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ABSTRACT

Sharpness-Aware Minimization (SAM) has emerged as a powerful method for im-
proving generalization in machine learning models by minimizing the sharpness
of the loss landscape. However, despite its success, several important questions re-
garding the convergence properties of SAM in non-convex settings are still open,
including the benefits of using normalization in the update rule, the dependence
of the analysis on the restrictive bounded variance assumption, and the conver-
gence guarantees under different sampling strategies. To address these questions,
in this paper, we provide a unified analysis of SAM and its unnormalized vari-
ant (USAM) under one single flexible update rule (Unified SAM), and we present
convergence results of the new algorithm under a relaxed and more natural as-
sumption on the stochastic noise. Our analysis provides convergence guarantees
for SAM under different step size selections for non-convex problems and func-
tions that satisfy the Polyak-Lojasiewicz (PL) condition (a non-convex generaliza-
tion of strongly convex functions). The proposed theory holds under the arbitrary
sampling paradigm, which includes importance sampling as special case, allow-
ing us to analyze variants of SAM that were never explicitly considered in the
literature. Experiments validate the theoretical findings and further demonstrate
the practical effectiveness of Unified SAM in training deep neural networks for
image classification tasks.

1 INTRODUCTION

Consider the classical finite-sum optimization problem

) 1 n
min [f(ﬂ?) = ;fi(x)] . (D

where each f; is differentiable, L;-smooth and lower bounded. Let X™* be the set of minimizers
of f, which we assume is non-empty. In practical scenarios, the variable x represents the model
parameters, n is the total number of training instances and the functions f; are loss functions that
measure how close our model is to the ¢-th training data point. The goal is to minimize the average
loss of all training instances.

Understanding the generalization capabilities of overparameterized deep neural networks is a cen-
tral concern in machine learning research, (Zhang et al., 2021). The training objective function f
has numerous global optima that perfectly fit the training data, (Liu et al., 2020); however, these
different global optima can lead to dramatically varying generalization performances. Empirical
observations indicate that stochastic gradient descent (SGD) tends to converge to solutions with
good generalization properties, even in the absence of regularization methods (Zhang et al., 2021).
This phenomenon suggests that minimizing the training objective using a specific algorithm and
initialization strategy can lead to convergence toward a solution with better generalization.

Recent studies have observed that the sharpness of the training loss, that is how rapidly it changes
in a neighborhood around the model’s parameters, correlates strongly with the generalization error
(Keskar et al., 2016; Jiang et al., 2019). Additionally, generalization bounds related to sharpness
have been derived (Dziugaite & Roy, 2018). This observation has motivated recent works (Foret
et al., 2021; Zheng et al., 2021; Wu et al., 2020) aiming to minimize sharpness to improve gener-
alization. More specifically, building on these ideas Foret et al. (2021), proposed reformulating the
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optimization problem in (1) into a min-max problem of the following form:

e e
where ¢ represents the radius of the desired neighborhood. The merits of such a formulation reside
in the fact that essentially we minimize the empirical sharpness measure max .| <, f(z+¢) — f(z),
which inevitably will lead to flatter minima. The objective now is to find x that minimizes f not just
at a specific point but across the entire e-neighborhood. By taking the first-order Taylor expansion of
f around z and solving for the optimal £*, the (Normalized) Sharpness-Aware Minimization (SAM)
update rule is obtained:

t+1 ot t Vs, (z')
xz =T rytVfSt (‘T" + Pt HVfo (Zt)” ’ (SAM)

where S; C [n] is a random subset of data points (mini-batch) with cardinality 7 sampled in-
dependently at each iteration . The normalization of the inner gradient ensures that the point

it
it = at + pt% is a good approximation of x!, since ||#* — z!|| = p;. This leads to a

more stable optimization process, as explained in Dai et al. (2023).

In an orthogonal direction and building upon SAM, Unnormalized Sharpness-Aware Minimization
(USAM) was introduced by Andriushchenko & Flammarion (2022) and further investigated in Shin
et al. (2024); Dai et al. (2023). The update rule for USAM is defined as follows:

2t =gt — VS, (' + peV fs, (2h)) . (USAM)

In contrast to SAM, USAM omits the normalization thus the point Z* can be potentially far from z°
making the *’s of USAM updates much larger. This means that the removal of normalization can
lead to much more aggressive steps making the USAM potentially more unstable.

Although the two variants appear closely related, the proof techniques and upper bounds used in
the convergence analysis of SAM are substantially different from those in USAM. Furthermore, the
convergence guarantees of the two variants vary significantly. For example, in the deterministic
setting (full-batch), SAM guarantees convergence only to a neighborhood of the solution, whereas
USAM does not. Additionally, the step sizes v; and p; used in the two update rules to guarantee
convergence are very different. All of these differences motivate the importance and necessity of a
novel general analysis of SAM-type algorithms, unifying the two main variants (SAM and USAM)
and providing the ability to design and analyze new SAM-like methods filling existing gaps in the
theoretical understanding of the update rules.

In this work we develop such unified framework that allows the combination of the two approaches
and, at the same time, obtains the best-known convergence guarantees under relaxed assumptions.

Main Contributions. Our main contributions are summarized below.

¢ Unified Framework. We propose the Unified SAM, an update rule that is a convex combination
of SAM and USAM, given by:

A
et =gt — Vs, (2! 11—\ t) Vs, (z! > Unified SAM

Yt .fSt ( +pt< t+ ||stt(3;‘t)|| fSt,( ) ( )
where A € [0,1]. The new formulation captures both USAM and SAM as special cases (A = 0
and A = 1, respectively), but more importantly, it opens up a wide range of possible update rules
beyond these traditional settings. The unified framework offers the flexibility to adjust the degree of
normalization (using different values for \) based on specific model needs, offering a more versatile
approach to SAM.

¢ Technical Assumptions on the Stochastic Noise. Existing convergence analyses of stochastic
SAM rely heavily on the bounded variance assumption, that is, there exists a ¢ > 0 such that
E||Vfs,(x) — Vf(x)||> < 02, (Andriushchenko & Flammarion, 2022; Si & Yun, 2023; Li &
Giannakis, 2023; Harada & liduka, 2024; Mi et al., 2022; Zhuang et al., 2022) or sometimes to
the much stronger bounded gradient condition E ||V fs, (z)||? < ¢°, where ¢ > 0 (Mi et al., 2022;
Zhuang et al., 2022). While these assumptions have been crucial in previous analyses, they can be
overly restrictive. In the literature of convergence analysis for stochastic gradient descent (SGD),



Under review as a conference paper at ICLR 2025

Work Assumptions Arbitrary SAM Variant
Sampling?

PL functions

(Andriushchenko & Flammarion, 2022) BV X USAM

(Shin et al., 2024) Interpolation X USAM

(Dai et al., 2023) Deterministic X USAM

Theorems 3.2 and 3.5 ER v Unified SAM

General Non-convex functions

(Mi et al., 2022) BV, BG X SAM/SSAM

(Zhuang et al., 2022) BV, BG X GSAM

(Andriushchenko & Flammarion, 2022) BV X USAM

(Li & Giannakis, 2023) BV X SAM

(Si & Yun, 2023) BV X SAM

Theorem 3.7 ER v Unified SAM

Table 1: Summary of the convergence results in the SAM literature. In all works, smoothness is
assumed. The top part of the table is for PL functions and the lower part is for general non-convex
functions. Here BV = Bounded Variance, BG = Bounded Gradients.

there have been a lot of efforts recently on relaxing such assumptions (Gower et al., 2019; Khaled &
Richtérik, 2020; Gower et al., 2021), but, to date, no work has successfully used similar ideas for the
analysis of SAM. In our analysis, we relax the bounded gradients/variance assumptions by utilizing
the recently proposed Expected Residual (ER) condition Gower et al. (2021); Khaled & Richtarik
(2020). As we explain later, in several scenarios, including smooth non-convex problems, ER holds
for free and allows us to provide step sizes for SAM related to the sampling strategies.

¢ Convergence guarantees for Unified SAM. We provide tight convergence guarantees for Uni-
fied SAM, for smooth functions satisfying the Polyak-Lojasiewicz (PL) condition (Polyak, 1987;
Lojasiewicz, 1963; Karimi et al., 2016) and for general non-convex functions. See also Table 1 for
a summary of our results and comparison with closely related works.

* PL functions: For constant step-sizes -y and p we prove linear convergence for Unified SAM to a
neighborhood of the solution. Our theorem holds without requiring the much stronger assumptions
of interpolation condition or the bounded variance assumption of previous works (Andriushchenko
& Flammarion, 2022; Shin et al., 2024). Additionally, we prove that for decreasing step sizes ;
and p;, the Unified SAM converges to the exact solution with a sublinear O(1/t) rate (under
the ER condition). Our theoretical results hold under the arbitrary sampling paradigm and, as
such, can capture tight convergence guarantees in the deterministic setting. For PL functions in
the deterministic setting (full-batch SAM), we show that USAM converges to the exact solution,
while SAM does not. This observation was first noted by Si & Yun (2023) for deterministic
algorithms. To the best of our knowledge, our work is the first that provides tight convergence
guarantees, showing this behaviour as a special case of stochastic algorithms.

* Non-convex functions: Under the ER condition, we show that for general non-convex func-
tions Unified SAM with step sizes that depend on 7' (the total number of iterations) achieves
E|Vf(2T)| < e for a given ¢ at a sublinear rate. This is the first result that drops the bounded
variance assumption for both USAM and SAM, (Andriushchenko & Flammarion, 2022; Li &
Giannakis, 2023), and substitutes it with the Expected Residual condition.

Finally, as corollaries of the main theorems for the above two classes of problems, we obtain the
state-of-the-art convergence guarantees for SGD (a special case of SAM with p = 0), showing the
tightness of our analysis.

o Arbitrary Sampling. Via a stochastic reformulation of the finite sum problem (1), firstly in-
troduced in Gower et al. (2019), we explain how our convergence guarantees of Unified SAM hold
under the arbitrary sampling paradigm. This allows us to cover a wide range of samplings for USAM
and SAM (and their convex combination via A € [0, 1]) that were never considered in the literature
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before, including uniform sampling and importance sampling as special cases. In this sense, our
analysis of Unified SAM is unified for different sampling strategies.

o Numerical Evaluation. In Section 4, we present extensive experiments validating different as-
pects of our theoretical results (behavior of methods in the deterministic setting, importance sam-
pling, and different step-size selections). We also assess the performance of Unified SAM in training
deep neural networks for multi-class image classification problems. The code for reproducing all
experiments is included as supplementary material with our submission.

2  UNIFIED SAM WITH ARBITRARY SAMPLING

In this work, we provide a theoretical analysis of Unified SAM that allows us to obtain convergence
guarantees of any minibatch and reasonable sampling selection.

We are able to do that by leveraging the recently proposed ‘“‘stochastic reformulation” of the
minimization problem (1) from Gower et al. (2019; 2021). Following an identical setting to
Gower et al. (2021), we assume that we have access to unbiased gradient estimates g(z) € R?
such that E[g(z)] = Vf(z). For example, we can have g(z) = 1. o Vfi(z) to be a
mini-batch, where S C [n] is chosen uniformly at random with |S| = 7. To accommo-
date any form of mini-batching, we utilize the arbitrary sampling notation g(z) = Vf,(z) :=
LS v Vfi(z), where v € R? is a random sampling vector drawn from a distribution D
such that Ep[v;] = 1, for i = 1,...,n. Then the original problem (1) can be reformulated as
min,ege Ep [fo(z) := 2 3" v;f;(x)]. Note that it follows immediately from the definition of
sampling vector that E[g(z)] = 1 3" | E[v;]V fi(z) = Vf(z). Using this reformulation of the

original problem, the update rule of Unified SAM can be rewritten as follows:

A
o =2t — g (xt + pt (1 — At + ”(tt)> g(xt)> , (Unified SAM)
g(x
where g(x') ~ D is sampled i.i.d at each iteration and p; > 0, ¢ > 0 and \; € [0, 1]. The name
unified stems from the fact that the update rule indeed unifies both USAM and SAM, however, we
acknowledge that there exist other SAM-like variants that our approach does not cover.

Arbirtary Sampling. Using the stochastic reformulation, the update rule of Unified SAM includes
several variants of the algorithm, each related to different sampling, by simply varying the distri-
bution D (that satisfies Ep[v;] = 1,Vi € [n]). This flexibility implies that different choices of D
lead to distinct SAM-type methods (never proposed in the literature before) for solving the original
problem (1). In this work we focus on two representative sampling distributions, without aiming to
be exhaustive:

1. Single element sampling: We choose only singleton sets S = {i} for i € [n],i.e. P[|S]| =1] =
1. Each number i is sampled with probability p; € [0, 1] or more formally the vector v € R"
is defined via P[v = €;/p;] = p;, where >, p; = 1. It is clear that E[v;] = 1. For example,
when p; = 1/n for all 4 then this reduces to the well-known uniform sampling.

2. 7-nice Sampling: Let 7 € [n]. We generate a random subset S C [n] by choosing uniformly
from all subsets of size 7. More formally, the vector v € R™ is defined by Plv = 237, e :=

/(M) = w for any subset S C [n] with |S| = 7. Using a double counting argument, one
can show that E[v;] = 1, see Gower et al. (2019).

Importantly, our analysis applies to all forms of mini-batching and supports various choices of sam-
pling vectors v. Later in Section 3.4, we provide additional details on non-uniform single element
sampling strategies. In addition, it is clear that if 7 = n in the 7-nice sampling then we recover the
full batch or deterministic regime. Later in Section 3.2, we further demonstrate how our analysis
encompasses deterministic SAM and USAM as special cases.

3 CONVERGENCE ANALYSIS

In this section, we present our main convergence results. Firstly, we introduce the main assumption
for our results, namely the Expected Residual (ER) condition. Then we focus on PL functions,
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where we demonstrate a linear convergence rate using constant step sizes, and also provide a variant
with decreasing step sizes for convergence to the exact solution. Moreover, we extend the analysis
to general non-convex functions. Lastly, we discuss the use of importance sampling.

3.1 MAIN ASSUMPTION
In all our theoretical results, we rely on the Expected Residual condition.

Assumption 3.1 (Expected Residual Condition). Let f™ = inf,cg» f(x). We say the Expected
Residual condition holds if there exist parameters A, B, C' > 0 such that for an unbiased estimator
g(z) of V£(z), we have that for all z € R?

Ep llg(@)I* < 24[f(z) — ] + BI[Vf(2)|* + C. (ER)

Most prior works in the SAM literature assume either bounded gradients (e.g., Mi et al. (2022);
Zhuang et al. (2022)) or bounded variance (e.g., Andriushchenko & Flammarion (2022); Harada &
liduka (2024)). Both conditions are stronger assumptions than ER. Note that the bounded gradients
assumption is captured by ER for A = B = 0, C' > 0, while the bounded variance is obtained for
A =0,B =1,and C > 0. For a detailed analysis of other conditions that automatically satisfy
ER, see Gower et al. (2021) and Khaled & Richtarik (2020). Finally, when each f; is L;-smooth
under mild assumptions on the distribution D, one can show that ER holds immediately (not an
assumption but property of the problem) and has closed-from expressions for the constants A, B,
and C. For more details on the expressions A, B, and C in this scenario, please check Appendix B.

3.2 PL FUNCTIONS

One of the popular generalizations of strong convexity in the literature is the Polyak-Lojasiewicz
(PL) condition, (Karimi et al., 2016; Lei et al., 2019). We formally define this condition in Defini-
tion A.2 and here we establish linear convergence of Unified SAM for functions that satisfy it.

Theorem 3.2. Assume that each f; is L;-smooth, f is u-PL and the ER is satisfied. Set Ly,,x =
max;c[y Li and let

I p oy < = Imaxp (4 2[Bpu + AJ(1 = V)
" Lumax (1 +2[Bp + A(1 = A)?)’ T 2Lmax(Bp+ A) 207,07 (L= A2 + 1]
Then for Unified SAM it holds
E[f(z") - f(z*)] £ (1 =)' [f(@°) — f(z*)] + N,
where N = Lmax (O + p(1 4 2yL2,, p) [N + C(1 — N)?]).

m m

As an immediate corollary of Theorem 3.2 we get the following guarantees for USAM and
SAM.

Corollary 3.3. Make the same assumptions as Theorem 3.2.

—Lmax Bu+A ]
and v < 2Lﬁfnax(Bui(Zi22[L?ﬂZx+p2]+)1]‘ Then for USAM it holds

Lmaxc

o ° . ow
USAM: Let p < T (i 3B A])

E[f(z") = f(z")] < (1 — ) [f(z°) = f(z")] + (v + p(1 +29L30xp)) -

o SAM: Let p < ﬁ and v < %m. Then for SAM it holds

BLf (@) = £(@)] £ (1= )" [£(a9) = F(@)] + “22 (07 + p(1+ 27 L))

To the best of our knowledge, all prior convergence results for (stochastic) SAM have relied on
the strong assumption of bounded variance, as seen in works like Andriushchenko & Flammarion
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(2022), Si & Yun (2023), Li & Giannakis (2023) and Harada & Iiduka (2024). In contrast, the above
theorem is the first to establish convergence for SAM without relying on this assumption. The closest
related works on the convergence of constant step size SAM for PL functions are Shin et al. (2024)
and Dai et al. (2023). The former provides a linear convergence rate for USAM in the interpolated
regime, while the latter establishes a linear convergence rate for USAM in the deterministic regime.
Our result is the first to demonstrate linear convergence in the fully stochastic regime. Additionally,
when p = 0, Unified SAM reduces to SGD, and Theorem 3.2 recovers the step sizes and rates (up
to constants) of Theorem 4.6 from Gower et al. (2021), demonstrating the tightness of our results.

Notice that the constant C' from the ER and the parameter A control the neighborhood of the con-
vergence. In particular, in the deterministic regime, the ER holds trivially with A = 0, B = 1 and
C = 0. Under these conditions, Theorem 3.2 simplifies as follows.

Corollary 3.4 (Deterministic SAM). Let f be L-smooth and p-PL function. Let p <

1 1-Lp(142(1-1)?) . .
TaF2=ND) and v < 3L, PP (1= 7+ Then for Unified SAM it holds

Lp(1 + 2yL?p)\?

E[f(z') = f(z")] < (1 — )" [f(2°) = f(z)] + u
First, observe that the PL. parameter 1+ no longer appears in the step sizes p and ~y. Additionally,
when A = 0, i.e. USAM, the method converges to the exact solution at a linear rate. However,
for A\ > 0, and in particular when A = 1 (SAM), convergence is only up to a neighborhood. This
suggests that even in the deterministic setting, SAM does not fully converge to the minimum. This
was first investigated in Si & Yun (2023) and a similar result appear in Dai et al. (2023). We illustrate
this phenomenon experimentally in Section 4.1.

Finally, as an extension of Theorem 3.2, we also show how to obtain convergence to exact solution
with an O(1/t) rate for Unified SAM using decreasing step sizes.

Theorem 3.5. Assume that each f; is L;-smooth, f is u-PL and the ER is satisfied. Let p; =

min {ﬁ, p*} and ~; = min { (tzj;_)éu e }, where p* and v* are the upper bounds of p and ,

respectively, in Theorem 3.2. Then for Unified SAM it holds E[f (z') — f(z*)] < O (3).

The detailed expression hidden under the big O notation can be found in Appendix C. A similar
result appears in Andriushchenko & Flammarion (2022) where they provide decreasing step size
selection for USAM for PL functions and prove a convergence rate of O(1/t). However, their result
relies on the additional assumption of bounded variance. In contrast, our theorem does not require
this assumption and is valid for any A € [0, 1]. Notably, to the best of our knowledge, this is the first
decreasing step size result for SAM.

3.3 GENERAL NON-CONVEX FUNCTIONS

In this section, we remove the PL assumption and work with general non-convex functions for
Unified SAM. First, we start with a general proposition that upper bounds the quantity E |V f (x?)]|.
Our approach follows a similar derivation to the analysis of SGD in the same setting by Khaled &
Richtarik (2020).

Proposition 3.6. Assume that each f; is L;-smooth and the ER is satisfied. Let p <
min { L 1(17/\)2 } and v < gz7—. Then for Unified SAM it holds

. 2 (1 + 247 Lnax [p(1 = N)*(1 +29pL2) +9])"
_gmin 7 [£(=°) = 1]

+ 2Lmax [C7 + p(1 + 2vpL2 ., )(A* + C(1 = X)?)] .

In order to control the exponential convergence term of the previous theorem we need to carefully
select the step sizes p and ~y. This is what the following theorem achieves.
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Theorem 3.7. Let ¢ > 0 and set 6y = f(xo) — ™ > 0. For any p = p and v = 7. Provided that

00 Lmax 5184 LmaxA%(1 — N\)*6y 86450A 144C
T> =2 max{96B,24(1 — AV 3Lmax A, = e

)

288L2 (1 —X)?
52

the iterates of Unified SAM satisfy min,—o . r—1 E ||V f(z')| <e.

For the precise expressions of p and 7 we refer to Theorem C.4. The results in Proposition 3.6
and Theorem 3.7 are tight, as setting p = 0 Unified SAM reduces in SGD and these simplify to the
step sizes and rates (up to constants) of Theorem 2 and Corollary 1 from Khaled & Richtarik (2020).
Other results for general non-convex functions can be found in Mi et al. (2022), Zhuang et al. (2022)
and Li & Giannakis (2023) for SAM and in Andriushchenko & Flammarion (2022) for USAM.
However, as mentioned earlier, all these analyses rely on the strong assumption of bounded variance
and/or bounded gradients. In contrast, our result uses weaker assumptions and offers guarantees for
any A € [0, 1]. Furthermore, Khanh et al. (2024) have results for general non-convex functions in the
deterministic setting though all their results are asymptotic. Another closely related work is Nam
et al. (2023), where they also assume the expected residual condition, however, they additionally
assume bounded gradient of f and their results are only asymptotic and hold almost surely.

3.4 BEYOND UNIFORM SAMPLING: IMPORTANCE SAMPLING

In our contributions, we highlighted that this work is the first to offer a theoretical justification
for applying importance sampling in SAM. Importance sampling refers to selecting probabilities
that optimize convergence rates, with our focus being on single-element sampling. To derive the
importance sampling probabilities, we substitute the bounds for A, B, and C from Proposition B.2
into the sample complexity obtained in Theorem 3.7, resulting in the following:

5184L L;\2 4
8Lmax  Li “pzr#(max; 54)°(1 — A)%d
max{24(1—>\) X max —t, " ( f’)( ) ,
nrt L 77} &€

50Lmax
e2

T>

86430 o L; 288 L x 2 2
oy Max; v ST max; o 288L2 .. (1 —X)
2 ) e2 ) 2

& 9

Now we need to optimize the quantity max; an?i over the probabilities (p;). Thus we get
L;
bi==n 5
' Z_T:l L]
which is precisely the Importance Sampling, see also Gower et al. (2019).

2

4 NUMERICAL EXPERIMENTS

In this section, we evaluate our proposed step sizes for Unified SAM on both deterministic and
stochastic PL problems, with experiments designed to illustrate our theoretical findings. Addition-
ally, we explore different values of A when training deep neural networks to improve accuracy.

4.1 VALIDATION OF THE THEORY

In this part, we empirically validate our theoretical results and illustrate the main properties of
Unified SAM that our theory suggests in Section 3. In these experiments, we focus on ¢2-regularized
regression problems (problems with strongly convex objective f and components f; and thus PL)
and we evaluate the performance of Unified SAM on synthetic data. The loss function of the ¢5-
regularized ridge regression is given by

1 1

p
I B2 2 _ = S D N Ar 2
@) = s =P+ Alel? = 50 3 (Alide 8" + ol

n
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and the loss function of the /5-regularized logistic regression is given by

Fla) = 5= S log (1 + exp (~biAfi, Ja)) + o ]
=1

In both problems A € R"*4, b € R™ are the given data and A\, > 0 is the regularization parameter.

Normalized SAM converges only in neighborhood. In
Corollary 3.4 we highlight that our theoretical results in-
dicate that in the deterministic case, USAM achieves lin- 1 e a=00

ear convergence to the exact solution. In contrast, when N
A > 0, and specifically for SAM (A = 1), convergence —— 4=03

is only to a neighborhood of the solution, an unusual out-

f(x0) — f(x™)
> >
oo
oo
LS

f(xk) — fix")

come for deterministic optimization methods. We vali- T Aot . +
date this observation experimentally in Figure 1. We run a el e A=08

ridge regression problem with n = 100, d = 100, A, = 0. el 2200 \
The matrix A has been generated according to Lenard e
& Minkoff (1984) such that the condition number of A Iterations

is 10 and the vector b has been sampled from the stan- _, C .
dard Gaussian distribution. We havepused the determin- Figure .1: Deterministic Umﬁed SAM
istic Unified SAM for A = 0.0,...,1.0 and we run each fpr various Yalues of A applied to the
algorithm for 50 epochs. Indeed we can see that USAM ridge regression problem. USAM A -
(A = 0) converges all the way to the exact solution while 0) converges to the exact solution while
the other choices of A converge to a neighborhood. It is thg other variants A > 0 converge 0 a
also noteworthy that the neighborhood increases as A ap- neighborhood of the solution.

proaches 1.

Constant vs Decreasing Step size. In this part, we compare the performance of Unified SAM
under both constant and decreasing step size regimes, as described in Theorem 3.2 and Theorem 3.5,
respectively. For this experiment, we consider a logistic regression task with n = 100, d = 100,
and A, = 3/n. As before the matrix A has been generated such that its condition number is 10 and
the vector b has been sampled from the standard Gaussian distribution. We run Unified SAM with
A = 0.0,0.5,1.0, using uniform single-element sampling for 10, 000 epochs across 5 trials. The
average results of these trials, along with one standard deviation, are shown in Figure 2. Initially,
the trajectory of the decreasing step size follows that of the constant step size. However, as the
constant step size version of Theorem 3.2 approaches a neighborhood near optimality, it stagnates.
In contrast, the decreasing step size from Theorem 3.5 allows for continued improvement, leading
to better overall accuracy.

—— Constant Step-size o\ —— Constant Step-size ol N\
\ —— Decreasing Step-size \\ +— Decreasing Step-size \

\ o

x°) = fix™)
s

fixK) — fix")

x%) = f(x™)

f(xk) = fix")

x%) = f(x™)

fixk) - fix*)

—— Constant Step-size
+— Decreasing Step-size

Iterations Iterations Iterations

Figure 2: Comparison between constant and decreasing step size regimes of Unified SAM. From
left to right we have A = 0.0,0.5,1.0

Uniform vs Importance Sampling. In this experiment, we demonstrate the benefit of using im-
portance sampling compared to uniform sampling. We consider a ridge regression problem with
n = 100, d = 100, and A\, = 3/n. The eigenvalues of matrix A are sampled uniformly from the
interval [1.0, 10.0], and the vector b is drawn from a standard Gaussian distribution. We run Unified
SAM with A = 0.0, 0.5, 1.0, employing single-element uniform sampling for 3, 000 epochs across
five trials. For importance sampling, the probabilities are set as p; = L;/ Z?:I L;. The averaged
results with one standard deviation are presented in Figure 3. The results clearly show that impor-
tance sampling enhances the convergence of Unified SAM for all values of )\, which is consistent
with the discussion in Section 3.4.



Under review as a conference paper at ICLR 2025

i \—— Uniform Sampling TN —— Uniform Sampling TN —— Uniform Sampling
Importance Sampling +— Importance Sampling +—_ Importance Sampling

Iterations Iterations Iterations

flxk) = fix*)
f(x%) = f(x™)
f(xK) — fix")
_ O = fxT)
xk) = fix ")
fx%) = fix™)

Figure 3: Comparison between uniform and importance sampling for Unified SAM. From left to
right we have A = 0.0,0.5,1.0

4.2 IMAGE CLASSIFICATION

In this section, we evaluate the generalization performance of Unified SAM using the classic image
classification task. The models are trained on the CIFAR-10 and CIFAR-100 datasets, (Krizhevsky
et al., 2009). For data augmentation, we apply standard techniques such as random crop, random
horizontal flip, and normalization (DeVries, 2017). All experiments are conducted on NVIDIA RTX
6000 Ada GPUs.

Models. We use several models in our experiments, including ResNet-18 (RN-18) (He et al., 2016a),
and PreActResNet-18 (PRN-18) (He et al., 2016b). To demonstrate the scalability of Unified SAM,
we also include Wider ResNet (WRN-28-10) (Zagoruyko & Komodakis, 2016).

Different values of \. This subsection explores how varying A in the Unified SAM update rule af-
fects generalization performance. We experiment with the PRN-18 and WRN-28-10 models trained
on CIFAR-10 and CIFAR-100. The Unified SAM method is trained using p = 0.1,0.2,0.3,0.4 and
A+ = 0.0,0.5,1.0,1/¢,1 — 1/t. The last two choices of \; can be intuitively explained as follows:
for Ay = 1 — 1/t, the algorithm starts as USAM (A; = 0) and gradually transitions toward SAM
as Ay — 1 when t — oo, meaning it begins with USAM and approaches SAM. Conversely, for
At = 1/t, the algorithm behaves the other way around, starting closer from SAM and converging to
USAM over time. Following Pang et al. (2021) and Zhang et al. (2024), we set the weight decay to
5 x 10~%, the momentum to 0.9, and train for 100 epochs. The step size vy is initialized at 0.1 and
reduced by a factor of 10 at the 75-th and 90-th epochs.

Each experiment is repeated three times, and we report the averages and standard errors in Tables 2
and 3 and Tables 8 and 9 in appendix. The results indicate that, for a fixed p, the optimal A value is
not always A = 0 or A = 1. Overall, \; = 1 — 1/t appears to be a reliable choice. In particular, we
observe that USAM (A = 0) does not have the best performance in any of these experiments. On
the contrary in the CIFAR10 dataset the value A\; = 1 — 1/t is a good choice while in the CIFAR100
dataset both \; = 1 and \; = 1 — 1/t offer strong performance.

Table 2: Test accuracy (%) of Unified SAM for WRN-28-10 on CIFARI10, evaluated across different
values of p and A. With bold we highlight the best performance for fixed p.

Unified SAM | A=00 A=05 A=10 A=1/t A=1—1/t
=01 9572001 95.682011 9592005 95845007 95815003
p=02 95.84+0.05 95.77+0.00 95931007 95.711013  95.9810.1
p=0.3 95.3540.3 95.88401  95.9540.09 95.684002 95.99.0.06
P = 0.4 95.46;&).02 95.76:|:0_1 95.62:‘:0.05 95.46i0_27 95.79:|:0_07

SGD 95.3540.06

Unified VaSSO. The Variance-Suppressed Sharpness-Aware Optimization (VaSSO) method, intro-
duced in Li & Giannakis (2023), is an extension of SAM designed to reduce variance in gradient esti-
mates. VaSSO adjusts the direction of gradient updates using a combination of past gradients and the
current gradient, controlled by a parameter 6, aiming to suppress noise during training and enhance
generalization, particularly in overparameterized models. In their work, they prove that VaSSO con-
verges at the same asymptotic rate as SAM, under the bounded variance assumption. The update rule
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Table 3: Test accuracy (%) of Unified SAM for WRN-28-10 on CIFAR100, evaluated across differ-
ent values of p and A. With bold we highlight the best performance for fixed p.

Unified SAM | )\ = 0.0 A=0.5 A=1.0 A=1/t A=1-1/t
=01 80841005 81.01:011 80.691011 80811021 80.88:031
p=0.2 81124015 81.454003 81.531000 81.311021 81.2240.19
p=0.3 80.94.015 81.641016 81.625016 81.031014 81.71.017
p=0.4 80.14020 81.311016 81.704006 80.391007 81.5940.05

SGD 797910 18

of VaSSO is defined as follows: d; = (1 — 0)d;_1 + OV fi(z1), 2! = 2t — 7,V f; (:ct + ptﬁ).

We can incorporate our unification approach, initially designed for SAM, into VaSSO. This leads to
the following modified update rule:

dy = (1= 0)di_1 + 0V fi(a?)

2 = 2t — VS (xt ¥y (1 A+ :i\t> dt) (Unified VaSSO)
t

Note that when \; = 1 then we recover VaSSO as introduced in Li & Giannakis (2023).

In this section, we conduct experiments to evaluate the performance of Unified VaSSO. All models
are trained for 200 epochs with a batch size of 128. A cosine scheduler is employed in all cases, with
an initial step size of 0.05. The weight decay is set to 0.001. For VaSSO, we use § = 0.4, as this
value provides the best accuracy according to Li & Giannakis (2023). For the CIFAR-10 dataset, we
set p = 0.1, while for CIFAR-100, we use p = 0.2. Each experiment is repeated three times, and
we report the average of the maximum test accuracy along with the standard error. The numerical
results are presented in Tables 4 and 5.

The results show that, for the WideResNet-28-10 model the value \; = 1 — 1/¢ produces the best
accuracy. For the ResNet-18 model the best values for A appear to be A = 0.5 and A = 1 — 1/t.
Thus, the choice Ay = 1 — 1/t appears to be a strong overall choice. In any cases, a A value different
from 1 achieves the best performance.

Table 4: Test accuracy (%) of Unified VaSSO on various neural networks trained on CIFARI0.

Model | A=00 A=05 A=10 A=1/t A=1-1/t
ResNet-18 ‘ 96.12i0,02 96.10i0,05 96.22i0.11 96.03i0,04 96.34i0‘01

WideResNet-28-10 96.77i0,07 96.93i0_03 97-03i0.06 96-71i0.06 97.061()‘09

Table 5: Test accuracy (%) of Unified VaSSO on various neural networks trained on CIFAR100.

Model \ A=0.0 A=0.5 A=1.0 A=1/t A=1—-1/t
ResNet-18 79.82:|:0.15 80.01i0.07 79.76:&0.03 79.93:&0,13 79.86:‘:0,04
WideResNet-28-10 83.07i0,25 83.29i0,33 83.51i0,09 82.83i0_1g 83.66io_19

5 CONCLUSION

In this paper, we introduced the Unified SAM framework, which generalizes both SAM and USAM
by using a convex combination parameter A\. We also relaxed the common assumption of bounded
variance used in previous analyses by using the ER condition, allowing us to prove convergence
under weaker assumptions. In particular, we established convergence guarantees for Unified SAM
for both PL and general non-convex functions under this condition. Our analysis also covered im-
portance sampling for SAM. Future work could explore extending this unified approach to adaptive
step size choices for SAM or analyzing Unified SAM in the distributed and/or federated learning
settings. Another interesting direction is to explore how our results help minimize the sharpness-
aware loss (using for example the hessian-regularized version proposed in Wen et al. (2023) and
Bartlett et al. (2023).

10
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Supplementary Material

The Supplementary Material is organized as follows: In Appendix A, we give the basic definitions
and lemmas that we need for the proofs. Appendix C presents the proofs of the theoretical guarantees
from the main paper. In Appendix D, we provide additional experiments.
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A TECHNICAL PRELIMINARIES

A.1 BASIC DEFINITIONS
In this section, we present some basic definitions we use throughout the paper.

Definition A.1 (L-smooth). A differentiable function f : R? — R is L-smooth if there exists a
constant I > 0 such that

IVf(z) = VIl < Lz -yl

or equivalently

F(@) ~ 7)< (Viw),w—9) + 2 lz — ol

for all 2,y € R%.

Definition A.2 (u-PL). We say that a differentiable function f : R? — R satisfies the Polyak-
Lojasiewicz condition if

IVf@)I? > 2u(f(2) - f(z"),

for all z € R.

It can be proven that PL functions admit a unique minimizer £* and moreover, it holds that z* €
argmin f < Vf(z*) = 0, see Lemma 2.18, 2.13 and 2.22 in Garrigos & Gower (2023). Thus
= fla®).

Definition A.3 (Interpolation). We say that the interpolation condition holds if there exists z* €
X* such that

e fi(z) = fi(z")

forall:=1,...,n.

A.2 BASIC LEMMAS
Lemma A.4. Let f be an L-smooth function. Then for all x € R™ we have

IV£(2)? < 2L[f(z) — f™].
Lemma A.5 (Young’s Inequality). For any a,b € R™ and 3 # 0 we have
1 B
< —llall® + Z1b||?.
(a.5) < 55lal + 5]

Completing the square we have
la +bl* < (1 + 87Y)llall + (1 + B)lIb]|*.
For 8 =1 we get
lla+bl* < 2[|a|* + 2/5]>.

Lemma A.6. Assume that each f; is L;-smooth and consider the iterates of Unified SAM. Then it

holds
g <xt + pt <1 — Jip == M) g(xt))

2
Ep

14
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< 4Lr2naxpt )‘2 +2 [2L12naxp?(1 - )‘t)2 + 1] ED ||g(mt)H2

Proof. We have

o (w0 (12 ) o)

2
Ep

¢ At o) ot ¢ ?
~Eo g (s + 00 (10 T2 ) o) ol + 900
A Ry g(xfm( At+”g()\ )”) <t>)—g<wt> +2Ep g(a")|?
smoothness 2 )\ ¢ 2 PR
Lemma A.5

ALZ 0Pt (1= M)? Ep [lg(a")|? + ALT,0pi A7 + 2Ep [lg(2")]|?
= AL PPN + 2 2150007 (1 = A)® + 1] Ep [lg(2)|?

O

Lemma A.7. Assume that each f; is L;-smooth and consider the iterates of Unified SAM. Then
for any B > 0 it holds

Eo (o (= + o (120 ey ) 96) 956)

L2 )\2 L2 2 1—\ 2
(1——) V5 at)|p - Dmefe m“”t(ﬁ " By gt

In particular, for B = Lyaxpt we get

o (o (+ 0 (120 + iy ) @) 976)

Lmaxp
z(l— t)nw P = LunaxpeX? — Lunapr(1 = M)? En [lg(a?)] >

Proof. We have

Ep <g (wt + pr ( -\ + M) g(wt)) an(xt)>
= o (g (a4 (1= At ) 0(e)) - o), VA
(o

+Ep(g(z"), VF(z")

= (g (a4 e (1= Aot 2 ) 9e)) = 9la). T ) + IV

(+
~En (o (0 (104 gy ) o) o) 95

N g o (e (1o gy o)) —ote)

—Ep
2

Now

2
<
e

2 En V1)

smoothness [,2
<

At

(1= A)g(=") + To@? g(=")

axpt
E
23 P

+Djvsanp
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Lemma A.5 [,2 pt2 9 L2 p2 6
< max/i7t o1 _ E ty||2 max /'t 2 2 ~ ty 12
< e lla(1 - 0 Ep e P + “22EL0 + DIV
Lr2naxp2>‘2 L12naxp2(1 - A )2 6
== =+ tﬁ “—Ep |lg(=")|* + SIVFEDI%

thus

Ep{g(a’ + prg(x")), V f(2"))

L2 2)\2 L2 2 Y 2
> ~Lmetty Lt O =20 5 g a2 - 1w )12 + 19 0P
o ﬁ 2 ernaxp%)‘% L?naxptz(l - )‘t)z
— (1-5) 195(at)P - Emespr _ Lnesttl

Ep [lg(z*)]*.

O

Lemma A.8. Let (11)1>0 and (0;)i>0 be sequences of non-negative real numbers and let g > 1
and N > 0. Assume that the following recursive relationship holds:

ry < g0y — 01 + N 3)
Then it holds
g7
. <9 .
og?%l:rrlqrt - T %+ N

Proof. Set~y; = g~! for any ¢ € Z. Then multiply both sides of (3) with g;. This yields
9t < gt—101 — ge01 + Ngy.

Summing for ¢ =0, ..., T and telescoping we get
T-1 T-1
> o <g-160—grabr+N Y g
t=0 t=0
T-1
<g b+ N g )
t=0

Now let G = Z;T:_Ol g:. Note that the sequence (g;) is decreasing for ¢ > 0, thus G > T'gr_1. Now
dividing (4) by G we get

1
min @ r < — E T
0<t<T—1 t=aq GeTe

IN

IN

as wanted. O
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B MORE ON THE EXPECTED RESIDUAL CONDITION

In this section, we introduce several assumptions under which the ER is automatically satisfied.
Specifically, we consider the following cases:

* Assuming bounded gradients, i.c.
Ep |g(x)|* <0 VzeR",
then the ER holds with A =0, B =0, C = 2.
* Assuming bounded variance, i.e.
Ep |lg(z) = Vf(z)| <0® VaeR",
then the ER holds with A =0, B=1,C = 2.
* Assuming expected smoothness, i.c.
Ep|lg(z) = Vf(2)| < 2L[f(x) — f™], Vz R,
then the ER holds with A = 2L, B=0,C = 0.
* Assuming the relaxed strong growth condition, i.e.
Ep [lg(@)ll < p|Vf(2)| + 0% VzeR",
then the ER holds with A =0, B = p, C = o2.
* Assuming the relaxed strong growth condition, i.e.
Ep|lg(@)| < alf(2) = f™] + 0%, Ve eR",
then the ER holds with A = o, B =0, C = ¢2.

Additionally, if we have more information about the problem and the distribution D, we can derive
stronger bounds on A, B, and C. The more assumptions we make, the tighter these bounds become,
as demonstrated in the following propositions.

Proposition B.1 (Prop. 2, (Khaled & Richtarik, 2020)). Assume that each f; is L;-smooth and
that Ep[v?] < oo foralli € [n). Leto* = L 37" | fi(z*) — ff >0, where f} = infycrn fi(2).

Then ER holds with A = max; L; Ep[v2], B = 0 and C = 2Ac*.

This proposition indicates that if each f; is L;-smooth and minimal assumptions hold for the distri-
bution D, then ER is satisfied. As an immediate corollary of Proposition B.1, if the problem further
satisfies the interpolation assumption (see Definition A.3), then C' = 0. The next proposition gives
much tighter constants for A, B, and C' in the context of the sampling strategies considered in this

paper.
Proposition B.2 (Prop. 3, (Khaled & Richtarik, 2020)). Assume that each f; is L;-smooth.

1. For the single element sampling ER holds with A = ﬁ max; %, B=0andC = 2Ac™.

2. For the T-nice sampling ER holds with A = =55 Linax, B = Zé;jg and C = 2Ac*,

where Ly,.x = max; L;.

Lastly, if we assume z*-convexity with 7-nice sampling, we obtain the following constants:

Proposition B.3 (Prop. 3.3, (Gower et al., 2021)). Assume that each f; is L;-smooth and
that there exists ©* € X* such that f; is x*—convex. In addition, assume that D is the T-

nice sampling. Then ER holds with A = —2""<L.x, B = 1 and C = 2(n—r)

X i ) T(n—1) 7(n—1)
o1 = Supx*ex* = Zi:l ||vfl(m*)|| .

o1, where
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C PROOFS OF THE MAIN RESULTS

In this section we present the proofs of the main theoretical results presented in the main paper, i.e.,
the convergence guarantees of Unified SAM for PL and smooth functions and general non-convex
and smooth functions. We restate the main theorems here for completeness.

In all cases, we use the convention 1/0 = co

C.1 PROOF OF THEOREM 3.2
Theorem C.1. Assume that each f; is L;-smooth, f is u-PL and the ER is satisfied. Set Ly, .x =
max;c[n Li and let

p # = Linaxp (1 + 2[Bp + Al(1 = 1)?)
o i 2Bt AN " T S 2L (But A RIRrP(0 - N4 1

Then for Unified SAM it holds

ptZPSL

E[f(z%) = f(*)] < (1= )" [£(2°) = f(=")] + leax (Cv+ p(1 + 27L50ep) [N+ C(1 = X)) .

Proof of Theorem 3.2. By combining the smoothness of function f with the update rule of Unified
SAM we obtain:

FEY) < Ft) + (VA2 — ot + L

= 1) = (I (4 (1= 2+ 2 o))

Lunax? g<$t+pt< At*ng(A )II> (t)) |

2
By taking expectation conditioned on x? we obtain:

B[f(e) - fa)fe) - [fa) — £(2)]
< 1B (o (+ 4o (120 iy ot ) Vo)
1 Lmati

2 D’g(xt+”f(1”t+|g? i) o) 2

Lemmas A.6and A.7 Lmaxp
= o [(1 - t) va( )”2 - Lmaxpt)‘? - Lmaxpt(l - )‘t)Q]ED Hg(xt)||2

H:EH_l _ xt||2

+

L

sl 42 23 o202, 20— A0+ 1] Ep lg(a) ]

Linax
=—m (1 - pt) IV @I + e Lmax [pe(1 = Xe)? + 29 Liaspf (1= M) + 7] B [lg(a)]|®
+ 'Vthaxpt)\ (]- + 2’ythaxpt)
ER

< 7 <1 Lmaxpt) IV f (@)1 + 247 Linax [pr(1 = M)? + 29 L2 i (1= Ae)* + 7] [f(2') — f(2%)]

+ Byt Lax [Pt(l =M%+ 2% Lt (L= N)% + Vt} IV f(2")|?
+ C’Ythax [pt(l - /\t) + 27th1axpt (1 - )‘t)2 + ’Yt} + 'Ythaxpt)‘%(l + 27tL12naxpt)

Lax
=" (1 - 9 Zmaxpt — BLnax [pt(l - )‘t) + 2’ythaxpt (1 - /\t)2 + '716]) ||vf(xt)||2
+ 2"4’)/1§Lmzaux [pt(l - /\t)2 + 2’ytLI2nprt2(1 - )‘t)Q + 'Vt] [f( t) - f(l’*)]
+ ’ythax [Cpt(l - /\t)Q + QC’}/tL?nprg(l - /\t) + Cryt + ptA + 2715 mdxp%/\z} &)
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Now by the condition on p; and 7 it is easy to show that the coefficient of ||V f(z!)||? is non-
negative so we can use the fact that f is u-PL to get

E[f (a1 = f(=")]2"] = [f(2") = f(a")]

< =27 (1 — Lmopr _ BLax [pt(1 = A)? + 29 Laaepi (1 — M)* + ﬂ) [f(z") — f(a™)]

2
+ 245 Linas [pt(1 = A)? + 29 Liapt (1= M)? + 1] [£(2) — f(2*)]
+ Yt Lmax [Cpt(l = Ae)? + 209 L2 P (1 — N)? 4 Cyp + peA] + 272 L2t )\2]

)
Lmax
E[f(xﬂ_l) - f(m*)mt] < (1 = 2mp (1 - Tpt — BLyax [Pt(l - )\t) + 2%Lmax,0t (1- >\t)2 + ’Yt])

+ 2fél’ythaX [pt(]- - )‘t) + Q’Ythaxpt( >‘t)2 + 'Vt]) [f(xt) - f(x*)}

+ ’ythax [Cl)t(l - )‘t) + 2C’Ythaxpt (]' - )‘t)2 + C’Vt + pt)‘% + QAY/tLIQnaxp?)‘?]
< (1= yep)[f(2h) = f(z")]
+ Y Lmax [Cpe(1 = M)* + 207 L2007 (1= A)? + Cot + AT + 29 L3 07 A7)

where the last inequality follows from the conditions posed on p; and ~; Taking expectation again
and using the tower property we get

E[f(z") = f(a")]
< (1 =) E[f(2") — f(z")]
+ Y Lmax [Cp(1 = A)? + 207 L7 0p® (1 = A)? + Oy + pA? + 297, p” N
= (1 =) E[f(z") = f(2)] + YLmax (Cv + p(1 + 2yL2,0p) [N + C(1=N)?]) . (6)

Recursively applying the above and summing up the resulting geometric series gives:
E[f(z""") = f(a")] < (1= )" [f(2°) = f(a)]

t
+ YLmax (Cy + p(1+ 2vL2p) [N+ C(L=N)?]) D (1 —yp)’
7=0
Using the fact that 2220(1 —yp)d < # we get what we wanted. O

C.2 PROOF OF THEOREM 3.5
Theorem C.2. Assume that each f; is L;-smooth, f is u-PL and the ER is satisfied. Let p; =
min {ﬁ, p*} and ~y; = min {%, y* }, where p* and ~* are the upper bounds of p and 7,
respectively, in Theorem 3.2. Then for Unified SAM it holds

Bl - £ <0 (7).

Proof of Theorem 3.5. Since v; = min{%,y*} < ~4* and p; = min {ﬁ,p*} < p* we
get that inequality (6) holds for any ¢ > 0, hence we have:
E[f (@) = f(2")] < (1= %) E[f (2°) = f(@")] + e Limax (O + pe(L+ 2969t L) [N + C(1 = A)?])
= (1 - ’Ytlj“) E[f(xt) - f(.’L' )] + CLmaX/yt + ’Wpthax(l + 2’7tpthax) [)‘2 + C(l - )‘)2]

2
< (1= ) EBlf(2") — f(2)] + CLmaxVi + Yept Linax (1 + 2Lmax> (A +C(1-N?],

I
(N
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2t+1 1
1) 2t+1’ t+1)2n

Now set &, = E[f(z!) — f(z*)], R = CLyax and Q = L2 (1 n ) A2 4 C(1 - /\)2 .

max

where the last inequality follows from v, < and p; < and thus Yepr < <

‘_,‘v;\,_.

Then the inequality (7) takes the following form:

Oty1 < (1 — )6 + Quepr + R ®)
Now since the sequences T fﬁr)l and 5+ +1 are clearly decreasing there exists an integer t* € N such
that for any ¢ > t* we have v; = ﬁ and py 57— 2t+1 Substituting in (8) we get that for any ¢ > t*
we have
t2 R(2t + 1)
d1 < 50t + @ 5 5 )4
(t+1) p(t+1) w2t +1)
t2 Qu+4R
< )
Saret Tt eeen
because ((2tzr11))42 < 4(375:11))2 G +1)2 Multiplying both sides with (¢ + 1)? and rearranging we have
4R
(t+ 1)25t+1 - t25t < QM;Q
"
Summing for ¢t = t*,...,T — 1 and telescoping we have
4R
T?67 < (t*)54- + QLL;?(T —t*—1).

Changing notation from 7" to £ we get

E[f(z") = f(z")] <

(t%)264+ N Qu+4Rt—t*—1

t2 M2 t2
(t)26;  Qu+4R1
< 2 + 2 n
1
ofl)
t
as wanted. O

C.3 PROOF OF PROPOSITION 3.6
Proposition C.3. Assume that each f; is L;-smooth and the ER is satisfied. Let

1 1
oo ) dy < ———
p < min { 8L’ BLmx(1 — )2 } and vy < 8BLmax

where Lyax = maX;c() Li. Then for Unified SAM it holds

2 (1 + 2Ay Loy MN2(1 + 2vpL2,., T .
iy, BV < 204 20k LAV 0 bane) £9]) 0 i

+ 2Lmax [C7 + p(1 + 29pL2 ) (A2 + C(1 = A)?)] .

Proof of Proposition 3.6. From Equation (5) we have
E[f(a"h) =[] = [f(a) — f™]
Lmax
< =M (1 - Tpt — BLnax [Pt(l - /\t)2 + 2%5[’2 axpt( - )‘t)2 + ’W}) va(xt)|‘2

+ 245 Linax [pe(1 = X)* + 29 Lipi (1= X)* + 3] [f(2") — ]

+ Ve Lmax [Cpe(1 = Ae)? + 2075 Lo acpf (1 = M) + C + pe)f + 2 Lo A7 ]
—%va(iﬁt)ﬂ2 + 247 Linax [pe(1 = M) + 29 Liapp (1 = M) + 9] [f(2) = ]
+ YeLmax [Cpe(1 = A)? 4+ 2Cy L2 . p7 (1 — M)? + Cye + peA] + 27 L2 pP A7)
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where the last inequality follows by the conditions posed in p; and ;. After taking expectation,
using the tower property and some algebraic manipulations we get

TEIVA")? < (14247 Lina [p(1 = X)? + 27L20p*(1 = X) +9]) E[f (@) = f™]
—E[f (@) = ] 4 Y Liax [Cp(1 — N2 4+ 2CyL2, p*(1 = \)? + Cy + pA2 + 29L2, p*\7] .

Now set

b = ZElf@) = ]2 0

=E|Vf(z")|* >0

9= (14 249Lmax [p(1 = A)* + 29L2 . p*(1 = X)* +9]) > 1

N = 2Lpax [Cp(1 = A)? + 2CYL2 . p°(1 = N)? 4+ Cy + pA* + 29L%  p°N*] >0
and the previous inequality takes the following form:

%rt < géy — 641 + N.

Now apply Lemma A.8 and we get what we wanted. O

C.4 PROOF OF THEOREM 3.7
Theorem C.4. Letc > 0 and set 6y = f(x0) — f*f > 0. For

_ 1 1 1 e?
/0 - { 8Lmax’ BLmax(l - )\)2’ ﬁ’ 12Lmax(C(1 - >\)2 + )\2) }

and
. 1 1 1 1
B { 8BLunx’ 2L(1 — Nv/3ALmar 6LmaxA(L — N2VT VOALT'
g2 g2
2403 (C(1—=X)%2 4+ \2) ’ 12LmaXC}
Then provided that

)

80 Limax 5184 Lax A%(1 — A48y 86400A 144C
T > =3 max {96B, 24(1 — A)\/3Limax A, =X

g2 g2 7 g2
288L?nax( )\)2}
2

we have ming_o . 7—1 E[|[Vf(z")| <e.

Proof of Theorem 3.7. From  Proposition C.3 under the condition that p <
min { STe BLmaxl(l_)\)2 } and y < gp71— we have
min E ||Vf(:ct)||2 < 2 (1 + 2A7Lmax [p(l - )‘) + 2’7Lmaxp ( )\)2 —+ 'y] )T [f(xo) B finf]
t=0,...,T—1 = T~
©))
+2Lmax [Cp(1 = X + 207L3 10 (1 = 1) + Oy + pA% + 2917, A7) .
(10

Using the fact that 1 + 2 < exp(z), we have that
T
(1 + 2A7Linax [ (1 )‘) + 27Lmaxp (1 /\)2 + 7])
< exp (2Lmax ATy [p(1 = AN)? + 27L2 . p* (1 — A)* +7]) < exp(1) < 3.
For the second inequality to hold it is enough to assume that

2T AlLmaxy [p(1 = 2)? + 27L3,00” (1 = X)? +9] <1
For this to hold it is enough to have
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* 2T ALpaxyp(1 = A)* < 1/3
* ATALS vp* (1= A)? < 1/3
¢ 2T ALpaxy? <1/3

Posing the restriction p < \F it is enough to have (solving for ):

. 1
Vs 6Lmax A(1=\)2VT

. 1
VS SNV

* < v 6ALT

Then substituting in (9) we get

6,
min B[ V(") < T?O + 2Lmax [Cp(1 = A)? + 207 L7, p” (1= N)* + Cy + pA° + 2917, 0° V7] .

t=0,...,T
(11)

To make the right hand side of (11) smaller than 2, we require that the second term satisfies

2Lmax [Cp(1 = N)? +2C07L%, . p°(1 = A)? + Cy 4 pA® + 29 L%, p°N?] < %
2Lmax [p (C(1 = N2+ A2) +2L2 7 (C(1 = N)? +X?) + O] < %
For this to hold it is enough to have

2

¢ 2Lmaxp(C(L =N +N°) < § < p <

&2
12Lmax (C(1—=X)2+A2)

22 p<1 &2
© AL 0” (CA =N+ X)) < 5" 7 < g

Liax(

2
* 2LmaxCy = 8 AR R vieere

Similarly, for the first term, we get that the number of iterations must satisfy:

2
650 < i =T> 1250

Ty =2 TS (12

Hence so far we need the following restrictions on p and ~:

¢ p < min { SLl B 1(17/\)2 } and v < ﬁ (by the restrictions of Proposition C.3)

1 &2
7 and p < 2L (C(I—N2T A7)

. I S
Vs Ly AL NeVT

1 1
and v < 2L(1=X\)v3ALmax and v < V6ALT and vy
2

sitr o=y ad Y <

max

<

Plugging each of the previous bounds of 7 into (12) we get

« T Z 963[;;ax50

«T> 24Lmaxéo(1;k)m

2 2 4¢2
«T> 5184meA (1—))*s2
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2
«T> 864508,3me
o T > 14LngCo

3 2
o« T > 28Laado(1=))

c4

Finally, collecting all the terms into a single bound we have:

. 1 1 1 g2
p=mm { 8Lmae” BLmax(L— N2 VT 12Lmax (C(1 — N2 + 22) }

. 1 1 1 1
= min , , ) )
7 {8BLmax 2L(1 — A)V3ALmax 6LumaxA(l — A\2VT VGALT

62 82
2413, (C(1 — N2+ A2)’ 12LmaXC}
00 Limax 5184 Lyax A%(1 — N\)46y 86460A 144C
T> 572& max {96B, 24(1 — A\)\/3Lmax A, 2 o
28812, (1 —\)?
g2 ’

) )

2

as wanted.
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D ADDITIONAL EXPERIMENTS

In this section, we present additional experimental evaluations of Unified SAM, following the same
setup as in Li & Giannakis (2023). Specifically, we train ResNet-18 and WRN-28-10 on CIFAR10
and CIFAR100 datasets. Standard data augmentation techniques, including random cropping, ran-
dom horizontal flipping, and normalization DeVries (2017), are employed. The models are trained
for 200 epochs with a batch size of 128, using a cosine scheduler starting from 0.05. Weight decay
is set to 0.001. For SAM, we use p = 0.1 for CIFAR10 and p = 0.2 for CIFAR100. Each exper-
iment is repeated three times, and we report the average of the maximum test accuracy along with
the standard error. The numerical results are presented in Tables 6 and 7, demonstrate that Unified
SAM consistently improves the test accuracy over both USAM and SAM across all tested models.
Lastly, we also observe that careful tuning of the parameter A is essential for achieving optimal
performance.

Table 6: Test accuracy (%) of Unified SAM on various neural networks trained on CIFAR10.

Model | A=0.0 A=0.5 A=1.0 A=1/t A=1-1/t
ResNet-18 96.13i0,05 96.16i0,03 96.33i0,03 96.20i0,05 96~22i0.09
WideResNet-28-10 97.26i0_44 96.98:|:0_08 97.05:|:0_05 96.73:|:0_04 96.63:|:0,35

Table 7: Test accuracy (%) of Unified SAM on various neural networks trained on CIFAR100.

Model | A=00 A=0.5 A=1.0 A=1/t A=1-1/t
ResNet-18 ‘ 80.21:|:0_02 80.28:|:0_16 80.14:|:0_07 80.27:|:0_09 80.19:‘:0,06

WideResNet-28-10 83.49:&0,23 83.71:&0,03 83.55:&0,19 83.55:&0,10 83.62:‘:0.16

Table 8: Test accuracy (%) of Unified SAM for PRN-18 on CIFARI10, evaluated across different
values of p and A. With bold we highlight the best performance for fixed p.

Unified SAM | A =0.0 A=0.5 A=1.0 A=1/t A=1-1/t
p=0.1 95.2910.09 95.3240.02 95.5940.00 95.244003  95.53+0.11
p = 0.2 95.25:‘:0,14 95.48:‘:0,05 95.5:|:0_02 95.38:‘:0_11 95.58:|:0_07
p=03 95.254011 95244002 95184004 95124019 95.26101
P = 0.4 94.76i0.09 94.98i0.07 94'7i0.02 94.64i0.03 94.61i0_09
SGD 94.8210 02

Table 9: Test accuracy (%) of Unified SAM for PRN-18 on CIFAR100, evaluated across different
values of p and A. With bold we highlight the best performance for fixed p.

Unified SAM | )\ = 0.0 A=05 A=1.0 A=1/t A=1-1/t
p = 0.1 78.28:‘:0.15 78.28:‘:0.06 78.32:‘:0.22 78.33:‘:0.32 78.39i0_31
p = 0.2 78.98:‘:0,18 78.68:‘:(),13 78.96:‘:0,12 78.87:‘:0,02 78.79:‘:0_1
P = 0.3 79~Oi0.05 78.95i0,07 79-21i0.08 78-73i0.06 79-27i0.08
p=04 78.57+026 7876403 79.054016 78.3610.00 78.7940.13
SGD 76.940.23
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