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ABSTRACT

Most algorithms in reinforcement learning (RL) require that the objective is for-
malised with a Markovian reward function. However, it is well-known that certain
tasks cannot be expressed by means of an objective in the Markov rewards formal-
ism, motivating the study of alternative objective-specification formalisms in RL
such as Linear Temporal Logic and Multi-Objective Reinforcement Learning. To
date, there has not yet been any thorough analysis of how these formalisms relate
to each other in terms of their expressivity. We fill this gap in the existing literature
by providing a comprehensive comparison of 17 salient objective-specification
formalisms. We place these formalisms in a preorder based on their expressive
power, and present this preorder as a Hasse diagram. We find a variety of limita-
tions for the different formalisms, and argue that no formalism is both dominantly
expressive and straightforward to optimise with current techniques. For example,
we prove that each of Regularised RL, (Outer) Nonlinear Markov Rewards, Reward
Machines, Linear Temporal Logic, and Limit Average Rewards can express a
task that the others cannot. The significance of our results is twofold. First, we
identify important expressivity limitations to consider when specifying objectives
for policy optimization. Second, our results highlight the need for future research
which adapts reward learning to work with a greater variety of formalisms, since
many existing reward learning methods assume that the desired objective takes a
Markovian form. Our work contributes towards a more cohesive understanding of
the costs and benefits of different RL objective-specification formalisms.

1 INTRODUCTION

There are many ways of specifying objectives in Reinforcement Learning (RL). The most common
method is to maximise the expected time-discounted sum of scalar Markovian rewards While this
method has achieved wide-ranging success, recent work has identified practical objectives that cannot
be specified using standard Markov rewards (Skalse & Abate (2023); Abel et al.|(2022); Bowling et al.
(2022))). Numerous other formalisms have been proposed and utilised for specifying objectives in
practice, including Multi-Objective RL (Hayes et al.|(2022)); Roijers et al.| (2013); (Coello Coello et al.
(2002)), Maximum Entropy RL (Hazan et al.[(2019); Mutti et al.[(2023); |Ziebart et al.[(2008))), Linear
Temporal Logic (Littman et al.|(2017); |[Lahijanian et al.| (2011); Ding et al.| (2011))), and Reward
Machines (Icarte et al.|(2018); Toro Icarte et al.|(2022);|Camacho et al.|(2019)). Additionally, there
are various abstract formalisms (such as arbitrary functions from trajectories to the real numbers),
which are generally intractable to optimise but which capture intuitive classes of objectives.

In this paper, we comprehensively compare the expressivities of 17 formalisms, which are listed and
defined in Table[I] We say that a formalism A can express another formalism B if in all environments,
A can express all objectives that B can express. We formalise this notion in Section 2] Our main
results are summarised in Figure[T} a Hasse diagram displaying the relative expressivities of all the
formalisms we consider. We find that in many cases, there is no simple answer to the question of
which of two formalisms is preferable to use for policy optimisation in practice because each can

'A reward function is Markovian if it depends only on the most recent transition.



express objectives that the other cannot. While there are formalisms at the top of our diagram that
can express every formalism below them, we suspect that none of these are tractable to optimise in
general. Therefore, we advise RL practitioners to familiarise themselves with a variety of formalisms
and think carefully about which to select depending on the desired use case. Our analysis describes
some of the strengths and limitations of each formalism, which can be used to inform this selection.

Our results are relevant not only for policy optimisation but also for reward learning. Reward learning
is often used when it is difficult to hardcode a reward function for a task but easy to evaluate attempts
at that task. For instance, (Christiano et al.| (2017))) train a reward model which incentivises an RL
agent to do backflips in a simulated environment. Notably, the structure of reward models in many
prior works have implicitly assumed that the desired task is expressible with Markov rewards, since
reward models output real numbers given a transition as input (Christiano et al., [2017; |Hadfield-
Menell et al., 20165 Skalse et al.,[2023)). Our findings highlight the limitations of Markov rewards
and the importance of advancing reward learning methods for the other formalisms we discuss.

In Section 2| we briefly introduce core concepts from RL relevant to our paper, make the nature of
our formalism comparisons precise, and define the objective-specification formalisms that we are
comparing in this work. We provide our primary results in Section 3] These are summarised in
Figure|l] a Hasse diagram that depicts all the expressivity relationships among the formalisms. We
also present many of the theorems and propositions on which the diagram is based; the remaining
statements and all proofs are found in Appendix [B] In Section[d] we discuss the implications of our
findings in the context of prior research, along with limitations and directions for future work.

2 PRELIMINARIES

2.1 BASIC DEFINITIONS

Many of the concepts in this paper are derived from the study of Markov Decision Processes (MDPs)
(Sutton & Barto| (2018)). An MDP is a 6-tuple (S, A4, 7,Z,R,v) where S is a set of states, A is
a set of actions, 7 : S x A — AS is a transition function and Z € AS is the initial distribution
over states. In this work, we assume S and A are finite and only consider stochastic stationary
policies m : S — AA, solutions to the MDP which stochastically output an action in any stateE] A
(rewardless) trajectory is an infinite sequence £ = (sg, ag, S1,a1,---) such thata; € A, s; € S for
all ¢, where sg ~ Z, ag ~ 7(s9), s1 ~ T (0, ap) and so on; we denote the set of (infinite) trajectories
asE =38 x (A x §)¥. The reward function R : § x A x S — R gives a reward at each time step
re = R(s¢, at, S141), and v € [0, 1) gives a discount factor.

oo
The return of a trajectory & for R and v is G (&) = Y 7"R(ss, ar, si+1) and the expected return
=0

of a policy is taken over trajectories sampled using the environment and the policy: J§ url(™) =

Eenr,7.2[G(8)]-

Since we consider various ways to define an objective, we separate our decision process into an
environment and an objective specification.

Definition 2.1 (E, IT¥, Envs). We refer to the 4-tuple (S,.A, T, Z) as the environment and denote
it . We denote the set of finite environments as Envsﬂ A given environment determines the
stationary-policy space IT¥ = {7 | 7: S — A(A)}.

Using a Markovian Reward R and geometric discounting factor 7 is one way to specify an objective.
However, in this work we want to compare and contrast ways to specify objectives. To do this, we
introduce the notion of an objective specification.

Definition 2.2 (O, = 5). Given an environment E, an objective specification is a tuple O that allows

us to rank policies in IT¥. Formally, O defines = & a total preorder over IT1¥. Total preorders are
transitive and strongly connected.

*We assume that the state and action spaces are finite and only consider stationary policies in order to make
our findings more relevant to common RL algorithms. For example, Q-learning only has a convergence guarantee
for finite state and action spaces and only considers stationary policies.

We can formally define Enwvs, the set of environments as Envs = {(S,AT,7) |
S, A are any two finite sets, T : S x A — AS,Z € A(S)}.



Definition 2.3. (MR, O/g, = g) For environment FE, an objective specification in the Markovian
reward formalism is a pair Oprp = (R,y) withR : § x A x S — Rand v € [0, 1). The ordering
over I1¥ induced by Oy, is given by: m; = 5MR7r2 = Jir)(m1) = Jir ) (T2).

To compare different objective-specification formalisms, it will be important to consider the set of
policy orderings possible in a given formalism. Since the set of valid objective specifications and
orderings depends on the environment, we define a function Ord.

Definition 2.4 (Objective specification formalism X, Ordx and Ordysr). An objective-specification
formalism X is valid if it defines a function from environments to orderings over policies in that
environment. Given an objective-specification formalism X, we denote the set of possible orderings
for a given environment as Ordx (E) where Ordx (E) C P(I1¥ xI1¥). For example, Ordyr(E) =
{8, |R:SxAxS—Randvy€0,1)}.

OmR

Finally, we define a partial order expressivity relation over objective specification formalisms.

Definition 2.5 ( = ExPr). . We define an order over objective specification formalisms >~ EXPR.
For any two objective specification formalisms X and Y, X > gxprY if and only if X can express
all policy orderings that Y can express, in all environments. Formally:

X » ExpPrRY <= VE € Envs, Ordx(E) 2 Ordy (E)

Note that > rx PR is reflexive and transitive.

Like|Abel et al.|(2022) and |Skalse & Abate|(2023)), we focus on the ability of formalisms to express
policy orderings, as opposed to alternatives such as their ability to induce a desired optimal policy.
One key reason we define expressivity in this way is that it is sometimes infeasible to train an agent
to find an optimal policy in practice; in such cases, an objective specification is more likely to provide
an effective training signal if it expresses a desired policy ordering than if it merely induces a desired
optimal policy. We motivate the choice to focus on policy orderings further in Appendix

2.2 FORMALISM DEFINITIONS

In Table[I]} we present the definitions of all the formalisms we consider in this work. These definitions
are supplemented with a few additional details in Section[2.2.1] Past work related to many of these
formalisms is discussed in Section[d For formalisms which have ambiguous or varying definitions
in past literature, we attempt to select the definitions that best allow for meaningful expressivity
comparisons. In some cases, the appeal of these formalisms also becomes clearer in the context of
our results and proofs.

In Appendix[A.2] we argue that objective specifications in all of the formalisms in Table [I]induce
total preorders on the set of policies.

2.2.1 ADDITIONAL MACHINERY

Here, we provide a few additional definitions that the formalisms in Table[I]depend upon. The first is
for Linear Temporal Logic (LTL) formulas, which are required for specifying objectives with the
LTL formalism.

Definition 2.6. Linear Temporal Logic Formula. An LTL formula is built up from a set of atomic
propositions; the logic connectives: negation (—), disjunction (V), conjunction (A) and material
implication (—); and the temporal modal operators: next (0)), always (CJ), eventually (<) and until
(U). We take the set of atomic propositions to be S x A x S, the set of transitions. An LTL formula
 is either true or false for a trajectory £ € £ = S x (A x §)¥; we say p(£) = 1 if the formula
evaluates to true in £ and ¢(&) = 0 if the formula evaluates to false (Littman et al.| (2017);|Manna &
Pnueli| (1992); Baier & Katoen| (2008))).

*The definitions in Section use detailed indexing to clearly convey that some symbols correspond to
specific environments and / or objective specifications. In other sections (particularly Appendix[B), we often
drop these indices when the meaning of the symbols is evident.



(PO)

Formalism Name Objective Types and definitions Policy ordering method.
Tuple For scalar J functions, 7m1 > gﬂ'g <~ J(mwy1) > J(72)
oo
Markov Rewards (R,~) R:SXAXS—>R J(m) = E¢ { > P R(st, at, st+1)J
(MR) v €[0,1) t=0
N—1
Limit Average (R) R:SXAXS =R J(m) := lim {%Eg { > R(st,at,s¢41)
Reward (LAR) N—roo T Lt=0
Linear Temporal () @ : & — {0, 1} is an LTL formula J(m) = E¢ [¢(8)]
Logic (LTL) (See Deﬁnilion@
oo
Reward Machines (U, ug, 0y, U is a finite set of machine states J(m) = E¢ { > A Ri(se, at, st+1)J , where
(RM) SR,Y) ug € U is the start state t=0
5y :UXSXAxS — Uisatransition | Rt = SR (ut, usy1)
function for machine states
R :UXU—=>[SXxAXS — Risa
transition function that outputs a reward
function given a machine transition
v €10,1)
)
Inner Nonlinear (R, f,7v) R:SXAXxS =R J(m) = Ee {f (Z 'th(st, at, 5t+1))
Markov Rewards f:R—=R t=0
(INMR) ~ € [0,1)
Tancr R ) | KEN T(7) = B [F (G1(8), -, Cx ()], where
Multi-Objective RL R:8 x A xS — RF is ak-dimensional x
(IMORL) reward function Gi(§) = EOW’RNSt; at, s¢1) and
f:R* =R R ; is the ith dimension of R
v €10,1)
Functions from (f) f:E2—=R J(m) = E¢ [f(€)]
Trajectories to Reals
(FTR)
)
Regularised RL (R, a, F, ) R:SXAXS—R J(m) = IEg { > 'yt (R(st, at,S¢41) — aF[rr(st)])J
(RRL) a €R t=0
F:A(A) - R
v €10,1)
oo
Outer Nonlinear (R, f,7) R:SxAxS—R J(m) = f (Eg {z Y R (st at, SHI)D
Markov Rewards f:R—=R t=0
(ONMR) ~ € [0,1)
Outer (k, R, fy7) k€N J(m) := f(J1(w), ..., Jg (7)), where
Multi-Objective RL R:8 x A xS — RF is ak-dimensional o
(OMORL) reward function Ji(m) = ]Eg > 'YtRz' (st,at, 5t+1>:|
f:RF 5 R~y €0,1) t=0
Functions from (f,v) f:m(l) - R~y €[0,1) J(m) = f(m(m))
Occupancy (See Deﬁnition@
Measures to Reals
(FOMR)
Functions from (f) f: LHSA — R J(m) := f(Lx)
Trajectory Lotteries ition23)
o Reals (FILR) (See Deﬁnmon
Functions from (J) J:Ilg a4 =R J(m) (arbitrary)
Policies to Reals
(FPR)
Occupancy Measure (v, =m) > m 1s a total preorder on T = my <= m(m1) =m m(mTa)
Orderings (OMO) m(Il) = {m(xw) :mw € g 4}
v €[0,1)
(See Deﬁnilion@
Trajec.tory Lottery (1) > 1, is a total preorder on LHS,A m = w2 <= Lxy =L Lny
Orderings (TLO) (See Definition[Z.8)
Generalised Outer (k, R, keN J(m) := (J1(7m), ..., Jp (7)), where
Multi-Objective RL Y= g) R :S x A xS — RF is ak-dimensional oo
(GOMORL) reward function Ji(m) = E¢ |: > ’YtRi(St« at,St41)
v €eo,1) =0 -
> 7 is a total preorder on RE m = wy <= J(m1) =g J(72)
Policy Orderings (=) > is a total preorder on I g 4 71 >~ o (directly specified)

Table 1: This table provides the objective tuple along with definitions for all 17 formalisms considered
in this paper. It also explicitly states the method by which each formalism orders policies. All
expectations are taken over trajectories in the environment sampled using the policy.

Next, we define occupancy measures, which are a central object for the formalisms of Functions from
Occupancy Measures to Reals and Occupancy Measure Orderings.

Definition 2.7. Occupancy Measures. Given a policy 7, an environment £ = (S, A, 7,Z), and a
discount factor +, the occupancy measure 77 (7) is a vector in RISI41IS1 where:

o0
m(rm)[s,a,s'] = thPENW’T,I[st =s,a; = 0,841 = 5]

t=0

As the name suggests, 77:(7) measures the extent to which a policy "occupies" each transition, in
expectation, across the entirety of a trajectory.




For the formalisms of Functions from Trajectory Lotteries to Reals and Trajectory Lottery Orderings,
we must define trajectory lotteries. To avoid concerns related to non-measurable sets that arise with
generic distributions over the set of all trajectories, we define trajectory lotteries using an infinite
sequence of lotteries over finite trajectory segments.

Definition 2.8. Trajectory Lotteries. Let =, be the set of all initial trajectory segments of length
2k + 1. We write [€]), for the first 2k + 1 elements of . Define Ly . € A(Zg) : Ly (& =
(50,00, -28k)) = Perr ([l = &k). A trajectory lottery L. is then defined as the infinite
sequence of Ly, . values: L := (Lo, L1 x, L2 x,...). The set of trajectory lotteries generated by
any policy in an environment £ = (S, A, T,T) is defined to be Ly, , := {Lx|m € Il 4}.

3 RESULTS

In this section, we present our expres-
sivity results. For each of the 289 PO
ordered pairs of formalisms (X,Y),
we prove either that X > gxpPRrY
or that X EXPRYE] Figure I 1| de-

Theorem 3.4 |
picts the expressivity relationships o SOMORL—"OMO—TL0 -
between all formalisms. Note that PO:Polley Ordering.
the absence of a sequence of arrows \ / [ T e P e
from one formalism to another is as Otjective RL
significant as the presence of a se- Theorem 3.3 :“OOTO:’LV TOdO“g
quence of arrows: the presence of a OMORL T FOMRFTLR OMORL o ot ot
sequence of arrows means that the FOMR: Functons fom Gccupancy
first formalism can express all policy \ :TLRF“R‘M .
orderings that the second can express,  Loteriesto Reals
and the absence of a sequence of ar- Theorem 3.1 | |RRL: Regulsrised RL
rows means that there exists a pol- RRL ONMR INMR " IMORL ONMIR: Outer Nordinear MR

INMR: Inner Non-linear MR

icy Ordering that the Second formal_ IMORL: Inner Multi-Objective RL

ism can express and the first cannot FTR: Functons from Trajectories o
. Reals

express. A considerable part of our

contribution in this work is to demon- e e
strate the expressive limitations of
these formalisms, and these limita- LTL: Linear Temporal Logic
tions are represented by the absence
of arrows. In this section we will
state and provide intuition for many
of the nontrivial positive and nega-
tive expressivity results that serve as
the basis for the Hasse diagram. The
remaining results, and all proofs, can

MR: Markov reward

LAR: Limit Average Reward

Figure 1: This Hasse diagram displays all expressivity re-
lationships between our formalisms. An arrow or chain of
arrows from one formalism to another indicates that the first
formalism can express all policy orderings that the second
formalism can express, in all environments. Arrows going
both directions mean that the formalisms have the same ex-

be found in Appendix B} pressivity. If there is no chain of arrows from one formalism
to another, there are policy orderings that the latter can express
3.1 POSITIVE RESULTS and the former cannot express.

Several of the positive connections

in the Hasse diagram are relatively trivial; these are discussed in Appendix [B.1I] Here, we focus on
the most substantive results. Proofs for the results in this subsection are available in Appendix [B.2]
and referenced beside each result.

Theorem 3.1. Inner Nonlinear Markov Rewards (INMR), Inner Multi-Objective RL (IMORL), and
Functions from Trajectories to Reals (FTR) are equally expressive. Proof: [B.21|

It is straightforward to see that IMORL can express all policy orderings that INMR can express
and that FTR can express all policy orderings that IMORL can express (and we show these results

SWe study 17 formalisms, so there are 172 = 289 ordered pairs of formalisms. This includes the ordered
pairs of a formalism with itself; trivially, any formalism can express itself. The expressivity results for some
other ordered pairs of formalisms are also fairly straightforward, and many results follow from the transitivity of
the expressivity relation. TableE]in the appendix depicts all proof dependencies for these results.




explicitly in Appendix [B.I)). Therefore, the following proposition is sufficient to conclude that INMR,
IMORL, and FTR are equally expressive:

Proposition 3.2. Any policy ordering expressible with Functions from Trajectories to Reals (FTR)
can be expressed with Inner Nonlinear Markov Rewards (INMR). Proof: [B.21]

Briefly, our proof demonstrates that it is possible to express an arbitrary function from trajectories to
reals fprr with an INMR specification (R, frnarr,7y) by selecting R and v so that the trajectory
return function G is injective, and then setting fna/r equal frrr o G™1. The full proof is in
Appendix This proof notably relies on allowing fryasg to be an arbitrary function that need
not satisfy properties such as differentiability, continuity, or monotonicity. Since many possible
nonequivalent constraints might be of interest, we choose to define a very general version of INMR;
we discuss the implications of this choice in the next section, and in more detail in Appendix[A.4]

Theorem 3.3. Outer Multi-Objective Reinforcement Learning (OMORL), Functions from Occupancy
Measures to Reals (FOMR), and Functions from Trajectory Lotteries to Reals (FTLR) are equally

expressive. Proof:

We show that a) two policies have the same occupancy measure if and only if they generate the same
trajectory lottery, and b) it is always possible to specify an OMORL objective such that two policies

-

have the same policy evaluation vector (J(7) := (J1 (), ..., Ji(7))) if and only if they have the same
occupancy measure. Therefore, the expressivity of a function from policy evaluation vectors to reals
is exactly the same as a function from occupancy measures to reals and a function from trajectory
lotteries to reals. It is worth noting that in order to possess this expressive power, OMORL requires
access to |S||.A||S| reward functions for any environment F = (S, A, T,Z). It may be infeasible
to specify and optimise an objective with so many reward functions in practice; in Section 4] and
Appendix[A.4] we discuss the possibility of restricting the number of reward functions a multi-reward
objective can include.

Our third theorem is very similar to Theorem [3.3}

Theorem 3.4. Generalised Outer Multi-Objective RL (GOMORL), Occupancy Measures Orderings
(OMO), and Trajectory Lottery Orderings (TLO) are equally expressive. Proof:

The proof of this theorem utilises the same lemmas as the proof of Theorem [3.3] Total preorders
over policy evaluation vectors, occupancy measure, and trajectory lotteries are all equally expressive,
because two policies share a trajectory lottery if and only if they share an occupancy measure if and
only if they share a policy evaluation vector (with appropriately selected reward functions).

3.2 NEGATIVE RESULTS

All proofs for the results in this subsection can be found in Appendix [B.3]

Proposition 3.5. There exists a policy ordering that Linear Temporal Logic (LTL) and Limit Average
Rewards (LAR) can express but Reward Machines (RM) and Markov Rewards (MR) cannot express.

Proof: [B.26]

RM specifications can only induce policy evaluation functions that are continuous (in the sense that
infinitesimal changes to a policy can only lead to infinitesimal changes to the policy evaluation). Note
that it must also be true that Markov Rewards (MR) can only induce continuous policy evaluation
functions, because as shown in Appendix [B.T} RM can express any policy evaluation function that
MR can express. LTL and LAR can induce discontinuous policy evaluation functions.

Proposition 3.6. There exists a policy ordering that Markov Rewards (MR) and Limit Average
Rewards (LAR) can express but Linear Temporal Logic (LTL) cannot express. Proof:

An LTL specification can only assign a value of ¢p(§) = 0 or () = 1 to a trajectory, since
an LTL formula ¢ is either true or false for any given trajectory £. MR and LAR, on the other
hand, can give any scalar-valued rewards. In certain cases, this prevents LTL from differentiating
between trajectories — and lotteries over trajectories generated by policies — that MR and LAR
can distinguish. For instance, LTL cannot induce any strict ordering of 3 deterministic policies in a
deterministic environment.

Proposition 3.7. There exists a policy ordering that Linear Temporal Logic (LTL) and Markov
Rewards (MR) can express but Limit Average Rewards (LAR) cannot express. Proof:



LAR cannot distinguish between policies that generate the same trajectory lottery after a finite amount
of time, even if the lotteries they generate over initial trajectory segments are different. LTL and MR
can distinguish between policies based on differences that appear only early on in trajectories.

Proposition 3.8. There exists a policy ordering that Outer Nonlinear Markov Rewards (ONMR) can
express but Functions from Trajectories to Reals (FTR) cannot express. Proof:

ONMR can express the objective of making a trajectory occur with at least some desired threshold
probability, while being indifferent to achieving probabilities higher than the threshold. For example,
this can be achieved (for a particular environment and reward specification) with the wrapper function
1 ifz > 0.5,
Jonun(z) = {0 otherwise
trajectory, fprr must assign a higher value to that trajectory than others. However, this would
incentivise maximizing the probability of that trajectory, not merely meeting a threshold.

. By contrast, for an FTR specification (fprg) to incentivise a

Proposition 3.9. There exists a policy ordering that Functions from Policies to Reals (FPR) can
express but Generalised Outer Multi-Objective RL (GOMORL) cannot express. Proof: [B.36]

A function from policies to reals can assign different values to any two distinct policies, even if
they only differ on states that both policies have probability zero of ever visiting. GOMORL cannot
express preferences between policies that are identical on all states visited with nonzero probability.

Proposition 3.10. There exists a policy ordering that Generalised Outer Multi-Objective RL (GO-
MORL) can express but Functions from Policies to Reals (FPR) cannot express. Proof: [B.37]

There exist lexicographic preference orderings of GOMORL policy evaluation vectors that cannot
be represented by any real-valued function (Steen & Seebach|(2012))). These orderings of policy
evaluation vectors can be used to express tasks in GOMORL that are inexpressible in FPR.

4 DISCUSSION AND RELATED WORK

Previous work has attempted to settle the reward hypothesis, which states that "all of what we mean
by goals and purposes can be well thought of as maximization of the expected value of the cumulative
sum of a received scalar signal (called reward)" (Sutton|(2004)). Related to this is the von Neumann-
Morgenstern (VNM) utility theorem, which states that an agent’s preferences between lotteries over
a finite set of outcomes can be represented as ordered according to the expected value of a scalar
utility function of the outcomes if and only if these preferences satisfy four axioms of rationality (the
VNM axioms) (Von Neumann & Morgenstern| (1944))). Consequently, if one’s preferences cannot be
represented by a utility function, the preferences must violate at least one of these axioms.

The VNM theorem is typically considered in the context of single-decision problems, while RL is
applied to sequential decision-making. Without modification, the VNM theorem can be applied to
RL settings by taking the outcome space to be a finite set of (full) trajectories. It then states that an
agent’s preferences about lotteries over a finite number of trajectories can be expressed as a function
from trajectories to the reals (i.e., in the FTR formalism) if and only if those preferences satisfy the
VNM axioms. Close relatives of the FTR formalism as defined in this work have been studied in
Chatterji et al.| (2022 and [Pacchiano et al|(2021]), though in these works the formalism is restricted
to trajectories of finite length (among other differences). Other recent work has proven stronger
statements about the required form of the trajectory return function under the supposition of additional
axioms for preferences over temporally extended outcomes that supplement the VNM axioms.

Pitis| (2019), |[Shakerinava & Ravanbakhsh| (2022), and Bowling et al.| (2022) all identify axioms
from which it is possible to prove that preferences regarding temporally extended outcomes can be
expressed using Markovian rewards. All three papers identify slightly different axioms that, when
supplemented with the VNM axioms, enable this proof. One caveat is that all three papers show that
preferences can be represented with a Markovian reward function along with a transition-dependent
discount factor, rather than the traditional constant discount factor in MDPs.

The VNM theorem and the work that has adapted it to sequential decision-making settings present
axioms that must be violated for an objective to be inexpressible with Markov rewards or a function
from trajectories to reals. Our work demonstrates several objectives that Markov rewards and
functions from trajectories to reals cannot express, which raises the question: are there reasonable



objectives that violate the axioms, or are the objectives we present unreasonable? We elaborate on
this tension in Appendix[A.5] particularly for violations of the VNM axioms. In our work we also
assume a conventional constant discount factor, but future work could compare the expressive power
of formalisms that allow transition-dependent discount factors with the formalisms we consider.

Abel et al.[(2022) formalise a task in three different ways. One is a set of acceptable policies, another
is an ordering over policies and the third is an ordering over trajectories. They find that for each
notion of a task there exists an instance that no Markov reward function can capture. The second
formalisation, policy orderings, is the one that we use, and we adapt their proof that Markov Rewards
cannot express an "XOR" policy ordering to display the expressive limitations of several formalisms.

Multi-Objective RL (MORL) has received considerable attention in the literature. Silver et al.| (2021)
argues that maximization of a scalar reward is enough to drive most behaviour in natural and artificial
intelligence, while [Vamplew et al| (2022)) argue that multi-objective rewards are necessary. In
particular, Vamplew et al.|(2022) argue that scalar reward is insufficient to develop and align Artificial
General Intelligence. Miura) (2023) shows that multi-dimensional reward functions are also not
universally expressive; they state necessary and sufficient conditions under which a task defined as a
set of acceptable policies can be expressed with a multi-dimensional reward function. They use a
definition of MORL where a policy is acceptable if each dimension of reward is above a given lower
bound — we generalise this notion for one of our formulations of MORL . Algorithms for solving
multi-objective problems have been developed and used in several applications (Hayes et al.| (2022);
Jalalimanesh et al.| (2017); |Castelletti et al.|(2013)).

Skalse & Abate| (2023) demonstrate that some multi-objective, risk-sensitive, and modal tasks
cannot be expressed with Markovian rewards. We analyse several formalisms related to this paper:
Generalised Outer MORL (GOMORL) is based on this paper’s definition of MORL, and our Inner
Nonlinear Markov Rewards (INMR) is partially motivated as a generalisation for risk-sensitive tasks.
We extend these definitions to study what we call Outer MORL (OMORL), Inner MORL (IMORL),
and Outer Nonlinear Markov Rewards (ONMR), which enables a robust comparison of the expressive
power of wrapper functions that are applied before and after taking an expected value over trajectories.
Skalse & Abate|(2023)) also use occupancy measures in a proof to demonstrate limitations of Markov
Rewards, and we find occupancy measures a sufficiently useful tool for reasoning about formalism
expressivity that we include Functions from Occupancy Measures to Reals and Occupancy Measure
Orderings as formalisms in our analysis. Our extensions are further justified by their relationships to
other prior work: Convex RL (e.g. |Zahavy et al.| (2023); Mutti et al.| (2023)), also referred to as RL
with general utilities (Zhang et al.,|2020), is equivalent to Functions from Occupancy Measures to
Reals (FOMR) except with a convexity constraint on the functions, and RL with vectorial rewards
(Cheung| 2019) is a special case of IMORL in the time-average reward setting.

Prior work has studied Reward Machines (RM), Limit Average Rewards (LAR), and Linear Temporal
Logic (LTL) as well. |[carte et al.|(2018) point out that reward machines can trivially express all
objectives that Markov Rewards can express and provide rewards that depend on a finite number of
features of the history so far, rather than just the most recent transition. This paper also applies RM
specifications to toy tasks. Mahadevan|(1996)) investigates algorithms for learning goals specified
with Limit Average Rewards (LAR), but we have not found any work on the expressivity of LAR.

Littman et al.|(2017) study LTL, which was previously utilised in control theory (Bacchus et al.||1970;
Puterman, |1994), in an RL setting. The authors mention that many common tasks can be expressed
with LTL, and are sometimes easier to express with LTL than with Markov Rewards. Related to LTL
is Signal Temporal Logic (STL), an extension of LTL to the continuous time domain, which has a
number of desirable properties (Balakrishnan & Deshmukh, 2019; |Wang et al.,2023). However, in
this work we focus on objective specifications in discrete environments and using discrete time, for
which STL is equivalent to LTL.

When attempting to reverse engineer an agent’s utility function from its behavior, Maximum Entropy
Inverse RL makes an assumption that an agent’s distribution over actions has maximum entropy
(Ziebart et al.| (2008))). Our formalism of Regularised RL relates to this concept by allowing any
function of the distributions over actions to be included in the RL objective.



4.1 LIMITATIONS AND FUTURE WORK

In this paper, we focus on stationary policies, and define objectives as orderings of stationary policies.
In principle, however, policies can be history-dependent; that is, an agent can select actions based on
the history rather than just the most recent state. We make the choice to focus on stationary policies
because common RL algorithms (such as Q-learning (Watkins & Dayan|(1992))) derive exclusively
stationary policies from state-action value functions. Many, but not all, of our expressivity results
carry over to the history-dependent setting. We hope to see future research extend our study to
history-dependent policies, and we discuss this topic in more detail in Appendix

A few of our results rely heavily on the technical details of the formalisms in ways that may reduce
their practical significance. For instance, Theorem 3.1|relies on the ability of Inner Nonlinear Markov
Rewards to utilise an arbitrary wrapper function for the trajectory return, and Theorems [3.3]and[3.4]
require allowing multi-objective formalisms access to an arbitrary number of reward functions. One
direction for future work is to replicate our analysis under various restricting conditions; we discuss
some conditions that may be of interest in Appendix

Another limitation of our results is that we do not assess the important tradeoff between expressivity
and tractability. An important area for future work might be to identify which of the more expressive
formalisms considered here could be implemented in practice and provide guidance for balancing
expressivity and tractability in various practical settings. The research community can address this
question gradually by developing new algorithms to solve a range of problems with a variety of
formalisms. Understanding the expressivity-tractability tradeoff might also involve considering
restricting conditions for the formalisms, since the conditions required to make a formalism tractable
to optimise could reduce its expressivity.

Until the tractability of these formalisms is studied more carefully, it is difficult to draw a clear
conclusion about which formalisms are best to use in practice. A more immediate takeaway from our
results is that many of the formalisms are expressively incommensurable; for example, Limit Average
Reward, Linear Temporal Logic, Reward Machines, Regularised RL, and Outer Nonlinear Markov
Rewards can each express policy orderings that none of the others can express. This highlights the
importance of carefully selecting a formalism for any task of interest; our results elucidate strengths
and limitations of different formalisms that can inform these selections.

Future research can also explore reward learning with formalisms other than Markov Rewards. There
have been preliminary efforts in the direction of reward learning for Reward Machines (Icarte et al.
(2019)), Linear Temporal Logic (Neider & Gavran|(2018))), and Limit Average Reward (Wu et al.
(2023)), but given the range of objectives that we show cannot be specified with Markov Rewards, it
may be important to further develop reward learning alternatives that allow us to reliably express the
objectives we desire across a variety of domains.

5 CONCLUSION

This paper provides a complete map of the relative expressivities of seventeen formalisms for specify-
ing objectives in RL. We discovered meaningful expressive limitations to all of these formalismsﬁ
including many of the alternatives and extensions to Markov rewards that have been discussed in the
existing literature. We also related practical formalisms to a number of theoretical constructs, such as
trajectory lotteries and occupancy measures, which help to fill out a richer intuitive picture of where
each formalism stands in the expressivity hierarchy. We hope our work will serve as a reference point
for future discussions of these methods for specifying temporally extended objectives, as well as
provide an impetus for future work that contextualises these results in light of the tradeoff between
expressivity and tractability that appears in both policy optimisation and reward learning.

REPRODUCIBILITY STATEMENT

All of our results are theoretical. All proofs can be found in Appendix [B] For our definitions of
environments, objectives, total order and formalisms see Section[2] Any further assumptions have
been stated in the proofs.

With the exception of Policy Orderings, which by our definition can express all objectives.
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Table 2: Comprehensive table of expressivity comparisons. A green cell indicates that the formalism in the ROW can express the formalism in the COLUMN, and a

red cell indicates that it cannot. The numbers in the cells are the numbers of the propositions which prove the result in question.




A APPENDIX: FURTHER DISCUSSION

A.1 POLICY ORDERINGS AS THE MEASURE OF EXPRESSIVITY

We opted to compare the expressivities of different objective-specification formalisms in terms of the
policy orderings they can induce because the policy ordering is the most fine-grained unit of analysis
(that we are aware of) for this purpose. We explain why we believe it would be less informative
to consider only a formalism’s ability to induce a desired optimal policy in Section 2.1} Another
alternative is to consider a formalism’s ability to induce a desired set of acceptable policies (SOAP),
as proposed in|Abel et al.|(2022). SOAPs are constructed by choosing a cutoff value to divide the
policies into two classes (i.e., the acceptable and the unacceptable), and discarding all information
about how the policies are ordered within each class. Thus, it is straightforward to see that policy
orderings contain strictly more information than do SOAPs, and so any difference in expressivity that
is captured by a SOAP task definition is also captured by the policy ordering task definition. The
latter is therefore the one that is maximally sensitive to expressive differences.

Additionally, our choice to use the total preorder over policies as the unit of analysis is more
continuous with the theoretical framework standardly employed in the formal theory of individual
decision-making. In that context, the central question takes the form: Which preference orderings
can be represented by a utility function (of a given sort)? For each of the formalisms considered in
our paper, we ask a similar question: Which policy orderings can be represented by an objective
specification in the formalism? We thought it would be valuable to maintain the parallels between
these two questions in our paper (and discuss the connection explicitly in Section[d|and Appendix[A.3).

A.2 INDUCING TOTAL PREORDERS

Most of the formalisms in our work induce a scalar policy evaluation function, which in turn produces
a total preorder on the set of policies because the ">" relation on R is a total preorder. The four
formalisms that do not induce a scalar policy evaluation function (Occupancy Measure Orderings,
Trajectory Lottery Orderings, Generalised Outer Multi-Objective RL, and Policy Orderings) all
include a total preorder on some set in their objective specifications, and the policy orderings they
produce inherit transitivity and strong connectedness from the specified total preorder.

A.3 HISTORY-DEPENDENT POLICIES

As mentioned in Sectiond.1] one limitation of our work is that an analysis of formalisms’ ability to
express orderings over the set of stationary policies may not match a similar analysis that considers
orderings over the set of history-dependent policies. It is worth noting that many of our expressivity
results directly carry over to history-dependent policies. Firstly, if formalism A can express a
stationary policy ordering that is not expressible by formalism B, then clearly A can express an
ordering over history-dependent policies that B cannot. So every negative expressivity result (i.e.,
every red box in Table 2)) carries over directly. Further, several of our positive proofs do not assume
that we are considering only stationary policies. For example, all trivial results in Appendix [B.T]
apply for history-dependent policies as well. Unfortunately, not all of our results carry over to the
history-dependent setting: it is fairly straightforward to show that a reward machine can provide
different amounts of reward to two history-dependent policies that have the same occupancy measure,
so Occupancy Measure Orderings (OMO) cannot express all history-dependent policy orderings that
Reward Machines (RM) can express. This is a significant departure from our findings, in which
OMO is near the top of the Hasse diagram and RM is near the bottom. We consider it an interesting
direction for future research to round out a comprehensive comparison of expressivity for history-
dependent policies, especially given that some formalisms (such as Functions from Trajectories
to Reals and Reward Machines) seem particularly well-suited to expressing tasks where history-
dependent policies are essential. To support such an endeavor, we include an incomplete table of
expressivity relationships for history-dependent policies below (Table [3).

A.4 EXPRESSIVITY UNDER RESTRICTING CONDITIONS

One concern about the practical utility of some of our results as they stand is that they are largely
blind to the ease or difficulty of using the theoretically available capabilities of the more expressive
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formalisms for training models on objectives that cannot be captured by less expressive formalisms.
Some of our proofs lean heavily on technicalities of the formal definitions we offer, with little regard
for whether those technicalities can reasonably be trusted to lie available to RL algorithms in practice.
For example, the proof that INMR can express FTR relies on the fact that the Markovian trajectory
return can be chosen to be an injective function into the reals. In practice, however, computers can
only store numbers with finite precision, so we cannot assume that arbitrarily close real numbers will
always be distinguishable to an RL algorithm.

An obvious suggestion for how this problem might be solved is to attempt to redefine each formalism
in such a way that unreasonable technicalities are eliminated. Unfortunately, this strategy runs into a
familiar problem: virtually any formal definition of an informal concept can be “gamed” to flaunt
the intended spirit of that concept. For this reason, we believe an alternative strategy might be more
fruitful: Replicate these results under various carefully chosen restricting conditions, whose purpose
is to ensure that our theoretically sound results can be trusted to hold up in practice.

We offer the following (highly incomplete) list of potential restricting conditions:

1. Introduce a cutoff to the precision of the inputs available to the functions wrapping the
trajectory return(s) in INMR and IMORL, and wrapping the policy value(s) in ONMR and
OMORL. This cutoff could correspond to the precision with which modern-day computers
can store real numbers.

2. Introduce various other constraints on these wrapper functions. For instance, we might
require that they be continuous, differentiable, monotonic, analytic, or computable, among
other options.

3. Introduce an upper limit to the number of reward functions that may be employed in IMORL,
OMORL, and GOMORL. In particular, do not assume that this number may reach (or
exceed) the number of transitions in an environment |[S x A x S)|.

A.5 CONNECTION TO THE VNM THEOREM

It is interesting to consider our results in light of the Von Neumann-Morgenstern (VNM) Utility
Theorem. In particular, subject to a few assumptions, we have the following:

Any trajectory lottery ordering that cannot be induced by FTR must violate at least one of the VNM
axioms.

To apply the VNM axioms, we need to restrict to an environment £ in which only a finite number of
trajectories are possible, 2 = {1, ..., &, }. Then, the VNM axioms read as follows:

1. Total Preorder: = over A(Zg) is complete and transitive.

2. Continuity: For all L, Ly,, L., € A(Eg) such that L., > L, and L., > L., there
exist o, B € (0,1) such that L, &Ly, > Ln, and Ly, > Ly, BL,.

3. Independence: Forall L, Ly,, Ly, € A(Eg) and forall « € (0,1):
Ly, =Ly, <= Ly ol = Ly,aly,.

(Here LaM = aL + (1 — o) M is the mixing operation.)

VNM Theorem: - over A(Zg) respects Total Preorder, Continuity, and Independence if and only
if there exists a function u : Eg — R such that for all L, L, € A(Eg),

L7T1 = LTF2 — EEN‘ITl,T,I[u(g)] > ]EEN‘ITz,T,I[u(g)]

Under the assumption that our policy preferences are determined by our preferences over trajectory-
lotteries (such that L, = L., = m > m3), the RHS simply states the condition that there exists
an FTR objective specification, given by frrr = u, which induces this policy ordering. Thus, in an
environment in which there are only finitely many possible trajectories, any policy ordering that
FTR cannot induce must violate either Continuity or Independence (Total Preorder is guaranteed
to hold by definition). Insofar as it is reasonable to evaluate policies based on the trajectory-lotteries
that they give rise to, and insofar as our preferences over trajectory lotteries ought to conform to
Continuity and Independence, we might justifiably wonder whether there is much to be gained from
moving up the Hasse diagram beyond FTR.
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Can ROW | MR LAR LTL RM INMR IMORL FTR RRL ONMR OMORL | FOMR FTLR FPR OMO TLO GOMORL | PO
express
COL-
UMN?
MR
LAR
LTL
RM 1
INMR 2] 21]+[13 2114 D115 21 21
IMORL
FTR
RRL
ONMR [6]
OMORL | [7}6] 7 24
FOMR 24l+[zl+
FTLR +[al+ | [8j13] 8 [[14] 8 [+[15] 821 BFRI [ [l P2
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[BHI | [T3] 1
GOMORL | [Lil+[zl+

[6]
70 3] 2] 2] 2] 2] ] 2] 2] ] [ ] ] 12 ] ] 2]

Table 3: Incomplete table of expressivity comparisons using history-dependent policies. A green cell indicates that the formalism in the ROW can express all
history-dependent policy orderings that the formalism in the COLUMN can express, a red cell indicates that the formalism in the ROW cannot do this, and a white
cell indicates that the result is not yet known. The numbers in the cells are the numbers of the propositions which prove the result in question.




B APPENDIX: THEOREMS AND PROOFS

B.1 TRIVIAL RESULTS OF EXPRESSIVITY(X = Y)

PO

PO: Policy Ordering

TLO
FPR: Functions from Policies to Reals
FPR GOMORL: Generalised Outer Multi-
Objective RL
omo ™
OMO: Occupancy Measure Orderings

FTLR GOMORL TLO: Trajectory Lottery Orderings

OMORL: Outer Mutli-Objective RL
FOMR: Functions from Occupancy
Measures to Reals
FOMR FTLR: Functions from Trajectory
F OMORL Lotteries to Reals

TR
l RRL: Regularised RL
/ ONMR: Outer Non-linear MR
IMORL ONMR INMR: Inner Non-linear MR
LAR LT

RRL 1 L IMORL: Inner Multi-Objective RL

INMR RM E‘g::sFunctlons from Trajectories to

RM: Reward Machines

MR: Markov reward

LAR: Limit Average Reward

LTL: Linear Temporal Logic

MR

Figure 2: This diagram displays straightforward inclusions of formalisms that are not necessarily
strict. Unlike in Figure[T] the absence of a sequence of arrows between two formalisms does not mean
anything here. This diagram is simply a useful guide to some basic positive results of expressivity
proven in this section.

The propositions in this section are proven formally, but each proof is preceded by an intuitive
argument. It will likely be helpful to have Table[I|readily available for reference while reading these
results and proofs.

Proposition B.1 (RM >gxpr M R). Any policy ordering expressible with Markov Rewards can be
expressed with Reward Machines.

Intuition: A reward machine can use different reward functions depending on aspects of the history
it has seen so far. However, it can also use a constant reward function, in which case it is equivalent
to a Markov Rewards specification.

Proof. Let (Rarr,Yamr) be an arbitrary MR objective specification in an arbitrary environment.
Then the following RM specification (U, ug, di7, dr,7y) expresses the same policy ordering:

o U:={up}

* ug 1= ug

* Vs € 5,6y (ug,s) := ug, where S is the set of states in the environment
* 0r(uo,uo) ;== Rur

* VI =TMR
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Since the specified reward machine always utilises the same reward function and discount factor as
the MR specification, it yields the same exact policy evaluation function.

o0
Jrm (T) = Eeron 1,1,50 u0 lz Y R (¢, ar, 5t+1)] , Where Ry = 0r (us, upy1)
P

= Eg,\,ﬂ-,T,I [Z ’YJtWRRMR(Sh ag, St+1)] . since Uy = uOVt and 572(“0; Uo) = RMR
t=0
= Jur(T)
Both RM and MR derive policy orderings directly from the policy evaluation functions, so this
means the two specifications induce the same policy ordering. Therefore, for any MR specification in

any environment, it is possible to construct an RM specification which expresses the same policy
ordering. O

Proposition B.2 (INMR =gxpr MR). Any Markovian Reward specification can be captured by
an Inner Nonlinear Markovian Reward specification. (VE € Envs, Ordyr(E) C Ordinvr(E))

Intuition: If the wrapper function in INMR is set to be the identity function, then that function
becomes idle, and the INMR policy evaluation function reduces to the MR policy evaluation function:

Er Ex

Jinmr(T) == I£E [F(G(E)] = IgE [G(8)] =t Jmr(r)

Proof. We must show that for any environment F and Markovian Reward specification Oy p =

(R,~), there is an Inner-nonlinear specification Oy g = (7~€, f ,7) such that < E,0:~ur 18 identical
to <g.0ur- We construct Ory prr as follows:

I

. = R
* f:R — Ris the identity (Jg(f) = ).

N

=y

We can see immediately that Jg 0,,,(7) = Jg,0,5ug(7) for all 7 € IIg, and thus these two
specifications induce the same policy ordering. O

Proposition B.3 (/M ORL >gxpr INMR). Any policy ordering expressible with an Inner Non-
linear Markov Reward specification can be expressed with an Inner Multi-Objective RL specification.

Intuition: IMORL can always choose to use the same reward function, wrapper function, and
discount factor as INMR, and can always choose not to use more than one reward function.

Proof. Let (RinmR, JINMR, YINME) be an arbitrary INMR objective specification in an arbitrary
environment. Construct the IMORL specification (k, R, f,~) as follows:

e k=1

e R=R;nyumr (since k =1, R¥ = R and R is a function from S x A x S to R)
s f=fiNnur

* Y =7INMR

We can see immediately that Jryorn(m) = Jinvmr(m) for all # € Ilg, and thus these two
specifications induce the same policy ordering. O

Proposition B.4 (FTR =gpxpr IMORL). Any policy ordering expressible with an Inner Multi-
Objective RL specification can be expressed with a Function from Trajectories to Reals.
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Intuition: The expression f(G1(£), ..., Gx(§)) in the IMORL policy evaluation function is a function
from trajectories to reals.

Proof. Let (k, R, fimorL,y) be an arbitrary IMORL objective specification in an arbitrary environ-
ment. Then the following FTR specification (frrr) expresses the same policy ordering:

* frrr(§) = fimorL <Z Y RA(St, Aty St41)s s 2 ’YtRk(St,at,StH))
=0

t=0

Here, R;(s,a,s’) := R(s,a, s')[¢]. This is a function from trajectories to reals because a trajectory
¢ = (so, ag, 81, a1, ...) uniquely defines (s, as, s¢11) for all ¢. O

Proposition B.5 (RRL »gxpr M R). Any policy ordering expressible with Markov Rewards can
be expressed with Regularised RL. (VE € Envs, Ordyr(E) C Ordgrrr(E))

Intuition: The additional term in the RRL objective, aF'[7(s)], can be set to zero by selecting o = 0.
This makes the RRL objective identical to the MR objective.

Proof. We must show that, for any environment £ and Markovian Reward specification Oyrp =
(R,7), there is a Regularised RL Specification Orrr, = (R, &, F,7) such that <g o, is identical
t0 <g,0,, - We construct Orpry, as follows:

i

=R
« [': AA — R is any function.
0

* a

=y

L]
N

We can see immediately that Jg,0,,,(7) = Jg,0pp, (7) for all m € I1g, and so these two specifica-
tions induce the same policy ordering. O

Proposition B.6 (ONMR >=gxpr M R). Any policy ordering expressible with a Markov Reward
specification can be expressed with an Outer Nonlinear Markov Reward specification.

Intuition: ONMR can specify the same reward function and discount factor as MR, then select the
identity as a wrapper function so that the function does not affect anything.

Proof. Let (Rarr,Yamr) be an arbitrary MR objective specification in an arbitrary environment.
Construct an ONMR specification (Ronumr, f, Yonmr) as follows:

* Ronmr = Rur
» f:R — Ris the identity function, f(z) = z
®* YONMR = TYMR

We can see immediately that Jg oo yyn(T) = JE,04s(7) for all 7 € IIg, and so these two
specifications induce the same policy ordering. O

Proposition B.7 (OMORL > gxpr ONM R). Any policy ordering expressible with an Outer Non-
linear Markov Reward specification can be expressed with an Outer Multi-Objective RL specification.

Intuition: The OMORL specification can use the same reward function, discount factor, and wrapper
function as ONMR, and can simply not use more than one reward function.

Proof. Let (RonmRr, foNMR, YoNMR) be an arbitrary ONMR objective specification in an arbi-
trary environment. Construct an OMORL specification (k, R, f,~) as follows:
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e k=1
e R =Ronumr (since k = 1, R¥ = R and R is a function from S x A x S to R¥ = R)
* f=foNnmRr

* Y ="70ONMR

We can see immediately that Jg .00, 0n. (T) = JE,00nur () for all 7 € IIg, and so these two
specifications induce the same policy ordering. O

Proposition B.8 (FT LR ~gpxpr FTR). Any policy ordering expressible with Functions from
Trajectories to Reals can be expressed with Functions from Trajectory Lotteries to Reals.

Intuition: One way to evaluate a trajectory lottery is to assign values to each individual trajectory
and then use the probabilities from the lottery to take an expectation. A function from trajectory

lotteries to the reals that does this is equivalent to an FTR specification that assigns the same values
to individual trajectories.

Proof. Let (frrr) be an arbitrary FTR objective specification in an arbitrary environment. Then the
following FTLR specification ( frr,r) expresses the same policy ordering:

* frrir(Lx) = ]FgEm [frTR(E)]

Here, L, is the lottery over trajectories that is produced by policy 7 in the environment. Since
Jerrr(m) == frrir(Lx), the equivalency of Jprpr and Jprg is immediate: Jprpg(w) =

frror(Lx) = B2 [frrr(€)] = Jrra(r). O

Proposition B.9 (FPR ~gxpr FTLR). Any policy ordering expressible with Functions from
Trajectory Lotteries to Reals can be expressed with Functions from Policies to Reals.

Intuition: An FTLR specification assigns a value to each policy based on the trajectory lottery it
generates. This is evidently expressible as a policy evaluation function.

Proof. Let (frrrr) be an arbitrary FTLR objective specification in an arbitrary environment. Then
the following FPR specification (Jrppr) expresses the same policy ordering:

* Jrpr(7) :== frrir(Lx)

Here, L, is the lottery over trajectories that is produced by policy 7 in the environment. Since
Jerrr(7) := frrrr(Lx), the equivalency of Jprp g and Jppp is immediate. O

Proposition B.10 (TLO =gxpr FTLR). Any policy ordering expressible with a Function from
Trajectory Lotteries to Reals can be expressed with a Trajectory Lottery Ordering.

Intuition: A function from trajectory lotteries to the reals induces a total preorder because the ">"
relation on R is a total preorder. This same total preorder can always be expressed directly over the
trajectory lotteries as well.

Proof. Let (frrrr) be an arbitrary FTLR objective specification in an arbitrary environment. Then
the following TLO specification (> 1,) expresses the same policy ordering:

* Ly =1 Lr, <= frrir(Lx,) > frror(Lax,)

Here, L is the lottery over trajectories that is produced by policy 7 in the environment. This > isa
valid total preorder on Ly because it is transitive and strongly connected.
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Now:

Tl ZOppo M2 = Lz, = L,
< frrLr(Lx,) > frror(Lx,)
< Jrror(m) > Jrror(m)
< T1 ZO0prLr T2

O

Proposition B.11 (GOMORL =gxpr OMORL). Any policy ordering expressible with an Outer
Multi-Objective RL specification can be expressed with a Generalised Outer Multi-Objective RL
specification.

Intuition: An OMORL specification orders policies according to the values assigned by a function

from policy-evaluation vectors J() to the reals. A GOMORL specification can directly order the
policy evaluation vectors the same way. That is, f(J1) > f(J2) < J1 =; Jo.

Proof. Let (komorr, RomorrL, fsyomorr) be an arbitrary OMORL objective speci-
fication in an arbitrary environment. Then the following GOMORL specification

(kcomorL, RcoMORL, YGOMORL, =7 ) expresses the same policy ordering:

* kcomorr = komorr =k
* Raomorr = RomoRL
* YGOMORL = YOMORL

e Vi, Jy €RF (1) > f(Ja) == Ji =y o

With this specification:

T1 > Oomons T2 <= f(J(m1)) > f(J(m2))

—

<~ J(?Tl) > J(7T2)
= T ZO0gomonrr T2

Proposition B.12 (PO > gxpr F, for any objective specification formalism F).

By definition, any policy ordering in any environment is expressible with a Policy Ordering specifica-
tion (=,).

Proposition B.13 (FTR =gpxpr LAR). Any policy ordering expressible with a Limit Average
Reward specification can be expressed with a Function from Trajectories to Reals.

Intuition: The limit average reward is a value assigned to a trajectory. A function from trajectories
to reals can assign the limit average reward of a particular reward function to each trajectory.

Proof. Let (R) be an arbitrary LAR objective specification in an arbitrary environment. Then the
following FTR specification ( fprg) expresses the same policy ordering:

N-1

Jfrrr(§) = lim ll

NN R(St, g, 3t+1)]

t=0

Then:

1 3=

ETI’,T,I lN R(St, G, 5t+1)H

t=

—

Jan(m) = Jim,
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We have bounded rewards, i.e. V(s¢, at, st+1), R(st, a4, St+1) < Rmaz, Where Ry,q. is the maxi-
mum reward assigned to any transition by the reward function. This means that the average reward

converges: limpy_, o [% Zi\:}l R(st,at,stﬂ)} = X < oo. These two facts and Lebesgue’s
Dominated Convergence Theorem imply that we can move the expectation outside the limit. So:

1

Nf
. 1
Joar(m) =Ex 11 l lim lN Z R(St,at,StH)H

N—oo
t=0

The expression inside the expectation is equal to frrg(§), therefore:

Joar(m) = Ex 1 [frrr(€]l = Jrrr(m)
]

Proposition B.14 (FTR »gxpr LTL). Any policy ordering expressible with Linear Temporal
Logic can be expressed with Functions from Trajectories to Reals.

Intuition: An LTL formula is a function that assigns the value 0 to trajectories in which the formula
is false and the value 1 to trajectories in which the formula is true. This is a special case of a function
from trajectories to reals.

Proof. Let () be an arbitrary LTL objective specification in an arbitrary environment. Then the
following FTR specification ( fprg) expresses the same policy ordering:

* frrr(§) == ¢(§)

(An LTL formula assigns a truth value of O or 1 to any given trajectory, so a formula is a function
from trajectories to {0, 1}. This is a special case of a function from trajectories to reals.) O

Proposition B.15 (FTR >gxpr RM). Any policy ordering expressible with Reward Machines
(RM) can be expressed with Functions from Trajectories to Reals (FTR).

Intuition: Reward machines give step-by-step rewards in a trajectory based on aspects of the history
so far. The behavior of a reward machine for an entire trajectory is fixed by the states and actions
in the trajectory, so the discounted sum of rewards that a reward machine yields is a function from
trajectories to reals.

Proof. Let (U, ug, 0y, dr,7y) be an arbitrary RM objective specification in an arbitrary environment.
Then the following FTR specification (frrr) expresses the same policy ordering:

* frrr(§) = fiof (6r (ut, ues1) (e, at, Se+1))

Here, u; is the state of the specified reward machine at time step ¢. This value is well-defined given
U, ug, 0y, and £, because wuy is the starting machine state, and given a machine state at any time ¢,
U1 = Oy (U, St, at, Se41)- € specifies s; and a; for all ¢, and given ug and 0/, the machine state at
any time step can be derived using this rule iteratively starting from wy.

Since u; is well-defined for all ¢, so is o (u¢, ut+1), and so is frrr(§).

This FTR specification induces the same policy ordering as the RM specification above:

Em
Jprr(m) = 15[*3 [frrr(§)]

E,mu0,0 | & .
= [gE Z’Y (0r (ut, ues1)(se, at, sev1))
t=0
ZJRM(TF)
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Both FTR and RM derive policy orderings directly from the policy evaluation functions, so this
means the two specifications induce the same policy ordering. O

Proposition B.16 (FTLR »gxpr RRL). Any policy ordering expressible with Regularised RL
(RRL) can be expressed with Functions from Trajectory Lotteries to Reals (FTLR).

Intuition: Two policies generate the same trajectory lottery if and only if they are identical on
all states that either policy ever visits with nonzero probability. If two policies are identical on all
states visited with nonzero probability, then an RRL specification must assign them the same value.
Therefore, a well-defined function can take a trajectory lottery as input and output the value assigned
by an RRL specification to all policies that generate the given trajectory lottery.

Proof. Let (R, «, F, ) be an arbitrary RRL objective specification in an arbitrary environment. Then
the following FTLR specification ( frr1r) expresses the same policy ordering:

* frrir(La) == Jrro(7) = 57 t§)7t (R(St, A, Se41) — aF[w(S)])

Here, L, is the lottery over trajectories that is produced by policy 7 in the environment. Since
Jerrr(m) := frrrr(Lx), the equality of Jprp g and Jrg, on all policies is immediate. However,
we must verify that this function from trajectory lotteries to reals is well-defined, i.e. that L., =
Ly, = Jrrr(m) = Jrrr(m2).

Since rewards in Regularised RL are given step-by-step, the policy evaluation function can be
rewritten as follows:

JRRL(TF) = E]Eﬂ Z’}/t (R(St,At, St+1) — O[F[TF(S,‘)])
t=0

Jrro(m) =) > P TS = 5, Ay = a, i1 = 5] (V' (R(s,a,5') — aF[x(s))))
t=0 (s,a,s")ESXAXS

xS

8

Lemma B.17. If L, = Ly,, then for all t and for all (s,a,s’) € S x A x S:

Pf’m [Si =5, Ar = a,8111 =5'] = PgE’m [Si = s, At = a, 8141 = §]

Proof of Lemma. First recall the definition of a trajectory lottery:

Let =, be the set of all initial trajectory segments of length 2(k+1). We write [¢], for the first 2(k+1)
elements of . Define Ly » € A(Ey) : Lix (& = (S0, @0, -, Sks k) = Penr1([€lk = &k). A
trajectory lottery L is then defined as the infinite sequence of Ly », Lr := (Lox, L1,7, Loz, -..).

Now, let Z;41,(s,q,s) be the set of trajectory segments of length 2(¢ + 2) which have (s, a, s") as the
most recently completed transition. We can then see that for a given ¢ and 7:

Pg’ﬂ[st =s,4=a,S41 =5]= Z Lit1,7(&41,(5,a,8))
Eit1,(s,a,5") EEL41,(s,a,8")
Equivalently, in words, the probability that the transition (s, a, s’) is taken from time step ¢ to t 4 1
is equal to the sum of the probabilities of all the trajectory segments of length ¢ + 2 that have the

transition (s, a, s’) from time step ¢ to ¢ + 1. (The reason we look at trajectory segments of length
t + 2 is that time indexing starts at 0, so we need ¢ + 2 steps to get to the step indexed by ¢t + 1.)

The right-hand side of this equation is fully determined by L, so the left-hand side is also fully
determined by L. This completes the proof of Lemma[B.T7] O

Corollary B.17.1. If L, = Ly,, then for all t and for all s € S, Pf’m [S:=s] = ]P’f’7r2 [S: = s].
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This follows straightforwardly from Lemma[B.17]by marginalising over a and s’

Corollary B.17.2. If L, = L.,, then for all t and for all (s,a) € S x A, ]P’f’771 [S: =8, A =a] =
P?’ﬂz [St =s, A = a].

This follows straightforwardly from Lemma[B.17]by marginalising over s'.

Corollary B.17.3. If L, = Ly,, then m1(s) = m2(s) for all states s that either policy ever visits
with nonzero probability.

Proof ofIB.17.3] First, note that if either 71 or 75 ever visits a state s* with nonzero probability, then
by |[B.17.1} there exists t* such that Pf"ﬂl [Spr = 5*] = ]P’f”r2 [Spx = s*] > 0. If m(s*) # ma(s™),
there must be an action a* such that 7 (a*|s*) > ma(a*|s*). But by [B.17.2] we know that since
L. =Ly, ]P’f”rl [S: =s* Ay =a*] = ]P’f’7T2 [S: = s*, Ay = a*]. Thus:
PgEﬂTl [St = S*, At = CL*
PgEﬂTI [St = S*]Tfl

} = PgEﬂTg St == S*, At == a*]

(a™]s")
P Sy = s"]mi(a®[s*) = PE™
(a*[s") ==

¢ Sy = s*|ma(a”|s™) (by Corollary[B.17.1))

So the two policies must agree on s* after all. O

We require one more lemma to show that L., = Lr, = Jrrr(m1) = Jrrr(m2).

Lemma B.18. If L, = L,, then for all t and for all (s,a,s') € S x A x S:
P S = s, Ay = a, Spy1 = 8] (V/(R(s,a,8") — aF[m(s)]) = PE™[Sy = s, Ay = a, Sy1 =
s (v'(R(s,a,s") — aF[ra(s)])) for any RRL specification (R, «, F, ).

Proof of[B18] Lemma states that if L, = L,, then for all ¢ and for all (s,a,s’) € Sx Ax S:

P?’m (St =5,A =a,S41 = 5/] = Pf’” [St=s5,A =a,S1 = 3’]

So it remains to be shown that ]Pf”” [S; = s, Ay = a,Si41 = §'] (VH(R(s,a,s") — aF[mi(s)])) =
IPEE’T” [S; = 5,4 = a,Sit1 =] (V' (R(s,a,s") — aF[r2(s)])). Consider the following two cases.
Case 1: IP’gE’m [Si=s, Ai=a, St11=s'] = 0. In this case, because both sides are equal to 0:

P?’Wl [St:S, Atza, StJrIZS/] ('Yt(R(S7 a, SI) - O‘F[ﬂ—l(s)])) =
P [Si=s, Ai=a, Sp1=5] (1 (R(s,a,8') — aF[ma(s)]))

Case 2: IF’SE’7r1 [S: = s, At = a,St+1 = §'] > 0. In this case, 71 (s) = m2(s) by Corollary
Therefore, (v (R(s,a,s’) — aF[m1(s)])) = (W' (R(s,a,s") — aF[m2(s)])), and by extension:

PgE’Wl [S; =s,4; = a,Si11 =& (’yt('f\’,(s,a, s') — O‘F[Wl(s)])) =
PgEJl [St =s,At = a,Si41 = 3’] (’yt(’R(s,a, s') — aF[TrQ(S)]))

Since these cases are exhaustive, this concludes the proof of the lemma. O

Finally, recall that:

Jrro(m) = Z Z ]P’f’ﬂ[st =s5A =a,S 41 = 5'] (fyt(R(s,a, 5/) - QF[W(S)D)
t=0 (s,a,s’)ESXAXS
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By LemmaB.18} L, = L, = JggrL(m) = Jrrr(me). This means that the FTLR specification
given by frrrr(Lr) := Jrrr(m) is well-defined.

Both FTLR and RRL derive policy orderings directly from the policy evaluation functions, so this
means the two specifications induce the same policy ordering. Therefore, we’ve shown that for
any RRL specification in any environment, it is possible to construct an FTLR specification which
expresses the same policy ordering. This concludes the proof of the proposition. O

Proposition B.19 (FTLR > gpxpr OMORL). Any policy ordering expressible with Outer Multi-
Objective RL (OMORL) can be expressed with Functions from Trajectory Lotteries to Reals (FTLR).

Intuition: Two policies generate the same trajectory lottery if and only if they are identical on all
states that either policy ever visits with nonzero probability. If two policies are identical on all states
visited with nonzero probability, then an OMORL specification must assign them the same value.
Therefore, a well-defined function can take a trajectory lottery as input and output the value assigned
by an OMORL specification to all policies that generate the given trajectory lottery.

Proof. Let k, R, f,~ be an arbitrary OMORL objective specification in an arbitrary environment.
Then the following FTLR specification (frrr ) expresses the same policy ordering:

* frrir(Lx) = Jomorr(w) := f (Ji(7), ..., Ji(m)), where
Jz(’ﬂ') = E§ |:t20 ’thi(St7at7 St+1):|

Here, L is the lottery over trajectories that is produced by policy 7 in the environment. Since
JFTLR(W) = fFTLR(Lﬂ-), the equivalency of Jrprrr and Joyoryr 1s immediate: JFTLR(W) =
frror(Lz) := Jomorr(m). However, we must verify that this function from trajectory lotteries
to reals is well-defined, i.e. that L, = L,, = Jomorr(m1) = Jomorr(m2). A trajectory
lottery and an OMORL specification together fix all relevant quantities for computing J;(7) :=

E¢ ZO’YtRi<St7 a, s¢+1)| forall i € [k]. Given all the J; values, the OMORL specification also

t—
fixes f (Ji(m),..., Jp(m)). Therefore, a trajectory lottery and an OMORL specification together
uniquely specify a value of Joyorr(7) := f (Ji(n), ..., Jp(7)), and frrrr above is well-defined.

Both FTLR and OMORL derive policy orderings directly from the policy evaluation functions, so this
means the two specifications induce the same policy ordering. Therefore, we’ve shown that for any
OMORL specification in any environment, it is possible to construct an FTLR specification which
expresses the same policy ordering. O
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B.2 NOVEL RESULTS OF EXPRESIVITY (X > Y)

Lemma B.20. For any environment E = (S,A,T 1), there exists a reward function R : Sx AxS — R
and discount factor v € [0, 1) such that the trajectory return function G(€) := > v*R(St, At, St+1)
t=0

is injective.

Proof. Let X be a finite set with |X| > 1 and let Z = X be the set of infinite sequences of
members of X. Let R : X — R be areward function and let y € [0, 1) be a discount factor. Define
Gr : E— Rsuch that G(§) == >, o V' R(xy).

Let the reward function R be any injective function. Since X is finite and R is injective, there exists
a positive real number M = max, yex (|R(x) — R(y)|). Also, since R is injective, there exists a
nonzero positive real number m = min, yex (|R(z) — R(y)|) (for z # y).

Now let &; and &5 be two sequences that differ first at position s. Then:

G(&) = G(&) =) 7 (R(@) = R(y) =7 Y7 (R(zr) = Rlyr))

t=0 r=0

Since &; and &2 must differ at position s (r = 0), the difference of rewards at that position must be at
least m. Subsequently, the difference of rewards can be at most //. So we can try to compensate for
the difference of m at r = 0 by subtracting differences of M at positions r > 0.

We will never be able to fully compensate if m > % = m(l—7v)>yM (x).

Note that since M > m, we must have v < 1/2.

But also, the maximum difference between reward assignments must be at least (| X| — 1) times the
minimum difference, so we have the constraint: M > m(|X| — 1). Combined with (x), this entails
thaty < 1/|X] .

Thus, for any -~y satisfying this constraint, simply take an injective reward function R : X —
{0,m,...,m(]X| — 1)}. Then for any two sequences &; and &5 that differ anywhere, the difference
between their corresponding trajectory returns G(£;) and G(&3) will be nonzero. Thus, we have
chosen R and ~ such that G : = — R is injective (and we can always make it surjective by restricting
the codomain to the image of = under G). O

Note that this scheme will result in a very small y for large enviroments. Next we will use this lemma
to prove that INMR, IMORL, and FTR are equivalent.

Theorem B.21 (/INMR ~gxpr IMORL ~pxpr FTR (Theorem in Section [3)). Inner
Nonlinear MR (INMR), Inner Multi-Objective RL (IMORL) and Functions from Trajectories to Reals
(FTR) can each express every policy ordering on any environment that the other two formalisms can
express

Proof. 1t is trivial that IMORL can express INMR and that FTR can express IMORL and INMR, so
if we prove that INMR can express FTR we have proved that the three formalisms are equivelent.

We need to show that, given any FTR objective specification (f) , there exists an INMR objective
specification (R, ~, h) such that f = h o Gg.

To show this, we use [B.20]

If the state space S and action space A are both finite, then it is always possible to specify a reward
function R : S x A x § — R and a discount factor v € [0, 1) such that the function Gr , : £ = R
is an injective function.

Hence, choose (R, ) such that G () is injective. We can also make it surjective by restricting
the codomain R to the image of = under G ~. Thus, we can make Gz ~ invertible.

Then, construct h : R - Ras: h= fo G;z}v. ]
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As discussed previously this proof requires arbitrarily complex functions and infinite precision to
hold in the general case. In many practical situations it would be reasonable to say that FTR>gx pr
IMORL > g x pr INMR but it is still interesting that these formalisms are equivalent in the unrestricted
mathematical sense.

Lemma B.22. Let Joyorn(t) = (Ji(n),....Ji(7)) € R¥ for an OMORL specification
Oomorr = (k, R, f,7). Then for any environment E = (S, A, T,T) and any FOMR specifi-
cation (fromr, YFOMR), there exists an OMORL specification Oonorr = (k, R, f,7y) such that

jOMORL(W) = ?’ﬁ(ﬂ')

Proof. Since m(w) € RISIAISI and Jpp0rL(7) € RE, k must equal |S||.A||S| in order to allow
Jomorr(m) = m(m). Let us define |S| x |A| x |S| reward functions indexed by a s, a, s’ triple, as
follows: Rk (1, @m, Sn) = 0i10;mOkn. Here, ¢ is the Kronecker delta function:

P 1, ifa=0,
70, otherwise.

Essentially, reward function R;;;, provides reward 1 for the transition (si, aj, s &) and reward O for all
other transitions. Also, let Y = yroarr. Then,

Tije(m) = D> > ' P(sy = 51,00 = am, $101 = $n)Riji (51, 5n)

lmm t
= Z Z'V%OMRP(St = 81,0t = A, St4+1 = Sn) 0i105mOkn
lmm t
=Y AhonnPls = siar = aj s =s) = m[siaz,
t
Since all components of Joasorz () and () match, Jorrorr (7) = (7). O

S x A xS could be a very large number of reward functions and therefore in many practical situations
FOMR > g x pr OMORL and OMO > gx pr GOMORL.

Lemma B.23. For any environment E = (S, A, T,Z) and discount factor -y, mi(my) = m(my) <=
Ly, = Ly,.

Proof. Direction1: L, = L., = m(m) = m(m2)

Consider the set =f = {£, € Ej | s = s, a1 = a, sp+1 = s'}. Then,

Pr(sk=s,ax = a,5541=5) = Y Lpx(&)

ELEEL

If Ly, = Ly,,then Ly r, = Ly », Vk € N. Thus, at every time-step ¢:
Pr (st =s,at = a,5041 =§') = Z Ly (&) = Z Limy (§t) = Pry (81 = 8,00 = 0,841 = §')
EtGE: thE:

Therefore,

o0 o0
m(m)[s,a,s'] = thpm(st =s,a1=0a,841=5)= thPm(st =s,a; = a,s41 =8 ) = m(ma)[s,a,s]
t=0 t=0

Direction 2: m(m) = M(me) = Ly, = Ln,

To prove this direction we will show the contrapositive, i.e. Ly, # Ly, = mi(m1) # mi(m2).
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Suppose L, # Lg,. This means there exists some state s and a subsequent state s’ that both
policies visit with the same nonzero probability such that 71 (s) # m2(s). (This might be the initial
state, if they diverge right away.) If they were identical on every visited state, they would produce
the same trajectory lottery. There must be two actions, a; and as, such that 71 (a1]s) > ma(a1|s)
and 7o (az]s) > mi(az|s). For both sets of probabilities to sum to one, 71 can’t assign a greater
probability to all actions at s.

Now, considering the transition to s’:

m(mi)[s,a1,8'] 3,7 Pr (st = 8,ai = a1, 5041 = 5')
m(mi)[s,a,8'] YoV Pri (St = s,ar = ag, Sp41 = ')
Y iV Pry (st = s)mi(ae = arlsy = )T (s441 = §'lar = a1, 8¢ = )
o YoV Pry (st = s)mi(ar = az|sy = )T (Sp41 = §'|ar = ag, s¢ = )

Since we’re considering stationary policies only, 71 (a; = als; = s) = m(als). The transition
function is also time independent. Therefore:

m(mi)[s, a1, 8] mi(ai]s)T(s'|ar,s) >, 7' Pr (st =) mi(aq|s)T(s']as, )

mi(m)[s, az, 8"l mi(als)T(s'lag, s) >, V' Pr, (s =s)  m1(azls)T(s'|az, )
Similarly,
m(ma)[s, a1, 5] _ ma(a1]s)T(s'|a1, s)
m(m2)[s, az,s']  ma(az|s)T(s'|az, s)

From the inequalities 71 (a1 |s) > m2(a1]s) and w2 (asz|s) > m1(az|s), we deduce:

(m2)[s, a1, ']
(772)[5’ az, 3/]

m
> = > =
m

Thus, T?L(ﬂ'l) 75 T?l(ﬂ'g).
O

Note that this proof requires stationary policies; on non-stationary policies, the above will not
necessarily hold.

Theorems [B.24] and [B.25]follow fairly straightforwardly from Lemmas[B.22]and

Theorem B.24 (OMORL ~ g x pr FOMR ~ g x pr FTLR (Theorem [3.3in Section[3)). Outer Multi-
Objective RL (OMORL), Functions from Occupancy Measures to Reals (FOMR), and Functions
from Trajectory Lotteries to Reals (FTLR) can each express every stationary policy ordering on any
environment that the other two formalisms can express.

Proof. From lemma@]wa can choose the OMORL reward functions R ;3 such that the associated
Markovian policy evaluation functions J;;; form the components of the policy’s occupancy measure.
If we apply the same function f to both the vector of J;;; functions and the occupancy measure we get
that Jororr(m) = f(jOMORL (m)) = f(m(n)) = Jrpormr (7). From lemma we have that
occupancy measures and trajectory lotteries uniquely determine each other and as such we can choose
corresponding functions froprr and frrpr such that both FOMR and FTLR induce the same policy
orderings. We have now proven that OMORL, FOMR, and FTLR are equally expressive. [

Theorem B.25 (GOMORL ~gx pr OMO ~gx pr TLO (Theorem [3.4]in Section[3)). Generalised
Outer Multi-Objective RL (GOMORL), Occupancy Measures Orderings (OMO), and Trajectory
Lottery Orderings (TLO) can each express every stationary policy ordering on any environment that
the other two formalisms can express.
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Proof. A GOMORL objective specification consists of an ordering on the set of policy evaluation

functions {jo morL(m)|m € g}, while an OMO objective specification consists of an ordering
on the occupation measures {ni(7)|r € IIg}. As in Theorem|B.24] Lemma says that we can

choose our reward functions R ;i such that JoMOR () = m(x),Vr € I g. Naturally, if we apply
the same ordering to both the policy evaluation vectors and to the occupancy measures, this then
results in the same induced policy ordering. From Lemma[B.23] we have that occupancy measures
and trajectory lotteries uniquely determine each other, so any ordering of one uniquely determines an
ordering of the other. Thus, orderings over occupation measures can induce all and only those policy
orderings that can be induced by orderings over trajectory lotteries. Therefore, GOMORL, OMO,
and TLO are equally expressive. O
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B.3 NOVEL RESULTS OF NON-EXPRESSIVITY (X # Y)

Proposition B.26 (RM, MR ¥ gxpr LAR, LTL). There is an environment and an ordering over
policies in that environment that LAR and LT L can induce, but RM and M R cannot.

Proof by construction. Note that since reward machines are strictly more expressive than Markov
Rewards (RM =gxpr MR;), we only need to show that RM ¥ pxpr LAR and RM ¥ pxpr
LTL. However, the reason RM and M R cannot express LT L and LAR is the same: LAR and
LTL can give JE functions that are discontinuous in the policy space, but RM and M R cannot.
The proof will proceed in three stages. First, we construct the environment ' and a subset of policy
space I C II. Second, Lemma|B.27|shows that LAR and LT L can achieve a particular ordering
over IT’. Third, Lemma demonstrates that M/ R and RM cannot achieve that policy ordering.

aa ac

Start ap

Figure 3: A simple environment consisting of two states sy and s 4 and three actions a 4 which leads
from sg to itself ,ap which leads from sg to s4 and ac which leads from s 4 to itself. The starting
state is s

Lemma B.27. Consider the following ordering over Il' : my = g ~m, Va 0 < a < 1 Where:

* T4 is the policy which takes action a 4 in state sg
* 7 is the policy which takes action ap in state sg

* T, is a policy which takes action ap with probability o and action aa with probability
1l-«a

There exists an LAR specification and an LT L specification that each induces this ordering over I1'.
In particular, they do so by setting J§ () = 1[a = 0].

* (A) Opar = (R[LAR]), where R[LAR]|(s,a,s") = 1[s = s¢|, gives expected return
J8, ,n(ma) = Lo = 0]. Therefore, = 5, , . induces the ordering.

* (B) Orrr = (¥), where ¥(§) = —0sa, gives expected return J§_ , (7o) = 1[a = 0].
Therefore, >~ 5 LA induces the ordering.

See lemmafor proof of this. Intuitively, both LAR and LT'L allow a discontinuity in J5(m,) at
a = 0, allowing 74 > 7, for arbitrarily small, but nonzero, values of «. Any o > 0 gives some prob-
ability of transitioning to s4 at each time-step, and therefore a certainty of transitioning and getting
stuck at some point in an infinite trajectory. For LAR, the finite sequence of R[LAR](so,a4,50) =1
rewards will be dominated by the infinite sequence of R[LAR](s4,ac, sa) = 0 rewards. For LT L,
Os4 will be true with probability 1, and therefore —{s 4 will be true with probability 0. If & = 0, the
agent will always loop at sg indefinitely, getting a consistent reward of 1 in LAR. Similarly, since
there is O probability of entering s 4, =0s 4 is true.

To finish the counter-example, it remains to show that the ordering over II’ cannot be captured by
any objective specification Opsr or Ogay. To do this, we first show that JB,n(ma) and JE ()
must be continuous at o = 0.

31



Lemma B.28. For all Opyy and Oy, limg_o+ JE(m0) = JE(74)

For a proof of this lemma, see appendix Intuitively, for any finite-time horizon, arbitrarily
small values « lead to small probabilities of entering s 4. Since the infinite-horizon return for M R
and RM is closely approximated by a finite-time horizon return, arbitrarily small values of « should
lead to small changes to the expected return.

Corollary B.28.1. For all Opy; and Oprg, if Va € (0,1), 7 ~ Bma, then mp ~ T 4.

This corollary follows from the fact that 75 ~ 7, implies that JE(7,) = JE(7p) and there-
fore the limit is given by: lim,_,o+ J5(7n) = JE(7p). Since lemma also shows that
limy o0+ JE(70) = JE(74), we have that J§(74) = JE(np) for any Oprr or Ogay.

Combining lemma[B.27)and lemma[B.28|tells us that, no M R and RM cannot induce an ordering
with w4 > 7p, and T, ~ 7pg, even though LAR and LT L can. Therefore, for this particular F, there

is an ordering over IT’ that LAR and LT L can induce but M R and RM cannot. This is sufficient to
show that RM %EXPR LAR, RM %E‘XPR LTL, MR %EXPR LAR,and MR iE‘XPR LTL.

O

B.3.1 PROOF OF LEMMA [B.27]

Proofoflemma@(A) We will show that J& , (m,) = 1[a = 0]. First recall that
RILAR](s,a,s") so :== 1[s; = so so]. Next, recall the definition of Jg 0, ,5:

JE,0par(Ta) = A}gnoo = %ﬂ [ Z RILAR|(st, at, St+1) (by definition)
1 N‘lf;ﬂo . .
— A}gnoo N 2 gE []l(st = 50)] (by linearity of expectation)
| Nlpa .
= Nhinoo ¥ 2 £_E> [s¢ = so] (Since E[1(X)] = P[X])

‘We consider two cases. First, if « = 0, then IP%E’Tr [st = 80} = 1 for all ¢. Therefore JEOLAR(WA) =
limy o0 3 Zi\;l 1 = 1. Second, if o > 0, then IPEE’Tr [s¢ = s0] = (1— )t i\:)l(l —a)tis the
finite sum of a geometric series witha = landr = (1 —«a) < 1

N-—1
1 ¢ o 11-(1-a)N 1 1 (1-—a)N
JEOLARW)—J&:“;*ZO<1—O‘> TN N TC(—a) anBAN N

O

Proof of lemma[B.27(B). We will show that JOLTL( o) = 1[a = 0]. First define Oprp = (¥)
with ¢(€) = —{s.4. Next, recall the definition of J§, -

JB, ()= E [w@} (by definition)

I
g
J
<
V)
b
[ I

I
—
|
&5}
Y
| — |
<
Vo)
N
| I
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‘We consider two cases. First, if o« = 0, then IP%E’7T {(}s A} = (0 since ap is never chosen. Second, if

a > 0, then IE’%E’7r |:<>SA:| = 1, since ap will eventually be chosen. O
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B.3.2 PROOF OF LEMMA [B128]
Proof of lemma[B.28] We will show that

lim JE(7,)) = J&(mo)
a—0t

for all Ogys and Oy . Since M R is a special case of RM where | U |= 1, to prove the lemma, it
will suffice to show that lim, o+ (| J&,.,,(7a) — J&,,,(74) |) = 0. Again, recall the definition of
a reward machine specification, Ogp = (U, ug, du, O, ) with return given by:

J5 (ﬂ):%ﬁztR(sas )
Orm ¢ YR\ St, Aty St

t=0

Here R; = g (ut, ury1) and ugpq = 0y (uy, S¢). Noting that R (s¢, at, S+41) depends only on
Sty Aty St4+1 and Uy, WE can rewrite it as R/(St, ag, 5t+1,ut) = 5R(Ut, 5u(ut, St))(St, Qg, St—‘,—l)-
Furthermore, because we have bounded rewards the series is absolutely convergent meaning we can,
we can rewrite the whole expression:

Em

J5 (m) = ’Yt Ig [R/(St,at,$t+1,ut)]

Orm

NE

t

Il
o

We can then rewrite the expression in terms of the difference between expected rewards at a given
timestep:

5

> Em T
TG pny (M) = JB (M) = ZVt (IEE (R (51, at, $t41,ue)] — IgE [R/(Stvatvstﬂ’ut)])
t=0

Label this difference J; = IEEE’” [R' (s, at, Sty1,ut)] — II%EJ [R'(st,at, St41,ut)]. We will find a
particular expression for §;. First, note that there are a finite number of transitions (s, a, s’). This
allows us to marginalise the expectation for the reward at a particular timestep:

Em
B[R (50 a1 8001, 00)] = 3 P
s,a,s’
Where:
i, E,m ,
Ds,a,s0 = gb [(s¢,ae, s141) = (8,a,8")]
t,m En ’ ’ ,
Tgas = IEE [R'(s,a,s ,uz) | (st,a¢,8041) = (8,a,5")]

Now, consider our particular E and 7, for o € [0, 1]. At any timestep, there are only three possible
transitions: (sg, @4, S0), (S0,aB,84), and (s4,ap, s4). We can, therefore write out a case-by-case

; tTa .
expression for Dy

a,s’*

Paoanso = (1 —a)™!
Poan,sa =01 —a)f
Perinsa =1— (1—a)
punsy = 0 otherwise
Noting that pggfg .50 = 1, we can write the difference between the expected rewards between 7, and

T4 at a given timestep as:
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6t — _(1 _ bTa )/rt,ﬂ' _i_pt,‘n'(¥ Tt,Tra + pt,ﬂa Tt,'fra (1)

pSOyaA750 $0,2A,50 50,4B,5A S0,4B,SA 50,4B,5A " S0,0B,SA

Note that R'(s¢, at, St+1, ut) is bounded, since S, A and U are finite. Therefore, there exists some ¢
such that |R/(s¢, at, st41,us)| < c. It follows that:

_ 1, T 6, 1, T T ( 1, T ) t,m ’

| (St ‘ ’pso aB,SArSo,U«B,SA +p50¢aBysA/r507aBa'5A 1 pSo,O«A 50 TSO,O«A750
1, T t, T |+ .o t, o |+ P, ) t, 7T |
pSo,llB’SA 50,0B,5A pSo,llB’SA 50,aB,5A pSO@A,SD 50,0A,50

<c- (pioﬂ,gBﬁA +pzb7th,SA + (1 _pgoﬂ:ngO) )
_c~(1—(1—a)t+a(1—a)t+(1—(1— )t“))
=2 (1-(1-a)+a(l-a)")

We can use this to bound the difference in J§ values.

| B pns(Ma) = Ty (ma) | =1 Y7161 |

t=0

0
:2C(i7t_i7t'(1—04)t+0<§:7t~(1—a)t)
(

=0 =0 =0
1 1 1
=2
\T=5 " To50=a T W1s (l—a))
=Z
If we have that | J§_ (7o) — JB,, (7a) |< Z, then to show that lim, o+ (5, (7a)) =

J5 ., (ma) it suffices to show that lim,, -+ (Z) = 0.

1 1 ol
lim (Z) = lim 2 -
ai{g*() a0+ C(l—ﬂy 1—7(1—a)+1—’y(1—a)>

1 a
=2 — I . 1i - -
6(17 aLIBl+1fy(1a)+aE€+1fy(1a)>

1 1
:26( —+0>
1=y 1-9v
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Proposition B.29 (LAR Y gpxpr MR, LTL). There is an environment and an ordering over
policies in that environment that Markov Rewards (MR) and Linear Temporal Logic (LTL) can induce,
but Limit Average Reward (LAR) cannot.

Figure 4: An environment consisting of four states sg, s4, Sp, Sc and five actions a4, ap, ac,ap, ag.
The starting state is sq.

Proof by construction. In the environment above there are two possible deterministic policies,
taking the upper path through s 4 and m; taking the lower path through sp. We argue that LAR cannot
express the policy ordering

Ty ™= T
while MR and LTL can. First we will argue that LAR cannot express this policy ordering: Both
policies take action ag an infinite number of times while they only take the other actions at most
once.

[ Nl
TG, an(mu) = m R(st, at, s¢41)
L*" =0
= lim |— | R(s0,aa,54) + R(sa,ac,sc) + R(sc,ar,50)
N—ooo | N pr
=R(sc,aE, sc)
M. N—1
E s 1
O an(m) = A}gnoo N R(s¢,at, st41)
L7 t=0
[ N-1
= lim 1 R(so,ap,sB) + R(sp,ap, s )—i—ZR(s ag,Sc)
Nooo | N 0,%B,5B By4D,5B 2 C,AaEg,SCc

=R(sc,ap,sc)

Meaning that J§, , (m,) = J§, , .(m) and so m, ~ 7. Next we will show that MR can express
this policy ordering: let R(so, a4, s4) := 1 and all other rewards := 0. Then:

I8 n(m) =1
J(%MR (7‘(‘1) =0
resulting in our desired ordering.

Next we will show that LTL can express this policy ordering: Consider the LTL predicate {s 4 i.e.
finally s 4 this will give reward 1 to all trajectories which include s 4 and O otherwise. This gives:

J(%LTL(M) =1
JgLTL(ﬂ'l) :0

i.e. our desired ordering. [
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Proposition B.30 (LTL #gxpr MR,LAR). There is an environment and an ordering over
policies in that environment that Markov Rewards (MR) and Limit Average Reward (LAR) can induce,
but Linear Temporal Logic (LTL) cannot.

anB

Start

Figure 5: An environment with a single state sy with three actions a 4, ap and ac which all lead back
to itself.

Proof by construction. Consider the deterministic policies, 4, mp and m¢ corresponding to taking
actions a 4,ap or ac respectively.

We argue that LTL cannot express the policy ordering:
TA = TR = TC
while MR and LAR can.

First we will show that LTL cannot express this policy ordering:

TA =T = ¢ (§a) > ¢ (EB)
= @(a)=1and ¢(&p)=0 (as deterministic environment)

however,

5 = o = ¢ (B) > ¢ (&c)
= p(¢p)=1and (&) =0 (as deterministic environment)

leading to a contradiction. For deterministic policies on deterministic environments LTL can only
divide policies into two categories and as such cannot order 3 or more policies.

MR can clearly express this ordering by setting R(sp,aa,s0) = 1, R(so,ap,s0) := 0 and
R(so,ap, o) := —1 leading to:
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LAR can also clearly express this ordering by again setting R(sg, a4, so) := 1, R(so,ap,s0) := 0
and R(so,ap, so) := —1 which leads to
T8, an(ma) =

OLar

1
JE (WB):O

OrLar

JE (7o) = -1

OrLar
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Proposition B.31 (M R, RRL %Y gxpr RM,ONMR,LTL). There is an environment and an
ordering over policies in that environment that Reward Machines (RM), Outer Nonlinear MR (ONMR)
and Linear Temporal Logic (LTL) can induce, but Markov Rewards (MR) and Regularised RL (RRL)
cannot.

aa

Start 50% 90% Start

ap

Figure 6: A two state environment with 2 actions a4 and ap going from each state to the other state.
The initial state is random, i.e. s4 and sp with equal probability.

Proof by construction. The figure above shows a simple 2-state system where 2 different actions a 4
and ap are possible in each state. Let 7;; denote the policy which takes action ¢ in state s 4 and action
7 in state sp. There are 4 possible trajectories following deterministic stationary policies, namely,
(saaaspap)®, (saapspaa)*, (saaaspaa)* and (sqapspap)* which correspond to policy 745,
TpA, Taa and mpp respectively.

We claim that MR and RRL cannot implement the XOR function, i.e. the policy ordering map ~
A = Taa ~ g While RM, ONMR and LTL can.

First we will show that MR cannot express this policy ordering:

: . E _ JE E _ JE
We want to describe the ordering J@MR(TFAB). = J(.QMR(WBA.) > JOMR.(.WAA) = .JOJ\IR(WBB.)'
Each trajectory only has two unique state-action pairs, and since the initial state is random, in
expectation each action a policy contains will be taken 50% of the time at each time step.

This means that:

ngwR(ﬂ-AB) > J(E)MR(WAA) —

1 oo
Y'R(sa,a4,88) + 3 Z%WtR(SB,aB, 54) >

N =
M8

~
Il
o

N =
M8

1 o0
Y R(sa,aa,58) + 3 tZ;’YtR(SB,aA»SA) =

t=0
oo oo
> V'R(sp,ap,sa) > Y V' R(sp,aa,54) =
t=0 t=0

R(sp,ap,s4) > R(sp,aa,54).

However,
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JgMR(ﬂ—BA) > JgJMR(ﬂ-BB) —

1 o0
3 Z'th(sA, ap,Sp) +

1 [e.9]
3 Z’th(sA,aB,SB) +

t=0

1 oo
3 Z’th(SB7CLA, 54) >
t=0

1 i ,th
2 t=0

(sB,ap,s4) =

> V'R(sp,aa,s4) > Y V' R(sp,ap,54) =

t=0

t=0

R(sp,aa,54) > R(sp,ap,54),

in contradiction with the previous relation.

Next we will show that Regularised RL cannot express this policy ordering either. Recall the policy

evaluation function in Regularised RL:

T8 e (M) = Bennma[Y_ 7 (R(st,ae) + aF [m(s¢)])]
t=0

In the case above, maintaining full generality we can write F[7(s:)] = f(P(aalst),

P(ap|st)), for

arbitrary f : A(A) — R. Thus, for the four deterministic policies considered above, we have:

0); Flrap(sp)] = f(0,1)
1); Flrpa(sp)] = f(1,0)
70)5 F[WAA(SB)} = f(LO)
1); Flrgp(sp)] = f(0,1)

Following through the same argument from above, we derive the contradictory conditions:

JORRL(
JORRL(

Next we will show that ONMR can express this policy ordering. Recall that:

JOONMR( )

Let:

f(Eenn11 Z’V R(s¢,ar,sy)])

t=0
aa,sp) = —1

aB,sB) =1

CLA,SA) =1
ap,sa)=—1
f(x) =zl

B) > JE, . (tan) = R(sp,ap,sa)+af(0,1) > R(sp,aa,s4) +af(1,0) (1)
)>J0RRL( BB) - R(SB,QA,SA)JrOéf(l,O) >R(SB,aB,SA)+Otf(O,1) (2)



Now:

1 & 1S 1 1
JgONIWR(ﬂ—AB): 527t+527t :‘71 ,7|:71_’y
t=0 t=0
1 & 1 1 1
JgONNIR(WBA) = 5 Z _’Vt + 5 Z —’yt = |ﬁ| — m
t=0 t=0
B IR
JOONA{R(/]TAA) = 5 Z'V + 5 Z -7 = |0| =0
t=0 t=0
E Iem ; le=,
JOONJVIR(T[—BB) = 5 -+ 5 Z’Y = |O| =0
t=0 t=0

giving us our desired policy ordering.

Next we will show that RM can do this policy ordering:

(s.aa.s) (s.aa.8) (s.aB.s")

Figure 7: A reward machine which can express the desired policy ordering.
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The reward machine looks as above. The reward functions are:

Ri(so,a4,84) =0

1(50,aB,54) =
Ri(sa,aa,50) =
Ri(sa,aB,s0)

50,034,554

2( )
Ra(s0,aB,54)
( 50)
2( )

1
0
Ra(sa,aa,50) =1
0

54,08, S0

For 74 4 we first transition &, (ug, S0, a4) = w4 or &, (ug, S4,a4) = u depending on if we start at
0 or 1. For this g = R so we get no reward. Next we will always transition &,,(u, So,a4) = ua
or 0y (ua,sa,a4) = ua which gives 6z = R1 which results in 0 reward, therefore

JgRIW (WAA) =0

For wpp we first transition &, (ug, S0, ap) = up or §,(ug, $4,ap) = up depending on if we start at
0 or 1. For this 0g = R so we get no reward. Next we will always transition d,,(u 4, So,ap) = up
or 0, (ua, sa,ap) = up which gives dg = Ro which results in 0 reward, therefore

JgRM(T"BB) = 0

Now for 712 we instead have d,,(ug, So,aa) = ua or 8y (ug, s4,ap) = up For this g = Rg so
we get no reward. Next we have d,,(u4, $4,ap) = up or §,(up, So,a4) = ua which give reward
dr = Ri1(sa,ap,80) =1ordg = Ra(so,a4,54) = 1 meaning

oo
JORM WBB = § :

Similarly for mo; we have 6, (uo, So,ap) = up or &, (ug, $4,a4) = uy For this ég = R so we
get no reward. Next we have &, (up,S4,a4) = ua or §,(ua, So,ap) = up which give reward
0r = Ra(so,ap,s4) = lordg = Ri1(sa,aa,S0) = 1 meaning

NE
E

JBo(mBB) =) 7=

11—

o~
Il
-

This gives us our desired policy ordering.

Next we will show that LTL can also express this policy ordering. We will use the shorthand of
referring to atomic propositions (which we have defined to be transitions in S x A x §) as actions;
a shorthand atomic proposition a evaluates to true at a time ¢ if and only if the transition at time ¢
includes a as its action.

Consider the LTL formula ((aa — Qag) A (ag — Oaa)), which reads "a 4 implies next ap and
ap implies next a 4." Clearly this is false for m4 4 as the action taken after a 4 in not always ap and
false for mp g as the action taken after ap is not always a 4. For m4p and 73 4 however, the formula
is true as action a 4 is always followed by ap and action a g is always followed by a 4. Consequently,

TB s (Ma4) =0

JORM TBB 0

(TBB) =
ORM (TaB)
JEpn(TBA)

which gives us the desired policy ordering. O
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Proposition B.32 (ONMR % gxpr LAR). There is an environment and an ordering over policies
in that environment that Limit Average Reward (LAR) can induce, but Outer Nonlinear MR (ONMR)
cannot.

aa ap

Start ax

ap ac ag

Figure 8: An environment with 2 states sy and s4 with 4 possible actions in state sg, namely
aa,ap,ac and ax and 2 possible actions in state s 4, namely ap and ap. The starting state is sg.

Proof by construction. Consider the environment above. We start in state sg and have 5 deterministic
policies, w4, mp and ¢ which correspond to taking action a4, ap or ac in state so and policies 7p
and 7 which correspond to taking action a,, in state sy and action ap or a g in state s 4, respectively.
We also have stochastic policies defined by the conditions

mors(arlso) = 0
7T9]J(ax|80) =1-40
mors(aslsa) =1,
forI € {A,B,C}and J € {D,E}.
We would like the policy ordering:

TE ~ TQAE ~ TOBE ~ TOCE > TD ~ T9AD ~ T9BD ~ ToCD >~ TB ™ TA

This can be done in LAR by setting R > Rp > R¢c > Rp > R4 and Rx = 0. For all policies
which have a finite probability of taking ax, J& . 1 () only depends on what the the policy does in
state two meaning that: mg ~ Tgag ~ TepE ~ Tecg and Tp ~ Tgap ~ TeBD ~ TecD. Setting
the rewards as above completes the rest of the ordering.

Now we will show that ONMR cannot express this policy ordering:

JgONIWR(ﬂ-OIJ) = f(EENWe [G(f)]) = f( gMR(ﬂ'GIJ))) =
R 1 Ry
f(1—97+ 1—(1-0)y (R”“L 1—7))

It is possible to choose R, such that J& _(mgrs) = J5,,,(w;) however it is not possible to
choose R, such that both J& _(mgrp) = JB,,,(7p) and J5 , (7orp) = JB,,,(7E). Let us
assume we have chosen R, such that J& _(mgrg) = J§,, ,(7g) and we can therefore not make

J8,,n(morp) = J§,,.(mp). (Of course, an analogous proof goes through under the contrary
assumption.)

We need J(EQ()NAIR(WHAD) = J(EOONMR(TFGBD) = JgoNMR(ﬂ-eCD) = J(EQONJWR(T(D) S [O’ 1) S0
f must map the ranges
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(JgMR(ﬂ—(’BD)’ JgJWR(TrD)] - f(JgMR(’/TD))

(78 (mocD), TG, (7D)] = f(J8,,1(7D))
Either one or more of J5 , (wa), J5,,,(75) or J§&, . (m¢) are equal which contradicts our desired
policy ordering or one of J§ , (7a), JB,,.(75) or J&, (mc) must be within the range which is

mapped to J5 onu (D) above. This is also against our policy ordering. Therefore ONMR cannot
express this policy ordering. O
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Proposition B.33 (ONMR ¥ gpxpr LTL). There is an environment and an ordering over policies
in that environment that Linear Temporal Logic (LTL) can induce, but Outer Nonlinear MR (ONMR)
cannot.

Proof by construction. Consider the following environment, and the linear temporal logic (LTL)
formula below.

anB

Start

Figure 9: An environment with a single state sy with three actions a 4, ap and ac which all lead back
to itself.

This environment has policies m,39 where @ € [0,1], § € [0,1] and § € [0, 1] represents the
probability of taking action a 4, ap and a¢ respectively. We would like the policy ordering
Tapg = Tl B'o’

Where: a > 0A B >0A0 >0anda’ =0V 3 =0V & = 0 Le assign the same reward to
all policies which have a positive probability of taking all three actions and the same lower reward
otherwise. LTL can express this policy ordering with the following LTL formula:

Y =9%0aa Noap N\ oac

This LTL formula reads "Eventually a 4 and eventually ap and eventually a¢," and is satisfied by a
trajectory if and only if the actions a 4, ap, and ac are all taken at some point. Since our trajectories
are infinite and we only have one state, eventually taking an action is equivalent to having positive
probability of taking an action. Therefore LTL gives us:

JB, .. (mape) =1 Ya>0AB>0A0>0

J8, . (Tape) =0 Ya=0VE=0vVHI=0
Which is our desired policy ordering. Now let us show that ONMR cannot express the same policy
ordering:
Let

Ra =R(s0,a4,50)
Rp = R(s0,a8, 50)
Re = R(s0, ac; so)
Either one or more of these rewards are equal (we will return to the equality case below) or one

reward lies between the other two. To fulfill this policy ordering the ONMR function must map all
MR rewards of policies which sometimes take all actions to one value, lets call this R ;7. The function
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must also map all policies which do not do this to another value, R . Specifically it must map all
policies which only take two actions with any probability to the same value:

Ra Rp
1—-7"1—7
(RA, RC)*)RL
1—v"1—7v

R R
B 7 ¢\ LR,
L=y 1=9
However, we also need to map the range:

min(RA,RB,'RC) maa:(’RA,RB,RC)
1—7 ’ 1—7

)—)RL

)—>RH

These ranges clearly overlap and no function can map the same value to two different values. In the
case that two or more rewards are the same the proof is even simpler. Call the rewards which are
equal R 4 and R g with R being the other reward. The ONMR function must for instance map

1 1 1
-Ra+-Rp+-Rc — Ry

3 3 3
ZR +1R —+R
3 A 3 C L

But these two expressions are equal. Thus, we prove that ONMR cannot express this policy ordering.
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Proposition B.34 (FTR %/ pxpr ONMR). There is an environment and an ordering over policies
in that environment that Outer Nonlinear MR (ONMR) can induce, but Functions from Trajectories
to Reals (FTR) cannot.

Proof by construction. Consider the environment depicted in the diagram below.

Start

aa ap

Figure 10: A three-state environment with two possible trajectories corresponding to choosing a 4 or
ap in the starting state sg.

We will show that in this environment, the following ONMR specification (R, f,~) cannot be
expressed with any FTR specification.

RA = R(so’aA7sA) = 17RB = R(SO,G,B, SB) =0 (as depicted abOVe)

1 1 ife>1

=1 =2

J(@) = [ 2} {0 ifz <3
v =0.99

With this specification:

J(E)ONAIR(TF) = <£Nﬂ, T [Z’Y R(st, at, 5f+1)]> (by definition)
=f <£ . [R(st=0, G0, St—l)]) (Rewards are 0 after the first step)
= f(n(aals0)R(s0,a4,54) + m(ap|so)R(s0,aB,sB))
= f(m(aalso)(1) + m(ap|s0)(0))
= f( (aalso))

B ifm(aalso) > é
N if m(aalso) < 3
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So this ONMR specification prefers policies that satisfy 7(a 4|sg) > % to those which do not, and has
no other preferences. Now, we will show that no FTR specification can express this policy ordering.

In this environment, there are only two possible trajectories: €4 := (So, a4, (54,54)%) and g :=
(so,ap, (sp,SB)*). Suppose there is an FTR specification (fr7rg) which induces the same policy
ordering as the ONMR specification described above. One property this specification must satisfy is
that the policy 74 that takes action a 4 deterministically must be preferred to the policy 75 that takes
action a g deterministically.

JgFTR(WA) = §NWI§,T,1[fFTR(€)] > JgFTR(WB) = fNﬂIE’TJ[fFTR(f)}

= frrr(a) > frrr(¢B)

Additionally, if 7,2 (aalS0) = Tmiz(aB|so) = %, then to match the ONMR specification, the FTR
specification should have no preference between ,,,;,, and 7 4.

E7T,I[fFTR(€)] = J(EQFTR(Wmix) = E [fFTR(g)}

E~vma EnTmiz, T\ 1

= frrr(éa) = %fFTR(fA) + %fFTR(fB)

JBrn(ma) =

== %fFTR(fA) = %fFTR(fB)
= frrr(€a) = frrr(¢B)

Since it cannot simultaneously be true that frrr(£a) > frrr(€s) and frrr(£a) = frrr(éB),
this means there is no FTR specification which prefers 74 to 7 but has no preference between 7 4
and 7,,;,. Therefore, FTR cannot express this policy ordering, concluding the proof. O

This proof highlights that the expectation in the definition of FTR limits it to linearly interpolating
between the possible trajectories that a policy can produce. Meanwhile, ONMR specifications can
express more complex preferences over trajectory lotteries, such as setting a minimum acceptable
probability for a trajectory.

48



Proposition B.35 (FTR /gxpr RRL). There is an environment and an ordering over policies in
that environment that Regularised RL (RRL) can induce, but Functions from Trajectories to Reals
(FTR) cannot.

Start

aa ap

Figure 11: A three-state environment with two possible trajectories corresponding to choosing a 4 or
ap in the starting state sg.

Proof by construction. J() = Eer[>2720 7 (R(st,ar) — aF[m(s:)])]
where F' : A(A) — R is a functional of the policy’s distribution over actions at a given state.

We construct an example of a task that can be expressed in Regularised RL with F'[w(s)] = H[r(s)] =
— >, m(a;|s)logm(a,|s) (the Shannon entropy), and then prove that it cannot be expressed by any
FTR objective.

Suppose we have the environment above with only two trajectories & 4, &g through it, both of which
can be reached by means of deterministic policies. Let us specify the reward function R so that both
trajectories have the same discounted sum of rewards. Three possible policies are:

mr,: Deterministic policy that takes £ 4 with probability 1
mr: Deterministic policy that takes &g with probability 1
T, Indeterministic policy that takes £ 4 with probability p and £ with probability 1 — p

Since H[r(s)] = H[rr(s)] =0, and G({4) = G(&g) by stipulation, J(7r,) = J(7R).

Moreover, for a > 0, it is easy to show that J(m,,) < J(7r) = J(7wr). Thus Regularised RL in this
environment can express the task m,,, < 7 ~ TR.

Now consider FTR. The policy evaluation function is:

J(m) = EBenr[f(§)] = P(£a) f(£a) + P(€B) f(€B)
So:
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J(mm) = pf(€a) + (1 —p)f(&B)

Since p € (0, 1) the latter is a convex combination of the former and so we must have EITHER:
TR < Tm < TL (a>0)
T < T < TR (b>a)
T ~ T ~ TR (a=10)

None of these gives us the policy ordering induced by the Regularised RL specification above. [
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Proposition B.36 (GOMORL #gxpr FPR). There is an environment and an ordering over
policies in that environment that Functions from Policies to Reals (FPR) can induce, but Generalised
Outer Multi-Objective RL (GOMORL) cannot.

Proof by construction. The essential idea of this proof is that FPR can express preferences between
policies that are only distinct on states that neither policy ever visits, while GOMORL cannot.
Consider the following environment:

aa ac

Start ap

ap

Figure 12: A two-state environment with two actions in the starting state sg taking a 4 back to itself
and action ap leading to state s 4. In state s4 we have two actions leading back to itself.

Now consider the following two policies within this environment, 77, and 7s:

m(aalso) = 1,m1(ag|so) = 0,m(ac|sa) = 1,m(ap|sa) = 0. That is, m; deterministically
chooses a 4 from sg and a¢ from s 4.

ma(aalso) = 1,m2(ap|so) = 0,m2(ac|sa) = 0,m2(ap|sa) = 1. That is, mo deterministically
chooses a 4 from sg and ap from s4.

The policy ordering induced by any GOMORL specification (k, R, ~y, = ;) cannot have any preference
between 71 and 5. To see this, first notice that both of these policies deterministically result in the
trajectory (So, a4, So, @A, So, --.). This means that each of the k policy evaluation functions, J;(7)
for all ¢ € [k], returns the same value for both policies:

R,i(SO aA 80)
) — R fR = 2 — T,
Jz(“l) £~71'1,T7I[t§ 0’7 ’L(Staatvst+1)] 1 Z( 2)

Thus, J () = J(ms). Since > ; must be reflexive as a weak order, J(m;) = J(m2) and J(m3) =
J(m1). So in this environment, GOMORL must induce the ordering w1 ~ 7.

Clearly, an FPR specification (Jrpr) need not respect this equality. For instance, the specification
could be:

1 ifr=m

Jrpr(T) = {0

else

The policy ordering this induces has 7; > 2, so cannot be expressed by GOMORL. This concludes
the proof. O

Recall that GOMORL has the same expressivity as Trajectory Lottery Orderings (TLO) and Oc-
cupancy Measure Orderings (OMO), so FPR is also not expressively dominated by either of those
formalisms.
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Proposition B.37 (FPR %Y gxpr GOMORL). There is an environment and an ordering over
policies in that environment that Generalised Outer Multi-Objective RL (GOMORL) can induce, but
Functions from Policies to Reals (FPR) cannot.

Proof by construction. Consider the following environment, and the GOMORL specification
(k,R,~, =) below.

R1=1 R1=0
Ro=0 Ro=1
as
Start R1=0
ag _
R>=0
ap
R1=0 R1=0
Ro=0 Ro=0

Figure 13: Three state system consisting of the starting state sy with actions a4 and a¢ leading to
s 4, the state s 4 which has two actions ap and ap which lead to sp and finally the state sp which
has action a g leading to itself. The figure also shows the reward functions R 1 which give 1 reward to
action a 4 and 0 to everything else and Ro which give 1 reward to action a g and 0 to everything else.

c k=2

* R; and R are included in the diagram above. R only rewards taking action a 4, and Ro
only rewards taking action ap.

v = 0.99 (though this particular value is not important)

o LetJ, = (J11, J12) € R? and let Jo = (J21, Ja2). = is specified such that Ty = Jo if
and only if Jy; > Ja1, or Ji1 = Jo; and Jyp > Jao. This is a lexicographic ordering on R?.

Let us clarify the policy ordering expressed by this specification, starting by writing out the policy
evaluation functions.

- Em | X Emr | X
J(ﬂ-) = < gE Z’thl(sta g, St+1)‘| PREES) IgE: lz ’thk(stv ag, st+l)‘| >
t=0 t=0
B | & t Ex | t
= gE D A Ralsan se) | IgE > A" Ra(s, ar, si41)
t=0 t=0

= (m(aalso), ym(ap|sa))

The last line is true because the only transition that R gives nonzero reward to is (sg, a4, s4), and
the only transition that R gives nonzero reward to is (s4, a4, sp) (which can be taken after one
step, so must be discounted by ).

Now we can look at the policy ordering in terms of the probabilities assigned to a4 and ap. The

- =

lexicographic ordering selected turns into the following: 71 > 7o if and only if J(7y) > J(ms) if
and only if 1 (aa|so) > m2(aalso), or m1(aalso) = m2(aalso) and w1 (ap|sa) > ma(ap|sa).

Next, let us show that FPR cannot express this policy ordering.

Suppose towards contradiction that (Jrpr) is an FPR specification that expresses the same lex-

- — - —

icographic policy ordering. First, note that if J(wy) = J(m2), then J(m;) =; J(m2) and

— -

J(ma) =5 J(m), so w1 ~ my according to the GOMORL specification above. Therefore, for
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- =

(Jrpr) to express the same policy ordering, it must be the case that J(m) = J(m2) implies
Jrpr(m) = Jppr(me). This means that Jppr, which was have assumed expresses this lexico-
graphic policy ordering, can be decomposed into the GOMORL function from policies to J vectors
inR2, J : I — R2, and a function from .J vectors in R? to reals, f; : R2 = R. So Jrppr = fy o J.
Now we will show that no mapping f; : R? — R can express the lexicographic policy ordering given
by > s above, so the supposed Jrpr which expresses this policy ordering cannot exist.

For f to express the same policy ordering as = s, it must be true that f;(J(m1)) > f7(J(m2)) <=
J(m1) =5 J(m2). Next, let us establish a few notations and facts which will allow us to demonstrate
that there is no f; which satisfies this requirement.

1. Let B, be the set of possible values for J, that a policy can have if it has J; (7) = a. That
is,let B, = {b € R: 37 € Il s.t. J1(7) = a, Jo(w) = b}, where J; and .J, are the policy
evaluation functions associated with R1 and Rs from the GOMORL specification above.
In the environment we have specified, we have established that J;(7) = m(aalso) and
Ja(m) = ym(ap|sa). So Ji(w) = 7w(aalse) € [0,1], Jo(n) = ym(ap|sa) € [0,7],
and since the policy’s behavior in s4 is not constrained by its behavior in sg, J(II) =
[0, 1] x [0, ~]. Therefore, B, = [0,~] for all a € [0, 1]. Since v = 0.99 > 0, B, = [0,0.99]
is an uncountable set. Importantly for this proof, |B,| > 1 for all a € J;(II). (Although

in this case B, is the same for all values of a, we keep the notation B, as this makes the
proof applicable to any environment in which there are uncountable values of a such that

|Bal > 1.)
2. Suppose a,a’ € J;(II) with @’ > a. To induce the lexicographic policy ordering through
f7, it is necessary that
fr(d b)) > fr(a,b) Vbe By, b € By

3. Suppose b, b’ € B, with &’ > b. To induce the lexicographic policy ordering, it is necessary
that for any a € J; (II)
fJ(a, b/) > fJ(a, b)

4. Define fj, : By — Ras f;,(b) := fs(a,b). Considering the range of f;,, denoted as
fJ,a(Ba)7 let

mi,q = inf(f;4(Bs)) and mg 4 = sup(fsq(Ba))-

Let I, , = [m1,q,M2.q), a subset of the reals such that f;(a, b) lies within this range for all
b € B,. Given point[3|and the fact that |B,| > 1 for all @ € J; (IT), we have mg g > My 4.

5. For @’ # a, pointimplies that f;(a’,b) ¢ Iy,, for any b € B,. By extension, a’ #
a —> IfJ,a n IfJ,a’ = 0.
6. Letl = {Iy,, : a € Ji(II)}. We define a function Int : J;(II) — L as
Int(a) = Iy, ,,
where “Int” stands for interval. Note that the function Int is injective.
7. Since the rationals are dense in the reals, every closed interval of reals containing at least
two distinct real numbers also contains at least one rational. Therefore, we can define a

function ¢ : I — Q which, when given an interval as input, outputs a rational within that
interval. Owing to the disjoint nature of all I, , (from point@), o is injective.

Recall that .J; (IT) = [0, 1] is uncountable. Given the assumption that an FPR specification induces
the lexicographic policy ordering, we have constructed injective functions Int : J;(II) — T and
o : I — Q. Composing these, we get an injective function

oolnt: Ji(II) —» Q.

This leads to a contradiction: J;(II) is uncountable and Q is countable, so there cannot be an
injective function from J; (IT) to Q. Thus, FPR cannot express this lexicographic policy ordering,
and GOMORL can represent policy orderings which FPR cannot. [
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Note that this proof does not rely heavily on the specific environment depicted above or the specific
reward functions used by GOMORL; the only features which are relevant to the proof are that there
are uncountable values of .J; () that each have at least 2 values of J> (7). This proof also extends to
lexicographic preferences with more than 2 reward functions.
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Proposition B.38 (ONMR % gxpr RRL). There is an environment and an ordering over policies
in that environment that Regularised RL (RRL) can induce, but Outer Nonlinear Markov Reward
(ONMR) cannot.

Proof by construction. Consider the following environment.

Start

aa ac

Figure 14: A four-state environment with three possible trajectories corresponding to the choice of
aa, ap or ac in the starting state sq.

Consider the Regularised RL (RRL) specification given by:

* V(s,a,8) €S x AXS: R(s,a,8')=0

ca=-1

F[r(s)] = [{ai : m(a;|s) = 0}|. (This F' and « incentivise assigning probability O to as
many actions as possible, which is one way of incentivising more deterministic behavior.)

v = 0.9 (although this is unimportant)

After the first step, all policies deterministically select action ap. Let Fp be the value of F[r(s)] if
7 deterministically selects ap from s. Then with this RRL specification:
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T8 () = Bemrr |7 (R(st, a1, 5041) — aF[W(St)])]

= Eenny _70 (0= (=1)F[r(s0)]) + Y_FDW]
=Eeur,11 _F[W(SO)] 1 }_FD }
= F[W(So)] + ;/f‘[’)')/

= o : wlailso) = 0] + 122

2+ % if 7 selects any one action deterministically

=<1+ % if 7 assigns nonzero probability to exactly two actions
YFp

= if 7w assigns nonzero probability to all three actions
5

Now let us show that ONMR cannot express the same policy ordering.

Conceptually, the limitation of ONMR that this proof will exploit is that if there are three different
possible trajectories, each receiving a different trajectory return, then ONMR cannot distinguish
between a policy that deterministically takes this intermediate trajectory and a policy that produces
an appropriate probabilistic mixture of the other two.

Suppose towards contradiction that (R, f,~y) is an ONMR specification that expresses this policy
ordering. Let R4 = R(so,a4,54), R = R(so,ap,$85), Re = R(so,ac,sc), and Rp =
R(sa,ap,s4). Without loss of generality, we can assume that we have numbered the states and
actions such that Ry < Rp < R¢. For now, assume that R 4 < Rp < R¢; we will return to the
equality case below This means that R = qR 4 + (1 — ¢)R¢ for some real number ¢ € (0, 1).

(Specifically, ¢ = R RA )

Now suppose we focus our attention on a class of policies of the following form:

m(ap|so) = 0, m(aalso) = (1 = 0)g, 7(ac|so) = (1 - 0)(1 - q)

Note that an ONMR specification has fixed ¢ in advance, so the only variable is . Now, we will
show that the ONMR specification must assign the same value to all policies of this form for any
6 € [0,1]. First, recall that J5_ . (m9) = f(JB,,,(ms)). Therefore, we can analyse J§  _(mg)
before returning to J§, ., - (ms):

Emx |
JOMR( ) = ]1;: Z fYtR(St’ At’ St+1)‘|
t=0
=7 (0Rp + (1 —0)qRa+ (1 —60)(1 — q)Rc) + ﬁRD
=0Rp+(1-0)(qRa+ (1 -q)Rc) + ﬁRD

—0Rp+(1—0)Rp + ﬁRD

:RB‘FLRD
-~

Connecting this analysis back to ONMR, we get:
JgON]WR(ﬂ-g) = f(ngv[R(ﬂ-e))

= f (RB + 1_,RD>
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Since this is independent of 6, any ONMR specification that uses three distinct reward values for
the three transitions must not have any preference between my—; and mp—g 5. However, the RRL
specification above does have a preference: mp—; deterministically selects ap, while mg—g 5 assigns

nonzero probability to all three actions. So J&__ (mg—1) =2+ % > % = J8 1 (To=0.5).

The only case left to address is when the reward function R in the ONMR specification assigns the
same reward to any two transitions. That is, R, = Rg for some o, 8 € {A, B, C'}, o # 3. No such
ONMR specification can express this RRL policy ordering either, because no such specification can
distinguish deterministically selecting action a,, or ag from assigning nonzero probability to both.
Let 7., be a policy that selects a,, deterministically and let 7, s be a policy that selects each of a,
and ag with probability 0.5.

E,Tl'a,ﬁ o0
J(E)I\JR(WO‘vB) = IE: Z ’Yt’R(Sta Ay, 5t+1)‘|
t=0

= 1°(0.5(Ra) + 0.5(Rz)) + ﬁRD

—Ru+—"Rp
I—7v

= J(E)ZMR(’/TOZ)

Thus,
']("EJONJWR(TFOMB) = f(‘](E)NIR(TrChﬁ)) = f(‘]ghﬂq(ﬂ-(l)) = JgONMR(ﬂ-(X)

So any ONMR specification that assigns the same reward to two transitions cannot express a
preference between 7, and 7, g. Meanwhile, the RRL specification above prefers 7, to 7, g,
since 7, deterministically selects a, while 7, g assigns nonzero probability to both a, and ag.
Therefore, no ONMR specification (whether it assigns equal rewards to two transitions or not) can
express the policy ordering expressed by this RRL specification. O
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Proposition B.39 (RRL ¥ pxpr LAR). There is an environment and an ordering over policies in
that environment that Limit Average Reward (LAR) can induce, but Regularised RL (RRL) cannot.

ap
apa
Start ap
S0 \ SA
ac

Figure 15: A 2 state environment with a starting state so which has 2 actions a 4 and ap leading to
s 4 and state s 4 which has an action a¢ leading to sy and an action ap leading to itself.

Proof by construction. In the figure above we have two states so and s 4. sg has actions a4 and ap
which both lead to s 4 with reward R 4 and R p respectively. s4 has actions ap which takes it to
itself and ac which leads to sg, these have reward R p and R. Let the initial state be sy and s4
with equal probability % There are 3 possible deterministic limit cycles here:

* Going from state 1 to state 1 forever via ap
* Alternating between the states via a4 and a¢

* Alternating between the states via ap and ac

There are 4 possible deterministic policies which we will call 7;; corresponding to taking action 4 in
state 0 and action j in state 1. We would like to express the policy ordering:

TAD ~ TBD > TAC > TBC

This is easy to do in LAR, J gL . for the different policies is:

JgLAR(ﬂ—AD) = J(E)LAR(WBD) =TRp

Ra+Re
JgLAR(WAC) = f
Re+ Rc
T8, aplmne) = XL Re

We can simply set Rp > % and R 4 > R p leading to the desired ordering.

It is not possible to express this policy ordering in MR however. Looking at J§ r Of the different
policies we get:

1 1
JgJVIR(ﬂ-AD) = EfNﬂ'ADJ [GMR(f)] = §E§N7TAD750 [GMR(f)] + §E£~7TAD,SA [G]\/[R(g)] =
1 1 =
§RA - iRD + Z’Y Rp

t=0

1 1 S
Jgth(WBD) = §RB - QRD + Z’thD
t=0
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Setting these two to be equal we get:

JgIWR(ﬂ-AD) - Jg]ij(ﬂ-BD) - RA = 7?'B

However,

JO}\/IR(TFAC Z’Y%RA + = Z’Y2t+1R + = Z ')/ZtRC + = Z’}/Qt+1RA =

tO tO tO tO
N 1<,
52 7 Ra+5 'Re
t=0 t=0

Similarly:

I8yn(mBC) ZA/tRB +5 thRc

TBun(Tac) > 6, (7Bc) = ZWtRH ZWtRC >3 ZVtRBJF ZVtRC —
t=0

1 t
- Ra> = "Rp = Ra>R
Qt:O’y A 2;7 B A B

This contradicts R4 = Rp. Therefore MR cannot express this policy ordering meaning that MR
cannot express all tasks LAR can.

With a minor modification, this proof also shows that LAR can express some tasks that Regularised
RL cannot. Recall the Regularised RL policy evaluation is defined as:

I8 (M) = Eenmm1 Z’Y (5¢,a¢) + aF[m(st)])]

In this environment we have only four actions (aD, aa,ap,ac), and so we can write F[m(s;)] as an
arbitrary function of four probabilities:

aF[r(s:)] = f(P(aplst), P(aalst), Plag|st), P(ac|st))

Then we have a closed-form expression for each of our four policies under Orpgyr:

TBns(TaD) = %(RA +£(0,1,0,0)) — %(RD + £(1,0,0,0)) + Y+ (Rp + f(1,0,0,0))

t=0
TG (TBD) = %(RB + £(0,0,1,0)) — %(RD + £(1,0,0,0)) + Y _+'(Rp + £(1,0,0,0))
t=0
P (a0) = 5 37 (Ra + 01,000 + 5 320 (Re +.50,0,0,1)
t=0 t=0
JgRRL(’/TBC) = % Z (RB + £(0,0,1,0)) + % Zlyt(RC + £(0,0,0,1))
t=0 t=0

Using the first two equations allows us to get:

Tap ~ 7D = JB ., (Tap) =I5, (7BD)
= Ra+ f(0,1,0,0) = Rp + f(0,0,1,0)
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This contradicts our assumption when combined with the second equations:

TAC = TBC = J%RRL(WAC) = JgRRL(TrBC)
= Ra+ f(O, 1,0,0) >Rp+ f(070, 1,0)

So Regularised RL cannot express the policy ordering

TAD ~ TBD » TAC > TBC
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anB

Start

Figure 16: An environment with a single state sy with three actions a 4, ap and ac which all lead
back to itself.

Proposition B.40 (ONMR % gxpr RM). There is an environment and an ordering over policies
in that environment that Reward Machines (RM) can induce, but Outer Nonlinear Markov Reward
(ONMR) cannot.

Proof by construction. Consider the following environment, and the Reward Machine (RM) specifi-
cation (U, ug, 0y, dr,7):

* The environment E is detailed in Figure

* See Figure[[7]below for a specification of U, ug, and 0. The transitions are labeled with
actions as shorthand notation, enabled by the fact that this transition function dy; depends
only on the action. For instance, the arrow from u( to u 4 labeled with a4 indicates that
Oy (ug, s,aa,8) =wuy forall s and s’

1 ifu =wuapc
. s ’ Ny — .
r(u,u')(s,a, ") {0 otherwise.
e v=10.99

Intuitively, this RM specification gives reward exactly 1 in a trajectory if and only if all three actions
are taken in the trajectory, because that is when machine state u 4 g is visited. After giving a reward
once, the machine enters state u.,q and can never give further rewards. The states in the reward
machine keep track of which distinct actions have been taken so far (and are named accordingly).
The cumulative discounted reward is O if any of the actions are never taken, and nonzero if all three
actions are taken.

With this specification, a policy that takes all three actions with nonzero probability has probability
1 of eventually taking all three actions and receiving some nonzero discounted reward when the
third distinct action is taken, while all policies that assign O probability to at least one action are
guaranteed to receive 0 cumulative discounted reward. Therefore, a policy that takes all three actions
with nonzero probability is preferred to all policies that assign O probability to at least one action. We
can show that it is impossible to express a policy ordering that satisfies this property with ONMR.
Note that much of this proof is very similar to the proof above that ONMR cannot express Regularised
RL (RRL).

Suppose towards contradiction that (R, f, ) is an ONMR specification that induces a policy ordering
in which any policy that takes all three actions with nonzero probability is preferred to all policies
that assign O probability to at least one action. Let R4 = R(s0, a4, o), R = R(s0,an, So), and
Re = R(so, ac, so). Without loss of generality, we can assume that we have labeled the actions
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aa,ap,ac

apa,ap,ac

ac ap,ac

Figure 17: A reward machine which keeps track of which of the three states s4, sp amd s have
been visited.

such that R 4 < Rp < R¢. For now, assume that R 4 < Rp < R¢; we will return to the equality
case below. This means Rp = qR 4 + (1 — ¢)R¢ for some real number g € (0, 1).

Now suppose we focus our attention on a class of policies of the following form:
m(aplso) = 0, m(aalso) = (1 —0)g, m(ac|so) = (1 —0)(1 —q)

Note that an ONMR specification has fixed ¢ in advance, so the only variable is 6. Now, we will
show that the ONMR specification must assign the same value to all policies of this form for any
9 € [0,1]. First, recall that J§_ . (m9) = f(JB,,,(m9)). Therefore, we can analyse J§5 , (mg)
before returning to J§_ . ():

5 E,xm
JOMR(TI'Q) = E
¢ t=0

ZVtR(SmAt,StH)]

T8in(m0) =" (0R5 + (1 = 0)gRa + (1 - 0)(1 — ¢)Rc)
TBrn(mo) = 0Rp + (1 - 0)(qRa + (1 — @)Rc)

J8, (M) =0Rp+ (1 —0)Rp

JgMR(Trg) = RB

Connecting this analysis back to ONMR, we get:

JEonnn(m0) = F(JE,, (7))
IBonnrn(m0) = f(RB)

Since J5_ ., (m0) = f(Rp) forall § € [0,1], any ONMR specification with 3 different reward
values for the three transitions must not have any preference between mp—1 and mp—g 5. However, the
RM specification above does have a preference between these policies. mg—1 deterministically selects
ap, while mg— 5 assigns nonzero probability to all three actions. So JgRM (To=0.5) > JgRM (mo=1).

The only case left to address is when the reward function R in the ONMR specification assigns the
same reward to any two transitions. That is, R, = Rg for some «, 8 € {A, B, C'}, o # (5. No such
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ONMR specification can express this RM policy ordering either, because no such specification can
distinguish between policies that assign the same total probability to a, and ag together, but divide
that probability across the two actions differently. Let 7, . be a policy that assigns probability 0.5
to a,, probability O to ag, and probability 0.5 to the third action (call it a.). Let 7, g, be a policy
that selects each of a,, and ag with probability 0.25 and assigns probability 0.5 to a.. Again, we can
begin by analysing J & i Tor these policies.

E,mape | .
JgAIR(WO‘vaG) = IgE Z Y R(Sta Ay, St+1)
t=0

Il
tlj 121
~

oo
> (0.5Re +0.25R + 0.25R5))]
> 7H(0.5R + 0.5R,))
=0

E" lz Y R(s1, As, 5t+1)‘|

t=0

I
!

Returning to the ONMR policy evaluation function and using the fact that J gIVIR(TrOé, ﬂ,e) _
JgMR(Tra,e)’ we get:

= gONIWR(ﬂ-ave))

So any ONMR specification that assigns the same reward to two transitions cannot express a
preference between 7, . and 7, 3. Meanwhile, the RM specification above prefers 7, g to
Ta,e» SINCE Ty, 3, assigns nonzero probability to all three actions while 7, . assigns probability O to
ag. Therefore, no ONMR specification (whether it assigns equal rewards to two transitions or not)
can express the policy ordering expressed by this RM specification. O
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