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Abstract

Discrete-time diffusion-based generative models
and score matching methods have shown promis-
ing results in modeling high-dimensional image
data. Recently, Song et al. (2021) show that dif-
fusion processes can be reverted via learning the
score function, i.e. the gradient of the log-density
of the perturbed data. They propose to plug the
learned score function into an inverse formula to
define a generative diffusion process. Despite the
empirical success, a theoretical underpinning of
this procedure is still lacking. In this work, we
approach the (continuous-time) generative dif-
fusion directly and derive a variational frame-
work for likelihood estimation, which includes
continuous-time normalizing flows as a special
case, and can be seen as an infinitely deep vari-
ational autoencoder. Under this framework, we
show that minimizing the score-matching loss is
equivalent to maximizing the ELBO of the plug-
in reverse SDE proposed by Song et al. (2021),
bridging the theoretical gap.

1. Introduction

Generative modeling can be thought of as inverting an in-
ference process. If the inference process is invertible, then
one can focus on transforming the data into a tractable dis-
tribution (Dinh et al., 2016). If the inference process is
deterministic yet non-invertible, one could learn to invert it
stochastically (Dinh et al., 2019; Nielsen et al., 2020). Most
generally, both inference and generation can be stochastic.
This is known as the variational autoencoder (Kingma &
Welling, 2014; Rezende et al., 2014, VAE).

Under the variational framework, one has a lot of flexibility
in choosing the generative and inference models. Recent
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work on diffusion-based modeling (Sohl-Dickstein et al.,
2015; Ho et al., 2020) can be thought of as removing one
degree of freedom, by freezing the inference path. The in-
ference model is a fixed discrete-time Markov chain, that
slowly transforms the data into a tractable prior, such as
the standard normal distribution. The generative model is
another Markov chain that is trained to revert this process
iteratively. Diffusion-based models have been shown to
perform remarkably well on image synthesis (Dhariwal &
Nichol, 2021), rivaling the performance of state-of-the-art
Generative Adversarial Networks (Brock et al., 2018).

Song et al. (2021) connect diffusion-based model and score
matching (Hyviérinen & Dayan, 2005), by looking at the
stochastic differential equation (SDE) associated with the
inference process. They realize that the dynamic of the
inference process can be inverted if one has access to the
score function of the perturbed data, by solving another
SDE reversed in time. They then propose to learn the score
function of the inference process and substitute the approx-
imate score into the formula of the reverse SDE to obtain
a generative model. We call the resulting generative model
the plug-in reverse SDE.

Conceptually simple as this learning procedure may seem,
little is known about how the score matching loss relates
to the plug-in reverse SDE. In this paper, we propose a
variational framework suitable for likelihood estimation for
general generative diffusion processes, and use this frame-
work to connect score matching with maximum likelihood.
We do so by combining two important theorems in stochas-
tic calculus: the Feynman-Kac formula for representing the
marginal density of the generative diffusion as an expecta-
tion (Section 3), and the Girsanov theorem for performing
inference in function space (Section 4). By reparameteriz-
ing our generative and inference SDEs, we obtain a train-
ing objective equivalent to minimizing the score matching
loss (Section 5). Our theory suggests that by matching the
score, one actually maximizes a lower bound on the log
marginal density of the plug-in reverse SDE, laying a theo-
retical foundation for this learning procedure.

Notation: We use (Y, s) to denote the inference process
(where Yj is the data), and (X%, t) to denote the generative
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Figure 1. Three special cases of generative SDEs. The stars in-
dicate the initial values, followed by some random sample paths.
Left: trained with no diffusion o = 0 (i.e. neural ODE). Middle:
trained with some fixed diffusion ¢ > 0. Right: trained with a
fixed inference process, f and g (i.e. the plug-in reverse SDE).

process (where X is a random variable following an un-
structured prior). We use s and ¢ to distinguish the two
directions, and always integrate the differential equations
from O to T" > 0 (different from the literature, where some-
times one might see integration from 7" to 0). 35 and B;
denote the Brownian motions associated with the inference
and generative SDEs, respectively. B’ is a reparameteriza-
tion of B, (see Section 4). ¢(y, s) and p(x,t) denote the
probability density functions of Y, and X, respectively.
We let Sy denote a time-indexed parameterized function
that will be used to approximate the score V logg(y, s).
V is the gradient wrt the spatial variable (x or y, which we
sometimes call position), 0, Os and 0, are partial deriva-
tives, and H, denotes Hessian.

2. Background

Assume Yj follows the data distribution ¢(y, 0), and Y5 sat-
isfies the Itd SDE (@ksendal, 2003)

dY = fds+ gdB, (1)

where f and g are chosen such that the density ¢(y, s) will
converge to some tractable prior py as s — 1. It is possible
to find a “reverse” SDE, whose marginal density evolves
according to ¢(y, s), reversed in time. Assume g(y,t) =
g(t). An example' used in Song et al. (2021) is

dX = (99" Vlegq(X,T —t) — f)dt + gdB,.  (2)
If Xy ~ po, then the density p(z,t) of X; is equal to
q(x,T — t). This means if we have access to the score
function V log g, we can solve the above SDE to obtain

X7 4 Yp. Song et al. (2021) propose to approximate the
score via a parameterized score function Sy by minimizing

T
1
[ B [3llsntvics) - Viogar sl
0

'See Appendix C for a family of equivalent (reverse) SDEs
indexed by some parameter \, of which equation (2) is a special
case with A = 0.

Method Loss

Lesm % [1189(Ys,8) — Vogq(Ys )||?\}
Lism E[5][so(Ys, 8)|[X +V - (AT sp)]
Lssu  E[5]1s0(Ys,8)I[] +vT V(AT sp)v]
Losm  3E[l[se(Ys,s) — Viogq(Ys|Yo)[3]

Table 1. Score matching losses. v follows the Rademacher distri-
bution.

where the expectation in the integral is known as the ex-
plicit score matching (ESM) loss Lgsm, and A(s) is a posi-
tive definite matrix?. Lggy is not immediately useful, since
we do not have access to the ground truth score V log g.
A few alternative losses can be used, which are all equal
to one another up to a constant, including implicit score
matching (Hyvirinen & Dayan, 2005, ISM), sliced score
matching (Song et al., 2020, SSM), and denoising score
matching (Vincent, 2011, DSM). The losses (summarized
in Table 1) are related through the following identity:

1
Lesm — §I(Q(ys, s)) = Lism = Lssm
1
= Low— 2B, Tl shio))), O

where Z(q) denotes the Fisher information Z(gq) =
E[||V log g|[3], which is a constant. After training, Song
et al. (2021) plug Sy into (2) to define a generative model.
We refer to this SDE as the plug-in reverse SDE. The plug-
in reverse SDE has been demonstrated to have impres-
sive empirical results, but a theoretical underpinning of this
learning framework is still lacking. For example, it is un-
clear how minimizing the score matching loss relates to the
sampling procedure, e.g. whether the probability distribu-
tion induced by the plug-in reverse SDE gets closer to the
data distribution in the sense of any statistical divergence
or metric. We seek to answer the following question in this
paper: How will minimizing the score-matching loss impact
the plug-in reverse SDE? We first provide a framework to
estimate the likelihood of generative SDEs, and then get
back to this question in Section 5.

3. Stochastic instantaneous change of variable

Let X; be a diffusion process solving the following It
SDE:

dX = pu(X,t)dt + o(X,t)dB; 4)

with the initial condition Xy ~ py. We use this SDE as the
generative SDE. We are interested in the density function

>We use this matrix to induce a Mahalanobis norm ||z||3 :=
x " Az, which will be used in Section 5.
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of X, which follows the Fokker Planck equation:

6tp(‘r7 t) =

- Zah [Mj(fl?,t) p(xv t)] + Zai,h [Dij(xv t) p(a:,t)]

(5)
with the initial value p(,0) = po(-), where
D = ioo” is the diffusion matrix. We can expand

the Fokker Planck and rearrange the terms to obtain

atp(xa t) =

—V - p(z,t) + Zaﬁiﬁsz,;j(z?t)} p(z,t) +

4,
2
> Dij(x, )02, , pla.t) 6)

.3
so that all coefficients of the same order are grouped
together. For simplicity, we assume o is independent of z
throughout the paper®. Then (6) reduces to

—pix,t) 42 Z Oz, Dij(z, t)] Oz,p(2,t) +

J

Op(z,t)=—(V-pw)p—p'Vp+D:H, (1)

where : denotes the Frobenius inner product between matri-
ces. Even with this simplification, solving (7) is not trivial.
Fortunately, we can estimate this quantity by applying the
Feynman-Kac formula (presented in Appendix E), which
allows us to rewrite the solution of the Fokker Planck PDE
using a probabilistic representation.

p(.’L‘,T) =

T
E |po(YT) exp (/ VYo, T - S/)d8/> Yo==
0

®)
where Y is a diffusion process solving

dY = —u(Y,T — s)ds+o(Y, T —s)dB., (9)

Remark 1 (Marginalization). This representation can be
interpreted as a mixture of continuous time flows. Assume
a sample path of the Brownian motion is given, and we
are interested in how the density evolves following the dy-
namic (4). In the infinitesimal setting, it can been seen as
applying the invertible map « — x+ u(x, t)At+o(t)AB;,
where AB; := B(i+1)at — Biag is the Brownian incre-
ment. Since o is independent of the spatial variable, it can
be seen as a constant additive transformation, which is vol-
ume preserving, so it will not be taken into account when

30ur framework also works with the most general case, but
the formula needs to be adapted to account for the spatial partial
derivatives. See Appendix A for the general case.

computing the change of density. The only contribution to
the change of density will be from the log-determinant of
the Jacobian of id + p, which means we can simply apply
the instantaneous change of variable formula (Chen et al.,
2018). This will be the conditional density given the en-
tire {B; : t > 0}, and marginalizing it out results in the
expectation in (8). See Appendix B for details.

4. Inferring latent Brownian motion

As our goal is to estimate likelihood, we would like to com-
pute the log density value using (8). However, this involves
integrating out all possible Brownian paths, which is in-
tractable. To resolve this, we view the Brownian motion as
a latent variable, and perform inference by assigning higher
probability to sample paths that are more likely to generate
the observation. One can view this as a VAE, except we
have an infinite dimensional latent variable.

Formally, let (2, 7, P) be the underlying probability space
for which B’ is a Brownian motion. Suppose Q is an-
other probability measure on (€2, F) equivalent to P; that
is, IP and Q are similar in the sense that they have the same
measure zero sets. This allows us to apply the change-of-
measure trick and lower bound the log-likelihood with a
finite quantity using Jensen’s inequality:

log p(z,T) > Bg |log & +logpo(Yr) = fy V- pu

YO = .7}:|
(10)

Note that SE is the Radon-Nikodym derivative of P wrt
Q. When both measures are absolutely continuous wrt a
third measure, say Lebesgue, then the derivative can be ex-
pressed as the ratio of the two densities. However, since we
are dealing with an infinite dimensional space, we are im-
mediately faced with the following problems: (1) Is there a
measure Q (equiv. to P) for which % can be easily com-
puted, or at least numerically approximated? (2) Can we
find a reparameterization of B/ under the new law Q to
estimate the gradient needed for training?

We resort to the Girsanov theorem, which describes a gen-
eral framework for dealing with the change of measure of
Gaussian random variables under additive perturbation. It
allows us to consider the law of a diffusion process as Q.
Specifically, equation (29) provides a standarization for-
mula of B/ under @, which means we can “invert” it to
reparameterize B-.

Theorem 1 (Continuous-time ELBO). Ler Q be defined
by (30). Then the RHS of (10) can be rewritten as

E —%_[;)THa(w,s)|\§ds+logp0(YT) —fOTV~uds Yo m}

Y
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where the expectation is taken wrt the Brownian motion B 5
and Yy solves®

dY = (—p+ oa)ds + odB, (12)

We call Y, solving (12) the inference SDE, and (11) the
continuous-time ELBO (CT-ELBO), denoted by £°°. We
defer the proof and a few remarks to Appendix G. In Ap-
pendix H, we show that this ELBO is the limit of the tradi-
tional ELBO for discretized diffusion models, so maximiz-
ing it can be seen as training an infinitely deep VAE.

We visualize the density of special cases of generative
SDE:s trained by maximizing the lower bound in Figure 1.

5. Score-based generative modeling

Recall that our goal is to analyze the plug-in reverse SDE
and draw connection to score matching. To this end, we
reparameterize the generative and inference SDEs as

dX = (gg"sp— f)dt +gdB; and dY = fds+ gdB,
(13)

by letting a = g ' Sy, where the time variable is reversed
(T — t) for the generative process, and forward in time (s)
for inference. The ELBO (11) can be rewritten as

£ =Ey,[logpo(Yr) | Yo = 2]

T
1
[ B Sl + 9 g )| ¥o =] as
0

(14)

Comparing the integrand to the implicit score matching
loss in Table 1, we immediately see that the network S, ap-
proximates V log ¢(y, s), the score function of the marginal
density of Y;. That is, matching the score of q(y,t)
amounts to maximizing the lower bound on the marginal
likelihood of the plug-in reverse SDE (which by definition
is exactly the generative SDE).

Recently, Durkan & Song (2021) also attempt to establish
the equivalency between maximum likelihood and score
matching, by showing the following relationship between
the forward KL divergence and a weighted sum of score
matching loss (aka the Fisher divergence):

Dx1.(q(y,0)||r(y,0)) =

1 T
,/0 Eq(.s) [I\Vlogr(i;s)—Vlogq(xg,s)|\§gT] ds

2
5)

where r(y, s) is the density of Y, solving the same infer-
ence SDE with the initial condition yo ~ (-, 0), assuming

“Note that 1 and o run backward in time from 7', whereas
runs forward.

Ey, [log ¢(Yo, 0)]
o Eyllogpr(Yo,T)]
Ey, [£3°]

0 1
Figure 2. Lower bound on the marginal likelihood of a continuum
of plug-in reverse SDEs. The lower bound is optimized when the

score matching loss is minimized, which will push up the entire
dark blue curve.

q(y,T) = r(y,T). However, it is inaccurate to claim that
score matching is equivalent to maximum likelihood. This
is because if we simply let r(y,0) = p(y,T), i.e. the den-
sity of the generative SDE evaluated at y, r(y, s) will not
necessarily be the same as either p(y, T — s) or Sy(y, s).
This means the KL divergence is not equal to the integral of
the weighted score matching loss E[3]|sy — V log q||§qT].
In fact, the latter corresponds to a lower bound on the like-
lihood (the cross-entropy term of the KL) up to some con-
stant, as equation (14) suggests.

More generally, we can apply our analysis to a family of
plug-in reverse SDEs indexed by some parameter A < 1,
which includes the plug-in reverse SDE (13) and an equiv-
alent ODE as special cases with A = 0 and A = 1. In
Appendix D we show that the average CT-ELBO of the A
plug-in reverse SDE is also equivalent to the ISM loss, sim-
ilarly to (14) but up to some multiplying and additive con-
stants. The implication is that while minimizing the score
matching loss, we implicitly maximize the likelihood for a
continuum of plug-in reverse SDEs which include the ODE
as a limiting case. See Figure 2 for illustration. This ex-
plains the good likelihood estimate reported in Song et al.
(2021). In practice, we can only estimate the ELBO of the
case A = 0 since otherwise there will be some constant we
do not have access to, but their gradients can all be esti-
mated via score matching.

6. Conclusion

In this work, we derive a general variational framework for
estimating the marginal likelihood of continuous-time dif-
fusion models. This framework allows us to study a wide
spectrum of models, including continuous-time normaliz-
ing flows and score-based generative models. Using our
framework, we show that performing score matching with
a particular choice of mixture weighting is equivalent to
maximizing a lower bound on the marginal likelihood of
a family of plug-in reverse SDEs, of which the one used
in Song et al. (2021) and the equivalent ODE are special
cases.
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A. Marginal density of diffusion models (general case)

In Section 3, we assume o is position-independent for simplicity. The general case of the Fokker-Planck equation can also
be represented using the Feynmann-Kac formula. Following a similar conversion as in Table 2, we have

p(z,T) =E | po(Yr) exp/ —V (Y, T — ZW] Dii(Ye, T —s)ds | |Yo =2

where Y solves
dY = —p(V, T — s)ds + (Y, T — s)dB.

where iy, 8)i == pi(y, ) — 2>, 0z, Dij(y, s).

B. Mixture of continuous-time flows

Continuing the discussion in Remark 1, we analyze the limit of the determinant of the Jacobian of the finite approximation
given the Brownian path: « < x + u(z,t)At 4+ o(t) AB;. When the step size decreases to 0, this should converge to the
Itd integral. When At is small enough, under the assumption that 1 is uniformly Lipschitz, the finite approximation will be
invertible for all steps. Then the determinant of the Jacobian of the overall transformation is just the product of determinant
of each step:

H det (V (@ + p(x,t)At + o(t)AB;) ) = H det (I+ AtVpu)

[T+ At (V) + O(AL))

i

= exp (Z log (1+ AtV - p+ O(AtQ))>
e (Z AVt 0<At2>>

—>exp</V-u> as At — 0

This leads to the same derivation for the instantaneous change of variable formula for continuous time flow (Chen et al.,
2018), but the argument of 1 will be the solution of the Itd integral, instead of the solution of the deterministic dynamics
only.

C. Equivalent SDEs

We use the following definition to formalize what we mean by equivalent SDEs

Definition 1 (Equivalent processes / SDEs). Let Y, f’s and X, be stochastic processes for 0 < s,t < T. If Yy and YS
have the same distribution for all s, then they are said to be equivalent. If X; and Yr_; have the same distribution for all
t, then we say X, is an equivalent reverse process. Two SDEs are equivalent if the processes they induce are equivalent.
Two SDEs are equivalent reverse of each other if the processes they induce are equivalent reverse of one another.

Note that when talking about the equivalency between SDEs, the dependency on an initial condition is implied.
In this section, we show how to construct a family of equivalent (reverse) SDEs. Let Y, be a diffusion process solving
dY = fds+ gdB,

We assume g is position-independent and diagonal for simplicity. Let A < 1, We can rearrange the Fokker-Planck equation
to get

1 A 11—\
0sq=—V-(fq) + Hy=-V- <(f - 592V10g Q> q) + 792 tH, (16)
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Now let f) = f — %g2V10g ¢, and gy := v/1 — Ag. Then the SDE dY = f) ds + g dB, has the same Fokker Planck
equation as (16), which means the SDEs defined this way form a family of equivalent SDEs .

Now to construct an equivalent reverse SDE, we rearrange the Fokker Planck of this new SDE,

1 1
0sq = —V - (fag) + 59,2\ :Hy,=-V- ((f,\ — giVlogq) q) — §g§ : H, (17)

Now let piy (z,t) := g3 (z, T—t)Vlog q(z,T—t)— fr(x, T—t) and o = g(z,T—t). Thenthe SDEdX = ) dt+0, dB;
with the initial condition X ~ ¢(-,T’) is an equivalent reverse SDE, since

1 1
op=—V - (uxp) + 503 tH, =V - ((fr—g3Vlogq) p) + §g§ : H, (18)

is the time-reversal of (17). This also means there is a family of plug-in reverse SDEs parameterized by A and Sp:

dX = (g3sy — fr)dt +ordB; (19)
= ((1 — ;) g*sy — f) dt +v1— \gdB; (20)

The plug-in reverse SDE used by Song et al. (2021) corresponds to A = 0, and the equivalent (plug-in) reverse ODE
corresponds to A = 1. See Figure 3 for the simulation.

D. Score matching and plug-in reverse SDEs

In Section 5 we establish the connection between the score matching loss and the CT-ELBO of the plug-in reverse SDE for
A = 0. If we want to do the same for different values of A, we need to make sure the generative and inference SDEs have
the same diffusion coefficient (this is to make sure the Radon-Nikodym derivative is finite). In light of this, we define the
following generative and inference pair

dX = ((1 — ;) g*sy — f) dt ++v1—\gdB; and dY = (f - ;\gQVlogq> ds + V1 — AgdB, (1)

Note that this is just the same equivalent SDE and equivalent (plug-in) reverse SDE from the Appendix C. We show that
maximizing the ELBO of this family of plug-in reverse SDEs is also equivalent to performing score matching.

Theorem 2 (Plug-in reverse SDE ELBO). Assume the generative and inference SDEs follow (21). For \ < 1, then the
CT-ELBO (denoted by £5°) can be written as
)i

|
-

Yo —x] ds (%)

T -
A 1 2
&5 = By llogm(vn) Yo —al - [ (1-3)Bx: [l + V- (o280 - (525)
O | -
N
9 0

Y.

+

1
By, |5llsollge = 9°sg Viogq(Ys, s)

)\2
— K
EVTTIESYRRE

As a result, averaging the ELBO over the data distribution and applying the identity (3) yield

1
51180 = Vlega(Ys, 5)l[32

T 2
A 1
Ey, [€3°] = By [log po(Y7)] —/ (1 + 4(1>\)> Ey, [QHSGHEZ +V- (9239)} ds + Const. (22)
0

= Ey, [E° s TE L1so(Y: Vlog q(Ys, s)||% | d 23
Bl - () | B gl - Viogatvi. )| as @

Before proving this theorem, we first make a few remarks. First, setting A = 0, this ELBO will reduce to (14). Second,
(22) tells us that while matching the score, we implicitly maximize the likelihood of the entire family of plug-in reverse

3Note that more generally the same would also hold if we let X be a time-dependent function.
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A=-10
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Figure 3. Samples from plug-in reverse SDEs with different A values (rows). We use the same score function Sy trained on the Swiss
roll dataset, and plug it into (20). For generation, we use the Euler Maruyama method with a step size of At = 1/1000. We visualize
the samples for the ¢-th iterates (columns).
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SDEs. Third, (23) tells us that the average CT-ELBO is maximized when A = 0 (recall Figure 2). Lastly, the theorem
excludes the case where A = 1, i.e. the equivalent ODE, since otherwise there will be a division-by-zero problem. But an
ODE can be seen as having A very close to 1, which will make the SDE effectively deterministic in practice. This explains
the low BPD of the equivalent plug-in ODE reported in Song et al. (2021).

Proof. Plugging (21) in (4) and (12), we get

p=(1-3) s~ 1

c=vV1—-\g
—1{(1—>\)s+)\ (sg — Vo )]
- m g 6 29 6 gq
Then we have
1 2 _ 2T A2 2
2l = sy | (=2 lisollga + (1= X) XS] (30 ~ Vloga) + T llso ~ Vlog
A\ 1 A 1 2 o T A2l 2
=(1-—=|=|ls = =lls —g°sy V1 —————||ss — V1

( 2)2| o5 (sl — 77 Ve ) + 17 s Vol

() (ra-(s25))

Summing up these two parts gives us (). Under the expectation, we can rewrite Ey. [g2s, V1ogq] = —Ey., [V - (¢%Sy)]
using integration by parts (i.e. the score matching identity). O
E. Feynman-Kac formula

Assumption 1 (Feynman-Kac). We assume the following: There exist some constants By, B, > 0 and pp,p, > 1 such
that h € C°(R?) and v € C*1(R? x [0,T)) satisfy

\h(y)] < Bp, (1 + |[y|[*") or h(y) >0 (24)
Jmax [o(y, )l < By (1+lylP) (25)

Theorem 3 (Feynman-Kac representation, Chapter 5.7 of Karatzas & Shreve (2014)). Let T > 0. Assume v € C*1(R%x
[0,T]) solves

v+cv+b'Vo+A:H,=0 (26)

with the terminal condition v(y,T) = h(y), where A = %7777—'— for some matrix-valued function 1(y, s). Under Assumption
1, if B is a Brownian motion and Y; solves

dY = b(Y, s)ds + (Y, s) dB., 27)

with the initial datum Yy = vy, then

(28)

v(y,s) =E Y=y

T
h(YT)exp (/ C(Ys/,sl)ds’>

To estimate the density p(-,T") of (7), we can apply the change of variable p(z,t) := v(x, T — t) by letting the Feynman-
Kac (F-K) coefficients correspond to their Fokker-Planck (F-P) counterparts according to Table 2. This way, solving (26)
backward is equivalent to solving (7) forward, and we have the representation (8,9).
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F-K E-P

v(y, s) p(s,T — s)
c(y,s) =V-u(y,T-s)
bly,s)  —u(y,T —s)

n(y, s) o(T - s)
9(y) po(y)

Table 2. Feynman-Kac coefficients.

F. Girsanov’s Theorem

Theorem 4 (Girsanov theorem, Theorem 8.6.3 of @ksendal (2003)). Let By be an Ito process solving

dBs = —a(w, s)ds + dB., (29)

forweQ,0<t<Tand By = 0, where a(w, s) satisfies the Novikov’s condition E [exp (% fOT a® ds)} < 0. Then By
is a Brownian motion wrt Q where

d T , 1 /T
%(w) :=exp</o a(w78)-st—§/0 Ia(w,8)|§d8> (30)

G. Proof of Continuous-Time ELBO

Proof. By inverting the relationship (29), we have

dB! = dB, + a(w, s) ds

This allows us to reparameterize Yy as

dY = —pds + o0 dB. = —puds + o(dB, + ads) = (—pu + 0a) ds + o + dB,

The log density can be written as

dP r 1 (7
10—:—/ a~dB;—|—f/ al|*ds
40 ; 2, [lall

T R 1 T
:_/ a.(dBS—i-ads)—i-f/ ||a||* ds
0 2 0

T . 1 T
:-/ a~dBS—f/ a2 ds
0 2 0

Finally, since the first term is in expectation equal to zero (@ksendal, 2003, Theorem 3.2.1), we conclude the proof. O

Remark 2 (Computation). This lower bound can be numerically estimated by using any black box SDE solver, by aug-
menting the dynamic of y with the accumulation of ||a||? and V - u. Computing the divergence term V - p directly
can be expensive, but it can be efficiently estimated using the Hutchinson trace estimator (Hutchinson, 1989) along with
reverse-mode automatic differentiation, similar to Grathwohl et al. (2018). As the parameters of both the generative and
inference models are decoupled from the random variable B,, their gradients can be estimated via the reparameterization
trick (Kingma & Welling, 2014; Rezende et al., 2014). Furthermore, backpropagation can also be computed using an
adjoint method with a constant memory cost (Li et al., 2020).

Remark 3 (Drift a). (i) In general, the drift term of the approximate posterior to the latent Brownian motion can be
amortized, so that it will encode the information of individual datum z. (ii) The regularization ||a||? ensures that a is kept
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close to 0, since it represents the deviation of the measure it induces (i.e. Q) from the classical Wiener measure (which is a
centered Gaussian measure). (iii) When the diffusion coefficient ¢ is 0, the inference SDE reduces to the reverse dynamic
of the generative ODE, and if @ = 0 in this case, the lower bound is tight. (iv) There is generally no constraint on the
form of a(w, s), so one can potentially augment it with additional dimensions to have a non-Markovian inference SDE. For
simplicity, unless otherwise specified, we assume the inference SDE is a diffusion model, i.e. a = a(y, s).

Remark 4 (Variational gap). Even though the inference SDE seemingly takes a simple form, it is sufficiently flexible in
that sup £°° = log p(x, T'), where the supremum is taken over all processes a(w, s) that are progressively measurable. See
Boué et al. (1998) for more details.

H. Infinitely deep hierarchical VAE

In this section, we formally address the common belief that “diffusion models can be viewed as the continuous limit
of hierarchical VAEs” (Tzen & Raginsky, 2019), and show that the CT-ELBO consistently extends their discrete-time
counterpart. We do so by inspecting the ELBO of a hierarchical VAE defined as discretized® generative and inference
SDEs. We assume the generative model (i.e. the decoder) follows the transitional distributions

p(xigi|z:) = N (zig; (i), 67) GD
fi(z) =z + Atu(z,iAt) 52 = Ato?(iAt), (32)

where At = T'/L is the step size and L is the number of layers. For the inference model (i.e. the encoder), we assume

q(@i|zig1) = N (253 flig1(2i41), 6741) (33)
fi(z) = o + At(—p(z,iAt) + o(iAt)a(x, T —iAt)) 67 = Ato?(iAt). (34)

These transition kernels constitute a hierarchical variational autoencoder of L stochastic layers, whose marginal likelihood
can be lower bounded by

L—-1

X; X;
logp(zr) > E, |logp(xo) + Y log W = &r (35)
i=0 H

which we refer to as the discrete-time ELBO (DT-ELBO). The reconstruction error of the stochastic layer can be seen as
some form of finite difference approximation to differentiation, which gives rise to V- in the CT-ELBO in the infinitesimal
limit (as At approaches 0). The regularization of ||a||?> pops up when we compare the difference between fi; and ji; using
the Gaussian reparameterization to compute the reconstruction error. We formalize this idea in the following theorem.

Theorem 5 (Consistency). Assume p, o, 072 a, [|al |2 and their derivatives up to the fourth order are all bounded and
continuous, and that o is non-singular. Then &£ L _yg%as L — .

This theorem tells us that the CT-ELBO we derive for continuous-time diffusion models is not that different from the
traditional ELBO, and that maximizing the CT-ELBO can be seen as training an infinitely deep hierarchical VAE. The

proof below formalizes the above intuition, using Taylor’s theorem to control the polynomial approximation error, which
will go to 0 as the step size At vanishes when the number of layers L increases to infinity.

Proof. By definition of the log transitional distributions
d . 1 - o
log p(wit1|zs) = —5 log 27 — log det(d;) — §||xi+1 — i (wi)[|5 -2 (36)

Using the definition of [i;, the quadratic term becomes
|zis1 — @i — Atp(ws, iAL)]]% -

SWe follow the Euler-Maruyama (EM) scheme. Other discretization scheme may also work; we leave that for future work.
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Due the the Gaussian reparameterization (under g), we can write

i = flig1(Tig1) + Oiqr€ 37
= i1+ At — p(zip, (0 +1)AL)
+0((i + 1)At)a(wipr, T — (i + 1)At)) + VAto((i + 1)At)e

Plugging this into the quadratic term yields
1P = [[At(p(wira, (0 + 1)AL) — p(zs, iAt)) (38)
— Ato((i + DA a(zip1, T — (i + 1)At) — VAto((i + 1) At)el|?
We take care of the deviation in y first, by taking the Taylor expansion around (z;, iAt):

(i1, (i + 1)AL) = p(xg, iAt) + Vu(zs, iAt) (x40 — x;) + O(AL) (39)

Note that the first order term wrt the time variable is also O(At), so it’s absorbed into the remainder. Combining the last
three identities, we have

1 -
Sl = (@)l (40)
1 1
= ieTUT(JUT)_lo'G +Ate" o'V (o0") toe + iAtaTUT(JJT)_loa

+ o(At) + (A% 6 T (00 ) Loa

Note that we’ve dropped the arguments of the functions for notational convenience. All the s in the denominator are
o(iAt). The o(At) term can be neglected since it decays fast enough even though there are L = 1/At of them. The last
term is O in expectation since € is Gaussian distributed. To take care of the first term (*), we turn to the log density of the
inference model.

d . 1 R
logg(@ilzit1) = —5 log2m —logdet(Gy+1) — S llzi — frir1(zisy)l ?,,—fl (41)
d . 1. 9
= ——log2m — logdet(65+1) — =||Gir1€||2-2 42)
2 2 Tit1
Comparing the second term with (¥), we have
1 _ _
§ETU,-:_1 ((Ji+1criT+1) L (07;0;) 1) Oit1€, (43)
where o; := o(iA). Using the differential notation, in expectation, the above can be rewritten as
1
E ieTJT (0i(o0 ™)) oe| dt = —tr(o7 o) dt = —0; log det (o) dt, 44)

where we used Hutchinson’s trace identity and Jacobi’s formula. Therefore, the summation of the differences will converge
to log det(o(0)) — log det(o(T)). This quantity will be negated by summing up the differences between the normalizing
constants for all L terms, which gives us log det(c(T")) — log det(c(0)), by the telescoping cancellation.

Now we only have two terms from the quadratic function, which will converge to
T Tw, T -T L2
e o Vyu o ledt+ §\|a\| dt
Using the trace identity again, and the fact that trace is similarity-invariant, we see that the above quantity is equal to

1
(V~u+ 2||a||2> dt
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in expectation. Now summing up all the layers, we can decompose the approximate error as
E|Y log?| ~E —/ Vot i) < E S log? + 37 Vot 2llal?) At
q 2 B q 2
1 1
v || (v n gllall) ae [ (veu gl

As all the approximation errors are bounded and converge to 0 as L — oo, the first term goes to 0 by the Dominated Con-
vergence Theorem. The assumption on the coefficients also guarantees the convergence in mean square error (Milshtein,
1975) of the Euler Maruyama scheme, which implies the second term goes to 0. The same applies to the last step for the
prior term: 2o — y(T) in L. O

I. Non-uniform sampling for debiasing

We perform non-uniform sampling to debias the denoising score matching loss weighted by o2 /g2, as discussed in sub-
section J.2. We experiment with the variance-preserving SDE from Song et al. (2021) (originally from Ho et al. (2020)),
whose drift and diffusion coefficients are

Fly.5) = ~55()y @s)
9y, s) = g(s) = V/B(s) (46)

where () = (Bmax — Bmin)$ + Bmin, for some constants Byax and Bmin-

Solving the Fokker Planck of this SDE with a Dirac point mass as initial condition gives us a conditional Gaussian, whose
variance is

s 1
O'f = / 92 (S/)dS/ = 582 (Bmax - /Bmin) + Sﬁmin (47)
0

Our goal is to sample from a density function proposal to g2 /o2 for most of the part. So for some small s, > 0, we define
the following unnormalized density

Ge(s) = § 2 (48)
qe\S) = oe
% s € [se,T]
To simplify our notation, we let
L,
¢<5> = log exp 55 (/Bmax - ﬁmin)sﬁmin -1 (49)
92(56)

o(u) := log (1 + exp (Zu + &(se) — 5 36)> (50)

- %s s€[0,s.)
D (s):= 205 ) (51

CEDs - 0(s) — () 5 € 56, T

where ®. is the cumulative function of the unnormalzied density. Evaluating it at 7" gives us the normalizing constant

Z = ®.(T), from which we obtain the CDF, ®(s) = %, the pdf ¢.(s) = (?ET(S), and the inverse CDF that we need for
sampling (using the inverse CDF transform):

Z9lse),, = [0,8592(86)>

9% (s¢) Zo3,

(52)
2 Se
4Bmax£ﬂmin (_6111111 + \/ﬁ?nin + 2 (ﬁmax - ﬁmin) @(u)> u e |:35 gZ((j'EE) s 1:|
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J. Additional Experimental Findings
J.1. Computational trade-off

Having a general framework for estimating the likelihood of diffusion processes allows us to compare a wide family of
models, including continuous-time flows and plug-in reverse SDEs trained by score matching. We compare the two by
measuring the negative ELBO throughout training to highlight their computation-estimation trade-off. We train the models
on the Swiss roll toy data. For continuous-time flow, we set ¢ = 0, using the Hutchinson trace estimator following
Grathwohl et al. (2018). The ELBO in this case is tight since a will be penalized to be 0. We use the torchdiffeq
library (Chen et al., 2018) for numerical integration for fairer comparison ’. For plug-in reverse SDE, we train the drift
network a using SSM and DSM (for DSM the loss is weighted to reduce variance, which introduces some bias; see the
next subsection). We use the variance-preserving inference SDE from Song et al. (2021), which allows us to sample Y
using a closed form formula, for s sampled uniformly between [0, T'|. The trained models are visualized in Figure 1, the
learning curves presented in Figure 4.

From the learning curve figures, we see that neg-likelihood decreases rapidly for the continuous-time flow in terms of
the number of parameter updates. But once the x-axis is normalized by runtime, the convergence speed becomes almost
indistinguishable. This is because for continuous-time flows, numerical integration takes time, whereas for plug-in reverse
SDEs, we train on a random time step s; that is, within a fixed amount of time the latter can make more parameter updates
at the cost of some noise. Note that both models have constant memory cost (wrt 7" or L, the number of integration steps),
so a large batch size can be used to reduce variance for training.

J.2. Bias and variance trade-off

The integral in equation (14) can be estimated by sampling (Y5, s), and using the Hutchinson trace estimator to estimate
the divergence, which corresponds to implicit score matching. However, in practice the variance of this estimator is very
high when the norm of the Jacobian V Sy is large. Another popular approach is to use the denoising estimator (recall the
identity from (3)),

1
By, (3lIs0(Ys, ) = Viog a(Va[Yo)llgy-

Yo = a«} (53)

The inference SDE is typically chosen so that Y; can be easily sampled, e.g. following N (us,02), where jis and o are
functions of Yy and s. In this case, if we reparameterize Y = p, + os¢ where ¢ ~ N(0,1), then the score becomes
Vlogq = ——-. Since 05 — 0 as s — 0, this estimator normally has unbounded variance. A practical remedy for this

is to multiply (53) by 02 /g? (assuming g is a scalar for simplicity), so that the target has constant magnitude on average
E[% ||osSg+e€l|?], which would result in a biased gradient estimate with much smaller variance. We can debias this estimator
by sampling s ~ ¢(s) o< g*/o2. This ratio, however, is usally not normalizable in practice (as it integrates to o0). As
an alternative, we consider the following unnormalized density Ge(s) = g*(sc)/o2, for s € [0, s¢], and Ge(s) = g*(s) /02
for s € [s.,T]. We experiment with this debiased procedure by sampling s ~ ¢. x ¢, for f and g chosen to be the
variance-preserving SDE.

We train the model on MNIST (LeCun et al., 1998) and CIFAR10 (Krizhevsky et al., 2009). We present the learning curves
and the standard error of the estimate of the ELBO in Figure 5. The lower bound is estimated using the Hutchinson trace
estimator with s sampled uniformly from [0, 7], with the same batch size, so the only thing that will affect the dispersion
is the magnitude of VSy. Since smaller values of s are more likely to be sampled under ¢., the debiased model will see
samples with less perturbation more often. On the contrary, sampling s uniformly will bias the model to learn from noisier
data, causing the learned score to be smoother. We also experiment with parameterizing Sy vs parameterizing a. We find
the latter parameterization to be helpful since the relationship Sy = g~ 'a has the effect of negating the multiplier o, in
the reweighted loss, i.e. E[5]| a+ e |2]. This is similar to the noise conditioning technique introduced in Song & Ermon
(2020).

"Black-box SDE solvers such as t orchsde (Li et al., 2020) might not be optimized for the deterministic case, since their stochastic
adjoint method scales O(Llog L) in time whereas deterministic numerical solvers are usually faster. This matters for our runtime
comparison.
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Figure 4. Neural ODE vs plug-in reverse SDE (denoising or slice score matching). The learning curves are presented as a function of
iterations (left) and runtime (right) to emphasize the distinction between the two families of models.
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Figure 5. Likelihood estimation on MNIST (first row) and CIFAR10 (second row). s and a denotes which model we parameterize.
Y-axes are bits-per-dim and the standard error of BPD of the test set. Shaded area reflects the uncertainty estimated by 3 random seeds.

K. Experiments Details
K.1. MNIST and CIFAR 10

We use the variance preserving SDE described in Appendix I, with Bpin = 0.1, Bpnax = 20, and T = 1. We use the
same architecture following (Ho et al., 2020) for the CIFAR10 experiment (which is a modified U-Net (Ronneberger et al.,
2015)). For MNIST, we use 3 feature map resolutions (instead of 4) and reduce the number of channels from 128 to 32.
Also we did not apply dropout.

For optimization, we use the Adam optimizer with a learning rate of 0.0001. We use minibatch size 128 for all experiments.
We apply the standard uniform dequantization, and map the data to the real space using the logit transform (with a squeeze
coefficient & = 0.05 to avoid numerical instability). For CIFAR10, we additionally apply random horizontal flipping for
regularization.

L. Related work

Diffusion-based generative models Our work lays a theoretical foundation for Song et al. (2021), which recognizes that
conditional denoising score matching (Song & Ermon, 2019; 2020) and discrete-time diffusion-based generative models
(Sohl-Dickstein et al., 2015; Ho et al., 2020) can be viewed as learning to revert an inference process (using the plug-in
reverse SDE). This line of work has been successfully applied to modeling high dimensional natural images (Dhariwal &
Nichol, 2021; Saharia et al., 2021), audio (Kong et al., 2020), 3D point cloud (Cai et al., 2020; Zhou et al., 2021), and
discrete data (Hoogeboom et al., 2021).
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Score matching for energy-based models Besides the connection to diffusion models, score matching is also often
used as a method for learning energy based models (EBM)— see Song & Kingma (2021) for a comprehensive review on
useful techniques—. When used as an EBM, sampling from the conditional denoising score matching can be achieved
by performing annealed importance sampling (Neal, 2001) with Langevin dynamics, which is connected to free-energy
estimaton in physics (Jarzynski, 1997), wherein the path integral is essentially a Feynman Kac representation.

De Bruijn’s identity To connect maximum likelihood and score matching, Durkan & Song (2021) shows that KL di-
vergence can be represented as an integral of weighted Fisher divergence, generalizing the case of Lyu (2009) where the
inference perturbation is a simple Brownian motion. This type of formulas fall into the category of de Bruijn’s identity
(Cover, 1999) for relative entropy. A similar differential form result can be found in Wibisono et al. (2017).

Learning SDEs Tzen & Raginsky (2019); Li et al. (2020) also propose to learn a neural SDE by applying Girsanov’s
theorem. The key difference is that they treat the SDE entirely as a latent variable, with an additional emission probability,
whereas we use the Feynman-Kac formula to directly express the marginal density as an expectation, side-stepping the
need to smooth out the density using the emission probability (which will be a Dirac point mass in our case). In their case,
the inference direction is the same as the generative direction, since they infer the latent SDE directly, whereas we apply
Girsanov to the Feynman-Kac diffusion (opposite the generative direction). Xu et al. (2021) further apply neural SDE as
an infinitely deep Bayesian neural network.
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