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Abstract

This paper is concerned with the online bandit nonlinear control, which aims to learn the best
stabilizing controller from a pool of stabilizing and destabilizing controllers of unknown types
for a given nonlinear dynamical system. We develop an algorithm, named Dynamic Batch
Length and Adaptive Learning Rate (DBAR), and study its stability and regret. Unlike the
existing Exp3 algorithm requiring an exponentially stabilizing controller, DBAR only needs
a significantly weaker notion of controller stability, in which case substantial time may be
required to certify the system stability. Dynamic batch length in DBAR effectively addresses
this issue and enables the system to attain asymptotic stability, where the algorithm behaves
as if there were no destabilizing controllers. Moreover, adaptive learning rate in DBAR
only uses the state norm information to achieve a tight regret bound even when none of the
stabilizing controllers in the pool are exponentially stabilizing.

1 Introduction

The multi-armed bandit (MAB) problem aims to minimize the total cost of pulling a series of arms while
receiving immediate cost feedback for each arm pulled. Given a finite number of arms, the problem balances
between exploration and exploitation of arms without knowing the exact cost structure of each arm. On
the other hand, the online optimal control problem counsiders a transition dynamic x;11 = f(x, ug, wy) and
a set of cost functions ¢y (xy,us) for t = 0,...,T, where the goal is to minimize the sum of costs over time,
while both f and ¢; are fully or partially unknown. Basically, MAB is a special type of the online optimal
control problem in the sense that MAB is stateless and simply selects an action each time, while the online
control problem has a countable or an uncountable number of states and selects a controller, acting as a
function from states into actions, each time without knowing the cost functions. Bandit algorithms can thus
be leveraged for online control, wherein the average cost incurred with a controller can be interpreted as the
bandit feedback of pulling the controller-arm (Lin et al., [2023} |Li et al., [2023]).

In this paper, we address the online non-stochastic control problem where both a transition dynamic f and
cost functions ¢; can be unbounded, nonlinear, and adversarially chosen. We only have knowledge about x;
and the bandit feedback c;(x¢,u;) at time ¢, with adversarial disturbances w; injected at each time step as in
Gradu et al.| (2020) and |Cassel & Koren| (2020). We operate the system with a single trajectory where the
system state cannot be reset. To overcome the difficulties of an unknown nonlinear system, we are given a
finite set of N controllers in advance, where we are not aware of whether each controller can stabilize the
system but we are allowed to alternate between these controllers within a single trajectory according to a
specific logic. We refer to this problem as the online bandit nonlinear control problem.
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To deal with this online bandit nonlinear control, |Li et al.| (2023) adopted their Exp3-ISS algorithm, which
uses the well-known Exp3 algorithm (Auer et al.l [2002)) with a mini-batch approach (Arora et al.l [2012]), while
successively removing destabilizing controllers when detected in terms of input-to-state stability (ISS). In this
paper, we aim to significantly relax the requirement on the controllers and yet guarantee asymptotic stability
of the closed-loop system and sharpen the regret bound by designing our algorithm DBAR (Dynamic Batch
Length and Adaptive Learning Rate).

Motivation and contribution. Our main contribution is to allow a broader class of controllers to qualify
as a stabilizing controller within a priori controller pool. For the motivation, consider a continuous-time
gradient flow in the vector space:

#(t) = =V F(x(t)), (1)

where F': R” — R is a smooth function. A merely convex F' can be extremely flat around its minimum,
leading to a slowly (asymptotically) converging trajectory unlike exponentially converging behavior achieved
for strongly convex F' (Khalill [2015). In fact, assuming that a minimizer x* of F exists, the decay rate
F(z(t)) — F(x*) is O(1/(tlog” t)) if F is conve (Siegel & Wojtowytsch, [2023), and O(e™?) if F is strongly
convex. In the machine learning literature, a loss function I(g(z),y) of a gradient-based method is often
given as a convex function in g (e.g., mean-squared error or cross-entropy loss), but not necessarily strongly
convex since g is often over-parameterized and there could be a continuum of parameters corresponding to
the value of g. Analogous to this concept, one can consider F as f(x, 7(x:), ws), a dynamic governed by a
given controller 7 and its converging behavior as a (asymptotic or exponential) controller stability. Our work
merely requires the existence of at least one asymptotically stabilizing controller in the pool, which is far
weaker than ezponentially stabilizing notions and represents a more realistic environment one may encounter.

The existing literature on online bandit control of linear dynamics with adversarial disturbance has intrinsically
assumed the existence of strongly stable controllers, which are exponentially stabilizing controllers in our
context, and achieves O(T2/ 3) regret under general convex cost functions (Cassel & Korenl, [2020; |Chen &
Hazanl 2021} |Ghai et al., [2023)). In this paper, we will achieve the same O(T2/3) regret bound even when
none of the stabilizing controllers are exponentially stabilizing.

Algorithm Design. The idea of our algorithm is two-fold:

1. We adopt a dynamic batch length instead of a fixed length to certify the stability of the system
without requiring exponentially stabilizing controllers and achieve both asymptotic system stability and a
sublinear regret bound. The batch length is scheduled to be non-decreasing and growing unboundedly over
time, but its growth amount eventually saturates. However, the strategy suffers from a resulting multiplicative
exponential regret in return.

2. To alleviate the multiplicative exponential regret without requiring the conservative notion of exponen-
tially stabilizing controllers, we adopt a novel adaptive learning rate scheme that relies on the system state
norm, instead of a fixed learning rate. While the conventional way to apply the Exp3 Algorithm is to use a
non-increasing learning rate, we decrease the learning rate if the state is unstable and subsequently increase
the learning rate if the state returns to a stable region. By implementing this approach, we can alleviate
the multiplicative exponential term in all cases. In particular, for a specific class of stabilizing controllers
beyond exponential notions, we attain a regret bound order [O(T?/3) + O(T~/3) - exp(O(|U]))] - (U] + 1),
where o = 1/3 if |U| is known and o = 1/2 if Y| is unknown.

Table [I] shows a summary of our results with related works. Appendix [A] provides more details on the
intermediate step “Dynamic Batching”, which operates under asymptotically stabilizing controller assumptions,
and on how we devised DBAR algorithm to avoid the multiplicative exponential term.

INote that O(1/(tlog?t)) is integrable at infinity. In the context of controllers, we also handle the challenging case where
flze,m(xe), wt) — infyern f(z, 7(x), w:) may not be integrable at infinity. This corresponds to a convex function without
minimizers, such as a log-exp-type softmax loss function for classification.
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Table 1: Summary of required controllers and results: U is the set of destabilizing controllers and || denotes
its cardinality. n is the dimension of the state. Polynomial factors on N and |U| are hidden.

. Required Closed-loop system
Algorithm Cox?croller asymptoticpstz:bility Regret Bound
|Chen & Hazan| (2021) | Exponential N/A O(T?/3) + exp(O(n))
Li et al|(2023) Exponential No O(T?3) + exp(O(|U]))
Dynamic Batching Asymptotic Yes O(T?73) + o(T'/3) - exp(O(|U]))
Algorithm (1) (DBAR) | Asymptotic Yes O(T?/3) + o(1) - exp(O(|U]))

Related works. Optimal control problems have been widely leveraged in a variety of fields with the
influential dynamic programming approach (Bellmanl [1957). Recent successes of reinforcement learning
(RL) in safety-critical systems, such as aircraft (Razzaghi et al. [2022)), robotics (Ibarz et all 2021)), and
autonomous driving (Kiran et al., [2021)), are also deeply rooted in optimal control methods (Bertsekas} 2019).
The common idea to gain system stability of optimal control problems is to falsify the detected destabilizing
controller, meaning that one can completely remove those controllers failing to satisfy certain stability criteria
from the controller pool (Baldi et al., [2010; Battistelli et al. [2010; [Stefanovic & Safonov, 2011} Battistelli
let all |2018} [Li et al., [2023).

Online non-stochastic control considers a dynamical system with adversarial disturbances, which is more
challenging than having statistical noise. Early papers assumed full access to cost functions, enabling us to
leverage optimal policy structure with cost function gradients (Agarwal et al.| 2019; |Foster & Simchowitz,
[2020} [Hazan et al., [2020; [Hazan & Singhl [2022). Later, studies were generalized to address the problem
without cost gradients information (Gradu et al., 2020} |Cassel & Korenl, [2020; |Ghai et al., 2023} |[Sun et al.|
; instead, they estimated the cost gradients, using the history of scalar cost (bandit feedback) along the
trajectory. However, the above research restricts the system to linear transition dynamics. Instead, our work
considers the candidate controller pool to handle unknown nonlinear systems.

Multi-armed bandits with adversarial disturbances were first addressed in the pioneering work by
under bounded costs in their notable Exp3 algorithm. [Arora et al.|(2012) later improved the algorithm
using the same controller within a mini-batch, attaining a regret bound equivalent to the lower bound
presented in |Dekel et al.| (2014). As we have access to the candidate controller pool in our problem setting,
we adopt a bandit-related approach.

Dynamic batching gained considerable attention for training deep neural networks by increasing the batch size
over time and adaptively increasing the learning rate to maintain the ratio between the two (Devarakonda
let all 2017} Bollapragada et all 2018} [Shallue et all [2019; Ma et all, [2023)). Although this has been widely
used in the machine learning literature, we adopt this idea to online control, progressively increasing the
batch length within a single trajectory to achieve asymptotic stability.

Adaptive learning rate in machine learning is generally determined by a set of gradients observed so far
. As we do not have access to the gradients in our problem, we focus on the learning rate for bandit
algorithms. Several works (van Erven et al| [2011}; |de Rooij et al., [2014) in hedge setting, an instance of
multi-armed bandit problem, suggested using decreasing learning rate as the batch length increases. Building
on this idea, proposed to use a non-increasing learning rate over time, while no theoretical
guarantee was presented. To the best of our knowledge, this paper is the first work to provide theoretical
guarantees for the adaptive learning rate scheme based on the stability of state norm, where the rate is not
necessarily non-increasing.

Outline. The paper is organized as follows. In Section [2, we formulate the problem and provide necessary
definitions and assumptions. In Section [8] we propose our DBAR algorithm. In Section [} we study the
stability of the algorithm, the regret bound, and its applications in switched systems. In Section [5] we present
numerical experiments on the DBAR algorithm with an ablation study on batch length and learning rate.
Finally, concluding remarks are provided in Section [6}
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Notation. For a vector z, ||z denotes the Euclidean norm of the vector. We use O(-) for the big-O notation,
o(+) for the small-o notation, and O(-) for the big-O notation hiding logarithmic factors. Let E denote the
expectation operator. For a set Z, we use |Z| for the cardinality and Z¢ for the complement of the set Z. For
a real number e, we use [e] for the ceiling of e. Let R denote the set of real numbers and Z denote the set
of nonnegative integers. For ey, es € Z, where es < e1, let ie,.., denote the set {i. : ea < e <ej,e € Z}.
For the notations used in the problem formulation and algorithm, see Appendix

2 Problem Formulation

Consider a general discrete-time dynamical system x;1 = f(2¢, ug, wy) for t =0,...,T — 1, where z; € R™
is the system state at time ¢, u; € R™ is the control input at time ¢ to be designed via an algorithm. wu; is
determined by selecting a controller from a priori finite number of controller pool consisting of m; : R™ — R™
fori=1,...,N. w; € W C RY is the adversarial noise at time ¢, where W = {w € RY : ||w|| < wmax} and
the bounding constant wmax > 0 is assumed to be known. Each time instance t is associated with a cost
function ¢; : R™ x R™ — R. The state transition is governed by the dynamic f : R™ x R™ x RY — R. We
have the following assumptions on the dynamic f.

Assumption 2.1 (Dynamic). The transition dynamic f is L;-Lipschitz continuous with Ly > 1; i.e.,
|f(z,u,w) — f(&,a,@0)| < Li(|lx — Z|| + |lu — || + ||w — @) for all z,Z € R", v, & € R™, w,w € W. We let
f(OaOaO) = fo-

We adopt the notion of locally Lipschitz continuous cost functions ¢; given in |Li et al.| (2023), which contains
quadratic tracking costs along an arbitrary bounded state trajectory and action sequence.

Assumption 2.2 (Cost functions). There exist L.i,Lcs > 0 such that |e(z,u) — (%, a)] <
(Le (max{||z]], ||Z||} + max{|lul, ||@||}) + Le2)(|lz — Z|| + |lu — @) for all z,Z € R",u, 4 € R™,t € Zj;.
There exists ¢o,max > 0 such that |c;(0,0)| < ¢ max for all t € Z,.

Input-to-state (asymptotic) stability (ISS) is a classic notion of stability implying that the controller successfully
stabilizes the system under any bounded noises (Sontag}, 2008; Khalil, 2015). Incremental (asymptotic) stability
extends the input-to-state stability to describe the asymptotic behavior of some trajectory towards a different
trajectory (Tran et al.,|2016). It is worth noting that [Li et al.| (2023) also adopted these concepts under an
exponential stability assumption; i.e., they require some controllers to satisfy exponential ISS and exponential
incremental stability. However, in practice, general asymptotic concepts need to be considered for stabilizing
controllers. We will address this controller stability issue below.

Definition 2.3 (Input-to-state stable controller). A controller 7 is (asymptotically) input-to-state stable
(ISS) if there exists a non-increasing function 5(-) : Z4 — R that satisfies §(0) = 1E| with lim; o 8(t) =0
and v > 0 such that for any z9 € R™ and ||w]| < wmax for all ¢ > 0, the sequence {z;};>¢ determined by
xer1 = f(@e, m(xs), wy) satisfies ||a:|| < BE)||zoll + YwWmax-

Definition 2.4 (Incrementally stable controller). A controller 7 is (asymptotically) incrementally stable
if there exists a non-increasing function 5(-) : Z; — R that satisfies 8(0) = 1 with lim;_, 8(¢) = 0 such
that for any xg, Zo € R™ and [Jw¢|] < wmax for all ¢ > 0, it holds that ||z — &¢|| < B(t)||zo — Zo|| for any two
sequences determined by z;y1 = f(z, w(xe), wy) and Zpyp1 = f(&4, 7(T4), we).

Assumption 2.5 (Controller pool). Consider the candidate controller index set Py = {1,..., N}, in which
there exists a controller satisfying Definitions and There exists 7o max > 0 such that ||7;(0)|| < o, max
for all i € Py. All candidate controllers are L.-Lipschitz continuous; i.e., ||7;(z) — ;i (Z)|| < Lr||z — Z|| for all
z,T € R” and 7 € Py.

In Figure |1} we illustrate a concept of the controller pool for the unknown system, and how general the
requirement of asymptotically stable notion is. For future use, we define the relevant sets regarding controller
stability below.

2This assumption in Definitions and is to guarantee 3(t)2 < f(t) for all ¢, which can be overcome by a large 7. If we
relax Assumption on ¢; to be Lipschitz continuous, we can remove the assumption 5(0) = 1.
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B Stabilized with Controllers A, B
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(a) Controller Stability notions (b) Controller pool for unknown nonlinear systems

Figure 1: Tllustration of Assumption (a) Our work does not require exponentially stabilizing controllers,
which allow the learner to detect the stability in O(log(1/€)) time. Instead, we only require an asymptotically
stabilizing controller of the true system, where the detectable time may be arbitrarily long. (b) One can
design stabilizing controllers for each parameter characterizing the nonlinear system. While we know that at
least one of them should work, we do not know which one works, since the learner is unaware of the true
parameter of the system. Assumption [2.5]is always satisfied if the given pool contains a rich set of controllers,
as long as the true system is stabilizable.

Definition 2.6 (Stabilizing and destabilizing controller). Let S denote an index set of stabilizing controllers
that satisfy both of Definitions 2.3] and 2.4 We also let ¢ denote an index set of destabilizing controllers that
do not satisfy Definition 2.3] Thus, we have |S| > 1 and S C U°.

Remark 2.7. Definition is a stronger notion than Definition due to the triangle inequality. However,
for a special case of linear systems with additive noise; i.e., f(z¢, m(x:), ws) = Azt + h(we), where A € R"*"
and h : RY — R", a controller 7 satisfying Definition [2:3] also satisfies Definition 2.4 In such a case,
Assumption [2.5] boils down to requiring at least one ISS controller in the pool.

Now, we define different notions of closed-loop system stability with bounded adversarial disturbances wy,
where [Jw|| < wmax holds. Asymptotic stability and finite-gain stability both shed light on the connection
between the disturbance input and the state output, where none of them implies the other (Hill & Moylan
1980)). Hence, it is desirable to achieve both system stability notions.

Definition 2.8 (Asymptotic stability). A system is asymptotically stable if the sum of state norms satisfies
. T

limy_s o0 % Zt:() ||17t|| < YWmax-

Definition 2.9 (Finite-gain stability). A system is finite-gain £, stable if there exist constants 47, A2 > 0
such that for all T € Z, , it holds that Y1, [|z]| < A} - Wmax T + As.

Recall that x; and u; denote the state and action sequence for the system according to the algorithm. We
also let x; and uy denote the optimal state and action sequence generated by the best stabilizing controller

i* that satisfies both of Definitions and i.e., i* = argmincs E[Z;":OI ct(xg, mi(2¢))] subject to the
dynamic f. Then, the regret of the algorithm is defined as follows.

Definition 2.10 (Regret). The regret of the algorithm implementing the policy m;, at time ¢ =0,...,7 — 1
is defined as Regrety = E;,._,., ZtT:_Ol [ct(my, up) — (), ug)].

3 Algorithm Description

Denote the number of batches in the algorithm by B. Denote by t; the start time for each batch b =
0,1,...,B —1. We implement the same policy within the mini-batch.

Assumption 3.1 (Dynamic batch length). We design our batch length (73)s>0 as follows:

1. 7, is non-decreasing in b and limy_, o, 7 = +00.

_n : Tot1 _
= and limp_, o o= 1

2. maXxp>0 Tbtl

=
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For example, 7, = 21 (vb + 22)*® for every b > 0 with the constants 21, 22, 23, v > 0 satisfy Assumption
Specifically, z; is a scaling factor, zo provides an initial shift, z3 controls the polynomial growth rate, and
v determines the rate at which the batch length increases with b. For future use, we refer to this type of
formulation as polynomial batches with (21, 22, 23, V).

Remark 3.2. As our dynamic batch length eventually grows unboundedly over time, excessively strict
controller stability criteria may result in most of the candidate controllers violating these criteria. Thus, it is
crucial to adopt (asymptotic) ISS and incremental stability as our criteria, instead of exponential notions in
Li et al.| (2023) and the literature on linear dynamics (Cassel & Koren, [2020; |Chen & Hazan, [2021; (Ghai
et al.} 2023). Figure |5 in Appendix [A|strongly supports the necessity of a growing batch length regardless
of the noise assumption. On the other hand, our batch length requires lim;_, o, TZ’T“ = 1, which means the
ratio of two consecutive batch lengths should approach 1 as time goes by (e.g., geometric sequences are not
acceptable). In other words, the batch length is designed to increase over time but eventually saturates,
which is used to ensure both asymptotic system stability and a sublinear regret. We formally present both
properties in Theorems [£.1] and [4.6]

Algorithm Description. We propose our DBAR algorithm in Algorithm [1| (see Appendix [B| for the
notations). Lines generate the state trajectory based on the selected controller ;, for the current batch b,
and falsify the controller if it is found to violate Definition i.e., iy € U. Here, let U denote the number
of times that the Break statement in Line [7]is activated. In the rest of the paper, when we say the Break
statement is activated, it means that Line [7] of Algorithm [T] has been activated. As the controllers in U¢ do
not suffer from the Break statement, they always remain in the controller pool. Accordingly, we have U < |U|.

Lines keep track of the state norm of x,41 by determining a1 and sy that indicates the magnitude
of the next batch’s initial state norm compared to ||zg||. Note that we keep adjusting the value of a1 to
avoid spp1 > sp + 1 (Line , and the adjusted apy; is guaranteed to be bounded by some constant (see
Lemma in the Appendix). It is later discussed formally in Lemma that these observations cause
sp # 0 to occur at most O(U) times throughout the algorithm.

Lines determine the weight W41 (k) for each controller k. In Line we use the sum of costs at the
current batch b to add up to the weight in Line In Lines we reset the weight if ;41 # sp. This
resetting weight idea to forget the costs in the past is also proposed in [van Erven et al| (2011). In the scenario
that the Lipschitz constant L; is very large, it may help to forget the time-varying costs cg,...,c,—1 and
restart gathering the information from the outset. Line [22] reflects this case where the next batch’s state
norm significantly deviates from the current state norm.

Lines calculate the adaptive learning rate np4+1 = 10/ (ap41)%+* for the next batch b+ 1 used to apply
the Exp3 algorithm to our problem. Since (ay41)%+! increases when the state norm ||z, || is large, and
sp+1 resets to zero for sufficiently small state norm, the corresponding learning rate decreases in unstable
states and increases back to the initial value when the state norm returns to a stable region. Thus, the
learning rate fluctuates based on the state norm. However, it is essential to note that the effective learning
rate, determined by the ratio Z—’;, indeed decreases as the batch length increases even if sp41 = sp. The only
plausible situation in which the effective rate may increase is sp;1 < sp with (apy1)? > % Apart from
this scenario, the effective learning rate experiences a polynomial decay with polynomial batches defined
in Assumption which does not cause any contradiction with the polynomially decreasing learning rate
concept proposed in |Aubert et al.| (2023)).

Our adaptive learning rate stabilizes the cost of current batch, alleviating the multiplicative exponential term
in the regret bound (see Table . Moreover, since we run the algorithm along a single trajectory with the
selection of the policy only relying on the state norm as a context, we obtain a linear-time algorithm by
harnessing a form of contextual bandit without requiring strict assumptions.

In the next section, we will provide a formal analysis and a proof sketch for the guaranteed system stability
(Definitions [2.8| and and the attained regret bound (Definition [2.10)) of Algorithm
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Algorithm 1 DBAR

Input: Time horizon T’; Batch length (75)p>0; Controller parameters 8(-) and v; 6 > Ywmax/(1 — B(70)).
Initial state xg # 0; Initial learning rate 7 > 0; Initial time ¢y = 0; Initial weight Wy(k) = 0 for all k& € Py.
Initial probability distribution po(k) = % for all k € Py (uniform); Initial parameters so = 0. ap > 1.

1: for Batch =0,1,2,..., do 15: else
2:  Sample 4, from a distribution p,. Terminate 16: Let sp41 = s and let apy1 = ap.

the algorithm if P, is empty. 17: end if

// Phase 1: Falsify a detected destabilizing controller 18: else
3: fort=tp,...,min(t, + 7 — 1,7) do 19: Let sp11 = 0 and let apy1 = ap.
4: Implement 7;,, observe x4 . 20: end if
5: if ||zep1]| > BE+1—1p)]|ze, || + YWmax then // Phase 2: Set or reset weight for each controller

. ; thy1—1
6: Set Pyy1 =Py — {iv}- 21:  Let wy(ip) = tb;ti ce(xe,ug)
£ Break and wj(k) = “EVT; ) for k € P,
8: end if 22:  if sp41 # s then
9:  end for 23 Let Wypr(k) = 0 for all k € Py,
+

10:  Let tp41 =t +1. 2. else

// Record the magnitude of the state norm for Phase 2, Let Wiy (k) = Wi (k) + wl’)(k) for k € Py.
1. if [z, || > apllzol| + 6 then 26 end if

. 1 > 1
12: Pick ss_ 1 that satisfies " 27:  Let My = 1o/ (apyr) 250+,
(aw)*flzoll < e, |l =6 < ()™ ol 28:  For all k € Pyy1, let
13: if s— s, > 1 then Doy (k) = exp(=1p+1Wot1(k))
14: Let apq1 be any a > ay such that b+1 Ziepbﬂ exp (=141 Wit1(i))
ozl < [z, | = 0 < ™ F2 || 29: end for

and let sp11 = sp + 1.

4 Main Results

4.1 Stability

In this section, we will present the stability results of Algorithm
Theorem 4.1 (Asymptotic stability). In Algom’thm suppose that %B(Tg) < 1. Then, it holds that

T—o00

T
.1
lim T ; ||xt|| S YWmaz-

Theorem 4.2 (Finite-gain stability). In Algorz'thm suppose that Z-5(1o) < 1. Assume that lim¢ oo H(t) <
oo. Then, Algorithm[1] achieves finite-gain Ly stability; i.e., there exist constants Ay, Ay > 0 such that

T
Z ||‘Tt|| < Al : wmamT + A2, vT > 0.
t=0

Lemma 4.3. Define H(t) := Zf; B(1), which determines the scope of stabilizing controllers throughout the
entire horizon. Under Assumption we have lim;_, o HE) _ o,

t

Proof sketch of Theorems[{.1] and[{.2: Let B denote the number of batches in Algorithm [I] and recall that U
denote the number of times that the Break statement in Line [7|is activated. By using Lemma (see the
proof in Lemma [C.1)) with the non-decreasing property of both 7, and H (), we obtain

B-1 B-2
H H(rp_
lim 2z=0 )y HTp), [T “=o0-1"=o, 2)
T—o00 B—oo Tp_1 b=—BU—1 Ty
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where the equalities stem from two important steps: limp_,o Hrp-1) _ = 0, which follows from Lemma

TB—1

with the unboundedly increasing batch length stated in Assumption and limp_, o0 Hb B ] =t =1,

)
which follows from the saturating batch length stated in Assumptlon 1| (more detailed derivation can be

found in (I7)). Moreover, Lemmas indicate that falsifying destabilizing controllers in Lines result
in the existence of a constant M > 0 such that the following inequality holds for all 7" > 0:

XT:IIxtII < M+vwmax-(0(§H(n>) +7). (3)
b=0

t=0

Substituting into proves both Theorems and (see Appendix [C| for more proof details). O

Remark 4.4. With a fixed batch length 7 as presented in |Li et al.| (2023), the resulting closed-loop system
cannot achieve asymptotic stability since limyp_, oo % Z?:o lzt]] = YwWmax (1 + O(%)) > YWmax. Thus, it is
intuitively desirable to design as limp .., 7, = 00 to achieve an asymptotic system stability, validating our
dynamic batch length strategy in Algorithm This idea also results in having limyp_, B/T = 0 (see
Lemma in the Appendix). It is crucial to note that we have achieved asymptotic stability even when
lim;_, oo H(t) = co. In addition, finite-gain stability can be achieved for every B(-) that satisfies H(-) < oo,
which incorporates exponentially stabilizing controllers.

4.2 Regret

In this section, we will present the regret bound of Algorithm [T} where the regret defined in Definition [2.10]is
equivalent to E;,_, Zt 0 e (e, ug) — ¢ (2}, ul)], considering that the policy at each time ¢ is determined
by the policy ;, at the corresponding batch b.

Theorem 4.5 (Regret Bound). In Algom'thm suppose that %(ﬁ(’]‘o))2 < ﬁ Then, we have

B-1

Regretr = O(U]) + M Z H(r N[exp( O(UN)O(Tp_1H(1p-1)) +O(> (1)?)].
b= b

oo}

Il
=]

Theorem 4.6 (Regret bound with known [U]). Consider Algom'thm with polynomial batches defined in

/
Assumption with proper parameters satisfying :—(1)(5(70))2 < ﬁ Then, with ny = O(%) and

itk
T2 max{ ey e

N(JU|+1)}, we achieve a sublinear regret bound. Moreoveﬂ when H(t) < O(X1_, 1)
for allt > 1, we have

Regrety = [0(T2/3) +O(T~Y?) exp(O(|Z/{|))]N1/3(|M| +1)V3, (4)

Theorem [4.6] - follows from Theorem [£.5] by substituting the relevant parameters, where the regret bound in
Theorem [4.5| deeply hinges on Lemma [4.7} For the lemma, define £:={0 <b< B—1, b € Z; : sp41 # 5}
and Also, deﬁne V:={0<b<B-1, beZy :sy,#0}. In other words, |£]| is the number of transitions of s
across the batches, and |V| is the number of batches whose s; is nonzero. It turns out that both quantities are
bounded in terms of the number of the Break statement activation U (see the proof details in Lemma .

Lemma 4.7. In Algorithm suppose that B(19) < 1 and let U denote the number of times that the Break
statement is activated. Then, it holds that |[L| = O(U) and |V| = O(U).

Proof sketch of Theorem : Note that the expected total cost can be written as E;, . ,[Eg~p, [w;(k)]] due
to Lemma By adopting the analysis performed in previous works (Cesa-Bianchi & Lugosi, 2006} van
Erven et al.l 2011} [de Rooij et all 2014)), we divide the inner expectation of the total cost into two terms:

. 1 s 1
mix loss — " log(Egnp, exp(—mpwy,(k))), mixability gap Egp, [wy, (k)] + " log(Egnp, exp(—mpwy,(k))).

3 Among stabilizing controllers achieving O(T2/3) regret bound, we also cover the case where H(t) can be of the order of a
harmonic series that is not summable at infinity.
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Unlike the previous analysis which has the same value for 1y and 7, our approach uses different learning
rates for 79 and 7 since we use an adaptive learning rate given by the update rule in Line The additional
terms introduced by using different rates are in |£| for the cumulative mix loss (see Lemma and |V| for
the cumulative mixability gap (see Lemma [D.5)). These terms are bounded in terms of U by Lemma [4.7] and
are reflected in the first two terms of Theorem since U < |U].

After bounding the expected total cost with cumulative mix loss and mixability gap, we need to study

E. B-1 tb+1*1[0t($f<(i*)xuf((i*))
1B—1:0 b=0 t=ty, (ap)?0

state and action sequence generated by selecting the controllers before batch b according to Algorithm |1}, while
selecting the controller i at batch b. This does not produce any exponential term since the costs are regularized
with the factor (). The additional term introduced by regularization is in O(|V|) + O( bB:_Ol H(y)) (see
Lemma , where |V] is again bounded in terms of U. These terms are reflected in the first and the third
terms of Theorem [L.5] More proof details on the rest of the terms are provided in Appendix O

Remark 4.8 (Lower bound). The regret bound O(T?/3N'/3(|t| 4 1)'/3) provided in Theorem [4.6] is similar
to the lower bound presented in [Dekel et al.| (2014), except that there is an extra term (|U| + 1)1/3, reflecting
the unbounded costs that cannot be mitigated by merely asymptotically stabilizing controllers. Moreover,
a stability-agnostic nature of the given controllers implies that any algorithm will normally encounter
destabilizing controllers and it is unavoidable to face the exponential term exp(O(|U[)) in regret. To illustrate,
the work |Chen & Hazan| (2021) provides the lower bound involving an exponential term in the state dimension
n (see Theorem 3 in their work), which is analogous to |U| in our setting in the sense that the magnitude of
both quantities explains the difficulty of controlling the system. They showed that any algorithm must observe
at least O(n) states to learn every mode of the system and arrive at a stabilizing controller, during which it
inevitably experiences a regret bound of exp(O(n)). Similarly, in our setting with a finite set of controllers,
any algorithm should observe the behaviors of || number of destabilizing controllers before consistently
applying a stabilizing controller, and exp(O(|U|)) is unavoidable as a result. While |(Chen & Hazan| (2021])
assumed linear dynamics, our work deals with nonlinear dynamics for which finding an optimal controller is
NP-hard, and thus the discrepancy between the lower bounds exp(O(n)) and exp(O(|U])) is indeed necessary
to reduce some of the complexity. Due to our case of the lower bound, the exponentially increasing term can
be tackled by reducing it by the inverse power term on 7" at best. Theorem [£.6] aligns with this idea since the
resulting regret bound involves the term O(T~/3) - exp(O(|JU|)) by factoring in every potential exponential
term to be multiplied with the initial learning rate ny = O(T*Q/ 3), which inherently serves as a mitigating
factor. Note that instead of dramatically reducing the regret bound, our main contribution is on significantly
relaxing the stability assumptions for required controllers (see Table [I| and Appendix .

—a(y,up)], where 2f (i) and uf< (i) for t = t;, ..., t,1 — 1 denote the

Remark 4.9 (Nonlinear control). Our approach is useful to extend the stability and regret analysis beyond
linear dynamics, but if [U] is too large, it would be difficult to reach good enough performance as the regret
bound depends on exp(O(|i])). This occurs because we have focused on a discrete set of controllers instead
of a connected set as in linear dynamics. Note that in the linear dynamics case, it is guaranteed that the set
of stabilizing controllers is connected. However, adopting a discrete set was inevitable to handle unknown
nonlinear systems since the set of stabilizing controllers may not be connected. To address this limitation,
we believe that this issue can be mitigated by the formulation where the problem of interest is [U| number
of connected sets, where || is not too large and each set is disjoint from the others. The agent can apply
techniques of continuous parameterization (e.g. gradient descent) within a set and also transition between
separate sets by leveraging our technique, where many real-world problems involve both types of decisions,
such as selecting a high-level strategy (discrete) and fine-tuning parameters within that strategy (continuous).
This mixture of algorithms for discrete and connected sets will be an interesting future work.

4.3 Regret with Unknown Number of Destabilizing Controllers

Now, a question arises as to what happens if |I/| is not known in advance. With Algorithm [l one can
leverage || + 1 < N to upper-bound the regret in Theorem and achieve O(T?/3N?/3) at best (without
considering exponential terms) by determining 7y and (73)p>0 as if there were only one stabilizing controller.
It turns out that we can reduce the bound to O(T?/3N/3(|| + 1)*/2) by adaptively changing the value of 7,
as in Algorithm [2| where we increase the value of py if the Break statement in Algorithm [1]is activated and
keep it unchanged otherwise.
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Algorithm 2 DBAR-unknown |U/|
Input: Add two more inputs pug = 0. y > 0.

// Modification 1: Add the following IF-ELSE Statement right after Line El in Algorithm
if Ppy1 =Py, then ppir1 =pp. else ppy1 = pp +1. end if
// Modification 2: Incorporate p,41 to set 41 in Linein Algorithm

M1 = N0 - (foy1 + 1)Y/(py1)?*+.

Theorem 4.10 (Regret bound with unknown |U|). Consider Algorithm @ with polynomial batches defined in
Assumption with proper parameters satisfying :—;(,@(7’0))2 < ﬁ Then, with y = %, no = O(W),

d > ‘u|3/2
and T e max{m,

for allt > 1, we have

N}, we achieve a sublinear regret bound. Moreover, when H(t) < O(3F_ 1)

=1 ¢

Regrety =[O(T*?) + O(T /%) exp(O(U)) | N> (ju] + 1)1/2. (5)

Proof sketch: Define ng - := noy/r + 1. It turns out that for every r =0,...,U, O(m%) appears in the regret
instead of the integrated term O( ‘ulH) in Theorem The constant |[U| + 1 is distributed among each
OG-
establish an upper bound of O

) term. Under the constraints given by the disintegration rule using Lemma H for each r, one can
((\U|+1) V2 )

no,r
on the sum of O( -) terms over r = 0,...,U by attaining the

coefficients of these terms with complementary slackness in Karush Kuhn-Tucker (KKT) conditions. The
details are available in Appendix [E} O

Our DBAR algorithm can also be applied to scenarios such as those switched systems (Tousi et al.| [2008;
Zhao et al.| [2022) in which the transition dynamics and the associated controller pool change according to
either the detection of a destabilizing controller or pre-determined time instants (Battistelli et al., [2011)), as
well as the ballooning problem (Ghalme et al. 2021)) where the controller pool may expand. We proposed
Algorithm [3] the switching version of DBAR, in Appendix [F]

5 Numerical Experiments

To demonstrate the main results of this paper, we provide illustrative examples on both linear and nonlinear
dynamics with adversarial disturbances.

Ezample 1 (Linear): Consider the following linear dynamical system with z; € R'® and u; € R':
Ti41 :A*xt—l—B*ut—i—wt, tZO,].,..., (6)

where A* and B* are 10 x 10 matrices whose entries are randomly generated from Uniform[—1, 1]. We also set
xo = [100,200) ® 15 and w; = [Sln(; ) sm(11 )] ® 15, where ® denotes Kronecker product and 1,4 denotes
a d x 1 vector of ones. We consider a linear policy u; = K¢, where K € R'9%10, To construct a controller
pool, we first generate K* such that the absolute values of all eigenvalues of A* + B*K™ are less than 0.8.
K* is naturally an exponentially stabilizing controller. Then, we construct our controller pool to include K*
along with 100 other controllers, each of which is a variation of K* obtained by selecting one entry of K*
and multiplying it by 1.1. The constructed pool has || = 58 out of 101 candidate controllers. The goal is to

keep the state near the origin, where the cost function is quadratic at each time, namely c;(z¢, u;) = |22

Falsifying destabilizing controllers moderately stabilizes the state norm (Li et al.l 2023). Compared to their
work, Figures and show that both integral components of our algorithm DBAR, dynamic batch
length and adaptive learning rate, further lowers the regret and stabilizes the system, where approximately 60%
of controllers in the pool are destabilizing the system. In this case, Figures and both demonstrate
that the two components of our algorithm mutually reinforce each other, where each component stabilizes
the state norm with or without time delay. This supports the observations in Appendix [A] In Appendix
we also provide the experiment details and simulation results with noise terms generated by uniform random

10
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Figure 2: The stability and the regret in the linear system under sinusoidal noise. Fized 7, fized 1 represents
the algorithm in (2023). Ablation study of the algorithm is presented.
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Figure 3: The stability and the regret in the leader-follower system under sinusoidal noise, where the leader

is represented by a ball-beam system. We selected (1 (t) = min{10/t:°° 1} and used squared sum of state
and action norms as the cost.

walk, where w; — w;_1 has a uniform distribution for ¢ > 1, as well as the results with truncated Gaussian
noise for sanity check.

Ezample 2 (Nonlinear): We now consider the 100-dimensional leader-follower system (Morbidi et al.l [2011)),
where the leader is represented by a ball-beam system, and the followers leverage the leader’s state to stabilize
themselves. Specifically, if the leader is controlled by destabilizing controllers, the followers may also fail to
stabilize. The leader is represented by a nonlinear noise-injected ball-beam system (Hauser et al.l [1992):

i = B(x6? — 9.81sin6) + 3w,, 6=u,, B=0.7143, (7)

where x is the ball position, 8 is the beam angle, u, is the action, and w,(t) = sin(%). Also, consider the
followers’ system:

5= Az, &, —9.81B0, —9.81B6] + Az + u. + 3w., (8)

where [x,%,0, 9] € R?* are the states of the leader given below in @, z € RY6 are the states of the followers,

u, € R is the action of the followers, w, = [sin(é),sin(ﬁ)]’ ® 145 € R and A, A are relevant random

matrices. Note that the number of states in the entire system is 100.
For the action u,, we now adopt a broader notion of stabilizing controllers and choose the policy class to be

the nested saturating control (Teel, |1992)), without considering exponentially stabilizing notions. For the
action u,, we consider a linear policy in z; however, the policy is inherently nonlinear with respect to the entire

state, as the leader’s system itself is nonlinear. In Figures and we observe that dynamic batching
does not necessarily stabilize the state norm by itself. However, if an adaptive learning rate is additionally

11
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Figure 4: Sensitivity analysis of hyperparameters. (a) For the linear system in Example 1, we report the
regret at time 2000 based on various initial batch lengths and batch length designs. (b), (c) For the nonlinear
system in Example 2, we selected B2(t) = min{10/t:%% 1} to compare with j3;(t) given in Figure

applied, DBAR effectively stabilizes the explosion of the nonlinear system and enjoys the improved regret,
even when we use a polynomially stabilizing criterion S;(t) = min{10/t%%5 1} = O(1/t:%%) to define the
stabilizing controllers (see Definition . More experiment details are available in Appendix

Sensitivity Analysis of Hyperparameters: We now provide the robustness of our algorithm under modifications
in hyperparameters. For the linear system in Example 1, we examine the hyperparameters associated with
the two important components of DBAR: the batch lengths (7)p>0 and the initial learning rate 7. Figure
presents the behavior of different batch length designs, and shows that any batch length 7, yields a
desirable regret at time 2000, as long as the initial batch length o is sufficiently large. This phenomenon
strongly supports Theorem stating that ZL(f3 (10))% < ﬁ with polynomial batches defined in Assumption
ensures a regret given in . Note that a large 79 will naturally satisfy the inequality since 8(-) is a
non-increasing function and the polynomial batch structure ensures that % remains constant regardless of 7.
Meanwhile, we observed that the policy selection was not affected by the initial learning rate 7y, resulting in
the same regret and demonstrating the robustness of our algorithm to 7.

For the nonlinear system in Example 2, we provide the robustness of our algorithm with respect to the
choice of S(t) defined in Definitions and We compare two polynomially decreasing functions:
B1(t) = min{10/t195 1} (see Figures |3(b)} and B2(t) = min{10/t'%%,1} (see Figures [4(b)} [A(c)). While
DBAR performs effectively in both cases, the behaviors of the two functions are slightly different in the sense
that the system already appears to be stabilized even without some components of DBAR based on [2(t).
This stems from the extent of destabilizing controller removal: (2(t) removes the controller based on criteria
more strict than 1 (¢) since 1.08 > 1.05. This prevents the explosion of the nonlinear system by eliminating
potential destabilizing controllers not yet seen in an unstable region in advance. However, in practice, if the
candidate controller pool had not included any controller satisfying the strict assumptions, the algorithm
would have terminated, failing to keep the system running. This finding illustrates why it is crucial to allow a
broader class of controllers and yet achieve a tight regret bound, which was the ultimate goal of our work.

6 Conclusion

In an online bandit nonlinear control problem, an agent makes decisions with the bandit feedback information,
while suffering from nonlinear dynamics and adversarial disturbances. To address such challenges, this paper
develops a novel Exp3-type algorithm with theoretical guarantees. The proposed algorithm uses a dynamic
batch length to achieve asymptotic stability of the system without requiring an exponential assumption on
stabilizing controllers in the pool. Our adaptive learning rate scheme observes the stability of state norm to
overcome the inherent multiplicative exponential term in the regret, thereby improving the overall regret.
Future directions include extending these results to problems with explicit safety constraints while selecting
the best stabilizing controller among a continuum of candidate controllers.

12
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A Necessity of DBAR under weaker stability notion of required controllers

To illustrate how significant the weaker controller stability notion is compared to the exponential notions,
let us further present a one-dimensional system, where the current system state is 1. The goal is to achieve
a state near 0, and we would like to detect this stability by observing whether one arrives at a state less
than 1 — €, where € is an arbitrarily small positive number. Exponentially stabilizing controllers guarantee
to detect the stability in O(log(1/€)) time. However, with an asymptotically stabilizing controller, if the
controller is designed to keep the system state unchanged for an arbitrarily long time 7" and then collapse the
state towards 0 afterward, one cannot detect the stability before time 7" regardless of how small € is. In such
a case, even though the controller ultimately achieves the goal, it may take a lot of time to learn whether a
closed-loop system would be stable or not.

Note that dynamic batch length is an important part of our work. If an exponentially stabilizing controller
is applied to a system, one can quickly certify the stability. However, if we only have the asymptotically
stabilizing controllers as in our problem setting, it may take a long time to observe any abnormal behavior in
the closed-loop system. Such an issue cannot be handled by a fixed batch length and in that sense dynamic
batch length is a necessary part of our work. In Table [1) we have stated the intermediate step “Dynamic
Batching” to achieve closed-loop system asymptotic stability, which was not achievable by the previous works.

Figure [5] also demonstrates the necessity of a dynamic batch length regardless of the noise assumption. The
blue and orange lines represent the state norms generated by a fixed batch length and a dynamic batch
length, respectively. With both relatively easier statistical noise and more challenging adversarial noise, the
blue line shows a larger state norm than the orange line. Moreover, the blue line occasionally has higher
values than the red line, which is our asymptotic stability bound ywmax = 1.5, while the orange line remains
below the red line after a certain time.

fixed 7 fixed 7

dynamic 7 dynamic 7

YWmax YWinax

state norm ||z;]|

“’ W*“"WW

MMWWMWMWM

1

of |

[ 20000 10000 60000 80000 100000 0 20000 10000 60000 80000 100000
time ¢ ime

(a) Statistical Noise (b) Adversarial Noise

Figure 5: The state norm with a fixed batch length compared to that with a dynamic batch length.
41 = ¢ +0.15u; + wy with uy = Kay where K € [-3.0,—2.9,—2.8,...,4.9,5.0]. We use 19 = 10,y = 3, and
set Wmax = 0.5. The noise wy is (a) i.i.d. sampled from Uniform[—0.2,0.5], and (b) 0.15 + 0.35sin(35).

However, it turns out that the resulting regret by dynamic batching contains the multiplicative term
o(T'/3) - exp(O(|U])), which is because a dynamic batch length induces H(7p_1) to be necessarily multiplied
with exp(O(lU[)). (see Corollary [D.10). Thus, we came up with a careful switching strategy, an adaptive
learning rate, to address this issue. The multiplicative term can be resolved with splitting technique by
introducing an adaptive learning rate, achieving both closed-loop system asymptotic stability (by dynamic
batch length) and the improved regret (by adaptive learning rate), even though we have greatly relaxed the
assumption on controller stability (exponential to asymptotic). We developed this approach by factoring in
every potential exponential term to be multiplied with the initial learning rate 7o = O(T~2/3), which has
a negative exponent on T, thus inherently serving as a mitigating factor (see Theorem {.6| and the term
"“2N 5:_01 E;, ., (wf(i®))? in Lemma . Due to Lemma one can explain that the remaining terms
produced by the splitting can be bounded by O(|U/]). More details can be found in Appendix [D}
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B Glossary

Before formally presenting the proofs, we provide a glossary to help readers understand the notations of our
algorithm DBAR (see Algorithm .

Table 2: Glossary

’ Notation H Meaning
Ty state at time ¢ in the algorithm
Ty optimal state at time ¢
on action at time ¢ in the algorithm
uy optimal action at time ¢
ce(xe, ug) cost at time ¢
Wnax the maximum norm of the noise
T the length of time in the algorithm
B the number of batches in the algorithm
ty the initial time for each batch b
Th the batch length at batch b
M learning rate at batch b
i the controller selected at batch b
N the number of controllers in the candidate pool
Wy (k) the weight of controller & at batch b
(k) the probability of selecting controller k at batch b
B, a set of available controllers at batch b
Qpy Sp (ap)®t indicates the magnitude of the state norm at ¢, compared to ||2g]|
B(t), v applying a stabilizing controller incurs ||z:]| < 8(t)]|zol| + YWmax
Ly Lipschitz constant for the dynamic f
L, Lipschitz constant for any controller 7
U the number of times the Break statement is activated
by,..., by the next batch after the Break statement is activated

C Stability Proof

Let b1,...,by denote the next batch after the Break statement is activated; i.e., |z, || > B(ty, —
to,—1)l|7t,, o || + YWmax for every uw = 1,...,U. For future use, let by = 0 and by1 = B. Accordingly,
ty, =to =0 and tbyyr =1tB =T+ 1.

Lemma C.1 (Restatement of Lemma . Define H(t) := Zf;é B(i). Under Assumption we have

lim it) =0.

t—oo

Proof. Recall that we designed 3(-) to be non-increasing and nonnegative. Then, we have (i) < :_1 B(x)dx
for every integer ¢ > 1. Using the inequality, one can write

t—1 t—1
0<H(t)=p0)+>_ BGEH)<BO)+ [  Bla)da. 9)
i=1 0
If lim; 00 H(t) < 00, clearly lim;_, @ = 0 holds. If lim;_, o H(t) = 0o, we leverage L'Hdpital’s rule with

B(t) — 0 as t — oo to derive

t—1
0 d —
fim 2Oy PO+ S S@dz -1
t—oo t t—00 t t—00 1
where the first inequality follows from (9). O
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Lemma C.2. For 0 < j <k, we have

H(Tk) Tk
) = 7
Proof. For 0 < j <k,
Hir) HO) T X80 | (n=7) ) _ 7
H () : H{(r;) = CRECO N

where the last inequality is due to the non-increasing property of 5(-). The equality holds when 5(0) = --- =
B —1). O

Lemma C.3 (Sum of state norms in a single batch). In Algorithm|1], for each batch b=0,1,...,B —1, the

following inequality holds:
tpy1—1

7wl < Hm)llwe, | + Y0man(ms — 1)

t=tp

Proof. For t = tp, we have ||a;| < B(0)]|z,|| since B(0) = 1. For ¢, < t < tp41 — 1, we have

el < Bt —to) |2, | + YWmax- (10)
Summing up all inequalities gives
tyy1—1
S Ml < H(tor — to) |2, || + Yomax (fo1 — ts — 1).
t=tp
Since Line [5| of Algorithm [T]is not satisfied, 7, = t;+1 — t,. This completes the proof. O

Lemma C.4 (Weighted sum of state norms between the two consecutive Break statements). In Algorithm
suppose that %5(70) < 1. For every next batch index after the Break statement u=0,...,U, the following
inequality holds:

but1—1 buy1—1

1 YWmaz
N Hm)anll € —me——H(m )2, |+ — e N" H(r).
5 ( b)” th =71_ :-7;:—1 B(Tbu) ( b ) | th,, H 1 _ ﬂ(Tbu—l-l) = ( b)

Proof. Since we designed (73,)p>0 to have a non-decreasing 7, and non-increasing Tszl , notice that we have

B(mp) < %ﬂ(ﬂ,) < - B(m-1) < 2B(70) < 1 for every b > 1 since 3(-) is non-increasing.

- Tb-1

If by+1 = by, + 1, the inequality clearly holds since > 0. Otherwise, consider the following

1
1-Lutlg(r, )
by .

inequality for b, < b < by41 — 1t

H(m)||ze, || < H(7)B(To-1) |2, || + H () YWmax
H(Tb)
= H(Tb—l) B(bel)H(bel)”wtb,l ” + H(Tb)’ywmaxa
where the inequality holds since Line [5| of Algorithm [1]is not satisfied. Recursively applying this inequality,
one arrives at

b—1 H(Ta+1) b—1  b—-1
Hm)lleol < TT |5 80| - B, |+ Hupremat+ 37 ] 5a))
a=b, @ b =by,+1 a=b’
b—1 b—1
< 1 [t )] - mm ), |+ HE o+ Y (B0 ™)
a=by H(7a) b =b,+1
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o

-1

< agu[ Hir) 5(7'@)} H(my,)l|ze,, || + H (1) 1= B(Tb,+1) "
b—1
Tas1 YWmax
< T[] el I+ Hew =gy
Ty +1 bb —
< - ﬂ(’]’b”)} - H(m,) |xtbu | + H(Tb)m’

where the second inequality comes from the non-increasing property of 3(-), the third inequality is by
B(7p,+1) < 1, the fourth inequality is due to Lemma and the last inequality comes from the non-increasing
property of %ﬁ(ﬁ;). Since %ﬁ(ﬂ,u) < 1, summing up the above inequalities for b, < b < byy; — 1
completes the proof. ’ O

Lemma C.5 (Next state norm after the Break statement). Define My := L(1 + Ly)YWimaz + L (70, maz +
Wiaz) + fo. Then, for every u=1,...,U, we have

6, | < Lg(1+ Lx)BO) |22, || + M.

Proof. Suppose we picked a controller m; at time step t. Then, by Assumption [2.5] we have

Jue]l = lIme(ze) = m(0) + m (O)| < [Ime(we) — me(O) | + e (0)] < Ll | 4 70, maxc: (12)

Combining the above inequality with Assumption [2.1) one can write

|Ze1ll = [ f(@e, ue, we) — £(0,0,0) + £(0,0,0)|
< |1 f (e ur, wi) — £(0,0,0)[| + [[£(0,0,0)[| < Ly(llzell + [luell + [lwel]) + fo
< Ly([lzell + Lrllze]] + 70,max + Wmax) + fo
= Lg(1+ Lx)||2e]l + L (70, max + Wmax) + fo-

Thus, for every u =1,...,U, we obtain that

e, | < Lf(1+ Lx

< Ly(l1+ Ly
= Lf(l + LTI'
< Lf(l + L,

24, ~ 1]l + L (70,max + Wmax) + fo

(B(to, = to,—1 — DTty _, | + YWmax) + Ly (T0,max + Wmax) + fo
Bltv, = to,—1 — e, |l + M

BO) ¢, _, || + My,

—_ — — —

where the second inequality holds since Line [5| of Algorithm [I]is not satisfied during t;, 1 <t <t;, —1 and
the equality holds for the last inequality when t;, = ¢;,_1 + 1. This completes the proof. O

Lemma C.6 (Weighted sum of state norms along the Break statements). In Algorithm (1|, suppose that

2LB(10) < 1. Define M := Lg(1+ Lr)B(0) 11%’2’;:) + M. Then, there exists a constant C' > 1 such that

- [Ly(1+ L)BO)CIVH — 1

> Hm,) e, || < Li(1+ Lr)B(0)C — 1

u=0

([Ls(1+ Lx)BO)C]Y — 1) My
[Li(1+ Lr)B(0)C — 12

H(o)llwo|l + H(7y,,)

T”T:I to converge, there exists R > 0 such that TI’T—:l < R for all b > 0. Moreover,

since limp_, oo T*:;l =1 and B(my) < 1, there exists b* > 0 such that

Proof. Since we designed

1
b> b — AL o

Tp 5(70)'

(13)
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Accordingly, for any two batches b > b > 0, we have

b —1 b*

o b —b—1 b—b 1 Tatl R
P < ) T A < (14)

considering that b = 0 and b’ = b* yields the largest p0551ble upper bound due to . Now, define C' := %.

Notice that we have C' > 1 since the left-hand side of is greater than equal to 1 when ' = b+ 1. Then,
for every u = 1,...,U, one can write

H(m,)

H(mp, 2, || < Lp(1+ Lw)ﬂ(o)m

H(rp,—1)llwe,, || + H (7o, )M

bu—2
< 10+ L3O b T (B8 5] -t o,
w—1 a=b. Ta

YWmax
)

+ Ls(1+ L:)B(0)H (1, T 8n. )

+ H(Tbu)Ml

< Ly L)) g 3, ) H e, |+ Hm )Mo
< Ly(14 L) B(0) 2B, )= Hir o, |+ H(, )Mo

< Ly(1 4 Lr)BO)C - H(my, ., )|[ze,, || + H(7o,) Mo

where the first inequality is due to Lemma the second inequality is by in Lemma the fourth
inequality is due to Lemma and the last inequality is by . Recursively applying this inequality, one
arrives at

u

H(m, ), | < [Lg(U+ Le)SO)CT Hm)llwo | + My - S [Ls(1+ L) BO)C]**H(m,)
i=1
< [Ly(1+ La)BO)CTH (7o) o | + M2H (7, ) [L/:ff(<11++LLi))ﬁﬂ(<(ggu—_1l
MZH(TbU) :|
Li(1+ Lr)B0)C —1]

< L+ L)BO)C] [H(TO)HSUOH n

where the second inequality comes from the non-decreasing property of H(:) and the equality holds when

H(m,) = -+ = H(m,). Notice that for ¥ > b > 0, the case H(ry) = H(7) arises when 7y = 7, or
By +1)=---=p(ry) =0. Since Ly(1+ L,)F(0)C > 1, summing up the above inequality for u=1,...,U
completes the proof. O

Lemma C.7 (Sum of state norms). In Algom'thm suppose that 7L B(7o) < 1. Then, we have

T B-1
D el < O(Ly (1 + La)BO)C] (llzo ]l + H(70,,))) + Ytmas - (O H(m)) +1T)
t=0 b=0
Proof. Applying Lemma [C.3] [C.4] and [C.6]in turn, we have
U bur1—1typ1—1
Z lzell =" > > N
u=0 b=b, t=ty
U
Z > [l = 1)
ol 1 ~w freiin
< —H — H max (¢ —tp, — 1
a uz_:O|:1 - I’:;“*B(rbu) )z, |+ 1 —B(1,+1) b:;-i-l () 4 Vmarlfonrs = fo, = 1
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B-1 U
< %ZH ()l 1 750 (O H() = 32 B + (T )
L Tﬂﬁ(T) =0 u=0
1 w B-1
< m;H(Tbu)thbuH + 1—76(7'1) 2 H(mp) + ywmaxT
< H@mo)llwoll [Ly(1+ Lr)B0)CITH — 1 H(mhy)  ([Ly(1+ Lr)B0)C]Y —1)M,
T 1-2B(r0) Ly(1+ Lx)B0)C -1 1= 28(r0)  [Lp(1+ Lz)B(0)C — 1]2
B—-1
’ywmax Z H 7_b +’ywmaxT
b=0

B—1
= O([Ls(1 + Lo)BO0)C) (o]l + H(my,))) + Yima - (O H(m)) + T)
b=0

where the equality holds for the fourth inequality when Line [5| of Algorithm [1}is not satisfied for the entire
horizon. O

Theorem C.8 (Restatement of Theorem Asymptotic stability). In Algorithm[1], suppose that
%ﬂ(’ro) < 1. Then, it holds that

hm — Z lzt]] < YWimaa-

Proof. We mainly use Lemma [C.I] to prove the asymptotic stability. First, we have
H(my,,) < H(tp-1) = o(tp-1) = o(T), (15)

where the first equality is due to Lemma K;_'Tl and 7g_1 = T when there is only one batch over the entire
horizon. Now, consider the following relationship between the number of batch B and the time horizon T"

B-1 B-U-1
dYn=T> Y 7+, (16)
b=0 b=0

where the second inequality is due to the non-decreasing property of 7,. Now, if 25;01 H(7p) < 00, clearly
Z1)3=—01 H(m,) = o(T). Otherwise, define H(7g) = H(7p—1). Then, we have

B-1 B-1 B
lim M < lim M < lim fo H (7y)db
T— 00 T ~ B—oo ZB_U_l ~ B—soo B-U-1
b=o ToTU 70+ Jo mpdb + U

B-2
H(mg_ H(rp_
= lim 7<TB ) = lim 7(TB 1)- H Tot1

B—oo TB_U—1 B—oo Tp_1 Tb

b=B-U-1
=0-1Y =0 (17)

where the second inequality leverages the non-decreasing property of both 7, and H(7,), the remaining
equalities leverage L’Hopital’s rule, Lemma and limg_, o T’:;l = 1. Thus, with Lemma we have

T
D llzell < O(Ls (1 + La)BO)CI (ol + o(T))) + Ywmmax - (T + o(T)).

t=0
This completes the proof. O]
Lemma C.9. In Algorithm[1, we have
B
lim — =
AT =0
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Proof. Recall the relationship stated in between 7" and B. Using the second inequality, we have

Oglim§<lim#<lim B

T—oo 1 — T—oo ZszioUil T+ U ~ T—oo To + foBiU?l rydb + U

where the third inequality uses the non-decreasing property of 7, after which we use L’Ho6pital’s rule. This
completes the proof. O

Theorem C.10 (Restatement of Theorem Finite-gain stability). In Algorithm suppose that Z-5(79) < 1.
7o

Assume that limy_, o, H(t) < co. Then, Algomthm achieves finite-gain Ly stability; i.e., there exist constants

Aq, As > 0 such that for oll T € 7,

T
Z ”xt” < Al : wmazT + A2~
t=0
Proof. Since lim;_,o, H(t) < oo, there exists a constant ¢; that upper-bounds H(t); i.e., H(t) < ¢ for all

t > 0. Likewise, by Lemma there exists a constant ¢o that upper-bounds % Thus, with Lemma
one can write

T
D llzell < O(Ly (1 + La) BO)CI (ol + @1)) + Ywmax - (O(Bar) +T)
t=0

= 0L 1+ L)BOICT (ool + @) + (1 + 20ar)) - wmanT
< O([L5 (1 + L)BO)ICT (o]l + 02)) +1(1 + 0(0162)) - wimasT:

This completes the proof. O
D Regret Proof for Algorithm [1]
Lemma D.1. In Algorithm[], we have
Eip_volwp(iv)] = Eip_, o Erep, [wy ()],
Proof. Given iy_1,...,iy, we have

wb(ib)
po(k)

Egopy (w5 (K)] = D pu(k) Li,=k) = wp(in), (18)

kePy

which implies that wj (k) sampled from p; is an unbiased estimator of ws ().
Thus, for all b=10,1,..., B — 1, one can write
Eisfl;o[wb(ib)} =Ei,, [wb(ib)] =Ei,_1.0Ei, [wb(ib) ‘ ibflio]

= Eib—l:oEib []EkNPb [w;;(k)] | ibfltiﬂ
= Biyo [Ernp, [(Wh(R)]] = Eip_y.o [Ernp, [wh(K)]],

where the first equality is because ig_1,...,i,+1 does not affect the value of wy(ip) and the remaining
equalities are by law of total expectation and . O
Now, we let wf<(i) denote the cost incurred at batch b if one selects the controllers for batch 0,...,b— 1

according to Algorithm [T} and the controller for batch b to be 4.
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Lemma D.2. In Algorithm[1], for any i € Py, we have

EiBflzo [wlly(z)] = Eitho[wlf{(i)}
and for some controller i® € Py, we have

, o (wy(iv))*] _ moN -
3] <

Proof. For all b =0,1,...,B — 1 and for all © € P}, we have
Eip o wh(8)] = By [wh ()] = Biy_, o[, [wy (7) | ip—1.0]]
- wy(ip)
= Eib—l:o[ Z pb(lb) . I(ibzi)]

W EPy Do (Z)

= Eib—l:o[wK(i)] = EiBfl;o[wK(i)]
where the first equality is because ig_1,..., 11 does not affect the value of wy (i) and the last equality is
because ig_1,...,1, does not affect the value of wf (7). Next, we can also obtain that
E. [770 (wb(ib))2] _n [770 (wb(ib))2:| —F.  E {770 (wp(ip))? s 140}
L2 pa(in) "OL2 polin) T2 py(in) o
no . (we(ip))? 70 .
= Eib—l:[) Z 7pb(zb)7~ = Eibflz() Z 7(wb(lb))2
. 2 Py (ip) . 2
i, EPy i, EPy
noN .
< TEib—l:O (wf(zb))Q’
for the controller i® = arg max;ep, (wf(i))2. This completes the proof. O

In Algorithm [1} define £ := {0 < b < B—1, b € Zy : sp41 # sp} and let b',..., b4l denote the batch
where Line 22 of Algorithm [1]is satisfied; i.e., sy # sy for [ =1,...,|L|. For convenience, we let ° = 0,
bEH1 = B —1, and sg = sp_1. Also, define V:={0<b<B—1, beZ, :s, #0}.

Lemma D.3 (Restatement of Lemma . In Algom'thm suppose that B(79) < 1 and let U denote the
number of times that the Break statement is activated. Then, it holds that |L| = O(U) and |V| = O(U).

Proof. For every batch b =0,..., B — 1, we have
e, || < (aw)** ™ol + 6 (19)

by Lines If the Break statement is not activated, since we designed 0 > %, it yields that

|2ty40 | < Bm)llze, || +vt0max < B(10) ()™ |zol| + B(70)8 + Yiwmax
< Bro)(aw) ol + 6 < ()™ *[|o| + 9,

where the second and the last inequalities are due to 8(7) < 8(79) < 1 and the third inequality is by the
formulation of §. Then, sp+1 > $p cannot occur when the Break statement is not activated. Also, Line
avoids spy1 > sp + 1. As a result, starting from sg = 0, the event sp11 = s, + 1 can occur at most U times.
Accordingly, the event s,11 < s also can occur at most U times, leading to |£]| < 2U.

Now, we observe the number of batches b needed to stabilize the state norm; i.e., min{B >0:8,,5 < Sp}
when the Break statement is not activated. Starting from batch b and the corresponding sy, provided that
the Break statement is not activated, one can write

”xtb+5 ” < B(Tb+l_;—1)|‘xtb+g,1 ” + YWmax < /B(TO)thbJrg,l || + YWmax
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b—1

E a 'ywmax
S (ﬁ(TO)) ||xtb + YWmax GZ:O(B(TO)) S ( ( )) Hwtb” + 5(7’0)
< (B(r0)P e, | + 6 < (B(70))* ()™ o | + 6] + 6, (20)

where the first and third inequalities are due to not satisfying Line [f] iteratively when the Break statement is
not activated, the second and fourth inequalities are by 5(7) < 8(79) < 1, and the last two inequalities are
by the design of § and . It is desirable to find the minimum value of b that makes the right-hand side of
(20) smaller than (ap)®t||zo|| + d:

i s s 1 1
(Br))*[(e) ol + 6]+ 6 < (@) ool +8 <= o Zavt s (2)
0
where the right-hand side of l) can be upper-bounded by ay + m since ap > 1. Thus, if s, # 0,
_ log(aup + ”L)
min{d>0:s,,; < s} <| —— A2l 22
{ i < Sk _{ —log B(7o) 22)

when the Break statement is not activated. In other words, starting from a batch b where s, > 0, within the
number of batches on the right-hand side of , either the Break statement is activated or the value of s
decreases.

More specifically, consider two sets of batches: By = {0 < b < B—1,b € Z, : the Break statement activated}
and Bo ={0<b< B-1,b€Zy :sp+1 < sp}. Let B =By UBy be the set ordered by batch numbers. Then,
the batch interval between two consecutive batches in B is upper-bounded by . Thus, considering that
|£] < 2U, we have

—log (7o)

which completes the proof. O

5
V< @U-1) F‘)g“‘“ﬁll)w

Lemma D.4 (cumulative mix loss). In Algorithm |1, for any controller it € U° for | = 0,...,|L|, the
cumulative miz loss is upper-bounded as follows:

Bl OU +1) LELV S K (i)
Eip 10 Z - log(Ekpr eXP(—nbwz/;(k))) < —+Eip_ .y, Z Z ° 2s
= o o i GO
Proof. Given [ =0,...,|L|, we can analyze a single mix loss for b = b' +1,...,b!"1 — 1 as follows:
1
——log(Eg~yp, exp(—mwy(k))) = —— 10g > pu(k) exp(—mpwy(k)))
"o kEP,
) _i g e, S (k) explm k),
o > iep, eXP(—mWh(i))
1 exp(—mpy Wi k
_ _710g(2k€79b p(=m b+1(K)) (23)
1o > iep, exp(—m Wi (i)
while a mix loss for b = b is as follows:
1
—— log(Ejnp, exp(—rpwy (k) = —— log > by (k) exp(—nywy (k)))
o kEP,:
11 (o 3 exp(—nsufy (k)
= ——log(—— exp(—nywy;
o & | Py | T

kEP
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log N 1
< — —log( Y exp(—mpwy(k))) (24)
Mo 7o kePy,
log N 1
= — —log( > exp(—np Wy (k))), (25)
Mo 7o kePy
where the last equality only holds when b'*' > b + 1. Now, notice that the batches b = b!,... b'Tt — 1 share
the same learning rate; i.e., ny = --- = Mu+1_1 since the same s; yields the same «p, and thus the same 7.

Thus, in the case where b'*! > bl + 1, we have

I+1 I+1
S L gy, explomu ) < Y Lig( [ ter P IBE)
_L . —m < _ L
= P ’ 70 Mo i > kep, eXP(—np Wi (K))
1
— — log( Z exp(—ny Wy (k)))
"o kEP1+1_4
log N 1
<D g Y exp(—np Wi (K))). (26)
Mo o kePr1_

where the ﬁrst mequahty is by (23)) and ( . ) and the second inequality comes from P, C P,_1. Considering
both cases (24) and (26)), for any controller i9,...,i*l € U°, one can write

= <l logN 1 (R
S = L 1og(Biep, exp(—mup(h)) < [ ST 3 ewm Y uf(h)
b—0 10 =L "0 0 ePo b=b!
‘L‘,‘ bl+1_1
L]+ 1)log N 1 .
< (ElFDIs N S~ Ly fexp(om 3 ()
Tlo =0 Mo Y
[£] pitt— .1
0(U+ 1) b=b! w{,(z )
bk S S 27
7o +Z (ot )0t 27)

=0

where the first inequality considers Wy (k) = Zb bl -1 wy (k) in , the second inequality is because any
controller i’ is an element of Pyi41_1, and the last equality comes from the definition of n, = 19/ (e )?$+ and
|£| = O(U) by Lemma Finally, by Lemma taking the expectation of with respect to ig_1.9
completes the proof. O

Now, we consider the cumulative mixability gap.

Lemma D.5 (cumulative mixability gap). In Algorithm |1}, there exists a set of controllers i® € Py for
b=0,...,B —1 such that the cumulative mizability gap is upper-bounded as follows:

o
-

1 O n N
Eis vo D By [wh(F)] + P 10g(Ep~p, exp(—mywy(k))) < ; Z Eiy_y.0(wp' (i)
b

I
=

Proof. Given the set V, we can analyze a single mixability gap for b ¢ V and b € V), respectively. Since s, =0
for b ¢ V, given i,_1,...,19, we have

B, 0} ()] + niolog@kwpb exp(— 10 (k))) = By 0} (k)] + — 10g(Erpy exp(—mots)()))

Tlo
< By, [ ()] + %(EM exp(—ow (k) — 1)
< Ekpr [wé(k;)] + i(Ekfvm 778 (wé(k))z Uow;,(k))
Mo
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= %EkNm [(w{,(k))Q]

where the first inequality uses log(z) < x —1 for all € R and the second inequality uses e” < 1+x + % > for
all z € R. Now, for b € V, given iy_1, ..., 1, we obtain that

Ek~pﬁu4<kn—+;%»og(EkNPbexp<—-nwuuk>» é1Ek~pmu4<kn—+;%<Ek~pbexp<—nwuuk>>—»n

< Bopy [y (F)]

< By [ ()] + ;aﬁzw”(“’(’“” — nowh(k) + 1)
Mg, ()] + = T (el 1 (20)

2

x

where the second inequality uses e® < 1 for all x < 0 and the third inequality uses 72 +z+ % > 0 for all
x € R. Since |V| = O(U) by Lemma we have inequality holding at most O(U) times and
holding in the remaining batches among b =0, ..., B — 1. Finally, by Lemma taking expectation of (28]
and with respect to ig_1.90 completes the proof. O

We let x; and u; denote the state and action sequence in the algorithm depending on the context. We let
2K (i) and uf (i) for t = t3,...,tp41 — 1 denote the state and action sequence generated by selecting the
controllers before batch b accordmg to Algorithm [T} while selecting the controller i at batch b. Accordingly,

we have wi (i) = il’*tlb Ve (2K (i), ul (1)), We also let zF and u} denote the optimal state and action

sequence generated by the best stabilizing controller i* that satisfies both of Definitions 2.3 and 2.4} i.e.,
1* = argmin;es Z?:o ct(xy, m+ (2+)) subject to the transition dynamics.

Lemma D.6. In Algom'thm suppose that %(,8(7‘0))2 < ﬁ For any controller i® € Py, forb=0,...,B—1,

we have
B-1 B-1

Ei,_,o(wi (")) = exp(O(U))O(1p_1H(5-1)) + O( D _ (7))
b=0 b=0

Proof. By Assumption for all z € R™ and u € R™, we have
let(z,w)| = [er(z,u) — ¢i(0,0) + ¢ (0,0)] < [er(z,u) — ¢ (0,0)[ + |t (0, 0)|
< (Le, (2l + llull) + Lea) ([l ]l + llull) + co,max
= Le, (|l + lulh)® + Lea(ll]l + [[ull) + comax
< 2L, (J|2l* + flull®) + Lea(llzl] + [lul]) + comax, (30)

where the last inequality is due to Cauchy—Schwarz inequality. Thus, we can upper-bound (wi (i®))? for any
controller i® € P, for b=0,..., B — 1 as follows:

)

tp41—1 2 tpp1—1
WEOP =] 2 all @ @) £ 3 el @l @) - n)

t=tp t=tp
tb+171
< (b1 —to) Y Loy (2 @) + luf (O)7) + Lea(llf ()| + [1uf (@®)]]) + co.max)?
t=ty
tpy1—1
<5(tor —15) > (ALE (e @) + g @)1 + Ll G + g @)1) + 6§ max) (31)
t=ty

where the first and the third inequalities are due to Cauchy—Schwarz inequality.
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From , for tp, <t <tpp1 — 1, we have
oK ()12 < 20B(t — )Pl ()2 + 292w (32)
[l (@)1t < 8[B(E — t)]* g, () I* + 87 winaxs (33)
where the inequalities are by Cauchy-Schwarz inequality. Accordingly, we obtain that

tpy1—1

D e @O < 2H (b1 — to)llfy ()17 + 29w 0 (tor1 — to — 1) (34)

D e @Ot < 8H (tr — to)llzfy ()" + 87 Wi (torr — t — 1), (35)

where we use 3(-) < 1 to derive > ;2% "~ "B < ST Y[B(t)] = H(tysr — ty) for p > 1.
From , for tp, <t <tpy1 — 1, we have
g (@)1 < 2L2 [l ()% + 28 max (36)
g () 1* < 8Lz [l ()" + 875 mae (37)
where the inequalities are by Cauchy- Schwarz inequality. Now, we substitute ., ., ., ., and
tp41 — ty < 7 into the right-hand side of (31)) to upper-bound (wb (i%))? as follows:
(wiy (i%))? < 57[32L2) (1 + 8Lz ) H (o) [lfy (°)||* + 2L2(1 + 2L7) H () 1y (i) 1))+
5Tl)2 [32L21((1 + 8L?T)74w;4nax + ﬂ-é,max) + 2L32((1 + 2L3r)’y2w1?nax + 7T(2),max) + C%,max]
= My H (1) ||2f, (i°)||* + Mamp H (1) | (i°) | + M5y,
= MymyH (1) ||z, |* + MampH (73 )|, ||* + M5, (38)

where M3, My, M5 are constants determined by Lc1, Le2, Lz, 7, Wmax, T0,max, and ¢omax. The last equality

comes from zf (i%) = x4, for any i® € P,

Meanwhile, one can upper-bound both Zb o " H (1)@, |4 and Zb 0 U H ()|, |2 by successively applying
Lemma L and in the same fashion as presented in the proof of Lemma Since = 8(6 (10))* < 1,
by ([32) and l.i there exists Cq,Cy > 1 such that

Z_: mH (1) |21, || = O(BLF (L + L) *B(0)*Co]” ([loll* + o H (10,,))) + 87 e - O 7H (1))

b=0 b=0

B-1
> wH 1)z, * = O(2LF (1 + Lx)?B(0)*Co]” (o]l + 7oy H (T00,))) + 29 Wi - O H (10)).
b=0 b=0

Substituting the equalities into the summation of forb=0,...,B — 1 yields

B-1 B—1 B—-1
(wf(i"))? = exp(O(U))O(m, H(,, ) + O mH(m)) + O( . (39)
b=0 b=0 b:O

Notice that taking expectation of (wf (i®))? with respect to i,_1.0 does not affect the inequality. Finally,
Toy < Tp—1 and H(7,) = o(7p) completes the proof. O

Lemma D.7. In Algorithm[], for the best stabilizing controller i* € S, we have

B-1tp+1—1 Z* K(Z*)) B-1
Bipo Y 3 | IO ot )| < 0w) + 0CE ().
b=0

b=0 t=ty
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Proof. Since z} is generated by a stabilizing controller, we have

27l < B(E)zoll + Ywmax < B(O)[|oll + Ywmax
1% < 28(8)2[|zoll* + 27* wiax < 28(0)%[|lzol* + 27w}

max — max?’

where the inequalities are by Cauchy-Schwarz inequality and the non-increasing property of 8(-). Then, by
, , and , we have
cr(@f,up) < 2L, (27 1” + lwg1?) + Lea (27 1| + lug|]) + comax
< 2L, ((1+ 2L72r)||$;F H2 + 27T(2),max) + Lea((1 + L) ||z || + T0,max) + €0, max
< 4Lea(1+2L2)(8(0))?[|lzoll? + Lea(1 + L) B(0)[[zol| + 4Ler (1 + 2L7 )y wiax

+ L02(1 + L‘/r)’ywmax + 4L017T(%,max + Lc27TO,max + CO,max = M6~ (40)
In Algorithm [T} one can write
¢, (ap)® o + 0
< 1) 41
‘ (ap)se (ap)®® < awlzol| + (41)
x? ,B(t)H.’E()H +7wmax
< < B(0)||zoll + YwWmax, 42
|2 oL (O) o] (12)

where the equalities hold for the last inequalities of and when s, = 0.
By Assumption 2.2} for the best stabilizing controller i* € S and for ¢, <t < t41, we have

ﬁkt(xl’((i*),u’{(i*)) —eylap, )]
< ﬁ(Ld(max{nxf @), N I} -+ max{[uf @), lag 1) + Le2) (e (%) — 2 ]] + [l (@) = uf])
< ooy (Ber(1 o L) mase o () 5 1)+ o) + Lea) 1+ L)t () =
(Lt L) (Do (14 L) max{ ‘fzi(b()i:b) 7 ’ (oﬁ% s Lclﬁ(z;;n:;gj- Lc2) xf(((zb))s—b x
< (1+ L) (B(t — t) Lea (1 + L) max{ \fg,,(;;) ‘ <§f§5b f
4 La(l Lﬂ)'ywrrzz«b;fcﬂ&max + L02) Bt —ty) W
< La(1+ La)?B(t — t)? <H (jbt)bsb (Cffsb >2

L Le1 (14 L )YWmax + Le1To,max + Le2 +’ )
(o)
< La(l+ LW)Qﬁ(t - tb)Q((O‘b + B8(0)[[zoll + 6 + ’YwmaX)Q
+ (Ler(1 4 L) yWmax + Le1To,max + Le2) (1 + Lx) B(t — ty) ((cw + B(0))]|zol| + 6 + Ywmax)
< MrB(t— ) + MsfB(t — t), (43)

i

(cwp)®®

where M7 and Mg are constants determined by Lci, Lea, L, To,max; 3(0), 0,7, Wmax and maxpe(o,1,..,B-1} Q.
Notice that ap in Line [I4] of Algorithm [I]is upper-bounded by some constant by Lemma The second
inequality is by , the third inequality is due to Definition and by leveraging the same stabilizing
controller i* from ¢, for both trajectories X (i*) and x}, the fourth inequality uses xX (i*) = x,, and the

ty
fifth inequality is by and . By combining and , we have

A GIRTALGY) alaf ), uf (%) _ eop i) ool =1
(O[b)QSb (ab)2s,, (ab)QSb (Oéb)QSb ty e

— (@, up)| =
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1 sk e * * (ab)QSb -1 * *
< (Oéb)2sb |Ct(xtf{(7’ )5 UZK(Z )) - Ct(zzﬁut)‘ + Wct(xt ) ut)
_ M7B(t —ty)* + MsB(t — ty), if s, =0,

T | MzB(t — ty)* + MgB(t —ty) + Mg, if s, # 0.

Thus, one can conclude that

B-1tpy1—1 Z* K(Z*)) B-1
> Y [P )| < Ml X (e M H i~ 1)
b=0 t=tp b=0
B-1
=0(U)+0()_ H(m)), (44)
b=0
where the first inequality uses () < 1 to derive th“ "Bt —t))2 < i”*t; "Bt —ty)] = H(tysr —ty)
and the last equality uses tp41 — &, < 7, and Lemma |D.3] Taking expectatlon of . with respect to ip_1.0
completes the proof. O

Theorem D.8 (Restatement of Theorem. Regret Bound). In Algomthml suppose that = (B(Tg))2 <35
Then, the regret bound is as follows:

T
Eip_ 102615 Ti, u) — cp(af, ug)]
t=0
B-1 B-1
(Ul +1 N
o(ul) +0(Y" H(m) + QD N o 00O H(r)
us 2
b=0 b:0
Proof. By Lemma we have
T B—1ty+1—1 B—-1
Eip_ 1ozct Ty up) = Bip_ 102 Z co(er,ur) = Big 1:0 Zwb )]
t=0 -0 b=0
B-1
=Eiz 10 [EkNPb [U/l/)(k)]]
b=0
~ — L] biHt—
OWU+1)  mN =~ . (i)
= * 2 ZEib—lzo(wlf((Zb))z Eip_ 102 Z 525
"o b=0 1=0 b=bl
~ B-1
OoU+1 N
<UD N OW)O(rs 1 H (s 1) oY (n
Mo 2 b=0

B-1
+0(U) + O(Z H(m)+Ei, 1, th(m*,u*),
b=0 t=0
where the first inequality is due to Lemma [D.4] and and the last inequality is due to Lemma and
Using U < |U| completes the proof. O

Theorem D.9 (Restatement of Theorem [4.6] Regret bound with known |U]). In Algorithm [ let 7, =

(%)1/2 for every b > 0 with the constants z,v > 0 that satisfies 7o > 0 and 7 (B(10))% < 2\[ Also, let

2/3 3/2
no = O(%) When T > max{([v(luu‘w, N(U|+ 1)}, we have
T
Ein_vo Y _lee(we,ue) = enlaf,up)] = OT*PNYP (U] +1)1/%)) + o(1) exp(O(U])) + o(T),
t=0
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which implies that we achieve a sublinear regret bound. Moreover, when H(t) < O(3)_, 1) for allt > 1, we
have

E.;

1B—1:0

B

[ee(e, ur) — ce(af,up)] =[O(T*?) + O(T V2 exp(O(UI) N2 (U] + 1)1/°.

t

Il
=}

Proof. By the formulation of (7)p>0, we have

f N L R Y
B A — - 7 + —
)1/2 = )1/2 ’
= (N(u|+1)Y — = (N(u|+1))"
where we can further use non-decreasing property of (-)1/ 2 to arrive at
21/2 4 %}[(V(B _ 1) + 2)3/2 _ 2’3/2] B 21/2 + fOBfl(Vb_’_ z)l/zdb Lo
(N (| + 1))t/ - (N(ju| + 1))t/ -
Jy b+ 2)2db Z((vB +2)** - 237

+(B-1)=

< W +(B-1), (45)

thus we have B = O(T?3N'/3(|U| + 1)'/3) from the first inequality and T = O(B3/2N~1/2(|u| + 1)~1/?)
from the second inequality and 7' > N(|U/| + 1). Similarly, we can find the order of Zf;ol (15)? as follows:

(N(td] + 1))/

B-1 B-1 (vb+ z)1/2 2 B (b + 2) 2(vb + 2)1/2
b:O(Tb)2 < 2 {WJA] S/O [(N(|U|+1)) + I ESDLE +1]db
= Ol = O N+ 07 o

where the last equality is by B = O(T?/3N'/3(|u| + 1)'/3). We also have
(v(B—1)+2) 1/2 _ 1/2 a7—1 - -
= (L IOV 2 = O(BYANTY2 (U + 1)) = O(TYEN T3 (U 4+ 1) Y3). 47
o = (i ) = O (U] +1)712) = O (U +1)7). @)

Thus, we have

1
Olra-1H(r-1)) = of (7-1)%) = o(T**N2/3(ul| + 1)2%) = 213, (15)
0
where the first equality is due to Lemma With T > W’ we have
noN exp(O(U]))O(Tp-1H (15-1)) = o(1) exp(O(|U])) (49)
o(ul) = O(T*PN3(jul +1)'/?). (50)

With , , , and , we can apply Theorem to derive
T

Eipro 3 le(@,ue) = ci(af,uf)] = OTPNY (U] +1)V%) + o(1) exp(O(U])) + O H(m)).
t=0

w
L

o
I
=3

Applying 1' to O( f;ol H(7p,)) achieves a sublinear regret bound.

Moreover, when lim; o, H(t) < 0o, there exists a constant ¢; that upper-bounds H(t); i.e., H(t) < ¢ for all
t > 0. Then, we have

B-1
Y H(m) <@B=0(B)=O(T* N (U] +1)'7%). (51)
b=0
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Also, and can be modified to

1 H(tp-1) < 17p—1 = O(TY3N"V3(|u| +1)~/3),

N exp(O(U)O(Tp-1H (15-1)) = OT N3 (U] +1)%) - exp(O(U])). (52)
Similarly, when H(t) = O(3.'_, 1) for all ¢ > 1, we have

B-1

Y H(m) < BH(rp_1) = O(Blogrp_1) = O(T**N'3(|u| + 1)'/%), (53)

b=0

noN exp(O(U))))O(rp-1H(tp-1)) = O(T2NV3 (U] +1)1/?) - exp(O(U])). (54)
Using , , , and completes the proof. O

Small modification provides the regret bound for the intermediate step “Dynamic Batching” mentioned in
Appendix [A]
Corollary D.10. Consider “Dynamic Batching” strategy without adaptive learning rate, i.e. sp =0 for all

b=0,...,B—1in Algorithm[1] Let 1o,...,7p—1 and 1y be the same quantity with Theore. When

T> max{%, N(U|+1)}, the term o(1) exp(O(|U|)) in the regret bound of Theorem|D.9 s replaced

by o(T"/?) exp(O(|U))).

Proof. Since s, = 0 for all b, we need to modify Lemma Equation is modified to

lee(wf (%), uf (%)) — co(2}, )| < Lea(1+ La)?B(t = o) (la, | + 1|27, 1D + Let (1 + L )yt0max
+ Lermo.max + Lea (1 + L) B — t) (|24, [| + [l27, 1),

which incurs

tpp1—1

Yo el (1), uf (i) — eola, up)| < O(H(n)l|2e,|1*) + O(H ()|, |}) + O(H (7))

t=ty
Thus, it follows that

B—1tp+1—1

Yo > lal@f @), uf (") = e}, ui)| < exp(OUD)(lzoll” + [lzo]l) + exp(O(UI) H (T5-1)

b=0 t=tp
= exp(O(|U])) - o(T"?),

where the last equality is by the choice of 751 = O(B'/?) = O(T"/?) and applying Lemma This shows
that o(1) exp(O(|U])) in Theorem should be replaced by o(T"/3) exp(O(|U])) in the algorithm without
adaptive learning rate. O

E Regret Proof for Algorithm 2]

Theorem E.1 (Restatement of Theorem [4.10] Regret bound with unknown [U|). In Algorithm [3, let
Ty = ((Vb+z )Y/2 for every b > 0 with the constants z,v > 0 that satisfies 1o > 0 and = (5(70))2 < ﬁ Also,

3/2
let no = O(7z7y175) and y = 5. When T > max{W,N} we have
T
Eipvo ) lei(@,ue) — c(ef,uf)] = O(T*PNY (U] +1)V2) + o(1) exp(O(U)) (U] +1)/* + o(T),
t=0

which implies that we achieve a sublinear regret bound. Moreover, when H(t) < O(3\_, 1) for allt > 1, we

have
T

Eipro ) let(@r,ue) —cr(af,uf)] =[O(T°) + O(T %) exp(O(U)| N2 (| + 1)1/
t=0
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Proof. By the formulation of (7)p>0, as in , we can derive
B=O0(T**NY3) and T =O(B*?N~1/2)

when T" > N. We can also obtain
B—1
Z(Tb) =O(T**N=Y3) and O(rp_1H(t5_1)) = o(T?/*N~%/3)
b=0

similar to and . Now, define 79, := no(r + 1)¥ = nov/r + 1. Let B, denote the set of batches where
up=71; 0., B, ={0<b< B-—1, b€ Z; : up = r}. Then, one can write

N < 770N
5 Z ZWO,rEibfl:o(wlf((Z )) Z Z \/7]}311: 10(wb (,Lb))Q

r=0beB, r=0beB,
B 1
= VU +1-0(T23N¥3)[exp(O(U))O(m5_1H(T5_1)
b:O
< VU +1-[o(1) exp(O(U])) + O(T*/* N/, (55)

where the first equality holds by Lemma and the second inequality holds by U < |U/].

Recall the definition and the cardinality of L ={0 < b< B—1, b€ Z; : sp41 # spr and YV = {0 < b <
B-1,be Z+ sp # 0} in Lemma We focus on the mix loss and the mixability gap with the denominator
Nor; G.€., ——— log(Ekpr exp(— nbwl’,(k‘))) and Egp, [wy (k)] + #log(EkNm exp(—mwy(k))). Considering

that nzb stlll remains to be as in Algorlthml Lemma can be modified to

( )2sb

U [£] b+ —1 wk (i)
b
Eip_ 102 E exp( nbwb SZ Eip_ 102 Z 2sb’ (56)
r=0 beB,. r=0 0,7 1=0 p=bl

where pl. denotes the number of batches in B, N £. Similarly, considering that 7o, now depends on the value
of r, Lemma can be modified to

U
Eip_1.0 Z Z Ex~p, [wb(k>] (EkNPb eXp(—Ubwi(k’)))
r=0beB,
U
= Z E Z Z "o TEibfro (wg((ib))Zv (57)
2170 2 r=0beB, 7 4

where p? denotes the number of batches in B, N V. Now, our goal is to upper-bound ZT 0 770r

771027[’]:0% in and YU 170 = %Zgzo iTH in . It is straightforward to infer that
ph+ph 4+ +ph <2U +1 by Lemmaand (27), which also leads to pl + p! + - +pl < 2r +1
log(ab—&-m)_‘ by

—log 8(70)
1 _5
Lemma and , which also leads to p}y + -+ + p¥ < (2r — 1)[%1 for r = 1,...,U. Define

log(av+z7)

for r = 0,...,U. Similarly, we can infer that pf = 0 and p{ + --- + p};, < (2U — 1)

My :=]— Tog B(ro) | and consider the following maximization problems to get the upper bound.
U U p
[* = max v* = max
Plyyeesply g P sl ; vr+1
st ph<1 st p] < My
ph+pi <3 Py + p < 3My
po+p1+ -+ Py <20 +1, py+ s+ 4 pp < (2U —1)M,
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We can easily achieve an optimal point of each linear programming (LP) problem by the well-known

Karush-Kuhn-Tucker (KKT) conditions. There exist positive constants Ag, ..., Ay, &1,. .., ky such that
1 1 U U
1 — ... = Ar Ar el A 58
S Vot S u] (58)
U U
1 1 1
—_— = ... —]| = Ky Kr ... Kyl 59
% 7 il IS ) (59)

which yields \y = ky = )\T:m:#—ﬁ>Oforr:1,...,U—1, and)\ozl—%. Since

1
VU+1? Vr+1
every dual variable is positive, complementary slackness tells that there is no slack for every inequality at the

optimal solution. Thus, the optimal solutions are

,of):l7 pi:27 r=1,...,U.
pl):Mga p::2M97 7":2,...,U7

where the corresponding optimal objective values are

U
1
—1+ZW<1+W+2/ der:O( U+1)
U U
My 2My My  2M, / 1
=24y <2422 oM dr =O0(VU + 1),
TR S+l T V2B AR ( :

where we leverage the non-increasing property of ﬁ for the inequalities. Thus, we have both
U pllogN ~ U M -

77710 Yoo % = O(T?*3NY3(U + 1)Y/?) and nio Yo \/T% = O(T?3NY3(U +1)'/2). Combining ,

, and (57) with Lemma and U < |U], one can write

T

Eip_1.0 Z[ct<xt?ut) - Ct(l‘:?u:)]

t=0

B—-1
= O(T*BNY3(u| + 1)'/2) + o(1) exp(O(U]) (U] + 1)*/* + O(U]) + O _ H(m)
b=0

U:J
L

= O(T*P NP (U] +1)1/2) + o(1) exp(O(U|)) (U] + )1/2+0( H(m)),
b

Il
=)

/
Wm. Using shows a sublinear regret bound. When

H(t) <O, 1) forall t > 1, and are modified to

B—-1

S H(n) < O(BH(rp_1)) = O(T*/*NY/3),

b=0

Tp_1H(t5_1) < 718-10(log(t-1)) = O(Tl/SN—l/S),

N exp(O(U)))O(rp-1H (t5-1)) = O(T~/*N'?) - exp(O(|U])).

where the second equality holds when T >

Applying this equality to re-derive completes the proof. O

F Applications: Switched systems

So far, we have used the best stabilizing controller * € S for all time steps t = 0,...,T as the baseline
of regret. However, the proofs of the theorems stated above imply one can even use any set of controllers
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{i%i',...} C S as a baseline, where the controller is switched from i’ to i'*! whenever the cumulative weight
W (-) resets. This motivates the application of our DBAR algorithm to scenarios such as the switched systems
(Tousi et al., [2008; |Zhao et al., [2022)) for which the transition dynamics and the associated controller pool
may undergo changes, as well as the ballooning problem (Ghalme et al., |2021|) where the controller pool may
expand up to some finite set. We propose Algorithm [3] the switching version of DBAR, which resets the
weight whenever the system is faced with a finite number of O(U) switches. Here, we consider the regret
with switching costs where the unit cost d > 1 is additionally incurred when the controller is switched; i.e.,
dzz;l T(i,+i,_,) done in |Altschuler & Talwar| (2018) and |Arora et al.| (2019).

For an event A, Z 4y denotes an indicator function, where Z 4y = 1 if an event A occurs and Z( 4y = 0 otherwise.
Pr(A) denotes the probability of an event A. Let z} and u} denote the state and action sequence generated
by our set of best stabilizing controllers {ij, . .. ,if ﬂ\} C S. We consider a regret with switching cost where the

unit switching cost is d > 1; i.e., E;,_,., [ZtTZO[ct(xt, ug) — e (zh, up)] +d Zf;ll Ly tiy_1) — dZiill I(i#i;_l)]

Algorithm |3| can easily be generalized to the situation where we have O(U) number of system switches or
controller pool switches. In fact, we can simply add ifﬁ|+1’ ceey im+O(U) € S to the set of best stabilizing
controllers {i, . .. yijg} €8, where [£] = O(U) by Lemma Thus, it suffices to derive the regret bound
of Algorithm [3] even in the context of general switched systems or ballooning problem. We first provide a

useful lemma to construct a regret bound.

Algorithm 3 DBAR-switching
// Modification: Use this IF-ELSE Statement to select the current policy in Line [2| in Algorithm
if b>0and sy =s,_1 and P, =P, then
exp(=mWs (ip—1))
exp(—np—1Wp—1(ip—1
exp (=1 Ws (ib—1))
exp(—np—1Wo—1(i6—1)) "

Pick i, = 11 with probability

0k Sample 45 from a distribution p, with

probability 1 —
else

Sample i, from a distribution p,. Terminate the algorithm if P, is empty.
end if

Lemma F.1. In Algorz'thm let T, = (%)1/2 for every b > 0 with the constants z,v > 0 that satisfies

o exr 3/2
70 > 0 and %(5(7'0))2 < ﬁ When T > ¢ (Bv(lifﬁ_(l'%‘l)/)g , we have

oy

-1
Eitho I(ib;'éib—l) = O(|Z/[|) =+ O(UONT)'
1

S
Il

Proof. For all b =1,..., B — 1 such that s, = sy_1, given iy_1, ..., 7, we have

exp (=W (iv—1)) exp(—np—1 Wi (iv-1))

Pr(iy £ ip1) <1— V) :
i 7 1) < e Wyt (1)) = & exp(=1ly1Wo—1(io1))
=1 —exp(—m-1wp_;(ip-1)) < 1 — exp(=now,_; (ip-1))
) Wp—1(ip—1)
< now)_ (ip_1) = o =tio=1) 60
< mowy_1(ip—1) = 1o o1 (s 1) (60)

where the second inequality is because n, = 1m,—1 when s, = sp_1, the third inequality uses ny > 7, for all
b > 0, and the last inequality uses 1 4+ 2 < e® for all x € R. Now, given a set of controllers i® € P, for

b=0,...,B—1, we can upper-bound 25;02 wy(i%) by tpy1 — ty < 7 as follows:
B-2 B—2tp4+1—1 B—2tp+1—1
wy(i®) =" Y elwnu) <D 2Le, (el + luell?) + Lea(llell + uell) + co.max
b=0 b=0 t=tp b=0 t=tp
B—-2tp+1—1
< 2L, ((1 + 2L72r)||$t||2 + 2Wg,max) + Lea((1+ Lﬂ)llxt” + 7TO,maX) =+ €o,max
b=0 t=tp
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B—
< Le, (14 2L2) H (7 )l|we, ||* + Lea(1 + L) H (1) |20, | + 76[4Le, 76 max + Le20,max + €0,max]

= B-2 B—2
= O(exp(O(U))H (15,))) + 0> H(m)) + O ), (61)
b=0 b=0

where the first inequality is due to , the second inequality is by (12)) and . the third inequality is
due to using (-) < 1 to derive Zt”“* b[ O < S [B()] = H(tb+1 —tp), and the last equality can be

3/2
derived in the same fashion with . With 7 > @eapOUUDIT" "o ohtain by that

(N(M+1))t/2
B-2 B-2
O(exp(O(U)H (7)) + 0> H(m)) + O(Y_ m) < O(T). (62)
b=0 b=0
Thus, one can write
- B-1 B-1
Eis_vo Y Livtin) = O BinoZiinzin-) = Y Bir_10Bi[Liinin_y) | ib—1:0]

b=1 b=1

B-1
= Z Ei, 1.0 Pr(iy # tp—1 | tb—1.0)

b=1
B—1
= Ei, ..o [Pr(ss = Sp—1,Po = Po—1 | tp—1.0)Pr(ip # ip—1 | 56 = s6—1, Py = Po—1,tb—1:0)
b—1
+ Pr(sy # sp—1 or Py # Po—1 | iv—1:0)Pr(ip # ib—1 | Sp # Sp—1 or Py # Po—1,p—1:0)]
B—1
=|L]+U + Z Eiy_1o[PT(s6 = sp—1,Pp = Po1 | ip—1.0)Pr(ip # iv—1 | 86 = sp—1,Pp = Pp—1,i6-1:0)
b—1
B-1
LI+ U+ Eiy o Priis # o1 | 5= s5-1,Ps = Po_1,ip-1:0)
b=1
3 w1 (i)
<lc+U+ S E Dottt
| | ; b— 10770 1(%_1)

B—-1
wy—1(tp—1) | .
LI+U+ > iy, B {zb_:
| | £ b—2:0"ib—1 nopfl(lb—l) ‘ 2:0

B—1
w
=1L+ U+ Y moBi, oy D, pooalin- 1) bo1(ib-1)

b=1 ip—1E€EPy—1 l(lb_l)
B-1

<L U+ Y moNE, w0 (63)
b=1

for the controller *~! = argmax;ep, , wp_1(i). The first equality is because ig_1,...,ip41 does not affect

on L, 2i, 1) and the second inequality is by . Taking expectation of with respect to i,_1.0 and
applying it to (63)) yields

B—1
]EiBflz(J Z I(ib#ib—l) = |‘C| +U+ O(UONT)
b=1
by (62). Using |£| = O(U) in Lemma [D.3and U < | completes the proof. O

Algorithm [3| uses the same distribution with Algorithm [I|if 6 = 0 or sp # sp_1 or Py # Pp_1. It turns out
that even if s, = sp_1 and P, = Pp_1, the distribution of policy from Algorithm [I| and [3| are indeed the same,
which is motivated by |[Anava et al.|(2015). For the sake of completeness, we state the lemma in this paper.

35



Published in Transactions on Machine Learning Research (05/2025)

Lemma F.2. Let p, and Py, denote the distribution of policy at batch b= 0,..., B—1 resulting from Algorithm
and[3, respectively. Then, p and p are the same distribution.

Proof. For b =0, po(k) = po(k) = % forall k € Py. Forallb=1,...,B—1 such that s, # sp_1 or Py # Pp_1,
it holds that py = pp. Thus, it suffices to prove the induction step for b=1,..., B — 1 such that s, = s5_1
and Py = Py_1. Define Y} := Zkem exp(—mWy(k)) and suppose that p,—1 = pp—1. Thus, we have

exp(—mWhp (1
))+pb(k)-Z(1— p(=mWs (7))

exp(—mWsy(k))
k et exp(—np—1Wp—1(7))
)
k

)
exp(—my—1 Wh_1(
)
(

po(k) = po-1(k) - ( ) - Po—1(7)
exp(—m Wi (k 3 (k) - Z (1— exp(—mWs(1)) o

=Pk exp(—np-1Ws_1 = exp(—np—1Wy-1(i))
_exp(=mpaWor(k))  exp(=nWs(k))
Yp—1 exp(—np—1Ws-1(k))
exp(—nWs (k) __exp(=mWe(i) | exp(=mp-1Wo—1(K))
* Y, i;;,,(l exp(—np—1Wy—1(4)) ) Y1
_exp(—mWy (k)  exp(=mWs(k)) <~ exp(=m-1Wi—1(i)) — exp(—mWs(7))
ST Y. W ; Yot
_exp(—=mWs(k))  exp(=mWs(k)) Yo—1 =Y, _ exp(—=mWs(k)) Yo—1 _
S e A S (S (A

where the first equality is due to the law of total probability, the second equality is due to the induction
hypothesis, and the fifth equality is by P, = P,—1. Notice that s, = sp—1 yields n, = mp—1 and Wy(k) >

Wy_1(k), and thus 0 < exg?_p E;”;%ZE’CI)&C)) < 1; i.e., the probability distribution is properly defined for every

batch. This completes the proof. O
Theorem F.3 (Regret with switching costs bound with known |[U[). In Algorz'thm let 7, = (»N((VIZT‘T‘)U Y1/2
for every b > 0 with the constants z,v > 0 that satisfies 19 > 0 and %(B(Tg))2 < ﬁ Also, let ng =

2/3 o(Dexn(O 3/2 3/2
O(%). When T > max{( (Bv(fu(|+<1|lf)‘l))§ , (N(‘IZ{/{llHl;i)l/Z ,N(U| + 1)d}, we have

T B—1 |£]
Eig 1.0 [Z[Ct(xt’ut) - C%.’L‘;u;)] +d Z I(ib?éib—l) o dZI(1§¢121)1
=1

t=0 b=1

= O(T*BNY3(Ju| +1)/3d"/3) + o(T),
which implies that we achieve a sublinear regret bound. Moreover, when lim;_, ., H(t) < oo and T >

- 3/2
max{ S2EH, i N (Ul + D}, we have

T B-1 ||
EiB—l:O [Z[Ct($t7 Ut) - Ct(l'g, UQ)] +d Z I(ib?éib—l) - dZI(i;;ﬁiLI) = O(T2/3N1/3(|Z’{| + 1)1/3d1/3)'

t=0 b=1 =1

Proof. The distribution of policy is the same for Algorithm [T and [3] by Lemma Thus, we can use Theorem
[D.8l with Lemma [F-1] to achieve

T B-1 |£]
Eis 10 Z[ct(xt,ut) - Ct(ﬂ»“i)] +d Z I(ib?éib—l) - dZI(i#i;_l)]
t=0 b=1 =1
~ B-1
< QLR L 0 fexp (O () Olrn-1 (1)) + OL Y ()]
b=0
B-1
+0(>_ H(m)) + O(dU]) + O(dnoNT), (64)
b=0
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since d > 1 and Zlel Lii#i_ ) = 0. Notice that (Tp)p>0 is the same for Algorithm |1 and Accordingly, we
still have B = O(T2/3N/3(|u| 4+ 1)'/3) by (45) and T > N(jU| + 1)d > N(|| + 1). We also still have

1 o(u)?3’? upP’?d
and . Thus, with T' > (O(&\??fiqun‘l)/)g and T > (N(‘IUNW’ we obtain that

noN exp(O(U)))O(rp-1H(75-1)) = o(d~*) exp(O(U])) = O(T**N3(|u| + 1)"/2d~1/?).
O(dU]) = O(T*PNY3(u| + 1)'/34"/?).

Also, with T' > N(|U| + 1)d, we have
O(dnoNT) = O(T*PNY3(|u| + 1)"/3d"/?).

Combining all the above equalities with , one can write

T B-1 [£]
Eip v | D lee(me,u) — co(@hup)l +d Y T,y —d Y i)
t=0 b=1 =1

B-1
= O(T*ANY3(ju| + 1)'/3d %) + O H(m,)
b=0

Using shows a sublinear regret bound. When lim;_, o, H(t) < oo, is modified to
noN exp(O(U))O(rp-1 H(rp-1)) = O(T**N'3 (| +1)/2d"/?),

only with T" > mgﬁ#. This completes the proof. O

G Numerical Experiment Details

In the two following subsections, we will present experiment details on linear and nonlinear systems, respectively.
Since our Algorithm [T only hinges on the system state norm as a context, we can avoid computational burden;
thus, Apple M1 Chip with 8-Core CPU is sufficient for the experiments. The error bars (shaded area) in
all the figures in the paper report 95% confidence intervals based on the standard error. We calculate the
standard error by randomly sampling 100 seeds to consider the variability of our experimental results. The
first factor of variability is the randomness of selecting the policy determined by the probability calculated
in Algorithm [I] The second factor is the randomness of adversarial disturbances stated in each experiment.
For example, sinusoidal noise does not involve any randomness but the uniform random walk contains the
randomness in the difference between two consecutive noises.

G.1 Experiments for the Linear system

In this subsection, we introduce the implementation details and present more experiments on the linear
system @ discussed in Example 1 of Section [5l The random matrices A*, B* € R!°X10 generated by seed 42
is as follows:

[—-0.250  0.901 0.463  0.197 —0.687 —0.688 —0.883 0.732 0.202  0.416 |
—0.958 0939 0.664 -0.575 -0.636 —0.633 —0.391 0.049 —-0.136 —-0.417
0.223 —-0.721 -0.415 -0.267 —-0.087 0.570 —-0.600 0.028  0.184 —0.907
0.215 —0.658 —0.869 0.897  0.931 0.616 —0.390 —-0.804 0.368 —0.119
-0.755 —-0.009 -0.931 0818 0482 0325 -0.376 0.040 0.093 —0.630
0.939 0.550 0.878  0.789  0.195 0.843 —0.823 —0.608 —0.909 —0.349]|"
—-0.222 —-0.457 0.657 —0.286 —0.438 0.085 —0.718 0.604 —0.850 0.973
0.544 —-0.602 —-0.988 0.630 0.413 0458 0.542 —-0.851 —-0.283 —0.768
0.726  0.246 —0.338 —-0.872 —-0.378 —0.349 0.459 0.275 0.774  —0.055
|—0.760 0.426  0.521 0.122  0.541 -0.012 0.045 —0.144 -0.949 —0.734|

A =
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[-0.937 0272 -0.371 0.017 0815 —0.501 —0.179 0.511 —0.542 —0.846]
—0.420 -0.677 0.859 0.616  0.266  0.742 0.607 —0.626 0.785 0.078
0.614  0.792 -0.363 —-0.779 —-0.544 -0.145 0.636 0.721 —0.986 0.021
—0.166 —0.555 —0.760 —-0.324 0.885 —0.353 0.037 0.406 —0.272 0.943
0.924 —-0.496 —-0.005 —-0.398 —-0.430 —-0.926 0.219  0.006 —0.897 —0.442
0.816 —0.520 —-0.710 —-0.021 0.971 —-0.515 0.344  0.523 —0.524 0.456
-0.264 0.264 0.267 0.071 -0.819 0.670 —0.358 -0.626 —0.918 0.181
0.355 —0.966 0.024 —-0.547 0.290 —-0.651 0.381 —0.226 0.873 —0.724
—-0.317 —-0.773 0.849 0.7564 —-0.484 0.319 0.634 0.110 0.069 —0.516
|—0.813 0.794  0.800  0.266 —0.321 —0.301 0.451 0.794  0.774  0.559 |

B* =

The generated K* which renders the absolute values of all eigenvalues of A* + B*K* less than 0.8 is

[ —40.748 12262  —39.303 —4.808 —8.199 —20.971 16.954 17.300 61.898 —4.465 |
31.536  —10.692  27.743 3.956 6.884 15973 —12.235 —13.553 —45.862 3.885
—142.210 43.435 —137.480 —-17.793 —28.937 -—73.009 61.443  60.575 218.313 —15.583
93.148  —-30.162  88.110 11.829 19.573  48.086 —39.686 —40.256 —141.263 10.178
—64.436  18.536  —63.263 —8.220 —12.714 —-32.839 28.580 27.373 98.987 —7.165
—67.582  21.285  —63.397 —7.021 —13.663 —33.861 27.655 28.119 100.042  —8.308
101.088  —32.099  95.308 12.523  21.119 01.371  —41.699 —42.555 —152.249 12.494
—94.335 29944 87537 —10.944 -—19.780 —47.585 38.049 = 39.530 139.826  —10.609
20.847 —6.058 20.699 2.767 3.727 10.752  —-10.122 —8.425 —32.410 2.621

6.452 —1.620 5.426 0.085 0.618 2.488 —2.083 —2.061 —8.201 1.019 |

K* =

We construct a controller pool by selecting each entry from K* and multiplying it by 1.1. Among 101
controllers including K*, 43 controllers are stabilizing controllers, and the others are destabilizing controllers.
We consider three different noises for the experiments. To perform a fair comparison, the bounding constant
Wmax 1S set to 1.

(a) Sanity check: Gaussian noise with mean 0.3 and standard deviation 0.1, truncated to[—0.4, 1]

(b) Sinusoidal noise w; = [sin(i) , sin(L”/ ® 15

o1 117
(¢) Uniform random walk, where wy = Uniform 121 + 2 B
A, e o = 37373 3T
9 9 110
and w; — wy_1 follows Uniform[ ~ a7 3T} ,

where T is time horizon. One can easily see that for uniform random walk, |wy| < 1 for any T. Notice that
we use statistical (Gaussian) noise for the sanity check, and the rest are the adversarial disturbances.

We perform the ablation study of Algorithm [1}, which means that we consider four scenarios: (fixed, dynamic)
batch length and (fixed, adaptive) learning rate. For all the experiments implementing the algorithm, we use
T = 1200, 19 = 0.025,7 = 2.5, a9 = 1.01, and zg = [100, 200]’ ® 15. For the dynamic batch length, we consider
To =7 and 7, = [7 - (2532)%5]. It is well known that every (asymptotically) stabilizing controller in the
linear system is indeed exponentially stabilizing controller (Khalil, 2015). Hence, we use 8(t) = 0.99¢ without
relaxing the assumptions on stabilizing controllers. Finally, we use § = % Since the sinusoidal noise
case is already presented in Figure [2] we only present truncated Gaussian noise case and uniform random
walk case here.

In Figures 2] [6] and [7, we observe that each component of DBAR, a dynamic batch length and an adaptive
learning rate, jointly improves both the stability and the regret regardless of the noise form. For example, a
dynamic batch length delays the time that large state norms occur during learning, but does not necessarily
stabilize that state norm by itself (see Figures and . However, when applied together with an
adaptive learning rate, a potential multiplicative exponential term is mitigated (see Remark and the
state norm is thus stabilized. This can be observed in Figures [2(d)} [6(d)} and [7(d)| when comparing fixed
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Figure 6: The stability and the regret in the linear system under truncated Gaussian noise. Ablation study
of the algorithm is presented.
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Figure 7: The stability and the regret in the linear system under Uniform random walk. Ablation study of
the algorithm is presented.

and dynamic batch lengths under an adaptive learning rate. This results from using a non-decreasing batch
length where the increasing ratio between two consecutive batch lengths is determined to converge to 1 (see
Assumption . On the other hand, an adaptive learning rate effectively lowers the state norm at the time
that large state norms occur without delay, since the learning rate adaptively decreases whenever the agent
faces large state norm. This can be seen in |2(c)| [6(c), and [7(c)], the ablation study about the comparison
between fixed and adaptive learning rates under a dynamic batch length. Thus, DBAR effectively stabilizes
the state norm below ywmax and minimizes the regret, where the two components support each other.

G.2 Experiments for the Nonlinear system

In this subsection, we introduce the implementation details and present more experiments on the nonlinear
ball-beam system introduced in Example 2 of Section [f] To study this continuous-time nonlinear system,
we first derive the first-order state representation of the leader system @ with the states (y1,y2,ys3,ys) =
(z,%,—9.81B6, —9.81B6) € R* and the action v = —9.81Bu,:

2
. . . Y3 Y1Ya : :

= 1o, =9.81B ( )+ + 3w, = Y4, =7,
Y1 ="Y2, U2 sin 98L5 B(9.81)2 W, Y3 ="Y4, Ysa =V

where w, is a sinusoidal noise sin(%) and wmax = 1. A nested saturating control policy is known to

successfully stabilize the leader ball-beam system if the correct parameters are given, but it does not
necessarily exponentially stabilize the system (Barbu et al) [1997). This necessitates our approach of
extending the notion of stabilizing controllers beyond exponential assumptions. In this experiment, we aim
to learn the parameters of the best stabilizing controller. We choose a nested saturating control policy v’
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determined by three positive parameters (p, k1, k2):

; p1r=p, P :B D :E V% ZE

1+y%+y%’ 1 ) 2 67 3 62’ 4 63’
z1=y1+kiye +kiys +ya, 2o =y2+kays+ys, 23 =y3+Ys, 2a=1ya,
v = 0p4(z4 + Ops (23 + Opy (22 + Opq (21))))7

€ =

where 0,(%) is the saturating function defined as p if z > p, —p if z < —p, and z if |z| < p. We consider the
controller pool

V' = {v :pe{2,16,30,44,58,72,86,100}, k1 € {2,2.5,3,3.5,4,4.5,5,5.5,6,6.5},
ks € {1,1.5,2,2.5,3,3.5,4,4.5,5,5.5}},

which has a total of 800 controllers. Moreover, the follower systems are formulated by generating A, A in
as random matrices, where each entry is independently sampled from Unif[0, 1]. For the action u, of the
follower systems, we consider a linear policy as in Example 1. Then, the action is parameterized by u, = K, z,
where K, € R%%9  We let K, be a multiple of identity matrix, and the diagonal entry is selected from the
pool {—45,—-47.5, —50, —52.5, —55, —60, — 70, —80, —90, —100}. Thus, considering the actions of both leader
and followers, the controller pool contains 8000 controllers. Among them, we do not know if each controller
stabilizes the system.

For simplicity, we perform forward-Euler discretization on the system with a sampling time 0.01. The resulting
discrete-time states and actions are denoted by [y, 2] and [vf, v!] at t*" sampling time. We use the cost
function ¢, (y*, 2%, v, vt) = [ly*]1* + ||2*]1* + [|[vL||* + [[vL]|* to stabilize the ball position and the beam angle
towards 0. We again perform the ablation study of Algorithm [I] For the experiments implementing the
algorithm, we use T' = 5000, 179 = 0.25,7 = 1.5, g = 1.01, 3° = [-32,24,5.6,24], and 2° = [10,10,...] € R%.

For the dynamic batch length, we consider 7o = 9 and 7, = [7o - (4:42)0-°7.

Unlike the choice of 5(t) in Section we select the stabilizing controller only to satisfy (asymptotic) ISS
in Definition [2.3] instead of exponential ISS. To deeply study this notion, we consider different polynomially
decreasing series (which is not exponentially decreasing) to be the candidates for 3(t):

Bi(t) = min{tll&, 1}, Ba(t) = min{tigs’ 1}'

Figures [3(b)l [3(c)l4(b)} and 4(c)| show the stability and regret analysis of the system under 8(t) and 5(t).
In our experiment, there are 3400 controllers out of 8000 controllers that induces the system to explode,
starting from the initial state. However, there exist far more destabilizing controllers within this pool, since
most of 5600 controllers are only locally stabilizing controllers, meaning that the system is stabilized only at
some initial states. With only few stabilizing controllers in the pool, Figures and illustrate that
a dynamic batch length by itself still suffers from a multiplicative exponential term regarding a series of
destabilizing controllers. However, for both £ (t) and fa(t), even though H(t) and O(Y!_, 1) are close, one
can observe from Figures|3(b)l [3(c)l4(b)l and [4(c)| that the combination of the two components of DBAR
effectively resolves this malignant term and the resulting closed-loop system enjoys both asymptotic system
stability and the improved regret (see Table [1).
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