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ABSTRACT

In real-world applications, it is important and desirable to learn a model that per-
forms well on out-of-distribution (OOD) data. Recently, causality has become a
powerful tool to tackle the OOD generalization problem, with the core idea rest-
ing on the causal mechanism that is invariant across the domains of interest. To
leverage the generally unknown causal mechanism, existing works assume the
linear form of causal feature or require sufficiently many and diverse training do-
mains, which are usually restrictive in practice. In this work, we obviate these
assumptions and tackle the OOD problem without explicitly recovering the causal
feature. Our approach is based on transformations that modify the non-causal fea-
ture but leave the causal part unchanged, which can be either obtained from prior
knowledge or learned from the training data. Under the setting of invariant causal
mechanism, we theoretically show that if all such transformations are available,
then we can learn a minimax optimal model across the domains using only single
domain data. Noticing that knowing a complete set of these causal invariant trans-
formations may be impractical, we further show that it suffices to know only an
appropriate subset of these transformations. Based on the theoretical findings, a
regularized training procedure is proposed to improve the OOD generalization ca-
pability. Extensive experimental results on both synthetic and real datasets verify
the effectiveness of the proposed algorithm, even with only a few causal invariant
transformations.

1 INTRODUCTION

The success of many machine learning algorithms with empirical risk minimization (ERM) relies
on the independent and identically distributed (i.i.d.) hypothesis that training and test data originate
from a common distribution. In practice, however, data distributions in different domains or envi-
ronments are often heterogeneous, due to changing circumstances, selection bias, and time-shifts
in the distributions (Meinshausen & Bühlmann, 2015; Rothenhäusler et al., 2021). Accessing data
from all the domains of interest, on the other hand, is expensive or even impossible. Consequently,
the problem of learning a model that generalizes well on the unseen target distributions is a practi-
cally important but also challenging task and has gained much research attention in the past decades
(Blanchard et al., 2011; 2021; Fang et al., 2013; Muandet et al., 2013; Volpi et al., 2018).

Since data from some domains are unavailable, assumptions or prior knowledge on the unseen do-
mains are generally required to achieve a guaranteed out-of-distribution (OOD) generalization per-
formance. Recently, causality has become a powerful tool to tackle the OOD problem (Peters et al.,
2017; Rojas-Carulla et al., 2018; Arjovsky et al., 2019; Rothenhäusler et al., 2021). This is based
on the assumption or observation that the underlying causal mechanism is invariant in general, even
though the data distributions may vary with domains. It has been shown that a model would perform
well across different domains if such a causal mechanism is indeed captured.

In order to capture the invariant causal mechanism, existing works have assumed a particular form
of the causal diagram (Rothenhäusler et al., 2021; Subbaswamy et al., 2019; Mitrovic et al., 2020;
Heinze-Deml & Meinshausen, 2021), which is often restrictive in practice and untestable from the
observed data. Other works try to recover the so-called “causal feature” from the data to improve the
OOD generalization performance (Rojas-Carulla et al., 2018; Chang et al., 2020; Liu et al., 2021;
Gimenez & Zou, 2021). These works usually assume a linear form of causal feature (Chang et al.,
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2020; Rothenhäusler et al., 2021; Liu et al., 2021; Gimenez & Zou, 2021) or that there are sufficiently
many and diverse training domains so that the causal feature could be identified via certain invariant
properties (Peters et al., 2016; Rojas-Carulla et al., 2018; Arjovsky et al., 2019). Unfortunately, the
linearity assumption is easily violated in real applications like image classification, and it may be
expensive or even impossible to ensure that the available domains are indeed sufficient. As such, the
identifiability issue of causal feature can hardly be resolved in many real applications.

In this paper, we obviate the aforementioned assumptions and propose a new approach to learn a
robust model for OOD generalization under the invariant causal mechanism assumption. We do not
try to explicitly recover the causal feature; rather, we directly learn a model that takes advantage of
the invariant properties. Our approach is based on the observation that though the explicit functional
form of the causal feature is generally unknown and maybe also hard to learn, we often have some
prior knowledge on the transformations that the causal feature is invariant to, i.e., transformations
that modify the input data but do not change their causal features. For example, the shape of the
foreground of an image from MNIST1 (LeCun et al., 1998) can be regarded as a causal feature to the
task of predicting the digit, while flipping or rotation do not change causal meanings. Henceforth,
we refer to these transformations as causal invariant transformations (CITs).

Theoretically, we prove that given complete prior knowledge of CITs, it is possible to learn a model
with OOD generalization capability using only single domain data. Specifically, we show that if all
the CITs are known, then minimizing the loss over all the causally invariant transformed data, which
are obtained by applying the CITs to data from the given single domain, would lead to the desired
model that achieves minimax optimality across all the domains of interest. However, obtaining all
CITs may be impractical. We further show that, for the purpose of OOD generalization, it suffices to
know only an appropriate subset of CITs, which is referred to as the causal essential set and is for-
mally defined in Definition 2. Following these theoretical results, we propose to regularize training
with the discrepancy between the model outputs of the original data and their transformed versions
from the CITs in the causal essential set, to enhance OOD generalization. Empirically, extensive
experiments on both synthetic and real-world benchmark datasets, including PACS (Li et al., 2017)
and VLCS (Fang et al., 2013), verify our theoretical findings and demonstrate the effectiveness of
the proposed algorithm in terms of OOD performance.

It is worth noting that for the image classification tasks with PACS and VLCS, we adopt Cycle-
GAN (Zhu et al., 2017) to learn the transformations between pairs of available domains (i.e., styles
or backgrounds), which are then used as CITs. The experimental result shows that the proposed
regularized training is able to achieve state-of-the-art OOD performance with only a few CITs. We
remark that our work is different from the existing domain generation methods that also involve gen-
erative methods. For example, Zhou et al. (2020a;b) generate data of inexistent “novel domains”,
instead of the data from known domains. Also related is Kaushik et al. (2020) that artificially gen-
erates the counterfactually-augmented data. Our work is different in that we use CITs to modify
the non-causal feature but keep the causal part unchanged. Moreover, in our experiments, these
CITs are obtained from prior knowledge or learned from training data, without the need of human
manipulations to each training datum.

2 RELATED WORK

Since data from some unseen domains are completely unavailable, assumptions or prior knowledge
on the data distributions are required to guarantee a good OOD generalization performance. We will
briefly review existing domain generalization methods according to these assumptions.

Marginal Transfer Learning A branch of works assume that distributions under different do-
mains are i.i.d. realizations from a superpopulation of distributions and augment the original feature
space with the covariate distribution (Blanchard et al., 2011; 2021). This i.i.d. assumption on the
data distribution is akin to the random effect model (Laird & Ware, 1982; Bondell et al., 2010) or
Bayesian approach (Deely & Lindley, 1981; Ray & van der Vaart, 2020), but may be inappropriate
when the difference between domains is irregular, e.g., different styles and backgrounds in the PACS
and VLCS datasets, respectively.

1MNIST dataset consists of handwritten digits from ten categories.
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Robust Optimization Other existing works assume that the considered OOD data are close to
the training distribution in terms of a probability distance or divergence, e.g., Wasserstein distance
(Sinha et al., 2018; Volpi et al., 2018; Lee & Raginsky, 2018; Yi et al., 2021) and f -divergence
(Hu et al., 2018; Gao et al., 2020; Duchi & Namkoong, 2021). They proposed to train the model
via distributional robust optimization so that the trained model generalizes well over a set of dis-
tributions, the so-called uncertainty set (Ben-Tal et al., 2013; Shapiro, 2017). However, it may be
difficult to pick a suitable probability distance and range of uncertainty set in real scenarios (Duchi
& Namkoong, 2021). Besides, the distributions in the uncertainty set are actually the distributions
of corrupted OOD data (Yi et al., 2021) such as adversarial sample and noisy corrupted data, while
the commonly encountered style-transformed OOD data are not included (Hendrycks et al., 2021).

Invariant Feature Another branch of methods make predictions via the features whose (condi-
tional) distributions are invariant across different domains. To this end, they proposed to learn the
feature representation by minimizing some loss functions involving domain scatter (Muandet et al.,
2013; Ghifary et al., 2016; Li et al., 2018b). Here domain scatter is a quantity characterizing the
dissimilarity between (conditional) distributions in different domains, as defined in Ghifary et al.
(2016). Li et al. (2018a) and Li et al. (2018c) considered to regularize training to reduce respec-
tively the maximum mean discrepancy of the feature distributions of different domains and the
Jensen-Shannon divergence of the feature distributions conditional on the outcome. The rationale
behind these methods is to minimize a term that appears in the upper bound of the prediction error
in unseen target domains (Ben-David et al., 2007; 2010; Ghifary et al., 2016). Theoretically, the
success of these methods hinges on the assumption that other terms in the upper bound are small
enough (Ghifary et al., 2016). However, the implication of this assumption is usually unclear and
provides little guidance for the practitioner (Chen & Bühlmann, 2020). Although often not stated
explicitly, the validity of these methods relies on the covariate shift or label shift assumption that is
implausible if spurious correlations occur under certain domains (Chen & Bühlmann, 2020; Zhou
et al., 2021; Kuang et al., 2018; Liu et al., 2021).

Invariant Causal Mechanism As in this paper, many existing works also resort to causality to
study the OOD generalization problem (Rojas-Carulla et al., 2018; Arjovsky et al., 2019; Chang
et al., 2020; Mitrovic et al., 2020; Ahuja et al., 2020; Liu et al., 2021; Heinze-Deml & Meinshausen,
2021; Gimenez & Zou, 2021). In the last few years, the relationship between causality, predic-
tion, and OOD generalization has gained increasing interest since the seminal work of Peters et al.
(2016). The causality-based methods rest on the long-standing assumption that causal mechanism
is invariant across different domains (Peters et al., 2017). To utilize the invariant causal mecha-
nism and hence improve OOD generalization, some works impose restrictive assumptions on the
causal diagram or structural equations (Subbaswamy et al., 2019; Heinze-Deml & Meinshausen,
2021; Rothenhäusler et al., 2021). Another way is through recovering the causal feature (Rojas-
Carulla et al., 2018; Chang et al., 2020; Gimenez & Zou, 2021). For example, Rojas-Carulla et al.
(2018) proposed to select causal variables by statistical tests for equality of distributions, and Chang
et al. (2020) leveraged some conditional independence relationships induced by the common causal
mechanism assumption. It is worth noting that recovering causal feature generally relies on re-
strictive assumptions, e.g., linear structure model or sufficiently many and diverse training domains
(Rojas-Carulla et al., 2018; Chang et al., 2020; Gimenez & Zou, 2021; Peters et al., 2016; Arjovsky
et al., 2019; Liu et al., 2021; Krueger et al., 2021). Please see Rosenfeld et al. (2020) for further
discussion on these two assumptions. In contrast, our approach relies on a more general causal struc-
tural assumption, without the need of restrictive assumptions on the causal diagram, causal features,
and training domains.

3 OOD GENERALIZATION VIA CAUSALITY

In this section, we consider a more general causal structural model for the OOD generalization
problem. We prove that it is feasible to obtain a model with minimax optimality using the causal
feature, even if we only have access to the data from a single domain. However, as discussed in the
introduction, it may be hard to recover the causal feature exactly. We, therefore, proceed with the
aid of CITs and show that a model can still achieve the same guaranteed OOD performance.
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3.1 INVARIANT CAUSAL MECHANISM

We begin with a formal definition of the causal structural model used in this paper. In practice, data
distributions can vary across domains, but the causal mechanism usually remains unchanged (Peters
et al., 2017). We consider the following causal structural model to describe the data generating
mechanism:

Y = m(g(X), η), η ‚ g(X) and η ∼ F, (1)
where X , Y are respectively the observed input and the corresponding outcome, g(X) denotes the
causal feature, η is some random noise, and m(·, ·) represents the unknown structural function. The
relationship η ‚ g(X) means that the noise η is independent of the causal feature g(X), and η ∼ F
indicates that it follows a distribution F that can be unknown.
Remark 1. Notice that the structural model (1) imposes no assumption on the distribution of the
input X . Indeed, it describes that in the causal mechanism the outcome Y depends on X only
through the causal feature g(X). Although the causal feature g(X) is assumed to be independent of
noise η, X can correlate with η under a certain domain. There may also exist correlations between
causal features and other spurious features, e.g., the correlation between the objective shape and
the image background in image classification tasks. Unlike the invariant causal mechanism, these
two correlations are supposed to vary across domains and hence are called spurious correlations
(Woodward, 2005; Arjovsky et al., 2019). If not treated carefully, the spurious correlations would
deteriorate the performance of ERM-based machine learning methods and make the model perform
poorly on the target domain (Shen et al., 2020a;b; Liu et al., 2021; Arjovsky et al., 2019). For
instance, in an image classification task involving horse and camel, it is very likely that in the training
data all the horses are on the grass while the camels are in the desert. The spurious correlation
between horse/camel and the background could easily mislead the model to making predictions
using the background. Consequently, the trained model would be unreliable on OOD data.

Existing causal learning works consider a similar causal mechanism to (1) but usually impose more
structural assumptions, e.g., g(·) is linear and the noise is additive (Peters et al., 2016; Pfister et al.,
2019; Rojas-Carulla et al., 2018; Gimenez & Zou, 2021; Liu et al., 2021). Our structural model (1)
generalizes existing ones in two ways. First, it allows the form of causal feature g(·) to be nonlinear.
Second, the noise η can be non-separable with g(X). Thus, our model constitutes a more flexible
construction that is suitable to tasks in which the assumed linear or separable structural models
appear implausible, e.g., the image classification task (Arjovsky et al., 2019). Besides, our algorithm
proposed in Section 4 does not require explicitly learning the causal feature g(X), thus avoid dealing
with the identifiability issue of g(X).

3.2 IMPROVING OOD GENERALIZATION VIA CAUSAL FEATURE

Throughout the rest of this paper, we focus on the distributions under structural model (1):

P = {P(X,Y ) | (X,Y ) ∼ P(X,Y ) satisfies structural model (1)},

with fixed g(·),m(·, ·) and F . The goal of this work is to train a model that can generalize well across
all the domains following the causal mechanism in structural model (1), i.e., for any distribution
P(X,Y ) ∈ P . In particular, we aim to find a model h∗(·) such that

h∗(·) ∈ H∗ := arg min
h

sup
P∈P

EP [L(h(X), Y )], (2)

where L(·, ·) denotes a loss function, e.g., mean squared error for regression or cross entropy for
classification. A similar minimax formulation appears in many existing works for OOD general-
ization; see, e.g., Rojas-Carulla et al. (2018); Arjovsky et al. (2019); Liu et al. (2021); Bühlmann
(2020); Gimenez & Zou (2021), among others.

In contrast with existing methods based on data from sufficiently many domains (Qian et al., 2019;
Rojas-Carulla et al., 2018; Sagawa et al., 2020; Liu et al., 2021; Krueger et al., 2021), we next show
that if g(·) is known, the goal of learning h∗(·) can be achieved using only single domain data. Let
Ps be the distribution of the source domain from which the training data are collected. Denote the
set of optimal models under Ps based on causal feature g(X) by

Hs =

{
(φ ◦ g)(·)

∣∣∣ φ(w) ∈ arg min
z

EPs
[L(z, Y ) | g(X) = w], a.s.

}
, (3)
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where ◦ is the composition of functions and a.s. stands for “almost surely”, i.e., for all w except a
set of probability zero. Then we have the following result.
Theorem 1. If Ps ∈ P , thenHs ⊂ H∗.

A proof of Theorem 1 can be found in Appendix A.1. Theorem 1 gives a class of models that belong
toH∗, the set of solutions to the minimax problem defined in (2). A model inH∗ makes predictions
via the causal feature g(X), and can be learned using single domain data if the form of g(·) is known.
Theorem 1 generalizes existing results in Rojas-Carulla et al. (2018); Liu et al. (2021), in the sense
that it is derived under a more general structural model and also readily includes more loss functions
L(·, ·) beyond the mean squared loss.

3.3 OOD GENERALIZATION AND CAUSAL INVARIANT TRANSFORMATION

Theorem 1 shows that it is possible to use only single domain data to learn a class of optimal models
Hs in the minimax sense. However, such a result requires an explicit formulation of causal feature
g(X), which is somehow impractical (Arjovsky et al., 2019). On the other hand, learning the causal
mechanism from the data may face the issue of identifiability. Thus, in this section, we aim to learn
a model of Hs without the requirement of the explicit form of g(X). The idea of our method is to
leverage the transformations that do not change the underlying causal feature.

Specifically, although the explicit form of g(·) is unknown in general, we can have prior knowledge
that the causal feature should remain invariant to certain transformations T (·). For example, consider
the horse v.s. camel problem in Remark 1. For a given image, the shape of a horse/camel could be
the causal feature that determines its category. The exact function w.r.t. pixels representing the
shape may be hard to obtain. Nevertheless, we do know that the shape does not vary with rotation
or flipping. We now formally define these transformations.
Definition 1 (Causal Invariant Transformation (CIT)). A transformation T (·) is called a causal
invariant transformation if (g ◦ T )(·) = g(·).

Henceforth, Tg = {T (·) : (g ◦T )(·) = g(·)} denotes the set consisting of all CITs. With Tg in hand,
the following theorem states that Hs can be obtained by solving a minimax problem constructed
from single domain data, even if g(·) is unknown.
Theorem 2. If Ps ∈ P , then

Hs ⊂ arg min
h

sup
T∈Tg

EPs
[L(h(T (X)), Y )], (4)

whereHs is defined in Eq. (3).

A proof of Theorem 2 is given in Appendix A.2. If the minimax optimization problem in (4) has
a unique minimum (when, e.g., some convexity conditions on the loss function L(·, ·) hold), Theo-
rem 2 implies that the model performs uniformly well over the transformed data from the transfor-
mations in Tg and further over the distributions in P .

We can also rewrite the minimax problem in (4) as

min
h

sup
P∈Paug

EP [L(h(X), Y )], (5)

where Paug = {P(X′,Y ) | (X,Y ) ∼ Ps, X
′ = T (X) with T ∈ Tg}. Problem (5) has a similar form

to problem (2). Recalling the structural model (1), it can be verified that Paug is a subset of P . We
then have the following two remarks:

1. Paug can be a proper subset of P . Thus, the supremum taken in (5) become more tractable
compared with that in (2), as we would require less information of P . To see this, suppose
that (X, η) ∼ P(X,η) = PX ×F for a distribution PX and that Ps = P(X,m(g(X),η)). Then
for any P ∈ Paug, we have Y ‚ X | g(X) if (X,Y ) ∼ P . However, there can exist
P ′ ∈ P so that X is correlated with η and hence the conditional independence no longer
holds. Therefore, P ′ ∈ P does not lie in Paug.

2. In the horse v.s. camel example described in Remark 1, the spurious correlations can result
in misleading supervision. The set Paug, on the other hand, is likely to contain distributions
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that do not have these spurious correlations or even entail opposite correlations. Thus, the
model that overfits spurious correlations can not generalize well on these distributions. In
this case, the model misled by spurious correlations can not be a solution to problem (5).

Although Theorem 2 provides a way to learn a model with guaranteed OOD generalization, it may
be computationally hard to calculate the supremum over Tg when it contains plenty of or possibly
infinite transformations. Take image classification tasks for example. Suppose that Tg contains
rotations of θ degree, with θ = 1, . . . , 360. Computing the loss over a total of 360 transformations
is computationally expensive. Thus, it is natural to ask a question: can we substitute Tg in (4) with
a proper subset?

3.4 LEARNING OOD GENERALIZED MODEL VIA CAUSAL ESSENTIAL SET

In this subsection, we positively answer the question at the end of Section 3.3. We show that it is
sufficient to use only a subset of Tg , referred to as causal essential set. In the following, we first give
a formal definition of causal essential set and then prove that it is indeed the desired subset.
Definition 2 (Causal Essential Set). For Ig ⊂ Tg , Ig is a causal essential set if for all x1, x2
satisfying g(x1) = g(x2), there are finite transformations T1(·), · · · , TK(·) ∈ Ig such that (T1 ◦
· · · ◦ TK)(x1) = x2.

Clearly, there may be multiple causal essential sets, e.g., Tg itself is a causal essential set. In most
cases, we believe that there exists Ig that is a proper subset of Tg . For example, rotation with
one degree itself forms a causal essential set if Tg is the set of rotations with θ, θ = 1, 2, . . . , 360,
degrees.

The next theorem indicates that the prior knowledge on any such causal essential set is sufficient to
achieve a guaranteed OOD generalization, using only single domain data. A proof is provided in
Appendix B.
Theorem 3. If Ps ∈ P , then

Hs = arg min
h

EPs [L(h(X), Y )] subject to h(·) = (h ◦ T )(·), ∀ T (·) ∈ Ig. (6)

where Ig is any causal essential set of g(·) andHs is defined in (3).

Compared with Theorem 2, “⊂” related toHs in (4) is replaced by “=” in this theorem, which pro-
vides a stronger theoretical guarantee. Thus, one can also readily obtain the model that generalizes
well on OOD data by minimizing the loss w.r.t. any data distribution induced by structural model (1),
but require less prior knowledge on CITs. In certain cases, the structure of a causal essential set is
simple and it is possible to find this subset of CITs based on prior knowledge. Due to space limit,
this is illustrated by an example in Appendix C.1.

4 ALGORITHM

We now propose an algorithm based on the previous analysis w.r.t. CITs. Let D(·, ·) denote some
measure of discrepancy satisfying D(v1, v2) = 0 if v1 = v2 and D(v1, v2) > 0 otherwise. Then
for any model h(·) and transformation T (·), EPs [D

(
h(X), h(T (X))

)
] = 0 implies h(·) = h(T (·))

almost surely. Together with Theorem 3, we consider the following formulation

min
h

EPs [L(h(X), Y )], subject to EPs

[
sup
T∈Ig

D
(
h(X), h(T (X))

)]
= 0,

where Ig is a causal essential set. To obviate the difficulty of solving a constrained optimization
problem, we further consider a regularized formulation

min
h

{
EPs

[L(h(X), Y )] + λ0EPs

[
sup
T∈Ig

[D(h(X), h(T (X)))

]}
, (7)

with a given regularization constant λ0 > 0. Supposing that we have training samples {(xi, yi)}ni=1,
then we propose to minimize the empirical counterpart of (7)

min
h

{
1

n

n∑
i=1

L(h(T (xi)), yi) +
λ0
n

n∑
i=1

sup
T∈Ig

[D(h(xi), h(T (xi)))]

}
.
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Algorithm 1 Regularized training with Invariance on Causal Essential set (RICE).
Input: Training set {(x1, y1), · · · , (xn, yn)}, batch size S, learning rate η, training iterations N ,
model hβ(·) with parameter β, initialized parameter β0, regularization constant λ0, causal essential
set Ig , and discrepancy measure D(·, ·).

1: for i = 1, . . . , n do . generate causally invariant transformed samples
2: Generate transformed samples {T (xi)}T∈Ig .
3: end for
4: for t = 0, · · · , N do . minimize the regularized loss
5: Randomly sample a mini-batch S = {(xt1 , yt1), · · · , (xtS , ytS )} from training set.
6: Fetch the transformed samples {T (xt1)}T∈Ig , · · · , {T (xtS )}T∈Ig .
7: Update model parameters via stochastic gradient descent:

8: βt+1 = βt− η
S

S∑
i=1

∇βL(hβ(xti), yti)
∣∣∣
β=βt

+η∇β
{
λ0
S

S∑
i=1

sup
T∈Ig

D
(
hβ(xti), hβ(T (xti))

)}∣∣∣
β=βt

.

9: end for

The algorithm of solving (7) via first-order methods is summarized in Algorithm 1, where the update
step in line 8 can be readily substituted by other optimization algorithms, e.g., Adam (Kingma &
Ba, 2015). We refer to the proposed algorithm as Regularized training with Invariance on Causal
Essential set (RICE).

Note that obtaining a complete causal essential set may also be hard in many applications. Nonethe-
less, we usually have or can learn certain transformations with the desired causal invariance. We
will empirically show that the proposed algorithm RICE is able to achieve an improved OOD gen-
eralization performance, even with a set of only a few CITs. In this case, we can simply replace Ig
with this set in Algorithm 1.

5 EXPERIMENTS

In this section, we empirically evaluate the efficacy of the proposed algorithm RICE in real-world
datasets. We train the model using data from some of the available domains and evaluate the per-
formance on the data from the rest domains that are not used in training. As suggested in Ye et al.
(2021), the OOD data can be classified into two categories, namely, data with correlation shift or
with diversity shift. Empirical results show that RICE is able to handle both kinds of OOD data. Due
to space limit, part of the empirical results, including a toy experiment of synthetic data mentioned
in Section 3.4 and the ablation studies, are provided in Appendix C.1.

5.1 BREAKING SPURIOUS CORRELATION

As we have discussed in Remark 1, the spurious correlation in the data may mislead the model to
wrong predictions on OOD data, resulting in correlation shift. In this subsection, we empirically
verify that RICE in Algorithm 1 can obviate overfitting such spurious correlations.

Data We use the colored MNIST (C-MNIST) dataset from Devansh Arpit (2019). As in De-
vansh Arpit (2019), we vary the colors of both foreground and background of an image.

The original MNIST dataset consists of handwritten digits from ten categories, namely, 0 to 9. To
construct a training set of C-MNIST, we pick two colors for the foreground of the images in a given
category, and then randomly replace the foreground color with one of the two colors assigned to the
category. The background color of each image is handled similarly. For the test set, we randomly
assign colors to the foreground and background of each image from the MNIST test set, regardless
of its category. Some images from the generated C-MNIST dataset are visualized in Figure 4 in
Appendix C.4. Construction in this way introduces a spurious correlation between category and
color in the training set, but not in the test set. In the following, we will show that the proposed
method RICE will not be affected by this spurious correlation.

Setup Our model is a five-layer convolution neural network as also used in Devansh Arpit (2019).
For the proposed algorithm RICE, we choose the cross entropy loss forL(·, ·) and the `2-distance for
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Table 1: Accuracy (%) on the C-MNIST test set.

Dataset ERM MTL GroupDRO DANN IRM RICE(OURS)
C-MNIST 13.3 14.7 14.1 28.1 15.8 96.9

D(·, ·). The model is updated by Adam (Kingma & Ba, 2015), and other hyperparameters are given
in Appendix C.2. For a handwritten digit, it is known that the shape of its foreground, rather than
the color of either foreground or background, determines its category. Thus, transforming the image
background with a color (e.g., black) and its foreground with another color (e.g., white) would be a
desired CIT. In our experiment, we simply use the original MNIST images as the transformed data,
to show the effectiveness of the proposed regularized training procedure.

As we use the original MNIST dataset in training, the training data can be seen from two domains,
i.e., the original MNIST and the C-MNIST datasets. As such, we compare RICE with several widely
used domain generalization algorithms using the same training data, including empirical risk mini-
mization (ERM), marginal transfer learning (MTL, Blanchard et al., 2021), group distributionally
robust optimization (GroupDRO, Sagawa et al., 2020), domain-adversarial neural networks (DANN,
Ganin et al., 2016) and invariant risk minimization (IRM, Arjovsky et al., 2019). See Appendix C.5
for a further introduction of these algorithms. For these baseline algorithms, the hyperparameters
are adopted from Gulrajani & Lopez-Paz (2020).

Main Results The empirical results are reported in Table 1. We observe that only the proposed
algorithm RICE works well on the OOD data in this experiment. We speculate that this is because,
for the baseline algorithms, the misleading supervision signal from the color is memorized by the
models, even though the original MNIST images are also included in the training set. However, for
RICE, the regularizer penalizes the discrepancy between the model outputs of the colored images
and the corresponding MNIST versions, which makes the model insensible to the spurious correla-
tion but more dependent on the invariant causal feature.

5.2 GENERALIZING ON UNSEEN DOMAINS

In this subsection, we conduct experiments on two benchmark datasets, PACS and VLCS, commonly
used in domain generalization. The two datasets correspond to the diversity shift we have mentioned.

Data PACS is an image classification dataset consisting of data from four domains of different
styles, i.e., {art, cartoon, photo, sketch}, with seven different categories in each domain. VLCS is a
dataset comprised of four photographic domains: {VOC2007, LabelMe, Caltech101, SUN09}, and
each domain contains five different categories.

Setup As in Gulrajani & Lopez-Paz (2020), we use the model ResNet50 (He et al., 2016) pre-
trained on ImageNet (Deng et al., 2009) as the backbone model, and fine-tune the model with
different baseline methods. For RICE, the model is trained by Adam and the used hyperparameters
are provided in Appendix C.2. To implement RICE, we need to generate the casually invariant
transformed data. In the PACS dataset, each domain represents a style of images, e.g., photo or art.
Since varying the style of an image does not change its category, we construct the transformations
that modify image styles as CITs. To this end, we use CycleGAN (Zhu et al., 2017) to learn the
transformations for each pair of domains in the training set, and then implement RICE using the
trained CycleGAN models. In VLCS, the photographic of the image plays a similar role to the style
in PACS, and we also apply CycleGAN to learn the transformations. Other generative models may
also be used, e.g., StarGAN (Choi et al., 2018), when particularly there are numerous domains.

The procedure of RICE is summarized in Figure 1. We also compare the proposed RICE with
other commonly used domain generalization algorithms, as in the previous experiment. Besides, an
ablation study is left to Appendix C.3, where we consider only single domain data for training.

Main Results The experimental results on PACS and VLCS are summarized in Tables 2 and 3,
respectively. The results of baseline methods are from Gulrajani & Lopez-Paz (2020). It is worth
noting that the ERM method here also employs some data augmentation techniques to improve the
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Figure 1: The proposed algorithm RICE on the PACS dataset. The training data are from domains
{art, cartoon, photo}, and we would like the model to perform well on the sketch data. This figure
describes the training procedure of RICE when an training image is from the art domain.

Table 2: Test accuracy (%) of ResNet50 on the PACS dataset.

Method P A C S Avg Min
ERM 97.2 84.7 80.8 79.3 85.5 79.3
MTL 96.4 87.5 77.1 77.3 84.6 77.1

GroupDRO 96.7 83.5 79.1 78.3 84.4 78.3
DANN 97.3 86.4 77.4 73.5 83.6 73.5
IRM 96.7 84.8 76.4 76.1 83.5 76.1

RICE (OURS) 96.8 87.8 84.3 84.7 88.4 84.3

Table 3: Test accuracy (%) of ResNet50 on the VLCS dataset.

Method V L C S Avg Min
ERM 74.6 64.3 97.7 73.4 77.5 64.3
MTL 75.3 64.3 97.8 71.5 77.2 64.3

GroupDRO 76.7 63.4 97.3 69.5 76.7 63.4
DANN 77.2 65.1 99.0 73.1 78.6 65.1
IRM 77.3 64.9 98.6 73.4 78.5 64.9

RICE (OURS) 75.1 69.2 98.3 74.6 79.3 69.2

generalization. The proposed RICE exhibits better OOD generalization capability compared with
the baseline methods on the PACS and VLCS datasets, in terms of the average and particularly the
worst-case test accuracies. Here we provide an intuitive explanation to the better performance of
RICE, using PACS as an example. From Figure 5 in Appendix C.4, we can see that the trained
CycleGAN model is likely to introduce spurious correlation with the domains, and that models
which capture the spurious correlation would be penalized in RICE. Thus, we believe that RICE can
achieve an improved performance because it seeks to make predictions on top of the causal feature
(e.g., shape of the object in the images), rather than the spurious feature related to the domains (e.g.,
style for PACS). Moreover, as also seen from Figure 5, some generated images from CycleGAN are
indeed not similar to the original images and are also blurring. However, RICE performs well with
these images in the training set, demonstrating the robustness of the proposed training procedure.

6 CONCLUDING REMARKS

In this paper, we theoretically show that knowledge of the CITs makes it feasible to learn an OOD
generalized model via single domain data. The CITs can be either obtained from prior knowledge
or learned from training data, without the need of human manipulations to each training datum.
Inspired by our theoretical findings, we propose RICE to achieve an enhanced OOD generalization
capability and the effectiveness of RICE is demonstrated empirically over various experiments.

In the experiments, we mainly consider image classification tasks, where the datasets are usually
used as benchmarks for domain generalization algorithms. Nevertheless, our theory and the pro-
posed algorithm can apply to other datasets once some CITs are available. For example, in natural
language processing (NLP), changing the position of the adverbial or synonym substitution does not
change the semantic meaning and hence can be treated as CITs. However, generating such causally
invariant sentences via deep learning method is difficult. How to ease the generation and apply the
proposed RICE to NLP tasks is left as our future work.

9
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REPRODUCIBILITY STATEMENT

Proofs of the theories in this paper are in Appendix A. Hyperparameters used in experiments in
Section 5 are provided in Appendix C.2.
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A PROOFS

A.1 PROOF OF THEOREM 1

Restatement of Theorem 1 If Ps ∈ P , thenHs ⊂ H∗.

Proof. It suffices to prove that for any hs ∈ Hs, we have

hs(·) ∈ arg min
h

sup
P∈P

EP [L(h(X), Y )]. (8)

To prove (8), we only need to show that for any h(·) and P ∈ P , there exists Q ∈ P such that

EQ[L(h(X), Y )] ≥ EP [hs(X), Y )], (9)

and hence
sup
Q∈P

EQ[L(h(X), Y )] ≥ sup
P∈P

EP [L(hs(X), Y )].

Recall that

Hs =

{
(φ ◦ g)(·)

∣∣∣ φ(w) ∈ arg min
z

EPs
[L(z, Y ) | g(X) = w], a.s.

}
.

Since hs(·) ∈ Hs, there is some φs(·) satisfying hs(·) = (φs ◦ g)(·) and φs(w) ∈
arg minz EPs [L(z, Y ) | g(X) = w] for almost every w. Suppose (X, η) ∼ PX × F and
(m(g(X), η), X) ∼ Q where PX is the marginal distributions of X under P . Then

EQ[L(h(X), Y ) | X = x] =

∫
U
L(h(x),m(g(x), u))Pη(du)

≥
∫
U
L(φs(g(x)),m(g(x), u))Pη(du)

= EP [L(hs(X), Y ) | g(X) = g(x)] a.s.,

where the inequality is from the fact

φs(w) ∈ arg min
z

EPs
[L(z, Y ) | g(X) = w] = arg min

z

∫
U
L(z,m(w, u))Pη(du)

for almost every w and U is the support of noise η. Then equation (9) follows by taking expectation
and the law of iterated expectation.

A.2 PROOF OF THEOREM 2

To begin with, we establish two useful lemmas regarding CITs. The first lemma states that g(·) is
determined up to an invertible transformation by the transformation that it is invariant to.

For a given function h(·), let Th = {T (·) : (h ◦ T )(·) = h(·)}. Then we have the following lemma.
Lemma 1. For any h1(·) and h2(·), Th1

⊂ Th2
if and only if there exists a function v(·) such that

h2(·) = (v ◦ h1)(·), and Th1
= Th2

if and only if there is an invertible function v(·) such that
h2(·) = (v ◦ h1)(·).

Proof. We only prove the former statement as the latter can be obtained as a corollary of the former.
The “if” direction is obvious.

Here we prove the “only if” direction. Let R1 and R2 be the range of h1(·) and h2(·), respectively.
For any w1 ∈ R1 and w2 ∈ R2, define Dh1,w1

= {x : h1(x) = w1} and Dh2,w2
= {x : h2(x) =

w2}. Then h2(·) = (v ◦ h1)(·) if and only if for any w2 ∈ R2, there is some w1 ∈ R1 such that
Dh1,w1

⊂ Dh2,w2
. Thus, the former claim holds if we can show the following: Th1

⊂ Th2
implies

that there is some w2 ∈ R2 such that Dh1,w1
⊂ Dh2,w2

for any w1 ∈ R1. We will prove this by
contraction.

Suppose there exists w1 such that Dh1,w1
6⊂ Dh2,w2

for any w2 ∈ R2. Because
⋃
w2∈R2

Dh2,w2

constitutes the whole space, there is some w2 such that Dh1,w1

⋂
Dh2,w2 6= ∅ and Dh1,w1 6⊂
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Dh2,w2
. Thus, Dh1,w1

\ Dh2,w2
6= ∅. Let x† denote a point in Dh1,w1

\ Dh2,w2
and let x′ a point

in Dh2,w2

⋂
Dh1,w1

. Define T∗ as the transformation such that T∗(x′) = x†, T∗(x†) = x′ and
T∗(x) = x for x 6= {x′, x†}. Then it is straightforward to verify that T∗ ∈ Th1

but T∗ /∈ Th2
, which

is a contradiction.

Thus g(·) can be characterized by Tg up to an invertible transformation. Define Cg = {g′(·) : g′(·) =
(v ◦ g)(·) for some invertible transformation v(·)}. For any g′ ∈ Cg , by defining

H′s =

{
(φ ◦ g)(·)

∣∣∣ φ(w) ∈ arg min
z

EPs [L(z, Y ) | g′(X) = w], a.s.

}
,

similar arguments as in the proof of Theorem 1 can showH′s ⊂ H∗. To train a model that generalizes
well on all the data distributions following the same causal mechanism, any g′(·) ∈ Cg is sufficient.
Thus, if Tg is known, to find a model belongs to H∗, one may firstly find an invariant feature map
g′(·) such that Tg′ = Tg and then obtain the model according to Theorem 1. However, finding a
g′(·) such that Tg′ = Tg is sometimes still a hard task.

For any function h(·), define Ih in the same way as Ig with g(·) replaced by h(·) in the definition.
We then have the following lemma.

Lemma 2. For any h1(·) and h2(·), if Ih1
⊂ Th2

, then there exists a function v(·) such that h2(·) =
(v ◦ h1)(·).

Proof. Like in the proof of Lemma (1), it suffices to show that Ih1
⊂ Th2

implies for any w1 ∈ R1,
there is some w2 ∈ R2 such that Dh1,w1

⊂ Dh2,w2
. We prove this by contraction.

Suppose there is some w1 such that Dh1,w1 6⊂ Dh2,w2 for any w2 ∈ R2. Because
⋃
w2∈R2

Dh2,w2

is the whole space, there is some w2 such that Dh1,w1

⋂
Dh2,w2

6= ∅ and Dh1,w1
6⊂ Dh2,w2

. Thus,
Dh1,w1

\Dh2,w2
6= ∅. Let x† be a point inDh1,w1

\Dh2,w2
and let x′ be a point inDh2,w2

⋂
Dh1,w1

.
According to the definition of essential invariant subset, because h1(x1) = h2(x2), there are finite
transformations T1(·), . . . , TK(·) ∈ Ig such that T̄ (x′) = x† where T̄ (·) = (T1 ◦ · · ·◦TK)(·). It can
be verified that Th2 is closed with respect to function composition. Hence, T̄ (·) ∈ Th2 . However,
h2(T̄ (x′)) = h2(x†) 6= w2 = h2(x′), which is a contradiction.

Restatement of Theorem 2 If Ps ∈ P , then

Hs ⊂ arg min
h

sup
T∈Tg

EPs
[L(h(T (X)), Y )],

whereHs is defined in (3).

Proof. It suffices to show that for all hs(·) ∈ Hs, we have

hs(·) ∈ arg min
h

sup
T∈Tg

EPs
[L(h(T (X)), Y )]. (10)

Note that hs(·) = (φs ◦ g)(·) for some φs(·) and hence is invariant to any transformation T (·) ∈ Tg .
We then have supT∈Tg EPs [L(hs(X), Y )] = EPs [L(hs(T (X)), Y )]. Thus, it suffices to prove that
for all h(·), there exists T (·) ∈ Tg such that

EPs [L(h(T (X)), Y )] ≥ EPs [L(hs(X), Y )]. (11)

According to axiom of choice, there is a choice function a such that a(w) ∈ Dg,w for almost every
w. Define T̃ to be a transformation such that T̃ (x) = a(w) for x ∈ Dg,w. Then T̃ (·) ∈ Tg and we
have

EPs
[L(h(T̃ (X)), Y ) | g(X) = w] = EPs

[L(h(a(w)), Y ) | g(X) = w]

≥ EPs [φs(w), Y ) | g(X) = w]

= EPs
[L(hs(X), Y ) | g(X) = w] a.s.

(12)

By taking expectation on both sides, we can obtain equation (11).
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B PROOF OF THEOREM 3

Restatement of Theorem 3 If Ps ∈ P , then

Hs = arg min
h

EPs [L(h(X), Y )] subject to h(·) = (h ◦ T )(·), ∀ T (·) ∈ Ig. (13)

where Ig is any causal essential set of g(·) andHs is defined in (3).

Proof. We first show

Hs ⊂ arg min
h

EPs
[L(h(X), Y )]

subject to h(·) = (h ◦ T )(·), ∀ T (·) ∈ Ig.

Note that the restriction in (13) is equivalent to Ig ⊂ Th. It suffices to show that

EPs
[L(h(X), Y )] ≥ EPs

[L(hs(X), Y )] (14)

for any h(·) with Ig ⊂ Th and for any hs(·) ∈ Hs. If Ig ⊂ Th, according to Lemma 2, there
exists v(·) such that h(·) = (v ◦ g)(·). By the definition of hs(·), there also exists φs(·) satisfying
hs(·) = (φs ◦ g)(·) and φs(w) ∈ arg minz EPs [L(z, Y ) | g(X) = w] for almost every w. Thus, we
have

EPs
[L(h(X), Y ) | g(X) = w] = EPs

[L(v(w), Y ) | g(X) = w]

≥ EPs [L(φs(w), Y ) | g(X) = w]

≥ EPs
[L(hs(X), Y ) | g(X) = w] a.s.

Then (14) follows by taking expectation.

Next we show the opposite inclusion to prove (13). Suppose h∗(·) is a solution to the optimization
problem in (13). Then according Lemma 2, there is some v∗(·) such that h∗(·) = (v∗ ◦ g)(·). Let
hs(·) = (φs ◦ g)(·) ∈ Hs. Then

EPs
[L(h∗(X), Y ) | g(X) = w] = EPs

[L(v∗(w), Y ) | g(X) = w]

≥ EPs
[L(φs(w), Y ) | g(X) = w]

= EPs [L(hs(X), Y ) | g(X) = w] a.s.,

(15)

by definition. Because h∗(·) is a solution to the minimization problem, we have

EPs
[L(h∗(X), Y )] = EPs

[L(hs(X), Y )].

Combining this with (15), we have

EPs
[L(h∗(X), Y ) | g(X) = w] ≤ EPs

[L(hs(X), Y ) | g(X) = w] a.s. (16)

This implies

EPs
[L(v∗(w), Y ) | g(X) = w] ≤ EPs

[L(φs(w), Y ) | g(X) = w]

= min
z

EPs
[L(z, Y ) | g(X) = w] a.s.

Thus, we conclude that v∗(w) ∈ arg minz EPs [L(z, Y ) | g(X) = w].

C MORE EXPERIMENTAL RESULTS

C.1 TOY EXAMPLE AND SIMULATION

In the following toy example, we are able to construct an explicit formulation of the causal essential
invariant set.

Example 1. Let X be a non-singular 2 × 2 matrix and X(j) be the j-th column of X for j =
1, 2. Suppose that g(X) is the area of the triangle formed by the two points X(1), X(2) and the
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origin. Then it is not hard to show that {TR,θ(·), TS,a(·), TM (·), TP (·), TI(·) | θ ∈ [0, π/4], a ∈
[2/3, 3/2]} is an essential invariant set of g(·), where

TR,θ(X) =

(
cos θ − sin θ
sin θ cos θ

)
X, TS,a(X) = X

(
a 0
0 a−1

)
,

TM (X) = X

(
−1 0
0 1

)
, TP (X) = X

(
1 1
0 1

)
,

TI(X) = X

(
−1 0
0 −1

)
.

Here TR,θ(·) rotates the triangle with θ degree clockwise, and TS,a(·) scales the two edges (one
connects X(1) to the origin and the other connects X(2) to the origin) of the triangle with a and
a−1 times, respectively. TM (·) mirrors the triangle with respect to the x-axis. TP (·) transforms
the triangle to another triangle with same base and height, and TI(·) transforms the the triangle to
another one that is symmetric with respect to the origin. All these transformations are known to
keep the triangle area unchanged based on elementary geometry.

Now we verify the effectiveness of the proposed method in the main body using this example.

Data. We consider the following data generation process:

X(1) ∼ N(0, I2), X(2) ∼ N(0, 2I2), X = (X(1), X(2)),

ε ∼ N(0, 1), η =
aΦ−1(π−1α) + ε√

a2 + 1
,

Y = |det(X)|+ η,

(17)

where I2 is the identity matrix of order 2, Φ(·) is the cumulative distribution function of standard
normal distribution. In this data generation process, |det(X)| is the area of the triangle formed by
X(1), X(2) and the origin, and is the causal feature in this example. Here α is the angle between
(X(1) + X(2))/2 and x-axis, and is correlated with Y in certain domains, with a a parameter that
reflects this correlation. However, this correlation is a spurious correlation that changes across
domains, i.e., a is set to be different in different domains. In the training population, we pick
a = −3. We then generate i.i.d. samples of size 1, 000, denoted by {(Yi, Xi)}1000i=1 , and train a
model h(X,β) with parameter β to predict Y based on these generated samples.

Model. For any 2× 2 matrix

X =

(
X11 X12

X21 X22

)
,

let
v(X) = (1, X11, X21, X12, X22, X

2
11, X

2
21, X

2
12, X

2
22,

X11X21, X11X12, X11X22, X21X12, X21X22, X12X22)T.

The model is
hβ(X) = ReLU(βT

[1]v(X)) + βT
[2]v(X),

where β = (βT
[1], β

T
[2])

T is the model parameter. We pick this model because we have known that
|det(X)| is a function of v(X), and there is some β∗ such that hβ∗(X) = |det(X)|.

Method. Based on the essential invariant set given in Example 1, we define five invariant transfor-
mations

T1(X) =

(
cos π

12 − sin π
12

sin π
12 cos π

12

)
X, T2(X) = X

(
1.1 0
0 1.1−1

)
,

T3(X) = X

(
−1 0
0 1

)
, T4(X) = X

(
1 1
0 1

)
,

T5(X) = X

(
−1 0
0 −1

)
.
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For ease of notation, we let T0(X) = X be the identity transformation. We learn the model param-
eter by minimizing four different loss functions, namely, the empirical risk

1

n

n∑
i=1

(Yi − hβ(Xi))
2,

the average risk over different transformations

1

n

5∑
k=0

n∑
i=1

(Yi − hβ(Tk(Xi)))
2,

the maximal risk over different transformations

max
k=0,...,5

{
1

n

n∑
i=1

(Yi − hβ(Tk(Xi)))
2

}
,

and the RICE loss function

1

n

n∑
i=1

(Yi − hβ(Xi))
2 + λ max

k=0,...,5

{
1

n

n∑
i=1

(hβ(Xi)− hβ(Tk(Xi))
2

}
,

where n = 1000. In the implementation of RICE, for the given quantities l0, · · · , l5, we re-
place the maximum maxk=0,...,5{lk} in the above losses with the softmax weighting quantity∑5
k=0 exp(0.2lk)lk/

∑5
k=0 exp(0.2lk), for ease of computation.

Results. The resulting model is evaluated on i.i.d. sample generated following the data genera-
tion process (17) with different a. The following figure plots the squared prediction error of the
four methods on test data with different values of a. Each reported value is the average over 200
simulations.
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Figure 2: Squared prediction error on test data from distributions with different values of a.

It can be seen that when the test distribution has similar spurious correlations as the training popula-
tion, minimizing the empirical risk performs the best among the four methods. However, it performs
the worst if an opposite spurious correlation appears in the test population. The RICE algorithm has
the best worst-case performance, which is consistent with our theoretical analysis. Moreover, the
RICE algorithm seems successfully capture the invariant causal mechanism across different environ-
ments, as its prediction errors under different test distributions are stable and close to the variance
of the intrinsic error η.
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Table 4: Hyperparameters of the proposed RICE on C-MNIST, PACS, and VLCS.

Dataset C-MNIST PACS VLCS
Learning Rate 0.1 5e-5 5e-5

Batch Size 128 32 32
Weight Decay 5e-4 0 0

Drop Out 0 0.1 0.1
Epoch 20 20 20
λ0 0.25 0.5 0.5
β1 0.9 0.9 0.9
β2 0.999 0.999 0.999

C.2 HYPERPARAMETERS

We summarize the hyperparameters of the proposed RICE for C-MNIST, PACS, and VLCS datasets
in Table 4. The learning rate is decayed by 0.2 at epoch 6, 12, and 20.

C.3 ABLATION STUDY

In Section 5, for the experiments on PACS and VLCS, we collect training data from several domains
for the proposed RICE. However, our theory in Section 3.3 requires only a single domain. Thus, in
this subsection, we study the performance of RICE with single domain training data.

Our experiments are conducted on both PACS and VLCS. All the hyperparameters are set to be same
with those in Section 5, except the number of training domains—we only use single domain data and
hence less training samples for each single experiment. For example, for PACS, if the test domain
is sketch, then we run RICE on training data from one of the three other domains (photo, art and
cartoon) and report the accuracy on the test domain. To run RICE, the data generated by CycleGAN
are used as augmented data and in the regularization term. For a fair comparison, we do not use the
CycleGAN that transfer from training domain to test domain and adopt similar experimental settings
for ERM.

The results are summarized in Figure 3. We can see that RICE performs much better than the
baseline method ERM, which verifies our theoretical conclusions in Theorem 3. Besides, the test
accuracy on the target domain can be quite high even when the model is trained using data from a
single domain. For example, on VLCS dataset, when test data is from SUN09 domain, the model
trained on VOC2007 domain even exhibits a better OOD generalization than the model trained on
data from three domains. This implies that, for OOD generalization problem, the number of domains
may not be crucial to the performance as long as some representative CITs are available.

C.4 GENERATED DATA

Our experiments in the main body involve generating causally invariant images. In this subsec-
tion, we present visualizations of some generated images for a better understanding of the proposed
algorithm.

C-MNIST Figure 4 shows some C-MNIST images. As seen from the training set, there exist spu-
rious correlations between the colors of the foreground or background and the category. However,
the correlation disappears in the test set, as the foreground and background colors are randomly
assigned.

PACS We also present some transformed data from PACS dataset generated by CycleGAN. The
CycleGAN is used to simulate CITs as we have clarified the main body of this paper. As the data
in PACS come from 7 categories, for each category we pick 4 pictures respectively from domains
{photo, art, cartoon, sketch}. The transformed images are shown in Figure 5, where the columns
correspond to the styles of {photo, art, cartoon, sketch}, respectively.

Let us look at these generated data over different domains. For the generated images of the photo
domain (the first column), the trained CycleGAN tends to alter its color of foreground and add a
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(a) Photo (b) Art

(c) Cartoon (d) Sketch

(e) VOC2007 (f) LabelMe

(g) Caltech101 (h) SUN09

Figure 3: Performance of RICE and ERM on the PACS (a-d) and VLCS (e-h) datasets with training
data from single domains. Figure title indicates the test domain, and the blue dashed line represents
the test accuracy when the training data are from three domains, as reported in Section 5.
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(a) Training data in C-MNIST (b) Test data in C-MNIST

Figure 4: Images of the C-MNIST dataset.

background, especially when the original images are from the cartoon and sketch domains. Similar
trends exhibit in the generated data of the art domain (the second column). In contrast to the two
aforementioned domains, the generated cartoon data in the third column remove the background (if
exists) while keep or alter the color of the foreground. The generated sketch data (the fourth column)
are more likely to be a grayscale view of the original images. However, for each generated image,
the shape of its foreground (i.e., the casual feature to decide the category) does not change when we
vary the domains.

The proposed algorithm RICE regularizes the model to encourage the model to be invariant under
the CITs, i.e., invariant to the changes of spurious features. This enables the model to be robust
to the misleading signal from spurious features and to make predictions via the casual feature. For
example, for the dog images in the last row of Figure 5c, which are generated from the images of
cartoon style (the third column), the generated dog image of photo style (the first column) has a
grass background. However, RICE requires the model to exhibit similar outputs for the two images,
hence breaking the spurious correlation between dog and grass.

VLCS Similar to PACS, we present some of the domain transformed data from VLCS dataset
generated by CycleGAN. We pick 4 pictures respectively from domains {VOC2007, LabelMe, Cal-
tech101, SUN09} for each of the 5 categories in VLCS. Then we vary the domains of these picked
data using the trained CycleGAN models. The transformed data are visualized in Figure 6.

The generated VLCS images exhibit similar behaviors as PACS. Specifically, for a given image from
a certain domain, the CycleGAN model tends to deterministically vary the color of the background
according to the domains. Thus, the reasoning about the effectiveness of RICE on PACS also applies
here.

C.5 BENCHMARK ALGORITHMS

• Empirical Risk minimization (ERM) pools together the data from all the domains and then
minimizes the empirical loss to train the model. Notice that here an ImageNET pre-trained
model is used.
• Marginal Transfer Learning (MTL, Blanchard et al., 2021) use the mean embedding of the

feature distribution in each domain as an input of the classifier.
• Group Distributionally Robust Optimization (GroupDRO, Sagawa et al., 2020) minimizes

the largest loss across different domains.
• Domain-Adversarial Neural Networks (DANN, Ganin et al., 2016) use adversarial net-

works to match the feature distribution in different domains.
• Invariant Risk Minimization (IRM, Arjovsky et al., 2019) learns a feature representation

such that the optimal classifiers on top of the representation is the same across the domains.
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(a) original domain: photo (b) original domain: art

(c) original domain: cartoon (d) original domain: sketch

Figure 5: Synthetic data of PACS generated by CycleGAN. Columns from left to right correspond to
domains of {photo, art, cartoon, sketch}, respectively. Figure title indicates the domain of original
data, based on which the data of the rest domains in the figure are generated by CycleGAN.
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(a) original domain: VOC2007 (b) original domain: LabelMe

(c) original domain: Caltech101 (d) original domain: SUN09

Figure 6: Synthetic data of VLCS generated by CycleGAN. Columns from left to right correspond
to domains of {VOC2007, LabelMe, Caltech101, SUN09}, respectively. Figure title indicates the
domain of original data, based on which the data of the rest domains in the figure are generated by
CycleGAN.
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