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ABSTRACT

We study continual learning on multiple linear classification tasks by sequentially
running gradient descent (GD) for a fixed budget of iterations per task. When
all tasks are jointly linearly separable and are presented in a cyclic/random order,
we show the directional convergence of the trained linear classifier to the joint
(offline) max-margin solution. This is surprising because GD training on a single
task is implicitly biased towards the individual max-margin solution for the task,
and the direction of the joint max-margin solution can be largely different from
these individual solutions. Additionally, when tasks are given in a cyclic order,
we present a non-asymptotic analysis on cycle-averaged forgetting, revealing that
(1) alignment between tasks is indeed closely tied to catastrophic forgetting and
backward knowledge transfer and (2) the amount of forgetting vanishes to zero as
the cycle repeats. Lastly, we analyze the case where the tasks are no longer jointly
separable and show that the model trained in a cyclic order converges to the unique
minimum of the joint loss function.

1 INTRODUCTION

Continual learning (CL) aims to sequentially learn a model from a stream of tasks or datasets, to
extend its knowledge continuously. The main challenge in CL is catastrophic forgetting, meaning
that their performance on previous tasks degrades after learning new ones (McCloskey & Cohen,
1989; Goodfellow et al., 2013). It has led to a growing body of works focusing on heuristic methods
of mitigating forgetting, including regularization-based methods (Kirkpatrick et al., 2017; Aljundi
et al., 2018; Li & Hoiem, 2017), replay-based methods (Chaudhry et al., 2019; Lopez-Paz & Ranzato,
2017; Shin et al., 2017), and optimization-based methods (Farajtabar et al., 2020; Javed & White,
2019; Mirzadeh et al., 2020).

As CL is receiving significant attention in practice, it is also important to theoretically understand the
mechanism of continual learning. A vast amount of the theoretical works on CL so far has focused on
regression problems (Bennani et al., 2020; Doan et al., 2021; Asanuma et al., 2021; Lee et al., 2021;
Evron et al., 2022; Goldfarb & Hand, 2023; Li et al., 2023), whereas most of the practical application
of deep learning is based on classification. Thus, theoretical analysis of continual classification
methods and their learning dynamics is of significant interest and importance. Indeed, a few results
study continual classification (Raghavan & Balaprakash, 2021; Kim et al., 2022; 2023; Shi & Wang,
2023), albeit focusing on theoretical perspectives that are different from ours; we review these related
works in Appendix A.

This paper is mainly motivated by a recent result studying continual linear classification on a collection
of jointly separable datasets (Evron et al., 2023). The authors consider continual training of a linear
classifier under weak regularization, where the linear classifier is trained until convergence at every
given task. By taking the limit of the regularization coefficient A — 0, this training procedure is
shown to be equivalent (in terms of the parameter direction as A\ — 0) to a projection-based scheme
called Sequential Max-Margin (SMM): every time we encounter a new binary classification task, we
project the current model parameter vector to a convex set defined by the margin conditions of the
given dataset. Then, under this framework of projection onto convex sets, the authors show linear
convergence of the iterates of SMM to an offline solution (i.e., a classifier that solves all tasks at once)
under cyclic/random ordering of the tasks. More details can be found in Appendix B.
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In light of the insightful analyses by Evron et al. (2023), we now highlight some aspects of their
work that motivate the setup of our interest. First of all, Evron et al. (2023) consider minimizing the
regularized training loss of each task until convergence; however, it is far more common to spend a
finite budget of iterations per task in practice (i.e., online one-pass setting, or fixed-epoch setting).
Training until convergence, combined with sending the regularization coefficient A — 0, also raises
an issue on the claimed equivalence of weakly regularized training and the projection-based scheme.
As A — 0, the solution of the training objective diverges to infinity, which does not match the fact
that the iterate of the SMM travels only for a finite distance at every stage.! Another noteworthy
characteristic of the considered SMM scheme is that it does not always converge to the offfine
max-margin solution, i.e., the hard-margin support vector machine solution that solves all tasks
jointly, which is known to be beneficial in terms of generalization (Vapnik, 2013). Lastly, in their
concluding section, Evron et al. (2023) also suggest studying unregularized continual training with
early stopping and highlight that the behavior may be different. These observations triggered our
investigation into a gradient-based algorithm for continual linear classification and its convergence
and algorithmic bias.

In this work, we theoretically study continual linear

classification via sequentially running gradient de- e Init=(000

Task 0 datapoints

scent (GD) on the unregularized logistic loss for a Task 1 datapoints
fixed budget of iterations at every stage.” When all +— Task 0 Only
tasks are jointly separable and revealed in cyclic order Task L. Ogly

(as studied by Evron et al. (2023)), we show that se- 2 . g?fTi:Z”a' &

quential GD converges in the direction of the offline
max-margin solution, unlike SMM. We highlight that 1
this is an interesting result for at least two reasons:

* It reveals a clear difference between sequential GD -1
and the projection-based SMM algorithm in terms R/ 0
of algorithmic bias. 2 75'321
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e It is well-known that GD applied to an individ-
ual task has its implicit bias towards the task’s
own max-margin direction (Soudry et al., 2018). Figure 1: Trajectory of sequential GD on
However, the direction of the offline max-margin a two-task toy example (Appendix C.1) in
solution can largely differ from the max-margin Which the offline max-margin direction is not
directions of individual tasks, not even lying on on the subspace spanned by individual task
the subspace spanned by the individual directions ~max-margin solutions. Sequential GD iterates
(see Figure 1 and Appendix C.1). initially oscillate but quickly start to evolve

along the same direction as the offline max-

Therefore, the convergence of sequential GD to the margin direction.

offline max-margin solution highlights that repeated

continual training eventually drives the model to learn

all tasks well, overcoming the biases towards individual tasks. In addition to the implicit bias result,

we also characterize the convergence rate in terms of total loss and the vanishing rate of the per-

cycle forgetting. Our analysis reveals a surprising but intuitive link between positive/negative task
alignments and forgetting. Furthermore, we broaden the scope of our analysis to the random task
ordering case and a jointly non-separable case. We summarize our main contributions below.

1.1 SUMMARY OF CONTRIBUTIONS

We study continual linear classification using sequential GD, where the model is updated by K
iterations of GD on the unregularized training loss of each given task.

* In Section 3, we study the scenario where the tasks are jointly separable and are given in
a cyclic order. We prove that the joint (full) training loss asymptotically converges to zero
(Theorem 3.1) and the sequential GD iterates in fact align with the joint (offline) max-margin
solution (Theorem 3.2). We also provide non-asymptotic analysis of cycle-averaged forgetting and

IRecall that Evron et al. (2023) show their equivalence in terms of parameter direction.
We focus on this setup instead of early stopping because it is closer to common practice in deep learning.
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. . . . 4
loss convergence and show that average forgetting per cycle J diminishes at the rate of O( lnﬂ‘] )

(Theorem 3.4), which is faster than the convergence rate of the loss O( lni J) (Theorem 3.3). Our

forgetting analysis is closely aligned with the common intuition on how task alignment/conflict
impacts forgetting.

 Section 4 considers the same jointly separable setup, but tasks given in a random order. In
Theorems 4.1 and 4.2, we show that asymptotic loss convergence and directional convergence to
the joint max-margin solution still happen, albeit almost surely.

* Lastly, in Section 5 we consider the case where the tasks are no longer jointly separable, which
admits a unique global minimum of the joint training loss. We derive a fast non-asymptotic
convergence rate of O(J~2) towards the global minimum when the tasks are presented cyclically.

2 PROBLEM SETUP
In this section, we outline the problem setup considered throughout the paper.

2.1 SETUP: CONTINUAL LINEAR BINARY CLASSIFICATION

We consider binary classification, where each data point € R has its own label y € {—1,+1}. We
assume that our learning algorithm encounters M different binary classification tasks in a sequential
manner, and our goal is to find an offline solution that jointly solves all the tasks. The joint dataset
is denoted as D = {(x;,yi) bicr, where I := {0,..., N — 1} is the set of indices of data. Since
the dataset comprises all data pairs from M tasks, the index set [ is partitioned into I = L—ﬂ%;ol L,
where I, is a set of indices for data points in task m € {0, ..., M — 1}.

We consider a linear model f(x;w) = « " w, which is parameterized by a weight vector w € R,

With a loss function ¢(u) that decreases to zero as u — oo, the joint training loss is defined as

Lw) =3 Cif@iw) = 3 ] w).

i€l i€l

Likewise, loss of task m € {0,..., M — 1} is defined as

Lo (w) :== Z ((yz] w).
i€l,,
Notation. We denote the joint data matrix as X € RN whose columns are the d-dimensional
data points x;’s. For a square matrix A, we denote the maximum/minimum eigenvalue of it by
Amax(A) and Ayin(A), respectively. In particular, we write omax = v/ Amax(X X T) as the max-
imum singular value of X. The /> norm of a vector v is denoted as ||v||. Let RY, be the set of
N dimensional vectors whose elements are greater or equal to zero. Also, for a couple of integers
K, < K, we write [K; : K5] to denote a set of consecutive integers { K1, K1 + 1,..., K>}.

2.2 ALGORITHM: SEQUENTIAL GRADIENT DESCENT

In continual learning, we can only see data in the current stage. For each stage ¢ = 0,1, ..., the
index set I(*) of data that will be used comes from one of {Im}me[(): m—1]- Note that the learning
algorithm does not have the freedom to choose the next task; we assume that the task is presented to
the algorithm by the “environment.” During stage ¢, we minimize the corresponding training loss

LO(w) == > Uyiw] w) 8))
iel®)
using gradient descent (GD) with a fixed learning rate 7 as follows:
w,(ctll = w,(f) - nVE(t)(w,(f)) fork € [0: K —1],

'w(()tﬂ) = wg?.

@
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That is, for the task £(*) given at stage ¢, we run K steps of GD updates and move on to the next task

by setting the initial iterate of the next stage 'w(()t“) as the last iterate of the current stage w%).

There are two common schemes for deciding the next task to be learned.
Cyclic task ordering. Tasks are presented in a fixed cyclic order. That is, LD =L vod M-

Random task ordering. The next task is independently sampled uniformly at random. That is, for
allt e NU{0}andm € [0: M — 1], P(I) = I,,) = 1/M holds.

Both ordering schemes have been studied theoretically and empirically (Evron et al., 2022; 2023;
Cossu et al., 2022; Houyon et al., 2023). Indeed, such schemes can naturally occur in real-world
scenarios. For instance, cyclic task ordering covers search engines influenced by periodic events® and
seasonal financial data (Gultekin & Gultekin, 1983; Yang et al., 2022). Random task ordering bears a
resemblance to autonomous driving in randomly recurring environments (Verwimp et al., 2023).

3 CyYCLIC LEARNING OF JOINTLY SEPARABLE TASKS

In this section, we focus on the case where the dataset is linearly separable (Evron et al., 2023).
We dive deep into the case of cyclic task ordering, and prove that sequential GD on separable
linear classification converges in direction to the offline max-margin solution of the joint dataset.
Additionally, through a non-asymptotic analysis on the loss convergence, we also characterize the
average forgetting within cycles, and show that forgetting converges to zero at a faster rate than loss
convergence.

3.1 DEFINITIONS AND ASSUMPTIONS

To this end, we first state some necessary assumptions and additional notation. The first assumption
is that the joint dataset is linearly separable:

Assumption 3.1 (Joint Separability). There exists w € R? such that y;x, w > 0 for Vi € I.

Under Assumption 3.1, we can state an important definition central to our analysis. We define the
joint (offline) /5 max-margin solution

W = arg min |w|® subjectto yx; w>1, Viel. 3)

Max-margin solutions are of key interest in the study of linear classification, because it is well-known
that they have good generalization guarantees (Vapnik, 2013) and GD applied to a single separable
binary classification problem has an implicit bias towards its /o max-margin solution (Soudry et al.,
2018). To be more specific, it is shown in Soudry et al. (2018) that the norm of GD iterates diverges
to infinity, but their direction converges to H%I In our CL setting, we consider running multiple steps
of GD on one task at a time and still aim to find the joint max-margin solution that solves all tasks.

Given the definition of joint max-margin solution, we now define several key quantities. The
normalized margin of normalized w is defined as
-

YiT; W

“4)

¢ := min -

icl |||

A support vector is a data point x; that attains this minimum ¢; we define the index set of support

vectors as S := {i € I : y;x; ﬁ = ¢}, and define the index sets of support vectors of each task

Sy := S N1, for¥m € [0 : M — 1]. Let the support vector matrix be Xg € R?*I5I, a submatrix

of the data matrix X that only contains columns corresponding to support vectors. Lastly, we define
the second margin 0 := min;cp\ g yix; W > 1, which will appear in our non-asymptotic analysis.

To show directional convergence to the joint max-margin solution (Theorem 3.2), we pose an
additional assumption on the support vectors.

Assumption 3.2 (Non-degeneracy Condition). For all 7 € .S, there exists a unique «; > 0 such that
w = ZiGS Q- Y; Iy

3trends. google.com/trends/
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Assumption 3.2 is adopted from Soudry et al. (2018). According to their analysis, this holds for
almost all datasets sampled from a continuous distribution. Intuitively, for a general dataset, no more
than d support vectors can be on the same hyperplane.

In the upcoming sections, we present four theorems on the convergence, implicit bias, and forgetting
of sequential GD. The theorems rely on different assumptions on the loss £(u); we collect them here.
It is noteworthy that the logistic loss {(u) = In(1 + e~*) satisfies all the assumptions listed below.
Assumption 3.3. The loss ¢(u) is a positive, differentiable, S-smooth function, monotonically
decreasing to zero, and limsup,,_, _ . ¢'(u) < 0.

Assumption 3.4 (Tight Exponential Tail). The negative loss derivative —¢'(u) has a tight exponential
tail. i.e., there exist positive constants p, p—, and @ such that Vu > u:

(1 — exp(—p—u))e™ < —'(u) < (1 + exp(—puyu))e™
Assumption 3.5 (Convexity). The loss £(u) is a convex function.

3.2 ASYMPTOTIC RESULTS: LOSS CONVERGENCE & IMPLICIT BIAS TO JOINT MAX-MARGIN

Now, we analyze the asymptotic convergence of joint training loss and characterize the directional
convergence of sequential GD (2) on jointly separable cyclic tasks. We start by understanding the
asymptotic behavior of the joint task loss £(w).

Theorem 3.1. Let {w}(:)}ke[O:Kfl],tZO be the sequence of GD iterates (2) from any starting point

wéo), where tasks are given cyclically. Under Assumptions 3.1 and 3.3, if the learning rate satisfies

. 1 ¢2
N <MINA 337K FoZ > TR AT, (Mt omm) }’ then

1. Loss converges to zero: limy_, E('w](:)) =0,Vke[0: K —1].

2. Every data point is eventually classified correctly: lim;_, a:iTw,(:) =oo,Vke[0: K—1],i € I.
3. Square sum of the change of weight is finite: y ;= ZkK:_Ol Hw,(fil — w,(f) | < o0

Theorem 3.1 shows that cyclic continual learning on the jointly separable data will eventually learn all
tasks, or equivalently, find an offline solution without any additional techniques such as regularization.
This result matches the recent empirical findings that DNN can mitigate catastrophic forgetting when
tasks are given repetitively (Lesort et al., 2023). The last part on the square sum of the change is used
to prove the upcoming Theorem 3.2. We note that Theorem 3.1 does not require convexity of . The
proof can be found in Appendix D.1.

Theorem 3.1 shows that the joint loss converges to zero. However, due to the joint separability

(Assumption 3.1), there are multiple directions in which w,(f) could evolve to make the joint training
loss decay to zero. That is, the loss convergence only guarantees finding an offline solution, but does

not characterize which. Under additional assumptions of non-degeneracy and tight exponential tails,

we characterize which direction w,(:) diverges to, and show that the model parameter in fact aligns

with the joint /5 max-margin solution w (3).

Theorem 3.2. Let {'w,(:)} ke[0:K —1],6>0 be the sequence of GD iterates (2) from any starting point

wéo), where tasks are given cyclically. Under Assumptions 3.1, 3.2, 3.3, and 3.4, if the learning rate
satisfies n < min { 2MK1502 » TRBoT Eb;[¢+amx) }, then w,(:) will behave as:

wl(:) =1In (%t) w + pg),

where Hp,(f) || stays bounded as t grows.

The proof is in Appendix D.2. The key implication of Theorem 3.2 is that the weight vector converges
in the direction of the joint max-margin solution:

® .
lim —k = Y vpelo: K -1 (5)
35 1@ ]

[|wy, ||

It implies that standard gradient descent without any regularization not only learns every task but
also converges to the joint max-margin direction. This result suggests the potential benefits of naive
training methods without common CL techniques such as regularization.
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On Assumption 3.2. As noted earlier, the non-degeneracy assumption (Assumption 3.2) is bor-

rowed from Soudry et al. (2018); the purpose of adopting this assumption is to facilitate a more

complete analysis of the residual p,(f). In fact, in Soudry et al. (2018), the conclusion on the direc-

tional convergence (similar to (5), but for single-task GD training) continues to hold even without
Assumption 3.2. In light of this, we also believe that directional convergence of sequential GD (5)
will hold even without Assumption 3.2, but we did not pursue removing the assumption because it
does not offer substantial additional insights.

Sine Angle between Continually / Jointly Trained Models

—— sine angle = /(1 - cossim?)
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Figure 2: Comparison between continually learned and jointly trained linear classifier. We
generate three jointly separable binary classification tasks (with 2D inputs) and run (1) sequential
GD in a cyclic task ordering and (2) full-batch GD. It is well-known that the offline full-batch GD
converges to the offline /5 max-margin solution. We verify a similar implicit bias of sequential GD
iterates (which we proved in Theorem 3.2) by observing the decrease in angle between the continually
and jointly trained models. We also observe similar phenomena for more general experimental setup
(e.g., random task ordering): see Appendix C.2.

Beyond offline learning Although we analyze continual learning in a setting where each task
has a fixed dataset, the insight of our analysis extends to general setups. To show this, we conduct
experiments in a setting where each task has its own (separable) data distribution and a dataset is
freshly sampled at each stage. We observe the same directional convergence behavior of sequential
GD toward the direction corresponding to joint task training. The detail is in Appendix C.2.4.

3.3 NON-ASYMPTOTIC RESULTS: LOSS CONVERGENCE AND FORGETTING BOUNDS

In Section 3.2, we presented asymptotic results characterizing the convergence of total training loss to
zero and the directional convergence of sequential GD iterates to the max-margin solutions. We now
supplement these results with an additional non-asymptotic convergence analysis on total training
loss, which we can use to obtain a non-asymptotic analysis of cycle-averaged forgetting as well.

As aforementioned, the main challenge in CL is mitigating catastrophic forgetting. Analyses of
continual learning methods aim to show that methods decrease forgetting, theoretically or empirically.
In this paper, we are interested in how strong forgetting is in our continual linear classification setup.

We start by stating a common definition of forgetting, which quantifies the amount of loss increase at
the end of stage ¢ compared to the end of K steps of GD on £(*) executed in stage s < .
Definition 3.6 (Forgetting). The forgetting at stage ¢ of the task learned in stage s (< ?) is the change
of the task loss £(*) from the moment the K GD steps were finished in stage s. That s,

FO) = £ () = £O (w')).

Notice that forgetting is zero by definition when ¢ = s. While it is usually expected that forgetting is
a positive quantity, it could be also negative by definition. Such a case can happen when the tasks
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seen in stages between s and ¢ are well-aligned with £(*), so that the model improves on the task
previously seen in stage s. This phenomenon is called backward knowledge transfer.

When CL tasks do not necessarily repeat, it is common to evaluate the average forgetting over all

past stages, namely % ZZ;B F)(t). However, since we consider the case where tasks are given
cyclically, it is natural to define our quantity of interest as below:

Definition 3.7 (Cycle-averaged Forgetting). The cycle-averaged forgetting at cycle j is the average
loss change of previous tasks from the stage in which it was learned. That is,

M—-1
Z ]_-MJ+m)(Mj +M—1) Z Lo MJ+M) Lm(wg(Mjer)).

m=0

1

CF(j) := i

By studying cycle-averaged forgetting, we would like to understand how much forgetting happens
during the cyclic learning process, and how the amount of forgetting changes as we repeat the cycles.

Although the asymptotic convergence to joint max-margin solution (Theorem 3.2) suggests that the
model will suffer a diminishing level of forgetting in the long run, characterizing the amount of
forgetting for a given cycle count J necessitates a more careful non-asymptotic analysis of the loss
convergence. For this purpose, we present an additional theorem characterizing the non-asymptotic
convergence of joint training loss £; we then build on this theorem to prove upper and lower bounds
on cycle-averaged forgetting. The new convergence theorem requires the same set of assumptions as
Theorem 3.1, except for an additional assumption of convex £(u).

Theorem 3.3. Under the same setting as Theorem 3.1 with an additional Assumption 3.5, for any
me[0:M—1]andk € [0: K — 1], we have

SIS + £ 1S R -
£(wl(€MJ+m)) < <|S| + i=0 i K 1Pm )Z(IHJ) n N Dy

J 2K .J J
m—1 k
. L‘ — S7 N7 Im, - Sm
+<[_|S|+zl_o<,|||>+;<<| |D>Mmﬂ,

J

where 0 > 1 is the second margin defined in Section 3.1, and

402 (0) UKUS 6 nKUmax (0) 2
Dy i— max 1 max H H )
' ¢2 (‘C(w() ) < * ¢(1 - nMKUmaxﬁ) (b(l - nMKUmax VL(wO )

The proof can be found in Appendix D.3. One can revisit Section 3.1 to recall the definitions of
symbols such as oy,ax, ¢, and 5. The bound in Theorem 3.3 may be a bit difficult to parse. First of
all, notice that whenever ¢(u ) < e, which is true for logistic loss ¢(u) = In(1 + e’“) we have

((InJ) < L and ¢(f1n J) < 5. Combined with other terms, this implies an overall (9( ) upper
bound for the joint training loss

Next, we can notice for any fixed .J, the upper bound in fact grows with k and m. This unusual growth
of the upper bound reflects the effect of forgetting that can happen during cycles. Even though such
an increase in loss does not usually occur with a small learning rate, it is not impossible. For example,
when most of the tasks have individual max-margin directions different from the joint max-margin
direction, this situation can occur. We demonstrate this mid-cycle increase of joint loss using a toy
example in Appendix C.3.

The possible increase of loss due to forgetting becomes less of an issue as training proceeds since the
terms increasing in m and k are all divided by an additional factor of J and hence decay faster than
other terms. Therefore, the increase of loss bound becomes smaller for larger .J, indicating smaller
forgetting during cycles. Despite the possible forgetting, Theorem 3.3 indicates that if tasks are given
cyclically, then the loss bound is guaranteed to decrease at the end of every cycle.

We can now use Theorem 3.3 to derive bounds on cycle-averaged forgetting we defined in Defini-
tion 3.7. We characterize how fast the cycle-averaged forgetting CF(J) converges to zero as the
cycles replay. For this theorem, we specifically consider the logistic loss, which satisfies all loss
assumptions in the paper.
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Theorem 3.4. Let {(u) = In(l 4+ e™") be the logistic loss. If the learning rate satisfies
2MK}302 s TRBa3 (1\24¢+0 3 }, then the cycle-averaged forgetting CF(J) for cycle J
satisfies the following upper and lower bounds:

7 < min

max max

N, - N,
—nK - L(J)? Zrta Vo < CF(J) <nK - L(J)? ~2pteNoa.
M M
where

1 11| — |9 1 Jwl® — an J|2 In?J

L(J) = = B2 (14 = D, | =o(®2’
(J) 7 ((|S + Jo1 + 7 + K + D @) 7

Np7q = Z .’B;-rﬂ?j > 0, prq = Z :EleJ < 0.

(i,4)elpx1q (4,)€lpxIq

z:z_7>0 m:mj<0

The proof is in Appendix D.4. Theorem 3.4 shows a nonnegative upper bound and a nonpositive lower
bound on the cycle-averaged forgetting at cycle J. Note that both upper and lower bounds decay to

zero as J grows. Convergence of CF(J) is of rate O( 1“;2‘] ), which is faster than the convergence

rate O(#) of joint loss shown in Theorem 3.3.

The bounds in Theorem 3.4 reflect how positive/negative data alignment between different tasks
impact forgetting. The quantities IV, , and IV, , capture show how similar and different (respectively)
data points are, for a pair of tasks (p, q). In particular, when Zp “q N%q = 0, it is guaranteed
that average forgetting does not happen, regardless of J. Rather, training on a task will decrease
the loss for all previously learned tasks, which can be thought of as an extreme form of backward
knowledge transfer. On the other hand, when Zp g Np.q = 0, it is guaranteed that the model will
suffer forgetting at every cycle; however, even in this case, Theorem 3.4 implies that repeating tasks
over cycles mitigates catastrophic forgetting.

Even when the joint dataset D is the same, forgetting behavior can differ depending on how the data
points are distributed over different tasks. This matches the former theoretical explanation of how
distribution affects forgetting. For instance, Lin et al. (2023) show that a larger distance between each
task’s optimal solution leads to larger forgetting. For a straightforward interpretation, consider the
following example of two tasks: their cycle-averaged forgetting for two different decompositions
of D is plotted in Figure 3. We can observe that two tasks contradicting each other (i.e., large Ny 2)
results in positive forgetting, whereas two tasks aligning better (i.e., large N 2) exhibit negative
forgetting. Nevertheless, cycle-averaged forgetting converges to zero in both cases.

4 RANDOM-ORDER LEARNING OF JOINTLY SEPARABLE TASKS

In this section, we consider the scenario where tasks are given in a random order, while still assuming
that the tasks are jointly separable. Formally, at the end of K -th GD iteration of stage ¢, the next task
is sampled independently and uniformly at random. Even in this case, our analysis reveals that the
asymptotic results shown in Section 3.2 continue to hold almost surely.

We first show that the joint training loss converges to zero almost surely, which is a random-order
counterpart of Theorem 3.1. The proof is in Appendix E.1.

Theorem 4.1. Let {w]it)}ke[O:K—l],t20 be the sequence of GD iterates (2) from any starting point
'w(()O), where tasks are given randomly. Under Assumptions 3.1 and 3.3, if the learning rate satisfies

n < /3(27%2, then the following statements hold with probability 1:

1. Loss converges to zero: limy_, L’(w,(:)) =0,Vke[0: K —1].

2. Every data point is classified correctly: lim;_, o, :c;rw,(f) =0,Vke[0: K—1],iel.

(75)”2

3. Square sum of the change of weight is finite: y_,- ZkK:_Ol H'w,(:il —w,’[|* < oo.
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Figure 3: We compare two continual learning scenarios with the same joint dataset D =
{(1,2),(1.1,1.8),(1.2,1.9), (1, -2), (1.1, -1.8),(1.2,—1.9) }, where labels are all +1 and hence
omitted. We mark Task 1’s data as ‘o’ and Task 2’s data as ‘+’. We used M = 2 and K = 10.
Figure 3(a) displays a data composition that makes large Ny », whereas Figure 3(b) displays a data
composition that makes relatively small N; » and large Ny 5. Figure 3(c) is a plot of cycle-averaged
forgetting (CF), evolving over cycles. For “contradict” scenario (red), CF is always positive and
diminishing to 0. In contrast, for “aligned” scenario (blue), CF is always negative and rising to 0.

We derive the same asymptotic loss convergence result, with a minor difference that the learning rate
can be chosen independent of the number of tasks M and the iteration count K.

We now state the random-order counterpart of Theorem 3.2, which implies that the sequential GD
iterates converge to joint {2 max-margin solution almost surely. The proof is in Appendix E.2.

Theorem 4.2. Let {'w;(gt)}ke[O:K—l],tzo be the sequence of GD iterates (2) from any starting point

'w(()o), where tasks are given randomly. Under Assumptions 3.1, 3.2, 3.3, and 3.4, if the learning rate

satisfies n < 53%2 then with probability 1, w,(f) will behave as:

wy) =1In (1) @ + o},

where ||p,(€t) || stays bounded as t grows.

5 BEYOND JOINTLY SEPARABLE TASKS

Now we turn our attention to the CL on a strictly non-separable set of M tasks, where the tasks
are presented in a cyclic manner. In this section, we assume that the set of all data points spans the
whole space R? without loss of generality. This is a mild assumption because every gradient update
happens in the span of data points. In this case, if we assume the strict non-separability on the full

dataset (see Assumption 5.1), the joint training loss £(w) = S~ ! £, (w) defined with logistic

m=0
losses becomes strictly convex and coercive (i.e., lime”_,oo L(w) = 400); thus, it has a unique
minimum w, € R?. We show that, under cyclic task ordering, the iterates of sequential GD converge

to w, at arate @(J _2), which is faster than the loss convergence rate of the separable case.

The core idea of the analysis is to identify the local strong convexity of the total risk on a compact
set on which every end-of-cycle iterates lie (Freund et al., 2018). To this end, we require a strict
non-separability of the joint dataset as defined below.

Assumption 5.1 (Joint Strict Non-separability Condition (Freund et al., 2018)). Assume that the
whole collection of data points is of full rank: span({z; : i = 0,..., N — 1}) = R%. Additionally,
assume that there exists b > 0 defined as

N-1
b:= min Zi:o [yix] v]~,

veERL:||v]|=1

where [a]” := max{0, —a}.
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Note that a large b means that the joint data points are highly non-separable: for any classifier vector
v, there exist some data points with the incorrect prediction of the label with a large margin. We also
remark that individual tasks are not necessarily strictly non-separable. Hence, our analysis covers the
case where all individual tasks are separable while the full dataset is not separable.

We additionally assume some mild properties of the loss function ¢(-).

Assumption 5.2. The loss function ¢ : R — R is a strictly convex, S-smooth function with a
positive second derivative such that £(u) > G - [u]~ for some G > 0.

Note that the logistic loss £(u) = In(1 4+ e™*) satisfies the assumption above with 8 = 1/4 and
G = 1. From the assumptions, we have that (1) the risk of m-th task L, (w) = >, {(y;x] w)
is convex and f3,,,-smooth for B, := BAmax (Xm X)) where X,,, € R™II= is a data matrix of
task m consisting of columns {x; : i € I,,}; (2) due to the strict non-separability, the total risk
L(w) = Z%;(} L, (w) has a unique minimum w,. Furthermore, we can prove that the end-of-cycle
iterates of the sequential GD stay bounded in a compact set YV around w,. Consequently, we have a
local strong convexity of the total risk on W. The proof is in Appendix F.1.

Lemma 5.1. Consider learning M linear classification tasks cyclically. Suppose that Assumptions 5.1

and 5.2 hold. Let B := Z%;Ol Bm and V, := Z%;Ol ﬁi IV Lo (w,)||?. Take a step size n <
1 (5 M)

SVaRE" Then, there exists a compact set VW C R? containing w, and every wy (7=0,1,2,...),
whose radius is independent of J (the number of cycles) but depends on other parameters like b, G,
B, and V. Also, the total risk L is u-strongly convex on W, where

pi= (minieo.n 1) wew £ (yi2] w)) - Amin (XX ) > 0. 6)
We remark that the radius of the set W largely depends on the non-separability b (Assumption 5.1):
loosely speaking, W can be arbitrarily large if b goes to zero since ||lw — w,|| = O(1/b) for any

w € W. In particular, for the logistic loss ¢, the local strong convexity coefficient p can get small if b
is small, because of (possibly) a large radius of V. With the local strong convexity, we finally have

a fast non-asymptotic convergence rate of @(J ~2) towards the global minimum. The proof can be
found in Appendix F.2.

Theorem 5.2. Suppose we learn M tasks cyclically for J > 1 cycles. We adopt the notation from
Lemma 5.1. If we choose a step size

1 1422 O aw, [[2?
7 = min , + \fln J? - max l,w ,
2V2KB’ 22K J B2V,

then the final iterate of sequential GD satisfies

2 J 2 B?V,
(MJ) 15 H (0) *)
w —w,|| <Oflexp|———F—] ||wy’ —ws| + , 7
H 0 = ( p( (1+2¢§)B) L VA "
where we hide a poly-logarithmic factor of J in Equation (7).
Since the £(w) is B-smooth, it satisfies that
B s, B .
Lw) = L(w,) < (VL(w,),w = w,) + T w —w,[* = Zw —w,|* )

Thus, our Theorem 5.2 naturally implies the loss convergence at the same rate.

6 CONCLUSION

We considered continual linear classification by running gradient descent for a fixed number of
iterations per task. When there exist solutions that can solve every task, we found that even without
any regularization or CL methods, the classifier eventually converges to the joint max-margin
direction. This implicit bias happens on both cyclic/random task ordering. We further presented a
non-asymptotic analysis on cycle-averaged forgetting with respect to positive/negative alignments of
tasks and the number of cycles. Lastly, we showed that if no solution solves all tasks simultaneously,
the model converges to the unique minimum of the joint training loss. As for future work, we believe
the convergence on continual classification can be extended to other model structures, bridging the
gap between empirical findings and theoretical understanding of the impact of task repetition. Also,
our results are restricted to the “small learning rate” regime, and do not cover larger learning rates or
even the “edge of stability” regime (Wu et al., 2024); relaxing this restriction is left for future work.

10
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A  OTHER RELATED WORKS

Theoretical Results on Continual Learning. Several theoretical analyses have been proposed
on classification. Raghavan & Balaprakash (2021) examine the generalization-forgetting trade-off
by viewing it as a two-player sequential game, in which player 1 wants to maximize generalization,
whereas player 2 wants to minimize forgetting. They show the existence of a balanced point where
both players are satisfied with each new task and suggest a new algorithm to achieve the point. Kim
et al. (2022) consider Class-Incremental Learning, where the model can see a disjoint subset of the
total class at a time. They prove that good Within-task Prediction (WP) and good Task-id Prediction
(TP) are necessary and sufficient for good CIL. Furthermore, they relate TP with OOD detection.
Shi & Wang (2023) consider Domain-Incremental Learning, where the model can see the different
domains in a class over time. They especially suggest a framework with a memory buffer that unified
earlier methods.

Lin et al. (2023) distinguish empirical and population risks by drawing samples from Gaussian with
true linear regression solutions. Then, they investigate the impact of overparameterization and task
similarity over forgetting. Bennani et al. (2020); Doan et al. (2021); Karakida & Akaho (2022) study
forgetting in NTK regime. Specifically, Bennani et al. (2020); Doan et al. (2021) analyze forgetting
of orthogonal gradient descent (OGD, Farajtabar et al. (2020)), while Karakida & Akaho (2022)
study continual transfer learning. Other settings such as Teacher-Student setup (Lee et al., 2021), and
feature extraction (Peng & Risteski, 2022) have been considered in Task-Incremental Learing.

Implicit Bias of Gradient Descent for Linear Classification. Soudry et al. (2018) are the first to
show that if data is linearly separable, gradient descent with certain loss functions converges to the
max-margin direction. Nacson et al. (2019) prove the same result on the same condition but with
stochastic gradient descent. Ji & Telgarsky (2018) show the same result with a slower convergence
rate, resulting from the absence of degeneracy condition. They also consider cases where data is not
separable, yet weight diverges to infinity. Ji & Telgarsky (2021) show a faster convergence rate under
decreasing learning rate via a primal-dual analysis. While these findings require small learning rates,
Wau et al. (2024) prove that gradient descent with logistic loss converges to the max-margin direction
even when the learning rate is large.

B BRIEF OVERVIEW OF EVRON ET AL. (2023) AND COMPARISONS

To highlight how our sequential GD algorithm differs from Evron et al. (2023), we briefly summarize
the Sequential Max-Margin (SMM) framework considered in the existing paper and its theoretical
results.

Evron et al. (2023) consider minimizing the regularized training loss of each task until convergence,
where the loss function is chosen to be the exponential loss £(u) = exp(—u). Let {w(;)R@} be the
oy

iterates trained by regularized continual learning with regularization coefficient A. The algorithm can
be written as follows:

(t+1) _ , T A (1)
w, 'y, = arg félﬁld Z exp (—yiwl— w) + 5 Hw — W) Re
eI (t)

2

&)

Also, let wétl\)m be the weight trained by the Sequential Max-Margin algorithm. The update rule is as
follows:

2
w1l = arg min H'w - wétl\)ﬂ\l” subject to y;x; w > 1,Yi € I

weRd (10)
= P(t)(wétl\)ll\l)'
Here, the operator P(*) can be thought of as the orthogonal projection onto a convex set
{weRd;WIwz 1,Viel(t)} an

defined by the margin conditions on data points in 7(*), That s, wg’l\)m is the same as the sequential

projection onto such convex sets. Evron et al. (2023) showed the relation of wf\t)RC and wétl\)ﬂ\,I, when

the regularization coefficient A\ — 0:
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Theorem B.1 (Theorem 3.1 of Evron et al. (2023)). For almost all dataset, in the limit of A\ — 0, it
og( L
holds that w(;)RC — wétl\),ﬂ\,l with a residual of O(t log log (%) ). Therefore, atanyt = o (lg(k)l)),
by

log log
we get
(t) (t)
lim —PARe  _ _Wsmm
=0 [, (t) @ |
Hw)\-Re WgnMm

Based on this equivalence in terms of parameter direction, Evron et al. (2023) expect that the behavior

of 'wf\t_)Re can be analyzed through the lens of 'wétl\)m as long as A is close to 0, since Theorem B.1

_ log (%)
holds forall t = o <loglog(}\) .

Given this background, we now highlight some differences between Evron et al. (2023) and our
analysis. First of all, as seen in (9), Evron et al. (2023) study regularized exponential loss trained until
convergence, whereas we study unregularized logistic loss trained for a fixed number of iterations.
Training the weakly regularized loss until convergence, in conjunction with limit A — 0, sends each
wE\t_)Re to infinity. Hence, each stage requires a growing number of iterations, and the grounds for
the equivalence between (9) and (10) becomes weaker, since the solutions become vastly different in

terms of magnitude.

Second, thanks to the connection between weakly-regularized continual learning and SMM, Evron
et al. (2023) could obtain the exact trajectory of every stage via the projection method. On the
other hand, in our sequential GD setting, it is very difficult to keep track of the exact location of the
iterate after one task is trained, since the iterates are updated multiple times but training stops before
convergence. This makes it challenging to analyze implicit bias and forgetting via tracking the exact
trajectory stage by stage. We use different proof techniques from Evron et al. (2023) to overcome this
challenge. Rather than pinpointing the exact position of the iterate after each stage, we focus on the
direction that sequential GD eventually converges to.

On top of that, importantly, our analysis of sequential GD reveals that training on unregularized loss
using a fixed number of GD iterations results in the joint/offline max-margin solution. In contrast,
although the convergence to some offline solutions is already shown for SMM (Evron et al., 2023),
the converged offline solution can be different from the offline max-margin solution. In fact, in the
next section (Appendix C.1), we demonstrate by a toy example that SMM can indeed converge to a
point other than the joint max-margin solution.
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C EXPERIMENT DETAILS & OMITTED EXPERIMENTAL RESULTS

C.1 EXPERIMENT DETAILS OF FIGURE 1

In this section, we present a simple toy example which demonstrates interesting facts about max-
margin solutions in continual linear classification:

* The joint max-margin direction of the joint dataset can be quite different from the max-
margin solutions of individual tasks. Specifically, the joint solution may not be on the
subspace spanned by the individual solutions.

* The limit of Sequantial Max-Margin (SMM) iterations can be different from the joint
max-margin solution, whereas the limit direction of sequantial GD does align with it.

We consider the case of M = 2 tasks, where the input points come from R3. Without loss of
generality, we assume that all the labels are +1, and hence omit them. We let {(1,1,0),(1,—-2,1)}
be the dataset of task 1, and {(1,0, 1), (1,1, —2)} be the data of task 2. One can verify that:

* Their joint max-margin direction is (1,0, 0).

« The max-margin direction for task 1is (¥, L., 3.
10 3 1

* The max-margin direction for task 2 is (37, 77, 17)-

Therefore, we can observe that the joint max-margin solution does not belong to the span of individual
max-margin solutions.

We ran numerical experiments running the SMM iterations, which is done by solving the constrained
minimization problems using fmincon in MATLAB Optimization Toolbox. The code is provided
in plot SMM.m in our supplementary material. We find that SMM converges to (12, -, 7;); the
trajectory for 10 cycles can be seen in Figure 4.

1.2
—w1[

w2 |
—w3

SMM lterate Values
o
[#)]

0 5 10 15 20
SMM lterations (10 Cycles)

Figure 4: We run SMM iterations on the toy example by solving the projection problems using an
optimization solver.

C.2 EXPERIMENT DETAILS OF FIGURE 2 & MORE RESULTS

Here we present the experimental details of Figure 2. We also provide omitted result related to it.
Then, more importantly, we extend our experimental setups beyond the cyclic task ordering and the
fixed total offline dataset.

18



Under review as a conference paper at ICLR 2025

C.2.1 EXPERIMENTAL DETAIL

Data Generation. We carefully design three 2D synthetic datasets. Each dataset (of size 30) is
randomly sampled from a bounded support. Below, we describe the data distribution from which we
draw samples.

* Task 0, y = +1: Uniform distribution on a round disk (i.e., inside of a circle) with radius 0.45+/2
and centered at (—1.65,4.95).

* Task 0, y = —1: Uniform distribution on a rectangle [—0.6,0.9] x [—3.6, —3.3].

e Task 1, y = +1: Uniform distribution on a round disk with radius 0.3v/2 and centered at
(—4.2,0.6).

e Task 1, y = —1: Uniform distribution on a rectangle [—4.5, —2.7] x [—0.9,0.3].
* Task 2, y = +1: Uniform distribution on a rectangle [1.2,2.1] x [1.2,1.8].

e Task 2, y = —1: Uniform distribution on a round disk with radius 0.6 and centered at
(=2.1,—-1.5).

Optimization. We run sequential GD for 450 stages in total. Since there are three tasks, for cyclic
ordering case, it is equivalent to J = 150. The step size we used is = 0.1. Also, we allow and
conduct K = 1,000 updates per stage. For joint training case, we run full-batch GD on the union of
all datasets for JK = 150, 000 steps.

C.2.2 OMITTED LOSS CONVERGENCE RESULT IN FIGURE 2

Although we only displayed the directional convergence in the main text, we also observe the loss
convergence to zero, which we proved in Theorems 3.1 and 3.3. It is omitted due to space limit and
being relatively obvious than directional convergence.

Loss: Continually learned model Loss: Jointly learned model

o —— taskO loss —— taskO loss
10%5 — taskl loss — taskl loss
—— task2 loss —— task2 loss
—— total loss

—— total loss

10-1 4

10724

Loss.

1073 4

107y

1075 4

0 20 40 60 80 100 120 140 0 20 40 60 80 100 120 140
Stage Stage

(a) Losses of continually learned model (b) Losses of jointly trained model

Figure 5: Loss convergence results for cyclic task ordering.

C.2.3 RANDOM TASK ORDERING

In Section 4, we showed that loss convergence as well as implicit bias result holds almost surely
under the random task ordering. Indeed, we observe a similar tendency of directional convergence
and loss decrease even under the random task ordering.
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Figure 6: Experiments on 2D synthetic data under random task ordering.

C.2.4 BEYOND THEORETICAL SETUP — TOWARDS CONTINUAL LEARNING ON ONLINE DATA

Most of the theoretical analysis in this work exploits a structural assumption on data: there is a
predefined set of offline dataset, which is divided into chunks and given one by one at each stage.
Thus, exactly the same batch of data is guaranteed to be reused (surely or with high probability). Can
we go beyond this task repetition and apply our theoretical intuition to more general setups?

Here, we demonstrate that the results of our theoretical findings are not really limited to the task
repetition setup. Instead, our insight about jointly separable continual linear classification applies to
several general setups. In this section, we showcase an analogous behavior of sequential GD when
the total dataset is no longer fixed throughout the continual learning process. We consider the setup
where there are M different (jointly separable) data distributions, rather than datasets; every time we
encounter a task, we have an access to a totally new samples of data points drawn from the task’s
distribution. For simplicity of visualization, we still stick to the bounded support cases.

The only implementational difference from the previous sections is that we re-sample the data points
from a predefined data distribtion at every stage. We test whether a similar trend happens even
when we add the resampling process, under the same data distribution described in Appendix C.2.1.
The results are shown in Figures 7 and 8 for cyclic task ordering and random task ordering cases,
respectively.
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drawn from a task’s predefined data distribution).

Figure 7: 2D synthetic experiments: Cyclic task ordering, jointly separable online dataset (keep being
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Figure 8: 2D synthetic experiments: Random task ordering, jointly separable online dataset (keep
being drawn from a task’s predefined data distribution).

C.3 Toy EXAMPLE FOR INCREASING LOSS IN A CYCLE

Here, we give a toy example that shows increasing joint training loss during a cycle, even with a
small learning rate.

Let datasets D; be as the following. Without loss of generality, we assume all labels are +1, hence
omitted.

{(1,-2)}
{(1,2)}

{(1.1,2.1)}
{(
{(

1.1,2.2)}
1.1,2.3)}

In this case, max-margin direction is (1, 0), while most of the task has their individual max-margin
direction around (1,2). We set K = 10, 7 = 10~ so that 7 satisfies learning rate condition.

When task 1 is being trained, joint training loss increases while it decreases when other tasks are
being trained. This is because most of the tasks have their own max-margin direction around (1, 2),
dominating joint training loss.

C.4 EXPERIMENT ON REAL-WORLD DATA

In this section, we present a result of training linear model with CIFAR-10 (Krizhevsky et al., 2009).

We choose two classes from the CIFAR-10 dataset and design 3 tasks which have 512 data points
from the two classes. Our Theorem 5.2 on linearly non-separable data such as CIFAR-10 shows that
sequential GD iterates should not diverge and instead converge to the global minimum w™ under the
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Figure 9: We take average on total loss(black) for better visualization. The current task switches
every 10 iterations. One cycle consists of 5 stages. Figure 9(a) shows the case where some task’s loss
increase within a cycle. However, it eventually starts to decrease as Figure 9(b) shows.

properly chosen learning rate. To estimate the distance between sequential GD iterates and the global
minimum, we first train a linear model using joint task data and obtain wj,i, as a proxy of w*; we
do this because offline training is guaranteed to converge to the global minimum. Then, we train
sequential GD and measure the distance between iterates and the jointly trained solution w jeing at
the end of every stage of sequential GD.

— perameter difference — joint task loss

12-distance

3 500 1000 1500 2000 2500 3000 3500 4000 o 25000 50000 75000 100000 125000 150000 175000 200000
Number of cycles*M Number of Iterations.

(a) Hw&? — WJoint (b) Loss of jointly trained model

Figure 10: We jointly train a model for 200000 iterations to achieve the global minimum. We then
train each task with cyclic ordering. We set the number of GD for each stage as 50 (K = 50), and
run 1350 cycles (J = 1350). Figure 10(a) shows that sequential GD iterate converges close to wjoint
as the training goes on. However, it does not fully converge to w joint, a Wjeint 1S NOt equal to w*.
Figure 10(b) reveals that the loss of the jointly trained model was decreasing after 200000 iterations.

As aresult, we observe that the distance between sequential GD iterates and w joine converges close
to 0, even when we adopt a learning rate = 0.01, which is not as small as our theorem requires.
Yet, we couldn’t show convergence of distance to exactly O since the jointly trained model did not
converge all the way to w*.
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D PROOFS FOR SECTION 3: CYCLIC TASK ORDERING, JOINTLY SEPARABLE

Without loss of generality, we set y; = 1 for all ¢ € [N].

D.1 ASsYMPTOTIC LOSS CONVERGENCE ANALYSIS (PROOF OF THEOREM 3.1)

Let us restate the theorem here for the sake of readability.

Theorem 3.1. Let {'w;(gt)}ke[O:K—l],tzo be the sequence of GD iterates (2) from any starting point

'w(()o), where tasks are given cyclically. Under Assumptions 3.1 and 3.3, if the learning rate satisfies

2
}, then

7 < min 2]\/IKBUxxlax ’ 4K603mx(M¢+‘7max)

1. Loss converges to zero: lim;_, o E(w,(f)) =0,Vke[0: K —1].

2. Every data point is eventually classified correctly: lim;_ :cTw,(:) =oo,Vke[0: K—1],i € I.

(t)||2

3. Square sum of the change of weight is finite: y_,- Z H'w,c+1 < 00.

Here, we use the following lemma which holds in cyclic continual learning with M tasks.
LemmaD.1. Forallt e NNm e [0: M — 1],k € [0: K — 1],

m—1 ) 2 3
le(ct-!—m) _ w(()t) +n (K Z VE(tJrz)(w(()t)) n kvﬁ(ter)(w(()t))) H < N (mK + k)Kop a8 )V[,(wé

(;b{l - ﬂ(mK + k)o-?naxﬁ}

=0
H“’SM) —wy’| < o1 — (LIXITZ 2B}
e vl < gy et
Proof. See Appendix D.1.1. O

Also, we rely on the key property of linearly separable data, which is proposed by Nacson et al.

(2019).
Lemma D.2. For any w € RY,

IVL@w)| > ¢ > [¢(x]w)]
el

Proof. See Appendix D.1.2. O

Since £ is a 02, 3-smooth function, we get

max

2 2
LMY £ (M0 _ Tmax Hw(()Mt+M) — WM

0 (12)
< VL(w (M) ) (w(()MtJrM) B w(()Mt)) (13)
= vz(wéM% (w0 — M =RV Lw M)+ nK VL)) (14)
< 9K Hw:(w(()M”)H2 + [FLaof)| [wi D — wMO L@ as)
By Lemma D.1,
R e = A I
< e [V e ) | a7

d)(]- - nMKUmaX
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Given that n S m,
Lwy" M) — L) (18)
Mo B o B (M) 2
SRt <¢(1 IMKo2,.5) " 2021~ nMEo?,..f) 2>} Vel
2(M¢ + Omax) 00 ax3
< 9K (1 L ¢2 o ) v 20
2
=~k (1= nKB)|| VL), @1
where we set 3 := W;—;")US“"B Given that n < ﬁﬁ,, E(w(()MHM ) < L(wy ) holds.
Also, by (21),
o ) 0y _ s (1) (0)
ZHvﬁ(w(()Mt))H < L(wg”’) hmHOOL,(wO )S L(wg”) <o 22)
nK(1—nKp) nK(1—nKpg)

t=0
Coupled with Lemma D.1,
0o M—1K—1

>3 S vt 3)

t=0 m=0 k=0

YT Y (|72 + ch(w;f‘“*m)) —ve™))” @
=0 m—=0 k=0
oo M-1K-1
35 8 (v it [T e
= <1 il nfz(ﬂ(il%);iaxﬁ}> ME g [V < o0 26)

2
The boundedness of infinite sum of nonzero elements means lim;_, HVE(wl(f))H = 0,Vk €

[0 : K — 1]. This leads to lim; o ¢'(x; 'w](f)) =0,¥i € I,k € [0 : K — 1] by Lemma D.2.
Since ¢'(u) — 0 only when u — oo, we obtain z; w() — oo,Vi € I,k € [0: K —1] and

2
lim; o ﬁ(w,(f)) =0,Vk € [0 : K—1]. Finally, we obtain that ), Z Hwéfll - w,ﬂ,ﬁ) < 00
followed by
(1) 2T w®)]” (T w®
[vee®| =6, /3 [r@lw] 20 | 3 [rarw)] 27)
iel i€I(t)
> O S e = o - wl? @)
Umax . Umax

i€l(t)
where in the first inequality, we use Lemma D.2 and in the third ineqaultiy, we use the fact VA; € R :
HZ>€I AsTs H2 Omaxr\/ D sel A 2. The last equality is true by the definition of gradient descent.
D.1.1 PROOF OF LEMMA D.1
Forallt e NNme[0: M —1),k€[0: K — 1]

m—1
e = (15 w0l o ) )| >
=0
m—1K-—1 k—1
D) (g (1) (t4i) (0 (t4i) (t+m) (. (1) (t+m) (, (t+m)
WZZ VLU (wi) = v (wiF)) 40> (Ve (wi) - VL (w!™)
>3 )2 )
(30)
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m—1K—1 k_1
=|n (E (z] w) — Z'(ac;rwj(-tJri))) Ts + 172 Z (Z (z] w) — Z'(mzw;“”"))) T
i=0 j=0 gcr(t+i) J=0 ser(t+m)
(€29}
m—1K—1 k—1
<n (f (@ wf) - é'(w;rwj(_tﬂ))) x| + ’72 Z (é (zl w) — Z'(w?wﬁ”m))) z.
i=0 j=0 ||ser(t+i) =0 ||ser(t+m)
(32)
holds by triangle inequality. Then
m—1K—1 E—1
n Z (Z'(m:wét)) - E'(mjwj(-tﬂ))) ||+ Z Z (E (s w(()t>) Z’(m:w§t+m))) T
i=0 j=0 |[|ser(t+i) 3=0 || se r(t+m)
(33)
m—1K—1 b1 -
< NOmax (¢@Twl) — 0@Tw™) tnona . | S (FaTw))) - e@lwl™))
i=0 j=0 \| ser(t+i =0 \| serrim)
(34)
m—1K—1 ] k—1 5
< NOmaxfB $ [:c;V (,w(()t) _ w;“”))] + 7omaxf $ Z [wsT (wét) _ wj(_t+m))}
i=0 j=0 seI(t+i) J=0 \| ser(t+m)
(35
m—1K—1 k—1
< 10 S = wf|| 4 102 el ™~ wl (36)
i=0 j=0 3=0

The first inequality comes from the fact VA, € R : || o, Ass H2 < Omaxy/ 2 ses A2 The next one
comes from 3-smoothness, and the last inequality holds since Vo € R? : Y- __; (z] v)? < o2, [|v]|?.

Then we get

le(cwm) _ wét) an
m—1
< |-n (K ST vLt I w) + wc“*m(wg”)> H (38)
i=0
m—1 )
+ w,(:+m> - wét) +n <K Z Vﬁ(t“)(wé”) + kVEWrm)(wét))) H 39)
i=0
m—1
<7 KZ Z (@] wi)e, + k Z O (x] w)z, (40
=0 gc(t+i) seI(t+m)
m—1
+lwl ™ —wi g <K SOV (w) + kv (wl) > H 1)
=0

<namaXJm21 > (Ke@Tw) )2+ > (k@iw “))2 42)

i=0 ser(t+4) seI(t+m)
m—1
+ w,(:+m> - w(()t) +n <K Z Vﬁ(t“)(w(()t)) + kVEWrm) (t) > H (43)
i=0
2 m—1
<K Omax, [ D (ef(wzwgt))) + [T — (K Sovett 3’5>)+W£<t+m>(wgﬂ)> ‘
sel =0
(44)
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Then by (36) and Lemma D.2, we obtain
ok - wé“H

N

m—1K—-1
K max 7
< s H + no—max “w§t+ : - w(t)

¢ :

1=0 j

k—1
£3 [l el
j=0

I
o

(45)

Here, we use a lemma in Nacson et al. (2019).
Lemma D.3 (Nacson et al. (2019)). For some € and 0, let §;, < 0 + ¢ Eﬁ;é 0y holds for all k. Then

and

By applying the lemma to (45), we obtain

(t+m)  (t) H annlax HVL (t) H 46
Hwk o= {1 —n(mK + k)o2 B} (46)
and
m—1 ]
\ww-wm(Kzw»(wsw)+wc<t+m><wst>>)H “
=0
—1
1050 5{ MBI NS MR
n?*(mK + k)Kod, H
maxd G H 49
< L= Gk + Kok )
Finally,
[V ™) = VL) < 0208 [wi ™ - wl?| (50)
Koy H (t) H
< VL 51
= S nmK + Koz py I L G
D.1.2 PROOF OF LEMMA D.2
For all w € R?,
IVL@w)| = ¢ (@] w)z (52)
iel
> (] w)]”  min || Xv| (53)
iezl [ ] veRY :[lv|=1
Let © := argmingegy .|y =1 || Xv||. Then for max-margin direction b, the following holds.
11\] T
| Xo[ > [ Xo|| = ¢|lo]| =¢ (54

We used Cauchy-Schwarz for the first inequality, and the definition of w for the second one.
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D.2 DIRECTIONAL CONVERGENCE ANALYSIS (PROOF OF THEOREM 3.2)

In this section, we prove Theorem 3.2 and further discuss the convergence of p,(:) beyond bounded-

ness.

Theorem 3.2. Let {w,(:)}ke[o: K —1],t>0 be the sequence of GD iterates (2) from any starting point
'w(()O), where tasks are given cyclically. Under Assumptions 3.1, 3.2, 3.3, and 3.4, if the learning rate
2

satisfies n < min { 2MK}302 s TR B3 ?M¢+cfmax) } then wl(f) will behave as:

max max

w,(:) =In (%t) w + p,(f),

where ||p,(f) || stays bounded as t grows.

Note that we use Assumption 3.2, the unique existence of SVM dual variables « that satisfies

w = E QsTs

SES
VseS:ias>0,Vs¢ S:a;=0

This assumption holds for almost all data (Soudry et al., 2018).

When tasks are given cyclic, the following lemma holds. Note that the lemma does not depend on the
algorithm.

Lemma D.4. When tasks are given cyclic, there exists w, m1(t, k) € R the following holds for all
teN kel0: K —1].

t—1
1 k K t .. K .

ml(t,K) = ml(t—i— 1,0)

such that |mq(t, k)| = o(t=95%¢), and ||m1(t,k+ 1) — my(t, k)| = O(t™?) forall k € [0 :
K —1],e > 0, and w only depends on the order of tasks and constant with respect to t.

Proof. See Appendix D.2.1. O

We set m (¢, k) and w along Lemma D.4, and define pff) and r,(:) as

K
Vkel0: K—1]: w,(f) = 1Og<Mt)w + p,(ct)

K. . _ M
= 1og(Mt)w +w + ?ml(t, k) + T]gw’
Pl = Ut p _ D)

where w is the solution of

Vie S:nexp(—x; W) =q;, Pl *w(()o)) =0,

which is unique under Assumption 3.2. Then by the definition,

M(K K N
A ) 59)
M =1 k
=\ — = Ky = % T+ > aw | —log K — 1w+ (56)
u
u=1l  seS) seS®)

Under these definitions, we can get the primary lemma of r,(f).
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Lemma D.5. Under Assumption 3.1, 3.3, 3.4, and Assumption 3.2, if learning rate is n <

2
mln{2IWKﬁ02 ) IK Bo3 (M¢+amx)} then

max max

1. 3t,C1,Cy > 0 such that V't > t,
(), — )Tl <Ot + Cot ™% Yk e [0: K — 1]

2. Moreover, for all e; > 0, 3t*,C5 > 0 such that if

‘Pr,(:)H > e and S # (),
(), )Tl < —Cat vt > T ke 0: K — 1]

Proof. See Appendix D.2.2. O

By the definition of p(t) =w+ %ml(t, k) + 1°,(f ), it is enough to prove Hr,(:) H is bounded.

2
2(7"1221 _Tl(ct))—r NS Hr/(:-‘y)-l 7"1(:)

2
el - 47 )

Forall k € [0 : K — 2], let a(t) = M (my(t,k + 1) — mi(t, k). And let ag?_l = log(1 +
D + %(mlz(t +1,0) — mqy(t, K — 1))2 Since w,(:) = log(£t)w + w + Emy(t, k) + r,(:),
1‘,(:) w,(:) — a,(;') a,(;') = O(t™'). Thus, Jt;

H"k+1 - = Hwk+1 -

such that Vt > t,Vk € [0: K — 1] : Ha,(f)

Now we can get the following for all T' > ¢;.

T K-1
Z Z [, -] = Z Z H'w;(fll ~w? —af|| (58)

t=t1 k=0
O T 0 o2
t T t t
—wip) e + ) ZH%

T K-1
- Z Z Hwarl_wk

t=t1 k=0 t=t1 k=0 t=t1 k=0

<zT:Kz:1Hwk+1_wk XT:KX_:le’(C _wk“H ZZH

(59)

T K-1
S
t=t1 k=0

t=t1 k=0 t=t1 k=0
(60)
T K-1 ® ® 2 T K-1 ® ® T K-1 T K-1
t t t t _ -2
= 9b ol HINETNEND 9) ol MIRPUN S b SIRED 9 S !
t=t1 k=0 t=t; k=0 t=t1 k=0 t=t1 k=0
< 00 (62)

We use Cauchy-Schwarz inequality for the first inequality and the factor that ZtT:tl t~2 < oo and
Zf:tl 5;01 Hw,(f) - wk—&)-lH < oo by Theorem 3.1.

Combined with Lemma D.5 and the fact that Ve > 1: >~ t7¢ < oo, we get

2 2 t L K- 2
i e L (H%H -Il) 63
U= f1 k=0
-1 K—1 9
= ( Tz(cqul_rz(gu))T o +H’°1(cqfr)1 ""zgu) ><OO (64)
u=t; k=0

Hence Hr](:) H is bounded.
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D.2.1 PROOF OF LEMMA D .4

t—1
KZ% Z o % N +§ Z Lo % 8 (65)

u=1 seS(w) seS(t)
\.tMlJM t—1 1 k
LMD YRR S B S L
seS<u> u=|5A M+l seS™) seS®)
LtMlJM
=K Z Zaa:s—i—mtk) (67)
563(“)
54 [ M i
= K /
Z ZerMufl Zaazs +m/(t, k) (68)
u=1 s€S) i
M L Y3 J i
=K s "(t, k 69
; ;erMufl ;S(:U)aac +m/(t, k) (69)

Note that m/(t, k) and m/(t, k + 1) — m/(t, k) are both O(t~!) forall k € [0 : K — 1]. For every v,

1
Z Z AsTs (70)
vt M(u—1) R
L5 )
1 1—
= sTs 71
— {Mu Mu2—|—(v—M)u} Zaw 7
=1 s€S )
[ 1 = e ]
= |77 1 — o M T
a7 (o2 (15710) #7000 + X s | | X e
u= s v
(72)
i *)
1 t—1 & 1 -
= _— 1 Ot 1 S S
M(og<M)+’Y+ ) Z MuZ - M) Ezs;u)aw (73)
1 ¢ L& -
== (1 ot ' sTs 74
i (s () #e00) + 3 g 2] o0
where in the last three equality, we use the fact
1
ZE =logt+y+0O(t™) (75)
u=1
log (t) —log ([t]) = O(t™") (76)
log () — log (t — 1) = O(t™") 77)
where ~ is the Euler-Mascheroni constant. Since 1 < v < M, Mu21+_(vl a < IWQ Therefore,
Do m converges with a rate O(t71).
I.tM J 1 v o 1 v o0 1 v
M M M
— — 78
Zl Mu?+ (v— M)u ZlMu2+(v—M)u LZJ 1Mu2+(vfM)u (78)
U= u= u= % +
M +Oor™ (79)

2 _
= Mu? + (v—M)u
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1
KZ 2} . o > o, (80)

seS @)

v

K M "
:M< —|—7> (Z%%)%—KZZMUQ MM)u Z ass | +m"(t)

seS seS ()

(81)

K M oo v
1 K M . (¢ 2
M<ogMﬂ)w+ ZZMu L XS;M (1) (82)

K K
= log(ﬂ)w + Mlb +m”(t) (83)
where b := 7+ M Y2000 S22 arrrritam (Seese asis) and m” (1) = O(t ™).

Finally, forall k € [0 : K — 1] let

KZ Zasms—&—fZaws— log(&)w—%w

w= " s€S(w) seSM®)
and
my(t, K) :==mq(t+1,0)
Then mq (t, k) = m/(t, k) + m”(t) = O(t~1), and

Vee[0: K —1]:my(t,k+1) —my(t, k) = % Z ases =0(t™1) (84)
my(t+1,0) —my(t, K — Z Ty — — log(l +t Haw =0t ) (85)
aES(t)

D.2.2 PROOF OF LEMMA D.5

We use Assumption 3.4 here. That is, there exist positive constants i, ¢, and @ such that Vu > 4 :

(1 - exp(—p_w))e ™ < —'(u) < (1 + exp(—piu))e "

By definition,
M 21
VEe0:K—1]: 7" = w - K;; Ezs(:u)a s+ ezs;t)a sy | —log Kb — b +

t t+1
©) _ pt+1)

Then forall k € [0: K — 1], we get

(1) o _ (0 M
Thi1 — T =Wpi — Wy ~ Z Qg (86)
seS®)
_ (1)) M
=0 > l@w) Ts T Ky pREES 7
sel(t) seS(t)
=7 Z E’(w—rw(t))ws— Z né’(a: w(t))—k%ozS T (88)
S k k Kt
sel(®\S®) seS®

Hence,
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M
(7'1(621 r,(:)) (t):—n Z Uz, w,(:)):c—rr,(:) Z {nf’(m w,(:))—i—Ktas} mTr,(:)

seIM\S®) seS(®)
(839
K M
= Z A (log(Mt) T+ %% x!my(t k) + o+ x] Tt )> :nTr,(:)
seI(O\5®

(90)

K M - t M t

- e (toa(5p0) + ralmieb) el + o0 ) + o alr?
On

The behavior of each term can be analyzed when stage ¢ is large. To achieve this, we first characterize
five stages.

ts :=min{t’ [VE>t Vke[0: K —1),VseI:a]w! >u}
te:=min{t |[Vt> ' Vke[0: K —1,VseI:z]w >0}

M
t7 :=min{t' |Vt >t Vk € [0: K —1],Vs € I : exp <—K:cjm1(t,k)> <2}

M 1
ts == min{t’' |Vt > t',Vk € [0: K —1],Vs € I : exp (—K:cjml(t,k)> > 5}

1
to := min{t’ |Vt > t',Vk € [O:K—l],VsGI:exp( JTR w,(f)) < 5}

Such t5 ~ tg exist since Vs € [,Vk € [0: K — 1] : limy_, o @, 'w(t)

Vk e [0: K —1]: limi o [|mi(t, k)| = 0 by Lemma D.4.

= oo by Theorem 3.1, and

Then for all ¢ > max{ts, ts, t7, ts, tg }, the first term (90) can be upper bounded as below:

- Z (g 'w,(:))a: r,(c) < —n Z U(z) 'wkt))a: r,(f) (92)
seI\S®) 561(0\5(1)
T, 'r')(f)>0
<n Z (1 + exp(—u+m;rw,(:))> exp(—x, w,(:)):c—rr,(f) t>ts5
seIM\ 5™
wjr,(:)>0
(93)
K . M -
<n Y 2exp( log( )] W — @ mi (k) — 2] — ] r,i“)w Y >t
SE[(t)\S(t)
a:;rr,g>>0
(94)
K M
< Z 205 €Xp ( log(M Y] W — Fw—rml(t, k) — wTr,(:)) a:Tr,(ct) (95)
éej(t)\s(t)
:cTr,(j)>0
K . M
< Z 20t exp < log(ﬂt)x;rw - ?wzml(t, k)) (96)
sel(t)\s(t)
ac;rr,g)>0
< Z 4o exp< log(Kt):vTii:> t>tr
> s M s 7
seI\ 5™
mjrfj)>0
Cn)

32



Under review as a conference paper at ICLR 2025

—0
< AN(maxa,) (ﬂ) (98)

where in (95) we use the definition of b, in (96) we use the fact Vo > 0 : zexp(—z) < 1, and in
(98) we use Vs € 1)\ S®) : 2T4i > 0. Now we examine the second term (91). Given ¢ > 5, it can
be divided into two cases.

(®)

L+ exp(—pra]wy’) ) exp(—z, wy v

T (t))mT,’,.](ct) if wT,,,k

(@l wa!r? < (99)
sk ¥ 1—exp(—p_a] w™)) exp(—z] walrl? italr) <0
For each s € S, define Aitz§ as
A0 [T ep(-pealw) itelr) >0
s,k T o o T, : T..()
1—exp(—p_z,wy,’) ifx,r,’ <0
Then, we can use
—é’(a:;rw,(:))w;—r,it) < Agtzﬁ exp(—mzw,(:))a:;rr,(f) (100)
inany s € S,k € [0 : K — 1]. Therefore the second term (91) is bounded
K M M
’ T T~ T,..(1) T,.@®)
_ Z {776 <log <Mt) + 2% my(t, k) +x, W+ x, 7, ) + Ktas] x, T (101)
seS®)
K M M
<y nalexp (—tog (37t) - Falmeh) - alw - alr’) - a2l
(102)
t) Mo M + T (t M T (¢
= Z [Ag;c Top P (—Kws mi(t, k) —x, r,i) ~ o | s r,(c) (103)
s€S®)
M
= Z —ay {Ait;c exp (—:):STml (t, k) — $STT,(:)> 1] a:STr,(ct) (104)
s€S®)

Now we analyze each s € S*) by dividing into cases. Note that | @[ m1 (¢, k)| = o(t~%-5¢) for
=0

all € > 0. Therefore if we set fi = min{yi4, p—,0.25}, then | 2@ my (¢, k)| = o(t~F)
Lifo<alr < Cpt050:
M M
% {Agti exp (—K:B;rml (t, k) — w;—r,(:)) — 1] :B;rr](:) (105)
M+ T,.(t) T,.(t)
< |2exp s mi(t, k) —x,ry’ | — 1| a7, t>tg (106)
< [4exp (—wjrg)) — 1} w;—rl(f) t >ty (107)
AMC! .
< (maxas) S T4-1-0.50 (108)
The last inequality holds by the case condition 0 < :L'Zr,(:) < Cqt 05k,
2. if —Ct7 097 < az;rr,(f) <0:
M M
% {Agti exp (—Kw;rml(t, k) — :c;rr](:)) - 1} :E;—T,(:) (109)
M M
= 0 {1 — A" exp <ch5Tm1(t, k) — :c;rr,(:)>} a:;rr,(;)‘ (110)
M T (¢ M —0.54
< s zl " < Zzas - Crt ™ (111)
< (maxas) MTQFHW (112)
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3. if Crt =05 < g T (D)

. t
Here, we first examine Ag i

AL =1+ exp(—ppa] wy) (113)
K M
—1+exp <u+ <log (Mt) + el mi(t k) @l + mjr,ﬁ”)) (114)
K M
<1+exp (—,u+ <1og (Mt> + f:cjml(t,k) + :cju?)) (115)
K .
<14+2%+exp | —py (log Mt +x, w t>t;  (116)
<1+ CgtH+ (117)
Therefore,
M M
% {Agti exp <—K:c;rm1(t, k) — w;—r,(:)> — 1] w;—r,(:) (118)
M M
< —a, |[(1+Cst ") exp | ——z]mi(t, k) — :cjr](:) -1 :cj'r](:) (119)
Kt K ‘ ‘
M M _
< ay |(14 Ct™ ) exp | — @] ma(t, k) — Cit= 057 ) — 1| 2r{"  (120)
Kt K
Since t > t7, —%wgml(t, k) < 1. Now we use the fact Vo < 1:expz <1+ z + 2%
M M M 2
exp <—KwsTm1(t,k‘)) <1-— f:cjml (t, k) + (K%Tml (t,k;)) (121)
exp (—Crt™O5) <1 — Cpt™ 050 4 C2F (122)
Then we get
M _
(1+ Cst™#+) exp <Ka:;rm1(t, k) — C’7t0‘5“> (123)

2
: <1 - %wi ma (8, k) + (A;fw?mmm) ) (1= Cot™ ) +o(t™#+)  (124)

M M 2 .
<1- }azl—ml(t, k) + (szml(t, k)) — Oyt ™05 o(t1) (125)

<1 — Cpt ™93 (™) (126)

where in the last two inequality, we use | 3@ m (t, k)| = o(t 7).
Finally, Equation (120) is bounded

M - M —0.54 (t)

K% {(1 + Cst™H+) exp <m2m1(t,k‘) — Cqt™° "> - 1] z, T, (127)
M . —0.5/ —i T,

< 7% [—Crt +o(t™")]x T, (128)

Since —C7t~0-5% decrease to zero slower than the other term, 3t > max{ts, ts,t7, s, 9} such
that for all ¢ > ¢, the last term is negative.

4. if w;rr,(:) < —Cyt=050;

Zr,(f) < 0, it is enough to show that ASL exp <f%mjm1(t, k) — a::r,(:)) > 1

for sufficiently large t. Note that Agtg€ =1- exp(—,u,a:;rw,(:)) > 0 since t > tg. If

exp (—m;r?“,(:)) >4,

Since x

S

M
AgtL exp (—Kmel(t, k) — w;—r,(:)) (129)
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M
>4(1 - exp(—u_w;r'w,(f))) exp (—K:v;rml(t, k)) >1 (130)

The last inequality holds by ¢ > max{tg, to}. Now, if exp (_w;rrl(:)) <4

K M
Agti =1—exp (—u <10g (Mt> + ?CBZWM(E k) + @+ w;rrl(et))> (131)
4K\ M M
Kt\ "
Sl (“BM) exp (—p_z] ) > 1 CotH- [t (133)

Also, by the fact Vx : expz > 1 + z,
M M
exp (—szTml(t, k) — acjr,i”) > (1 - f:c;rml(t, k:)) (1 - w;r'r,(f)) (134)

Combined with the former inequality,

M
A exp <—Kxjm1(t, k) — ac;rr,(f)) (135)
> (1— Cot ) (1 LD P k:)) (1-=2/r) (136)
= K ) s 'k
> (1= Cot™ ") (L+o0(t™H)) (1 + Crt™ ") (137)
=14 Crt7 05 —o(t™F) (138)

Since C,t~0-%# decrease to zero slower than the other term, 3t > max{ts, ts, t7, s, o} such
that for all ¢ > ¢_, the last equation is larger than 1.

To sum up, there exist Cy, Co > 0, > max{t,,t_} such that for all t > ¢,
() =T < C1t70 4+ Cot ™0 Yk € [0 K — 1]

Now we consider special cases to finish the lemma. For any €5 > 0, the following analysis holds.

1. If acSTr,(:) > ey > 0:
Since lim_, o m1(t, k) = 0, there exist £7 > max{t,,t_} such that V¢ > ti,Vs € S,Vk € [0 :
K —1]: |2 mi(t, k)| < 0.5¢2. Also since lim; o xlw" — oo, there exist %, > ¢} such
that Vt > 1% ,Vs € S,Vk € [0: K — 1] : exp (—u+a:;w,(€t)> < exp(0.25¢3) — 1. Therefore for

t >t

M ®) M+ T,.(0) T .0
K% {A&k, exp | — 5, my(t, k) —x, 7 | — 1|z T, (139)
M
< % {(1 + exp(—u+w;rw,(€t))) exp(—0.5¢e3) — 1] w;rr,(f) t>t] (140)
M
< 2770 (exp(~0.25¢2) 1) xlr tr (141)
: % 1 _ 1"y—1
< min ag % (exp(—0.25€3) — 1) €2 ;= -C't (142)

2. Izl rl < —e; <0
Again, since lim;_, o, w;rw,(f) — 00, there exist t* > ¢} such that V¢ > t* ,Vs € S,Vk € [0 :
K—1]:1—exp (—,u_:cSTw,(f)> > exp(—0.25¢5). Therefore for t > t*,

M
A(t}c exp <—K:c—'—ml(t7 k) — wTT,(:)> - 1} ;rr,(:) (143)
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M
< T [(1 - exp(—,u,w;rw,(:))) exp(0.5e3) — 1} a:Tr,(:) t>t] (144)
M
< 270 (exp(0.25¢2) — 1) xlrl L (145)
. M 1 1" —1
< - min o~ (exp(0.25€3) — 1) €2y = —-C"t (146)

In conclusion, for any ¢; > 0, if HPr,(:) H > €1 and S # (), then

>‘ _ T OIS, T pp®]?
s |wa | = ma | (P z) | > B2 @ Pry (147
seS®)
1 T ® 1% 1 2 1
= |S(t)| HXS’U)PTIC = |S(t)| mm(XS(‘) HPTI@ H = |S(t)| mm(XS(‘))El
(148)

where X gy € R 51 is a matrix which has {z, | s € S®} as its columns. By Assumption 3.2,
Omin(Xg() is non-zero. Therefore, for all ¢; > 0, 3t*,C5 > 0 such that if HPT,(:)H > ¢; and

S £ 0,
(8 =T < Oyt Vet > ke [0: K — 1]

D.2.3 CONVERGENCE OF p(t)

Theorem 3.2 only shows boundedness of p,(f). Yet, if additional mild assumption on data is given, it

can be guaranteed for p,(f) to converge to the particular vector.
Assumption D.1. Support vectors span dataset. That is, rank{x; : i € S} = rank{x; : i € T}.
Proposition D.6. Under the same setting as Theorem 3.2 with an additional Assumption D. 1, the
“residual” converges to lim;_, pl(f) = w,Vk € [0: K — 1). Here, W is the unique solution of the
following system of equations

Vie S :nexp(—x, W) =a;, (I—P)(w— w((JO)) =0,

where P € R%*? js the orthogonal projection matrix to the space spanned by the joint support
vectors indexed by S.

We set P = I — P for the convenience of proof.

Proof. By the definition of p( ) =+ %m (t, k) + rk , it is enough to prove lim;_, o, 'r,i ) =o0.

® _

k)
First of all, since w,’ = log(££¢)w + @ + Emy (¢, k) + v},

_ _ K - __ M-

pri) = pw(" — log(1 ;1) Pt — Pib — = Prma (1, k) (149)
_ K. - - M.

= Pw” — log(571) P — P — 2= P (1, k) (150)

= Pw”) — Pw =0 (151)

The first line holds under the Assumption D.1 since V L(w) is a linear combination of the columns of
X. thatis, VI < t : PVL® (w) = 0. Remaining lines are true by the definition.

() 0. By Equation (62), limy_, o S £ Hrk+1 - rk)H

Second, we get to show Pry
Cy. That means Vk € [0 : K — 1] : limp_, o0 Hrkﬂ — rk H = 0. Therefore, for any ¢, there exists

to > 0 such that ‘ 7'1(;)-1 *rk)H < @ forallt >tk € [0: K —1]. As aresult,

k « k
+ g0 [[Pr? K

(152)

iy

> HPrOt
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For t > max{ty,ts,t*}, if HPr(gt)H >e1+epand SO #£ (), thenVk € [0: K — 1] : HPr,(:)H > €.
By Lemma D.5 (2),

t+m K—1
Vm € [0: M —1] Z Z (u — )T < KO3t + Km (C’ltfe _|_02t7170.5ﬂ),
u=t v=0

(153)

Since ¢! decrease to zero slower than ¢t =% and t—170-5%  there exists t3 > max{t;,ty,t*}, C4y > 0
such that —K Cst~! + Km (C1t=% 4 Cot=170%%) < —C5t~1. To sum up, for any €, €2 > 0, there

exists t3 > max{t1,to,t*} such that if HPr((f) H > €y + €1 and SU1) £ (), then
t+m K—1
Vme[0: M —1]: > > () —r() Tl < —C5t71, (154)
u=t v=0
Now, define two sets foreach k € [0 : K — 1]
T = {f, > t3: HPT‘](:)H < € +€1}

T = {t > t3: HPT‘,(:)H > e+ €1}
We will finish our proof by showing 7}, is finite.

First, every 7} is not empty nor finite. If there exists some £’ that 7, is empty or finite, then
Ftmax € T1. Then

2 2 2 2
| *HP”‘gtma") = [l (155)
t—1 1 2
= > X U\ml\ = ||t } (156)
u=tmax k=0
t—1 —1 t—1 K-1
= U i~ }+2 ST =) T (157)
U=tmax k=0 U=tmax k=0
<Ci+2 Y [ S -t T ) ) T (158)
U=tmax k;ﬁk}'
(W T, )
SCi+Ce+2 > (rly - (159)
tmax Su<t—1
S(u)?g@
<Ci+Cs—205 Y, ! (160)
tmax Ju<t—1
520

The first inequality is true by Equation (62). Other inequalities hold by Lemma D.5. As ¢ goes
infinity, the upper bound goes to negative infinity. However, it contradicts to the fact that Hr(()f') H is
bounded.

Before we move on the final step, note that limy_, o, ZtT:tl kK:_Ol ‘ r,ii)l - rk () H = () implies
t K-1 5
(u)
>3 i - = ca-ny
u=t1 k=0
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where h(t) is a positive function monotonic decreasing to zero.

Now, assume that there exists some k£’ that 7y, is infinite. WLOG, we set k' = 0. Since 7y is infinite,
for any t € Ty there exists t',t"" € To suchthatt € [t/ + 1,¢" — 1] C Ty. We divide it into two cases:
Forallt € [t' +1,t" —1],

2 N2
1. if [/ + 1,£]| < M, then HPr((f) < Hprff )H 4 Meo < (M +1)eo + e1.

2.4 [t + 1,4]| > M, let t* = min{u € [t' + 1,¢] : S # (}. Then

2 . 2 t—1 K—1
[ =+ X X (el - ] 6
u=t* k=0
. t—1 K—1
= PT(()t) + Z Z |:Hrk+1 Tku +2(7“1(qu-)1 T/(qu))TTl(cu)} (162)
u=t* k=0
. 2 t—1 K—1
= |Pr{||” + () +23° % {rkﬂ— (T, (“q (163)
u=t* k=0
| =4 )
S (M€0 + €0 + 61)2 + h(t) — 205 Z m (164)
u=0
< (Meo + €0 +€1)* + hi(t) (165)

Since h(t) is monotonic decreasing function, for any e > 0, there exists ¢4 such that V¢t > ¢4 :
h(t) < €9.

Therefore, V¢ > max{ts,t4} : HPrét) H (Meg + €9 + €1)? + 2. Since it holds for any €, €1, €2,

it contradicts with the assumption that 7y is infinite. O

D.3 NON-ASYMPTOTIC LOSS CONVERGENCE ANALYSIS (PROOF OF THEOREM 3.3)

In this section, we show non-asymptotic loss convergence, as stated below:

Theorem 3.3. Under the same setting as Theorem 3.1 with an additional Assumption 3.5, for any
mel[0: M—1]andk € [0: K — 1], we have

_ (0) A 2

m—1 k InJ

; Si| + % |Sm Wy w D
S( ](cMJ-&-m)) < <|S| szo | |J K| |> g(hl 7) H H 1

m—1
. (I 5|+ Ziza (1 =15 + 7o (| — |sm|>> (o1 ),

where 0 > 1 is the second margin defined in Section 3.1, and

4Ur2nax (0) nKUglaxB K Omax (0) 2
Dl o ¢2 (ﬁ(wo ) " (1 * ¢(1 - T]MKUm'le) (b(l - nMKamax HVE(wO )H .

Three major lemmas are used to prove Theorem 3.3. The first lemma is an extension of Lemma D.1.
When M tasks are given cyclic, the following lemma holds.

LemmaD.7. Letrt e NI € [0: K -1, me[0: M —1]andk €[0: K —1]. Ifm =0, then
I>k Ifm =M, thenl < k. For any t,l, m, k satisfying the condition,

m—1
le(”m) —w 4 ((K —k+ )VLO (w3 VLt (wl) 4 ivettm (w;ﬁ)) H
=1
n?(mK +1 — k)KJm,LX
{1 —n(mK +1—k)o?

et

max
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(t+m) _ (t) nKUmax
|l =l < SR T }HV‘ 2k
m nKUl'SIlaX/B l
[Vt = Ve | < sr— ey Ve

Proof. We omitted the proof since there are only a few changes from the proof of Appendix D.1.1. [J

The second and third lemmas represent two similar versions with respect to the common Gradient
Descent setting, and Continual Learning setting.

Lemma D.8. Suppose L is convex, and there exists 5 > 0 so that 1 — nf > 0 and weights
(wo, ..., wy) by wjt1 = wj; — nVL(wj) satisfy

L(w;i1) < L(w;) =0 (1= n8) VL w))|?
Then for any z € RY,

t—1 t—1

n 2 2
2) 0 (L(wy) - L(z)) - — (L(w;) = L(wj11)) < [Jwo — 2[|” — [lwe — 2]
j=0 §=0 "
Proof. See Appendix D.3.1. O
Lemma D.9. Suppose L is convex, o2, 3-smooth function and there exists 3’ > 0 so that n <
. 0 0 1 MJ+M
mln{m, #ﬁ’} and weights (wé ). 2) 1,'11;((J ). ,w%_ﬁ )) by w((lﬁ_)l = 'wép) -

nVLP (wi), wl T = w'P satisfy, for allm € [0: M — 1] and k € [0: K — 1],

M j+M-+m Ij+m Mj+m 2
LM < LM K (1= KB | VL)

Then for any z € R,

QZUK ( (MJ+M+m)) E(z))

J—1
QUMKUmaxﬂ nkK (Mj+m) (Mj+M+m)
" PR 2 T iy (ET) Ll )

2 2
o N

Proof. See Appendix D.3.2. O

Note that Lemma D.9 holds only when jointly separable tasks are given cyclic, while Lemma D.8
always holds.

We follow the process of Appendix D.1 to show that it satisfies the condition in Lemma D.9. Since £
is a 02, -smooth function, Forall j € [0:J —1],m € [0: M — 1],k € [0: K — 1] we get

. . 2 . . 2
LwMITMEMY (g (MItm)y Um;xﬂ Hw;MﬁMer) _ w}(ﬁMH@H (166)
< VL(w (Mj+m))r(w](€Mj+M+m) _ w’(cher)) (167)
= Vﬁ( ’(€M1+m))T(wl(€Mj+M+m) . w[(ﬁMj-i—m) N UKVﬁ(w]iMj+m)) + TIKVE(w;(CMjer)))

(168)
. 2 . . . .

=K |[VL@M )| [ VL) | el < M kv L)

(169)

IN
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By Lemma D.7,
2 2
(Mj+Mtm)y (Mj+m)y _ OmaxB (UUmaxK) H (Mj+m) H2 !
2 2.3
(Mj+m) 2 MK* o max H (M]+m) H
< _
< 77KHV£(wk )H + ¢(1 TSy || v ) 171)
Given that np < m,
LwMFMEY (M) (172)
M(73 ﬁ 04 B (Mj+m) 2
< —nK{1-nK max max H o H
=1 { 1 <¢( nMKo-rnax/B) * 2¢2(1 - nMKO.max 2>} vc(wk )
(173)
2(M ¢ + Omax) 003 i+m)s |12
— (1—17K (M¢ " ) )ch<w,gMﬂ+ | (174)
. 2
= K (1 - KB ‘va(w,gM”’m)‘ , (175)

oM od
where we set ' 1= WLW

Since Equation (175) holds forall j € [0: J—1],m € [0: M —1],k € [0: K —1]andn < 1/2K 3’
is given, by Lemma D.9, we get

zan( wMIHM M)y E(z)) (176)
i T i (B sl ) am)
<= et o

Mj+m
(](C]-‘r ))

Given that 1) < min{ syeo—, 355+ and L(w is decreasing,

2n)M Koy, nkK (Mj+m) (Mj+M+m)
. — 17
(b (1 - nMKUmaxB)z 1- nKﬂ, (E( k ) L(wk )> ( 9)
807 ax Mj+m Mj+M+m
< = EEnK (c(w,g TEM)Y _ p(ap MM ))). (180)
Also,
2
80¢rr21ax Kﬁ( (MJ+'HL)) + 277KJE(w](€1\/IJ+m)) 8 (;gaanE( (m)) (181)
<% %ax K LawM ™) + 2 KZE (y4m)y _ 80 i )L (w™) (182)
¢ ¢
J—1 ‘ ‘
:277KZ£(wl(€MJ+M+m) _ max KZ( (MJer) £(w](€M]+M+m))). (183)
§=0
Combine the result (178), (180) and (183), we obtain
m 8012rlax m m
mK.J (ﬁ(w,(j”” >)—L(z)) = K(L( (MM (g >)) (184)
<9 ZUK (ﬁ(wl(ch+M+m)) — (= )) max KZ ( (Mj+m _ E(wl(chJrMer)))
(185)
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2 2
<o~ i o
Now we examine the loss change in a cycle. Forany j € [0: M —1],1 € [0: K — 1],
. 2 N2
N9 max 3
£5(wi) < £5(w) —n(1 = 2228 |92, (w) | (187)

Since n < W Ej('wl(j)) decreases. Therefore foranyp € [0: M —1],q € [0: K — 1],

max

q
na(Ey(w) = £(=) <23 (£o(wf™) - £,(2)) (188)
q—1 q—1
=23 (L(w) = £,(2)) + 231 (£,(w)) - £,(w?)) (189)
=0 =0
q—1 t—
=221 (Lo(wf?) - £,(2)) - 25 _77175 (Lo(w®) - £,(wZ))  (190)

2

2
N

where in the third line, we use ﬁ < 2, and in the last line, we use Lemma D.8

By summing up, we obtain

3 2k (L) — £,02)) + 20k (L)~ £0(2)) < |l 2]~ [ =]

p=0

(192)

Atlast, £(w™) is bounded by £(w”)) as follows:
L)~ L") < VL) (w)" —wl?) + U‘%‘%ﬂ [eof =t (193)
< ([[votwi] 2252 =) o~ | a0
<(1+ 5 nf&%iaxzﬁ s ey Ve 0
:DOHVE(w(()O))’ : (196)

where in the first inequality we use smoothness, and in the second inequality we use Cauchy-

m Omax 0
(m) _ B Hva(wg ))H held

. . 0)
Schwarz, and in the last line we use the fact Hw H < SO—nMEKor

nKod B NKomax
by Lemma D.7. We set Dy := (1 + S nMKomax S MEoe B

Combine the result (186),(192),(196), we obtain

m—1
m 1 1
L™ SLE) + 5 3 L)+ 5 e Lm(2) (197)
p=0
2 2
o3 006+ Do VL@ ol -2
T J TR (198)

Let z := wlog J. Using L;(wlog J) < |S;|¢(log J) + (|I,;| — |S;|) £(6log J), we can finish the
proof.
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D.3.1 PROOF OF LEMMA D.8

This is a well-known property about gradient descent applied to a smooth convex objective function.
We contain the proof for completeness.

Suppose L is convex, and there exists 5 > 0 so that 1 — 7 > 0 and weights (wy, ..., w;) by
wjy1 = w; — nVL(w,) satisfy

L(wjs1) < Llw;) — 1 (1 —nB) | VL(w,)|?.

For any j and z € R?,

w1 = 217 = [lw; = 2|* + 20(VL(w)), 2 — wy) + 17 [| VL (w;) || (199)
< s |I* + 20(L(2) = L(w))) +n* [V L(w;)||* (200)
< [l )” + 20(£(2) — £(w;)) + —— (L(w;) — L(w;41)) (201)

-npB

where the first line comes from convexity and the second line comes from the condition. By adding
all j € {0,--- ,t — 1}, we get

t—1 t—1

2 0(L(w;) — L(2)) - L (L(w)) — L(w; 1)) < wo — 2[* = [[w, — 2]

Jj=0 J

D.3.2 PROOF OF LEMMA D.9

Without loss of generality, we assume m = 0,k = 0.

B-smooth function and there exists 3 > 0 so that n <

min{m, 7x7 } and weights @, .. w® L w, .. wMED) by w((zi)l = wl) —

VL (wP), wP ™ = w? satisfy

Suppose L is convex, o2,

. . . 2
L) < LM =k (1= K8 || VL@ M|

For any j and z € R4,

) 2 , ,
Hw((jl\/lj-‘rfw) — ZH = Hw(()MJ) —n v[’p(wl(leer)) — (202)
p=0 ¢=0
M-1K-1 ‘ M-1K-1
= Hw(Mj) H + 27 Z Z (VLy(wMitP)), z—wiM) 4P Z Z VL, (wMitr))
p=0 ¢=0
(203)
M-1K-1
= Hw(()Mj) H +2n Z Z VL,( (Mj+p)) z_w(M]+P)> (204)
p=0 ¢=0
M-1K- M-1K-1 2
M .
+2 Z Z (VL (wMIFP)) ap(MIFP) —qpDy 2 | 5™ 37 0L, (wlMI+))| . (205)
p=0 ¢=0 p=0 ¢=0
By convexity,
M-1K-1 ‘ ‘ M-1K-1 ‘
D0 D (VL (M), z — wMI) < KL(z) - Ly (w{MFD).(206)
p=0 ¢=0 p=0 ¢=0
Apply smoothness on (205), we get
_ 5 _ M-1K-1 .
I R W RS 55 o T TR
p=0 ¢q=0
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2

M—-1K-1 4 4 M—-1K-1 '
+20 30 S (VL (wMIP)) (MIHP) — M) S5 VL, @My (208)
p=0 ¢q=0 p=0 ¢=0
By 02, 3-smoothness,
M—-1K-1 ‘ A
DN AL (WM, z — w(MIHP)) (209)
p=0 ¢=0
M-1K-1 ‘ o2 gMIl1E-1 ' )
> KL(z) = 3 3 Lw ) =252 52 3 [le— w210
p=0 q= p=0 ¢=0
Apply smoothness on (205), and let z := w(()Mj M) then we get
. : 2 .
0> ngM” - ng”M)H + oK L(wMITM) @11)
M-1K-1 M-1K-1 _ )
-2 Z Z c, w(MJ+P not. B Z Z H (Mj+M) w((}Mﬁ,;)H 212)
p=0 ¢q=0
M-1K-1 4 4 _ M-1K-1 4 2
21 Z <V£p(,wt(1Mj+p))’,w((1Mj+p) _ w(()MJ)> + 2 Z Z Vﬁp(wéMﬁp))
p=0 ¢=0 p=0 ¢=0
(213)
Combined with the smoothness result,
‘ 2 ‘ 2 ‘
HwéMﬁM) - zH - ngM” - zH < MK L(z) — 2K L(w{MIHM) (214)
_ _ 9 M—-1K-1 _ ‘ 5
_ Hw(()MJ) _ w(()MJ—i—M)H + o2 B Z Z Hw(()Mj+M) — w(Mi+P) (215)
p=0 g=
. . . 2
<2nKL(z) — 2nK£(w(()MJ+M)) - HwéMﬁ) — w(()MHM)H (216)

M-1K-1
oMK 8 [ — w0 +2namaxﬂ2 ZHwW” w0 |* @)

M-1K-1
< 2K L(z) — 2K L) 4 2002, 8 3 S [Jwf™ - wti || (218)
p=0 ¢=0
where in the last line we use ) < m Finally, by Lemma D.7,
_ 2 . 2
i
<K (ﬁ(z) - ﬁ(w<Mj+M>)) L 2P MK 0 ”vc (Mj))H2 (220)
== 0 ¢ (1_77MKUmax
M Kol B nkK (Mj+m) (M j+M+m)
<2 K(c L(w M+ ) max (L MY p (M
= 27 ( ) (wO ) (b (1 _ nMKUmaX5)2 1— ,I,IKB/ (wk ) (wk:
221)

By adding all j € {0,---,J — 1}, we can finish the proof.

D.4 FORGETTING ANALYSIS (PROOF OF THEOREM 3.4)

We prove Theorem 3.4 here, which is restated for readability.
Theorem 3.4. Let L(u) = In(l 4+ e™*) be the logistic loss. If the learning rate satisfies
: }, then the cycle-averaged forgetting CF(J) for cycle J

min
n< TRBoT . TR AT (Mo Tom)
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satisfies the following upper and lower bounds:

N, - N,
,nK.L(J)Q.M <CF(J) SnK.L(J)Q.M’
M M
where
1 11| — |5 1\ = [wl” —wnJ|? In?.J
L(J):= = S 1+ = D |=0—
() J<(|+ e )\ttt mK o J
Np g = Z xzlx; >0, N,,:= Z xz/x; <0.
(i) €lpx1y (i) €lpx1,
w?wj>0 :c;rwj<0
By Theorem 3.3, loss on cycle J is bounded as
E(w](CMJer)) < L(J)
where
PVIEY PO AR it
T S g J 2K !

32
Therefore, the following holds:
VseILVme[0: M—1),Vke[0: K —1]: a w™M ™ > (L), (22

D, ;—4‘712nax<£( )+ Do |[ VL <0>)H2>.

Now, we analyze the change of each task in one cycle. For upper bound,

Cm(w(()]WJJrM)) - Cm(w%WJer)) (223)
M-1 K-1
< 3N VL (i)Y L, (wlM ) (224)
p=m+1 g=0
M-1 K-1
<0 Y Y Yt @] e e e (225)
p=m+1 ¢=0 (i,§)E€L, xI,
mej<0
M-1 K-1 ,
<-n Yo Y [Cetaon D alw (226)
p=m+1 q=0 (4,9)ELm X I
m;rmj<0
M—1
<—KL(J)? Y. Y @y, (227)
p:7"‘+1 (iaj)elnl XIp
a:;ra:]-<0

where in (224) we use convexity, in (226) we use the condition that ¢’ is a negative function
monotonically increasing to zero. (227) holds by the fact Vz : ¢/'(z) = l1o5' (z) > — exp(—z) and
Va : 671 (x) = fog () > —log(z). Likewise, we can get a lower bound.

M-1 K-1
S S SLPR e =
p=m+1 q=0
M-1 K-1
- S e eTe, @
p=m+1 q=0 (i,j)ELnxIp
w;rwj>0
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(4,5)€Im X Ip
z ;>0

M-1
> —nKL(J)? Z Z x] x;.

p=m+1 (i,j) €Ly X1,

m;rmj>0
Define
e T, N R T
Npq = E x; Tj, Npg = E , Z;
(i,5)€lpx1q (4,5)€IpxIq
m?mj>0 m?mj<0
Since
M—-1 M-1
T _
E § E €L; Tj = § :Np,qv
m=0 p=m+1 (i,j)€L, xI, pFq
m:ril!]>0
M—-1 M-1
T _
E : E E Z; wj—E:Np,qa
m=0 p=m+1 (i,j) €L, xI, P#q
w:wj<0

we can conclude

M-1
2 waq Np,q 1

—nKL(J) i

45

Zj.

FMIAm) (A 4 M) < —nK L(J)? -

meq ’

(231)

(232)

(233)

(234)

=
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E PROOFS FOR SECTION 4: RANDOM TASK ORDERING, JOINTLY SEPARABLE

E.1 ASYMPTOTIC LOSS CONVERGENCE ANALYSIS (PROOF OF THEOREM 4.1)

Let us restate the theorem here for the sake of readability.
Theorem 4.1. Let {'w;it)}ke[o:K—l],tzo be the sequence of GD iterates (2) from any starting point
'w(()o), Where tasks are given randomly. Under Assumptions 3.1 and 3.3, if the learning rate satisfies

n < /3«74 , then the following statements hold with probability 1:
1. Loss converges to zero: lim;_, o, L:(w,(C )) =0,Vke[0: K —1].
2. Every data point is classified correctly: lim;_, o, ; w(t) =0,Vke[0: K—1],ie L

3. Square sum of the change of weight is finite: y .= , Z H'wk+1 — wk ||2 < 0.

Since £ is a 02 3-smooth function, we get

max

E[c(wf)))] - E[£@w])] (235)

L UrznaX/B
< & [ve(ul) (wf?, - wf’)] + 2 | fuf?, - wff

2
] (236)

[ T O'I2Ilaxﬂ
~E[E [vc(w,(j)) (w?, —w®) | w}j’_] + Tmnlp |:le(:-i)-1 —w? } (237)
i i 2
=E E {Vﬁ(w,(f)) (w,(:_?rl w,(:)) | ’w,(f) ] + maXﬂ *E Zz(t ! (x, w,(f) Ts (238)
) . sel
_ gl VL(w) ] 4 T o S 200 (@l w) (239)
- M k 2 7] S s k
- - sel
< g [|ve@®)|] + Tl g O (2] w) 240
<-a; ()| |+ =m0’ | Y 200 (@] wy ) (240)
- sel
n I 2_ maxﬂ
= —LE || VL) QZ]E[ } [e’(m w2 ] (241)
- - sel
= g (|vee®)|] maxﬁ PE >0 (x] wi)? (242)
- M k k ’
- - sel

where zgt) is a variable which is 1 when x; is in the task on stage ¢, or 0 otherwise. The second

inequality comes from the fact VA, € R : HZseI /\sar:SH2 < Omaxy/D_ser A2
By applying Lemma D.2, we obtain
T s 2
E[£(w)] —E [cw())] < - <l—n T ) MW w)| ] (243)
e
e [ vew)| . Q44
where 8" := 2(;’2‘5 Given that 1) ﬁi,
oo K-1 Lw ™) 1m0 E [ L(w) ©)
S E HVL‘( H %o o [ ° } < ME@wy ) s
= 27 (1 =np") n(1—mnp")

According to Markov inequality,

p<§f

t=0 k=0

K-1

BT S | vewl) ]

Cc

(246)

e[ <o) =1
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Since E {Z:io SR HVE HQ] is finite, if we send ¢ — oo, we get
oo K-1 2
P (Z 3 ch(w,(j))H < oo) —1. (247)
t=0 k=0

2
That is, >, Z HV/J )H is bounded with probability 1. The boundedness of infinite

2
sum of nonzero elements implies Vk € [0 : K — 1] : lim;_,¢ HVE(w,(f))H = 0. Combined with

Lemma D.2, we obtain lim; o ¢'(z, w(t)) =0,vi € I,k € [0: K —1]. Since ¢'(u) — 0 only

when u — oo, 2] w"”) — 00,¥i € I,k € [0: K —1]. And limy o0 L(w”) = 0,Vk € [0: K —1].
Finally, followed by

2
V)| = ¢\/Z rarw] 20 | 3 [e@iw)] (248)
i€l i€I(t)
¢ ¢
> — O (@] w)ai]| = = Hwk+1 —w,gt)H. (249)
max Ze[(t) max
We obtain that $75° ) ST H l(fll - w,(c < oo with probability 1.

E.2 DIRECTIONAL CONVERGENCE ANALYSIS (PROOF OF THEOREM 4.2)
In this section, we prove Theorem 4.2 and further discuss the convergence of pg) beyond bounded-
ness.

Theorem 4.2. Let {w,(:)} ke[0:K —1],6>0 be the sequence of GD iterates (2) from any starting point

'w(() ), where tasks are given randomly. Under Assumptions 3.1, 3.2, 3.3, and 3.4, if the learning rate

satisfies n < 5 4 , then with probability 1, w,(c) will behave as:

fw,(:) = ln( )w—|—p§f),

where Hpk i || stays bounded as t grows.

We only need to prove that the two following lemmas still hold in random order.

Lemma E.1. When tasks are given randomly, there exists w, m1(t, k) € R? the following almost
surely holds forallt e N, k € [0: K —1]:

t—1
1 k K ¢ K
K; E e;u) Qg + ; e%ﬂ QAgg = M log(ﬂ)w + M'H} + ml(t7 k)’ (250)

m1(t K) —ml(t—i-l O) (251)

such that |my(t, k)| = o(t=5%), and |m1(t,k + 1) — mi(t, k)| = O(t™1) forall k € [0 :
K — 1],e > 0, and w only depends on the order of tasks and constant with respect to t.

Proof. See Appendix E.2.1. O
Using Lemma E.1, we set m; (¢, k) and W and define p,(:) and r,(:) as we did in cyclic order. That is,

K
Vkel0: K —1]: 'w,(:) = 1og(M ) + p(t)

K M
log(Mt)w +w+ ?ml(t k) + r(t)
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and

t t+1 t t+1
o0 =l 0 =

where w is the solution of

Vie S:nexp(—x; w) =i, Pw— 'w((]O)) = 0.

which is unique under Assumption 3.2. Then by the definition,

M (K K . .
r = w - = (M log( 570 +m k)) — (252)

M
=w - | K Z > Oészs-&-f 3 o, | —logKw -+ (253)
wmt s€Sw) s€S(t)

Then we can get the second primary lemma of r,(f).

Lemma E.2. Under Assumption 3.1, 3.2, 3.3, and 3.4, if learning rate is n < ﬁ 29" then

max

1. 3t,Cq,Cy > 0 such that ¥t > i,
(r,(;)_l r,(:))—rr,(:) <Ot 4 Cot7 0 E VE € [0: K —1].
2. Moreover, for all €, > 0, 3t*, C3 > 0 such that ifHPr,(:) H > ¢, and S =+ 0,
(7"1(@21 - 'r,(:))—r’r,(:) < -Cat LVt >t kel0: K —1].
Proof. Only the learning rate is different from the cyclic case. Therefore see Appendix D.2.2. [
The remaining step is the same as the proof of Theorem 3.2. To sum up, we can set a,(:) as
2 2

Hr,(f_)H — r,(:)H = Hw,ﬁl - w,(f) - a,(:)H . Then by Lemma E.1, 3¢; such that V& > t;,Vk € [0
K—1]: Ha,(f)H <t

Forall T > t;.
Z Z [y = z > [ - wf? - |
1 k=0
E e 2 - T K-1 5
S -l Y 2w e+ 3 Y [l 255

(254)

t=t1 k=0 t=t1 k=0 t=t; k=0
T K-1 ® ® T K-1 ® ® T K-1 ® 2 T K-1 ® 2
<S5 it - w2y S [l —wlfl | S )+ 305 [l
t=t1 k=0 t=t1 k=0 t=t1 k=0 t=t1 k=0
(256)
T K-1 T K-1 T K-1 T K-1
t t —
SIS LA IEERDID DI LRV D DD DIEED D) Dl
t=t1 k=0 t=t1 k=0 t=t1 k=0 t=t1 k=0
(257)
< 0. (258)

We use Cauchy-Schwarz inequality for the first inequality and the fact that ZtT:tl t=2 < oo and

Z?:tl = H’w;(;) — 'wk-&)-lH < 0o by Theorem 4.1.
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Combined with Lemma E.2 and the fact that Ve > 1: >7,°, t7¢ < 0o, we almost surely get

2 t—1 K—1 2 2
= X (e e
u=t1, k=0
t—1 K—1

= Z Z ( ""k+1 _Tk )) u) + H"“kﬂ _"“l(cu)

u=t1 k=0

2
o

) (259)

) < 00. (260)

E.2.1 PROOF OF LEMMA E.1

Here we restate the lemma for the sake of readability.

Lemma E.1. When tasks are given randomly, there exists w, m1(t,k) € R? the following almost
surely holds forallt e N, k € [0: K —1]:

1 k K t.. K .
KZE > s + > aa = 17 los(g )W + 37 +ma(t k), (250)

m1(t K) —ml(t—i-l O) (251)

such that |my(t, k)| = o(t=5%), and |m1(t,k + 1) — mi(t, k)| = O(t™1) forall k € [0 :
K — 1],e > 0, and w only depends on the order of tasks and constant with respect to t.

We define an (i.i.d.) random variable(s) zgt) = =z, € I(t)}. Note that E[zgt)] = ﬁ and

Var(zi(t)) = Y1 due to uniform sampling of the task index in [0 : M — 1]. Then, we can write a
sum on the right-hand side of Equation (250) as follows:

t—1 - u)
KZ% Z o Z (Z ) o (261)

u=1l sc8u) seS \u=1

_K t—l Z‘gu E[ (u)] 2 2
=K) Z Ly Z ases  (262)
seS =
11 zE“ 2 — E[{")]
=K> M . -+, s . (263)
ses =1
Since
=1
Zazlogt+7+q(t)
u=1

where  is the Euler-Mascheroni constant and ¢(t) = O(¢t~!), we have

Ky (M Z ) Qs = % (logt + 7 +q(t)) w. (264)

ses

Now we are going to deal with the sum

21w E[zgu)]

u=1
in two aspects: (1) it converges with probability 1 as ¢ — co and (2) the almost-sure vanishing rate of
the “residual” (a sum from u = ¢ to 00) is o(t~?-57¢) for any € > 0. Let us look at its almost-sure
convergence. To this end, we utilize the following useful proposition.
Proposition E.3 (Theorem 5.2.6 of Durrett (2019)). Suppose X1, X5, ... are zero-mean independent
random variables. If Y- Var(X,) < oo, then Y .- | X,, converges almost surely (i.e., with
probability 1).
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£ B[]

Observe that X, := is a zero-mean random variables. Not only they are independent for
all u, but also the sum of their variances is convergent:
e} o0
M-1 1
> Var(X,) = I > — <o (265)
u=1 u=1

Thus, by Proposition E.3, the sum Zzozl X, converges with probability 1. Next, we want to show
the vanishing rate

ZXU _ O(t70.5+e)
u=t

with probability 1, where we choose any € > 0. Observe that it is equivalent to show, for any § > 0,

P <t0.5—€ . iXu

u=t
Here we bring a renowned Borel-Cantelli Lemma.

> ¢ for infinitely many t) =0.

Proposition E.4 (Borel-Cantelli lemma; Theorem 2.3.1 of Durrett (2019)). Consider a sequence of
events Ay, A, --. Ifzzozl P(A,,) < oo, then

P(limsup A,,) := P(A,, happens for infinitely many n) = 0.
n—oo

By Proposition E.4, it suffices to show

V6 >0, > P <t0-5—6 :
t=1

Let us recall Hoeffding inequality here:

> x.
u=t

> 6) < 0. (266)

Proposition E.5 (Hoeffding inequality). Consider a collection of independent random variables
X1, , Xy, satisfying a; < X; < b; foreachi=1,--- ,n(a; <b;). Then,

Since the sum ) .~ . X,, converges almost surely, it is a well-defined random variable with probability

n

>

i=1

1, and
e} T
P ( > Xy >0 t_0'5+6> =P ( > Xu| > 675 for all but finitely many T) (267)
u=t u=t

T
. CERY . +—0.5+€
=P <1¥21£f{ ;XU >6-t }) (268)
T
< Timi . 4—0.5+4¢€
_thi)lOr(lijP<§Xu >3-t ) (269)
) ) 262t—1+25
< hTHigéfZexp <—T1> (270)
u=t u2?
252t71+26
~ gexp (_Oo) @)
Zu:t u712
< 2exp (—0°t%). (272)

We use the fact “P(liminf,, A,) < liminf, P(A,,)” in Equation (269); we apply Hoeffding inequal-

ity (Proposition E.5) and the fact — - < X,, < #=L in Equation (270); and we utilize the fact
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>, % < 2 in Equation (272). Since exp(—6%t*¢) = o(t~2) for any e > 0 and large enough ¢, the

u=t u?
sum ), exp(—0 242¢) converges. Therefore, we have desired almost-sure convergence guarantees.

From now on, let us proceed with the proof. Using the almost-sure convergence results, let

(log M +v)w + MZ <i Xu> s,
u=1

w =
sesS
k) := K v+ K 3 X i
ml(tv ) = Mq(t)w + ;s Zt u | XsTs + ; %) Qss.
S U= seS

Then with probability 1, the statement of the lemma holds: Equation (250) holds, where w is a
constant vector in terms of ¢, ||[m1(t, k)|| < o(t~°-5%¢) for any € > 0, and
[mai(t,k+1) —mq(t, k)| = 0", (k=0,...,K—2)
lmai(t+1,0) —mq(t, K — 1)|| = O@t™1).

This concludes the proof of the lemma.

E.2.2 CONVERGENCE OF p\’

(®)

We also can prove a characterization of the limit of p;’, as done in Appendix D.2.3. However, when

tasks are given randomly, we need an additional assumption to guarantee the convergence of pg) to
the particular point.

Assumption E.1. Every task has at least one support vector. Thatis, Vm € [0: M — 1] : S, # 0.

Proposition E.6. Under the same setting of Theorem 4.2 with additional Assumptions D.I and E. |,

the “residual” converges to lim;_, p,(:) =w,Vk € [0: K — 1]. Here, W is the vector defined in
Proposition D.6.

Proof. First, ]51*,(:) = Pw(()o) — P = 0 holds as in cyclic case. See Appendix D.2.3.

Second, we get to show Pr,(:) — 0. By Equation (258), lim7_, ZtT:tl kK;Ol Hr,(cﬂ)rl - r,(f)

Cy. That means Vk € [0: K — 1] : limp 00 Hrgr)l — r,(CT) H = 0. Therefore, for any ¢, there exists

t2 > 0 such that [r'}, — (" < % forall t > t, b € [0: K — 1]. Asa result

k k

t t t
Hprg) + 0 > Hpr,Q > Hprg) — =<0 273)
For t > max{ty,ts,t*}, if ‘Prét)H >e1+epand S® £ (), thenVk € [0: K — 1] : HPr](:)
By Lemma E.2 (2),
t — .
ST 3T =) T < KOst 4 K (C1t70 + Oyt 71000 (274)

u=t—1 v=0

Since ¢! decrease to zero slower than ¢t ~? and t—1~0-5%  there exists t3 > max{t;,ty,t*}, C4 > 0
such that —KCst™! + K (C1t79 + Cot=1705) < —Cst=1. Also S 3 { is given by As-
sumption E.1. To sum up, for any ey, eo > 0, there exists t3 > max{t;,ts,*} such that if

HP’I"(()t) > € + €1, then
t K-—1
Z Z Y — ()T < gt (275)
u=t—1 v=0
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Now, define two sets for each k € [0 : K — 1]
T :={t > t3: HPT,(f)H <€ +er}
To = {t > t5: HPr,(f)H > €0+ €1}

We will finish our proof by showing that 7y, is finite. Here, we use the fact that every E is infinite.

The proof is the same as in the cyclic case. Since limp_, o, Zthtl k o ‘ 1(3_1 -, (t) H = (4, we
get

t K—1 )
u)
E, E:HWH_’%

u=t1 k=0

= Cy — h(t)

where h(t) is a positive function monotonic decreasing to zero.

Now, assume that there exists some k' that 7T}, is infinite. WLOG, we set k' = 0. Since 7y is infinite,
for any t € 7Ty there exists ', ¢ € To such thatt € [t + 1, — 1] C To. We divide it into two cases:
Forallt € [t' + 1,¢" — 1],

e o||? )|
1. ift =t + 1, then || Pry < ||Prg + ¢ < 2¢g + €7.
2. ift >t +1, then
T 2 tl 1
I S il e B @76
u=t’ k=0

,_.

t—1 K
t’ U u
e [Hr,ggl )

g 2(rY, — r,i"))Tr,i“)] 277)

u=t’ k=0

2 t—1 K—1
= ||Pri|| + n) — n) + 230 3 [l = i) )] (278)

u=t’ k=0

t—1 1
< (g +e1)? + h(t) — 2055 — 205 > o= (279)
u=t'+2

< (€0 + €1)* + h(t). (280)

Since h(t) is monotonic decreasing function, for any €5 > 0, there exists ¢4 such that V¢t > ¢, :
h(t) < €.

2
Therefore, V¢t > max{ts, t4} : HPrét)

< (€0 + €1)? + 2. Since it holds for any g, €1, €2, it

contradicts with the assumption that 7 is infinite. O
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F PROOFS FOR SECTION 5: CYCLIC TASK ORDERING, JOINTLY
NON-SEPARABLE

Review on Bregman Divergence. Before we start the proofs, we briefly overview some basic
properties of Bregman divergence.

Given a convex function f : S — R defined on a convex set S C RY, the Bregman divergence
between two points &,y € S with respect to f is defined as

Dy(w,y) := f(x) — fy) = (Vf(y),z—y). (281)
Note that Ds(x,y) > 0 for any ¢,y € S because of the definition of convexity; when f is strictly
convex, Dy (x,y) = 0if and only if & = y. Also, if f is f-smooth, D¢(x,y) < g |z — yl* holds
by the definition of smoothness. We often use the following useful identity that links three different
points x,y,z € S:

(VI(z),z—y) =[f(x) = f(y)] = [Ds(x,2) = Dy(y, 2)]. (282)
Here is another useful fact: for a convex S-smooth function f, the Bregman divergence is bound
below by the squared distance between gradients.

Proposition F.1. Let f : S — R be a convex, -smooth function defined on a convex set S C R<,
Forany x,y € S,

IVf(@) - V)l < 28Ds(x,y).

Proof. Observe that Dy (-, y) is also a $-smooth function for any y. Let z = « — %Vme (z,y) =
x — %[Vf(m) — V(y)]. Then by S-smoothness and the non-negativity of D¢(-,y), we have

0< Dy (zy) (283)

< Dy(.y) + (VaDy(@ ), — ) + 5 1= ~ ol (284

= Die.) ~ 5 (V@) = V(). V(@) = V(@) + 55 V(@) - V) (89

= Die.) ~ 55 IV f(@) = Vi (w)I”. (286)

This proves the proposition. O

Useful Inequalities. There are other two crucial inequalities for the proofs in this appendix. One is
a variant of Jensen’s inequality applied to a squared norm.

Proposition F.2. For any positive numbers Ay, --- , A, > 0, any vectors uy,--- ,u, € R? and an

integer m € [0 : n],
2
n n 1
i=1 i=1""

Proof. Let A, = >, A;. Then by convexity of the squared norm,
2 2

m
D ui
i=1

Sul =3 u; (287)
i=1 i=1 Am \ A
m /\1 Am 2
< . 2
m 1
= Ay 1 il (289)
i=1 "
"1
<A il (290)
i=1 "t
O
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Another is about solving a recurrent inequality.

Proposition E3. Consider0 < p <3,V >0,T7>1,0<c=0(1), m >0, and Ay > 0. Suppose
the following inequality holds for any positive o < % andt € [0:T —1]:

A + o™tV

A <
t+1 = 1+ au

1 Agpmtt
o= min{;, %ln (T’” -max{l, Ol:/})},

~ cp Vv
Ap = P VA —
! O(‘”‘p( (c+1)8 ) OUmHTm)’

hiding a polylogarithmic factor.

If we take

we have

Proof. Since au < % < ¢, we have

have

1 _ o
1+ap — c+1°

By unrolling the recurrent inequality, we

a T T-1 ap t
Ar < |(1- A mtly 1—
T_< c+1) ota ; c+1
ap 2a™V
< ——T|A .
_exp< c+1 ) ot 1%

With the choice of «, the first exponential term is bounded as

ap ci Vv
—_ < D A— -
exp( C+1T> Ao_max{exp( (C+1)BT> Ao, um+1Tm}

cl \%
< -——T)A _
=P ( (c+1)8 ) 0t pmim

Also, the second term is bounded as
2™ 2 Hm Agpu™t!
o™V < (e D)™V In™ ( T™ - max < 1, 2ok L)
I Mm—i—le Vv

Combining these two and ignoring the constant/polylogarithmic factors, we have a desired bound. [

F.1 LoCAL STRONG CONVEXITY ANALYSIS (PROOF OF LEMMA 5.1)

Recall that we consider cyclic continual learning on M jointly strictly non-separable classification
tasks. Let us restate the lemma here for the sake of readability.

Lemma 5.1. Consider learning M linear classification tasks cyclically. Suppose that Assumptions 5.1
and 5.2 hold. Let B := ZM_Ol B and V, == M1 L || VL, (w,)|?. Take a step size n <

m= m=0 g,,

m. Then, there exists a compact set VW C R? containing w, and every w(()jM) (7=0,1,2,...),

whose radius is independent of J (the number of cycles) but depends on other parameters like b, G,
B, and V.. Also, the total risk L is p-strongly convex on W, where

pi= (minie[O:N—l],wEW 0" (yvm;rw)) * Amin (XXT) > 0. (6)

To prove the boundedness of end-of-cycle iterates and the local strong convexity, we first establish a
per-cycle recurrent inequality in terms of squared distance to an arbitrary comparator u € R? and the
risk values. We put ©u = w, later.

Lemma F.4 (Backward recurrent inequality). Consider learning M linear classification tasks
cyclically. Suppose that Assumption 5.2 holds. Let B = Z%;ol Bm. If we take any step size
satisfying n < m, the iterates of sequential GD satisfies

. 2
w02 — o
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< [w§™ - uH2 — 2K [£ (wi™) - £(w)] +2v2°K2B (Mi 1 ||V£m(u)||2) ,

m=0

for any vector u € R and for all j = 0,1, - - -.

Proof. We defer the proof to Appendix F.1.1. We remark that this lemma holds even without assuming
the non-separability. O

Observe that the following holds as a special case:

. 2 .
Hw(()ml)M) _ w*H < Hw(()JM) —w,

F 2nK [ﬁ (wéjM)> - ﬁ(w*)} +2v2n*K*BYV,,
291)

where V, = ZM_l L

m=0 B, (VL (w,) ”2

The next step is to construct a compact ball W centered at w,, containing every end-of-cycle iterate
of sequential GD. The crucial step is to apply the non-separability coefficient b > 0 (Assumption 5.1).

Lemma E.5 (Boundedness of the end-of-cycle iterates). Consider learning M linear classification
tasks cyclically. Suppose that Assumptions 5.1 and 5.2 holds. Let B = vantol Bm and V,, =
Zi\fz_ol ﬁ IV Lo (w,)||%. If we take any step size satisfying 1 < m,
of sequential GD are contained in a compact set which is fixed in terms of the number of the cycle:
forallj =0,1,---,

the end-of-cycle iterates

wi™ ew = {w eR: Jw —w,|* < {Gb

f 1 v, S 74
- d: - *2< * 7* * ol .
{wGR [lw w|{Gb<£(w)+2>+||w }+2\/§B}

2
<£(w*) + \EUKBV*> +|w*} n 2\/57,21(231/*}

Proof. The proof is done by induction based on Equation (291). We defer the proof to Appendix F.1.2.
O

The last part of the proof is to compute the strong convexity coefficient of £ on W. Since L is
twice differentiable, it can be directly done by computing a lower bound of the minimum Hessian
eigenvalue on W: for any w € W,

N-1
V2L(w) = Z 0 (x] w)zz] = ie[ror-ljivn—n Oxfw) | XX T = pul
=0 wew

This concludes the proof of Lemma 5.1.

F.1.1 PROOF OF LEMMA F.4

For the sake of readability, we restate the lemma.
Lemma F.4 (Backward recurrent inequality). Consider learning M linear classification tasks

cyclically. Suppose that Assumption 5.2 holds. Let B = En]\;j:_ol Bm. If we take any step size
satisfying n < m, the iterates of sequential GD satisfies

Hwé(j+1)M) B uH2
< HwéfM) - uH2 oK [ £ (w§™) - £(w)] +2v2rP K28 (Mi % ||V£m(u)||2> ,

m=0 "

for any vector u € R and for all j = 0,1, - - -.
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We start the proof by bounding the squared distance between two iterates in the same cycle of
continual learning. For k € [0 : K]and m € [0: M — 1],

. o 2
Hw(()]]bf) _ w[(qj]V[*Fm)H (292)
m—1K—1 2
215" 3 v (w0 + Zvc wy M) (293)
=0 h=0 h=0
M-1K-1 M—-1K- ( )
2 JM+I1
(Z N (Z Z —Hvz: H ) (294)
=0 h=0 0 h=0
—-1K 1
1 ) 2
< 2772KB< z [ (w0 = VL )| + |V£Z(U)||2D (295)
=0 h=0
4 QKB]V —1K-1 GM4D - M—-1 1 )
< 4n S Dey(u,w)) +20°K2B ) 3 VL (w)]?. (296)
=0 h=0 =0

We use (modified) Jensen’s inequality (e.g., Proposition F.2) in the first two inequalities above; the
last inequality is due to Proposition F.1.

Next, we decompose the (j + 1)-th squared distance into j-th squared distance and more:

2
Hw‘(’ J+1)M) u”
_ 9 M-1K-1 ' _ _ ' 9
_ Hw(()JM) _ uH —2 <V£l(wl(€]M+m)),wé]M) _ u> n Hw(()JM) _ w(()(JJrl)M)H .
m=0 k=0
(297)
Using Equation (282) and f3,,,-smoothnesses,
. 2 , 2
i

-1 K-
= -2 Z Z Lo (™) = L) = D (™ w4 Dy (a0 )]
m=0 k=

n waw w(()(j+1)M)H2
(299)
- M-1K-1 - - 2
< 2K [£ (wf™) = L) 4032 3 B ™ = w|
m=0 k=0 (300)
M-1K-1 ) ) 2
o5 S D ) 0wl
m=0 k=0
< MK [c (wgﬂw)_qu)}mn‘zw (1+nKB) Z [Tnva w)||?
M—1K-1 - (301)
_277(1_277[(3_2772[(232 Z Z DLm ](CJMer))
m=0 k=0
M-—1
M
< 29k [£ (w§™) - £(uw)] +2fn2K2BZ 7||w (w)||. (302)

In Equation (301), we use the result from Equation (296) for multiple times. The last inequality is due
Sl < Va- 1 1-20-2¢ 2 0if g € [0,¥51)),

to our choice of step size: nK B < ﬁ <
This is the end of the proof.
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F.1.2 PROOF OF LEMMA F.5

For the sake of readability, we restate the lemma.

Lemma E.5 (Boundedness of the end-of-cycle iterates). Consider learning M linear classification
tasks cyclically. Suppose that Assumptions 5.1 and 5.2 holds. Let B = Z%z_ol Bm and V,, =

Zn]\f:_ol /31 IV Lo (w,y) . If we take any step size satisfying n < m, the end-of-cycle iterates
of sequential GD are contained in a compact set which is fixed in terms of the number of the cycle:

forallj=0,1,---,

2
wi™M e W = {w eRe: |lw — w,|?< {Gi (ﬁ(w*) + \/inKBm> +|w*} + 2\/57,2}(231/*}
)

, 1 v S 74
C d. — *Z< — . = . x5
{wGR lw — w,| {Gb<£(w)+2>+||w |}+2\/§B}

Also, recall the backward recurrent inequality which we write here again:

. 2 , 2 ‘
Hw(()(ﬁl)M) — w*H < Hw(()JM) - — K [L ('w(()jM)) - £('w*)} +2V2n°K?BV,,.

(303)

Wy

2
We choose wéo) (()0) —w, || = [Jw,|. itis clear that w(()o) ew.

. 0 .
as we want: if w(() ) — 0, since Hw

(4

Now assume wy M) €W and proceed with induction on j: we aim to show w(()(j FOM) ey,

The proof is divided into two parts:

1. If the current total risk is too high, then we can show that the squared distance to w, will decrease.

2. The other case means that the current iterate is close enough to w, (due to the strict non-
separability of the full dataset). Thus, the squared distance to w, at the next cycle will not grow
that much.

Part 1: High-Risk Case. Suppose £ (ngM )) ~ L(w,) > V2K BV,. Then Equation (303)

((G+1)M)

2 , 2 ,
implies Hwo — w*H < HwéyM) — w,|| . Thus, ,w(()(Hl)M) cW.

Part 2: Low-Risk Case. We first show that £ (wéj M)> — L(w,) < /21K BV, implies an upper

bound on the current squared distance to w, . Because of Assumptions 5.1 and 5.2, for any w € R,

N-1
L(w) = Z ((z] w) (304)
=0
N-1
>3 G2 w] (305)
1=0
N-—-1 w —
— G w| - T} 306
el 3= |o7 g (306
> G ||lw|| b, (307)

by the definition of the non-separability b > 0. Thus, we have

Hwéj ) _ fw*H < Hw(()jM)H + ||w. ] (308)
1 (M)
< —
< Gbﬁ (wo ) + [lws]l (309)
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1
<= [£(u) + V2K BV,] + o]l (310)
Thus, w(()j M) lies in a strict subset of WW. Also, Equation (303) implies
. 2 ) 2
|wf M — | < w4 2v2? K2 BY, (1)
1 2
< {Gb {ﬁ(U) + \@UKBV*} + IIw*I] +2V20°K*BV,. (312

Thus, by the definition of W, w(()(j M) € W. This concludes the proof of the lemma.

F.2 NON-ASYMPTOTIC LOSS CONVERGENCE ANALYSIS (PROOF OF THEOREM 5.2)

Recall that we write B = Z%;(} B and V, = 2%;01 /% |V Lo (w,)||. Also, in the previous
sub-section, we discovered a local strong convexity (with coefficient 1+ > 0) of the total risk function
satisfied on a compact ball WV containing w, and every end-of-cycle iterates of the sequential GD.

Let us restate the theorem for the sake of readability.

Theorem 5.2. Suppose we learn M tasks cyclically for J > 1 cycles. We adopt the notation from
Lemma 5.1. If we choose a step size

pemind L 122 L e P
22K B’ 2v2K.J ’ B2V, ’

then the final iterate of sequential GD satisfies

2 -
i - < (o9 (25 )i -

where we hide a poly-logarithmic factor of J in Equation (7).

2 B2,
" u3J2)’

)

The theorem states a fast O(.J~2) rate of convergence. One could try to prove it with the backward
recurrent inequality (Equation (291)), but it is difficult due to the 7? dependency of the so-called
“noise” term. We only succeeded in proving a slower O(J~!) rate with the backward recurrent
inequality, whose proof is pretty much similar to that in this sub-section. To take a step further
towards a faster rate, we should use a different way of writing the recurrent inequality, with a higher
exponent for 7 in the “noise” term. Here is how it goes:

Lemma F.6 (Forward recurrent inequality). Consider learning M linear classification tasks cyclically.
Suppose that Assumption 5.2 holds. If we take any step size satisfying n < m, the iterates of

sequential GD satisfies

. 2
i

< [w§™ - uH2 — 2K [£ (w{TM) - £(w)] + 207K B2 (Mi L vcm(u)2> ,
m=0

m

for any vector u € R and for all j = 0,1, - - -.

Proof. We defer the proof to Appendix F.2.1. We remark that this lemma holds even without assuming
the non-separability. O

In particular, we have
) 2 ) 2 . ,
(()(]H)M) — w*H < HwéjM) —w,|| —2nK {E (w(()(JH)M>) — ﬁ(w*)} + 23 K3 B%V,.
(313)

Applying p-strong convexity, i.e.,

. . 2
£ (w0 ~ L) > g Hw(()@ﬂ)M) _ w*‘

)
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we eventually have a recurrent inequality purely on the squared distance to wy:

"wé(j+1)M) —w,

o ™~ w*H2 + 2P K3 B2V, (314)
T 1+nKp

We now conclude the proof by applying Proposition F.3: plugging o < nK, § < B, T « J,
¢ ﬁ, V «2B?V,,m=2,and A; « HwéjM) H to the proposition, we have a desired result.

F.2.1 PROOF OF LEMMA F.6

For the sake of readability, we restate the lemma, whose proof is very similar to that of Lemma F.4.

Lemma F.6 (Forward recurrent inequality). Consider learning M linear classification tasks cyclically.
Suppose that Assumption 5.2 holds. If we take any step size satisfying n < m, the iterates of

sequential GD satisfies

. 2
i

< oo™ — ]| 20x [ (w7 H2) — £w)] + 20K B2 (MZ . v.cm<u>2> ,

m=0 "™

for any vector u € R and for all j = 0,1, - - -.

We start the proof by bounding the squared distance between two iterates in the same cycle of
continual learning. For k € [0: K — 1Jand m € [0 : M — 1],

. . 2
Hw(()(]-l'l)M) _ w,iJM+m)" (315)
M-1 K-1 _ K—1 _ 2
=2 S Y VLw™M) + 3 VL (wd M) (316)
l=m+1 h=0 h=k
M—-1K-1 M-1K-1 1 —_— 2
<7’ (Z > s ( 5 VL (w0 ) (317)
1=0 h=0 1=0 h=0 "
M-1K-1 1 ) 2
< m’KB < - [Hv,cl(wij“)) - VL) + |v,cl(u)||2D (318)
1=0 h—=0 "
M-1K-1 i M-—1 1
< 4?KB De,(w,w™ ™) + 2?K?B Y 5 IV.Li(w)|? (319)
1
1=0 h=0 =0

We use (modified) Jensen’s inequality (e.g., Proposition F.2) in the first two inequalities above; the
last inequality is due to Proposition F.1.

Next, we decompose the j-th squared distance into (j + 1)-th squared distance and more:

M-1K-1

. 2 . 2 . ) ,
Hw(()JM) _ UH > Hw(()(ﬁl)M) _ UH + 2 Z Z <v£l(w1ijM+m))’w(()(]-i—l)M) _ u>.
m=0 k=0
(320)
Using Equation (282) and f3,,-smoothnesses,
. 2 ) 2
e
M—-1K-1 4 . . )
< -2 Z Z [£7n(w(()(3+1)M)) N Lm(u) - Dy (w(()(]+1)M),w,(€]M+m)) +Dp, (u,,wl(C]M-i-m))}
m=0 k=0
(322)
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< ok {E (wé(j+1)M)) } +n Z Z 8, H (G+1)M) w/(cher)H2
-2 MinDL (u,wi ™) -
=0 k=0
< MK {ﬁ (w(()(j+1)M)) —L(u )] + 2 K3 B2 J&l im VLo (w)]?
—2n(1 - 29°K*B?) MX:I KZl Dy, ( ;(fM+:))O -
=0 k=0
<~k [£ (wTM) - £(w)] + 2K B2 Mi VL ). (325)
£t B

In Equation (324), we use the result from Equation (319) for multiple times. The last inequality is
due to our choice of step size: nK B < % This is the end of the proof.
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