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Abstract

We propose a technique to design control algorithms for a class of finite dimensional quantum
systems so that the control law does not present discontinuities. The class of models considered admits
a group of symmetries which allows us to reduce the problem of control to a quotient space where the
control system is ‘fully actuated’. As a result we can prescribe a desired trajectory which is, to some
extent, arbitrary and derive the corresponding control. We illustrate this technique with examples
and focus on the application to the simultaneous control of two non-interacting spin % particles with
different gyromagnetic ratios in zero field nuclear magnetic resonance (NMR). Our method provides a
flexible toolbox for the design of control algorithms to drive the state of finite dimensional quantum
systems to any desired final configuration, with smooth controls.

Keywords: Control Methods for Quantum Mechanical Systems; Smooth Control Functions; Sym-
metry Reduction; Nuclear Magnetic Resonance.

1 Introduction

The combination of control theory techniques with quantum mechanics (see, e.g., [13], [17], [19]) has
generated a rich set of control algorithms for quantum mechanical systems modeled by the Schrodinger
(operator) equation

X =AX+> BuX, X(0)=L1 (1)
j=1

Here we assume that we have a finite dimensional model, A and B; are matrices in su(n) for each
Jj=1,..,m, X is the unitary propagator, which is equal to the identity 1 at time zero, and u; are the
controls. These are usually electromagnetic fields, constant in space but possibly time-varying, which are
the output of appropriately engineered pulse-shaping devices. Many of the proposed algorithms in the
literature involve control functions which are only piecewise continuous and in fact have ‘jumps’ at certain
points of the interval of control. For example, control algorithms based on Lie group decompositions (see,
e.g., [23]) involve ‘switches’ between different Hamiltonians (A + >_. B; in (1)); Algorithms based on
optimal control, even if they produce smooth control functions, often require a jump at the beginning of
the control interval in order for the control to achieve the prescribed value in norm (assuming a bound in
norm of the optimal control as in [15]). Beside the practical problem of generating (almost) instantaneous
switches with pulse shapers, such discontinuities introduce undesired high frequency components in the
dynamics of the controlled system. For these reasons, it is important to have algorithms which produce



smooth control functions whose values at the beginning and the end of the control interval are equal to
Zero.

This paper describes a method to design control functions without discontinuities in order to drive the
state of a class of quantum systems of the form (1) to an arbitrary final configuration. Our main example
of application will be the simultaneous control of two quantum bits, a system which was also considered
in [20] (in zero field nuclear magnetic resonance (NMR)) and [14], in the context of optimal control. As
compared to these papers, we abandon here the requirement of time optimality (under the constraint of
bounded norm for the control) but introduce a novel method which will allow us more flexibility in the
control design. The result is a control algorithm that does not present discontinuities, with the control
equal to zero at the beginning and at the end of the control interval.

The paper is organized in two main sections each of which divided into several subsections. In Section
2 we describe the class of systems we consider and the general theory underlying our method. We also
present two simple examples of quantum systems where the theory applies. In Section 3 we detail the
application to the system of two spin % particles in zero field NMR above mentioned.

2 General Theory

2.1 Class of systems considered

Consider the class of control systems (1) with A and B;, j = 1,...,m, in su(n) and let £ denote the Lie
algebra generated by {4, By, ..., B;,}. We assume that £ is semi-simple, which implies, since £ C su(n),
that the associated Lie group e* is compact. The Lie algebra £ is called, in quantum control theory,
the dynamical Lie algebra associated to the system (1). Since e“ is compact, the Lie group e is the
set of states for (1) reachable by changing the control [21]. In particular if £ = su(n), the system is
said to be controllable because every special unitary matrix can be obtained with appropriate control.
These are known facts in quantum control theory (see, e.g., [17]). We assume that £ has a (vector space)
decomposition £ = K & P, such that [IC, K] C K, i.e., K is a Lie subalgebra of L, which we also assume
to be semisimple so that ¢ is compact. Moreover [K,P] C P. A special case is when, in addition,
[P,P] C K in which case the decomposition £ = K ® P defines a symmetric space of e [22]. We assume,
in the model (1), that such a decomposition exists so that A € K and {Bjy, ..., By, } forms a basis for P.

Under such circumstances, we can reduce ourselves to the case A = 0 in (1), i.e., to systems of the
form

m
U=> uBU, U0 =1 (2)
k=1
To see this, assume that for any fixed interval [0,¢¢] and any desired final condition Uy, we are able to

find a control 4y, defined in [0, t¢], steering the state U in (2) from the identity 1 to Us. Let ar;j = ax;(t),
k,7 =1,...,m the coefficients forming an m x m orthogonal matrix, so that, for any j =1, ..., m,

m
e M Bje = " a;(t) By (3)
k=1

Let Xy be the desired final condition for (1) and 4y be the control steering the state U of system (2)
from the identity 1 to e~ 4% X f», in time £y. Then the control u; obtained inverting

(1) = ar;(t)u; (1), (4)
j=1

steers the state X of (1) from the identity to Xy. This follows from the fact that, if U = U(t) is the
solution of (2) with the control 7, and final condition e~ X;, then X = AU is a solution of (1), with



the controls u; given by (4) and therefore the final condition at ¢ is X ;. Notice that the transformation
(4) does not modify the smoothness properties of the control, neither does it modify the fact that the
control is zero at the beginning and at the end of the control interval (or at any other point). Therefore
in the following we shall deal with driftless systems of the form (2) with the Lie algebraic £ = K & P,
structure above described. In particular {Bj, ..., By, } forms a basis for P.

2.2 Symmetry reduction

The compact Lie group eX can be seen as a Lie transformation group which acts on e via conjugation

X cef - KXK' K € & Moreover this is a group of symmetries for system (2) in the sense that,
for every K € eV, KB;K~! € P for each j. In particular let KB; K~ ! := "], ay;By for an orthogonal
matrix {ay;} depending on K € X (cf. (3)). If U = U(t) is a trajectory corresponding to a control i,
KUK~ is the trajectory corresponding to controls uy, := Z;”zl ap;Uj, as it is easily seen from (2) and

m m m
KUK™' =) a4,KB,K 'KUK '=> i, (Z aijk> KUK ' =
k=1

j=1 j=1
m m m

=> D iy | BREUK ™ =) w BRyKUK ™.
k=1 \j=1 k=1

Therefore, if we find a control steering the state U of (2) to some Uf a ‘rotated’ control obtained by
similarity transformation with a K € X, we will obtain state transfer to U ¢ in the same orbit as U [
This suggests to treat the control problem on the quotient space e~ / X corresponding to the above action
of €& on e~.

From the theory of Lie transformation groups (see, e.g., [16]), we know that the quotient space e /e
has the structure of a stratified space where each stratum corresponds to an orbit type, i.e., a set of
points in e“ which have conjugate isotropy groups. The stratum corresponding to the smallest possible
isotropy group, Kmin, is known to be a connected manifold which is open and dense in e / . We denote
it here by efeg /€X', where reg stands for the regular part. Its preimage in e”, efeg, under the natural
projection 7 : e“ — e/ is open and dense in e as well. It is analogously called the regular part of
e£. The complementary set in e /e’ (resp. eX) is called the singular part. The dimension of efeg /el as

a manifold is
dim(ef,, /") = dim(e”) — dim(e*) + dim Kpin, = dim(£) — dim(K) + (dim Kpin ), (5)

where dim(K,y,) is the dimension of the minimal isotropy group as a Lie group [1]. In particular, if
Kpin is a discrete Lie group, i.e., it has dimension zero, the right hand side of (5) is the dimension of the
subspace P. This is verified for instance in K — P problems when e* = SU(n) (cf., e.g., [18]). We shall
assume this to be the case in the following.

According to a result in [18], under the assumption that the minimal isotropy group K, is discrete,
the restriction of m, to R;./P is an isomorphism onto Tr(,) (efeg / eK) for each point x in the regular part,
efeg. Here, as it is often done, we have identified the Lie algebra £ with the tangent space of e at the
identity 1, and therefore P is identified with a subspace of the tangent space at 1. The map R, is the
right translation by x so that R,.P is a subspace (with the same dimension of P) of the tangent space at
z, TyeX [2]. In Appendix B, we show that in given coordinates the determinant of the restriction of .,
to RgP is invariant under the action of €X. The above isomorphism result says that in the regular part
det 7, # 0. In this situation, for every regular point U € e*, for every tangent vector V € TW(U)(efeg /el),
we can find a tangent vector 7,1V € Ry.P. Such a tangent vector is horizontal for system (2) which



means that it can be written as a linear combination of the available vector fields {BiyU} in (2). If
I' =T'(¢) is a curve entirely contained in efeg/e’C and U = U(t) a curve in efeg such that 7(U(t)) = I'(¢)
for every t, i.e., U is a ‘lift’ of T', then W*lglf is a horizontal tangent vector at U (t) for every ¢. If T" joins
two points I'g and I'; in efeg/e’c, in the interval [to, t1], and Uy is such that 7(Uy) = I'g, then the solution
of the differential system

U=ml;T, Ut = U, (6)

is such that w(U(¢1)) = I'1. Therefore, once we prescribe an arbitrary trajectory I' to move in the quotient
space between two given orbits I'g and I'; in the regular part, the control specified by

m
W*ll}lf = ZUJ'B]'U (7)
j=1

will allow us to move between two states Uy and U; such that 7(Up) = I'g and 7(U;) =T';.

2.3 Methodology for Control

The above considerations suggest a general methodology to design control laws for systems of the form
(2). In fact, given the freedom in the choice of the trajectory I' = I'(t) above mentioned, we can design
such control laws satisfying various requirements and, in particular, without discontinuities. Such a
methodology can be summarized as follows.

First of all we need to obtain a geometric description of the orbit space /e, and in particular
of its regular part efeg /e*. This was obtained for a large class of systems in [12]. Furthermore, we
verify that the minimal isotropy group, which is the isotropy group of the elements in efeg, is discrete
so that the right hand side of (5) is equal to dimP. This is a weak assumption, easily verified in the
examples that will follow and that can be proven true in several cases [18], [24]. Then one chooses
coordinates for the manifold efeg /e®. These are expressed in terms of the original coordinates in e* or,
more commonly, in terms of the entries of the matrices in e“. Such coordinates are a complete set of
independent invariants with respect to the (conjugacy) action of the group eX. The word ‘complete’
here means that the knowledge of their values uniquely determines the orbit, i.e., the point in efeg / ek
corresponding to the point in . There are m = dim(P) coordinates, as this is the dimension of efeg /el
(cf. (5)). Once we have coordinates {z?,...,2™}, the corresponding tangent vectors {%, ey (%im} at
every regular point in the quotient space determine a basis of the tangent space of efeg /eX. For any
trajectory I' in efeg /€X, we can write the tangent vector I'(t) as I'(t) = Py d:j%, for some functions
i = #7(t). With this choice of coordinates, one then needs to calculate, for every regular point U, the
matrix for .|y as restricted to Ry, P and its inverse 71'*’(;1. This allows us to implement formula (7) to
obtain the control from a given prescribed trajectory in the orbit space.

Once this information is available, a smooth control can be obtained. Let us first assume that the
desired final condition Uy is in the regular part of e. Since the regular part is open and dense in %, this
will actually allow us to drive the state arbitrarily close to any point in e£. The identity 1 is not in the
regular part of €. In fact the whole Lie group €* is the isotropy group of the identity, so that 1 is in the
singular part. If we take for I' a trajectory which starts from the class corresponding to the identity, the
matrix corresponding to 7, may become singular as ¢ — 0 and therefore it will be impossible to derive
the control directly from formula (7). We cannot therefore simply prescribe a curve I' in the quotient
space joining the identity to the desired orbit. In order to overcome this problem, we apply a preliminary
continuous control which takes the state of system (2) (from the identity) out of the singular part and
into the regular part of e“. To avoid discontinuities, such a control is chosen to be zero at the beginning
and at the end of the control interval. It takes the system to a point Uy with 7(Uy) = Tg € ek, /er.

reg



There is no general prescription to design such a preliminary control which depends on the particular
system at hand. However we recall that the regular part of e /e’ is open and dense in e~ /e’ therefore,
only special types of controls will keep the state in the singular part. An arbitrary control function will
likely do the job to move the state from the identity to a point Uy in efeg. Then we choose the trajectory
I' in the regular part of the quotient space which joins I'g and I'; where I'; is the orbit of the desired
final condition Uy. The control obtained through (7) will steer system (2) to a state U ¢ in the same orbit
as the desired final condition Uy. Therefore we will have (U ¢) =m(Uy) =T'1. Notice that we also want
' = 0 at both the initial and final point so that the control is zero and can be concatenated continuously
with the preliminary control above described. The (concatenated) control 4 obtained this way will drive
the state U of (2) from the identity 1 to a state Uf which is in the same orbit as the desired final state
Uy. There exists K € X such that KU sK~1 =Uy. Once such a K is found it will determine through
Py KBja; K1 = 7' | Bruy the actual control {ug} to apply. Such a ‘rotated’ control is the final
control for the procedure. We remark that this ‘rotation’ procedure does not modify the smoothness
properties of the control, nor the fact that it is zero at some point (in particular at the beginning and at
the end of the control interval).

Assume now that the desired final condition Uy is in the singular part of e£. The problem is solved
by concatenating two controls which drive the identity to two regular points obtained as described above.
In particular, we first select a regular element S € e£ and such that U S ~1 is also regular [3]. Then we
find two controls: w; driving U in (2) from the identity to S in (2) and uy driving U in (2) from the
identity to UpS~! in (2). Because of the right invariance of system (2), uz also drives S to Uy. Therefore,
the concatenation of w; (first) and uy (second) will drive to the desired final state Uy.

2.4 Examples
2.4.1 Control of a single spin % particle

Consider the Schrodinger operator equation (2) in the form

7= (Lol V) vo -1 ®

with U in SU(2). The complex-valued function « is a complex control field representing the x and y
components of an electro-magnetic field. The dynamical Lie algebra £ is su(2) and it has a decomposition
su(2) = K@ P with K diagonal and P anti-diagonal matrices. The one-dimensional Lie group of diagonal
matrices in SU(2) = e is a symmetry group €~ for the above system and the structure of the quotient
space SU(2)/eX is that of a closed unit disc [11]. The entry u1 1 of U € SU(2), which is a complex number
with absolute value < 1, determines the orbit of the matrix U. The regular part of SU(2) corresponds
to matrices with |uq,1| < 1, i.e., the interior of the unit disc, in the complex plane. The singular part is
the boundary of the unit disc. Denote by z the (complex) coordinate in the interior of the complex unit
disc. This corresponds to two real coordinates invariant under the action of X (conjugation by diagonal
matrices). Let I' = T'(¢) be a desired trajectory inside the unit disc, which we denote by z; in the chosen
coordinates. The tangent vector I in (6) is given in the complex coordinate by z'd%. (This is a shorthand
notation for dcda%d + ydaiyd where x4 and y,4 are the real and imaginary parts of z4.) In the coordinates

on SU(2) used in equation (2) the corresponding tangent vector for U is given by (cf. (8)) (_Oa cg) U



and the value of the control « is obtained by solving (6) which becomes in this case:

< 0 a)t
) d —a* 0
34 = a\tzoz e\ U, (9)

Zd
u2,1’
from the above recalled isomorphism theorem of [18], gives a one-to-one correspondence between v and

24 as long as U is in the regular part of SU(2), i.e., it is not diagonal, i.e., ug 1 # 0.
The right hand side of (2) in this case takes the form uyio, + uyio,, with o, . the Pauli matrices
defined in (19) below, so that o above is o 1= uy + tu,. Writing ug 1 := u + iv, equation (9) gives the

where z(P) denotes the the (1,1) entry of the matrix P. Equation (9) gives oo = which, as expected

controls in terms of the desired trajectory in the quotient space (&4, yq) as uy = “ggjggd, Uy = “HB50
1 0

As a numerical example, assume we want to steer the state from the identity 12 to Uy = 0 —i

Notice that the desired final value Uy is in the singular part of the space. Therefore, as described in
the previous subsection, we split the problem in two: we drive to a regular S (such that U fS*I is also
regular) and to UfS_1 and then concatenate the two controls. We first apply a preliminary control to
move the state out of the singular part. To do that, we can use in an interval [0,1] u, = 0 and u, any

function such that fol uy(t) = 7, and u,(0) = 0 and uy(1) = 0, for example wu,(t) = 7r;sin(ﬂt). This

4
1 1
drives the state to the intermediate value U} = \/51 ‘@) Call the corresponding control u;. We
V2 V2
notice that U; is a regular point, and
B
UsUr' = (@ ‘_/?) , (10)
V2 V2

is also a regular point, and therefore we can take U; as the regular intermediate point S and the problem
is now to find a control which drives the identity to U fS*1 =U;U; Lin (10). Then we concatenate the
control that drives to S, i.e., u;, with the one that drives to UfS_1 to obtain a (smooth) control that
drives to Uy. Again, apply a preliminary control driving the state from the identity out of the singular
part. Similarly as before we can use, in an interval [0, 1], u, = 0 and u, = 4, any function such that
fol uy(t) = 5, uy(0) = 0 and uy(1) = 0, so that we drive to Uz = <_01 (1)> Note that there is no
special reason here to change the intermediate point in the regular part different from the one before.
We only want to avoid confusion between the two steps, and our choice makes things slightly simpler in
the following calculations. Now consider a trajectory (x4,yq) in the quotient space (the disk) from the
point 0 to the point ﬁ = m(UpS™1) (cf. (10)), such that at the initial and final time @4 = g4 = 0. We

2

can choose for example, in [0, 1], the polynomials z4(t) = 0, yq(t) = \/5(3 — 2t). With this choice, 4 =0

and 74 = %t(l —t), and the controls u, = “zglzgd and u, = “igizé}d become:
6 6
B 7%(1—t)u B 7%(1—t)v
Yo = T 2 YT T e
which gives o := i%ual. Then we solve the differential system
i1y =oug;  Ugy = —a'uiy [u1(0),ug,(0)] = [0, —1].



This step is usually done numerically but, in this case, we can obtain an explicit solution which is given
by:

up(t) = (3t2 —2t%),  ugy = —\/1 + 2(—t6 + 3t5 — %t4). (11)

Sl

The controls u, and u, are:
6t(1 —t)
\/5\/1 +2(—16 + 315 — 9¢4)

which have to be ‘concatenated’ to the control, u, = 0,u, = 1, that drives to Us. Such a concatenated

Uy = —

uy =0 (12)

i 1
control leads to U = ( 2 V2 > (calculated by using ¢ = 1in (11)). This is different from the desired
V2 V2

19
UfUl_1 = UfS_1 in (10), but in the same orbit. The transformation K € €& K := (60 6—01'¢>>’ with

¢ = 7 is such that KUfKT = UyS™1. Therefore the control to reach UpS™! is the above (concatenated)
control steering to U ¢ ‘rotated” by K. In particular, consider the control w,,u, above which is the
concatenation of u, = 0,u, = @, and (ugz,uy,) in (12). Consider K (uyioy + uzio,) K = u,Kio, KT +
up Kio, KT = Uyi0y — Ugtoy. Therefore the new control is such that the role of u, is taken by the old u,
and the role of u, is taken by — the old u,. This control drives the state from the identity to UpS—!.

Concatenating this control with the control leading to S gives a control steering to the desired final
condition Uy.

2.4.2 Control of a three level system in the A configuration

Consider a three level quantum system where the controls couple level |1) to level |2) and level |1) to
level |3) but not level |2) and |3) directly. Assuming that |1) is the highest energy level, the energy level
diagram takes the so-called A configuration (see, e.g., [25]). The Schrodinger operator equation (2) is
such that

0 a p
Zu]B —ZUJB =|-a* 0 0], (13)
—B* 0 0

with the complex control functions « and ﬁ. Such a system admits a group of symmetries given by
ek = S(U(1) x U(2)), i.e., block diagonal matrices in SU(3) with one block of dimension 1 x 1 and one
block of dimension 2 x 2, and determinant equal to 1. The Lie subalgebra K consists of matrices in su(3)
with a block diagonal structure with one block of dimension 1 x 1 and one block of dimension 2 x 2. The
complementary subspace P is spanned by antidiagonal matrices in s1(2) with the same partition of rows
and columns. Such a system was studied in [12] in the context of optimal control and a description of the
orbit space SU(3)/e® was given there. It was shown that the regular part SU(3)reg /e is homeomorphic
to the product of two open unit discs D1 X D2 in the complex plane. Up to a similarity transformation
in & = S(U(1) x U(2)), a matrix U in SU(3) can be written as

21 1—‘2’1’2 0 1 0 0
U=|—-y1—|zn|? 23 0] 10 =22 wl, (14)
0 0 1) \0 —w* 2z

for complex numbers z1, 2o and w, where |z1| < 1 and |z2| < 1. Strict inequalities hold if and only if U is in
the regular part, in which case z; and zp can be taken as the coordinates in SU(3);.eq/ X, An alternative
set of (complex) coordinates is given by (z1,T') where T is the trace of the (lower) 2x 2 block of U € SU(3)



which is invariant (along with 21) under the conjugation action of elements in e* = S(U(1) x U(2)). The
coordinates (z1,T") are related to the coordinates (z1, 22) (from (14)) by T' = 2] 22 + 23 which is inverted
as zg = =2 A (desired) trajectory I' in SU(3),¢y/S(U(1) x U(2)) is written in these coordinates as

1=fz1]? . .
(214, Ta) := (214(t), T4(t)) . The associated tangent vector I' in (6) is é’ld(t)a%l —l—Tda%. By using (6) with
0 a«a S
the restriction that U is of the form | —a®* 0 0 | U, we obtain two equations for a and £,
B 0 0
aug 1 + Pugi = Z14, —auj, — fui g = 5.

These are solved, using D := u{73u271 - U371u’1‘72 by

ui3731,d + U371TC}< 5= UiQZ':Ld + UQJTJ
A 9 —_— A .

D D

= (15)
The quantity D is different from zero if and only if the matrix U is in the regular part of SU(3) [4].
We illustrate the procedure for this system with a numerical example. Assume our desired final

condition is

0 11
V2 V2
Up=|-1 0 0 (16)
o -—-L L
V2 V2
The invariant coordinates are z; = 0 and T = % which gives zo = % Since |z1]| < 1, |z2] < 1 the

desired final condition is in the regular part of the space. We need to apply a preliminary control to steer
the state away from the identity. We use for this control a sequence ug o u; where, for u; (u2), a =0
(8 =0) and S («) is any real continuous function which is zero at the endpoints of the interval and whose

0 1 0
integral in the interval is 5. This control drives the state to Uy := | 0 0 —1 ], which is in the regular
-1 0 O

part with z; = z9 = T = 0. Therefore, in the quotient space, we look for a (smooth) trajectory (z14,7})
connecting (z1,T) = (0,0) to (z1,T) = (0, %) We can take in [0, 1], 214 = 0, Ty = —V/2t% + %tQ. With
this choice, @ and § in (15) are given by

3\/§t(1 — t)U371

= )
Uy gU21 — U3,1UT 5

3\@&12’1
Uy gU2,1 — U31UT o

B= (17)
With these controls we integrate the Schrodinger equation (2), (13) of the system with initial condition
U;. From the numerical solution of this differential system, we obtain the explicit form of the controls
a = «aft) and B = B(t) as well as the final condition which turns out to be

0o L L
V2 V2
-1 0 0

This, as expected, is in the same orbit as the desired final condition Uy in (16). The matrix K :=

00

0 0 e3 | € el issuch that KU K T = Us. Therefore the control is the concatenation of the
i?ﬂ

0 e 0
preliminary one (used to drive the state away from the identity and into the regular part, i.e., to U;) and
the (a, B) obtained by the above numerical integration, everything rotated by the matrix K.

i
e3



3 Simultaneous control of two independent spin % particles

3.1 The model

The dynamics of two spin % particles with different gyromagnetic ratios in zero field NMR can be described
by the Schrédinger equation (2) (after appropriate normalization) where

m
D kB =Y Uy (8)(i02y: ® 1+ il ® 04y ). (18)
k=1

m7y7z‘

Here ug . are the controls representing the x,y, 2 components of the electromagnetic field, and o, .
are the Pauli matrices defined as

() D) )

The parameter ~ is the ratio of the two gyromagnetic ratios and we shall assume that |y| # 1. Under this
assumption, the dynamical Lie algebra L for system (2), (18) is the 6—dimensional Lie algebra spanned
by {01 ® 1 +1® aa|01,02 € 5u(2)} [5]. The corresponding Lie group e~, which is the set of reachable
states for system (2), (18), is {X; ® Xo| X1, X2 € SU(2)}, i.e. the tensor product SU(2) ® SU(2). It is
convenient to slightly relax the description of the state space and look at system (2), (18) as a system on
the Lie group SU(2) x SU(2), i.e., the Cartesian direct product of SU(2) with itself, and the dynamical
equations (2), (18) replaced by

U=ct)U, UW0)=1, V=not)V, V(0)=1, (20)

with o(t) :== >, gy :(t)osy,.. The controls that drive system (20) to (£Uy, £Vy) drive system (2),
(18) to the state Uy ® V. Therefore we shall focus on the steering problem for system (20) which consists
of steering one spin to Uy and the other to Vy, simultaneously. Since |y| # 1, the dynamical Lie algebra
associated with (20) is spanned by the pairs (o1,02) with o1 and o9 in su(2). Such a Lie algebra can
be written as K & P with K spanned by elements of the form (o,0) with o € su(2) and P spanned by
elements of the form (o,v0) with o € su(2). At every p € G = SU(2) x SU(2), the vector fields in (20)
belong to R,.P.

3.2 Symmetries and the the structure of the quotient space

The Lie group SU(2) acts on G := SU(2) x SU(2) by simultaneous conjugation, that is, for K € SU(2),
(Ug,Vy) = (KUK, KV; K1) and this is a group of symmetries for system (20) in that if o = o(t)
is the control steering to (U, Vy), then KoK ! is the control steering to (KU;K ', KV;K~'). The
quotient space of SU(2) x SU(2) under this action, (SU(2) x SU(2))/SU(2) was described in [20] as
follows.

Consider a pair (Uy, Vy) and let ¢ € [0, 7] be a real number so that the two eigenvalues of Uy are e'® and
e . If 0 < ¢ < 7 then Uy # £1 and there exists a unitary matrix S such that SUfSJr := Dy is diagonal.
Therefore the matrix (U, Vy) is in the same orbit as (Df,SVfST). The parameter ¢ determines the
orbit, along with the (1,1)—entry of SV;S T which does not depend on the choice of S. (All the possible
diagonalizing matrices differ by a diagonal factor that does not affect the (1,1) entry of SV;S f.) Such a
(1,1)-entry has absolute value < 1 and therefore it is an element of the unit disk in the complex plane.
The orbits corresponding to the values of 0 < ¢ < 7 (for the eigenvalue of the first matrix) are therefore
in one-to-one correspondence with the points of a solid cylinder with height equal to 7. When ¢ = 0 (or
¢ = ), the matrix Uy is £ identity and therefore the equivalence class is determined by the eigenvalue of



the matrices V, which are e for ¢ € [0, 7). In the geometric description, the solid cylinder degenerates
at the two ends to become a segment [0, 7]. The regular part of the orbit space G4 is represented by
points in the interior of the solid cylinder. Such points correspond to pairs

(v ) (e )

with ¢ € (0,7) and |z| < 1. For these pairs, the isotropy group is the discrete group {+1}. In general
points that are in the singular part correspond to pairs of matrices (Uy, V) which can be simultaneously
diagonalized. Therefore the condition that they commute

UV = ViUy, (21)

is necessary and sufficient for a pair (Uy, V) to belong to the singular part.

Assume that p is a regular point in G4 for this problem and 7 is the natural projection 7 : Gy ey —
Greg/SU(2). Then from the theory in the previous section, the differential .|, is an isomorphism from
R, P to Tﬂ(p)GTeg/SU@). Let us choose a basis for P given by (i04y 2, Vi04,y,-). To choose the three
coordinates in Geq/SU(2), we consider a general element p in SU(2) x SU(2) written as

== (20 0 (5 2): @)

For a complex number g we shall denoted by qr := Re(q) and ¢ := Im(q). Notice that in (22) we have
Tk + 2t YR+ yF =2+ 27 Fwh +wi = 1.

Coordinates in Gyey/SU(2) must be independent invariant functions of (Uy, V) in (22). We choose

zl =R, z? = zp, 3 = z121 + WRYR + WrYI. (23)
It is a direct verification to check that at any point p € SU(2) x SU(2), x', 22 and z3 are unchanged
by the (double conjugation) action of SU(2), i.e., they are invariant. We remark also that we can define

-

two unit vectors V := (zg, z1,yr, yr), and W= (2R, 21, wR, wr), and, if we do that, 23 = V- -W —zpzr.

3.3 Choice of invariants

We pause a moment to detail how the invariant coordinates in (23) were chosen. We do this because
the method can be used for other examples. We consider the vectors Vo= [*r, 21, yR,y1]’ and W=
(2R, 21, wr, wr]T and the adjoint action of SU(2) on SU(2) x SU(2) which gives a linear action on
Q = [VT,WT]T. We are looking for functions f = f (17, W) invariant under this action. Given that
every element of SU(2) can be written according to Euler’s decomposition as e'7=%¢1740¢17:8  for real
parameters «, S and 6, it is enough that f is invariant with respect to transformations of the form
¢'@= and €9 for general real B and 6, in order for f to be invariant with respect to all of SU(2). If
X, := X.(B) := €:F then Ady, acting on [VT, WTT is

Adx_(p) =

o O O
S O = O
Q
@]
»n
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If X, := X,(0) := e+’ then Adyx, acting on VT W is

1 0 0 0
0 cos(d) 0 cos(f)
0 —sin(d) 0 cos(6)

We first look for linear invariants, i.e., invariant functions f of the form f (17, W) = GTV +bTW. From
the condition

aTV+b"W =aTAdxV + b7 Adx W,
where X may be equal to X, () or X,(6), with arbitrary 8 and 6, we find that the last three components
of @ and b must be zero. Therefore all linear invariants f must be of the form f = ajzr + b1zR, from
which we get the invariant zr and zg in (23).

We then try to find quadratic invariants and therefore an 8 x 8 symmetric matrix P so that f (17, W) =
VT wTPVT WTT and

~r o o o o AdL. 0 Ad 0 ~r o
T 0T T yoTT _ (T oT X X T irT1T
Vi, WwH PV, Wit =V ,W]<O Ad§>P<O AdX>[V,W],
for X = X,(B8) and X = X(0) as defined in (24) and (25) for every S and @ (and for every V and W).

This leads to the condition p A
dx 0 _ dx 0
(0 an) 2= (10 an)

From this, we find that the matrix P must be of the form

e 000dO0O0O0
0 c00O0g00
00c0O0O0G goO
p_l000co0 0y
d 000 000
0 g 00O0HhAT OO
00g¢g0O0O0FhRDO
000g¢g 000 A

It follows that all quadratic invariants must be of the form

f=ex} +2drgzg +ren + c(x + yh +yl) + h(z] + wh +w?) + 29(xrzr + wRYR + wryr).
Because of 7% + 27 + y% + y? = 2% + 27 + w% +w? = 1, all terms can be written in terms of the (linear)
invariant xr and zp except the last one which we choose as the third coordinate in (23).

3.4 Algorithm for control

At the point 7(p) € Greq/SU(2), the tangent vectors %, j = 1,2,3 span Ty ,yGrey/SU(2), so that a
general tangent vector at 7(p) can be written as a1% + CLQ% + aga%zg. We calculate the matrix of the
isomorphism 7|, mapping the coordinates ., ary, oz, in Rpy(0,70) := Rpi(0y (04, yioy)+ay(ioy, yioy)+
a(io,,vio,)) € Ry P to (a1, az,a3), (cf. (6)) to a1% + a23%2 + %%. Denote this matrix by II;; :=

I1;;(p) with j = 1,2,3 and | = z,y, 2. We have
Hj,l (p) = 7T*|pRp* (Z.O'l, Z'}’O’l).l‘j

11



For the sake of illustration, let us calculate II; ;(p). This is given by (recall p is defined in (22))
o o d ; x ; z w
Hl,r(p) = WP*R:D*(ZUM 1701)x1 = RP*(ZUma V)/Ur)(wloﬂ) = %’t:().’l}‘lOﬂ' (ewzt <_y* xy*> ) et (_w* w

This simplifies because x! o m does not depend on the second factor. Therefore the IIy ,(p) entry is the

derivative at t = 0 of the real part of the (1,1) entry of the matrix
gioat [T Y\ _ cos(t) isin(t) r oy
—y* x*)  \usin(t) cos(t) ) \—y* a*)"

i 2(p) = —vr-

This leads to the result

The quantities
Ay := 2[Yr — TTWR, Ay := zryr — rrwy, A3 := WRYr — WIYR, (26)

appear routinely in calculations that follow.
Similar calculations to the ones above for II; ,(p) lead to the full matrix II(p), which is given by

—Yr —YR —Ty
(p) := —ywr —YWR —yzr (27)
(v = 1A +vzryr +wrzr (1 —7v)Ag +wraxr +v2ryr (v — 1)As + xr2r + v2RT!

The determinant of this matrix is different from zero if and only if p is in the regular part and it is
another invariant under the action of SU(2) on SU(2) x SU(2) (cf. Appendix B). It can be explicitly
computed as

det(Il(p)) = v(y — 1)(AT + AF + A), (28)

which can be seen to be equal to zero if and only if condition (21) is verified. The invariant A :=
A2 + A% + A2 can be expressed in terms of the (minimal) invariants zg, zg and 2% in (23) as [6]:

A=A+ A3+ A3 = (1—a})(1 - 23) — (e)2 (29)

When we design a control law, the components ai,as, a3 of the tangent vector at every time ¢ in
the tangent space at w(p(t)) are given by the derivatives #!, 2, &3 of the desired trajectory in the
quotient space. The corresponding components, oy, ay and a;, of the tangent vector in R, ;)P give the
appropriate control functions (ug, uy, u,). The matrix II(p) in (27) gives the map from the control to the
trajectory. Since we want to specify trajectories and compute the corresponding controls, we need the

inverse of the matrix II(p) (cf. (7)). This is found from (27) to be

(7 = D(~wrAz — 2189) +v?2rA1 (v = 1)(2182 + yrAs) + 2pA1 A
det(I(p)I Y (p) := | (v — D)(wrAz — 21A1) — v22Rr Ay (v = 1) (xrA1 —yrAsz) —xpAy  —7Ag
(v = D(wrde +wrAi) +7%2rA;  —(y — 1)(yrde +yrA1) + 2rAs  7A;
(30)
We remark that II7!(p) is not defined if we are in the singular part of the space G = SU(2) x SU(2)
as the determinant of II is zero there. This is in particular true at the beginning as the initial point
p € SU(2) x SU(2) is the identity. In order to follow a prescribed trajectory in the quotient space
Greg/SU(2), we need therefore to apply a preliminary control to drive the state to an arbitrary point in
Greg and after that we shall apply the control corresponding to a prescribed trajectory in the quotient
space.

12



The preliminary control in an interval [0, 71| to move the state from the singular part of the quotient
space has to involve at least two different directions in the tangent space. In other terms, if we use
o(t) = u(t)o for some function u = u(t) and a constant matrix o € su(2) we remain in the singular part.
To see this, notice that if d := f(;fl u(s)ds, then the solution of (20) will be (U, Vy) = (e%7,e7%7), a pair
that satisfies the condition (21). Therefore the simplest control strategy of moving in one direction only
will not work if we want to move the state from the singular part. Furthermore, we want u,(0) = u,(0) =
u,(0) = 0 and ug(Th) = uy(T1) = u.(T1) = 0 to avoid discontinuities at the initial time ¢ = 0 and at
the time of concatenation with the second portion of the control. We propose to prescribe a trajectory
for U = U(t) in (20) and, from that trajectory, to derive the control to be used in the equation for
V = V(¢) in (20). We choose a smooth function ¢ := §(¢) such that 6(0) = 0 and §(71) = o # 0, and
5(0) = 6(Ty) = 0. We also choose a smooth function e := e(t), with €(0) = ¢y # 0 and €(T}) = 0, and
€(0) = é(Th) = 0. We choose for U = U(t) in (20)

B cos(d(t)) () sin(5(t))
U(t)_<—e—i€<t>sm(5(t)) cos(5(t)) ) (31)

which at time T3 gives

_( cos(dp) sin(dp)
ulh) = <— sin(dp) cos(c?o)) ' (32)

The corresponding control o is o(t) = UUT, which is

o(t) =

ce o9 C g€ l . . i€
( i€ésin®(9) de' + 5 ésin(26) e > ‘ (33)

—bei 4 Lésin(20) e —iésin?(6)

Placing this in the second equation of (20) and integrating numerically we obtain the values for V(T1),
the second component of (U, V'), and therefore the values of (zg, z7, wgr,wr). Using these values and the
expression for (zg,xs, 2R, zr) in (32), and using the formula for A given in (29), we obtain

A = AT+ A3+ AF = sin?(5) (1 — 25(Th) — wi(T1)) = sin® (o) (27 (T1) + wi(T1)), (34)

which has to be different from zero in order for the state to be in the regular part.

The second portion of the control depends on the trajectory followed, (x!, 22, 23) = (z(t), 2%(t), 23(t)),
and it is obtained by multiplying by II"! in (30) (&', 42, 43). The trajectory (z!, 22, 23) is almost com-
pletely arbitrary. However it has to satisfy certain conditions which we now discuss. Let us denote the in-
terval where the second part of the control is used by [0, T5]. The initial condition (x!(0),2%(0), 23(0)) has
to agree with the one given by the previous interval of control. The final condition (z!(T3), 22(T3), 23(13))
has to agree with the orbit of the desired final condition. Moreover, care has to be taken to make sure
that the trajectory is such that A in (29) is never zero because this would create a singularity in II~*(p).
Furthermore we need #'(0) = #2(0) = #3(0) = 0, which gives ¢(0) = 0, to ensure continuity with the
control in the previous interval, and we also choose #'(Ty) = #?(Ty) = @3(T2) = 0 to ensure that the
control is switched off at the end of the procedure. Finally, the functions (x!, 22, 2%) have to be represen-
tative of a possible trajectory for special unitary matrices. This means that, with V= (xR, 21, YR, Y1) T
and W := (zg, z1,wg, w))T, |[V(@®)||2 = |[W(®)||> = 1, at every t. Therefore |zg(t)] < 1 at every t,
|zr(t)| < 1, at every t (to avoid singularity), and from the Schwartz inequality [V - W| < 1 we also must
have |zrzp + 23| < 1 and therefore

—1—zpzr <2®<1-—2xp2n. (35)

Once the functions (41,42, #3) are chosen, the system to integrate numerically is (20) with (ug, uy, u.)
given by II71(p)(4!,42,4%)T. By deriving (ug,uy,u,) using the explicit expression of II"! given in
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(30) and replacing into (20), it is possible to obtain a simplified system of differential equations for
(TR, XTI,y ZRy 21, ..., wr) Without implementing the preliminary step of calculating the control. We found
this system to be more stable in numerical integration with MATLAB and report it in Appendix A for
future use.

3.5 Numerical example: Driving to two different Hadamard gates

We now apply the above technique to a specific numerical example: The problem is to drive the system
(18) so that the first spin performs the Hadamard-type gate

11
Hy = (l/? @) (36)
V2 V2
and the second spin performs the Hadamard gate
1 =
- (f f) | @)
V2 oV2

We want to drive system (20) to (Uy, Vy) = (H1, H2). The orbit of the desired final condition is charac-
terized by the invariant coordinates

1 1
at :xR:ﬁ, 1’2:23: E, :c?’:xfzj—i-waR—i-y[w[:O. (38)

We take a physical value for the ratio v between the two gyromagnetic ratios. In particular we will choose
v ﬁ which corresponds to the Hydrogen-Carbon (!H —!3 C)) system also considered in [20].

We first consider the control that moves the state away from the singular part, in a time interval
[0,1]. We choose o in (33) with the functions § and e as follows:

2 3 3 2
5_650<2—3), €_€0+6€0<3—2> (39)

With these functions 6 and €, o satisfies all the requirements described above. From (39) and (33) we
obtain the controls wgs,uy, v, which replaced into (20) give the dynamics in the interval [0,77] = [0, 1].
Numerical integration with the values of the parameters §o = 0.5 and ¢y = 1, gives the following conditions
at time T =1 (cf. (32)

cos(0.5) 8111(0.5))’ V(1) ~ <—0.3472+zo.7769 —0.5123—20.1157) (40)

uQ) = <—sin(0.5) cos(0.5) 0.5123 — i0.1157  —0.3472 — i0.7769

The value of A is, according to (34), A ~ sin?(0.5) ((0.7769)2 + (0.1157)2) # 0, as desired.

The values of the variables to be used as initial conditions in the integration in the subsequent
interval of the procedure are zg(1) = x!(1) = cos(0.5), z;(1) = 0, ygr(1) = sin(0.5), y;(1) =
0, zp(l) = 22(1) = —0.3472, z/(1) = 0.7769, wr(1) = —0.5123, w;(1) = —0.1157, and 23(1) =
zr(D)zr(1)+yr(D)w (1)+y1( Jw ( ): in(0.5) x (—0.5123) ~ —0.2456. For the subsequent interval [0, T%]
we choose the trajectory z!(t),z%(t), z3(¢) in the quotient space as follows: T, = 10 and the trajectory
in the interval [0, T3] is

2l (t) = —% <\}§ - cos(0.5)> 3+ % (\2 - cos(0.5)) t2 + cos(0.1); (41)
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1 /1 3 (1
2(t) = — ( + 0.3472> 4 ( +0. 3472) — 0.3472; (42)

500 \ /2 100 \ v2
02456 ;3 x (<0.2456)
3 3
= — 24 4
x°(t) 500 t 100 —0.2456, (43)

which are easily seen to satisfy the conditions at the endpoints. Moreover by plotting z' and z? we see
that |z1(t)] < 1 and |2%(t)| < 1 for every t € [0,10] (Figure 1). By plotting 2> vs 1 — 2'2? and —1 — z'2?
(Figure 2) we find that —1 —2'2?(t) < 23(t) < 1—2'22(¢) for every t € [0, 10] as required from condition
(35). By plotting A = A(t) in [0, 10] we know that A(t) # 0 for every ¢ € [0,10] (Figure 3). Therefore
the whole trajectory is in the regular part.

P ! ! ! ! ! ! ! ! !
0 1 2 3 4 5 6 7 8 9 10

Figure 1: Prescribed x! and z? variables in the (second) interval [0, 10].

The full trajectory, in the union of the two intervals, and with the concatenation of the two controls
is depicted in Flgure 4. Let us denote the full control by ¢ = 6(t) = uyio, + uyio, + u.io,. The final
condition (Uf, Vf) is given by

0, — 0.7071 — 0.2795:  0.5913 + 0.26851 v, — 0.7071 +0.2708: 0.3718 — 0.5369:¢
F =\ ~0.5913 4+ 0.2685i 0.7071 + 0.2795i F =\ ~0.3718 — 0.5369i 0.7071 — 0.2708i
(44)
This condition, as expected, is in the same orbit as the desired final condition (H;, Hs) in (36), (37),
that is, there exists a matrix K € SU(2) such that KUfKJr H; and KVfKT = Hy. The matrix K
solving these equations is found to be

K- 0.1485 — 0.2460¢: —0.2444 + 0.9260¢
-~ \0.2444 4+ 0.9260:  0.1485 + 0.24601

In particular, to find K one can diagonalize U ¢ and Hy, ie., U P= PAP' and H; = RAR' for a diagonal
matrix A, so that, from KPAP'KT = RART, we find that RTKP = D, for D, a diagonal matrix. This
matrix is found by solving DPTVfP = R'H,RD. The control K6K' steers then to the desired final
condition. The resulting trajectory leading to the desired final condition (36), (37) is given in Figure 5.
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HE ! ! ! ! ! ! ! I
0 1 2 3 4 5 6 7 8 9 10

Figure 2: 23 = 23(t) vs —1 — 2!(t)22(¢) and 1 — 2! (¢)22(¢) in the (second) interval [0, 10].
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4 Appendix A: System of ODE’s for the simultaneous control of two
quantum bits in Subsection 3.4

We derived the system of ODE’s (20) with (u, uy, u,) obtained from (ug,uy,u.)T = II-(p)(it, #2, #3)T

with II™! given in (30). We define in the following A := A? + A3 + A2, Z := 2% := 2727 + ypwr + yrwy.

Simplifications are obtained using the following two relations which are directly verified.

yrAr — yrAo + 1Az =0,

wrA1 — wrAsg + z;Az = 0.
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The system becomes with a := &', b:= i?, ¢ := &3

igp=a

vy = 1D)Azr = (1 —v)Asb+ (y?zra + yc + vbrgr) (xrAs — yrAs — yrA1) + (v — 1a(As3Z + xr(wrAs + wrAy))
Yy = DAYr = (v — 1)Asb + (v22ra + v + ybap) (1 A1 — 2D — y1As) +v(y — Da(=AsZ + xr(wiAz — 21A1))
(v = DAGr = (1 =) A1b + (v?zra + e + yber) (@rAL + 2189 + yrA3) + 7(7 — Da(A1Z — xr(wrAs + 21A2))
Zr =0

(v = DAz = y(y — 1)Aza + (yzra + yc + xrb) (2rA3 — WRAL — wrAg) + (1 —7)b(A3Z + zr(YyrAL + y1l2))

(v = DAwg =v(1 = 7)Aza + (vzra + v + xrb) (2181 — Azwr — 2rA2) + (v — 1)b(A2Z + zr(21A1 — y1A3))

(v — DAwr =v(y — 1)Ara+ (yzra + ye + xrb) (Ar1zr + 2182 + WrA3) + (v — D)b(—A1Z + zr(yrAs + £1A3))

5 Appendix B : Invariance of the determinant of =,

Let £ be a semisimple Lie algebra with decomposition £ = K &P and [, K] Q K and [KC, 7)] C P, and consider the
conjugacy action of eX on e. Consider the natural projection 7 : e£ — e /eX and p € e£ a regular point so that
at p, m, is an isomorphism m, : Ry P — Ty, e /€. Given bases in RP*P and Ty, e© /e’ the matrix II = I1(p)
representing 7, has determmant which is mvarlant under the action of €¥, i.e., for every k € e

det TI(p) = det TI(kpk™1).

Proof. Let {By, ..., } be a basis of P so that {R,.B1, ..., Rp« By} is a basis of Ry P. Let z!,...,2™ be a set of
coordinates for ereq/e in a neighborhood of 7(p). The m x m matrix II has entries

I(p) = (meRpu Bi)a!

and it maps a vector [al, ...,a™]T representing a tangent vector Vi € R,.P, i.e., V; := Sy alRp*Bl to a vector
[r!, ...,r™]" representing a tangent vector Vo € Tr(per, /€, i e., Vo = 37" rf 0

OxJ *
Let P € P with P:= 3", o/ B;. Then, with k € €*, we obtain [7]:

W*RP*P = W*Rkpk—lkpk'_l.

Therefore we have ' 4
ILi(p) = (M Rpu B)3? = (M Ryppp—1.kBik™")z? =

A d i
(Riph—1:kBik™")a? o m = =0’ 0 I Ca "

Write kBjk~! as kBjk~! = 3" | af B, for an orthogonal matrix a’ [8]. Therefore we have

d . - _ d ) m s _
I (p) = %|t:0x] o W(ekBlk ltkpk 1) _ %|t:0x] ° W(eEszl lBstkpk 1) _

Zaz li=o(2” o m(eP kpk™") = aj Tl o (kpk™").

s=1

Therefore there exists an orthogonal matrix A = A(k) so that
I(p) = L(kpk™") A(k).

Taking the determinant of this relation and using det(A(k)) = 1 [9], we obtain det(II(p)) = det(II(kpk~!)) as
desired. O
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