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ABSTRACT

We study the statistical performance of a continual learning problem with two lin-
ear regression tasks in a well-specified random design setting. We consider a struc-
tural regularization algorithm that incorporates a generalized />-regularization tai-
lored to the Hessian of the previous task for mitigating catastrophic forgetting. We
establish upper and lower bounds on the joint excess risk for this algorithm. Our
analysis reveals a fundamental trade-off between memory complexity and statis-
tical efficiency, where memory complexity is measured by the number of vectors
needed to define the structural regularization. Specifically, increasing the number
of vectors in structural regularization leads to a worse memory complexity but
an improved excess risk, and vice versa. Furthermore, our theory suggests that
naive continual learning without regularization suffers from catastrophic forget-
ting, while structural regularization mitigates this issue. Notably, structural regu-
larization achieves comparable performance to joint training with access to both
tasks simultaneously. These results highlight the critical role of curvature-aware
regularization for continual learning.

1 INTRODUCTION

Continual learning (CL) is a machine learning setting where multiple distinct tasks are presented
to a learning agent sequentially. As new tasks are encountered, it is expected that the agent learns
both the old and the new tasks as the number of tasks increases. However, due to limited long-
term memory, the CL agent cannot retain all past information. This makes CL significantly more
challenging than single-task learning, as it cannot perform joint training on all available samples
(Parist et al., |2019). On the other hand, without using exceedingly large long-term memory, we
can view a CL problem as an online multi-task problem and sequentially fit a CL model with the
data from each task. Unfortunately, the final model obtained via such an online approach could
suffer from catastrophic forgetting (McCloskey & Cohen, |1989; |Goodfellow et al., 2013), where
performance on earlier tasks degrades after adapting to new ones due to loss of knowledge from
previous tasks.

Many works in CL focus on developing heuristic algorithms that record information about previous
tasks to reduce forgetting in later tasks. One effective category of methods mitigates catastrophic for-
getting by applying structural regularization (Kirkpatrick et al.L[2017;|Aljundi et al.,| 2018} |Chaudhry
et al., 2018}, [Kolouri et al., 20205 [Li et al.l [2021)). From a geometric perspective (Chaudhry et al.,
2018 Li et al.| |2021)), structural regularization methods store a PSD importance matrix that estimates
the significance of model parameters for previous tasks. When learning new tasks, a quadratic reg-
ularizer based on this importance matrix is applied to prevent significant deviation of important
parameters from the previous ones (Kirkpatrick et al., 2017 |Aljundi et al., 2018).

While various effective importance matrices have been proposed, practitioners have observed that
the full importance matrix can require prohibitively large memory, scaling as O (dz) for a neural
network with d parameters. To address this, several approximation strategies have been applied
to reduce the memory cost, including diagonal approximations (Kirkpatrick et al., 2017} |Aljundi
et al.| [2018), K-FAC (Ritter et al.l [2018)), and sketching (Li et al.| 2023)). Empirical results suggest
that more accurate approximations, which require higher memory costs, often lead to better CL
performance (Ritter et al., 2018 L1 et al.,|[2021).
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In contrast to these practical advancements, the theoretical understanding of CL algorithms remains
in its early stages. Several theoretical works have analyzed CL and particularly regularization-based
CL methods on linear regression (e.g., [Evron et al.| (2022); |Li et al.| (2023); Zhao et al.| (2024));
however, these studies focus on specific regularizers with fixed memory costs, and none explicitly
link memory usage to the statistical performance of the CL algorithm. Additionally, existing works
often impose strong assumptions on input data, limiting their forgetting analysis to optimization
settings or scenarios with fixed input data or transforms.

Contributions. In this paper, we theoretically study the memory-statistics trade-off in continual
learning algorithms with structural regularization within the linear regression setting. Specifically,
we consider two-task linear regression under covariate shift (see Definitions [[|and [2)) in random de-
sign. We study the generalized /5-regularized CL algorithm (GRCL), where a user-defined quadratic
regularizer is applied during the second task, controlling the extent to which the model deviates from
the learned first task (see (3)). Our contributions are as follows:

* We provide sharp risk bounds for the GRCL algorithm in the one-hot random design set-
ting. These bounds reveal a provable trade-off between CL performance and memory cost,
governed by the regularization matrix: a well-designed regularizer enhances CL perfor-
mance at the cost of more memory usage.

* We show that without regularization, catastrophic forgetting occurs when there is a signifi-
cant difference in a small subset of dominant features in the one-hot setting. Conversely, by
selecting an appropriate regularizer with higher memory usage, the GRCL algorithm can
prevent catastrophic forgetting and achieve the error rate of joint learning.

* We extend the risk bounds without regularization to the Gaussian distribution setting as
a technical advancement. We show that, in addition to differences in dominant features,
catastrophic forgetting can also occur in the Gaussian design when there exists a slight
difference in the tail features.

The paper is organized as follows. Section [2] covers the most related works to our paper; the others
are deferred to Appendix[A] In Section[3] we set up the theoretical setting of the 2-task CL problem.
We present our main results and messages under this setting with supporting numerical experiments
in Section [} additional details of numerical and practical experiments are deferred to Appendix [E]
We extend our main results and messages into broader settings including Gaussian design, multi-
task CL and general neural networks in the NTK regime in Section[5| Finally, we conclude our work
in Section[6] All proofs are deferred to Appendices[B][C] and [D}]

2 RELATED WORKS

Over the past decade, a long list of practical CL methods has been proposed to address the catas-
trophic forgetting problem of neural networks. These CL methods can be roughly divided into four
categories, utilizing regularization, replay, architecture expansion and projection respectively. One
can refer to [Parisi et al.|(2019); Wang et al.| (2024) or Appendix [E] for a comprehensive overview.

Memory-performance relationship beyond regularization. The relationship between memory
and CL performance has also been observed in other CL paradigms. In replay-based methods, the
performance of ER (Chaudhry et al.||2019) rises with the size of the episodic memory. Similarly, in
projection-based approaches like GPM (Saha et al.| 2021]), the rank of the projection subspaces di-
rectly influences CL accuracy. While a theoretical analysis of the memory-performance relationship
in these settings is an exciting open direction, it is beyond the scope of this work.

CL theory. Several theoretical works have emerged recently on understanding forgetting in CL.
We discuss those immediately related to our paper; the others are deferred to Appendix [A]

Evron et al.|(2022) analyzes the ordinary continual learning in the setting with fixed input data and
labels, limiting their results to only the optimization aspects of CL. The work by [Li et al.| (2023)
considers the /5-regularized CL performance on the two-task fixed design setting; the work by |Zhao
et al.| (2024) also considers the fixed-design setting and evaluates the statistical performance with
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GRCL on the multi-task linear regression. In comparison, we consider the GRCL in the random de-
sign, in which the impact of input data randomness is taken into account. Moreover, all these works
consider specific regularizers with fixed memory costs, while our work is the first to theoretically
reveal the memory-statistics relation of CL.

3 PROBLEM SETUP

Linear regression under covariate shift. We set up a 2-task CL setting with two linear regression
problems - our results can be extended to CL with more than two tasks without additional technical
hurdles. We use € H and y € R to denote an input data vector in a Hilbert space (with a finite
or a countably infinite dimension d < oo ) and a label variable, respectively. Consider two data
distributions D) and D®). In the problem of continual learning, we are first given n pairs of data
vectors and label variables independently sampled from the first task distribution, and then another
n data that are drawn independently from the second distribution, which is denoted by

@,y ~ DO, @y ), ~ DR,

For simplicity, we use the infinite-dimensional matrix notation for the dataset: X (*) denotes the

linear map from H to R™ corresponding to wgt), o ,wﬁf ) € H for tasks ¢ = 1,2. We consider the
CL problem under the covariate shift setting, defined by Definition [1|and

Definition 1 (Covariance conditions). Assume that all entries and the trace of the data covariance
matrices of both tasks are finite. Denote the data covariance matrices of the two tasks by

G .= ED(U [SE:L‘T], H = ED(z) [SE:L‘T],

and denote their eigenvalues respectively by (1;);>1 and (\;);>1. For convenience, assume that
both G and H are strictly positive definite.

Definition 2 (Model conditions). For each model parameter w, define the population risks for the
two tasks by

Ri(w) :=Epuw (y —w' x)?, Ro(w) = Epe (y — w ' x)%
Assume that a shared optimal parameter exists for both tasks, i.e.,
arg min Ry (w) N arg min Ro(w) # 0.

Denote w* as the minimal-f5-norm solution that simultaneously minimizes both tasks, i.e., w* is
the unique solution of the following program:

min ||wll2, st w € argmin Ry (w) N arg min Ro(w).

The shared optimal parameter assumption is common in theoretical CL literature (Zhao et al.,2024;
Li et al., 2023} [Evron et al.,2022]), allowing us to focus on the effect of covariate shift. This assump-
tion is mild, since an overparameterized neural network can solve multiple tasks together in practice,
demonstrating the existence of shared optimal parameters. Furthermore, our theory is ready to be
generalized to allow different optimal parameters by a standard application of the triangle inequality.

Continual learning. The goal of CL is to learn a model to minimize the joint population risk:
R(IU) = R1 (’lU) + RQ (U})

Unlike multi-task learning problems, CL is under the constraint that the sampled datasets for the CL
tasks are accessed in a sequential manner. Specifically, a CL agent on two tasks has two learning
phases where the agent draws samples first from D(!) and then from D(?). At the end of the second
phase, the agent generates a model parameter that aims to achieve a small joint population risk.
To achieve this goal, information from D) needs to be transmitted to the learning phase of D).
Therefore, the memory consolidation phase is introduced between the learning phases (Kirkpatrick
et al.l|2017;Zenke et al.,|2017)), in which the CL agent retains only limited information from learning
DW and feeds it to the second learning phase.
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Ordinary and /5-regularized continual learning.  Two basic CL algorithms that are well studied
in the literature are referred to by us as ordinary continual learning (OCL)(Evron et al.l [2022; |L1
et al., [2023; [Zhao et al., 2024) and {s-regularized continual learning (¢2-RCL)(Li et al.l 2023)). In
the first learning phase, both OCL and ¢2-RCL perform ordinary least squares with the first dataset.
In the memory consolidation phase, they transmit the obtained minimum norm estimator w!) for
the first task. In the second learning phase, OCL finds the parameter w(?) that fits the second dataset
while minimizing the ¢5-distance to w"). The information consolidated and transmitted between
the two learning phases is minimal, consisting of only one vector of dimension d (the estimator
w()). However, it is known that this algorithm suffers from catastrophic forgetting (Evron et al.,
2022; |L1 et al., [2023)). The parameters generated by this training procedure are specified by:

1Mn:(XuWXuW4X0W¢n”Mm:wuu%XuFXuW4X®T@@Linqu
(1)

With a slight sophistication, £3-RCL computes a model parameter w?) that fits the second dataset
under an isotropic {s-penalty from the previous parameter, with its intensity quantified by ~:

T 1 T 1
w® = (X(l) X(l)) XMy = argmlnglly(z) _ X(Q)w||§ + yllw — w(1)||§.
w
2)

Compared to OCL, the additional information saved and transmitted between the two learning
phases is only a scalar (the regularization parameter ). This shows that /5-RCL is still a low-
memory-cost algorithm. However, it is proved in L1 et al.|(2023) that no choice of -y can temper the
catastrophic forgetting for certain two-task linear regression problems. Therefore, better algorithms
involving more complicated memory consolidation need to be considered for better CL performance.

Generalized />-regularized continual learning. The primary CL algorithm in our analysis is the
generalized Us-regularized continual learning (GRCL). The first learning phase of GRCL is identical
to the OCL. In the memory consolidation phase, GRCL transmits the obtained parameter w"), as
well as a semidefinite matrix 3 € R?*9, In the second learning phase, the algorithm finds the
parameter that fits the second dataset under a quadratic penalty of distance from the previous model
parameter, quantified by the metric X. Specifically, GRCL outputs w?) such that:

T -1 T 1
w® = (X(l) X(l)) XMy, ) = argmlnﬁHy@) — XPw|2 + ||Jw - wY|%.
w
3)

The additional regularization matrix X is usually low-rank and can be stored in the form ¥ =
W W, where W € R¥*<, Compared to OCL, GRCL takes an additional memory of X, which
can be expressed with k& vectors of dimension d. The choice of 3 determines the balance between
the memory cost and the statistical performance of the GRCL algorithm.

We note that GRCL covers several commonly studied CL algorithms as special cases. Specifically,
GRCL becomes OCL when ¥ — 0; when 3 = ~I for v > 0, GRCL becomes ¢>-RCL (Li et al.,
2023)). The EWC algorithm (Kirkpatrick et al.,2017) is a special case of GRCL when X is a diagonal
matrix. We also note that GRCL has been studied in|Zhao et al.|(2024); however, they only focus on
the optimality of the algorithm where the size of the regularization X is unlimited, while we focus
on the different choice of 3 that affects the balance of the memory-statistics trade-off.

Evaluation metric. The output parameter w(?) of the CL algorithms is evaluated by the joint
excess risk, defined by the excess risk of the algorithm compared to the optimal performance:

Aw?) = R(w®?) — minR(:).

We present a set of assumptions that are used in our analysis.

Assumption 1 (Well-specified noise). Assume that for the distributions for both tasks ¢t = 1, 2, the
label variable is given by

y(t) _ SC(t)T'w* + €(t), g(t) ~ N(0’0.2),

where £(*) is independent of () and the shared optimal parameter w* is defined in Deﬁnition
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For conciseness, we assume that the two tasks have the same noise level o2. This is not restrictive,
and our results can be directly generalized to allow different noise levels as well.

Assumption 2 (Commutable covariance matrices). Assume that the two data covariance matrices
G and H are commutable, namely GH = HG. Without loss of generality, we further assume that
both G and H are diagonal matrices.

We note that the diagonality of covariance matrices G and H are only for convenience. Our results
also hold for commutable covariance matrices since the CL problem is rotation invariant. These
assumptions are commonly seen in the literature for the covariate shift scenario (Le1 et al.l 2021}
‘Wu et al.| 2022; Zhao et al., [2024).

Notation. For two positive-value functions f(z) and g(z), we write f(x) < g(z) or f(z) 2 g(x)
if f(z) < cg(x) or f(x) > cg(x) respectively for some absolute constant ¢; and we write f(x)
g(x)if f(z) S g(x) < f(x). For two matrices G and H, we denote G < Hor G = H if G —

or H — G are PSD matrices respectively. Additional notations are deferred to Appendix [B]

H

4 MAIN RESULTS

We investigate the performance of the CL algorithms in the one-hot setting. The one-hot setting is a
type of random design setting (Hsu et al., 2012) that is well-studied in previous literature (Zou et al.,
2021)), where input vectors are sampled from the set of natural bases. Compared to the fixed design
in|Li et al.| (2023)), the random design considers the impact of the input distribution randomness.

Assumption 3 (One-hot setting). Let (e;)?_, be the orthogonal bases for H. Assume that P(z!) =
e;) = yu; and that P(z(®) = e;) = \; for i > 1, where p1;, \; > 0, Yupmi=1land ) N\ =1

Risk bounds for joint learning. When all information in the first learning phase can be accessed
in learning the second task, one can solve the two-task CL problem by joint learning, in which the
output is determined by
Wioiny = arg min 13- S
wiyM=XDaw,y@=X2w
Since joint learning transmits more memory than any other CL algorithm, it is usually used as or
an upper bound in evaluating the performance of CL algorithms in the literature (Farajtabar et al.,
2020; Saha et al.| 2021). We expect that a well-designed CL algorithm can match the performance
of joint learning. To this end, the following proposition presents a risk bound for solving the two
linear regression tasks with joint learning in the one-hot setting.

Proposition 1 (Joint learning bound). Suppose Assumptions|[I| 2and[3|hold. Denote J, K such that
J = {z Dy > %} and K = {z A > %} Then for wjoint given by ),
EA(wjoint) = bias + variance,
where
bias = Z(l — 113)" (1 = X)) (i + N)w??, variance =~ 0—(|J UK| + n? Z (i + X)?).

- n .
i ieJenke

[\v]

We are particularly interested in the CL problems that are jointly learnable, i.e., having an o(1)
excess risk with joint learning. From Proposition|l} we can see that a necessary (and also sufficient)
condition to be jointly learnable is that the “head” of the distributions (i.e., the number of large
eigenvalues |J|, |K|) is o(n), and that the “tail” of the distributions satisfies the following conditions:

Y oui=o(1/n), DA =o(1/n). ()

icJe i€ke
4.1 RISK BOUNDS FOR CONTINUAL LEARNING

Our main result, Theorem 2} provides general risk bounds for GRCL with any regularization matrix
¥ = 0. In particular, GRCL reduces to OCL when 3 — 0 and to ¢2-RCL when 3 = ~I for v > 0.
By establishing matching upper and lower bounds for the joint excess risk of GRCL as a function of
3., we are able to analyze the impact of regularization on different CL algorithms.
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Theorem 2. Suppose Assumptions and |3| hold. Denote J,K such that ] = {z Dy > %},
and K = {2 A > %} Consider the PSD regularization matrix ¥ = diag(v;)t_,, where X is
commutable with the data covariance matrices G, H. Then for the GRCL output (3)), it holds that

EA(w®) = bias + variance,
where the expectations of bias and variance with respect €Y and ) satisfy
bias ~ (G + H)(I - Q)"(Z*(Z+ H) 2+ (I — H)"), w'w* "),

1
variance ~ o (((G+ H)(Z*(Z + H)? + (I - H)"), ﬁGJ” +nGlye) ©)
1
+(G+ H, E(H]K + Xk) *Hg + n(Ixe + n3ge) > Hg)).

Theorem 2| tightly characterizes the risk of GRCL in the one-hot setting. Specifically, the CL risk
consists of a bias term and a variance term, and we give matching upper and lower bounds on both
parts. These bounds are functions of the CL task distribution parameters (G, H,o?,n) and the
regularization matrix 3. In the following, we use this result to analyze catastrophic forgetting in
OCL and ¢5-RCL and demonstrate how GRCL mitigates forgetting with arbitrary memory X.

Catastrophic forgetting of OCL and /5-RCL. Compared to GRCL, OCL retains minimal mem-
ory carried over to the second learning phase. As a result, its statistical performance is expected to
be inferior to joint learning. The following corollary quantifies this difference:

Corollary 3. Under the conditions of Theorem[2] for the OCL output (1)), we have

2
2)\ — g Z Hi 2 Z
]EA('LU( )) ~ ]EA(wjoint) + n( Aﬁ +n NZ)\Z> . (7)

ieK 7" ieJnKe

As indicated by Corollary [3} for OCL to achieve an o(1) CL excess risk in a jointly learnable prob-
lem, it is sufficient and necessary to have

Z % +n? Z wihi = o(n). (8)

iek 7t ieJnKe

The expression in (8) quantifies the statistical gap between OCL and joint learning. To minimize
this gap, the intermediate eigenvalue space of H near 1/n must align with the small eigenvalue
space of G. When () is not satisfied, OCL experiences a constant statistical underperformance due
to catastrophic forgetting. Similarly, /o-RCL is also a low-memory CL algorithm, carrying only
an additional memory of the regularization parameter v compared to OCL. The following corollary
helps us understand the performance of ¢5-RCL.

Corollary 4. Under the conditions of Theorem[2] for the {2-RCL output @), we have

2
EA(w®) < EA(wome) + (v + 2)[lw* |2 + & ) ( B — > 9
( ) S ( 3 e) + (v n)H I3 n >\¢+%+7 ,ui-i-% )

Corollary 4] shows that for ¢5-RCL to achieve an o(1) risk in jointly learnable problem, it suffices
that

i Y
v=o(1), Y ( - + - ) = o(n), (10)
i€JUK A

holds for some > 0. It is clear that (I0) is a weaker set of requirements than (8) as OCL is a
special case of /o-RCL when v — 0. However, there still exist CL tasks that are jointly solvable yet
not solvable by /5-RCL. To demonstrate the failure of OCL and ¢5-RCL, we show two examples of
CL problem: the first is not solvable by OCL, and the second is further not solvable by ¢5-RCL.

Example 5. Under the conditions of Theorem |2} suppose o* = 1 and |w|3 = 1. Then, for
G = diag(;)i_; and H = diag(\i)_;:

» If 1 = 1 and \; = 1/n, then the OCL excess risk satisfies EA(w®)) = Q(1).
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e Suppose that for i < %n, w; =land \; = %, while for %n <i< %n, i = % and \; = 1.
For all other v > %n w; = A; = 0. Then for any regularization parameter v > 0, the
(5-RCL excess risk satisfies EA(w®)) = Q(1).

Thus, both OCL and /2-RCL cannot match the performance of joint learning across all CL tasks.

GRCL avoids forgetting with full memory. To enhance CL performance, GRCL introduces the
regularization matrix 3 to transfer information from the first task to the training phase of the second
task. The following corollary shows that with sufficient memory and appropriate 33, GRCL can
achieve performance comparable to joint learning.

Corollary 6. Under the same conditions as Theorem [2] consider the regularization ¥ =
diag ()¢, with v; = pi for p; > 1/n and ~; = 0 otherwise. Then, for the GRCL output (6),
we have

EA(w?) < EA(Wjoint)-

Corollary E] demonstrates that by selecting a regularization matrix of size |J| that captures all the
top eigenvalues of G greater than 1/n, GRCL can attain joint learning performance and eliminate
catastrophic forgetting from OCL and ¢>-RCL.

4.2 MEMORY-STATISTICS TRADE-OFF OF GRCL

In this part, we further investigate the constrained memory setting to analyze the trade-off between
memory consumption and statistical performance in GRCL. The memory cost of GRCL is measured
by the number of distinct eigenvectors in the regularization matrix 3. Our results demonstrate that
the GRCL excess risk decreases as the memory allocated to regularization increases, and vice versa.

Catastrophic forgetting in low-memory settings. Our analysis in Section 4. 1| reveals that both
OCL and /5-RCL exhibit catastrophic forgetting with limited memory. We extend this understanding
to GRCL through the following example:

Example 7. Under the conditions of Theorem [2] suppose 0®> = 1 and |wl||3 = 1. Then, for

G = ding()’ and H = diag(\)’y,

* For any positive constant k << N, if p; = 1/(k+1)and \; = 1/nfor1 <i < k+1,
then for any regularizer X of size k, the GRCL excess risk satisfies EA(w®) = Q(1).

This constructed scenario generalizes the OCL failure on Example [5] to GRCL: recall that in the
previous example, there exists one eigenvalue mismatch on the dominant eigenspace (11 = 1, A} =
1/n). Since OCL lacks the memory to store this mismatched eigenvalue, catastrophic forgetting
occurs. Similarly, in Example [7} the £ + 1 dominant features in G coupled with intermediate
H ecigenvalues create an insurmountable memory bottleneck — no k-dimensional regularization in
GRCL can mitigate forgetting across k + 1 orthogonal directions.

Tempered forgetting in moderate memory settings. In Corollary [6|and Example[7] we showed
that GRCL can suffer catastrophic forgetting when memory is limited, and that GRCL performance
matches joint learning with sufficient memory. The following example illustrates GRCL perfor-
mance dynamics with intermediate memory.

Example 8. Under the same conditions in Theorem[Z] let G = diag(p;)52,, where p; = i~* with
a > 1. Consider the top-k regularization 3 = diag(~;)52, with v; = p; fori < k and v; = 0
otherwise, where 1 < k < {/n. Then, for the GRCL output (6), we have

EA(w?) < EA(Wjoint) - (1 + ];) (11)

In Example[8] we observe that as the memory size k of GRCL increases, the ratio of GRCL’s excess
risk to the joint learning risk decreases at a rate of 7%, approaching the joint learning performance
at k = ¢/n. This example demonstrates that GRCL with an intermediate memory constraint can

partially alleviate catastrophic forgetting.
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Figure 1: Expected excess risk vs. sample size n, and |[(b)l memory size k for generalized /o-
regularized continual learning (GRCL), compared with joint learning (JL) and ordinary continual
learning (OCL). For each point in each curve, the y-axis represents the expected CL excess risk (in
the logarithmic scale). The dimension of the task is d = 200. The sample size is fixed at n = 5000
in[(b)] The excess risk is computed by taking an empirical average over 20 independent runs.

Numerical Experiments. We conduct numerical experiments in Gaussian design to verify our
theoretical results; additional experiments on practical CL datasets are deferred to Appendix [E.2]
Gaussian design is a more widely used random design setting in the statistical learning literature
(Hsu et al.,[2012; Bartlett et al., 2020).

Assumption 4 (Gaussian design). Assume that () = G*/22(1) and that (?) = H'/?2(?), where
2 22 ~ N(0,1).

We consider a CL problem adapted from|Wu et al.| (2022)) and [Li et al.| (2023)(see Appendix [E.T]for
details). As shown in Figure[I(a)}] OCL suffers from a constant excess risk due to catastrophic for-
getting. In contrast, GRCL’s performance improves with memory size k, matching the convergence
rate of joint learning at £ = 5. To further verify the memory-statistics trade-off of GRCL, we vary
the memory size k in Figure |1(b), which shows that GRCL reduces excess risk with larger k and
reaches joint learning performance with k < 15 for the given CL problem.

5 [EXTENSIONS
In this section, we discuss extensions of our results and messages to some more general CL settings.

OCL in Gaussian design. From the numerical experiments, we observe that our main results for
the one-hot setting in Section [ also empirically hold for the Gaussian design. However, our main
theoretical results on GRCL cannot be directly generalized to the Gaussian design due to technical
hurdles. As a preliminary step, we provide the lower and upper bounds of the OCL excess risk in
Theorems[I8]and [19]in Appendix [C|

We would like to highlight the different behaviors in Gaussian design from the one-hot setting: the
following example shows the additional source of forgetting in Gaussian design.

Example 9. Under the same condition in Theorem suppose that 0> = 1, |w||3 = 1. Then for
(pi)iy and (Xi)i_y,

o If u1 = 1 and Ay = 1/n, then the OCL excess risk and the forgetting is Q(1).

e If iy = i tlog (i + 1) and \; = i~ *log P (i + 1) for some constants o, 8 > 1 that
satisfies 8 < a+ 1, then the OCL excess risk and the forgetting is Q(logﬁf‘)‘*1 n).

The first problem in Example [9]illustrates how a single difference in essential features can result in
forgetting in the Gaussian case, which is also described in the one-hot case in Example[5] However,
the second problem in Example [0 shows that forgetting can also result from differences in the less
significant features on the tail.
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CL in the NTK regime. We study the extension of our main messages in linear regression to the
NTK regime of neural networks. Consider a 2-task CL setting in which the goal is to learn a neural
network model f,, () specified by parameter w € R?. |Lee et al.|(2019) proved that under the NTK
regime, neural networks evolve as a linear model:

fu(@) = fO>x) + (Vo f O (2),w — w?), (12)

where f(©)( -) denotes the model with w9 = 0 as the initial weight. Under this setting, we consider
the convergence of GRCL with gradient descent (GD). We can reduce the GRCL in the NTK setting
to the linear algorithm in (3)), providing that we give the following inputs &', ¢’ to the linear model:

2 = g@), 2 = (@), y ¥ =y — fO@D), y@ =y - fD@®). 13)

With the covariance matrices G' := Ep) [p(zM)p(xV)T], H == Epe)[p(z@)p(z?) 7] de-
fined accordingly, which actually represents the Hessian of the model, we have our main results:
Theorem 10 (Theorem [2] in the NTK regime). Suppose Assumption [5] holds. Denote G :=
Epo [o(xM)o(x™M)T], H := Epe [p(x2)d(xP) ). Then for the GRCL output w,

EA(w®) = bias + variance,

where the bias and variance satisfy (6) defined in Theorem2|with G, H defined as above.

Therefore, our main results in Theorem [2| as well as its collollaries and messages still hold in the
NTK regime and can be applied in general neural networks.

Multi-task CL. We study the extension of our main messages to the multi-task CL setting. For
taskst = 1,...,T where T > 3, the goal is to learn a model w to minimize the joint population risk
R(w) =Y, Re(w). Corollaryextends the message that with sufficient memory and appropriate
regularization, GRCL can match the performance of joint training in multi-task CL. For details,
please refer to Appendix

Corollary 11 (Corollary [6]in the multi-task setting). Suppose Assumptions 1, 2”, 3” hold. Con-
sider the regularization ) = diag(’y(t))lefort =1,...,T, with %(t) = ugtfl)for ,ugtfl) >1/n

K2

and Wft) = 0 otherwise. Then, for the GRCL output w'™T), we have
EA(w™) < EA(Wjoint)- (14)

Combining with the existing Example [/, where low-memory CL behaves poorly, we deliver the
message that there is a provable memory-statistics trade-off in multi-task CL.

Practical algorithms. We now examine how to generate the regularization matrix 3 from Corol-
lary [] which achieves joint learning performance in GRCL. Recall that 3 is computed after the first
training phase when we have access to the sampled training data X (), and the goal is to memorize
the top eigenvalues and their corresponding eigenvectors of G. In the one-hot setting, we can sim-
ply store all distinct a:z(-l) as the eigenvectors and use their frequencies as an unbiased estimation of
eigenvalues. This approach has a 0.999 probability of capturing the eigenvectors with eigenvalues
w; > 10/n. As a result, this makes GRCL a practical algorithm without requiring prior knowledge
of the true covariance parameter. In the case of Gaussian distributions or practical datasets, linear
sketching methods such as CountSketch (Charikar et al., 2002) can be used to specify the memory
utilized in GRCL, where the GRCL algorithm corresponds to the Sketched Structural Regularization
method proposed by |Li et al.| (2021)).

6 CONCLUSIONS

We consider the generalized ¢s-regularized continual learning algorithm with two linear regression
tasks in the random design setting. We derive lower and upper bounds for the algorithm. We show a
provable trade-off between the memory size and the statistical performance of the algorithm, which
can be adjusted by the regularization matrix. We show that catastrophic forgetting occurs when no
regularization is added and that a well-designed structural regularization can fully mitigate this issue.
We demonstrate the memory-statistics trade-off of generalized ¢s-regularized continual learning in
random design with concrete examples and experiments.
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A ADDITIONAL RELATED WORKS

CL practice. Over the past decade, continual learning has found applications in computer vision
(Qu et al., 2021) and, more recently, in large language models (Wu et al.,|2024). A long list of practi-
cal CL methods has been proposed to address the catastrophic forgetting problem of neural networks.
These CL methods can be roughly divided into four categories: regularization-based methods (e.g.,
Kirkpatrick et al.| (2017))), replay-based methods (e.g., Chaudhry et al.| (2019)), architecture-based
methods (e.g.,|Serra et al.| (2018)), and projection-based methods (e.g., Saha et al.| (2021)). Among
the regularization-based methods, early structural regularizers including EWC (Kirkpatrick et al.,
2017) and MAS (Aljundi et al., 2018) are widely used since they take only O (d) memory by ap-
plying diagonal approximation to the importance matrix. More complex structural regularizers with
higher memory costs are proposed later for better CL performance, including Structured Laplacian
Approximation (Ritter et al.,|2018)) and Sketched Structural Regularization (Li et al.,2021). Beyond
structural regularization, replay-based methods reduce forgetting by retaining the memory of old
data and replaying them in training new tasks, and projection-based methods reduce forgetting by
projecting the gradient update into a memorized subspace. One can refer to [Parisi et al.| (2019));
Wang et al.| (2024) for a comprehensive overview.

CL theory. In addition to the works by Zhao et al.| (2024); |Li et al.| (2023)); [Evron et al.| (2022)
introduced in Section [2} in this section we cover additional CL theory works in the literature.

The theoretical effect of full Hessian regularization on CL has been mentioned in several papers to
different extents, including |Peng et al.| (2023) and |[Evron et al|(2023). |Peng et al| (2023) mainly
focuses on the optimal solution space of general CL problems and how different CL paradigms (in-
cluding regularization-based methods) approximately solve CL by approaching that solution space,
and [Evron et al| (2023) mainly studies the continual linear classification scenario. In these two
works, it is briefly mentioned and proved in optimization scenarios that a full Hessian regularization
can fully mitigate forgetting when measured on the input dataset. Compared to these papers, we in-
vestigate further by characterizing the memory-performance trade-off as well as how much memory
is required to prevent forgetting, since the Hessian is usually too large to store in the GPU memory.

The works by |Goldfarb & Hand|(2023);|Goldfarb et al.|(2024)) consider CL settings in which the first
task input dataset is considered random. However, in both works, the second dataset is dependent
on the first dataset, whereas in our work, the two tasks are independent. As a result, their similarity
metric is transition-dependent while ours is task-dependent. Similar to|Evron et al.|(2022),|Goldfarb
et al.| (2024) also only considers the optimization error.

The works by [Heckel| (2022); Lin et al. (2023) consider the statistical error in CL. However, they
additionally assumed that the data covariance matrices are identity matrices for all tasks, while the
optimal parameter for each task is different, limiting their generalization results to the underparam-
eterized regime. This reflects the task-incremental CL setting (Van de Ven & Tolias| |2019), while
we focus on the domain-incremental CL setting where all tasks share the same optimal parameter,
but the data covariance matrices change across different tasks. Therefore, our results are not directly
comparable with theirs.

The rest of the papers are not directly connected to ours. In particular, Doan et al.| (2021); |Bennani
et al. (2020) studies the forgetting and the generalization error of the Orthogonal Gradient Descent
method (Farajtabar et al., 2020) in the NTK regime (Jacot et al.|[2018).

B PROOF OF ONE-HOT GRCL

Additional notations. For any index set K, we denote its complement by K°. For any index set
K and any matrix M € R"*¢, denote My as the matrix comprising the i-th columns that satisfy
i € K; additionally, for any matrix M € R¥*¢, denote My as the submatrix of M comprising the
i-th rows and columns that satisfy ¢« € K. We note that all matrix inverses used in this paper are
Moore-Penrose pseudoinverses.
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B.1 PRELIMINARIES

Computing wV. We first compute w(?). By definition, we have

w® = (Xu)TX(l))—lX(l)Ty
- (X<1>TX(1))—1X<1>TX<1> w*t (X<1>TX<1>)—1X(1>T e

Denote PV := T — (X(l)TX(l))le(l)TX(l). Therefore

w® —w* = —PD) 1 (X<1>TX<1>)*1X(1)T e
Now noticing that
Ee® =0, EeWe®' =42J,

so the covariance of w(!) — w* is

E. (w® — w*)(w® — w7 = PO T . PO 4 o2 (X(1>TX(1))—1X<1>TX<1) (X(l)TX(n)—l
(15)

= PO wrw* " .M +02(X(1)TX(1))_1_ (16)
Computing w(?). Then we compute w(?). By the first-order optimality condition, we have
lyoT (XPw® — @) £ Sw® —w®) =,
n
which implies

w? — (X<2)TX(2) +a3) " (X<2)Ty<2> +nZw®)
- (X<2)TX(2) +a3) " (X<2)TX(2>w* L x@Te@ o nsw).

Then we have

w? —w = (X(Q)TX@) + nE)fl

S(XOTX@w £ XOT® 1 pzm® - (XOTXO 4 nE)w?)
= (X(2)TX(2) + nE)fl(nE(w(l) —w*) + X(2)Te(2)).

Similarly, notice that
Ee® = 0, ]Ee(Q)e(z)T =o’I

)

so the covariance of w(?) — w* is
E(w® — w*)(w® —w*)"
= (X®'X® 4 p3) 02 Ew® — w)(w® —w) T B (XX 4 nx)”
+ 02(X(2)TX(2) +nX) - x@"'

1

1 1

X (2) . (X<2>T X® 4 p3)
(2) _ @7 %@ -1
Denote Py, = (X X3 +n%) "nX. Therefore

E(w® —w*)(w®? —w*)"
= p CE(w® — w*)(w® —w)T - P
> >
+o2(XOTX® Lax) T x@ T x@ L (x@T x@ 4 p3) 17)
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Risk decomposition. According to the risk definition and the assumption on the noise, we have

1
Ri(w) = JE[XDw -y,

11E||X(1>w ~ X W — W2
n

= (w—w") Gw —w*) + o>

= (G, (w—w")(w—w")") + o> (18)
Similarly, the risk for the second task is
Ra(w) = (H, (w —w")(w —w*) ") + 0%, (19)
and the joint population risk is
R(w) = (G + H, (w—w*)(w—w*)") + 202 (20)

B.2 PROOF OF THEOREM[Z]

To compute the joint population risk and the forgetting, we give several useful lemmas.

Lemma 12 (Bound on the head of (X ®' x ®) . Suppose Assumptions|l|and |3| hold. Denote
K such that K = {z dA > %} Then, forn > 2,

1 T — 12
oo He' SE(XE X)) < H
Similarly, denote J such that J] = {z Dy > %} Then, for n > 2,

L~ DT -1 12 4
G'<ExV x < =Gt
4an J - ( J J ) - n J

T _ T _
Proof. We will give the proof for (Xﬂ(g) Xﬂf)) ' The proof is the same for (Xf) le)) '

T _
For the upper bound, consider each index ¢ € Kin diag (Xﬂ(g) Xﬂg)) 1, which is (X(Q)TX(Q))ii.

Notice that according to Assumption for every i € [d], (X(Z)T X @) follows the binomial
distribution B(n, A;). Also notice that forn > 2and 1 < j < [n/2],

1/n : n—qj 1 j—|—1 n 1—Ai i1 n—j—1

SN =) == ( >~-)\J-+ 1—X\)"

J(J) i ) jon=j \J+1 Y ( )
j+1

J+ n '(1—)\2‘)-7”5\.( n ))\g+1(1_)\i)n_j_1

J n—7j J+1

1 n j n—j—1
<6 — MNFH =)
<o (L0 -

Since the zero values do not count in the expectation of Moore-Penrose pseudoinverse,

n

E(X® ' x®)7! = 1,(7)% 1—x)"
( )i = ; o )

=17
/2
<23 (M-
— Jj\J
J
22 e N —
j AT
<12 Z_; "y (jH)Al (1-X\)
[n/2]+1
12 n ; n—7j
- L (Gre-w
Jj=2
12
< .
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. . , L @) 7 5 (2))-1
For the lower bound, consider each index i € K in diag (X3~ Xj’)

T T
E(X® X)) =p((X®'X®) > 0E[(X® X®) (X X)), > 0]
>P((X@TX®) S E[(X®'x®) |(x@ x®) >0]
=P((X®'X®), >0)- B[(X® X)), ]/P(X®X®) > 0)""
—P((X®'x®), > 0)E[(X® x@) ]!
:nlA P((X® " x®) > 0)
1
> .
- 471)\1

The second line is by Jensen’s inequality, and the last line is because
P((X® ' X®) >0)=1-(1-A)">1—e">1/2
by noticing that for all i < k, A; > Ay > L. O

Lemma 13 (Bound on the tail of (X ®'x ®) . Suppose Assumptions |I| and |3| hold. Denote
J, K such that J] = {z Dy > %}, and K = {2 T\ > l}. Then

"Gy <E(xXO X P) <0Gy,
€

" Hye <E(XE X)) < nHy..
e

T _ T _

Proof. We will give the proof for (Xﬂ(g) Xﬂ(g)) ' The proof is the same for (X jl) X 51)) !

Recall that for every index 4, (X 2 TX (2))  follows the binomial distribution B(n, ;). Therefore,
E(X® X)) <E(X® Xx®) —nx,.

Also, for i € K¢,

E(X® X)) > E[(xC

The last line is by \; < + forall i € K*. O
Lemma 14 (Expectation on P?). Suppose Assumptionsand hold. Then

EPY = (I -@),

EP® = (I - H)".

Proof. We will give the proof for P(?). For any index i,
EP® —E1[(X® ' X®) = 0] = (1- )"
The same holds for P(1), O

Lemma 15. Suppose Assumptionsand @hold. Then, for all index i that satisfies \; > 1/n,~y; # 0
and forn > 2,

1 1 (1—X)" T 2 1 (1—X)"
= <E(X® X® 4y n¥) <144 )
9 <n2()\i )2 + 22 ) = ( +n )” > n2(\; + )2 + 22

16



Under review as a conference paper at ICLR 2026

Proof. For the upper bound, notice that according to Assumption for every i € [d],
(X @7 x (2))“. follows the binomial distribution B(n, ;). Also notice that for n > 2 and

1<j<[n/2],

J _ n—j .j+1 j+1 - n—j—1
<J))\(1 DRREER <j+1>/\ (1= )"

Therefore, we examine the following quantity:
T —2 n
E(X® X® +nxm) ~ - — (1= )" = ().
Notice that
n—1
]. n ; n—1q
)<Y —— ([ TIN (=)
()_;(J+n%)2(y> i )
[n/2] 1 a\ ,
2 —— ()M =)"
jz::l (J +nvi)? (J) i )
[n/2]

IN

IN

[n/2]+1

<n 2 i ()

Therefore,
[n/2]+1

(nX; +ny;) - (%) <12 Z ‘HW (?))\3(1—)\2»)“3'+ L n

1 ny . —j
12-§:, N =a)"
T it (]) i )

Use the same technique and we can get

1 (G+1) j \n—i—1
6; nA; (j +nyi)? (JH)/\H( M)

n—1 n—1
1 n ; n—j n 1 n—j
ni; +nvy;) - - ()/\z 1—\ <12- ()/\g 11—\
e £ (0 2 3 (-
< 12.
As aresult, () < %,and
_ 1 1
E(X® X 4 %) 2 < 144 1— )" ).
( +n )12 = n2(N + 7i)2 + n2'yi2( )

For the lower bound, firstly, by Jensen’s inequality,
E(X®' X® 4 5 I (EX® ' x® 4 nx)’
= (n\; +ny) "2
Secondly, by only selecting the 7 = 0 term in the sum,

n

E(X(2)TX(2) +nE) = > % <”) N(1=2)""

“(j+nv)*\j/) "
1 n
> 77127-2 (=)™
Combine them and we have
1 1 1
E(X®' X® 4 p5 = 1—X\)").
( n ) =3 n2(A\; +7i)? * n2fyi2( )
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Lemma 16. Suppose Assumptionsand E]hold. Then, for all index i that satisfies A\; > 1/n,~v; # 0
and forn > 2,

1 by T —2 T
— . — 2 <E[(X® X® 4px)T°X? X, <144
48 n(A +7i)? ( +n3) Ji <

#
n(A; +7i)%

Proof. For the upper bound, notice that according to Assumption for every i € [d],

(X @' x (2)) follows the binomial distribution B(n, ;). Also notice that for n > 2 and
1< < /2],

j + 1 n—j—1
N1-x)""7<3.2 N (1= A)" T
(ra—nr s T (e a
Therefore, we examine the following quantity:
@7 x@ 2x@ " x@)7 _
E[(X X +n2) X% X0 = (%).

Notice that

m<¥ s ()R-

j=1 ']
[n/2] iy
1 (] + 1) ( ) i+1 n—j—1
<6 B PYARICEEDY

1o /2141 72 (n

_J Il — )V
~ )\ Jz:; (§ + ny:)? j))\l( A

Therefore,

[n/2]+1 .9 n ) - n—1 N n ) )
Jj= Jj=

= U+ \J « (J + 1)
n—1 n ‘
<12.3 (_)Ag(l—)\l)nj
J+nyi \Jj

Use the same technique and we can get

(nAi+n~yi)~7§j+jn%(Z>>\ (1-X)""7 <12 Z ())\g (1=)""

As a result,

Ag

T —92 T
) =E[(X® X® 4p2) " Xx® x@, <144 — 2
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For the lower bound, by applying Jensen’s inequality on the positive values of (X @7 x® +
nX) 2x@ 7 X we have:

(X(z Jrnz)*zX(?)TX(z)}ii
> P((XOX®), >0 [B(XT X +nm)* (X XO) ]
= P((XDTX®), > 0) [k + 2y, + 03B O TXO))
2
SP(X®TX®) > 0)2 [ oy 12n ]
A
M @7 x@
- 12n(>\¢+%)2p((x X)), >0)°
g

~ 48n(\i + )%
The last line is because
P((XPTX®) >0)=1-(1-A)">1-¢1>1/2
by noticing that A; > +. O

Lemma 17. Suppose Assumplionsand hold. Then, for all index i that satisfies 0 < \; < 1/n
and for n > 2, Then

e(1 + nv;)?

<E(X®TX® 4 u5) 2 x® x®), < %
nY;

Proof. Recall that for every index ¢, (X @' x (2))“. follows the binomial distribution B(n, A;).
Therefore,

E(X®TX® 1 n3)2x @ x@)1, < I +1 E E(X®T x®)
ny;
(T4 ny)?
Also,
E[(X(Q)TX(Q) + nz)’QX@) X1, ﬁ [(X(Q)TX(Q)) o =1]
n’% kX3
1 n—1

> —
~e(l+nvy;)?
The last line is by A\; < %

Now we can give the risk in the one-hot setting in Theorem 2]

Proof of Theorem B} Recall that PE) = (X@ ' X® 4 n¥) ™ 'nX. According to (T7) and @0),
E.[R(w®?) —minR] = E(G + H, E.(w® — w*)(w® —w*)")
= (G + H, PYE (w) — w*)(w" — w*)TPY)
G+ H, (XD X 1 p3) 2 x® " x@)
— (G + H, P POw w* TpLPL))
o (G + H, PP (XD X ) R
H(GHH, (XPTXD 43P x@ 7 X))

= bias + variance.
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where the bias term satisfies
Ebias = E(G + H, PSPVw*w*  PHPL))
~(G+H)I-G)"Z(E+H)*+(I-H)"), ww')
and the variance term satisfies
Evariance = O'QE(<G +H, 7?(2) (X(l)TX(1))—1P(22)>

+(G+H, (X(2) X® 4 nx)” 2X<2>TX<2>>)
FA((G+H)Z*(Z+H) >+ (I —-H)"), E(X(1>TX<1))—1>

(

(

2 |

+(G+H, E(X® X 4 nx)°x x02))
1
~o*((G+H)(Z*(Z+H) >+ (I-H)"), EGJ—1 + nGje)
+(G + H, g(HK + Xk) *Hg + n(Ixe + n3ge) > Hge)).
We have finished the proof. O

B.3 PROOF OF PROPOSITION[I]

Proof of Proposition|l| Define the joint data and the joint label noise by
x@) y® on e on
X = (X(2) s Yy = y(2) eR s € = 6(2) eR s

Ee =0, Eee' =o2I.

then
By the definition of (@), we obtain
Wjoint = (XTX) XTy
— (XTX) ' X T Xw" + (X X)

-1
. £,
which implies that

Wiasne —w” = (XTX) ' XTX — 1) w + (XTX) T X e.
Denote Piosne =1 — (X TX )_1X T X . Therefore, it holds that
Ec(Wjoint — W™)(Wjoint — w) = Pjoint wrw* !  Pjoint + o?- (XTX)_l. (21)

Moreover, the total risk can be reformulated to
R(w) —min R = R1(w) — min Ry + Ra(w) — min Ry
— (G, (w—w")(w—w")T) + (H, (w—w)w-w)")
=(G+H, (w—w)(w-w")").
Bringing (21) into the above, we obtain
E.R(Wjoint) — minR = (G + H, E.(Wjoint — W) (Wjoint — w*)T>
= (G + H, Pjoint Cwtw* Pjoins) +0° - (G+ H, (X'TX)

= bias + variance.

-1
)
For the bias part, notice that P;1nt = P1P2 in the one-hot setting. Therefore,
Ebias = E<G —+ H, Pjoint . w*w*T . Pjoint>+
— (G +H)(I-G)"(I-H)", ww)
= 3 i A= ) (= N
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For the variance part, notice that (X " X);; = (X(I)TX(I))ii + (X(Q)TXQ))M for every index

i, where (X(l)TX(l))ii follows the binomial distribution B(n, y;), and (X(Q)TX(Q))”- follows
the binomial distribution B(n, A;). As such, consider a random variable s;, which is the sum of n

independent trials, where each trial returns 1 iff at least one trial of the binomials (X W' x Wi
and (X® " X®)),; return 1. Then for every index i, (X T X),; satisfies

si < (X T X); < 2s;,
and s; follows the binomial distribution B(n, p; + A; — p;A; ). Therefore, according to Lemma
for each index i that satisfies p; + A; — p; A; > -~ for constant ¢ > 0,

1 1 1 1
— 5 ]Es_l <E(XTX) <Esi'<-—— .
n“z+)\ _Mz/\ nuz+)\ /\

Also, according to Lemma@ for each index i that satisfies p; + A; — uiA; < TCL for constant ¢ > 0,
| T 1

Notice that for the index sets J = {i : p; > %}, and K = {z N > %}, fori € JUK,
i+ N — A > %; also, fori € JCNKS, p; + Aj — s\ < % Also notice that

1 1
OSHz‘/\i§4(ﬂz+)‘) 2(Hz+>\)

Therefore,
L1 SEXTX), 1l i € JUK;
n,u,—i—)\ ~onou+ N ’
n(p + M) SE(XTX) Sn(u+XN), i€l nKe.
As aresult,
_ 1
E(XTX)"' = ~(G+ H)jx +n(G + H)serie.

Now we can bound the variance by
Evariance = 0% - (G + H, E(X ' X)™1)

1
~o’ - (G+H, E(G+H)J}L}K +n(G + H)jerge)
= U—Z(UIUHQ +0? ) (i + Mi)?)
= : i + Xi)7).
We have finished the proof. O

B.4 PROOF OF COROLLARY 3]

Proof of Corollary[3] Recall from Theorem [2] that
EA(w®) = bias + variance,
where
bias ~ (G + H)(I — G)"(I — H)", w*w* ")

= Z(l — )™ (1= )" (s + N)wy”
1 1
variance ~ o (((G+ H)(I — H)", EGJf1 +nGye) + (G + H, EHﬂgl + nHge))

ick i€Ke i€l iele
R 2 S A ) e ST A1 A )
i€Ke ieJ ieJe
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Also recall that the joint learning parameter wjoint satisfy
]EA(wjoint) = biasjoint + Variancejoint7
where

biasjome = » (1= )" (1= A)" (1 + A)w?,

2

2
o
variancejoing ~ —(|,]] UK]| + n? E (i + Ai)2).
" ieJenke

Notice that:

* The bias matches the joint learning bias;
. %2 (K| +n?>",cxe A?) is bounded by the joint learning variance;
* And that

%2 (Z A=) "t 0 A (1 - A,-)"m)

1€] IS

1/2 1/2
< 02(2)\?(1 - )\i)2n> (ZnQ/,L{Q + Z nﬂaf)

€] iefe
2 1/2 1/2
< 02(n2|K +> Af) <IJ| +) n2,uf>
i€Ke €]

is also bounded by the joint learning variance.

As a result,

variance $ variancejoing + Z % +n? Z i + Z (1 — )\i)” +n? Z (1 — )\i)nﬂf
iek i€Ke i€l i€Je

< variancejoing + Z % 4+ n? Z i +n? Z wixi + I+ n2 Z /%2
iekK " i€JNKe i€JenKe i€Je

< variancejoint + Z % +n? Z piXi + |J| + 2n? Z 12 +n? Z A
ieK 7 ieJnKe icJe icKe

< variancejoing + Z % 4+ n? Z i
iek 7" i€JNKe

Thus we finish the proof.
B.5 PROOF OF COROLLARY [4]
Proof of Corollary[) Recall from Theorem 2] that
EA(w'®) = bias + variance,
where the bias satisfies
bias ~ (G+ H)I - Q)" (Z*(=S+ H) >+ (I - H)"), ww"")
= biasjeim + (G + H)(I - G)"S4(Z + H) 2, w'w* '),
< biasjoint + %(212(2 + H) 2 ww ) + (2, wrw* ),

< biasjeins + (v + 3)llw* 3.
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For the variance,

1 1
—variance < (G + H)(Z*(E+H) 2+ (I -H)"), ﬁGJil + nGiye)
g
1
+(G+H, E(HK + 2g) 2Hy + n(Ige + n3ge) > Hge)
1 1 1
<((G+H)I - H)", EGJ-l + nGye) + (G, ﬁGJ-l +nGye) + (H, gﬂﬂgl + nHg:)

1 1
+(HEE + H) ™2, ~Gy™ 4+ 0Gre) + (G, (i + D) Hic + n(lice +nBice) *Hice)

1 1 1
S —jvariancejou + (%, ﬁGJ—l +nGy) + (G, —(H + 3+ 1n—H)
1 1 Wi Y
< —variancejoins + — ( + >
o? jome nie%K A+ r4+y pit i

We know from Corollary 3|that 02((G + H)(I — H)", 1G;™" 4+ nGje) is bounded by the joint
learning variance. The tail terms are also bounded by the joint learning variance. Thus we finish the
proof. O

B.6 PROOF OF COROLLARY [6]

Proof of Corollary[6] Recall that
EA(w'®) = bias + variance,
where bias and variance with respect (1) satisfy

bias ~ (G + H)(I - G)"(Z*(S+ H) 2+ (I - H)"), ww* ")

2
= S (Gt (= A" s+ A,

1
variance < o?(((G+ H)(Z*(Z+ H) >+ (I - H)"), -Gy~ " + nGye)

n

1
+ (G + H, ;(HK + Xk) *Hg + n(Ixe + n3ge) > Hge)).

For the bias, notice that it satisfies that the quantity 3" (1 — 2;)™(1 — X\;)™ (11; + A;)w;? is the joint
learning bias. For the remaining part, when ; = pu; for y; > 1/n and ; = 0 otherwise, we have

2 2
n Vi *2 An Hi ) oy %2
Zi:(l — Ii) m(#i + Aiw;” = %(1 — i) Cut e (i + Ai)w;
<) (1= )" pawy?
=
<D (= = X)) (i + Ay
=
< Z(l — )™ (1 = \)™ (s + Ao)w;? < biasjoin.
=

The second last line is because the function z:(1 — x)™ decreases when = > 1/n. As a result, the
whole bias is bounded by the joint learning bias.
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For the variance,

—2variance
o

<G+ H) (S (S +H) >+ (I- H)), %Gﬂfl Gy

1
+(G+ H, E(HK + EK)izHK + n(Ige + nZKu)*zHKQ)

1
= (G+H)(I-H)", EGJ—1 + nGye)
2

1 v2 i 1 Y; Ai
t 2 Gt ’<nuz<m+x> +nw+Ai>2>+ 2 “‘””( NEASWE +n<%+1/n>2)

ieJNK ieJNKe

04 Ai i A
+ Z (pi + )\i)(nﬂi (i + Xi)? + n(vi + )\i)Q) " Z (s + X <nm (vi +Ai)? " n(y; + 1/”)2>

ieJenK ieJenkKe

We know from Corollarythat o*((G+ H)(I — H)", 2G;~" + nGj:) is bounded by the joint
learning variance. Thus the quantity of our focus is

_ YR T i (1% by
(9= 2 (it )\Z)(”/Ji (vi +Ai)? * n(vi + )\z’)2> t 2 ) (nui (vi +Ai)? * n(vi + 1/”)2>

1eJNK ieJNKe

20 Ai Y As
+ Z (i + )\i)(nui (i + Xi)? * n(vi + )\i)Q) " Z (s + Ai)(nm (vi +Ai)? " n(y; + 1/”)2)'

ieJenkK ieJenkKe

When v; = p; for ; > 1/n and ~y; = 0 otherwise, the above quantity satisfies

0 A 0 Ai
() = Z (s + Ai)(n(ui + Ai)? " n(pi + )‘i)2> - Z (li 20 <”(M + Ai)? " n(pi + Ai)2>

ieJNK ieJnKe
+ > (N —+ D (mitN)
i€JenK Ai i€JenKe
< Z 1 + Z l + Z 2 + Z (npiXi +nA?) < ivariance~°int.
=~ ‘ n ‘ n ‘ n ‘ 1) ~ 0_2 j
1eJNK ieJNKe ieJenkK ieJenke
(22)
The last line holds because of Cauchy-Schwarz inequality. Thus we finish the proof. O

B.7 PROOF OF COROLLARY[§]

Proof of Corollary[§] Again, recall that
EA(w'?) = bias + variance,
where bias and variance with respect (1) satisfy
bias ~ (G + H)(I - Q)" (Z*(S+ H) 2+ (I - H)"), w'w*")
_Z pa) <1i2%)2+(1—)\i)")(ui+)\i)wf2,
variance < o®({(G + H)(S*(S + H) 2 + (I - H)"), %GJ* Gy

1
+{(G+ H, E(H]K + E]K)_2H]K + n(Ige + nch)_2H]Ka>).
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For the bias, notice that the quantity >, (1 — 2;)™(1 — \;)"(u; + A\;)w}? is the joint learning bias.
For the remaining part, when ~; = u; for ¢ < k and ~; = 0 otherwise, we have

2 2
Vi 2 1% 2
1= i) 5 (i + Xi)w; ™ = 1 — pi)" 5 (i + Ai)w;
;( ) o Jr%)g( ) %( ) o ui)g( )

< Z(l — )"
i<k

<Y (@ = = M) (i 4 Aw;?
i<k

<D (= )" (1= A)" (i + Ai)w;? < biasjoine.
i<k

The second last line is because the function z:(1 — x)™ decreases when = > 1/n. As a result, the
whole bias is bounded by the joint learning bias.

For the variance, similarly to the proof of Corollary [} the quantity of our focus is

B ' . 1 71.2 )\z ) ) 1 71'2 )\’
() = Z (e + )\Z)(nui (i + Xi)? * n(v + )\i)2> " Z (b + %) <7Wi (i + Ai)? " n(vi + 1/”)2>

ieJNK ieJNKe

2 2
Vi oy Vi i
+ E LY i t + + E i+ N i L + .
iEJCﬁK(M )(nﬂ (i + 22 i + )‘i)Q) ieJchc(u )(nu (vi +X:)*  nlvi+ 1/”)2>

When v; = p; for ¢ < k and y; = 0 otherwise, the above quantity satisfies

H? Ai /%2 i
(< 2, G+ Ai)(n(ﬂz‘ 207 il )\z‘)2> t 2 +)\i)<n(ui 207 G+ >\z')2>

€K, i<k i€Ke,i<k
1 1
+ Z (Ni‘f‘)\i)n)\i“'“ Z (Mi+/\i)'ﬂ/\i+_z (Mi"'/\i)ni)\i‘i" Z (i + i) -
ieJNK,i>k ieJNKe,i>k ieJenk icJenke
1 1 L+ pi/As 2 2
< - - N\ - N\ .
7,2 n+A Z n+, Z n +, Z (”’“AZ*”AZ)*.Z (npidi +nAj)
i€K,i<k i€Ke,i<k i€JNK,i>k i€Ke,i>k ieJenK

1 n_
S ;(varlancejomc + —varlancejo-mt).

ka

The last line holds because of Proposition[I|and Cauchy-Schwarz inequality; in particular, the fourth
term is because that

s e 2 ) (59"

i€Ke,i>k i€Ke,i>k i€Ke i>k

i 1/2 1/2 n
< n(n kT2 n) (n_l ‘n Z Af) < T -variancejoine.

icKe

Thus we finish the proof. O

B.8 PROOF OF EXAMPLES

Proof of Example[5] Recall that

EA(w'®) = bias + variance,
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where bias and variance with respect (1) satisfy

bias ~ (G+ H)I - Q)" (Z*(S+ H) 2+ (I - H)"), ww*")
- Z = Hi) <)\;Y_z%)2 + 01— Az’)”) (i + AiJw;?
variance < o’ (((G+ H)(Z*(Z+H) >+ (I - H)"), %G.]]_l + nGye)

1
+ <G + H, Z(HK + EK)_2HK + n(I]Kc + nZKC)_QHKc>).

1. By Corollary 3] we have

o 12
EA (2) ZR(Z‘i‘nz Z Mg z)_ )
ieK Ai ieJnKe

2. By Theorem 2] we have

1

EA(w®) > (HE?(Z + H)—% 5G31> +(G, l(HK + i) * Hy)

=2 ( RS >+Z“Z< >>

LEJ ieK
2
noy n 1
> — — =Q(1
230407 3w amp W
since % ('H-l) = Q(1) when vy > n~1/2, and 2 5 W = Q(1) when vy < n~ /2.
O
Proof of Example[7] Note that X has rank at most k. By Theorem 2] we have
1
EA(w?) > (G, —(Hi + Yx) " 2Hg + n(Ix- + nXge) 2 Hge)
) E )
=D bl 5 )+ il s
>olainm) * Sl
1 1
> Q(1),
k+1 o n?(i+1/n)
since k << n is a constant and there exists at least one ¢ such thaty; = 0for1 < i < k + 1. O

C PROOF OF GAUSSIAN OCL

In this section, we present the full analysis of OCL in Gaussian design as briefed in Section[5]

C.1 UPPER AND LOWER BOUNDS

We present the lower and upper bounds of the OCL excess risk in the following theorems.

Theorem 18 (Lower bound). There exist constants by,bs,c > 0 for which the following holds.
Denote index sets J,K that are defined as follows. Let J,, = {i : p; > p}. Let p* = max{p :
r1e (G) = ban}, and define J := J . Similarly, let Ky = {i : \i > A}, A* = max{\ : rgg (H) >
bon}, and define K := Ky«. Then if |J| < bin and |K| < bin, for every n > ¢, for the OCL output
(@, ir holds that

E[R1(w®) — minR,] = bias + variance
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where
(tr Gpe 1 tr Hige
biaszn(riJ)G )7 (wH + I ) 2w’ |2,
o? n? (tr Hg)? n?
i >—GH 7Hc 7H Iy | (G + —————=Gye ) ).
vemiance < n< Tl *( n? ! K) ( N CY28E J>>

The excess risk bound in Theorem[I8] consists of both bias and variance errors. The bias error arises
from the (incorrect) zero initialization, which deviates from the optimal parameter w*. The variance
error is attributed to the additive noise e = y*) — (x(®) w*).

We complement the lower bound in Theorem [18| with an upper bound.

Theorem 19 (Upper bound). There exist constants by, by, bs > 0 such that the following holds.
Suppose Assumptions [Z] and hold. Denote two index sets J, K C [d], which satisfy |J| < bin,
r1c (G) > ban and |K| < bin, rge(H) > ban, where

tr(GJc)
s TKe H =
Gl ")

Then, for the OCL output (1), it holds that

tr(HKc)

re(G) = — 7
(@) THx 2

E[R;(w®) — minR,] = bias + variance,
where bias and variance satisfy that with probability at least 1 — bze="/¢,

(tI‘ GJC)Z
n2

bias [0l + llw”l&,

2

Hy-
variance < O<tr(GJH Ht+n 2 H(G1Hi)

(tr Hge)? (tr Gye)?
_ tI‘(GKcHKc) —+ nHGK“HK“ 2) (tr GJC)Q
H-! n(
+<||GK K ||2 + tI‘(H]Kc)Z + (tI‘ HKC)2

{6 e ) (M e ) )

Theorem [T9] provides an upper bound for the risk and forgetting in OCL under the Gaussian dis-
tribution setting. It can be shown that when G = H, the upper bound reduces to the single-task
linear regression bound in [Bartlett et al.| (2020), thus matching the lower bound. However, for the
non-degenerate case, there exists at least a || Gx Hy ' |2 gap in the fifth term concerning the variance
error. The gaps between the upper and lower bounds are due to technical challenges in obtaining
an accurate variance bound under covariate shift in the Gaussian distribution. We leave the task of
tightening these bounds for future work.

L (G e
L IAK| 402 (Glerke)

C.2 PRELIMINARIES

For both task ¢ = 1, 2, for any index ¢ € [d] and index set K C [d] where d < oo, we denote

A9 = XOXOT, 4G = xOx0T_xOx0T Q= x0x0"

9

Recall that according to and (T7), the second moments of the output used in bounding the risks
are specified by

E. (w® — w*)(w® - w*)T = PO T . PO 4 2 (X(1>TX<1))—1X<1>TX(1) (Xu)T

)((1))_1
— P T PW 42 x DT A x () 23)
Ec(w® —w*)(w?® —w*)T =P? . E (w® —w")(w® —w*)" . P
o2 (X<2>TX(2>)—1X(2>TX<1> (X(NX(z))—
—P@ . E (w® — w)(w® —w)T PO 4 o2x@ " AD P x @)
24)
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where PO = T — (XMW XM) T XOTXD and PO = 1 — (X' X)) x* " x),

Therefore, the risk that we are bounding in Theorem depends on terms including P, P(2),
XOTAO2x M) 4nd X T 4@ 2x @)

C.3 SPLIT THE COORDINATES

Motivated by the previous benign overfitting literature, including [Bartlett et al.| (2020) and Tsigler
& Bartlett| (2023)), we split the coordinates of the covariance matrix of each task G and H into a
“head” part and a “tail” part. The head part represents a low-dimensional space with relatively large
eigenvalues, and the tail part represents a high-dimensional space with relatively small eigenvalues.
The following lemma is an algebraic property in the same spirit of the one in [Tsigler & Bartlett

(2023), and is used in splitting the coordinates of XOTAO2x (1) gpg X@ ' 4@ 7 x @),
Lemma 20. For any nonempty index set K C [d],

T —1 T —1 — T -1
Xﬂg) AW =(IK+XH(§) A]gc) Xﬂ(gl)) 1XH((1) A]%) 7

T -1 T -1 - T -1
X2 AT = (e+xP ALY xPhT'xP Al

Proof. We will give the proof for XH(g)TA(Q) ~' Notice that
AD = xOx@T _xPx® L xPxP = a® 4+ xPx?
and according to the Sherman-Morrison-Woodbury formula,
xPA0™ = x® (AP + XH@XH@T)A
—xPAQ (1 xPx® AR
CXPAR - X 1+ x0T A2 X)X A2
_ [IK . Xﬂ({Q)TAgC)leH((z) (I]K + Xﬂ((g)TAgc)leﬂ((Q))71]XH(<2)TA]§(2€)—1
(e X AR X)X A
The proof goes the same for the first task. O

The next lemma splits P! and P(?) into submatrices with respect to the coordinate split in each
task.

Lemma 21. Fort = 1,2, for any nonempty index set K,

T —1 _ T _
PO . 7)]1(5)T —9o® _ (IK + Xﬂg)T Aﬁéc), XH(J)) 1 —Xﬂ(ﬁt) é(t) 1XHg2 |
-0 Pl ~x® A0 X pe - x0) A0 x

Proof. Notice that
PO _—T-XTA'X

T t HT . t
o (X]fg) A x? xP'a 1XH§2>

T T
x ax® x® a-rx{l)
T T
C(k-xP ax —x aix
= T T .
-x{ A xP e -x{ A1 xy)
Therefore, by Lemma |20}
.
PY = - X A xY

T -1 _ T -1
=T - (e + X0 AQD X)X AR X

T -1 _
(et x0T A0 x 0y
We have finished the proof. O
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C.4 MATRIX CONCENTRATION INEQUALITIES

In the following lemmas, we will present several useful concentration inequalities on eigenvalues of
several matrices used in our proof. The following lemma is from Lemma 9 in Bartlett et al.| (2020)
and we rewrite it in our notation.

Lemma 22 (Bartlett et al.| (2020)). There exists a constant ¢ > 1 such that for any PSD matrix J,
with probability at least 1 — 2e="/°,

1
—trd —en|l ] < pn(ZJZT) <y (ZJZT) < c(trd +n|J|2).

Notice that one can verify that this is identical to the original lemma in Bartlett et al.| (2020), since
in their notation, Ay, = Z, HyZ," and Hy, = diag{\;}i>.

Lemma 23. There exist a constant b such that with probability at least 1 — 2e =™/, if rye (G) > bn
and rge (H) > bn, then

trGre - I, SAY StrGye - I, trHyge - I, S AY < tr Hye - 1,

n ~o

Proof. We will give the proof for the second task regarding H and A(?). Recall that A]%c) =

.
XH(é)XH(é) Notice that since rge (H) = tr(Hxge)/||Hge||2 > bn. Therefore,

B
pin (AL = pn (2 Hye 282 )

\%

1
—tr Hge — cn||Hge||2
c

1 ¢
— — — ) tr Hge.

.
(A = (28 Hee 20 )

< C(tI’ HKC + TL”HKc

1
S C(]. + b> trHKc.

v

Also,

2)

The proof remains the same for the first task regarding G and A", O

Lemma 24. There exist constants by, by, ¢ > 0 such that for any nonempty index set K that satisfies
K| =: k& < byn, then with probability at least 1 — 2e~n/e,

tr(Hye) S pn(A®)) < piy 1 (A%) < tr(Hye).

Proof. Notice that for K that satisfies 7k (H) > bn, it also holds for every i that rg._ ;3 (H) > bn,
since
tI‘(HKc,{i}) = tr(Hge) — \;
> bl Hce | — || Hice|
> b'n||Hie— 3|

As aresult, tr(Hye) < ,un(Agc)_{i}) < ul(Agc)_{i}) < tr(Hjye). Notice that A(EZ) - AI(KQC)_{” is

a PSD matrix with rank at most |K| = k. Therefore, un(A(i)) > un(Agg_{i}) 2> tr(Hje); also,
there exists a linear space £ with rank n — k such that for all v € L, UTA(_QQ v = UTA]%C)_ @Y <
Nl(A]%),{i})HU 2, and thus pk+1(A(_2i)) < M(A]gc),{i}) < tr(Hje). O

The next two are commonly used concentration inequalities for random matrices with standard
Gaussian rows.
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Lemma 25. Fort = 1,2, there exist constants b,c > 0 such that for any nonempty index set K that
satisfies |K| = k < bn, then with probability at least 1 — 2¢~"™/°,

N
nIy 2z Z0 < niy.

Proof. According to Theorem 5.39 in |Vershynin| (2010), for some constants ¢y, cs, for every ¢ > 0,
with probability at least 1 — 2 exp(—c1t#), one has

T T
(Vn — e /K| = )2 < (29 20 < (2 ZP) < (Vi + e2 /K] + 1)
Substituting ¢ with y/n/cs and we get the result. O

Lemma 26. Suppose Z is a matrix with n i.i.d. rows in the Hilbert space H with standard Gaussian
entries. Then for any PSD matrix J, with probability at least 1 — 2e~"/¢,

tr(ZJZ") <n-tr(J).

Proof. Denote J = VAV T as its singular value decomposition. Notice that each row z; € H of
Z is standard Gaussian. As a result,

tr(ZJZ") = Z AV T 2|2,

where ||[AV T 2;||3 are independent sub-exponential random variables with expectation tr(A) and
sub-exponential norms bounded by ¢; tr(A). Also note that tr(A) = tr(J). Therefore, according

to Bernstein’s inequality,
—tr(ZJZ") —trJ

1
g
n

By substituting ¢ with a constant we get our result. O

> ttr J) < 2exp(—conmin(t?,t)).

C.5 UPPER BOUNDS

Bounding X "A1 X,

Lemma 27. There exist constants by, ba, bg > 0 for which the following holds. Denote two index
sets J, K which satisfy |J| < bin, r3c(G) > ban and |K| < bin, rge(H) > bon. Then with
probability at least 1 — bge™"/¢,

XV A0 x W gt xP a@7 (2)< CHZ.

1
n
Proof. We will give the proof for the second task. By Lemma[20]

X2 A0 x P

= (Ix +X<2> AL 1XH(€2))_1XH(§)TA]§<2 X<2>( +X(2> AL 1X<2>)—1

—1/2 )y T @ @21, 2)~2 (2 _ 2 2)~1 _(2)\—1 ,p—1/2
A ) 2 A 2 A )

1 Z1/2 ) g T @ ,en-1,2)7T 2 _ T 2L 2\ —1 gy—1/2
e 2 AR A A 2 AR )
n “1/2 /g T @ L @2\ =2 —1/2
3 mHK / (HK1+ZH(() AI(KC) Zﬁ(ﬁ)) Hy /
n “1/2/ @7 271 2\ =2 pp—1/2
= 7(trHKc)2HK / (ZH(§) A]E««) ZH(()> Hy /
n (trHKc)2H71
~ (tr Hge)? n? K
1.
= EH]Kl'
The proof goes the same for the first task. O
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Lemma 28. There exist constants by, ba,bs > 0 for which the following holds. Denote two index
sets J, K which satisfy |J| < bin, r5e(G) > ban and |K| < byn, rge(H) > ban. Then for any PSD
matrix J, with probability at least 1 — bge™"/°,

T -2 n
I, xP A0 TxMy< D Gy
< ) “AKe K~>N (tI‘GJc)Z < y ] >?
2 T -2 2 n
(J, XH(@) A® X]I(gc)> S (o Hg (J, Hge).

Proof. We will give the proof for the second task.

2T -2 (2 2 1/2 2) T -2 _(2
(J, X2 AT xOy = (HPTHY?, 72 ATz
1

< -
~ (tr Hgc)?
< n
~ (tI‘ H]Kc )2
n
~(omye
The proof goes the same for the first task. O

.
wr(Z P HPTHY?Z2 )

tr( Hy> JHL?)

Bounding PGP. We first introduce this well-known lemma.

Lemma 29. For any PSD matrix ( ;T g) > 0, we have
A B A 0
(5 &)=2(s &)

Proof. Note that the RHS minus the LHS is (_gT _C? ) By Schur’s Lemma, this matrix is

PSD if and only if
A—-BC'BT »o0,

which holds since ( A B

BT C> > 0 because of Schur’s Lemma. O

Lemma 30. There exist constants by,ba,bs > 0 for which the following holds. Denote two index
sets J, K which satisfy |J| < bin, r3c(G) > ban and |K| < byin, rge(H) > bon. Then for any PSD
matrix J, with probability at least 1 — bge’”/c,

tr Gye \ >
(7, PYGPW) < <J, ( rnﬂ ) G31+GJC>,

tr Hye \ 2
(J, PAOHP®) < <J, ( L = ) H' +HKC>.

Proof. We will give the proof for the second task. Recall that according to Lemma [21]

T -1 _ T —
P Pﬂg)r —Q®Y _ (IKJFXH@T AT XY x W Ar(t) x{ )
-0 Py —x®' A0 XD pe - x{ a0 x®

As aresult,

P pp® _ P HePy +Q® Hy. 0" PP HQ® — Q@ Hy PP
- T T T
~Pil Hee QP — Q@ He P P He PR + Q@ HiQ®

Lo (PO HPY + Q@ Hy 0 0
- 0 PO Hy PP + 0@ Hy Q®

Therefore, in order to bound POH 73(2), we have four terms to consider:
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. Pﬁ(g)HKPH((Q): We note that

()71 -1

T —1 -1 T
PO HPY = (Ix + X AL XP) "Hy (Ie + X AL X))
_ T -1 — _
= HK1/2 (Hg' + Z]I(<2) A]%c) Z]I(<2)) 2H]K e
“1/2/ @) T (@71 2\ =2 g5-1/2
< H; (20 A 7)) HGY

(tI‘ H]Kc)2
n2

<

~

H;*'

e O Hg. Q(z)T: Note that

T - T _

Q(Q)HK(‘ Q(Q)T _ Xﬂ(gz) A(2) 1XH(§2C) HK‘X]](gc) A(2) 1)(]I(g)
9T 1,2 T -1 (2

=X A®T ZOH2. 7 AP x .

Notice that according to Lemma[22]

.
1Z& HZ.Z ||2 < e (tr(HE.) + nl|HE||2)
< e1(|| Hie |2 tr(Hige) + nl| Hi[3)

(a,a (tr Hgc)?
- bg b% n

Therefore,

T — T —
QO Hy0®' =X AP ZZH2. 70 AT XY

< (trHKC)QXHg)TA(Q)_QXﬂg)
n
(tI‘HKc)2 1
e He

. Pﬂ(gi)HKcP(%): Note that

T — T —
PO He PP = (I — X2 AT XOVHye (I — X2 A7 xP)
T — T _
<2 (Hg + X2 A7 XxPHe X2 A@ ' x2),

and that

T — T — T — T —
xP AT XPHe xP AQ T XxP = xP A0 zP0H2. 2P A® T x P

) (tI‘HKC)QX(2)TA(2)—2X(2)
~ n Ke Ke
Therefore, for any PSD matrix J,
trH c 2 T -2
(J, PO HyPP) < (J, Hye) + (tr Hice)” nK ) (7, X2 A® " x)
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. Q(Q)THKQ(Z): Note that
0 Hy0® = X2 AP XP H X A0 X
T —1 T -1 -1 T —1 1
=X AL X e+ X AL X)) T He(Ie+ X0 A7) X))

T -1
xP AL xP

(trHKC)2 2 o)1 2 — 2 2)~1 2
= 7712 . Xﬂ(gc) Aﬂ(:c) Xﬂ(;) ~H]K1 . Xﬂ(;) Aﬂ(gc) Xﬂ(;c)
(tI‘HKu)2 2 2)—1 2 2 2)~1 2
= . X(C) A( C) Z( )Z( ) A( C) X(C)
(trHKc) 2 2)=2 (2
j - X( C) A( C) X( C)

Therefore, for any PSD matrix J,

T T
(J, Q(z) HKQ(2)> < =(J, X]I((2c) XH((%:)>

S|I=3|=

T
< —tw(ZPHPTHY?ZE) )
< te(H* T H?)
= (J, Hge).

Combine these four terms and we get the result. O

Lemma 31. There exist constants by,ba,bs > 0 for which the following holds. Denote two index
sets J, K which satisfy |J| < bin, r5c(G) > ban and |K| < byin, rge(H) > ban. Then for any PSD
matrix J, with probability at least 1 — bge™"/°,

_ n(tr(Gge Hge) + n||Gre Hi- tr Hge)?
(J, P(Z)GP(2)>§<J,GKC+<||GKHK1||2+ (tr(Gx é’ir)HKc)z —— 2))-(( nf) HK1+HKC>>.

Proof. We will give the proof for the second task. Recall that according to Lemmal[21]

t T )L o (t)) —1 T -1 (¢
) ::< PHQT _Q(:)t)> _ <(IK+XH(<)T AL x ) —x A© x{ )
- P —x0 a0 x " e —x® a0 x
As aresult,

pogp® _ [ PLGPE £00G 00 PPGr0® — QDG P
—PPGx. 0@ — 0@ GxP? PGP +0® GxQ®

Lo (PGP + 0P G0 0
- 0 PR Gy PP + 0@ ' Gx0®

Therefore, in order to bound P2 GP?), we have four terms to consider:
. H(QZ)GKPH@: We note that
PY GxPY
X AD ) (1 X A )
= H P (H 22 AR 22 ek P (b 22 AR 20
< ||HHE1/2G]KHH£1/2||2 ) Hﬂg1/2 (Hﬂgl + ZHQQ)TAEC)—IZH((Q))—ZHH?/Q

_ “1/2 52T 227 (2N =2 gp—1/2
< |GxH |- H V2 (22 AQY 22) " H Y
_ tr Hge 2 _
3G s - T g

n2
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e 0D Gke Q(Q)T: Note that
T — T _
QMG 0? = X AD T XD G xP A2 xP
T — T _
=X AT ZOH Gy HY2 2P ADT X
Notice that according to Lemma 22}
-
ZOH Gy HY?Z? < o) (tr(HY*Gyge HY?) + n|| HY? Gy HY?||5)
§ C1 (tr(GKCHKC) -+ 7’L||G]KcH]Kc H2)
Therefore,
QW H 0" = X' A0 20 3. 22 A0 X
T —2
< (tr(Gye Hge) + n||Gyge Hge o) X2 A®@ " x
(tr(GKcH]Kc) + n”GKCHKc ||2) Hil
L

<
~ n

. Pﬂ(é) G- P Note that
PRGPY = (I — X2 AD 7 XDV Gy (I — XP ' 4O x2)
<2 (G + X2 AT XD G x40 X)),
and that
X2 AT XPHXP A0 X = X2 AT 2P H G Y220 AT X

T -2
= (tr(Gge Hge) + n||Gge Hye|]2) X2 A® " x@

Therefore, for any PSD matrix J,
T -2
(J, PG PP) < (J, Gye) + (tr(Gye Hge) + 1| Gye Hge [2)(J, X&) A" x )

S (T, Gge) + (tr(Gge Hge) + n||Gge Hge||2) - m(% Hy.).

« 0@ GrO®): Note that
0" Gro®
2) T -1 (2 2T -1 (2
:X]I((c) A(2) XH(Q)GKX]I(() A(2) XH(@)
T —1 T —1 _ T —1 _
=x2 AL X (+xP A xP) T Gr(Ix+ X AR xP)7!
T (2)7 L (2
X2 AP xB)

_ tI"H c 2 T —1 _ T —1
SlGem | T x0T A0 X m x ) AT X

G H- (tr Hg-)? x@ 7A@ 52 ;@7 47 0

:H K KlHQ' n2 : H(gc) 11]%2 ZI[(§)ZH(() A]%c) ;(H(gc)
_ tr Hyc)? T —2

SlGer; o I x0T AR X

_ 1 2) T (2
JlGuH o - X X,

Therefore, for any PSD matrix J,

T _ 1 T
(J, Q¥ GKQ(2)>§||GKHK1||2~5<J, x@? x@)
1 T
S IGxH s - ﬁtr(zﬂ(é)HHé{QJHﬂéﬁQZH@ )
S IGrH 2 - tr(Hy” THL)

t
= |Gk Hy 2 - (J, Hge).
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Combine these four terms and we get the result.
Now we can prove our main theorem.

Proof of Theorem[I9] According to (23) and (24),
E.[Ri(w®) —minRy] = (G, E.(w® —w*)(w?® —w*)T")
— (G, POE (w — w")(w® —w)TP?) 4 oG, X AD x )
= (G, 7)(2)73(1)w*w*T7)(1)79(2)>
(G, PAXMHTAO 2 x WPy 4 (g, X(z)TA<2>*2X<2>>)
= bias + variance.
For the bias part, with probability at least 1 — bge ="/,
bias = (G, PAPDw w* T pLPA)
< <P(1)GP(1), 'LU*’LU*T>

2
< <<trf°”c> G;' + Gye, w*w*T>>
(tI‘GJc)2
=3

I

2w,

For the variance part, with probability at least 1 — bge="/¢,

variance = o2 ((PAGPR, XV A0 x My 4 g x@ ' 4D x@))

(tI‘(GKcHKc) +nGKcH]Kc||2)) ((tI‘H]Kc) H —|—H]Kc>

_ n
<o? <<G]Kc + (”GKHKl”Q + (tr Hy. )2

1 .. n 1 -1 n
- _ "G “H - Hx
PR CTeINE GJ>+<G’ W e >)

02 n

— GxH;!

n <(” cHy [l + (tr Hg.)?
2

—1 n 1
G+ (g O )+ (G G

n2
n2
(tI‘HKc)2
0'2 -1 ’I’L(tI‘(GKcHKc) +nHG]K{:H]K{: 2) (tI‘GJc)2
= n(<”GKHK 2=+ (tr Hy.)? + (trHKc)2>
Hy. 2
<(UK)H‘1+HK( Gi'+ ——— ) -GJC>

n? (tr Gye)?
tr(G2. k)
. H . K 2 JenK
K >+|Jm | +n G

o2 tr(GyHx-) tr(G2. o)
_ H71 2 J K K 2 JenK
- (tr(GJ K )+n T He)? +|INK|+n NCIeE

2

—1 n
+ <GJ, Hy " + 7(“ Hyo)?

_ tr(Gre Hge) + n||Gxe Hge||2) (trGJc)Q
H-! n(
+ <||GK K ||2 * (tI‘HKc) + (trHKL
(trH]Kr‘) _1
7H Hye
< n? '+ Hy G ey (trG_]]c

We have finished the proof.

C.6 LOWER BOUNDS

Lemma 32. There exist constants by, ba, ¢ > 0 for which the following holds. Denote two index sets
J, K which satisfy |J| < bin, r3:(G) > bayn and |K| < byn, rge(H) > bon. Then, in expectation

35
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.HKC>+|JHK+n2

tr(GFerge)
(tI‘ G_Uc )2
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10 X3, X(z)TA(Z)_ZX(Q) is a diagonal matrix. In particular, for every n > c,

(EX(l)TA(l)*QX(l))M > Hi (@ )72,
n n
EX? A x®), > 2 (O x|y

Proof. Recall that X (2) = Z@OHY?, Therefore,

x@T 4@ 2x@ _ g@Y2z0T q@ 72 5@ g@ /2

Consider the off-diagonal terms of Z @7 A% Z@),
T AD 272, _ oT7z@ T @272,
(EZz\9 A Z\9)=e, 2% A Z'%e;

T _
:zfz) A 2zj(2)

T -2
= z,f2) Z)\lzl(Q) (,zl(z))T z](-z) =: f(z,fz)).
1

Observe that f (fzi(g)) = —f (zl@)) and that z§2) follows the standard Gaussian distribution,
which is symmetric across 0. Therefore Ef (zZ@)) = 0, which kills all off-diagonal terms of
7@ 4@ 72 72)

For the diagonal terms, applying Lemmaon the single-element index set {7} and we get
(2@ AP Pz = Tz A@ T 7,

_ zzﬁ?)TA(z)*?zZ@)

T -1 T -2 T -1
=N O Al )T AR PO S A )
LT 4@7% @
- T —1 :
1+ Nz AZ) 2Py

According to Cauchy-Schwarz, we have

T -2 T -1
12215 2 AZ) "2 > (7 AT 2Py

.
Recall that Hzi(z) 13 = zi(2) zi(Q) ~ n with probability 1 — 2exp(—n/c) according to Lemma
Therefore with probability 1 — 2 exp(—n/c),

(=@ A7 @)2

—1 K3

(Zz@'A® 2z, >
- n(l+ )\iz-(z)—rA(z-)_1z-(2))2

1 (;

n o @ @7 (@)

Z; —i i

+Ai)*2.
O

T -1 -1
Now we examine zl@ A(_Ql) zl@). Let £ be the top (n — k) dimension subspace of A(_QB . Then
with probability at least 1 — 4 exp(—n/c),

T -1 -1
2P A% 2 S ez 3 (AP )

1
2=k ———
Mk+1(A(—2¢))
n
> . 25
~ tr H]Kc ( )
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Since (% + X\;)~2 is an increasing function, now we know that with probability at least 1 —
6 exp(—n/c),

tI‘ H]Kc

(2@ A® 2z, > 1 + )2
n

Since (Z(Q)TA(2)722(2))“» > 0, by taking expectation and multiply by \; on each side we get the
result.

Lemma 33. There exist constants by, ba, ¢ > 0 for which the following holds. Denote two index sets
J. K which satisfy |J| < bin, rjc(G) > bon and |K| < bin, rge(H) > ban. Then for any PSD
diagonal matrix J, for every n > c,

(tr GJC )2

E(P(I)JP(l))§J~( e GJ2+IJC),

n

tr Hg.)?
E(P@JP@) = J. ((rnf)HKQ +I]KC>~

Proof. Suppose J = diag(¢;)%,. We examine all diagonal elements of P2 JP(2),

J

As aresult, we only need to analyze the lower bound of 731(12 ), According to Lemma
T -1
P = (12l A )
— (14 2z AT @)
Recall that in (25)) we have that with probability at least 1 — 4 exp(—n/c),

@707 > "
zl -t ml ~ tI' HKC ’

Therefore, with probability at least 1 — 4 exp(—n/c),
TL)\Z )72
tl" HKC
(tI‘ HKC )2
n2\2 )
7

(PRIP®); 2 ¢:- (1+

Zhi-(1+

Since (P JPP);; > 0, by taking expectation we get the result. O

Theorem 34. There exist constants by, ba, c > 0 for which the following holds. Denote index sets
J, K that are defined as follows. Let I, = i p; > p. Let p* = max{p : 13 (G) > ban}, and
define J = Jy~. Similarly, let Ky = i: X\ >\ A = max{\ : rgg (H) > ban}, and define
K :=Ky«. Then if |J| < bin and |K| < byn, for everyn > ¢,
2 tr Howe)2 2
E.[Ri(w®) — minRy] > 9 <<(rK) n
n

n2

Proof. According to (23) and (24),
E.[Ri(w®) —minR,] = (G, Ec(w® — w*)(w® —w*)T")

Hﬁgz +IK07 I,,]]+ WG%]C> + <G7 H]Igl + (

n2

tr H]Kc

— (G, POE. (wV — w*)(wV —w)TP?) 4 o2(@, X' 4@ *x @)

= (@, POPDw*w* TPHPR)

+ o ((G, POXOT 4O x WPy 4 (@, X<2>TA<2>—2X<2>>)

= bias + variance.
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We give the bias lower bound in the expectation form. For the bias part,

Ebias = E(G, PAPDw*w* ' pHPR)
=Exm (ExoPPGP?, PWy*w* T pL)

> <EX(1>P(1)<(trHK°) H_z +IKC>P(1 ’ w*w*'l'>>

3<<<“SJ°)G +IJL) (%IMH‘2+IKL),w*w*T>>

tch
_ (G

We also give the variance lower bound in the expectation form.

tr HKL)

G2+ i) (U e e

Evariance = 02(<EP(2)GP(2) EX(l)TA(l)_2X(1)> + (G, IEX(Q)TA(Q)_2X(2)>)

o2 (tr Hy.)? 4 n? _ n?
> — 7H Ik —— Gy H ———— - Hge
2 (e (M ). 6t G (6B g )

o? [/ (tr Hyg.)? n? 9 1 n?
=—|(—=—Hg Ige, In+ ————— - G5 H, ——— - Hg-
(e de s g ) (6 B i)

We have finished the proof. O

C.7 PROOF OF EXAMPLES

Proof of Example[d}, We examine E [R;(w?)) — Ry (w*)] to represent the joint risk and forget-
ting.

1. By Theorem[18]we have

2 2
variance > J—(G, H') > M
n no A
Asaresult, E [Ry(w®) — Ry (w*)] = Q(1).
2. By Theorem[I8 we have
2 2
variance > J—(G7 " Hy.),

n (tr Hy:)?

where K = {i : \; > A\*} and the choice of \* let K satisfies tr(Hge) ~ n||Hge||2. By
definition of H, K = {i : i > i*} where ¢* satisfies i* log i* ~ n. Therefore,

o? G n? Zizi* Mg

variance > — (G, ————Hg:) =n- —=——
n (tr Hge)? (Zzzz )\i)z

P i 2logm? P
n- =

(ZiZi* i~llog™" i)2
—a—f i*

=1
*~lo
>t & ~logl—ati* = log?~"1n

Asaresult, E [Ri(w?) - R (w')] = 0 (log* " n).
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D PROOF OF EXTENSIONS

D.1 PROOF OF CL IN THE NTK REGIME

We set up a 2-task CL setting in the NTK regime. Consider two data distributions Dy, D,. For each
task, n individual samples (:cl(-l)7 yl(l))?=17 (wl(?), yl@))?=1 are sampled independently from Dy, D5.
The goal is to learn a neural network model f,, () specified by parameter w € R<. [Lee et al.

(2019) proved that under the NTK regime, neural networks evolve as a linear model:

Fu(@) = @) + (Vo O (@), w - w®),
where f()(.) denotes the model with w(®) = 0 as the initial weight. This formulation implies that
the feature map ¢(z) = V., (%) (z) € R is constant over time.

Under this setting, we consider the convergence of GRCL with gradient descent (GD), consistent
with the setting of Section 3.2 in|Bennani et al.|(2020). In this algorithm, we optimize the following
training loss for tasks ¢ = 1, 2:

1 n
L) = -3 (@) — ), (26)
i=1

1
Lo(w®) = — 3 (12 (@) = ) + 0l — w3, 27

where 3 is the regularization matrix, 7 is the GD iteration number, and w(l), w® is the limit of

w&l), wg), respectively. The update rule of GD for tasks ¢ = 1, 2 is that

wlf)y = 0l L),

We have the following theorem to connect GRCL in this NTK regime with our linear model:

Theorem 35 (Continual Learning in NTK as a linear GRCL). In the NTK setting, with an infinites-
imally small n, GRCL outputs w'® such that:

1 T
w®) = (X )T o(x ) o(x ) [y - FO(x0))
1
w® = argmin L y® — fOX D) 6(XD)T (w03 + fw — w

Proof. By putting into (26) and (27)), and computing the first-order optimality condition of (26),
we get the result. O

This theorem essentially reduces the GRCL in the NTK setting to the linear GRCL algorithm in (3)),
providing that we give the following inputs x’, 3/to the linear model:

2D = g(aW), &’? = g(x?@), y D =y _ fO D) @ @ _ fO (@) (28)

Assumption 5 (NTK data distribution condition). We assume that x’ (1), x’ (2), y (1), y @) satisfy
Assumptions [T} 2] 3]
Note that in this case, the covariance matrices G = Epu[p(z)p(z")T],H =

Epe [¢(x?)p(2?))T] are actually the Hessian matrices of the model. Now we have our main
results in the NTK regime:

Theorem 36. Suppose Assumption |5\ holds. Then for the GRCL output w® in the NTK regime, it
holds that

EA(w®) = bias + variance,

where the bias and variance satisfy (6)) defined in Theorem|2]

Therefore, our main results in Theorem Q] and its collollaries and messages still hold in the NTK
regime and can be applied in general neural networks.

39



Under review as a conference paper at ICLR 2026

D.2 PROOF OF MULTI-TASK CL

We set up a multi-task CL setting with linear regression problems. For tasks¢ = 1,...,T where T >

3 is a constant, consider the data distributions (D"))7_, . For each task ¢, n samples (a:(-t) yl(lt))?=1

2 b

are drawn independently from the task distribution. The goal is to learn a model w to minimize the
joint population risk R(w) = >, R¢(w), where Ry(w) := Epe (y — w'x)? is defined in the
same way as Definition [2]in the paper. We retain the shared-optimal assumption in Definition 2] For
the covariance condition in Definition |1} we denote:

Definition 3 (Covariance conditions). H®) := Ep[zz'] = diag(A\?),G® := St H® =
. 2
diag(p;”).

One can verify that GM") = G and H®) = H is consistent with the original Deﬁnition Under
this multi-task setting, we consider the GRCL algorithm, in which the regularization matrix series
(%) can adapt as the number of task ¢ grows:

w® = (x0T xO)-1x® Ty,
1
w = argmin ~[ly® — XOw| + [lw - w V|50, 2<t < T,

Assumption 6 (Multi-task data distribution condition). We assume that Assumptions [} 2] [3| hold
fort=1,...,T.

Proof of Corollary[I1] We use induction to prove this corollary. Consider EA(w(t)). Fort = 2,
(T4) already holds due to the original Corollary [f] Now we assume (I4) holds for task ¢ — 1 such
that 3 < ¢ < 7. In this case, according to (I8)), we have

EA(w* D) = (G¢Y E(w —w*)(w* Y —w*) ") <EA(wjosnt)-

Then for task ¢, reall that P)(:t) = (X(t)TX(t) +nX®)~1nX®), According to Egs. (12) and (15),
EA(w®) = (G + HY E(w® — w*)(w® — w*)")
— Et<G(t_1) + H(t),Pz(:t)E(w(t_l) _ w*)(w(t—l) _ w*)TPz(:t)>
oG ¢ HO B (XOTXO 1 pzm0)2x 07 x O,

For the first term, notice that according to Lemma 13,

Et(G(t—l) + H(f))Pg)Q < (G(t—l) + H(t))[G(t_l)z(G(t_l) +H(t))—2 + (IJ _ Hjt))n] 5 G(t_l).
Therefore,
]Et<G(t’1) + H(t)’PZ(Jt)E(w(tfl) . w*)(w(tfl) . w*)TPg)>
< <G(t71),E(’w(t71) o ,w*)(,w(tfl) - w*)T>
5 ]EA(wjoint).
For the second term, following (22), it is also bounded by variancejoin;, thus bounded by
EA(wjoint ). Adding them up and we get EA(w(t)) S EA(Wj6int)-

By induction, we get the result. O

Corollary [1 I|extends the message in the paper that with sufficient memory and appropriate regular-
ization, GRCL can match the performance of joint training in multi-task CL. Combining with the
existing Example [7} where low-memory CL behaves poorly, we deliver the message that there is a
provable memory-statistics trade-off in multi-task CL.
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E EXPERIMENTS

E.1 NUMERICAL EXPERIMENT SETTINGS
We consider a CL problem instance adapted from|Wu et al.|(2022) and [Li et al.|(2023). Specifically,

the eigenvalues for G' and H are {1/2¢=1}¢ . For a given integer & > 0 and a small value
0 < § < 1, the CL problem P(k) = (w*, 02, G, H) is specified as follows:

. 11 1 1 . 1 1 1
Gdlag<1,2,22,...,2k_1,2k,...), Hdlag<2k_1,2k_2,...,1,2k7...>, (29)

w*=(1,271,37L kL )T, o =1,

We choose P(15) for our illustration. It is evident that G and H differ in their top-15 eigenvalues.
For the GRCL algorithm, the regularization matrix 3. is specified by the rank-k approximation of

the empirical covariance matrix of the first task %X M7 X (1), We then test this problem instance
and compare the GRCL risk convergence with OCL and joint learning results.

E.2 NEURAL NETWORK EXPERIMENTS

In this section, we further verify our theoretical results with experiments on practical CL datasets
using neural networks, complementing the numerical experiments in Section4.2] We use Permuted
MNIST and Rotated MNIST, two CL benchmark datasets widely used in the literature (Kirkpatrick
et al.,|2017} [Farajtabar et al., 2020). In both experiments, we consider a two-task problem: the first
consists of standard MNIST digits, while the input of the second task is transformed from NMINST.
In Permuted MNIST, a random shuffle of pixels is applied on the 28 x 28 images of the original
MNIST hand-written digits to create the second task; in Rotated MNIST, instead of the random
shuffle, a rotation of an unknown fixed angle is applied.

In analogy to the OCL and the GRCL algorithms that we theoretically analyzed in Section 4} we ex-
amine three algorithms: vanilla training without regularization, full regularization, and PCA-based
low-rank regularization. In vanilla training, standard optimization is performed with the Adam opti-
mizer during the second task training. In the full regularization algorithm, the Hessian is computed
at the end of the first task training and is used as the regularization matrix in training the second task.
In the low-rank regularization algorithm, instead of the full Hessian, PCA with a predetermined rank
is performed on the saved regularization matrix. We examine different network architectures for the
two datasets due to their different properties. For Permuted MNIST, we use an MLP-based model
with 4 residual blocks, each consisting of 2 MLP layers with a hidden size of 40. The model input
dimension is 196 (the MNIST figures are resized to 14 x 14), and the output dimension is 10. For
Rotated MNIST, we use a CNN-based network with a LeNet5 structure.

The experiment results are shown in Figure 2] We make the following observation: In both settings,
the vanilla algorithm suffers from a significant drop in average accuracy due to catastrophic forget-
ting. As the memory size increases, the regularized algorithm performance improves and achieves a
reasonable empirical result. This result corresponds to the memory-statistics tradeoff demonstrated
in our theory and numerical experiments.
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Figure 2:  Average accuracy across previously learned tasks on [(a)] Permuted MNIST and [(b)]
Rotated MNIST after each epoch of training for the vanilla algorithm without regularization, the
regularization-based method with full Hessian, and with low-rank regularization. In both experi-
ments, we use the Adam optimizer with a learning rate of 10~%. The moving average parameter is
a = 0.25 and the regularization coefficient is 10* for all algorithms.
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