases). We
use their implementation that is made available at https://github.com/
LeolV/bounce.

CMAES [17]. We use the default settings as suggested in the pa-
per. This includes the population size A = 4 + |3 + Ind| where
d is the problem dimension, the random initial mean vector m (%
selected from the minimum of the 20 random initial points, the iden-
tity initial covariance matrix C® = I, and the initial step-size
o® = 0.3(u — ) where the domain is scaled to uniform bound
of [I, u]%. We also activate the restart mechanism of CMA-ES so that
the algorithm can restart when it converges to a local minimum. For
the input encoder, we use an ordinal encoder. To handle ordinal and
categorical variables, we follow Marty et al. and set the lower bound
of the standard deviations of the ordinal and categorical dimensions
os = 0.1 We use their implementation that is made available at
https://github.com/CMA-ES/pycma.

TPE [4]. We use the implementation and default settings from
hyperopt Python package. The code is available at http://hyperopt.
github.io/hyperopt/.

SMAC [20]. We use the implementation and default settings from
https://github.com/automl/SMAC3.

A.8 Experiments Details

We additionally provide more information on the test problems be-
low. See a summary in Table 2.

Synthetic Benchmark Functions. The problem Ackley20c is the
common Ackley function® with 20 dimensions, in which each di-
mension is evenly discretized into 11 values within the interval
[—32.768, 32.768]. This implementation is from [8]. The problem
Ackley53m is also an Ackley function with 53 dimensions, which
consists of 50 binary variables [0,1]°° mapped to the boundary
[0,1]%°, and 3 continuous variables [0, 1]*. This implementaion has
been used in [46, 7, 35].

Real-world Benchmark Problems. The problem Antibody De-
sign finds a string sequence representing the antibody to optimize a
binding energy between the antibody and an antigen. The string se-
quence is represented as a 11D vector of categorical variables, each
has 20 different choices. We use the implementation in [8]. The prob-
lem LABS (Low-Autocorrelation Binary Sequences) finds a binary
sequence to maximize a merit factor. The sequence is represented
as a 50D vector of binary variables. We use the implementation in
[7, 35]. The problems MaxSAT28 and MaxSAT125 (maximum sat-
isfiability problem) [18] find a 28-dimensional and 125-dimensional
binary vector to maximize the combined weights of satisfied clauses.
We use the implementation in [32, 46, 7, 35]. The problem Cellular
Network has 30 dimensions mixed between 15 continuous values to
represent the transmission power and 15 ordinal variables (each with
6 values) to represent the tilting angle of the antennas. The goal is
to maximize the coverage quality of the antenna system. We use the
implementation in [5].

3 https://www.sfu.ca/~ssurjano/ackley.html



For the shifted functions, we follow Papenmeier et al. [35] to per-
mute the categories of the categorical variables by a uniformly ran-
dom vector § = [d1,...,04, ] and 6; ~ U(1,...,¢;) € N where ¢;
is the number of choices for categorical variables h;. Therefore, the
shifted functions are defined as finitea(R) = forigina (R + 8) % ¢),
where ¢ = [c1, .. ., ¢4y, ] and % is the modulo operator. The motiva-
tion for these shifted functions are to remove special structure of the
global optimum [35, 30].

A.9 Additional Trajectory Plot

We present the trajectory plot for Ackley-2D function in Fig. 5.

A.10 Computing Infrastructure

We run experiments on a server with a CPU of type AMD EPYC
7R32 (clock speed 3.3GHz). Each experiments are allocated 8 CPUs
and 32GB Memory. The server is installed with Operating System
Ubuntu 20.04.3 LTS. We use Miniconda (version 23.3.1) to install
Python packages.

A.1l Running Time

We report the running time per iteration (in seconds) of our proposed
methods and baselines in Table 3. We also report in Table 4 the run-
ning time per iteration (in seconds) of MOCA-HESP-BO when using
adaptive encoders and fixed encoders (ordinal, target). The results in
Table 4 confirm that adaptive selection incurs minimal computational
time.
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Figure 5. The trajectory of the local regions from MOCA-HESP-BO on 2D Ackley categorical function.
Table 3. Average running time per iteration (in seconds).
MOCA- CASMO- MOCA- MOCA-
TPE SMAC BO HESP- HESP- Bounce HESP-
POLITAN
BO Casmo Bounce
Ackley20c 0.03 0.27 0.64 0.80 4.82 6.15 1.23 2.73
Antibody Design 0.01 0.23 0.64 323 6.33 10.82 1.75 3.68
LABS 0.06 0.41 2.90 2.46 8.90 9.48 2.19 3.46
MaxSAT28 0.03 0.08 0.63 0.86 5.49 4.06 0.72 1.28
MaxSAT125 0.41 1.00 2.73 3.83 11.78 19.65 3.71 4.44
Shifted Ackley20c  0.03 0.27 0.70 0.79 5.04 6.04 1.25 2.70
Shifted LABS 0.06 0.41 2.80 2.35 9.32 9.53 2.50 3.44
Ackley53m 0.05 0.31 1.74 2.23 18.07 18.17 3.75 15.87
Cellular Network 0.02 0.30 1.20 1.10 7.58 8.40 8.45 17.98

Table 4. Average running time per iteration (in seconds) of MOCA-HESP-BO when using adaptive encoders and fixed encoders (ordinal, target). The results
confirm that adaptive selection incurs minimal computational time.

Adaptive  Ordinal ~ Target

Ackley20c 0.80 0.62 0.66
Antibody Design 3.23 1.99 1.81
LABS 2.46 2.07 2.20
MaxSAT125 3.83 3.92 3.49
Shifted Ackley20c 0.79 0.64 0.65
Shifted LABS 2.35 1.99 1.80
Ackley53m 2.23 1.84 1.92

Cellular Network 1.10 1.13 0.97






