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No-Regret Algorithms in non-Truthful Auctions with Budget
and ROI Constraints
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Abstract

Advertisers are increasingly using automated bidding to optimize
their ad campaigns on online advertising platforms. Autobidding
allows an advertiser to optimize her objective subject to various
constraints. In this paper, we design online autobidding algorithms
to optimize value subject to ROI and budget constraints.

We consider an item is being auctioned in each of T rounds.
We focus on one buyer with budget and ROI constraints in the
stochastic setting: her value and highest competing bid faced are
drawn ii.d. from some unknown (joint) distribution in each round.
We design low-regret bidding algorithms that bid on behalf of
this buyer. Our main result is an algorithm with full information
feedback (i.e., the highest competing bid is revealed after each
round) that guarantees a near-optimal O(NT) regret with respect
to the best Lipschitz function that maps values to bids. The class
of Lipschitz bidding functions is rich enough to best respond to
many correlation structures between value and highest competing
bid, e.g., positive or negative correlation. Our result applies to a
wide range of auctions, most notably any mixture of first- and
second-price auctions. In addition, our result holds for both value-
maximizing buyers and quasi-linear utility-maximizing buyers.

We also study the bandit setting, where the algorithm only ob-
serves whether the bidder wins the auction or not. In this setting,
we show an Q(T2/3) regret lower bound for first-price auctions,
showing a significant disparity between the full information and
bandit settings. We also design an algorithm with a regret bound of
é(TS/ 4) when the value distribution is known and is independent
of the highest competing bid.

Keywords

repeated auctions, online learning, first-price, budget constraint,
ROI constraint

1 Introduction

With the growth of online advertising markets in terms of both
complexity and scale, advertisers are increasingly turning towards
autobidding to optimize their ad campaigns on online advertising
platforms. Autobidding allows an advertiser to use an optimization
algorithm to generate bids on her behalf, rather than manually
bidding for each ad query. The advertiser provides high-level goals
and constraints to the autobidder, which bids on her behalf in order
to optimize her objective, while satisfying her constraints.

In this paper, we study the problem of designing algorithms
for autobidding on behalf of a buyer. We consider a stochastic
setting with T rounds, in each of which one item is sold via an
auction. In each round, the information of this round, including
the buyer’s value and the highest competing bid, are drawn i.i.d.
from some unknown (joint) distribution. The autobidder submits
a bid to the auction based on her value and the history. If the bid
is at least the highest competing bid, the bidder wins the current

round and pays a price. The bidder has a budget constraint that
limits the total payment, as well as a Return-on-Investment (ROI)
constraint which requires that the total value in the winning rounds
is at least a fraction of the total payment. These are the two most
common constraints that bidders have in practice. In particular,
ROI constraint captures similar constraints used in practice like
target cost-per-acquisition (tCPA) and target return-on-ad-spend
(tROAS)!. Our goal is to design online bidding algorithms that
maximize the bidder’s objective subject to both budget and ROI
constraints. To quantify an algorithm’s performance, we use (addi-
tive) regret against the objective value obtained by the best bidding
strategy that knows the underlying distribution.

There has been a lot of recent work on the problem of designing
algorithms for autobidding in stochastic settings. One line of work
[6, 12] focuses on truthful auctions (e.g., second-price), which is
proved to be much easier than non-truthful auctions due to techni-
cal reasons that we discuss later. A different line of work focuses
on non-truthful auctions, with either a weak benchmark for regret,
namely the best constant pacing (also sometimes called uniform
bidding), where the bid is proportional to the value [14, 26], or have
regret bounds that scale with the number of values and bids, which
can be uncountably many [10].

In this paper, we study the problem of bidding in non-truthful
auctions and design no-regret algorithms against a stronger bench-
mark than the best constant pacing — our algorithms have low
regret compared to the best Lipschitz bidding function that maps
values to bids. Due to the generality of Lipschitz functions this
benchmark can best-respond to a range of different correlations be-
tween the buyer’s value and the highest competing bid, e.g. positive
correlation for some values and negative correlation for others.
Our results and techniques. We first consider the full-information
setting where the bidder observes the highest-competing bid at the
end of each round. We prove that there is an algorithm that can
get near-optimal regret with respect to the best Lipschitz bidding
function. The main result for this setting is as follows:

THEOREM 1.1 (INFORMAL VERSION OF THEOREM 4.1). There is
an algorithm that achieves O(VT)? regret while satisfying both the
budget and ROI constraints, with respect to the best Lipschitz bid-
ding function. The result applies to various classes of auctions (see
Assumption 3.1) including first-price auctions, second-price auctions
and a hybrid of both. The result applies to both value and quasi-linear
utility maximizing bidders.

To the best of our knowledge, this is the first algorithm that
achieves near-optimal regret bounds against the best Lipschitz
bidding function for non-truthful auctions under budget and/or
ROI constraints.? Our result applies to any input distribution under
mild assumptions (see Section 2).

!For example, see the Google ads support page and Meta business help center
20 (VT) = O(NT - poly(log(T))).

3See Section 1.1 for comparisons with prior works.
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Our algorithm is based on the primal/dual framework for online
learning with constraints [6, 7, 9, 10, 13, 20]. In this framework, to
manage global constraints, the ‘core’ algorithm deploys two com-
peting algorithms, each optimizing an unconstrained objective. On
one hand, the primal algorithm picks an action (subsequently used
in the actual bidding problem) to maximize a function similar to
the Lagrangian of the problem. On the other hand, the dual algo-
rithm picks Lagrangian multipliers to minimize the same function.
Guarantees for this sequential unconstrained stochastic zero-sum
game imply the guarantees for the original constrained problem.

While the dual algorithm uses a standard instance of Online
Gradient Descent to pick the scalars that represent the Lagrangian
multipliers, designing the primal algorithm is often much more com-
plicated and requires knowledge specific to the original problem.
We develop the primal algorithm for our main result in Section 3.

Main Technical Challenges. Below we list some of the main
technical challenges that we need to tackle and give a brief outline
of our approach to solving them.

Lagrangian Maximization in Non-Truthful Auctions. To better ex-
plain the challenge, we first consider the problem where the auc-
tion used is a second-price auction. The part of the Lagrangian
function that depends on the primal algorithm’s bid b takes the
following form (for either value or quasi-linear utility maximiza-
tion): r(b) = 1[b > d] (yv — d),where v is the player’s value, d
is the (unknown) highest competing bid, and y,y are arbitrary
non-negative numbers that depend on the Lagrange multipliers.
Maximizing the above function turns out to be straightforward:
using b* = U% implies* r(b*) = (yv — ¥d)*, which guarantees
maximum reward. Since b* does not depend on the highest com-
peting bid d, the primal algorithm can pick this bid to guarantee
zero regret for maximizing the Lagrangian; this subsequently leads
to low regret guarantees for the original problem with constraints.

In contrast to truthful auctions, for non-truthful auctions, the
bid that maximizes the Lagrangian cannot be calculated without
the highest competing bid. Therefore, the learner needs to learn
the best function that maps values to bids. However, learning the
best such function is unrealistic since it might be non-monotone
and discontinuous. Instead, we focus on a class of functions with
specific structures. Such a class used in previous work is the class of
pacing multipliers, %1, that map values to bids by multiplying by a
constant number. Instead, we focus on the more general class of Lip-
schitz continuous functions, ¥ ip, which provide a much stronger
benchmark to compete against, even in very simple settings where
values and highest competing bids are independent. For example,
if the highest competing bid is constant and the value is not, the
best response is a fixed bid, which cannot be expressed by the class
of pacing multipliers. In Appendix B we give a concrete example of
this and include some additional discussion on the limitations of
the pacing multiplier class Fpy1.

The increased expressivity and complexity of ¥ i, over Fyy1 can
also be observed when considering finite approximations of them.
Faul can be approximated with accuracy ¢ using a set of size ©(1/¢).
If this approximation results in O(Te) error over T rounds (this is
not trivial, see our discussion on that next), along with many more
simplifying assumptions, using standard online learning algorithms

4We denote x* = max{0, x}.

Anon.

we get O(Te ++/Tlog(1/¢)) regret (/T logK is the regret of using
K different actions); optimizing over ¢ we get O(VT) regret. In
contrast, approximating ¥ jp, with £ accuracy requires a set of size
exp(©(1/¢)), leading to O(Te + /T log(exp(1/¢))) regret. This is
O(T?3) it optimized over ¢, which is suboptimal.

The near-optimal O(NT) regret is achieved by utilizing the struc-
ture implied by the finite subset of #{ jp, similar to [11, 18]. More
specifically, we create a tree where the functions of the finite subset
of Fip are the leaves and smaller distance between two leaves
implies more similarity between the two corresponding functions.
This allows us to enhance the standard regret guarantees of learning
algorithms to get the improved result, found in Section 3.3.
Discretization Error and Safe bid. Our algorithms are based on dis-
cretizing the bidding space of real numbers. However, two bids
that are similar do not necessarily lead to similar reward, as the
reward of a round is not a continuous function of the bid. This has
been solved in previous works (e.g. Fikioris and Tardos [13], Han
et al. [18]) for first-price by noticing that using bid b + ¢ instead
of b still wins the auction and the price paid can only be ¢ more.
However, in this work we face one additional challenge: since our
primal algorithms aim to maximize the Lagrangian, the reward of
bid b + £ might be negative, making bid b much better if it does not
win the auction. This means that the error of discretizing our action
space is harder to handle. We tackle this by defining a general way
of transforming bids to “safe bids” that guarantee non-negative
reward that is at least as good as the original bid (Assumption 3.1),
which is crucial to getting optimal regret rates.

Time-Varying Range. The Lagrangian function that the primal al-
gorithm aims to maximize depends on the Lagrangian multipliers
picked by the dual algorithm. Thus the primal algorithm’s guar-
antees need to hold even against an adaptive adversary since no
assumptions can be made for the dual algorithm’s behavior, which
adapts to the primal’s decisions. While this challenge is not new
to online learning algorithms, a new problem that we face is that
the Lagrange multipliers control the range of the objective that the
primal algorithm has to maximize. For technical reasons (which we
discuss in Section 2), we cannot a priori upper bound these multi-
pliers. This means that the primal algorithm needs to maximize a
function whose range is time-varying and unknown. We develop
algorithms that tackle this problem and offer regret bounds that
match the bounds of algorithms that know this range in advance.
We first solve this problem in Section 3.2 and use a technique that
is very general and, we believe, is of independent interest.

From Standard Regret to Interval Regret. The ‘core’ algorithm re-
quires that the primal and dual algorithms have low interval regret,
i.e., low regret in every interval of rounds. This is not automatically
achieved by classic algorithms, e.g., the Hedge algorithm [16] has
linear interval regret. In Section 3.4, we offer a black-box reduction
to reduce the problem of standard regret minimization to interval
regret minimization with only (j(\/f ) error, which also works for
the above time-varying range problem.

Bandit Information. In Section 5 we consider the bandit infor-
mation setting where the algorithm only observes whether the bid
wins the auction or not and the price she pays if she wins. In sharp
contrast to the full-information setting, we prove an Q(T?/3) regret
lower bound for first-price auctions even in a simple setting when
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No-Regret Algorithms in non-Truthful Auction

the value is constant. While this is known for quasi-linear utility
maximization Balseiro et al. [5], no results are known for value
maximization. Our lower bound is materialized in a very simple
setting, as showcased in the theorem that follows.

THEOREM 1.2 (INFORMAL VERSION OF THEOREM 5.1). No algorithm
can always guarantee o(Tz/S) regret in value-maximizing first-price
auctions with bandit information, even when the value is constant,
the budget is ©(T), and there is no ROI constraint.

Our lower bound is based on a distribution of highest competing
bids that has the following property: for (almost) every pair of values
in the support, there is an optimal bidding strategy that uses only
those values. A small adversarial modification in the distribution
at a certain value ensures that (a) bidding at any other value is
sub-optimal and (b) the bidder wastes many rounds on sub-optimal
bids before finding the optimal one. This construction is inspired
by the Q(T?/3) lower bound of [23] for revenue maximization in
posted-price mechanisms without constraints.

To complement our lower bound in Theorem 1.2, we present a
O(T3/%) regret upper bound in Theorem F.3.

Tight satisfaction of the ROI constraint. We remark that all
our regret upper bounds satisfy the ROI constraint exactly but
are based on similar results that approximately satisfy the ROI
constraint (i.e. have sublinear violation with high probability). In
Section 4, we present a black box reduction to turn any algorithm
with approximate satisfaction into one with exact satisfaction.

Finally, we note that the focus of our O(VT) regret bounds in the
full information setting (Section 3) is regret minimization. To get
this optimal information theoretic bound our algorithms require
exponential running time. In Appendix G, we present algorithms
that require polynomial time to run and offer the same guarantees
as Theorem 1.1 when the values and highest competing bids are
independent across rounds.

1.1 Related work

The most relevant paper to ours is Castiglioni et al. [10]. The algo-
rithm designed in our paper is based on the primal/dual framework
in [10]; we briefly introduce the framework in Section 2. They also
use the framework to design algorithms for bidding in first-price
auctions with budget and ROI constraints, albeit only for a finite
number of values and bids: their regret bound is O(VnmT) against
the best bid per value, where n is the number of values and m is
the number of bids. In addition, their algorithm satisfies the ROI
constraint only approximately. In contrast, our results apply to
continuous distributions and strictly satisfy the ROI constraint.

Online bidding in non-truthful auctions.. Lucier et al. [26] de-
sign an algorithm for bidding in first and second price auctions
under budget and ROI constraints, that implies welfare guarantees
when used by every player (extending the result of Gaitonde et al.
[17]). In addition, [26] prove that their algorithm, when used in
a stochastic environment, has O(T7/8) regret against the class of
pacing multipliers while satisfying both constraints strictly. Fikioris
and Tardos [14] also focus on welfare guarantees in first-price auc-
tions when budgeted players use arbitrary algorithms that have
no-regret against the class of pacing multipliers. In addition, they

design a full information algorithm that has O(VT) regret with re-
spect to the same class in the stochastic environment. Finally, Wang
et al. [31] study online learning in first-price auctions with budgets
but focus only on the independent values and highest competing
bids.

We defer further discussion about related work in Appendix A,
were we discuss online learning in truthful auctions, online bidding
without constraints, and online learning with or without budget
constraints.

2 Preliminaries

We consider the setting where a single bidder participates in T
sequential auctions. In each round t € [T] there is a single item
being sold; a pair (v;, dr) is drawn i.i.d. from some unknown (joint)
distribution O, where v; € [0, 1] indicates the bidder’s value, and
d; € [0,1] is the highest competing bid>. The bidder submits a bid
b; based on her value v;. The bidder wins this round if her bid is at
least® the highest competing bid d;; we denote x; = 1 [by > d;]. If
the bidder wins the auction, then she pays a price p; = p(bs,d:),
where p(b,d) € [0, 1] is the payment function. For example, for first-
price auctions, p(b, d) = b; for second-price auctions, p(b,d) = d;
for any combination of the two auctions, p(b,d) =q-b+(1—q)-d
for some g € [0, 1]. We note that the payment function p is fixed
across all rounds and known to the bidder.

At the end of each round ¢, the bidder observes information about
that round depending on the feedback model. In the full-information
setting, the bidder observes the highest competing bid d; with which
she can compute the outcome for any possible bid at this round. In
the bandit-information setting, the bidder only observes whether
she wins the auction or not (i.e. x; = 1 [b; > d;]) and the payment
pr if she wins. Our results hold for different objectives of the bidder,
who wants to maximize },;¢[1) s, where u; is her per-round utility.
The focus of our paper is value-maximizing, where u; = v;x;, but
our results also hold when the bidder has a quasi-linear utility,
where u; = x;(v; — vpy) for some v € [0, 1].

We assume that the bidder has a budget B. This is a strict upper
bound on her total payment. Namely, it must hold that her total
payment after T rounds is at most B,i.e. X;¢[1] Xtpr < B. We define

p= 9—3 and note that w.l.o.g. we can assume that p < l:any p > 1
implies that the bidder is effectively not budget constraint, since
p(-,-) < 1. The bidder must also satisfy a Return-On-Investment
(ROI) constraint: her total value in the winning rounds must be
at least a fraction of her total payment: }; x;0; >y - >4 X:pz, for
some y > 1. For the ROI constraint, we often allow approximate
satisfaction where ); x;(v; — yp) = =V and V is the violation
amount; often V = O(\/T). W.lo.g., we assume that y = 1; any
other y can be handled by rescaling the values’.

Benchmark. We want low regret when competing against a class
of bidding functions # that map values to bids. More specifically,
we assume that for every f € #, f maps [0,1] to [0,1] and we
want the player’s resulting utility to be close to her utility if she
knew the distribution O in advance and she bid using the best fixed

5One can think of the highest competing bid as the highest bid among other bidders
participating in the auction.

®QOur results easily extend to other tie breaking rules.

7For any ROl y > 1 we can rescale the values v} = v, /y.
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functions from 7. Since the bidder has to satisfy certain constraints,
the best response to a distribution O might be a distribution of
functions over ¥, not a single function. Our benchmark is the max-
imum expected average-per-round utility of the best distribution of
functions from ¥ that satisfies the constraints in expectation. For
example, for a value maximizing player in first price auctions, i.e.,
ur = 0;1 [by > d;] and p; = by we have

e Fesr(pf) fIEF (v,dI§~D [0-1[f(0) 2 d]]
Bk o afozdls, o
fIEF (v,dﬂ;~1) [(0=f(0)-1[f(v) 2d]] =0

For simplicity, we assume that the function f(v) = 0 always
belongs in ¥, making (1) always feasible. T - OPT is an upper bound
for the achievable total expected utility of any algorithm that satis-
fies the constraints [4, 9, 10]. We design algorithms that have low
regret with respect to T - OPT (where OPT is defined analogously
depending on the buyer’s objective and auction format).

Primal/dual framework. We now briefly describe the primal/dual
framework where a constrained problem is solved by having two
learning algorithms, the primal and the dual, compete against each
other in a sequential unconstrained zero-sum game. Specifically
we will look at the results of [10] who develop such a framework
for budget and ROI constraints. We first discuss the assumptions
required on the input distribution and how these relate to our
setting of learning in sequential auctions. We then present the
guarantees that the primal algorithm must satisfy to get guarantees
for the original constrained problem. For simplicity, the rest of
this section focuses on value maximization and presents all the
assumptions in the context of auctions. We refer the reader to their
paper for a more comprehensive description of their techniques.

First, we illustrate the need of some assumptions on the distri-
bution D that generates v, d;. Specifically, we assume that there
exists a bidding function that on expectation leads to f more value
than payment, for some f > 0. Formally,

IfeF: [e-rr@.d)1lf@ 2 dl| 25 @

E
(0,d)~D

Intuitively, this assumption implies that a learner who makes
wrong decisions and violates her ROI constraint can recover this
in later rounds. This assumption is similar to the one in [12], who
examine value maximization in repeated truthful auctions. Their
assumption is the same as (2) but for f(v) = v. This might seem
stronger, since it implies (2) when the function f(v) = v is contained
in ¥. However, the reverse also holds for truthful auctions, since
f(v) = v is optimal for maximizing quasi-linear utility.

We now show the basics of the primal/dual framework and the
guarantees the primal needs to satisfy to get guarantees for the orig-
inal problem. We first define the following function: £;(b, A, i) =
1[b > d¢] (vr — Ab + pvs — pb) + Ap. This function is inspired by
the optimization problem in (1) (and would analogously be defined
for other objectives/pricing functions). A, y are Lagrange multipliers
that correspond to the budget and ROI constraint, respectively. The
core algorithm of [10] runs two algorithms, the primal algorithm
that picks bids and the dual that picks Lagrange multipliers. On ev-
ery round ¢, the primal (resp. dual) algorithm picks b; (resp. (A, pir))

Anon.

aiming to maximize (resp. minimize) L; (b, A, pi). Given their ac-
tions, each algorithm faces some regret. To get regret guarantees
for the original problem (value maximization under constraints) the
primal and dual algorithms must have with high probability low in-
terval regret, i.e., have low regret over every interval [r1, 2] C [T].
Before formally defining this, we point out one subtle detail.

In general, regret bounds depend on the range of values that the
objective function takes. This range for the primal algorithm in
our setting can be as high as 2y; + A; + 1 in round ¢. This depends
on the dual algorithm’s actions A;, ji;, meaning we cannot know
max;{2y; + A; + 1} in advance. One solution to this is to explicitly
upper bound A; and ;. To get meaningful regret guarantees such
an upper bound would be A;, iy < --. However, calculating f§
requires D, as seen in (2), which is unknown.

[9] show that the above issue can be circumvented, if the primal
algorithm satisfies stronger interval regret bounds: with high prob-
ability, for every interval of rounds, the regret in those rounds is
small with respect to the best fixed action in that interval and the
maximum Lagrange multipliers seen so far. To formally define this,
first define M; = maxy <;{2uy + A +1}. We require that the primal
algorithm picks bids by, . .., b such that for every § € (0, 1], with
probability at least 1 — § it holds that for all Y[z, 72] C [T] :

T2 T2
sup Z Li(f(ve), Ar, pe) — Z L;(bt, At, pr) < Regs(T, My,) (3)
feFi= t=14

Given the above guarantee for the primal and some mild condi-
tions on Reg, we get the guarantees for the original problem. More
specifically, we require that the dependence of M in Regs(T, M) is
not worse than quadratic. Using this condition, both the regret of
the original problem and the violation of the ROI constraint are at
most Regs (T, 6, ﬂlp) Formally, we have the following theorem.

THEOREM 2.1 (THEOREM 6.9 OF [10], ADAPTED TO AUCTIONS).
Assume (2) is true for f > 0, the dual algorithm is Online Gradi-
ent Descent, and (3) holds with Regs(T,M) < O(M?Regs(T,1)).
Then, for every § > 0, with probability at least 1 — 46, the re-
gret of the core algorithm and the ROI violation is each at most

O(Regs(T.6, 2 ) + 75\ TTog(T/5) ).

First, we note that [10] require a slightly more general condition
than the one in (2) for f > 0; we present this in detail in Appendix C.
Second, we note that if |F| = K was finite, we had bandit feed-
back, and a known upper bound M for My then existing techniques
would allow us to get Regs(T, M;) = (j(M\/TK log(1/6)). In the
setting where there is no such upper bound, [10] offer an algorithm
with Regs(T, My) = (j(MtZ\/TK log(1/8)). While this regret bound
satisfies the requirements of Theorem 2.1, the quadratic dependence
on M; is sub-optimal, making the resulting regret bound of the core
algorithm to be proportional to ﬁ. One of the contributions of

the following sections is a general technique to get linear depen-
dence of M; in Regs (T, M;), similar to knowing M; in advance. This
leads to much improved regret bounds that scale with ﬁ, which is

especially important when f and p are small.
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3 Primal algorithm designs with full
information

In this section, we design a primal algorithm that satisfies (3) for
sequential auctions. Our goal is to pick bids to maximize the La-
grangian L (by, At, yt). For every round ¢, we define for simplicity
r¢(+) to be the part of the Lagrangian that depends on the bid:

re(b) = 1[b > d¢] (xeor — Yup(b,dy)) 4)
where d; € [0,1] is the highest competing bid, v; € [0, 1] is the
value, p(b, d;) is the payment of bid b, and y;, |/; are non-negative
numbers that depend on the Lagrange multipliers A; (for budget
constraint) and y; (for ROI constraint) of round ¢. For value max-
imizing, y = 1+ y; and ¥ = A; + ;. For quasi-linear utility,
xt =1+ prand ¥ = v+ A + piy for some v € [0, 1]. To present
general results, we assume that y;, i/; are arbitrarily picked by an
adaptive adversary with y; > 0 and ¥/ > 0. We emphasize the lack
of an upper bound on y;, ; and recall (3), which requires that the
regret scales with the largest y;, ¥ seen so far. We overload the
notation of r;(+) to also take as an argument a bidding function
f:10,1] — [0, 1], in which case r;(f) = r:(f(vs)).

Our results apply to a wide range of price functions p(-, -) that
include any combination of first and second price. In particular,
p(+, ) needs to satisfy the following assumption which we explain
after its formal statement.

Assumption 3.1. The pricing function p(b, d) satisfies: (i) p(0, 0) =
0; (ii) p(-, d) is non-decreasing and 1-Lipschitz continuous® for all
d; (iii) for every t, there exists a “safe” bid by so that

() r¢(b7) = 0 for all d;.

(b) by is a function of vy, yt, ¥ but not d;.

(c) for every bid b such that infg, [o,1] () < 0, then for all d; it
holds r;(b7) > ry(b).

While Conditions (i) and (ii) are standard assumptions on the
payment function, Condition (iii) is less straightforward. In short,
the safe bid guarantees that our algorithm will never use b; with
r+(bs) < 0. For every t, we require that the function r;(b) has a
“safe” bid b; such that: (a) b; guarantees a non-negative reward, (b)
by can be calculated using the information known before bidding,
and (c) b; guarantees reward that is at least the reward of any other
bid which has a negative reward for some d;. We emphasize that (c)
states that r;(by) > ry(b) for all d; as long as r;(b) < 0 for some
d;. In Appendix D.1, we show that any mixture of first and second
price auction satisfies Assumption 3.1. In particular, the safe bid of

Condition (iii) in this case is by = min {%U;, 1}.

3.1 Overview of the Primal Algorithm Design

We now state the main result of the section: There is an algorithm
that has low interval regret with high probability. Our regret guar-
antee is with respect to the class of all L-Lipschitz continuous
functions for any L > 1, which we denote with 7. In addition, our
regret bound in rounds up to ¢ scale linearly with respect to the
highest y, ¥ seen so far: Uy = max;<.{ xs, ¥+ }. Finally, we note that
our algorithm takes into advantage the fact that y;, ; are known
before bidding in round ¢. This is important for various calculations,

8¢ : R — R is L-Lipschitz continuous if |g(x) — g(y)| < L|x — y| forall x, y € R.

e.g., calculating the safe bid b7 of a round. Outside of that, however,
Xt Y are picked adversarially and are not known before round ¢.

THEOREM 3.2. Let F be the set of all L-Lipschitz continuous func-
tions from [0, 1] to [0, 1] for some L > 1. Assume that the payment
function satisfies Assumption 3.1. Assume that y;, Y, d; are picked
by an adaptive adversary and y;,; are revealed after roundt—1. Let
Ur, = maxy <z, { ¢, Yr }. Then there exists an algorithm that generates
bids b1, ..., b such that for all § > 0, with probability at least 1 — §
it holds that for all intervals [11, 2] C [T]

T2

;ur;z re(f) — Z re(by) < O(UTZ(\/L_TlogT+ \/Tlog(T/(S))).
€T t=1;

=1

Theorem 3.2 satisfies (3) as well as the conditions of Theorem 2.1
getting the following theorem.

THEOREM 3.3. There is an algorithm for value or quasi-linear util-
ity maximization when the payment function satisfies Assumption 3.1,
such that for every § > 0, with probability at least 1 — § the algorithm
has regret against the class of L-Lipschitz continuous functions and

ROI violation at most ﬁ O(VLT log T ++/Tlog(1/5)).

We note that the above algorithm, while providing an optimal
(up to O(log T)) information-theoretic bound, runs in exponential
time. In Appendix G we present a polynomial time algorithm with
matching regret which requires v;, d; to be independent.

There are a couple of technical challenges in order to get low re-
gret against ¥ and prove Theorem 3.2. First, even for in-expectation
regret bound, we cannot directly use a standard algorithm like
Hedge, since ¥ contains infinite actions. Instead, we work with
finite approximations of 7 for accuracy ¢ > 0let ¥z € ¥ such that

VieF,3freFe: f(v) < fe(v) < f(v)+e Yoe[0,1] (5
i.e., for every f in the original set ¥ there exists some function f;
in the new set ¥, such that f; is at least f, but is never greater by
more than ¢. Previous work shows that there is always an ¥, with
|Fe| < exp(O(L/¢)). [30, Corollary 2.7.2.]

The above bound on the cardinality of 7 is exponential in 1/e.
As explained in the introduction, using a standard online learning
algorithm could only prove O(T?/?) regret bounds. However, as
Theorem 3.2 suggests, we can get much stronger O(VT) regret
bounds. We solve this issue by utilizing the structure of #, similar
to [11, 18]. We create a hierarchical tree structure where the leaves
of the tree are the functions of #. Leaves whose distance is small
represent bidding functions that are close in L, distance. Next, a
non-leaf node above the leaf nodes can calculate a bidding function
by combining the bidding functions of its children. Because its
children are very ‘close, we can design algorithms so that the
output has small regret with respect to its best child. Similarly,
every non-leaf node does the same with its children, with nodes
closer to the root having larger regret. This results in O (VT) regret
instead of O(T%/3). We develop this tree algorithm in Section 3.3.

In Section 3.2, we develop the algorithm that is used by the non-
leaf nodes and that utilizes the proximity of its children’s bids. We
present this algorithm in the general language of online learning.
The structure that this algorithm takes advantage of is that there
is a “good” action: it is at most A sub-optimal compared to any
other action, in every round. This leads to O(+4/AT log K) regret,
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Figure 1: The algorithm structure of the entire primal/dual
framework in our setting,.

which offers a great improvement over the regret of O (/T logK)
that Hedge has when A < 1.

Another technical challenge we face is regarding the discretiza-
tion error. A naive assumption is that using ¥, instead of # leads
to O(e) error every round. However, this is not the case: Let f, f;
as described in (5). Using f; instead of f in a round ¢ results in
at most ;¢ error if bidding f(v;) wins the auction (since f;(v;)
also wins). However, if f(v;) < dy < fi(vs) it might be the case
that r;(f) = 0 > r/(f). For example, consider first-price with
xe=VYr=1Lv=¢ f(v) =1—¢, fr(vs) =1, anddy =1—¢/2,in
which case r;(f;) = —(1—¢) < r:(f) =0.

The safe bids of Assumption 3.1 solve this discretization issue. If a
bid b+e¢ is in danger of leading to a negative reward (i.e., infy, r; (b+
€) < 0), we can use the safe bid instead to guarantee at least as
good reward for any d;, ensuring O(¢) less reward than r;(b). We
present this in Section 3.3. We note that one can circumvent this
issue when maximizing quasi-linear utility with no constraints (i.e.,
when y; = ¢y = 1) by making sure that the class ¥ contains only
functions such that f(v) < o, which is the solution of [18]. However,
we cannot limit ¥ in such a way since y;, ¢y change dynamically.

Finally, to complete the proof of Theorem 3.2, in Section 3.4,
we reduce the problem of bounding interval regret to bounding
normal regret. The whole structure of our algorithm (including the
primal/dual framework) is shown in Fig. 1.

Our resulting primal algorithm works by chaining multiple sub-
algorithms, as shown in Fig. 1. The standard way to employ this
chaining is to use each algorithm’s outputting action. However,
since our goal is a regret bound with high probability, the suc-
cess of every algorithm is conditioned on the success of all its
sub-algorithms. This creates noise in the high probability bounds,
scaling with the number of sub-algorithms.

To overcome this challenge, we employ a different technique.
Instead of an action, each algorithm outputs the distribution from
which it would have sampled its action. These distributions satisfy
a regret bound with probability 1, making chaining multiple algo-
rithms much more stable since the sampling of an action happens
only once and not for every sub-algorithm.

3.2 Time-varying Ranges and Good Actions

In this section we develop the algorithm that we need for the non-
leaf nodes of the tree algorithm, which takes advantage of the
proximity of the rewards of its actions. We present the algorithm

Anon.

ALGORITHM 1: Hedge for time-varying ranges and good actions

Input: Total rounds T, actions [K ], sub-optimality of good action A
Initialize cumulative reward of each action Ry(a) =0 Va € [K]
fort € [T] do

Receive range [0, U; ] and calculate step size 1; = - kﬁAK

U
Calculate probability distribution
pi(a) = exp (7:R-1(a)) /S exp (n:Ri-1(a’)) Va € [K]
Sample and play action a; ~ p;(a)

Receive rewards r; : [K] — [0, U]
Update cumulative rewards R; (a) = r;(a) + Ry—1(a) Va € [K]
end

in the general language of online learning when there is a set [K]
of actions and an arbitrary reward function r;(-) for every round ¢
which the learner observes after round t.

There has been extensive work on this setting, under various
different assumptions that make the problem easier or harder. The
contribution of this section, Theorem 3.5, is twofold. First, our
algorithm is agnostic to the future range of the rewards. Specifically,
we assume that the reward of round t is in the range [0, U;] for
some adversarially chosen U; > 0 and the learner observes U;
when picking her action a; in round ¢. We assume that U; < U <
... < Ur =U.IfU is known in advance, then using Hedge leads to
regret that scales linearly with U. We achieve the same dependency
without knowing U. This also improves the quadratic dependency
on U of previous work [10, Theorem 8.1].

Our second contribution in online learning when there is a A-
good action. The formal definition is in Definition 3.4, but simply
put a A-good action is at most A - U; sub-optimal compared to any
other action in every round ¢. Definition 3.4 extends the original
definition of [18] for time-varying reward ranges Uy, ..., UT.

Definition 3.4 (Good action). For rewards ry : [K] — [0,U;], a A-
good action g € (K] satisfies r;(g) > r;(a) — AUz, Va € [K],t € [T].

Taking U; = 1 yields the definition of [18]. Note that A € [0, 1]
since 0 < r¢(a) < Up.

We now present the algorithm for the above setting. Our algo-
rithm is the Hedge algorithm but with a carefully selected step size
1:. In particular, the probability of playing action a in round ¢ is
proportional to exp(n;R;-1(a)), where Ry_1(a) = Yy < 17r(a)
and n; o« 1/U;. We believe that this step size is of independent
interest and can be used in any online learning setting to get re-
gret bounds for time-varying ranges that match classical ones. Our
regret bound is O(U+/TAlog K), which matches the one in [18],
without assuming U; = U for every ¢ and that U is known. The full
algorithm can be found in Algorithm 1.

We now present our regret bound. As mentioned before, we
bound the regret of the action distributions p;(-),...,pr(-) that
Algorithm 1 generates instead of the regret of the sampled ac-
tions. This implies a matching bound on the expected regret. Using
standard concentration inequalities we can get bounds with high
probability. However, the most useful application of outputting
distributions instead of actions is that chaining multiple algorithms
becomes easier. This allows for stronger high-probability guaran-
tees: the overall regret bound is dependent only on one sampling
process, the one performed by the top-level algorithm.
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THEOREM 3.5. Assume that an adaptive adversary picks the reward
function ry : [K] — [0,U;] in every round t, where Uy < ... < Ur.
Assume that there is a A-good action, with A > 4logK/T. Then the
action distributions p1, . .., pr of Algorithm 1 guarantee NVt € [T

max (@)= Y > pi(a)re(a) < 4UTATogK.

eIkl e telr] aclK]

Algorithm 1 dynamically adapts to the time varying reward
ranges due to n; o« 1/U;. Because of this, if the adversary picks
Ut > U;—1, our algorithm adapts to the new ranges and picks the
action of round t accordingly. We believe this technique is very
versatile and can be used to modify existing no-regret algorithms
to work in the space of time-varying reward ranges. We show this
in the bandit information setting in Theorem F.4. We defer the full
proof of Theorem 3.5, along with the proofs of the other results
of this section to Appendix D. In Appendix D we also include a
high probability version of the above theorem, Theorem D.2 with
O(U+/TAlog(T/d)) additional error. To retain regret that depends
on TA instead of T, we cannot directly apply a standard concen-
tration inequality and instead show that our rewards have low
variance that depends on A to get the improved bound.

3.3 Algorithm for Lipschitz Bidding Functions

In this section we present the result that has low regret compared
to the best L-Lipschitz function in the class #, when maximizing
the reward function r¢(-) as defined in (4).

The biggest novelty of this section is making sure that “similar”
bidding functions result in similar reward. To that end, let f, f; :
[0,1] — [0, 1] such that f(v) < f;(v) < f(v) +eforallov € [0,1].
Bidding function f is meant to represent an arbitrary function from
¥ while f; is meant to represent a function from %, the discrete
cover of . We want to have low error when using f; instead of f.

As we discussed in Section 3.1, f; might lead to r;(f;) < r+(f)
if f(vr) = di > f(v;). We solve this issue by ensuring the bids
we use never lead to negative reward, using Assumption 3.1. In
our learning algorithm, each “action” (e.g. the [K] actions in The-
orem 3.5) represents a bidding function f; € ¥,. However, using
the action that represents f; will not lead to bidding f; (v;). Instead,
when bid f;(vs) could lead to negative reward for some d; (recall
d; is unknown when bidding) then we replace that bid with b?, the
safe bid of that round. Because of Assumption 3.1, we can both cal-
culate when bid f; (v;) could lead to negative reward and guarantee
that in that case the safe bid will lead to more reward. This trick
guarantees that the reward of the action that corresponds to f; is
at most max{ ys, ¥} - €¢ worse than r;(f). We emphasize that this
step is necessary to guarantee bounded discretization error.

After using the above trick, the functions of #; are placed on a
tree, with functions that are close in the tree implying that they are
close in L, distance. The resulting algorithm is similar to the one
in [18]. There are two key differences. First, the leaves of the tree
suggest bids that use the above modified bids to ensure no-negative
reward. Second, each non-leaf node combines the bids of its children
to create a new bid distribution by using Theorem 3.5 to adapt to
the time-varying ranges and take advantage of the A-good arm. We
next present the regret bound we get and defer the algorithm’s full
description and its proof in Appendix D.3.

THEOREM 3.6. Fort € [T] let Uy = maxs<.{xs, Y1} and F be
the set of L-Lipschitz bidding functions for L > 1. There exists an
algorithm that generates bid distributions q; that with probability 1,

T

sup ZT: re(f) - Z th(b)rt(b) < O(Uf\/L_Tlog T).
f€7:t=1 b

t=1

3.4 Reduction from Regret to Interval Regret

We now show how to turn the regret bound of Theorem 3.6 to
an interval regret bound. Recall that an interval regret bound is
required to apply Theorem 2.1. We achieve the desired result by
proving a general reduction from regret to interval regret, for any
online learning problem with full information feedback.

Our reduction combines multiple online learning algorithms.
Specifically, we consider T different algorithms. The ¢-th algorithm
(t € [T]) “starts” in round t and has low regret in the intervals
[t,¢'], for t’ > ¢. For every interval, one of the T algorithm has
low regret but it is unclear how to get a single algorithm with low
regret in every interval. We combine the output of each algorithm
into a single distribution of action, using another online learning
algorithm. For this meta-algorithm, we consider Algorithm 1, with
the K = T actions being the aforementioned T algorithms. This
results in low interval regret with a O (3/T log T) additional error.

Before mentioning our full result, we note one additional tech-
nique we have to use. Under the above description, it is unclear how
the meta-algorithm handles inactive algorithms, i.e. algorithms that
have not been started yet. This is partially resolved by constraining
the meta-algorithm to sample only active algorithms. However, this
does not decide what is the reward assigned to inactive algorithms
(recall the final step of Algorithm 1). We resolve this by assigning
them reward equal to the expected reward of the meta-algorithm
under only the active algorithms. This reward structure ends up
being equivalent to re-sampling an action if a inactive algorithm is
sampled. We state the full result next.

THEOREM 3.7. Let A be a set of actions and r; : A — [0,U;] be the
reward function picked by an adaptive adversary. For every r1 € [T]
let Ay, be an algorithm that generates distributions {q:1 ()}t>r, over
the actions A such that for all 7o > 11

sup Z re(a) — Z [ETl

acd te[n,n] te[r,n] 4%

[re(a)] < Regy, (72)

Then there is an algorithm that can generate action distributions

q1(*), ..., qr (") such that for all [t1, 2] C [T]:
sup Z ri(a)— Z a@ [r:(a)] < Reg,(r2)+4U;,\TlogT.
acA te[n,z] te[n,r] o

The full description of our algorithm is in Algorithm 3, which is
in Appendix D.4, along with the proof of Theorem 3.7. Combining
the above theorem with Theorem 3.6 gives the following result.

COROLLARY 3.8. In the same setting as Theorem 3.6, there is an
algorithm that generates distributions over bids q1(-), ..., qr(-) such
that with probability 1, for every 1 < 71 < 7o < T it holds

sup i re(f) = i th(b)rt(b) < O(UfzmlogT)
feFi=r, t=11 b
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Corollary 3.8 immediately implies Theorem 3.2 using standard
concentration inequalities. We include these calculations in Appen-
dix D for completeness.

4 Exact satisfaction of the ROI constraint

In this section we show how we can turn every algorithm that
has an approximate satisfaction of the ROI constraint into one
with exact satisfaction. This reduction (Lemma 4.2), together with
Theorem 3.3, lead to the following theorem.

THEOREM 4.1. In the same setting as Theorem 3.3, there exists an
algorithm that always satisfies the budget and ROI constraints and

with probability 1 — § has regret ﬁO(\/ﬁlogT ++/Tlog(1/9)).

Theorem 4.1 follows from the following lemma, which combines
two algorithms to get the desired reduction from approximate sat-
isfaction of the ROI constraint to an exact one. One algorithm
maximizes the objective and has low ROI violation with high prob-
ability. The other algorithm is much simpler: it maximizes value
minus payment, i.e., the ROI constraint. By running the second
algorithm for enough rounds, we can accumulate enough ‘slack’ to
mitigate the violation caused by the first algorithm.

LEMMA 4.2. Assume that there is an algorithm Ay such that for
every § > 0, with probability at least 1 — 6, when running on any set
of rounds 71 C [T] it generates bids that have

o regret at most Regs(|711).

e total ROI violation at most Vg (|71|).
and another algorithm Ay such that

o its bid by in round t satisfies 1 [b; > d;¢] (v; — p(br, dt)) = 0.

o for every § > 0, with probability at least 1 — 5, when run in

any set of rounds 72 C [T] it generates bids {b; };c7; such that

2teq; LIbe 2 de] (v0r — p(be,dr)) 2 Qs(|72])-
Consider bidding 0 on rounds where the remaining budget is less than
1, using Ay on roundst when Xy <;_1 1[by > di] (vp —p(by,dp)) =
1, and Ay on other rounds. This yields exact satisfaction of the ROI
constraint. Moreover, for any § > 0, with probability at least 1 — 26 it
has regret at most Regs(T) + 2Q5_1 (Vs(T) + 2) where le (+) is the
inverse function of Qg (+).

The conditions of the two algorithms sketch the lemma’s proof
(the full proof'is in Appendix E, along with the proof of Theorem 4.1).
A; violates the ROI constraint by at most V(T) (for simplicity we
drop the dependence on ) and the second algorithm, in order
to make up that violation, needs to be run for about Q=1 (V(T))
rounds. This has two effects on the total regret. First, A; is run for
Q~1(V(T)) fewer rounds, potentially missing out on any reward on
those rounds. Second, A, can use at most 0~ (V(T)) of the bud-
get, making the overall algorithm have to stop at most Q~(V(T))
rounds earlier. This entails the desired bound.

We briefly explain how we get Theorem 4.1 from Lemma 4.2.
Theorem 3.3 satisfies the constraints for A;. Ay is the algorithm
of Theorem 3.2 by setting y; = ¢y = 1in r¢(-) of (4). This makes
Reg(Ty) = V(Ty) = #ém) and Q(Ty) = BTy — O(VT3); the last
equality follows from the assumption on S, (see Equation (2)).

Necessity of §. In Appendix E we present an example that shows
dependency on f is necessary in our regret bounds. Specifically, as 8
decreases, the regret of any algorithm that exactly satisfies the ROI

Anon.

constraint increases polynomially in 1/8. We show this for second-

price auctions, to simplify the problem of regret minimization.
THEOREM 4.3. In second-price auctions any algorithm with strict

satisfaction of the ROI constraint cannot guarantee regret less than

(1-2p) ITm when compared to the optimum LP value (e.g.,

see (1)) for every constant f < 1/2.

5 Bandit information

In this section we study online learning in the bandit informa-
tion setting. After bidding on round ¢, the bidder does not ob-
serve the highest competing bid d;. Instead, she only gets to ob-
serve a Boolean value that indicates whether she wins this round,
along with the price she paid if she wins, ie., 1[b; > d;] and
1[b; = d;] p(bs, d;). Note that this setting is completely different
between first-price and second-price auctions. In second-price, if
the bidder wins a certain round, she gets to observe d; and the
same is true whenever p(b,d) = gb+ (1 —g)d for g > 0. In contrast,
when the bidder participates in strictly first-price auctions, she can
never observe d;. Next, we show that this is a crucial distinction
that makes first-price auctions much harder: any algorithm has to
suffer Q(Tz/ 3) regret,in contrast to the (j(\/T ) regret bounds for
second-price auctions [6, 12]. To complement the negative result,
in Appendix F.2 we offer an algorithm with O(T3/% regret.

Regret Lower Bound. An Q(T?/3) bound is known for quasi-
linear utility maximization and no constraints by [5], which follows
from the matching bound of [23]. Instead, we show a lower bound
for value maximization with a budget constraint. In particular, our
lower bound holds even if the value is fixed across rounds.

THEOREM 5.1. There exists an instance in first-price auctions with
no ROI constraint, p = 1/4, and vy = 1 such that, any value-
maximizing algorithm with only bandit feedback has regret Q(T?/3).

The problem described in Theorem 5.1 seems straightforward at
first glance: the buyer wants to maximize the number of wins while
adhering to the budget constraint. For example, if the CDF of d; is
continuous and strictly increasing, one could consider that the bid
b* such that b* P [b* > d;] = p, i.e, the bid that depletes the budget
in expectation, is optimal. The problem of (approximately) finding
such a bid b* is not hard, since it can be reduced to the problem of
noisy binary search [21]. However, while this approach would work
for second-price auctions, it does not work for first-price auctions.
The reason is that our original hypothesis, that a single bid every
round is optimal, is erroneous. There are strictly increasing and
continuous CDFs for d; where, to maximize the number of wins
while staying within budget, the bidder needs to use two distinct
bids. In particular, the value of using the optimal two bids and the
single optimal bid can be as big as a factor of 2.

In our proof we study a CDF F for d; where there are infinite
pairs of bids that, if mixed properly, attain the optimal solution.
Next, an adversary perturbs F by moving some mass to some bid b*
from bid b* + ¢, making bid b* more ‘valuable’. This entails that any
algorithm that does not use b* enough faces considerable regret.
The proof'is completed by arguments similar to the ones in [23]: the
bandit information that the bidder receives requires any algorithm
to waste multiple rounds using sub-optimal bids before finding b*.
We include the full proof in Appendix F.1.
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A Further Related Work

Online bidding in truthful auctions: Feng et al. [12] study on-
line bidding in sequential truthful auctions under budget and ROI
constraints in a stochastic environment. Their algorithm guaran-
tees O(VT) regret with respect to the best bidding sequence and
satisfies exactly both the ROI and budget constraints. Their results
are an extension of the results of Balseiro and Gur [6], Balseiro et al.
[7] where they study the same setting without ROI constraints. On
the other hand, our paper studies a more general class of (possibly)
non-truthful auctions and provides an algorithm that has the same
regret guarantee. Balseiro and Gur [6], Balseiro et al. [7] also study
the adversarial setting, where the value and the highest competing
bid are not sampled by a stationary distribution but are picked by
an adversary. In this setting, it is impossible to achieve regret that
is sublinear in T, so they bound the competitive ratio, i.e. the multi-
plicative error, instead. Aside from truthful auctions, [7] also extend
these guarantees to settings where the learner gets to observe every
parameter of a round before picking a decision, e.g., in auctions
observe the highest competing bid before bidding.

Online bidding without constraints: Another line of work
studies online bidding without constraints. [18] study quasi-linear
utility maximization in first-price auctions, while [11] study the
maximization of arbitrary Lipschitz continuous functions. Both use
an algorithm with a tree structure similar to ours; we comment on
the similarity/differences in Section 3.3. Balseiro et al. [5] study con-
textual online learning, which result into a O(T2/3) regret bound
for quasi-linear utility maximizers in first-price auctions with ban-
dit feedback. More recently, Kumar et al. [25] develop a O(VT)
regret algorithm for first-price auctions with finite number of po-
tential bids; they probive a O(log T) regret for stochasitc inputs.
Kleinberg and Leighton [23] study online pricing, where the learner
wants to learn how to price an item to maximize revenue; one of
their results implies that the above regret bound is tight.

Online learning with budgets: Bandits with Knapsacks is a
class of online learning problems where the learner has a general
action space and multiple budget constraints [1, 2, 4, 13, 20, 22].
Bernasconi et al. [8], Kumar and Kleinberg [24], Slivkins et al. [29]
study the same setting when the budget can also increase in some
rounds.

Online learning without constraints: Finally, the problem of
online learning without constraints has received extensive attention.
[19] and [28] are excellent textbooks. The most commonly used
algorithms for settings with finite number of actions are Hedge for
full information feedback [16] and EXP3 for bandit feedback [3].
For online convex optimization (where there are infinite number
of actions) the most commonly used algorithm is Online Gradient
Descent [32].

10

Anon.

B Limitation of Pacing multipliers

Gap between Lipschitz bidding functions and Pacing multi-
pliers. Consider a value maximizer in first-price auctions with
total budget T/2. Assume that her values are either 1/2 or 1, each
with probability 1/2. Also assume that the highest competing bid
every round is 1/2. The best Lipschitz bidding function is to bid 1/2
every round: this stays within budget (in expectation) and leads to
a total value of %T. In contrast, no fixed pacing multiplier can win
all rounds and stay within budget. In particular the only pacing
multipliers worth considering is bidding half or all of the value.
In turns out that the best the bidder can do is bid her value with
probability 1/2 and half her value with probability 1/2, leading to
total value gT. This proves that the difference between the two
benchmarks is %T, even in this very simple example.

ROI Constraint for Pacing Multiplier in first-price auctions.
Another example that showcases the limitation of the best Pacing
multiplier benchmark is value maximizing in first-price auctions.
Here, an online learner who wants to compete against the best
pacing multiplier does not have to consider the ROI constraint at
all. This follows because the optimal such bidding would never
use a pacing multiplier that would violate that constraint (i.e., bid
above the value). In contrast, an optimal general bidding function
for value maximization might bid above the bidder’s value in some
rounds, as long as it wins other rounds where the bid is sufficiently
less than the value.

C Deferred Text of Section 2

We now present the assumption that [10] make for their results.
They assume that there must exist a distribution F € A(F) of
functions such that if the player bids according to F then for some
a > 0 on expectation: (a) the payment of the player is no more than
p — a, and (b) the value earned by the player is at least the payment
plus @. Formally, 3F € A(F):

£ [(o-pUr©).))11£0) 2 d]| 2 & and (6)
f]EF (Ed) [p(f0).d)1[f(v) 2d]| <p-a

The above conditions imply that substituting F in problem (1),
both constraints are satisfied with a slack of . In the absence of a
ROI constraint, we would have @ = p. Given (6) and that @ > 0, the
regret bounds of [10] depend on « and become worse as & becomes
smaller.

We now prove how (2) implies (6) with a = fp. We require that
the function f(v) = 0 is included in ¥ and bidding 0 guarantees 0
payment. Let fz be the bidding function that makes the guarantee
in (2). We define F to be the following distribution of functions: f
with probability p and the 0 bid with probability 1 — p. In this case
we have

e &y lo-pF@.d)TLf @) = dl]
>p E [(o-p(fs(0),d))1[f3(0) = d]] = pp

(v,d)

where the first inequality holds by 1 [0 > d] p(0,d) = 0 and the
second by (2). This proves the first inequality of (6). For the second
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constraint of (6) we have

f[EF (o) [p(f(0),d)1[f(0) = d]]

= » E [pUp@)d)1 [fp0) = d]
p(1=P)

where in the last inequality we used by (2) and v < 1. The above
two inequalities prove (6) for a = pf, as claimed.

IN

D Deferred Proofs and Text of Section 3

In this section we present the deferred proofs and text of Section 3.

D.1 Deferred Proof for safe bid in auctions

Here, we show that any mixture of first and second-price auction
satisfies Assumption 3.1 and more specifically Condition (iii).

We start with first-price auctions, i.e., p(b, d) = b. For simplicity,
we start with a simpler safe bid than the one we claimed in the main
body of the paper, b} = 0. Conditions (a) and (b) are obvious. For
Condition (c) we notice that infg, r;(b) <0 & ;b > ysvs. For
such bids b, r;(b) < 0 for all d; which makes Condition (c) follow
from r+(0) > 0.

We now move to second-price, i.e., p(b, d) = d, where a safe bid
is b} = min {%Ut, 1}. Condition (b) follows from definition and
Condition (a) follows by calculating r; (b7) = (yrvr — Ydy)*t. For
condition (c), we notice that infy, r;(b) <0 & b > %vt; this

is because r4(b) < 0 & b > d; > %vt and the last inequality
can be satisfied iff b > %Ut. For such b, r;(b7) < r¢(b) would hold

only if the bid b could win an auction that b would not, which is
impossible since b > b}; this implies (c).

We note that the above safe bid b7 satisfies something much
stronger than Condition (c), as we mentioned in Section 1. For
every d, it holds that b7 € arg max;, r4(b).

We now focus on the most general case, a mix of first and second
price, i.e., p(b,d) = qb + (1 — q)d for some g € [0, 1]. Here the safe

bid for second-price also works here: b = min {%0;, 1}. In this

case r¢(b7) = (1 — q)(xtvr — Yrd;)*, which proves Condition (b).
Similar to before, infg, r;(b) <0 & b > X—;v[ in which case an

analysis like the ones above proves Condition (c).

D.2 Deferred Proofs from Section 3.2

We first prove Theorem 3.5, the main theorem of Section 3.2.

ProOF OF THEOREM 3.5. We first shift the rewards: since Hedge
remains the same if a (possibly time-dependent) constant is added
to the rewards, we set for all ¢, a

re(a) « re(a) + AU; — max ry(a’)
a’€[K]

This means that now the rewards are ry : [K] — [—(1—=A)Uy, AU;]
and specifically for the good action, r;(g) > 0.

Now let W; = ), exp(;R;-1(a)) and 6 = log L

Tx - Notice that

exp(1:Re-1(a))
We '

the probability to play action a in round ¢ is ps(a) =

11

We have that
1
W Z exp(1R (a)) (7)

_ Z exp(n:R¢-1(a))

W, exp(nsre(a))

> pe(a) exp(nere(a))

A

< exp (m(l - 1:Up) Zpt(a)rt(a) + U?UtAUt)

exp (m(l ~0) > pi(a)ri(a) + 92A) (8)

where we get the last equality by substituting r; = Ui and in order

to prove the last inequality we first prove the following proposition.

ProprosITION D.1. Let X be a random variable such that E [X] =

. 1
<X< > <—1
x,c1 < X < ¢, withcy > 0. Then, for any0 < n < (e TIaT

E [exp(nX)] < exp (nx(1 - n(cz — 1)) + ncalcz — c1)).

ProoF. Let % = E [(X - x)z] and ¢ = max{|c1|, |c2|}. We have
that

E [exp(nX)] = E[exp(n(X —x))] exp(nx)

IA

0_2
exp (c_2 (e -1- '70)) exp(nx)

IA

o* 22
exp 0—217 c“| exp(nx)

ex (217 expt

where the first inequality follows from Bernstein’s inequality® and
the last inequality follows by the fact that since nc < 1 we get
e"® < 1+ ¢+ (nc)?. We now bound

o? =E [(X - x)?]
<E[(cz=X)?| < (c2—c1)Efea = X] = (co —c1)(cz — x)

where the first inequality follows from the fact that E [(X — y)?]
is minimized when y = x = E [X], i.e, when it is equal to the

variance. The second inequality follows from c;—X > 0and X > c;.

Rearranging proves the proposition. m]

Now the inequality in (7) follows from the proposition by setting
X = r¢(a) with probability p;(a), ¢c; = —(1 — A)Uy, and ¢ = AU;

and noticing that n; = % < UL, =

1 1
cz—c1 = max{[ci],[c2[}"

Taking the logarithm of (7) we get

1 2 exp(n:Re(a)) _
e (ZanP(Uthfl(a))) =4 9);“(“)”(“”[]%

or equivalently

1 1 Yaexp(nRi(a)) 1 2. exp(n:Ri-1(a))
—log————— - —log—/——m———
Nt K Nt K

<(1-0) ) pi(a)ri(a) + UOA

9See Lemma 7.26 in https://www.stat.cmu.edu/~larry/=sml/Concentration.pdf.
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In the above equation we use the fact that
1 log Yaexp(n:Re(a)) S 1 log 2a exp(ne+1Re(a))
Nt K Ne+1 K
which follows from the fact that ;41 > 5, and the fact that the

function

1 K 1/n

1 n

T )

i=1
is increasing in 7 for x; > 0. This makes the previous inequality
log 2aexp(n1Re(a)) 1 log 2a exp(niRi-1(a))

Ne+1 K Nt K

< (1-0) ) pr(a)re(a) + UOA

Fix v € [T]. We add the above for all t € [7 — 1] along with (9)
for t = 7 and simplify the telescopic sum to get
1 2a exp(nR:(a)) 1 2aexp(0)
—log=—————> - —log=—=——=
Nt K m K
<(1-0) Z Zpt(a)rt(a) +UOTA
telr] a
Using the fact that Y, exp(n,R;(a)) > exp(n-R%) (where R} =

max, Ry (a)) and substituting n, = U% and 0 = 4/ IC?AK

R; —U\TAlogK < (1-60) ) " pr(a)re(a) + UryTAlogK

telr] a

we get

(10)
Using the fact that R; > 0 (since the reward of the good arm is
always non-negative) we can use (10) to prove

Z Zpt(a)rt(a) > —I—ZGUT\/TA logK > —4U+/TAlogK

te[r] a
(11)

log K < 1/2since A > 410TgK.We

where we use the fact that 6 = | =&
rearrange the terms in (10) to get

Ry - Z Zpt(a)rt(a) < 2U;TAlogK - 0 Z ZPt(a)rt(a)

te[r] a telz] a

2U~TAlogK + 40U~/TAlog K
4U[TAlogK

where for the second inequality we used (11) and for the final
inequality we used 6 < 3. This proves the theorem. ]

A

IN

IN

We now state and prove the high probability version of Theo-
rem 3.5.

THEOREM D.2. In the same setting as Theorem 3.5, Algorithm 1
guarantees the following high probability bound: for every § > 0
probability at least 1 — &, it holds that

Vre [T]: max Z re(a) - Z rt(ar)

<Kl &7 telr]
< 4UT(\/TA log K + max { VTATog(T/3), 1og(T/5)})

The high probability bound does not follow from a simple applica-
tion of the Azuma-Heoffding inequality, since the range of }'; r+(ay)
can be Q(UT) making the resulting error O(U+/T log(1/5)) and
not O(4/TAlog(1/9)) like in the above. Instead, we use Freedman’s
inequality, which offers a bound based on }}; Var[r;(a;)] which we

12

Anon.

prove is O(U2TA). This allows us to get the improved dependence
on A.

Proor oF THEOREM D.2. For every t, let X; = Y, pr(a)ri(a)
and Y; = Z;zl(XT — rrz(ar)). The theorem follows by showing
that for every § > 0

i [vf € [T] : Ys < 4U, max {\/TA 1og(T/5),1og(T/5)}] >1-6.

We are going to use Freedman’s inequality [15, Theorem 1.6] on
the sequence Yy, Y1, ... which we first prove is a martingale with
respect to the the history of the rounds (we denote with E[¢]- the
expectation conditioned on the history of the rounds up to t, i.e.,
the actions that the player and the adversary has take up to t): for
every t > 1

B [Yr = Ye1] = Epmq [Xe = 12(ar)] = 0

where the last inequality holds because a; = a with probability
pt(a). This proves the martingale property. We now notice that
|Yt - Yt71| < U[ and that

Eroy [(Y - Yt—l)z]
= Bt [(Xe = re(ar))?]
Et—1 [(AU; = re(ar))?]
< UrEe—1 [AU; = re(ar)] = AUE - U Xy

IA

A

where we notice that in the first inequality we use the fact that
E;—1 [r¢(ar)] = Xy and that E;—q [(Xt - rt(at))z] is the conditional
variance of r;(a;), which means that E;_; [(c - rt(at))z] is mini-
mized when ¢ = E;—; [r;(a;)] = X;. For the second inequality we
used that —(1 — A)U; < r¢(a) < AU;. We now have that

Z Ero1 [(Ye - Yi-1)?]

te[r]
< Y (AUE-UX) =UITA-Ur ' X
ter] te[r]
T
< UTZTA -U; m[al)(cl Z re(a) — 4Ury/TAlogK (Theorem 3.5)
aec =1
< UZTA +4U\TAlogK (re(g) 2 0)
TA
< 3UTA (logK < T)

Now using Freedman’s inequality gives us that for all ¢ > 0

/2 )

P[Y;<e]>1—exp|-—— "t
[¥r <] p( 3UZTA + Uze/3

Let § > 0 such that
4
& = Uy max {\/E\/TA log(1/9), 3 log(l/S)} .

This and a union bound over all 7 proves the lemma as long as we
prove that

(12)

e2/2

— >1log(1/8
3UZTA + Uze/3 g(1/9)

or equivalently

e > 6UT2TA log(1/8) + gUrglog(l/(s)
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No-Regret Algorithms in non-Truthful Auction

The above inequality is true because, by the definition of § in
(12),

4
2 > 12U%TAlog(1/8) and ¢ > U log(1/6)

Multiplying the second inequality with ¢ and adding them gives us
the desired bound on 2. ]

D.3 Deferred Proof and Algorithm of Section
3.3
As we mention at the beginning of Section 3, we focus on subsets
of ¥ that approximate # and have finite cardinality. We use a
slightly different notation and define the sets %o, 77, . .., Far (for
some M € N) such that for every i = 0,..., M it holds that
VieF,Af e Fi: f(v) < f(v) < f(o)+27%, Vo € [0,1]. (13)
As we mentioned in Section 3.3, instead of directly using a func-
tion fy; € Far and its bid fyr(vy) in round ¢, we modify that bid,
since for certain values of d;, r;(fy;) might be negative. This is
where we use Assumption 3.1 and define

be _ fM(Ut)s if infdt Ty (fM(Z)[)) >0
N if infy, e (fur(or)) <0

where by is as defined in Assumption 3.1, depending on the payment

(14)

function. b{M is never worse than fy;(v;), since rt(b{M) > re(fm)

and rt(b{M ) > 0, which follow from Assumption 3.1. This guaran-
tees that our reward is always non-negative, which as we discussed
in Section 3.1 is the key to bidding according to s and have
0(2M) error compared to using the full 7.

We use the functions in %y, ¥71, . . ., Fp to create a tree. For i =
0,..., M the i-th level of the tree has | ;| nodes, each representing
an f; € F;. We connect these nodes by defining each node’s parent:
foreveryi = 1,...,M and f; € F;, P(f;) is the parent of f; such
that P(f;) € Fi—1 and || fi = P(fi-1)|los < 277*1. We note that such
a P(f;) always exists because of (13). The parent function P(-)
subsequently defines the children C(f;) and leaves L(f;) of a node
fi,i=0,...,M — 1. Finally, we assume that || = 1 (which does
not violate (13)), making the tree have a unique root.

Using this tree, in every round ¢ the algorithm creates a dis-
tribution of bids in the following way. First, each leaf fyr € F

calculates the bid b{M as defined in Eq. (14); this bid defines a trivial
bid distribution q{M (-) which suggests the bid b{M with probability
1. On the i-th level where i < M, each non-leaf node f; € ¥; uses a
distribution pti () over its children C(f;) and the bid distribution
q{i *1(+) of each child fi11 € C(f;) to define its own bid distribution
q{i (). This node f; runs an instance of Algorithm 1 to calculate
the distribution over its children p{i (+). This recursive calculation

defines the bid distribution of the root, q{o (+) = q+(-), which is the
output of the algorithm.

We show the full algorithm in Algorithm 2, which has one slight
modification compared to the process described above: each non-
leaf node considers one more bid in addition to the bids suggested
by its children. This bid is the maximum bid suggested by any of its
leaves. This additional bid is key to the guarantee of our algorithm
since it is the action that is A-good (recall Definition 3.4). This
allows us to use the improved regret bound of Theorem 3.5 which

13

is crucial: a node on the i-th level can have as many as ©(exp(2¢))
children, which, if A was a constant, would lead to terrible regret
bounds. Instead, we show that the additional action makes A ~ 2%
which makes the regret of every non-leaf node O(VT).

ALGORITHM 2: Tree algorithm

Input: Number of rounds T, Lipschitz parameter L, number of levels
of tree M

Forevery i =0,1,..., M, let 7; be as described in (13)

// Description of tree structure

Let P(f;) € Fi-1 such that |P(f;) - filloe <277, Vi=1,..., M,
fi€Fi // Parent of f;

fori=M-1,M-2,...,0 and f; € F; do

Let C(fi) = {fi+1 € Fiv1: fi = P(fir1) } // Children of f;

Let L(fi) = Ug, ecr) L(fiv1) // Leaves of f;

Let A(f;) be an instance of Algorithm 1, A = 273 and
K=|C(fi)|+1 // Algorithm for f;, with actions its
children and the good action

end

fort € [T] do

Receive oy, xt, Yr and calculate Uy = max,<:{xr. Y-} // U; is
the upper bound of rewards

For every far € Fa calculate b{M as in Eq. (14) // Improve bid
fm (o) using safe bid
and let ¢/ () be the bid distribution that bids 5/ with
probability 1 // fm’s suggestion

// Recursive construction of bid distributions

fori=M-1,M-2,...,0 and f; € ¥; do

Calculate gtf’ =maxg,er(f) b{M

Get py’ () from A(f;) after passing Uy
over C(fi)U {g{’}

Calculate bid distribution qfl (-) over bids

where q{’ (b{M) equals

ol (gf)ﬂ[g[ :b{M]J'meecm)Pf(ﬁ“)qffm (o)

// fi’s good bid
// Distribution

5
LA P

end

Sample and use bid b; ~ qf’ () =q:(+)
according to the root

// Get dy, making r;(-) calculable

// Sample bid

Receive d;

// Update algorithms of non-leaf nodes
fori=0,1,...,Mand f; € ¥; do

Let 7 (gf') = . (gfF) // Reward of good bid

Let 71 (fir1) = X 4" (B)r (), for every fis1 € Cinn

// Reward of each child of f;

Pass above 7 (-) to A(f;) // Update f;’s algorithm
end

end

We now use Algorithm 2 to prove Theorem 3.6.

Proor oF THEOREM 3.6. Fix M = [log, VT]. We first make the
observation that Algorithm 2 is well defined: in order to calculate
b{M for every fyr € Fp we only need knowledge of vy, yz, ¥ and not
d;, as explained in Assumption 3.1. We also note that the rewards
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7+(-) that are fed into each A(f;) are in the range [0,U;] and U; <
U, < ..., as needed for the guarantee of Theorem 3.5. The lower
bound for the rewards comes from the fact that every bid used
in round ¢t is b{M for some fj; € Fp1, which because of (14) and
Assumption 3.1 guarantees non-negative reward. The upper bound
follows from the definition of r;(-) and the fact that values and bids
are in [0,1].

We now show that for every i < M and f; € 7, the good bid, gf’ ,
is 27*3-good with respect to the bids used by f;, i.e. {b{M}
We prove that

re(of) = re (6) - 270 Vi€ L(f)

fmeL(fi)

(15)

which implies Ft(gtfi) > F[(ﬁ+1) — 2730, for all fir1 € C(f),
since F;(gﬁ) =

{re(b" )} pre -
Fix fapr € L(fi). We distinguish two cases to prove (15) for this

fm:

o If b{M loses the auction in round ¢ (bth < d;), then rt(b{M )=0
and (15) follows from r; (g{i) > 0.

o If b{M wins the auction in round ¢, then g{‘ > b{M and therefore

g{i also wins the auction in round t. This means that 1 [b{M > dt] =

re (g{’) and 7 ( ﬁ+1) is a convex combination of

1 [gtﬂ > dt] =1 and so, in order to prove (15) we have to prove
that the payment of g{’ is not more than the payment of b{M
plus 2773, The last statement follows from the Lipschitzness of
p(-,dr) (Assumption 3.1) and the fact that |_qtf’ - bth| < 2743
which follows by the following: For every fi, fy; € L(fi) it holds
that ||fyr — fA',I”oo < 2773 since

M—-i-1
Ifi = fullew < D7 IIP7*' (far) = P (Fin) |
j=0
M-i-1
< 2—M+j+2 < 2—i+2

where PJ(-) is the application of the parent function P j times,
the first inequality uses the triangle inequality, and the second
uses the definition of the the parent function P. The fact that
I = f]\’/[”oo < 273 follows from the above using the triangle

inequality and the fact that |gtf’ - b{M | < 273 follows from the
fact that gf = b{M for some fy € L(f;).
Now we summarize the setting of each algorithm A(f;), for
fieFii<M:
e The reward range is [0, U;] in round ¢, where U; = max{ y;, ¥ }.
e In every round there is an action that is A;-good, where A; :=
2—i+3.
e There are at most K; actions, where K; := exp(CLipin“) +1<
exp(CLipLz”Z) where last inequality holds because Ci jpL > 1.

Let Ry (f;) = Zthl 7+ (fi) denote the total reward of algorithm

A(f;) and similarly define Ry (¢/) the total reward of the good bids
of A(f;). Because of the guarantee of each algorithm (Theorem 3.5)

14
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we have that with probability 1:

max éT (fi+1) - Z Ptfi (fi+1)§T (fi+1)
fimeCuts) fireC(RL e
< 4UNTA;logK; < 23U+/CpipLT
(16)

We now bound the error because we bid according to the bidding
functions F and not . For any f € ¥ let far € Fa be such that
fu = fand ||f = fullo < 27M. For every round ¢ we have

n(f)
1If () = di] (o = vep(f (o), do)

< 1[fm(or) 2 di] (Xtvt - IﬁtP(f(Ut),dt))Jr
< 1o = di] (o = vap(fin(or). )+ Y finon) = i f o0)
< 1 (o) 2 de] (xeor = dap(fun(on).di)) + U2

= (re(fn) "+ U2™ < #e(fur) + U2™

where in the first inequality we used that fy; > f, in the second
inequality that p(-, d;) is 1-Lipschitz, in the third that || f — fy|lc <
27M and in the final one that 7 (fir) = (r:(fu))*; recall that
Fr(fun) = re(b]).
The above implies
T ~
sup Z re(f) < max Re(fum)+ Ur2™M
feFim fu€Tm
Let f,; be a maximizer of the rh.s. in the inequality above and
for every i < M, let f;* be the ancestor of fy; in the i-th level. Using
this notation we prove

(17)

T
sup ) re(f) = Re(fo) < UT2™M+Rr(fy) = Re(fo)
feF =1
M-1 . B
= U2 M+ N (Re(f) - Re(f)))
j=0
M-1
< UT2™ M4+ ) 23U,/C;pLT
j=0

UT2™M + 23UM/CL; LT

where the first inequality holds by (17) and the second one by (16).
Picking M = |log, VT | the above becomes

T
~ 23
sup Z r:(f) = Rr(fo) < 2UVT + zlogzU\/CLipLTlogT

feF =1

The above is the claimed regret bound since 7+(fp) = >p q{"rt (b).
[m}

D.4 Deferred Proofs and Algorithm of Section
34

We first present in Algorithm 3 the reduction from standard no-
regret to no interval regret. We use that to prove Theorem 3.7.
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ALGORITHM 3: Reduction from regret to interval regret

Input: Number of rounds T, action space A, algorithms {ﬂﬁ }
over action space A
Initialize an instance A of Algorithm 1 withA=1and K =T
fort € [T] do
Receive reward range [0, U |
for 71 < tdo
Pass U; to A, and receive qfl (-) // Distribution over
actions of Ay

71€[T]

end
Pass U; to A and receive p;(-) // Distribution over
algorithms of A

Yo <t Pt(1)q; (a)
Yy <t Pe(T1)

// Distribution of actions by sampling an algorithm

Ar,t <7 and then an action from g;'(-)

Calculate for every action a: q; (a) =

Sample and output a; ~ q;(-)
Receive function r; : A — [0, U]
Pass r;(-) to Ag formy <t
Calculate 74 (71) = E

// Ay internal update
// Expected

a~q’! [re(a)] for < ¢

reward of g;' (")
Calculate i‘? =Ea~g, [1:(a)]
Update A with reward 7, (7;) forr; <t
active algorithms

// Expected reward of gq;(-)
// A update for

and with reward Ff’ forry <t // A update for inactive
algorithms

end

Proor oF THEOREM 3.7. We first extend the definition of 7¢(-)
for inactive algorithms. This makes

Fi(r1) = {E“’“CI? [re(a)],

ifry <t

e ifry >t

Now we re-write f? , the expected reward if the action is sampled
according to g;(-):

7 = Ea~g, [re(@)] = m Z (pe (r)7e(r1)).  (18)
< 71 <t

We notice that 7;(-) has the same reward range as r;(-). Theo-
rem 3.5 for algorithm A gives us a regret guarantee by every round
3

ma¥ Z Fe(ry) — Z Z pe(t1)Fe (1) < 4Up,\TlogT

nelll, & teln] el
which implies that for all intervals [z, 2] € [T]

DUR@) = D D pi(m)F(n) < 4Un\TlogT — (19)
te[n] te[n] 11 €[T]

We are going to show that (19) implies our theorem. First we
prove that for every round t,

D pe(@i(m) = ) pe(ei(m) + ) pr(m)i?

n€[T] 7 <t >t
o =0
=7 D pe(m)+ 7 Y pelr)
71 <t T1>1
= P

where the second equality holds by (18).

The above and the fact that 7;(71) = F? for r; > t makes (19)
imply that for all intervals [71, 73] € [T]
DR+ Y F(n)- ) #(0) < 4U,\TlogT
<7y telr,n ] te[r]

or equivalently that for all such intervals [r1, 72] € [T]

Z Fo(ty) — Z 7+(0) < 4U,,\/TlogT.
te[n,n2] te[r,z]
Given the regret bound of each algorithm A, by round 7, the
above implies that for all intervals [y, 73] C [T]

sup Z re(a) - Z 7t(0) < 4Ur, VT log T +Regy, (z2).

a telr,n] te(r,1]

which is the desired regret bound. O

Using a simple concentration inequality and the union bound,
we prove Theorem 3.2 from Corollary 3.8.

Proor oF THEOREM 3.2. Fix 1 < 1y < 1o < T.For t € [y, 2],
define X; = r;(by) — Xp q: (b)rs(b) and M; = Zt/elﬁ,” X;. We no-
tice that the sequence M; is a martingale with respect to the history
of the previous rounds H;_; (player’s and adversary’s decisions):
for every ¢

E Mt—Mt—l‘Wt_l] =[E[Xt|7-{t_1] =0
In addition we notice that |X;| < U; since r;(b) € [0, U;]. This

allows us to use Azuma’s inequality, proving that for every § €
[0, 1], with probability at least 1 — § it holds

Mg, 2 —-Ug,\2(12 — 1) log(1/6)

which implies that with probability at least 1 — §

D reb) = > > qr(b)re(b) = ~Up, 2T log(1/5)
=7 =11 b

Using the union bound over all 1 < 71 < 72 < T we get that for
every d € [0, 1] with probability at least 1 — § it holds that for all
1<71<np<T

Ty 7 T
Db = > qrbyre(b) = —UTZ\/ZTlog %

t=1y t=11 b

Using Corollary 3.8 we get the theorem. O

E Deferred Proofs of Section 4

We first prove the reduction of how to turn approximate ROI satis-
faction to an exact one.

ProOF OF LEMMA 4.2. We first notice that since Ay never has
value less than payment and A is run only when the accumulated
value is at least 1 higher than the payment, the ROI constraint is
never going to be violated. Now we need to prove the total value
guarantee.

Assume that the high probability bounds of the two algorithms
are true (which happens with probability at least 1 — 26 for any §
due to the union bound). Let 7 be the last round when algorithm
Aj is run. Let 77 be the rounds up to 7 where algorithm A is run
and 73 be the rounds up to 7 where algorithm A3 is run; note that
|72| is the total number of rounds (A3 is run in total. We now have

D, 1lbe = dr] (o = p(br.de)) = Qs(I72]) = Vs (I71])
telr]
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where the inequality follows from the ROI guarantees of the two
algorithms. Using the fact that on round 7 we run Az which upper
bounds the above quantity by 2 we get
Qs(I72) < 2+ Vs(|7T1]) < 2+ V5(T)

Using the definition that Q;l (Vs(T,)) is the solution to Qs(-) =

Vs(T) we get
72| < Q5 (Vs(T))

This proves that the total number of rounds A; was run is at

least T — Q;l (1+V(T)). This means that the total regret is at most

Regs(T - 051 (1+ V(1)) + 2051 (1 + V5(T))

where the second term represents the rounds A, was run instead of
A and the loss because of the budget consumption of Ay, which is
at most Qé_1 (Vs(T)) making the overall algorithm run out of budget

le (Vs(T)) rounds earlier, missing out on that much utility. O
We now prove Theorem 4.1.

ProoOF oF THEOREM 4.1. As we explained in Section 4 there are
algorithms that satisfy the assumptions of Lemma 4.2 with

Regs (T) = Vi(T) = p—lﬂ O(VETlog T + VT Tog(1/5))
and

05(Ty) = 1> = O(VI T log Ty + VT Iog(T2/5) ) = (T2

where the last inequality follows from

p= w(\/glog T+4/ —log(;/5) )

since otherwise the regret statement is vacuous.
The theorem follows by algebraic calculations. o

We now prove Theorem 4.3.

Proor oF THEOREM 4.3. Each round the value/highest-competing-
bid distribution is the following

(1,0), w.p. p
Ldp) =
(v, dy) {(1121,36 )’ wp.1- B

It is not hard to see that the LP optimum bids 1 every round and
on expectation has reward OPT = 1 — f§ and ROI violation of 0.

Let R; be the cumulative “ROI amount” that any algorithm has
collected in round t, i.e. the total value minus the total price paid.
Because the algorithm needs to satisfy the ROI constraint with
probability 1, for all rounds it must hold that R; > 0. This means that
=

(thus guaranteeing to always win) or bid less than 1if Ry < 7

the best any algorithm can do is to bid 1 in round ¢ if R;—1 >

i
=

(thus guaranteeing to win only if d; = 0).
Let N; be the number of rounds the algorithm bid less than 1 and

missed an item with d; = 1. The regret of the algorithm is Ny = Zﬁ

so we need to calculate E [N7].
Let R; be the cumulative “ROI amount” if the algorithm won
every item. We notice that

B
1-p

R —R] = N,

16

Anon.

since the difference does not change from round to round if the
algorithm wins the item but increases if the the algorithms misses
a high value item. Since R; > 0 and it holds that

Ny =minN; > 1B iR
t gt

We now note that R; is an unbiased random walk, since

1, w.p.
R;—Rl{l:{i L p
i WP
and E[R] —R;_,| = 0 and Var[R] —R; ] = % We will show that

E [mint R;] < -4 /Tﬁ which in turn implies that

1-p B _ 1=
E[Ny] > 3 \/Tzﬂ(l_ﬁ)—\/T

2np

which implies that the expected regret of the algorithm wrt to the

LP optimum is
1-2 !
O e p

which proves the theorem.

B s. We have that

We now prove that E [min; R}| < Tontipy
E[; %nnTRt] = IEL_%nn min { ORt}]
< B [min {0,R;} ]
= 5 E Rl
)
S\

where the second equality holds because E [R’T] =E
E [min{0, R/ }] =0andE [|R |] = E [max{o, R'T}]
the next one by the Central Limit Theorem for large T, and the last

[max{O, R’T}]+

%) the 0-mean Gaussian

equality uses standard facts of G(0, /T I

T'B

with standard deviation B

We note that instead of using the central limit theorem one could

explicitly use the fact that R = M (1+ %) T% where M is a

binomial random variable with T tries and probability of success b
to calculate

E[[R7]] = (1+l€ﬁ)1E[IM—TﬁI]
_ B _pya-[p1grrpl( T
= (14 55 rrma - pra-mogma( T
B (1—/3)‘/_ O(W)
which leads to a similar bound. O

~E [min{0, R}}],
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No-Regret Algorithms in non-Truthful Auction

F Deferred Proofs and Algorithm of Section 5

We first present in Appendix F.1 the deferred proof of Theorem F.4,
the lower bound on the regret for budgeted first-price auctions with
only bandit information. Next we present an upper bound on the
regret, in Appendix F.2.

F.1 Deferred Proof for Regret Lower Bound

In this section we prove Theorem 5.1.

Proor oF THEOREM 5.1. Fix the player’s budget, p = 1/4. Define
the following

e K = 2T'/3 for some positive ¢ that will be defined later.

o= %K

e Fori =0,1,2,...,K letd; = 1/3 + ie. Note dy = 1/3 and
dg = 2/3.

We will consider that d; can only be 0, 1, or one of the values in
{di}i=0... x-1; note that even though we defined the value dk, d;
cannot take that value. We will consider different distributions that
can generate d;, each specified by a CDF. We first define the base
CDF-like distribution:

3
Fp(x) = g

We use Py, and Ey, to denote the probability and expectation when
d; is generated by Fp,, which means that forany x = 0,dp, d1, . . ., dg—-1,
Py [dr < x] = Fy(x) and Py [d; < 1] = 1. More precisely, even
though we do not use the description of the probability density
function, we have

(20)

Fy(0) =3/4 ,ifx=0
Fy(do) — Fp(0) =3/44 ,ifx=dyp=1/3
Py [dy = x] ={Fo(di) — Fy(di—1) =©(¢e) , ifx=d;ie[K-1].
1 - Fy(dg_1) ,ifx=1
0 otherwise

We note that Fy(dg—1) < Fp(dg) = 1/10; this guarantees that
our distribution is well defined.

Given the base CDF F,, we now define a different CDF-like func-
tion, Fj for every j = 0, 1,..., K—1. The distribution of d; associated
with F; is going to be identical to the one associated with Fj,. except
for the probability of

Fy) = {Fb(x)s ifx ¢ [dj. dju)

. (21)
if x € [dj, dj+1)

Fb (dj+1),
We use Pj and E to denote the probability and expectation when
dy is generated by F;. This means that P; [d; < x] = Py [d; < x]
for all x = 0,do,dy,...,dj-1,djs1,....dk—1,1 and P; [d; < dj] =
Py [d[ < dj+1].
We are going to assume that before round t, j is picked adver-
sarially. We now prove what a lower bound on the value of the
optimal solution under F;.

LEMMA F.1. When d; is generated according to F; for any j =
0,...,K—1 asexplained above, then the value of the optimal solution
is

133
OPT; > =T+ —Te
16 32

17

Proor. We consider the strategy that bids d; with probability

11-3(i+1)e
12(1+3i¢)

of this strategy is

and bids 0 otherwise. The expected per round payment

11-3(i+1)e 11-3G+1ef1 . 3
o GFid) = | s i
12(1 + 3ie) 12(1+3ie) \3 4_(%+(1+1)5)
_1
T4

which means it satisfies the budget constraint in expectation, since
p = 1/4. The expected per-round value of this solution is

11-3(i+1)e 11-3(i+1)e
12(1(+3ie)) Fj(dj)+(1_ 12(1(+3ig)) )Fj(o)
_ 11-3(i+1)e 3 (1_ 11—3(i+1)g)§
12(1 +3ie) 4— (% +(i+1)e) 12(1+3ie) )4
13 3¢ 13 3¢

—— = —
16 16(1+3ie) 16 16(1+3Ke)

where the last inequality follows from i < K. Substituting ¢ = #
we get the lemma. O

In round ¢ the player bids b; and observes x; € {0,1} (if she
won or not). We are going to assume that the player runs some
deterministic algorithm, which comes w.l.o.g. since the environ-
ment is randomized. This means that the player’s bid b; in round
t is a deterministic function of x1, ..., x;—1. We denote x = xy.T.
We also assume w.l.o.g. that the player’s bids are always one of
0,do, ...,dg—1, 1, since any other bid is suboptimal. Let N; be the
total number of times the player bids d; and M; be the total number
of times the player bids d; and wins. We prove the following.

LemMa F.2. Letg: {0,1}T — R be a function defined on x. Then,
for every j, it holds that

[£) 9(x) ~ By g()] < (max|g(x)1) ey/2 o [M)]

Proor. For any j and i we have

E; f(x) - Ep f(x)]

> ) (B [x] By [x])

xe{0,1}T

(maxlfel) > [y lx] - By 1]

xe{0,1}T
(max £ 1) |y = o,

where p; and py, are the probability distributions on x given that
d; is sampled from F; and Fy, respectively. Using the properties of
the KL divergence, we have that

IA

lij = ol < 2Dxe (1o || )

Now fix some sequence x. Conditioned on x1.,—1, b; is determin-
istic. In addition, if by # d; it holds

Mo (xp = 1xpp—1) = pj(xp = 1x1:4-1)
which, if by # dj, implies

Diw (o (xr = -|x1e—1) || i (xr = “lx1:-1)) = 0
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When b; = d; it holds that
3
4= (do + je)
pj(xe = xre-1) = Fj(dj) = Fo(dj1) =
which implies that if b; = d;
Dyt (o (xe = |x1-1) || 1y e = “lx1:e-1))
Dyi (Bern(Fy(d))) || Bern(Fy (djs1)))

pp(xr = 1xpem1) = Fy(dj) =

3
4—(do+(j+1)e)

B ' Fy(dj) B ) 1— Fp(dj)
= Fb(d])logm"'(l Fb(dj))logl—Fb(de)
[ Fody) oy (L= Fold)
= fold) (Fb(dj+1) ) 1) R (1 ~Fo(djm) 1)

€2 81 ,
3————— < —¢
(1—dj)(4—dj+1)2 100
where Bern(p) is a Bernoulli random variable with mean p, the
first inequality follows by using logx < x — 1 for all x > 0 and the
last inequality follows by using dj,dj+1 < 2/3. This implies that
for any by,

Dy (pp e = |x1:0-1) || pj (e = +|x1-1)) < %821 [b:(x) = dj]

Taking expectations over x ~ p, and adding over ¢ we get
81 , 99 )

D (1o [[ ) < J556" B [Nj] < So56" B [M;] < & Ep [ ]
where the last inequality follows from the fact that Ej, [M j] =
Fy(d;) Ep [Nj] and F,(dj) > 9/11. Combining this with what we
proved before we get

B () = B £(0)] < (max F (0] ey/2E [M]

which proves the claim. O

Now note that since the agent’s payment is at least djM;, it must
always hold djM; < Tp, implying M; < Tp/d; < %T. Applying
Lemma F.2 for f(x) = M; we get that for any j

Ej Mj < Ep Mj+ %Ta/ﬂﬂb M;
We notice that because it must hold }.; djM; < Tp, there must
be some j such that E, M; < %T. Fix that j and use that in the
above inequality, making the above inequality for that j

3T 3v2 3T 3T 3V6T3/?2
IEijs—+i e[ 2L 3T V6T e
4K

4 4K 4K 8 K
Recalling that K = 2713 and e = 1/(3K) we get
E; Mj < 3re ﬁT
8 16
Since E; M; = Fj(dj) E; Nj and Fj(dj) = 4—3j+1 > 9/11 (which
follows from dj;+1 > 1/3) the above becomes
33 11V3
E;Nj < Bros, W0 yp (22)
56 144

Using the above upper bound on E; N, we are going to upper
bound the value the player can earn in the j-th instance. To do that,
we are going to consider that the player knows that she is playing
against the distribution of P; [-] but is restricted by (22). In addition,
we consider that the player can satisfy the budget constraint in
expectation, since this only increases the budget she can earn. Given

18

Anon.

this setting, the player’s value is upper bounded by the following
LP, where n; represents the expected number of times the player
bids d;, £ is the expected number of times the player bids 0, and £
is the expected number of times the player bids 1:

K-1
Fj(0)f + €1 + Z Fj(di)n;

i=0

max
b,t1,1n0,....nK-1

K-1 T
1+ IZ(:) d,'Fj(di)ni < Z

K-1

b+ b+ Z n <T
i=0

nj <UT

We upper bound the value of the above using its dual:

min AI +uT +vUT
AV 4
p = Fj(0)
A+p>1
AdiFj(d;) +p > Fj(d;), Vi#j
AdjFj(d;) +p+v > Fj(dj)

We notice that the solution A = 1/4, y = 3/4, v = ¢/4 is feasible
(which follows from some simple but lengthy algebra). This means
that the player’s expected reward is at most

( 13 UE)
T|{—+—
16 4
Using Lemma F.1 we get that the expected regret it at least

3 33 11V3
Reg > —Te— (227234 V3,
32 4 \56 144
-1/3
_ o dges Moy 1N3 g TV
64 448 3456 6
~ 0.01T%3 —0.021'/3
which is Q(T%/3), as promised. O

F.2 Regret Upper bound for Bandit information
In this section we present and prove an upper bound on the regret
when learning with bandit feedback. Our regret bound is in the
order of O(T3/%), which is slightly higher than the lower bound in
Theorem 5.1. It remains to be interesting open question to achieve
the optimal O(T?/3) regret bound.

THEOREM F.3. There is a polynomial time algorithm for value or
quasi-linear utility maximization under Assumption 3.1 such that, for
every § > 0 with probability at least 1 — § its regret and ROI violation
is at most

1 LT
1 L1434 L 7121 1/2) 100 22 |
ﬁpo(( " ) %%

In addition, if p = Q(T~V/4*¢(LY/4 4 LV2T~1/4)\[log(TL/d)) for
some constant € > 0, the above can be turned in an algorithm with
exact ROI satisfaction regret that is 1/ times worse.

Theorem F.3 is based on the following theorem, Theorem F.4,
which offers an algorithm with O(VTK) high probability interval
regret bound for the Lagrangian.
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ALGORITHM 4: No interval regret algorithm for bandit information
with for time-varying ranges

Input: Number of rounds T, number of actions K
_1 y_ _1 _ 1
Seto=,&= zﬁ’g_ Vi
Initialize weight for each action w; (a) =1
fort € [T] do
_ _w(a)
Calculate p; (a) = W

Sample and play a; ~ p(+)

Va e [K]

Receive #; (az)

Calculate £ (a) = -2 (a)

i@zl la=as]foralla e [K]

Receive loss range [0, Uz41 ] and calculate nz4q =

)
Ure1
Calculate wyyq (a) =
(1-0)we(a) exp(—nes1fr (@) + F Yo we (@) exp(—ns1fr (a))

end

To use this algorithm, we discretize the interval [0, 1] into N
values {i/N};e[n] and K bids {j/K}j¢[x]- Then for each i € [N]
we run an instance of the algorithm of Theorem F.4, which is used
for round t when v; < i/N < vy + 1/N and outputs a bid j; /K.
As in Section 3, we do not directly use the bid suggested by these
algorithms, since it might lead to a negative reward in r;(-); we
use the safe bid of Assumption 3.1 when it is possible to get a
negative reward. This roughly leads to a total regret bound of
(j(VTNK), along with a discretization error of O(T(L/N + 1/K)).
Appropriately picking N, K gives the regret bound.

Theorem F.4 provides the Ufzé(\/ﬁ ) interval regret bound for
every interval [71, 72]. The algorithm used is similar to the EXP-SIX
algorithm that [27] uses to bound the regret of the best sequence
of actions and that [10] use to bound the interval regret. However,
our algorithm is not the same as EXP-SIX: we modify the algorithm
to get a regret bound that scales linearly with Uy, instead of UTZ2 as
shown in [10].

THEOREM F.4. Suppose there are K actions and the reward of round
t,ry = [K] — [0,U;], is picked by an adaptive adversary. There
exists an algorithm that generates actions ay, . .., ar such that for
every § > 0, with probability at least 1 — &, we have that for all
1<1<n<T

& & TK
arélﬁ)((] ;ﬁ ri(a) — ;ﬁ re(ay) < O(UT2 . (VTK+K) log T)

We first present the algorithm for Theorem F.4 which low inter-
val regret. The algorithm is a modification of the algorithm of [27]
so that it works for time-varying ranges. We present the algorithm
in Algorithm 4.

We now prove Theorem F.4.

Proor or THEOREM F.4. First we define

pe(a) exp (-n:le(a))
Y pe(a’) exp (-n:li(a’))
Next we show that for every a*

Za:pt(a)ft(a) —(a*) < %log (%) + % Zalpt(a)itz(a)

P;+1 (a) =

(23)

19

First we notice that

> pe(a) exp (~ne8r(a))

2
< 1-m Y p@i @) + Y pr(@)E ) (2 e
2
< exp|-ne ) pi(a)ii(a) + %‘ Zpt(a)ftz(a)) (1+x < ¢

Using the definition of p;_, (a*) in the Lh.s. of the inequality above
we get

pe(a”)
Py (a)

2
< exp|-ne ) pi(@(@) + - D pi (@ (@)

exp (-11¢4;(a”))

Taking a logarithm and rearanging we get (23).
We now notice that

pre1(a”)
_ wir1(a”)
Za Wi+l (Cl)

(1 - 0)wi(a*) exp(—nele(a*)) + & X we(a’) exp(—nity(a’))

)

Sa (1= )we(a) exp(-nele(a)) + § Lo we(a) exp(-nele(a’)))

(1-0o)we(a®) eXP(—UtEt(a*)) + % Za we(a) eXP(—Utft(a/))
Ya we(a) exp(—ntte(a))

(1-0)pi(a*) exp(—nit;(a*)) + § Yo pi(a’) exp(—nee(a’))
Yapr(a) exp(-nitz(a))

(1-0)p, (@) +0

v

Bounding p;_, (a*) in (23) we get

pr+1(a*)

~ ~ * 1
Za:pt(a)a(a)—ft(a )= log (m

nt
[ Saaia
Let I = [r1, 72]; summing the above for all i € I we get

D pi(@b(a) - ) E(a)

tel a tel

1 pr+1(a’) m 72
<Yl B 5 Do

tel tel

(24)
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Now we focus on

l Pt+1(a*)
2 1"g(u . o)pt(aﬂ)

tel

_ logprui(a’) log((1-0)pr(a”))
Nz, Nry
IMe-1, o«
+ Z log( (f/) )
tel\{r} (1—o)Y/1ep,"" (a)
1 _ 1
1 1-— o Nt-1 Nt *
< 0-— og(( O-)K) + log p—t 1§a)
o ety | 7"
log (1-0)2
. lell-a)F) (;__)1 g2
r]‘fl tEI\{Tl} Nt-1 nt
+ Z —log
el in) ! N
log((l—a)g) 1 o
= - nTK élogl? Z (Ut-1-Up)
tel\{r;}
+ U, —|I| _ 11 !
2o Ogl—o
log (1-0)%) Us, I - 1
S_”T — log Uszlgl_U
= U, \/TKlog - +\/TKlog(TK)+T3/2\/_ Klog - )
- T -7
KT? T
= UTZVTK(log +1og(TK) + VT log )
T-1 T-1
2) 4o L
< UTZVTK(Zlog (KT )+2\/T)
< UTZO(\/TKlog(TK)) (25)

where in the first inequality we use p;(a) € [% 1]. in the second
inequality that p;(a) > %, in the equality after that the fact that

n: = 7, in the second to last equality that ¢ = T and 0 =

VKT’
and in the second to last inequality that log 7= < %
Now we bound

Sr@it@ =3 @i < U Yt e
Using (25) and (26) in (24), and substituting n; = 6/U; we get
D pi(@b(a) = ) Erla®) < UpX + g > Dk (@27
Utsei;gaa slight modiﬁct:tlion of [27, Corollarytle]l v:e get that
P |Va € [K] : Z (&(a) - t(a)) < Urzw >1-5 (28)
Now we bound
S ptaita) = putan S
£ i (29)
> trlar) = tr(ar) s = tr(ar) - 52 &r(a)

20

Anon.

We now combine all the above to bound the regret. Assume that
(28) is true; for every a* € [K]:

Z (€:(ar) — £:(a"))
tel
PN ACCEIDIONACEDWACS

tel a tel a tel

PN ACICEIDIPNACEDIWACS

tel a tel a tel
log(K/)
2&

< U,0 (\/ﬁlog(m))

IA

(by (29))

IN

+ Uy, (by (28))

INIC

tEI a

+§ZZ{7,(a)+UTZIOg(2ﬂ

(by (27))
tel a g
log(K/6)

= U,0 (\/_ log(TK))+UT2 o

+3+e X D

tel a

og(K/6)
28

+ (g + f)K(UT2 |I| + Uy, —lOg(ZI;/(S))

- UTZO(\/T_Klog(TK)) + Uy, VTK log(K/5)

< Ug,O (\/_log(TK)) +U1—2

(by (28))

+

U, T + U,zx/ﬁlog(x/a)) (ér ZW )

1
o =
- Umo(«/ﬁ 10g(TK/5))

%( (T +VTK 1og(K/5))

+ Uy,
= U,zo(\/ﬁlog(TK/a) +Klog(K/6))

which proves the desired bound. O
We now proceed to prove Theorem F.3.

Proor or THEOREM F.3. Fix N =
Let 9; = i/N fori € [N] and b; = j/N for j € [N]. For every
i € [N] define r; : [K] — Ry such that

ri(j) =1 [l;t,j > dt] ()(tﬁi - l//tp(l;t,j,dt))

where I;t,j is either l;j or the safe bid of f;()

Define for every round i; = [u;N] (i.e. the i that corresponds
to the value that is closest and above to v;). Fix i € [N] and let
i C [T] be the rounds where i = i;; let T; = |7;|. Let A; be an
instance of Algorithm 4 which is run only on rounds 7;. A; has
K actions. The reward of the j-th action in round ¢ is f; (j). Let
Jjt be the output of A; in a round ¢t € 7;, which we use to bid
b, j.- Because of Theorem F.4 we have that for every § > 0 with

[L3/4TV4)and K = [TY/4/LY/47.
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probability at least 1 — §, for every 11 <

2 2

teTin[r,12] teTin[r,12]

< UTZO((\/T,_K+K) log lTK)

max ) - 7 (je)

JElK]

We do the above process for every i and use it as an algorithm°
Doing this for every i and using the union bound we get that for
every 0 > 0 with probability at least 1 — §, for every i € [N] and

71 < Ty
. T RO~ Y
Jel ]tE']—ﬂ[ﬁ 7] teTin[n,12]
< UTZO((\/TIK+K)10g lI;N)
T4 T4 LT N=[ L3414
= UnO\\ i * 7 |8 5 (i)

(30)

Fix 71, 7. We want to use (30) to upper bound

;up Z re(f) = zz: re(brj,)
€F t=1;

Fix f € ¥ and define ji,...,jNy € [K] such that I;ji (recall
bj = j/K) is the bid that is above f(v) for every v € (v;-1,0;] and
as small as possible, i.e., for all i € [N] it holds

bjy=|K sup f(0)

0€(D;-1,0:]

/K

We notice that for all i € [N] and v € (vj—1,v;]: Bji €
% + IL(] (by L-Lipschitz of f). We now have

[f (o). f(0) +

re(f) = 10f(vr) = de] (xeor — yep(f(0r). dt))
1 [Eji, > dt] ()(tﬁi, - lhp(l;jit % -2 dt))

1 [o1, > ] (i~ vep(Bs, ) 40+ £)

IA

IA

IA

1
rt F(ip) + lﬁt(ﬁ + I_()
where the last inequality follows because the bid that corresponds
to j;, in round ¢ is the safe bid of that round whose reward is non-
negative and at least as good as by, ’s. Summing the above over
t € [r1, 2] and taking a sup over f and a max over ji, ..., jN we

0For rounds where vy = 0 we have not defined an algorithm; in those rounds we can
bid 0 (which is optimal) to guarantee no regret; for simplicity however we assume that
v > 0.

21

get

stnm
feFr
G i, L 1
NZF; (]it)+UT2T(N+I—()

; L 1
"lt .
] Z Ty (J)+UTZT(_+_)
ie[N]jE[K] teTin[n,72] N K

A
g8
)
kol

I
g8
)
ko

. s 1 31
< max . #(j)+ U 2T5L (NZLfT“l)
e <K eritn ) K2T4/L3
< D G
te[n,nz]
1 1
T7 Ts LT
+ Z U, Ol (\|Ti—~ +— logF
i€e[N] LZ L1
+Up,2T5Li (by (30))
= DL ARG
te[r,12]
E LT ;
+ UTZO((Liﬁ + (TL)%) log = +T3L%)
= DL ARG
te[n,nz]
LT
+ UTZO((L%T% + (TL)%) 10g7) (31)
where the second to last inequality we substituted N = | L3/4T"/4]

and we used the fact that 3); T; < VNT since 3; T; = T. By
noticing that fl’;(jt) < rt(l;t,jt) + U:(1/K + 1/N) and bounding
T(1/N +1/K) = O(LY*T3/%) we get the high probability interval
regret bound on the rewards r;(-). Using Theorem 2.1 we get the
desired result.

The tight satisfaction of the ROI constraint follows by using
Lemma 4.2. The first algorithm is the one we describe above. The
second algorithm is the primal algorithm described above with y; =
Yy = 1, which achieves Q(z, §) = fﬂ—O((Ll/4T3/4 +71/2L1/2) log

[m]

G Polynomial time algorithm for full
information feedback

In this section, we present a polynomial time algorithm that has
regret guarantees matching the ones in Theorems 3.3 and 4.1, when
the value and the highest competing bid are independent.

THEOREM G.1. Assume that the value v; and highest competing
bid d; are sampled independently. There is a polynomial time algo-
rithm with full information feedback for value or quasi-linear utility
maximization when the payment function satisfies Assumption 3.1
such that, for every § > 0 with probability at least 1 — 6, the al-
gorithm has regret against the class of L-Lipschitz continuous func-

ﬁO(\/T log(TL/$)). In addition, if

1/2+e log(TL/&)) for some constant e > 0, it can be turned

tions and ROI violation at most

B=9(T"

LT
&)
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into an algorithm with exact ROI satisfaction and with regret that is
1/ times worse.

The algorithm for the above theorem is similar to the one in
Theorem F.3: discretize the values and run a separate online learning
algorithm for each of those values. The important difference is that,
instead of running/updating each algorithm only when we observe
its corresponding value, we run every algorithm in every round
t, even if the value v; is completely different than the one the
algorithm represents. This allows each algorithm to run for many
more rounds, making it ‘learn’ faster. The assumption that v; and
d; are independent is crucial since the d; of every round can be
used for every algorithm.

We note that the above technique cannot directly be used for
bandit information, since we do not observe d; and therefore the
observed reward is dependent on the bidding. [5] use this technique,
along with the assumption that the value distribution is known,

to get regret bounds that would imply to (5(T2/ 3) regret for ban-
dit information. However, their bounds are only in expectation
and for the entire horizon, not every interval. We leave as future

work extending these techniques to get regret matching the one in
Theorem 5.1.

PrRoOOF. We use a scheme similar to the one used in the proof of
Theorem F.3.Fix N = |LT| and K = T.Let 9; = i/N fori € [N] and
l;j = j/N for j € [N]. For every i € [N] define rf : [K] = Rxo
such that

i) =1 [bey = di| (xedi = yup b jodo))

where l;t, j is either b ; or the safe bid (Assumption 3.1) of f;()
Define for every round i; = [v;N] (i.e. the i that corresponds
to the value that is closest and above to v;). For every i € [N]
let A; be an instance of the algorithm in Theorem 3.5 for A = 1
with K actions that has also been modified to have low interval
regret, using Theorem 3.7. Unlike the bandit setting, here we run
A; even in rounds where i; # i. In every round A; outputs an
action j; [K] which corresponds to the bid b i The reward of

the j-th action in round ¢ is 7 ( j). The bid we use in round ¢ is the

one suggested by algorithm A;,, b hjit
Using Theorems 3.5 and 3.7, an application of Azuma’s inequality
and a union bound over i, we have that with probability at least

1-Sforevery1 <7 <13 <Tandeveryie [N]:

72 72

max > 7H(7) = . 74D < U, O(VTIog(TKNS))  (32)

Jje [KJ t=11 =11

Fix 71, 72. To get our regret bound we have to upper bound

Supzrt(f) ZZn ir = i) re (b, ;1)

[TI t=11 i

Fix f € ¥ and define ji, ..., jy € [K] such that for all i € [N]

bjy=|K sup f(0)

0€(D;-1,0;]

/K

Anon.

We notice that for all i € [N] and v € (0;-1,;]: bj, € [f(0), f(0v) +
ﬁ + %] (by L-Lipschitz of f). We now have

re(f) = 1[f(ve) = de] (xeve = Yep(f(0r), de))
1 [l;ji, 2 dt] (Xtﬁlt l//tp( iy £ - %,dt))
[, = ] u - () o[+ 2)

< V[ (jl’)+¢t(ﬁ+ll<)

where in the second to last inequality we used the fact that p(-, d)
is 1-Lipschitz and in the last inequality follows because the bid that
corresponds to j;, in round ¢ is the safe bid of that round whose

IA

IA

reward is non-negative and at least as good as b, ’s. Summing the
above over t € [r1, 72] and taking a sup over f and a max over

j,...,ijeget
&, (L1
;zp Zrt(f) < jﬂfﬁ;;ﬁ” (i) + Ur, (N+K)
2
< ‘max Zn[i,:i]f}'(j*)mU,z (33)
e/ i

where in the last inequality we used that N > |TL| and K = T.

We now prove a high probability boundon 372 1 [i; = i] f; G,
for a fixed j*. Using Azuma’s inequality we can prove that for all
d > 0 with probability at least 1 — J,

D ulie =707 £ Y P li = i1 77 + (U VTlog(1/9))
=11 t=1;

Note that to use Azuma’s inequality we have to rely on the fact
that i; and ff (j*) are independent conditioned on the history of
rounds up to ¢ — 1, since F; (j*) does not depend on v; but only d;

By letting P [i; = i] = g; and taking a union bound over all
j* € [K] and all i € [N], we have that with probability at least
1 -6 for all j;‘, i, and 71, 72 we have

2 1 iy =i 7 (") < ZZ: qif (%) + o(Um/Tlog (TKN/5))
t=11 t=11

Substituting N and K, the above makes (33)

sup Z re(f) <

feFi=r

> max Y77 +0[UnTTog (TL73)
i€[N] t 71
(34)

We now bound g; max j» Zt o i(j*) for some i. By (32) we have

T2 T2
gimax 3 G < i ) PG + iUz O(VTIog(TLT))
=11 =1
72
<

=11

+qiU;,0(VT1og(TL/3))
(7]
= > 1lir = i1} +aiUnO(VTIog(TL/5))
=11
where in the last inequality we used Azuma’s inequality, which
heavily depends on the fact that i; and 7;(j;) are independent

> 1l =174} + 4iUz, 0 (VT Tog(TKN/5))
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conditioned on the history of rounds up to t — 1, since F;' ( j;) does
not depend on Ut but only d;. Plugging the above into (34) we get

supZn(f) > Z

Ft=r, ie[N]t=n1

+ U, 0(VTTog(TL/5))

ir=1 rt(]t)

23

By noticing that 7 (]t) rt(bt j.)+Ut(1/K+1/N) and bounding

T(1/N+1/K) = O(1) we get the U,zo(\/r Tog(TL/0) ) high proba-
bility interval regret bound on the rewards r; (-). Using Theorem 2.1
we get the desired result.

The tight satisfaction of the ROI constraint follows by using
Lemma 4.2. The first algorithm is the one we describe above. The
second algorithm is the primal algorithm described above with

Xt = ¥ = 1, which achieves Q(z,8) = 7 — O(4/rlog(zL/d)). O
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