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Abstract

In-context learning enables pretrained transformers to adapt from a prompt without parameter updates, but it
remains unclear when this behavior arises from retrieving memorized pretraining tasks (i.e., task retrieval)
versus learning a rule from in-context data (i.e., task learning). We study this distinction through a finite-
mixture Markov data model, where each latent Markov chain represents a pretraining task. We characterize
the finite-prior Bayes predictor induced by next-token pretraining and use it to explain when pretrained
transformers exhibit retrieval or learning. In low-diversity regimes, this predictor retrieves the pretraining
Markov chain most compatible with the prompt, with error decaying exponentially in the prompt length. This
mechanism is realizable by a two-layer single-head causal transformer. In high-diversity regimes, the finite-
prior Bayes predictor approaches the empirical Markov predictor inferred from the prompt, and architectural
constraints can bias globally trained transformers toward this capacity-efficient task-learning mechanism, with
error decreasing as the prompt length increases. Finally, we extend our analysis to multi-state higher-order
Markov chains.

1. Introduction

Over the past few years, transformers (Vaswani et al., 2017), powered by the attention mechanism, have become one
of the most widely used architectures in modern deep learning and achieved remarkable empirical success across a
wide range of domains, including computer vision (Bao et al., 2023; Chen et al., 2020), natural language processing
(Brown et al., 2020b; Devlin et al., 2019), and scientific machine learning (Geneva & Zabaras, 2022). A hallmark
emergent capability of transformers is in-context learning (ICL) (Brown et al., 2020a; Olsson et al., 2022), through
which pretrained transformers (PTs) adapt to new tasks without parameter updates by leveraging information provided
in the input context, for example in translation, question answering, and arithmetic or logical reasoning. In particular,
prior works (Lin & Lee, 2024; Pan et al., 2023) have identified two distinct modes of ICL behavior: task retrieval, where
the model identifies and invokes a relevant pretrained task, and task learning, where the model infers an underlying rule
from an in-context prompt and applies it to new queries.

Recently, a growing body of work has explored transformers using Markov data models to study their ICL behavior and
underlying mechanisms; see, e.g., (Edelman et al., 2024; Ekbote et al., 2025b; Lepage et al., 2025; Makkuva et al.,
2025; Rajaraman et al., 2024b). In these models, each token is generated according to a transition rule that depends
only on a finite number of preceding tokens, providing a simple yet expressive abstraction of autoregressive sequential
prediction (Li et al., 2024; Yiiksel & Flammarion, 2025). This Markovian perspective also provides a natural testbed for
studying task retrieval and task learning in ICL. For example, Lepage et al. (Lepage et al., 2025) observed a transition
from memorizing a training chain to inferring from the in-context prompt as the number of Markov chains used to
generate pretraining sequences increases; see Figure 1. More specifically, when the number of Markov chains is small,
they found that transformers tend to generate new tokens according to a memorized training chain, regardless of the
in-context prompt. In contrast, when the number of Markov chains is large, transformers instead generate new tokens
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Figure 1. Transition from task retrieval to task learning in ICL. We report the next-token prediction loss on new test sequences
for the K -prior Bayes predictor (see Lemma 1), the uniform-prior Bayes predictor (see Lemma 2), and the pretrained transformer
(PT). When the number of pretraining matrices is small, the PT performs similarly to the K -prior Bayes predictor, suggesting that it
relies on memorized pretraining tasks. In contrast, when the number of pretraining matrices is large, its performance approaches
that of the uniform-prior Bayes predictor, indicating that it infers the transition rule from the in-context prompt. Please refer to
Section 5.1 for more details.

according to the transition rule inferred from the in-context prompt. Here, if each pretraining Markov chain is viewed as
a task, then memorizing a training chain can be interpreted as task retrieval in ICL, whereas inferring from the in-context
prompts corresponds to task learning. This observation is confirmed by recent work (Park et al., 2025) on competition
dynamics and algorithmic phases in ICL on a mixture of Markov chains, which identifies a similar transition between
retrieval and learning behaviors.

The above discussion naturally motivates the central question of this paper:

Can we characterize when and why PTs on Markov data exhibit
task retrieval versus task learning in ICL?

Although recent works (Lepage et al., 2025; Park et al., 2025) provide empirical evidence and mechanistic interpretations
of these phenomena, a precise theory remains lacking. We aim to develop a framework that characterizes when PTs
exhibit each behavior and how the two regimes depend on task diversity and prompt length.

1.1. Main Contributions

We develop a theoretical framework explaining when PTs exhibit task retrieval versus task learning in ICL under a
mixture of K Markov transition matrices. A central object is the finite-prior Bayes predictor induced by next-token
pretraining: for small K, it performs posterior retrieval over pretrained Markov tasks, whereas for large K, it approaches
prompt-based empirical transition estimation. Combining this Bayes characterization with architectural constraints, we
explain how PTs can realize retrieval in low-diversity regimes and are biased toward task learning in high-diversity
regimes. Our main contributions are summarized as follows:

e We explain task retrieval in the low-diversity regime. We derive the finite-prior Bayes predictor in closed form and
show that it concentrates on the pretrained task most compatible with the prompt, with retrieval error decaying
exponentially in the prompt length (see Theorem 1). Moreover, we show that this retrieval-based predictor is realizable
by a two-layer single-head causal transformer whose hidden dimension scales linearly with K (see Theorem 2).

e We explain task learning in the high-diversity regime. As K grows, the finite-prior Bayes predictor approaches the
uniform-prior Bayes predictor and hence the empirical Markov predictor inferred from the prompt, yielding the task-
learning guarantee (see Theorem 3). Under architectural constraints, explicit retrieval over all K pretrained kernels
becomes capacity-inefficient, biasing PTs trained to global optimality toward prompt-based transition estimation.

e We extend the framework beyond binary first-order chains to general multi-state, higher-order Markov data models,
demonstrating that the same perspective applies to task retrieval and learning in broader sequential prediction settings.

1.2. Related Work

Studies of transformers on Markov data. Extensive works have studied transformers on Markov data models as
tractable testbeds for understanding ICL. One line of work (Bietti et al., 2023; Chen et al., 2024; Ekbote et al., 2025a;
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Nichani et al., 2024; Rajaraman et al., 2024a) shows that two-layer single-head transformers can learn Markov chains
under suitable architectural constructions. They also provide a training-dynamics analysis, showing that gradient descent
can find such solutions under appropriate conditions. Another line of work (Edelman et al., 2024; Makkuva et al., 2025;
Varre et al., 2025) characterizes the loss landscape of transformers, showing how data distribution and architecture
influence global optima, bad local minima, and transitions from simple unigram predictors to context-dependent bigram
predictors. In addition, some works have studied other aspects of transformers on Markov data, including generalization
bounds (Yiiksel & Flammarion, 2025; Zekri et al., 2024), induction heads (Chen et al., 2024; Edelman et al., 2024), and
Bayesian inference (Hao et al., 2025; Xie et al., 2022; Zhou et al., 2026).

Task retrieval and learning in ICL. (Min et al., 2022; Pan et al., 2023) demonstrate that the effectiveness of ICL
depends on two distinct mechanisms through which transformers exploit in-context information, namely task retrieval
and task learning. Later, (Lin & Lee, 2024) provides the first explanation of task retrieval and task learning in ICL
through a linear regression framework. Recently, (Nafar et al., 2024) studies ICL in real-world regression settings
and argues that its behavior ranges from retrieving pretrained task information to learning from in-context examples,
depending on task familiarity and the richness of the provided examples. More recently, (Yang et al., 2026) provides
a unified mechanistic framework for understanding how LLMs perform ICL by identifying two specialized types of
attention heads, namely task-recognition heads and task-learning heads. Moreover, our work is closely related to
(Lepage et al., 2025; Park et al., 2025), which study ICL in a finite mixture of Markov chains and demonstrate that
transformers exhibit retrieval and learning behaviors, with transitions governed by data diversity and prompt length.

Notation. Given a matrix A, we denote its spectral norm, i-th largest singular value, (i, j)-th entry, and Frobenius
norm by ||A||, 0;(A), a;;, and || A| r, respectively. Given a vector @, we use ||a|| to denote its Euclidean norm and a;
to denote its i-th entry. We use [n] to denote the set {1, ...,n}, and e; € R? to denote the i-th standard basis vector
in R%. We use Unif(0, 1) to denote the uniform distribution on the interval (0, 1), and I{ A} to denote the indicator
function of an event A, which equals 1 if A occurs and 0 otherwise. Moreover, §, denotes the Dirac measure at z.

2. Problem Setup

In this section, we focus on the simplest Markov data model, namely binary first-order Markov chains. We discuss
extensions of our analysis to general Markov chains in Section 4.

Markov chain model for token sequences. Let {0,1} denote the binary alphabet, so that the number of states is
S = 2. We model the token sequence s1.7 := (s1, ..., S7) as a Markov chain, so that each next token depends only
on the current token, i.e., P(sn+1 =7 slm) = P(spt1 = 7 | sn) forany n > 1 and j € {0,1}. The transition
dynamics are specified by a transition matrix P = (P; ;), where P; j := P(sp41 = j | s, = ). Let s1.p € {0,1}7 be
a sequence generated by a Markov chain with transition matrix

P(WJ)[l;p 1fq], p,q € (0,1). M

We assume that the initial token s; is drawn from a fixed distribution gt = (10, 1), independent of (p, ¢), where
to, 1 € (0,1) and pio + p1 = 1.

Transformer architecture. We consider a causal transformer that maps a binary sequence s1.7 € {0,1}7 to layer-
wise hidden representations {wgf ) I’ for¢=0,...,L. The final representation :BSIL) is passed through a readout map
to produce fg(s1.,) € (0, 1), interpreted as the predicted probability of the next token being 1. We defer the formal
setup of this L-layer transformer to Section A.

Pretraining and ICL. A standard training objective is the next-token prediction loss, namely, the binary cross-entropy
between the predicted probability fg(s1.,) and the next token s,, 1, as follows:

1 T-1

mgin £6) = ﬁ]E(pvq)NHtrahn s1.7~P(p,q) Z (sna1s folsun)) | 2
n=T

where T' € [T — 1] is a context warm-up length, IT;,,iy is the training prior over the transition parameters (p, ¢), and
£(-,-) denotes the binary cross-entropy loss defined by

l(z,y) = —xlog(y) — (1 —z)log(l —y). 3)
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In our setting, each task is characterized by a latent Markov transition matrix. We therefore adopt the following Markov
data model for generating pretraining sequences.
Definition 1 (Markov Data Generative Model). The pretraining task family consists of K latent Markov chains with
transition matrices { P(p™*), g™ )| where {(p™™), ¢W) | 5 Unif(0,1)2. Conditioned on this task family, the
training prior is Wiy, 1= Zle S(pt) quoy/ K.

We pretrain the transformer by solving Problem (2). At inference time, given an in-context prompt s{% € {0, 1}, the

model generates tokens autoregressively: for eacht = n,n + 1,.. ., it samples s;;; from the predictive distribution
induced by fo(s1.¢).

3. Main Results

Given a prefix s1., € {0,1}" with n > 2, we define the transition counts

n—1

Nij(s1:n) = Zﬂ{st =i,841 =7}, Vi,je{0,1}. 4)
t=1

This counts how many times the transition ¢ — j appears in the prefix s;.,,. For simplicity, we write N;;(s1.,) as N;;
when the dependence on s, is clear from the context. Moreover, we define

. No1 . Ny

Ny := N N Ny =N N Co := = = =—_—
0 0o + Not, 1 10 + V11, Co =T P Ny’ q N,

&)

Here, Ny and N; respectively denote the total number of observed transitions out of state 0 and 1 along the prefix s1.y,.
Accordingly, we define the empirical transition matrix

: s _ [1=p P ]
P:=Pp,qg=| . A - 6
(D, 4) [ i 1-4¢ (6)
Given P(p, q) and (-, -) defined in (3), we define the weighted empirical cross-entropy as

D(P,P) :=ét(p,p) +é1£(d, ). @)

3.1. Analysis of ICL Task Retrieval

Analysis of the Bayes predictor. Armed with the setup in Section 2, we first characterize the Bayes predictor of the
pretraining next-token prediction loss (2) under the pretraining prior ITi.i, = Z kel 5(p(k) ) /K as follows:

Lemma 1. Consider the setup in Definition 1. For any prefix s1., € {0,1}", define

]Pk (slzn)
ag(s1m) == =g, ®
Zrzl PT(Sl:n)

where Py (s1.,) denotes the probability of observing s1., under the k-th Markov chain with transition matrix P® .=

P(p(k)7 q(k)), as defined in Definition 1. The Bayes predictor for Problem (2) is

K
Fre(sin) = > anl(s1m) P, ©)
k=1

where Ps(f’)l denotes the transition probability from state s, to 1 under the k-th Markov chain.

The proof is deferred to Section B.3. The predictor f}(-) in (9) is the Bayes predictor, or equivalently, the optimal
solution of the pretraining objective (2) over all measurable predictors. Based on this characterization, we analyze how
the Bayes predictor (9) exhibits task-retrieval behavior in ICL.
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Theorem 1. Consider the setup in Definition 1. Let SICL be the observed in-context prompt with No, N1 > 0 and

* ' b pk) — mi b pk)y _ p(p. p*k")
k argkrél[llg]D(P,P ), A ]ﬁiq(D(P,P )—D(P,P )), (10)

where P for all k € [K] are defined in Definition 1 and Pis defined in (6). It holds that

Fi(s1CL) — Ps(fc?,ll < (K —1)exp (—(n—1)A). (1)

The proof is deferred to Section C.1. We make the following remarks on this theorem.

e This theorem shows that if the empirical gap A is bounded away from zero, then the Bayes retrieval error decays
exponentially with the prompt length n, up to the factor K — 1. Hence, when K is moderate and the prompt is
sufficiently long, the Bayes predictor exhibits task-retrieval behavior by selecting the pretrained task most compatible
with the prompt and predicting according to its transition rule.

e In the above theorem, we assumed that the minimizer in (10) is unique. If the minimizer is not unique, the same
argument shows that the Bayes predictor concentrates on the set of minimizing tasks rather than on a single task. This
yields Corollary 1, which is deferred to Section C.2.

Analysis of pretrained transformers. Theorem 1 describes the Bayes predictor induced by the pretraining objective
independently of any architectural considerations. We next show that the Bayes predictor can in fact be realized by the
transformer architecture introduced in Section 2 with hidden dimension scaling linearly in the number of pretraining
tasks. The proof is deferred to Section C.3.

Theorem 2. The Bayes predictor f3:(s1.n) in (9) can be represented by a two-layer single-head causal transformer
defined in Section 2. In particular, there exists a choice of network parameters with hidden dimensions d = 13 + K,
d(o) =2,d, ) — 13 + K, and dg = 4 such that in the hard-attention limit the resulting predictor recovers ff(s1.n).

* fr(s1.n) globally minimizes the next-token prediction objective (2) over all measurable predictors, while Theorem 2
shows that this predictor can be represented by a small transformer architecture, with hidden dimensions scaling
linearly in K. Thus, the Bayes predictor lies within the transformer hypothesis class considered here. Consequently, if
the transformer is optimized sufficiently with respect to Problem (2), the trained model can converge to a predictor that
realizes, or closely approximates, f7 (s1.,), thereby exhibiting the task-retrieval behavior characterized in Theorem 1.

* The bound in (11) also extends to a trained predictor that only approximately realizes the Bayes predictor. Specifically,
for any trained transformer fg, define the prompt-wise optimization error &y ( sCLy | fo(siSh) — f K(S{C&H .
Then, by the triangle inequality and (11) in Theorem 1, we have

fe( ICL) Pi}l;??,l < €opt(sllan) + (K - ]-) €xp (_(n - ]')A) : (12)

Takeaway: When pretraining task diversity is low, a well-trained transformer can behave like the Bayes
predictor in (9), which exhibits task-retrieval behavior: its retrieval error scales linearly with K and decays
exponentially with the prompt length n.

3.2. Analysis of ICL Task Learning

Analysis of the Bayes predictor. We now turn to analyze how the Bayes predictor (9) exhibits task-learning behavior
in ICL, where the predictor infers the transition rule directly from the in-context prompt. Given a prefix si.,, we define
the marginal likelihood of the prefix s;., under the continuous uniform prior as

punif(slzn) = ]E(p,q)NUnif(O,l)Z [P(Slzn | 'z q)] . (13)

Theorem 3. Consider the setup in Definition 1. Let s'C% be the observed in-context prompt with n > 2 satisfying
¢o € [v, 1 — ] for some constant v € (0,1/2), where ¢ is defined in (5). For any ¢ € (0,1), if

29n—1
R U k) R <4) , (14)
min{jio, mn} o \8
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then, with probability at least 1 — § over the draw of the finite pretraining task family, it holds that

Fic(s1S) — g < 8| BA0) y (15)

Lin - Kpunif(sllc;:nL) ly(n - 1) '

The proof is deferred to Section D.1. We make the following remarks on this theorem.

o This theorem bounds the discrepancy between the Bayes predictor f; (s1L) and the empirical Markov predictor

Pqc ; estimated from the in-context prompt. The bound has two terms. The first term 8,/ Kpl:%ﬁ%}) is the
finite-prior approximation error: it measures how well the K sampled pretraining tasks approximate the continuous
uniform-prior Bayes predictor. The second term ﬁ is the smoothing bias between the uniform-prior Bayes
predictor and the empirical Markov predictor. Thus, when K is sufficiently large and the prompt is sufficiently long,
the finite-prior Bayes predictor approaches the empirical Markov predictor, exhibiting fask-learning behavior.

e The high-probability statement is with respect to the random draw of the pretraining task family {(p(*), ¢(®))}K_ . In

particular, for any fixed prefix with punir(siF) > 0, taking § = 1/K gives

> log K 1
* ¢ ICL
fK(Slm, ) - P‘;InCLJ’ = O]p( m + n) .

Analysis of pretrained transformers. In the large-diversity regime, it is important to account for the constraints
imposed by the transformer hypothesis class. Although the finite-task Bayes predictor is globally optimal over all
measurable predictors, explicitly realizing it through retrieval over K pretrained transition kernels can require model
size growing with K (see Theorem 2). This motivates studying an alternative, capacity-efficient mechanism: estimating
the transition rule directly from the in-context prompt, i.e., task learning.

Motivated by this perspective, we consider the following constrained optimization problem:

o* in £(6 16
€ arg min (9), (16)

where £(0) is defined in (2) and F denotes a transformer hypothesis class that contains the uniform-prior Bayes
predictor f .. (see Lemma 3) and the empirical Markov predictor P, .1, where P is defined in (6). Notably, Ekbote
et al. (2025a, Theorem 1) shows that transformers with hidden dimension scaling as O(T'), where T denotes the
sequence length, can realize these predictors. We next show that, under sufficient task diversity, a global minimizer over
the constrained class J approximates the empirical Markov predictor over in-context prompts of length n.

Theorem 4. Consider the setup in Theorem 3. Suppose that
7227

> —— _log(2" K). (17)

min{sg, pi1}

Let S,, be the set of non-degenerate prefixes of length n, and let s'C% be sampled uniformly from S,,. Suppose further

that s'CY satisfies ¢y € [, 1 — ] for some constant v € (0,1/2), where ¢y is computed from s¥ as in (5). It holds

with probability at least 1 — 1/log K — 1/ K that

logK 1
+ -, 18
VK n (18

where the hidden constant depends on the fixed sequence length T, as well as on v and min{ g, 1 }.

for (s10) = Pycr 1| S

The proof is deferred to Section D.2. We make the following remarks on this theorem.

e This theorem shows that, in the large-diversity regime, a global minimizer over the constrained class F can ap-
proximate the empirical Markov predictor (see (6)) estimated from the in-context prompt. Thus, the PT exhibits
task-learning behavior: instead of explicitly retrieving one of the pretrained transition kernels, it predicts according to
transition statistics inferred from the prompt. In particular, the bound (18) quantifies how task diversity and prompt
length affect task learning: for fixed T', the approximation error decays as log K /v/K, while the smoothing bias
scales as 1/n.
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e The exact global minimizer assumption can be relaxed. Specifically, suppose that a trained predictor fz € F achieves
the constrained optimum up to an optimization error eop, i.e., £(f5) < infre 7 L(f) + €opt. The same argument
shows that the task-learning error decomposes into the statistical approximation and smoothing errors in (18), plus an
additional optimization-error term:

- logK 1
Jo(150) = Pagra| S ==+ 1+ Voo (19)

Takeaway: When pretraining task diversity is large, explicit retrieval becomes capacity-inefficient. Under
constrained optimization, the global optimum favors task learning: it predicts according to the empirical Markov
rule inferred from the prompt rather than retrieving a pretrained task, with error scaling as log K /v K + 1/n.

4. Extension to Multi-State Higher-Order Markov Chains

In this section, we extend the binary first-order Markov model in Section 2 to general finite-state and m-order Markov
chains, where m > 1 denotes the Markov order.

4.1. Multi-State Higher-Order Markov Chains.

Let [S] := {1,..., S} be a finite alphabet with S states. An m-th order Markov chain is a stochastic process s1.7 € [S]T
such that the next token depends on the past only through the most recent m tokens. Specifically, for any n > m and
J €[S, P(snt+1 =7 | $1:n) = P(Sn+1 = J | Sn—m+1:n). The transition law is specified by a transition tensor

P = (Pu,j)ue[s]m’ jelsy Pu,j = IPJ(Sn—‘rl =7 | Sn—m+1:in = U)»

where u € [S]™ denotes a length-m context. For each context u, P, . is a probability vector over the next state, i.e.,
P,; >0, jels) P, ; =1forall u € [S]"™. We assume that the initial block s1.,, is drawn from a fixed distribution
p over [S]™, independent of the transition tensor.

Transition counts and empirical transition tensor. Given a prefix s;., € [S]™ with n > m + 1, we define

n—1

Ny,j(s1:0) = Z H{st—my1:t = u, 5441 =7}, Yu e [S]™, j€[S].

t=m

For simplicity, we write N, ; when the dependence on s1.,, is clear from the context. We define

~ Nu - Nu J .
Nyi= Y Nuj, éu:i= —— Pyyi= TJ Vi e [S]. (20)
} u

JEIS

Here, If’u}. is the empirical next-token distribution after observing context u. Throughout this extension, we restrict
attention to contexts with N,, > 0. Given a transition tensor P, define the weighted empirical cross-entropy

D(P,P):= > & » (—PujlogP.;). (21)
]

w: Noy>0 JE[S
Up to terms depending only on P, the quantity D(157 P) is the negative normalized log-likelihood of the observed
transitions in the prefix under transition tensor P.
4.2. Analysis of Task Retrieval and Learning

As in the binary first-order case, we assume that pretraining sequences are generated from a finite family of latent
Markov tasks.

Definition 2. Suppose the pretraining task family consists of K latent m-th order Markov chains with transition

tensors {PW}K_| | For each k € [K] and each context u € [S|™, the transition probability vector Pﬁ.) is sampled
independently from the uniform distribution over the probability simplex.
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By the same argument as in Lemma 1, the Bayes predictor for the next-token distribution is

K S
Fic(s1m) = > an(s1n) P e A5 = {peRS Y pj=1
k=1 j=1

where u,, := Sp_m+1.n is the current length-m context and «(s1.,,) is defined in (8). Here, unlike the binary
case where f}(s1.,) is a scalar predicting the probability of the next token being 1, the predictor f(s1.,) is an
S-dimensional probability vector. The j-th coordinate [ ; (s1.n) represents the Bayes predicted probability of the next
token being j, i.e., ff j(slm) =P(8p4+1 = j | $1.n). With the above setup in place, we now extend our task-retrieval
and task-learning characterizations of the Bayes predictor to multi-state higher-order Markov chains.

Theorem 5. Consider the setup in Definition 2. Let s\CF
following statements hold:

(i) Define

be the observed in-context prompt, where n > m + 1. The

k™ = arg min D(IE’,PU"))7 A := min (D(P,P(k)) - D(I:’,P(k*))).
ke[K) kAk*

It holds for all j € [S] that

f}k(J(SIIC,{“) ~ Pl < (K — 1)exp(—(n—m)A), where u, = si

Un,J | — n—m+1l:n-

n—Lm-l-l:n satisfies Ny, > ~v(n—m) for some v € (0,1). Let punie(s1F) :=

[P(s{:CnL | P)] . Then, for any § € (0,1), if K > Mw, it holds with probability at least 1 — § for

Punif (31;71

(ii) Suppose that the current context u,, = sl L
]EPNHumf
every j € [S] that
. log(2(S +1)/6) S—1
* ICL
(s — Py, | <8 .
fKJ (81:07) nod | = Kpunif(sllc;jnL) y(n—m)+ S

The proof is deferred to Section E. Although we state the extension for the Bayes predictor, the analysis of PTs can be
extended in the same way as in the binary first-order case, covering both task retrieval and task learning.

5. Experimental Results

To empirically validate our theoretical findings on task retrieval and task learning in ICL, we conduct experiments on
Markov data. Our experiments are organized around the two theoretical regimes studied in this paper: a low-diversity
setting for task retrieval and a high-diversity setting for task learning.

Data Generation. We generate pretraining data following Definition 1. Specifically, the pretraining prior is a discrete
uniform mixture over K Markov chains, whose transition parameters are sampled independently from Unif(0.01,0.99)2
for numerical stability unless otherwise specified. The initial distribution is fixed as 1 = (0.5, 0.5), and the sequence
length is set to T = 128.

5.1. Transition from Task Retrieval to Task Learning

We train a 4-layer causal transformer with relative positional encoding, using dy,oqe1 = 128 and dg = 128. The
model is trained from scratch with AdamW, batch size 512, peak learning rate 1073, and a linear warmup over 10
epochs. To ensure sufficiently long contexts, the next-token prediction loss is computed only at positions n > 20.
To study the transition from task retrieval to task learning, we vary the number of pretraining Markov chains over
K € {2,4,8,16,32,64,128,256,512,1024}. For each K, we generate N = 200K binary sequences, keeping the
number of training sequences per task fixed.

After training, we evaluate on 50 unseen Markov tasks, for a total of 1,000 test sequences. We compute the ICL
next-token prediction loss for prefixes with n > 50, and compare the PT with two theoretical baselines: the K -prior
Bayes predictor in (9), which corresponds to task retrieval, and the uniform-prior Bayes predictor in (30), which
corresponds to task learning. As shown in Figure 1(a), the PT closely follows the K-prior Bayes predictor in the
low-diversity regime, indicating task-retrieval behavior. As K increases, its performance shifts toward the uniform-prior
Bayes predictor, suggesting that the model increasingly infers the transition rule from the in-context prompt and exhibits
task-learning behavior. Figure 1(b) shows an analogous transition on four-state Markov data.
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Mean task retrieval error vs. prompt length Mean task retrieval error vs. prompt length
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\\\
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10-° Bayes predictor S
— = Theoretical bound 10734
8 16 24 32 40 48 56 64 8 16 24 32 40 48 56 64
Prompt length n Prompt length n
(a) (p,q) = (0.8,0.2), A ~ 0.45 (b) (p,q) = (0.5,0.2), A ~0.33

Figure 2. Verification of the theory for task retrieval. We fix K = 2 with (p, q) € {(0.3,0.7), (0.6,0.4)} during pretraining,
evaluate prompts generated from different (p, ¢), and plot the retrieval error defined by the LHS of (11) for the PT and the Bayes
estimator in (9). We also plot the theoretical upper bound given by the right-hand side of (11).

5.2. Empirical Validation of the Theory

We next empirically validate the quantitative predictions of our theory. In this set of experiments, we train an 8-layer
causal transformer with 8 attention heads, dyod4e1 = 256, and dg = 512. The model is trained for 400 epochs using
AdamW with batch size 512, learning rate 102, and weight decay 10~*. The pretraining transition matrices are fixed,
while the training sequences are sampled online from the corresponding mixture of Markov chains.

Task retrieval. To validate the task-retrieval prediction in Theorem 1, we fix K = 2 during pretraining, with transition
parameters (0.3,0.7) and (0.6, 0.4). We then evaluate on in-context prompts generated from a single test Markov chain

and plot the retrieval error | f3 (s1CF) — R(IICC*L).1| (see (11)), as a function of the prompt length n, for both the PT and
the Bayes predictor in (9). We also plot the theoretical upper bound given by the right-hand side of (11).

We consider two evaluation settings with different likelihood gaps. In Case 1, the in-context prompts are generated
from the Markov chain with transition parameters (0.8, 0.2), yielding A = 0.45, as shown in Figure 2(a). In Case
2, the prompts are generated from (0.5, 0.2), yielding A = 0.33, as shown in Figure 2(b). The results show that the
retrieval error decays exponentially with the prompt length n, and that a larger likelihood gap A leads to faster decay. In
particular, the Bayes predictor closely follows the theoretical upper bound in (11), consistent with Theorem 1. Notably,
the gap between the PT and the Bayes predictor reflects the prompt-wise training error in (12).

Task learning. To evaluate task-learning behavior, we use the pretrained models with K = 128 and K = 256. For
each K, we sample 50 unseen test Markov chains from Unif(0.01,0.99)2, and generate 20 in-context sequences from
each test chain. For each prompt length n, we compute the empirical Markov predictor Pgic ; from the prefix sICL

and measure the learning error | f (%) — PSLCLJ | (see (18)), where f is either the PT or the finite-prior Bayes predictor

in (9). We then average this error over all test prompts and plot it as a function of n; see Figure 3. Both predictors
exhibit task-learning behavior in this large-diversity regime, with the error decreasing as the prompt length and task
diversity increase. Moreover, the decay with respect to n is consistent with the predicted finite-prompt rate, scaling on
the order of log(n)/n. This empirically supports Theorem 4.

6. Conclusions

We studied when PTs on Markov data exhibit task retrieval versus task learning in ICL. Under a finite-mixture Markov
model, we showed that the Bayes predictor transitions from retrieving a compatible pretrained chain to estimating
the transition rule from the prompt as task diversity and prompt length increase. We further connected this transition
to transformer architectures and extended the framework to multi-state higher-order Markov chains. A key future
direction is to analyze transformer training dynamics and prove that optimization algorithms can find the retrieval- and
learning-based solutions characterized (Nichani et al., 2024; D’ Angelo et al., 2025). Another promising direction is to
extend our analysis to hidden Markov models (Dai et al., 2026; Hao et al., 2025), where the underlying Markov state is
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Mean task learning error vs. prompt length Mean task learning error vs. prompt length
0.200 —— Pretrained transformer 0.2251 —@— Pretrained transformer
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Figure 3. Verification of the theory for task learning. We plot the task-learning errors, defined by the LHS of (18), for the PT and
the Bayes predictor with K = 128 and K = 256. We also include a scaled log(n)/n reference curve. The errors decrease with
prefix length and task diversity, and closely follow the predicted finite-prompt scaling, supporting Theorems 3 and 4.

only indirectly observed through emissions. This would allow us to study task retrieval and task learning under partial
observability and latent sequential structure.
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Appendices

A. Transformer Architecture

We consider a causal transformer that maps a binary sequence s1.7 € {0,1}7 to layer-wise hidden representations

{w(e) I | fort = .., L. The final representation :I:%L) is used to predict the next token s, ;. The L-layer
transformer is deﬁned as follows:

e Embedding layer: For each n € [T,
z¥) = de, €RY, (22)
where ® € R*S is the token embedding matrix.

o Causal self-attention and feedforward layers: For each layer £ = 0, ..., L — 1 and position n € [T'], we first compute
the attention update

FH) = 20 L W Z att QWO (20 + p©Y) e RY, 23)

=1
where the attention weights are given by
exp(<W¥)( (2) +p (/) K),W(/)CE%)>>

0 _ ;
att, . = , Vi e [n]. (24)
n,i n ¢ L £),K L) (¢
Sz e (W (@ +pl ), wal))

Here, Wg), Wr(f ), ‘(/e) € R4 %4 are the query, key, and value matrices in layer /, Wg) € RIx4” is the

L . (0 . . .
output projection matrix, and pg) ;{ , pgf ), ZV € R%" are the relative positional encodings for the key and value

representations, respectively. We then apply a position-wise feedforward update:
2+ = D 4 Wi ReLUW, 2 HY), (25)

where Wl(é) € Réxd and WQ(Z) € R¥*dir are learnable weight matrices, and dg is the hidden dimension of the
feedforward network.

e Output layer: The final representation at position n is mapped to a scalar prediction through a readout function
fo(s1:n) =P (501 = 1] 51.) = Wo(2) € [0,1], (26)

where U : R? — [0, 1] is a parameterized readout map.

B. Characterization of the Bayes Predictor

Throughout this section, we consider the binary first-order Markov model and assume that

(pv Q) ~ Ha S1.T | (pv q) ~ (#’aP(pa Q))a

where IT is a prior distribution on (p, ¢) € (0, 1)?, i is an initial distribution independent of (p, ¢), and

P(p,q) == {1;;9 1fq].

B.1. Bayes Predictor with a General Prior

We first establish the following characterization of the Bayes predictor under a general prior distribution II.
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Lemma 2. Let I1 be a prior distribution on (p,q) € (0,1)2. For a given prefix s1., € {0,1}", consider the one-step
log-loss

E(Sn—i-ly .f(51:71,)) = —Sn+1 log f(sl:n) - (1 - 3n+1) log(l - f(sl:n))a

where f(s1.,) € (0,1).
(i) The Bayes estimator of minimizing the posterior expected log-loss, i.e.,

f(s1n) € argmrer%éfll)E [€(sn+1,2) | 51:0] 5 (27)
is
]E[p ‘ 51:71}7 Sn = 07
f*(slzn) == ]P(Sn+1 =1 | Slzn) - (28)
E[l1—q| s1n], sn=1

(ii) It holds that

P, 1(p,q)P(s1.0 | p,q) O(dpdq)
f*(slzn) =

, (29)
/ P(s1:n | p,q) I(dpdq)

where P(s1., | p, q) denotes the likelihood of the observed prefix s1.,, under the Markov chain with transition parameters
(p, q) and T1(dp dq) denotes integration with respect to the prior distribution of (p, q).

Proof. (i) Note that s1.,, € {0,1}" is a prefix. For any predictor f(s1.,) € (0, 1), it follows from the definition of the
log-loss and s,, 41 € {0,1} that

E[é(an, f(slm)) | slm] = E[fsnﬂ log f(s1:n) — (1 — $p+1) log(l - f(slm)) | slm]
= _E[Sn+1 | sl:n] IOg f(slrn) - (1 - E[Sn+1 | sl:nD log(]- - f(sln))

Define 5(s1.n) :=P(sp+1 = 1| $1.n) = E[sp+41 | S1.n]. This implies
E[l(sn+1, f(s1:n)) ’ Stin| = —B(s1:m)10g f(51:0) — (1 = B(s1:m)) log(1 = f(s1:n))-
Now regard the right-hand side as a function of the scalar variable u := f(s1.,) € (0,1). Define
p(u) == —flogu — (1 - f)log(l —u),
where u € (0,1) and 8 := (s1.,) € [0,1] is fixed. A direct differentiation gives

oy B 1-B  u—p
w(u)__u+1—u_u(1—u)'

Hence, the unique critical point is © = 3. Moreover,

B 1-5

2 (U):? m>0a Vu € (0,1),

s0 ¢ is strictly convex on (0, 1). Therefore, the unique minimizer of Problem (27) is

f*(slzn) = 6(51:71) = P(5n+1 =1 ‘ slzn)-

Taking conditional expectation with respect to the posterior distribution of (p, ¢) given s;.,,, we obtain

P<5n+1 =1 | Sl:n) = E[P<5n+1 =1 | S1:n, D, Q) | Sl:n] = ]E[P57L71(p’ q) ‘ Sl:n} )
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where the second equality use Markov property. This, together with (1), implies

E[p ‘ 51:71]7 Spn = 07
f*(slzn) =
E[l —q | Sl:n]; s, = 1.

(ii) Conditional on the parameter pair (p, q), the chain is first-order Markov. Therefore,
P(spt1=1151:0,0,9) =P(sn+1 =1 sn,p,9) = Ps, 1(p, @)
Hence, by the tower property,
[ (51:m) = P(snt1 = 1] 51:0) = E[P(sp41 = 1| $1:0,0,9) | 51:0] = E[Ps,, 1(p,q) | 51:n] -
Applying Bayes’ rule, the posterior distribution of (p, ¢) given s1.,, is

IP)(Slzn | D, Q) H(dde) )

H(dpdq | Sl:n) -

Substituting this posterior representation into the conditional expectation above yields

P, 1(p,q)P(s1.0 | p,q) I(dpdg)

f*(slzn) ==
/ P(s1:n | p,q) I(dpdq)

B.2. Bayes Predictor under the Uniform Prior

In this subsection, we consider the special case in which the prior distribution is uniform on (0, 1)2, ie, Il =
Unif (0, 1)2.

Lemma 3. Suppose that the prior distribution I1 = Unif (0, 1)2. For any prefix s1., € {0, 1}", it holds that the Bayes
estimator

Nop +1 .
. Noot Nor+ 27 Ton =0
funif(slin) = OONll _ﬁl . ] (30)
—— ifs,=1.
Nig+ Ny +2 4

where N;j := N;;(s1.n,) is defined in (4).

Proof. Since the initial distribution 7 is fixed and does not depend on (p, ¢), the likelihood of the observed prefix s1.y,
is, up to a multiplicative constant independent of (p, ¢),

Noo ,,No1 ,Nio(1 _ )N
) g (1 -

P(s1:n | p,q) o< (1 —p)7°°p q)

Because the prior is IT = Unif(0, 1)2, its density with respect to Lebesgue measure on (0, 1)? is constant. Hence, by
Bayes’ rule, the posterior density of (p, ¢) given s1.,, satisfies

Noo

T(p,q | s1:m) o< (1 — p)NoopNorgNio(1 — )N (p, ) € (0,1)2.

This expression factorizes as 7(p, q | s1.:n) o< [p™o1 (1 — p)Noo] [¢M1o (1 — )11 ]. Therefore, conditioned on s1.y,, the
random variables p and g remain independent, with

p | S1:m ~~ Beta(N(n + 1, Ngo + 1), q | S1:n ™~ Beta(Nm +1, Ni1+ 1) 3
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According to (28) in Lemma 2, we have

E[p | Slzn]a sn =0,

fsnif(slzn) = IP>(57H-1 =1 ‘ Sl:n) = {
E[l —dq | Sl:’rl]v sp = 1.

Using the mean of a Beta distribution E[Beta(a, b)] = a/(a + b) and (31), we obtain

No1 + 1 Nip+1
]E[P | sl:n] = La E[q | Sl:n] - L
No1 + Ngo + 2 Nigp+ Ni1+2
Hence, we have
N +1
E[1 — n=1—E = .
[1—q| s1n] [q | s1:n] N0t Ni 2
Combining the two cases yields (30). O
B.3. Proof of Lemma 1
Proof. By (28) in Lemma 2, the Bayes predictor satisfies
ELP | 51:77,]7 Sn = 07
f}k((slzn) = (32)
E[l1—q|s1n], sn=1

Since the prior distribution of (p, q) is e 1= Zkl,(zl 5(p(k),q(k))/K, Bayes’ rule gives

Pr(s1:0) P((p, @) = (0P, ¢™))
S Pr(s1a) P((pyg) = (p™, ¢™))

Using P((p, ¢) = (p®,¢™)) = 1/K for each k € [K], we obtain

P((p.a) = (@™ ,q") | s1:0) =

P((p7 q) = (p(k)aq(k)) | Slzn) = M = ak(slzn)-

Zr:l Py (51:0)
Therefore,

Ep|sin) =Y ar(s1n)p™, E[l—q|sin) =Y ar(sin) (1 —q®).

gt
gt

This, together with (32) and
(k) _ p(k)7 Sp = 0)
Ps 1 k
" l_q( )a Sn:1,
yields
K
* k
fi(s1m) = Z a(s1:n) Ps(n,)l'
k=1

O

Remark 1. For any prefix s1., € {0,1}", because the initial distribution p = (uo, j11) is fixed and independent of k,
the likelihood of observing s1., under the k-th Markov chain is

Pr(51:0) = s, (1 — p(k))Noo (p(k))Nm(q(k))Nw(l _ q(k))Nu7
where N;j := N;;(s1.,) is defined in (4). Therefore, cu(s1.,,) in (8) admits the explicit form

1— (k)\Noo (,(k)YNo1 ( ,(k)\N1io 1— (K)\N11
R
SO (1 = pm))Noo (p(r))Nor (g(m))Nio (1 — ()N
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C. Proofs in Section 3.1

C.1. Proof of Theorem 1

ICL

Proof of Theorem 1. To simplify notation, we write s;3,,* as S1.,. According to Lemma 1, we have

K
Fielsin) =Y an(s1m) P, (34)
k=1
where v (s1.,,) takes the form of (33). Note that
10g(1 _ p(k))Nuo (p(k))Nm <q(k))N10(1 _ q(k))Nu
= No1 logp(k') + Ngo log (1 — p(k)) + Nyp log q(k) + Ny1 log (1 - q(k)>

= No (plogp™ + (1= )log (1 p™)) + Ny (qlogg™ + (1 - g) log (1 - ¢™))
= — Nol(p,p™)) = Nil(g,q?) = —(n — 1)D(P,PW),

where the second equality follows from (5), the third equality uses (3), and the last equality is due to (7). This implies

(1= ptF)Noo () Nor (q)) Mo (1 — )N — exp (~(n — 1)D (P, PV ). (35)
For simplicity, let wy := exp (—(n - 1)D(15, P(k))) for each k € [K]. Using (33), (34), and (35), we have

. S wePY
fr(s1m) = k}—l (36)
D k1 Wk

Using the definitions of £* and A in (10), we have for any k # k¥,
wy = exp (—(n —1)D(P, P(k))>
= exp (f(n —1)D(P, P<k*>)) exp (f(n ~1) (D(P, PW) _ D(P, P<k*>)))
< exp (—(n —1)D(P, P(k*))> exp (—(n — 1)A) = wg= exp (—(n — 1)A). 37)
Using (36), we have

k* k
wk*Ps(n,l) + 2 gk kas(m)l (38)
W+ + Zk;ﬁk* Wi '

fr(s1:0) =
This, together with Ps(fjl) < 1forall k € [K], implies

(k)

. wk*Pm1 +5 tlor Wk & > ter Wk

fic(s1:m) < : - = Ps(n,1) + =
W+ Wi+

<P 4 (K =1)exp(~(n—1)4), (39)
where the last inequality follows from (37). Using (38) again, we have

wy P& p) pU)

Sp,1 Sp,1
— Rl > o ,
Wie + D e W 143 g wi/wis — 1+ (K —1)exp(—(n—1)A)
where the last inequality uses (37). This, together with (39), yields
p)

S, 1 « (k%)
1+ (K —1)exp(—(n—1)A) < Jiclorn) < B 0 (K= Dexp (=(n = 1)4).

fi(s1:m) =

which implies (11).
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C.2. Proof of Corollary 1

Corollary 1. Consider the setup in Theorem 1. Let

0= in D(P,P®), A:= min (D(P,P® —DPP<k*>). 40
i (P, ) k%g}i{}esz< (2, ) (P, ) (40

Then, it holds that

£ (51 ICL ‘Q| Z P(’.(Ik(:jL 1 < (K —|Q)exp(—(n—1)A). 41

k*eQ

Proof of Corollary 1. To simplify notation, write s as s1.,,. By the same likelihood calculation as in the proof of
Theorem 1, the Bayes predictor can be written as

Zk 1ka( :
Zk:l Wi

For all £* € (Q, the weights wy- are equal and denote their common value by w,, i.e., w, = wy~ for each k* € Q.
Then (42) gives

Fiels1) = . wy=exp (~(n - )D(P, PW)). 42)

_ Signwn (P~ Tieca P19

f Sln s )
o)~ gy 32 P s S

Since Ps(f,)17 D ke Ps(fl)/m\ € [0, 1], we have

p
s,L,l |Q‘ Z Sm

k*eQ

Therefore,

2 kga Wk < Wk

|Q|w* + kg Wk e Wy

fK Sln |Q| Z en,

k*€Q

By the definition of A in (40), we have wy, /w. < exp (—(n — 1)A) for each k ¢ (2. Therefore, we have

< (K = [Qf)exp (=(n —1)A).

1
fK'Sln*TZP(k)
*eQ

C.3. Proof of Theorem 2
Throughout this section, we use a:( )[ ] to denote the j-th coordinate of the vector a:(z) € R
Proof of Theorem 2. We augment the input sequence with a fixed start-of-sequence symbol BOS ¢ {0, 1}, and consider

the sequence
5141 = (BOS, s1,...,8n).

We construct a two-layer causal masked transformer, as defined in Section 2, whose output at position n + 1 equals the
Bayes predictor £ (s1.,,) in (9). To do so, we use hidden dimension

d=13+ K.
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For each layer representation wge) with ¢ € {0, 1, 2}, the hidden coordinates are interpreted as follows:

x; ’[1] : current binary token value,
wy) [2] : constant 1,
wgz) [3] : predecessor binary token value,
w§‘> [4] : current-token validity flag,
wgf) [5] : predecessor-token validity flag,
acy) [6: 9] : local transition indicators (20, z0%, 210, 2}1) (see (45)),
:c(e)[lO : 13] : aggregated transition statistics,
]

. logits (g,fl), e 7g,gK)).

Step 1: Embedding layer. We use token set {BOS, 0,1}, so .S = 3. Let

1 0 0
egos = |0, e :=1|1|, e :=|0] € R3
0 0 1

denote the standard basis vectors corresponding to the tokens BOS, 0, and 1, respectively. We choose the embedding

matrix ® € R4*3 ag

0
1
0

O = O

1

1
P = 0

0 1 1
O@@—1)x1 O@—1)x1 Oa—a)x1

Hence, for ¢ € [n + 1], the embedding m§0) = Pe;, satisfies

0, s8¢ {BOS,O}, 33,50)

wﬁo)[l] =5 =1} = {1 5 =1

2] =1, z\V[4] = 1{5; € {0,1}} = {(1)

All remaining coordinates are zero.

5¢ = BOS,
, 5 €{0,1}.

Step 2: The first attention layer copies predecessor token validity. The first layer uses one attention head with

head dimension dELO ) = 2. Foreacht € [n + 1], define

0® = WO, KO = WO 4 pOK 5 . w0 4 OV

-1

where

©_(0 1020 -0 2xd (0) _ 2xd
WQ _{O 000 - 0 e R**%, Wg’' =0¢ecR**,
0 0
0 0
(0) _ 1000 - 0 2xd 0) _ 1 0 dx2
WV_[0001~-~0€R’W0_ 0 o KT
0 1

O@-s5)x1 Og@—s5)x1

Py

(43)

(44)
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where 5 > 0 is a large scalar. By construction, we have qt(o) = (1,0). For every t > 2, it follows from (43)
kY = (8,0, k% =(0,0), Vi#£t—1.
Hence, by (24), as 5 — oo
B
(0) e (0) 1 .
tt =———-—1 tt, ) = ——7—— — 0, Vi#t -1
a t,t—1 eB + (t . 1) 9 a t,i eﬂ + (t . 1) , V1 ?é

Therefore, for every ¢t > 2, we have

t (0) _

©),0) .0 _ w0, 0 _ |®_1[1] _{ {51 =1} }
) atty ) v — —W = — | ,
- atty ; v; Vi v Ty [wgml [4] I{s;—1 € {0,1}}

At t = 1, the predecessor is irrelevant because 57 = BOS, so af;§0) [4] = 0, and the local transition indicators defined

below vanish automatically. Using this and the definition of Wéo), in the hard-attention limit, the relevant coordinates
(1)

of x;”’ satisfy
gl =1s=1, @'2=1 &4 =1sc{01}},
and, for every t > 2,
VB =51 =1}, @M =I{s5_1 € {0,1}}.
Moreover, at t = 1, we have 5&” [3] = %gl) [5] = 0.
Step 3: The first feedforward layer computes exact local transition indicators. We now define the four transition

indicators so that they are nonzero only when both the current token and its predecessor are genuine binary tokens.
Using the coordinates

s=20 1), w=a"4], r=z"3, v=az"[5,
we define
2V =ReLU(u4+v—s—r—1), 22 :=ReLU(u+v+s—7r—2), 45)
2% :=ReLU(u+v—s+7—-2), z':=ReLU(u-+v+s+7r—3). (46)

A direct check shows that
sz = I{(5¢-1,5t) = (a,b)}, a,b e {0,1},

forall t € [n + 1]. In particular, since §; = BOS and 55 = s1, we have
200 = 290 =0, Va,be {0,1}.

Choose Wl(o) and WQ(O) accordingly so that these quantities are written into coordinates 6 : 9, i.e.,

1 -1 -1 11000 0 0
o_|1 -2 -1 1 10 00 0 axd o) _ o dx4
Wit=11 2 1 11000 OGR’W2*OI4 eRT
1 =3 1 11000 0 (d=9)x4

Step 4: The second attention layer averages the local indicators. The second layer uses one attention head with
head dimension dg) = d. We choose

WC(Ql) =0, WI({l) =0, p&l),K =0, p7(~1)7v =0,

so that )
att!’) = o Vielt,
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We choose W‘(,l) so that it reads the local indicators in coordinates 6 : 9 and places them into the first four coordinates
of the attention output, and choose Wél) so that these are written into coordinates 10 : 13. Then, at¢t =n + 1,

n+1

(2 1

Fda[10:13] = —— 3 (0, 201, 210, 21).
=1

Since 2¢? = 28* = O forall a,b € {0,1} and 2%® = I{(s;_2,5;_1) = (a,b)} fori = 3,...,n + 1, it follows that
1 2 7

n+1
00 _01 _10 11
E (252 2 52 ) = (Noo, Not, N1o, N11).
i=1
Therefore,

5512421[10 (13] = (Noo, Not, Nio, N11).

n+1
Step 5: The second feedforward layer computes the logits g (s1.,,). We define
x?) =70 + Wi ReLUWMER) ),

with dg = 4. We choose Wl(l) to read coordinates 10 : 13. Since these coordinates are nonnegative, the ReL.U acts
trivially:

Noo

W~@ y_ 1 [No
ReLUW, 'z,7/,) = a1 | Vi
N1

Now define Wz(l) € R4 so that, fork = 1,..., K,
Wz(l)[li% +k,:]=(n+1)-[log(1—p*) logp® logq® log(l—q*)],
and all other rows are zero. Then
33512421[13 + k] = Nog log(1 — p) + Ny log p®) 4 Niglog g™ + Ny log(1 — ¢™) = gr(s1:n),

foreveryk=1,..., K.

Step 6: The readout map computes the Bayes predictor. We define the readout map ¥ : RY — [0, 1] by

K
Pg(x) := exp(T131+) 1—21)p%™ + 21(1 — ¢™)].
o() ; S — (1= a1)p®) +a1(1 = qW)]

Since the first coordinate is preserved through the residual blocks, we have

2
5”51421[1] = 5,.

Therefore,

K
S1m) = U :1:(2)1 = exp(gr(s1:n)) 1—5,)p™ + s,(1 — ™).
fo(s1:n) = Vo(z, 1) ;Zil (g (51)) [( P + s (1= ¢™)]

By the definition of av(s1., ), this equals

fo(s1m) = Y ar(s10) [(1 = 50)p™ + 5, (1 = ¢®)] = fre(51:0)-

gt
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Remark 2. The only approximation in the above construction occurs in the first attention layer, where the relative
positional encoding p@;K is used to make the attention concentrate on the predecessor position 1 =t — 1. Hence the
construction is exact in the hard-attention limit B — co. Once the predecessor features are recovered, all subsequent
operations are exact, including the computation of the local transition indicators, the aggregation of transition counts,
the formation of the logits gi(S1.), and the final readout. Furthermore, for any fixed € > 0, one can choose 3
sufficiently large so that the resulting transformer approximates the Bayes predictor f7.(s1.,) within e, uniformly over

all binary sequences of length n.

D. Proofs in Section 3.2
D.1. Proof of Theorem 3

We first show that, for any fixed prefix, the finite-prior Bayes predictor converges to the uniform-prior Bayes predictor
as the number of pretraining tasks K increases.

Proposition 1. Fix a prefix s1., € {0,1}". Forany § € (0,1), if
S 32log(4/9)

K> , 47)
Punif (slzn)
then it holds with probability at least 1 — 6 over the draw of the finite pretraining task family that
log(4/9)
k(1) = fanie(81:0)| <8y (48)
|fK( 1 ) f f( 1 )| Kpunif(slzn)

where punit(S1.m) is defined in (13).

Proof. For simplicity, write P := P(p, q) and p := punif(S1.n,). According to (9) and (29), we write

S1ipn) = —, unif \S1:in) = —,
where
1« ") L\
AK = E Zpk(sl:n)‘ljsml? PK = E Zﬁpk(slm)’
k=1 k=1
and

A= Ep q)~unit0,1)? [P(51:n | 2, @) Ps,, 1], P = Egp g ~Unit(0,1)2 [P(51:0 | 2, @)] -

Define Xy := Pp(s1.,) and Yy, = ]P’k(slm)Ps(f,)l. Then Xi,..., Xk are independent copies of P(s1., | p,q),

and Y1,..., Yk are independent copies of P(s1.,, | p,q)Ps, 1, where (p,q) ~ Unif(0,1)2. Hence, 0 < X < 1,
0 <Yy <1,and E[X}] = p, E[Yx] = A. Moreover, since 0 < X, < 1and 0 <Y} < X}, we have

Var(Xy) < E[X?] < E[Xg] =p, Var(Vy) <E[Y?Z] <E[Yi]=A4<p.

Applying the two-sided consequence of Corollary 2 with u := log(4/6), bx := 2’% + 327“(, and 0 = p gives
P(lpx —p| > br) <2e7% = g, P(|Ax — A|l > bg) <2e™ " = g
Therefore, by a union bound, with probability at least 1 — 4,
lpk — pl < bk, |Ag — A < bk (49)

‘We now lower bound the denominator. Using (47), we have

2u_p P
K — 4 3K — 4

oo
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Thus b < p/4 + p/48 < p/2. On the event (49), this yields
pr > p—bx > p/2. (50)

Furthermore, since 0 < Py 1 < 1, we have A = E(, o) ~unit(0,1)2 [P(51:n | P, @) Ps,.,1] < p. On the event (49), we
have

Fion) ~ nelonn)| = | 58 2| = | PR EA )

PK P PPE
S\AK*A|JFA|PK*P\SbiK pbx :4571(’
PK PPK p/2  p(p/2)  p

where the second inequality follows from (49) and (50). Substituting the definition of by, we obtain

[ 2u 8u [ u
* ) — * )| <4y — — < —,
|fK(Sl- ) funlf(sl- )‘ = K,O + 3Kp <38 Kp

where the last inequality follows from (47). Finally, using v = log(4/¢), we obtain (48). O

The quantity punit(S1.,) is the marginal likelihood of the prefix s;.,, under the continuous uniform prior:

1 1
Punit ($1:n) = s, / (1 = p)Neep™or dp / g0 (1— g™ dg, (51
0 0
where NN;; is defined in (4) for all ¢, j € {0, 1}. It determines the number of sampled tasks needed for finite-prior Bayes
predictor to approximate uniform-prior Bayes predictor: smaller pypi($1.,) requires larger K. We also define the
finite-prior marginal likelihood

1 K
pK(Slzn> = E Zpk(sl:n)y (52)
k=1

where P (s1.,) denotes the probability of observing s;., under the k-th Markov chain. Note that pg (s1.,) is the
empirical Monte Carlo approximation of pupit(S1.,,) obtained from the K sampled pretraining tasks. We next provide
uniform lower bounds for both pynif(S1.,) and p ($1.,) as follows:

Lemma 4. Consider the setup in Definition 1. The following statements hold:

(i) It holds that
. 4min{po, p1 }
f nif(S1:n) 2 757 - 53
L S #(S1:n) (n+ 1)z (53)
(i) If
29n—1 n
> M log 277 (54)
min{ o, p11} 4
it holds with probability at least 1 — § that
9 i
f pre(s1) > 2mindso ) (55)

s1:,€{0,1}™ (n+1)22n—1"

Proof. Let fimin := min{pg, p1} and fix any prefix s;.,, € {0,1}". Under the Markov chain with transition matrix
P(p, q), the probability of observing s1.y, is

P(s1.0 | pyq) = s, (1 — p)NoopMNorgMNio(1 — g)Mr,

where N;; := N;;(s1.,) is defined in (4).
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(1) Using (51) and the identity

/1t“(1 #)b dt alb! ! Ya,b e NU{0}
- = = ) a, )
0 (@+b+1)!  (a+b+1)(*)
we obtain
(s10) = 1 ! !
Punif(S1:n) = Us .
" (No + 1)(1]\201) (N1 + 1)(;{;\]110)
Since

(N0><2N0’ <N1><2N17
No1 Nio

HMmin
No + 1)(IN; + 1)2Not+ N~

and fts, > [imin, WE have

punif(slzn) > (

Moreover, Ng + N; = n — 1, and hence

No+Ni+2\*  (n+1)
2 S\ 2 ’

(No+1)(N1+1) < <

Combining the last two displays gives

punif(Sl:n) Z Hnin 5 = 4MQO 1°
((n+1)/2)%2n-1  (n+1)%27~
Since the prefix si., was arbitrary, we have (53).
(ii) Given s1.,, € {0, 1}", we define Xy (s1.,,) := Pg(81.p,) forall k € [K]. Then X1, ..., X are independent random
variables in [0, 1]. According to (52), we have E[ X\ ($1.,)] = punit(S1:n). Using (53), we have

4,Umin

uni n > Ln = T T oan 1
Puni (51:n) (n+1)22n-1

By the multiplicative Chernoff bound for independent random variables bounded in [0, 1],

1 K punit(S1:n
P <pK(51:n) S 2punif(51:n)> S exp <p§(1)> .

1 KL,
P pK(Sl:n) S 7Ln S exp | — .
2 8
Taking a union bound over all 2" possible prefixes gives
KL
Ln> < 2"exp <— ") .
8
Substituting the definition of L,, yields
KLTL K/J/min
on _ —on . fmin )
eXp( 8 ) eXp( 2(n + 1)22"1>

Therefore, with probability at least

USing punif(slzn) > L,,we get

N |

P (Elsl:n € {0,1}" : pr(s1mn) <

K min
1—2"exp <— s ) ,

2(n 4 1)22n—1
we have

1 2,U/min
m) > =L, = —-——
pK(Sl. ) =5 (n_|_ 1)22n—1

simultaneously for all s1.,, € {0,1}". The equivalent sample-size condition (54) follows by requiring

KL,
2" exp (_8) <4,

Under this condition, (55) holds with probability at least 1 — 4. O
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We next relate the uniform-prior Bayes predictor f;¥,.(s1.») in Lemma 3 to the empirical Markov predictor P defined
in (6). This step isolates the smoothing bias caused by the uniform prior.

Lemma 5. Fix a prefix s1., € {0,1}™. Suppose that there exists a constant ¢1 € (0, 1) such that

No>ci(n—=1), Ni>c(n—1), (56)
where Ny, N1 are defined in (5). Then, we have
fr( ) P < ;
unif S1:n Sp,l| = 1 (n _ 1) + 2 .

Proof. We consider two cases. First, suppose s, = 0. It follows from Lemma 3 that

. N01 +1 P NOI
Noo + No1 +2’ Noo + Noi’

Sn,l — pO,l =
where IV;; is defined in (4). It follows from (56) that Ny > 0. Then, we compute

f:;nif(sl:n)

Nop+1 No
No+2 N

_ No(No1 +1) — No1(No + 2) _ | Noo — Nox|
No(No + 2) No(Ng+2)°

fumie (81:n) — 150,1‘ =

Since |N00 — N01| < NOO + N01 = No, we obtain

1 1
<
N0—|—2 - cl(n—l)—l—Z’

Jumie(81:n) — 130,1‘ <

where the last inequality follows from (56). The case s,, = 1 follows analogously, using

Fawi(s1n) = S By = A0
unif\°1l:n N1+2, 1,1 N1~

This completes the proof. O

Proof of Theorem 3. For simplicity, write s1., = sll?nL, P = punif(51:n)> and fimin := min{ o, p1 }. By Lemma 4, we
have 4
Mmin
>
p= (n+ 1)22n-1
Therefore, the assumed lower bound in (14) on K implies K > 321log(4/6)/p. This, together with Proposition 1,
yields that, with probability at least 1 — 4,

Fico1en) = Bl < 82520, 57)

It remains to compare the uniform-prior Bayes predictor with the empirical Markov predictor. Since ¢y € [y, 1 — ], we
have
No=éy(n—1)>2v(n—-1), Ni=én-1)=(1-¢&)n—-1)>~(n-1).

Thus, applying Lemma 5 with ¢; = ~y gives

1 1
*ni S1:in _-Ps.‘< < .
Fomt () = Pont| < 5672 = 5 -1

(58)

Finally, by the triangle inequality, on the same high-probability event,

f::nif(sl:n) - psml

[Fic(stin) = Pyt < ficls1m) = Fanie(s10) | +

log(4/96) 1

<8 .
Kpunif(sl:n) ’Y(’I’L - 1)

This completes the proof. O
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Lemma 6. For3 <n <T — 1, let
Sp = {51 €{0,1}" : Ng > 1, Ny > 1}, (59)
where Ny and Ny are defined in (5). Then, it holds that
|Sp| = 2" —4 > 2771 (60)
Moreover, for every s1., € Sy,

1 ) 1
T+1’ T+1]"

o, €1 € (61)

Proof. Recall that Ny and N7 count the number of occurrences of states 0 and 1, respectively, among the first n — 1
positions:
No + N1 =n-—1.

The condition Ny, N7 > 1 fails if and only if the first n — 1 symbols are all Q or all 1. If s = --- = 5,1 = 0, then
sp, can be either 0 or 1, giving two bad prefixes. Similarly, if s; = --- = 5,1 = 1, this gives two more bad prefixes.
Hence there are exactly 4 bad prefixes, and therefore

|Sp| =27 —4>2""1,
where the last inequality uses n > 3.

For any s1., € S,,, we have Ny, N1 > 1. Using (5), we have ¢y, ¢ > 1/(n — 1). Moreover, since Ng + Ny =n — 1
and both Ny, N1 > 1,

Co,C1 < 1— .
Co,C1 = n—1
This, together with n < T' — 1, implies (61). O
D.2. Proof of Theorem 4
Proof of Theorem 4. For ease of notation, we write s1.,, := s.°F and pimin := min{pug, p1 }. Let
T—1
Afbmi 1
- m - T - min -
S = UA{0,1} ., M= <2, pr:= Tz o T
m=T

For every non-degenerate prefix si.,, € S, meaning Ny, N1 > 1, by Lemma 6,

1 1

1-— ) 62
T+1’ T+1 62)

Cp,C1 €

(i) Uniform control of finite-prior Bayes approximation. By Lemma 4, for every s1.,,, € S,sincem < T — 1,

4/~Lmin 4/1“1’11111
. . > > = .
pumf(sl.m) = (m+ 1)22m—1 = T29T-2 pT

Suppose that
S 32log(4M /1)

PT

Applying Proposition 1 with failure probability 61 /M, and then taking a union bound over all prefixes in S, we obtain
that, with probability at least 1 — d1, for every s1..,, € S,

K

log(4M/6y)

|f}k((81:m) - flfnif(sl:mﬂ <8 TPT = 0K. (63)

In the rest of the proof, we work on this high-probability event.
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(ii) Controlling the trained predictor via finite-to-uniform excess loss. Next, we define the finite-to-uniform excess
loss

Ak = L(fiuir) — LK) (64)

For any predictor g, it follows from (2) that

=
‘C(g) - E(f;{) = T_ T Z Z pK(Slzm)KL (Bern(f;((sl:m)) || Bern(.g(sl:m))) . (65)
m="T $1:m
Taking g = f},;; and using (64), we have
=

Ak = 20 D p(sum )KL (Bern(fic (s1m)) | Bern( i (s1:m))) - (66)

m=T S1:m

We now upper bound this KL term. According to Lemma 3, we have

¥ 1 1
funif(slim) € |:T+171_ T+1 . (67)
One can verify that
—D)?
KL (Bern(a) || Bern(b)) < M’ Va € [0,1],b € (0,1).
This, together with a = fj; (s1.) and b = f¥ .:(S1.m), yields for every s1.,,, € S,
(.f]*{(sl:m) _f* 'f(sl:m))Q (T—Fl)QOé%(
KL (Bern(fx (s1:m)) || Bern(finie(51:m))) < == u < ,
( ( K( 1 )) H ( f( 1 ))) funif(slzm)(]- . funif(sl:m)) T
where the last inequality follows from (63) and (67). This, together with (66), yields
T—1
1 (T +1)202%pK(s1.m) _ (T +1)%a%
A < ~ ml<L
s DIPD T =T
m=T S1:m
where the last inequality uses Zslzm Pk (81:m) = 1 for each m. Substituting the definition of ak in (63) yields
64(T + 1)? log(4M /6§

TpT K

We now compare the trained transformer with f7 ... Since f;}
L(fo+) < L(f i¢)- Therefore,

¢ € F and fg~ globally minimizes £ over F, we have

ni

unif
L(for) = L(fx) < L(fanit) = £(fx) = Ak (69)
Applying Pinsker’s inequality (see Lemma 8) to (65) with g = fg~, and keeping only the length-n terms, gives
2
Ak > L(for) = L(f5) = > prc(s1:m) (for (51:n) = fie(s1:n))7 (70)

T-T

Sl:n
Let S,, be the set of non-degenerate prefixes of length n. We additionally work on the high-probability event from
Lemma 4(ii). That is, suppose that
2 1)22n—1 2m
g At () 7
Hmin 52

with probability at least 1 — o,

2 min n
PK(Sl:n) > ( a Vsi.n € {O, 1} .

n+1)22n—1’
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Combining this event with the Bernstein finite-to-uniform event from part (i), it is sufficient to assume

2log(4M 2 1)22n—1 on
szax{g og( /61)7 (n+1) log}.
pT Hmin 52

Since n < T — 1, we have (n + 1)? < T2 and 2"~ ! < 272, Therefore,

2(n 4 1)%2n~1 < 272272 8

Hmin Hmin pT .

Thus, it is enough to impose the simpler sufficient condition

2log(4M /6 2™
K>max{30g(/l),8log}. (1)
pPT PT P
Restricting the sum in (70) to S,, and using the lower bound on px (1.5, ), we obtain
. n+1)220 YT —T
D (for(s1m) = fic(s1:0))” < ( )4 . ( ) A
51:n€Sn Hmin
By Lemma 6, |S,,| > 2"~!. Hence,
1 . n+1)2(T—-T
LS (o srm) — fi(ra)? < BT =D )
1Snl ,,5cs, tenin

Similarly, applying the same KL decomposition and Pinsker’s inequality with g =
length-n terms, gives

wnif» and again keeping only the
2

Ar = L) ~ £F30) = 2

Z P (51:n) (fanie(S1:n) — fl*((slzn))z .

Slin
Repeating the same prefix-mass argument yields

(n+1)%(T -1T)

1
—_— Z (finif(slin) - f}k((slzn))Q < 4lmin

Ax. (73)
|STL| 51:nE€ESn

(iii) From average error to prompt-wise task learning. For s1.,, € S,,, we define

Z(s1:m) = | for (51:n) = Fimie (51:0) [ -
By the triangle inequality and (a + b)? < 2a? + 202,

Z(Slzn) S 2 (f@* (Sl:n) - f;{(slzn)>2 +2 (f;{(sln) - f:nif(slzn))2 .

Averaging over s1., € Sy, and using (72) and (73), gives

1 (n+1)%(T-1)
_— Z(81m) < ——2—~— —2A
|Sn| 51;n263n ( b ) Hmin K

ICL

Therefore, if si’,," is sampled uniformly from S,,, Markov’s inequality gives

e
. (Z(Sllgan) . <n+1><TT>AK> <
Oé/"mi]ﬂ

Equivalently, with probability at least 1 — « over the sampled prompt,

(n+1)2(T —T)

O Umin

|f9* (SIICnL) - fsnlf(SIICnL)’ < \/ AK (74)
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It remains to compare f;‘mf with the empirical Markov predictor. Since SICL € &, is non-degenerate and satisfies
¢o € [7,1 — ], Lemma 5 gives

~ 1
* ICL
_ P ‘ < 75
funlf(sln) sICL 1| = 'y(n—l)—l—? (75)
Combining (74) and (75) by the triangle inequality yields
0Ly _ F (n+1)>(T - 1) 1
* - P ’ < —A T < .
‘fa Tt i \/ Cfimin K ’Y(TL — 1) +2
Finally, substituting (68) gives, with probability at least 1 — §; — §2 — «,
A 64(n + 1)2(T — T)(T + 1) log(4M/§ 1
o (5158) pSICL,1|g¢ (ot DHT — T)T' + 17 log(dM/6y) .
n apminT pr K y(n—1)+2
Using M < 27 and py = 4fimin/(T?272), this can be summarized as
) T —T)log(4M/5;) 1
for(555) = Pycus| = 0p (2727920 ¢ 1)\/( Jlog(dM/n) , 1) |
no aK n
where the hidden constant may depend on v and fiyin .
In particular, choosing
1 5 1
T logK' ' TP 2K
gives probability at least 1 — 1/log K — 1/K and
5 T—-T)logK (T +1logK) 1
fo- (sllCnL) — PacL,|=0 2T/2T3/2(n + 1)\/( ) 0og ( + log ) + =
no K n
For fixed T, this simplifies to (18). O]
E. Proofs in Section 4
Proof of Theorem 5. To simplify notation, we write 31107% as $1.n,. Foreacht = m,...,n — 1, denote the length-m

context by
Ut = St—m+1:t-
(i) For the k-th m-th order Markov chain, the probability of observing the prefix si.,, is

n—1

]P)k:(slzn) = l’[’slnn H P'lsfic;)st#»l’

t=m
where us,, . is the probability of the initial m tokens. Using the transition counts N, ;, this can be written as
IP (51 n IU’SI m H H ( )
u€e[S]™ je[S]
Taking logarithms, we obtain

log H H (PIEI?)N] = Z Z Ny,j logP Z Cuy Z Pujlong)

ue[S]™ jE[S ue[S]™ jE[S] u:Ny>0  j€[9]
—(n— 771)D(15,P(k))7
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where P is defined in (20) and D(-,-) is defined in (21). Therefore,
Py(s1:0) = f1s,.,, xp (—(n — m)D(P, PM))
Since the initial distribution g is shared across all tasks, the factor p,,,, cancels in the posterior weights. Hence,
exp (—(n —m)D(P, P(k)))

S exp (—(n—m)D(P, P())

ag(s1m) =

Let wy, := exp (—(n —m)D(P, P(’“))) . Then the Bayes predictor satisfies, for every j € [5],

Zk 1’lUk un)j
Zk:l Wk

By the definitions of £* and A, for every k # k*,

, where u, = Spn—m+1mn-

f;(slm) -

DP,P®)—DP,P*)) > A,

Therefore, wy, < wy» exp(—(n - m)A) for all £ # k*. Using the representation of f}}yj(slm), we have

(k) (k")

Wi + 3 g Wk T Wk D W Wi
< (K —1)exp(—(n—m)A),

fi(s1m) — P )| =

J Un,]

(k) . .
where we used P, € [0, 1]. This proves part (i).

(ii) For part (ii), we follow the same decomposition as in the proof of Theorem 3, with the binary empirical transition
matrix replaced by the empirical transition tensor. In the multi-state m-th order setting, the empirical Markov predictor
at the current context u,, = S,_m+1:n 1S the probability vector Pu € AS-1 whose j-th coordinate Pun j 1s the
empirical probability that token j follows the context w,,.

mny'

The finite-to-uniform step follows by applying the Bernstein argument in Proposition 1 to the S coordinates of the
next-token distribution and taking a union bound over these S numerators and the marginal-likelihood denominator.
Thus, under the stated lower bound on K, with probability at least 1 — 6,

log(2(S +1)/9)

Vj e [S].
Kpunif(sl:n) J [ }

‘f;(J(sln) - fljniﬁj(slzn” S 8

It remains to compare the uniform-prior Bayes predictor with the empirical Markov predictor. Under the uniform
Dirichlet prior on each transition vector,

* Nun,j + 1
famit,j(81:n) = Ny +5°
Hence, using N,,, > v(n —m),
S—1 S—1

f:;nif,j(slzn) - Pumj <

< .
Ny, +S ~ v(n—m)+ S

Combining the two displays by the triangle inequality yields the desired bound.
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F. Auxiliary Results

Lemma 7 ( Bernstein inequality (Vershynin, 2018) ). Let Z1,. .., Zk be independent mean-zero random variables
satisfying | Z| < M for all k € [K]. Then, for any t > 0,

22
1P< Zt) 526“’(‘02+§4ﬁ3)’

Based on the above lemma, we have the following corollary:

Corollary 2. Let X1, ..., Xk be independent random variables satisfying 0 < X, < 1, E[X}] = m, and Var(X},) <
o? for all k € [K]. Define

K

Sz

k=1

K
where o2 := Y ;_ E[Z}].

X5

=
=
I
==
gl

Then, for any u > 0,

202u  2u
P |mg —m| > 2 ) <207,
('mK m =\ g +3K> ==

Proof. Let Zy, := X}, — m. Then E[Z;] = 0. Since 0 < X}, < 1, we have m € [0, 1], and hence —-m < Z;, <1 —m,

which implies | Z;| < 1. Moreover,
K K

Y E[Z}] =) Var(Xy) < Ko®.

k=1 k=1

Applying Lemma 7 with ¢ = Ke gives

P(|mx —m| > ¢) §2exp(

K?e%/2
Ko?2+ Ke/3) "

Equivalently, the Bernstein tail bound implies that, with probability at least 1 — 2™,

202u  2u

o 2u
e —m| <\ =+ 3

This proves the result. O

Lemma 8 (Pinsker’s inequality for Bernoulli distributions). For any x,y € (0, 1), we have
KL(Bern(z) || Bern(y)) > 2(z — )2, (76)
where Bern(a) denotes the Bernoulli distribution with mean a and KL(-, ) denotes the Kullback-Leibler divergence.

Proof. We compute

1—2

KL(Bern(z) || Bern(y)) = z log Ty (1 —2)log 1
Y

(77)

Fix z € (0,1) and define, fory € (0, 1),

L 9w -y

fly) ::xlogg +(1—2)log 1

It suffices to show that f(y) > 0 for all y € (0, 1). Differentiating with respect to y, we obtain

f’(y)=—§+ 1:§+4(w—y)-
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Since

8

l—az y-—=

y 1-y y(l-y)’

fy)=(y—x) <y(11—y)_4)'

Because y(1 — y) < 1/4 forall y € (0,1), it follows that

we have

1
4>
y(1—y)

Hence,
flly) <0 ify <z, f'ly) >0 ify>a.

Therefore, f attains its global minimum at y = x. Since
f(z)=2logl+ (1 —x)logl —2(x — x)* =0,

we conclude that f(y) > 0 for all y € (0, 1). This, together with (77), yields (76).



