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Abstract

We prove rich algebraic structures of the solution space for 2-layer neural net-
works with quadratic activation and L loss, trained on reasoning tasks in Abelian
group (e.g., modular addition). Such a rich structure enables us to analytically
construct the global optimal solutions to the task from partial solutions that only
satisfy part of the loss, despite its high nonlinearity. Specifically, we show that
the union-ed solution space of different number of hidden nodes of the 2-layer
network is endowed with a semi-ring algebraic structure, and the loss function to
be optimized consists of monomial potentials which are ring homomorphism, al-
lowing composition of partial solutions by ring addition and multiplication. While
the constructed global optimizers only require small number of hidden nodes, we
show that overparameterization asymptotically decouples the training dynamics
and thus is beneficial. We further show that training dynamics move towards sim-
pler solutions under regularization, by proving that global optimizers algebraically
connected by ring multiplication are also topologically connected. Experiments
verify our theoretical findings.

1 Introduction

Large Language Models (LLMs) have shown impressive results in various disciplines [18} 1,122} 4} |5,
11]], while they also make surprising mistakes in basic reasoning tasks [[17, 2l]. Therefore, it remains
an open problem whether it can truly do reasoning tasks. On one hand, existing works demonstrate
that the models can learn efficient algorithm (e.g., dynamic programming [27] for language structure
modeling, gradient descent [24] for linear regressions, etc) and good representations [[12]. Some
reports emergent behaviors [25] when scaling up with data and model size. On the other hand, many
works also show that LLMs cannot self-correct [9], and cannot generalize very well beyond the
training set for simple tasks [[6, 28 |19], let alone complicated planning [[13}26].

To understand how the model performs reasoning and further improve its reasoning power, people
have been studying simple arithmetic reasoning problems in depth. Modular addition [16, 29], i.e.,
predicting a + b mod d given a and b, is a popular one due to its simple and intuitive structure
yet surprising behaviors in learning dynamics (e.g., grokking [20]) and learned representations (e.g.,
Fourier bases [30]). Most works focus on various metrics to measure the behaviors and extracting
interpretable circuits from trained models [[16, 23} [10]. Analytic solutions can be constructed and/or
reverse-engineered [8, |29/ [16] but it is not clear how to generalize the results.

In this work, we systematically analyze 2-layer neural networks with quadratic activation and Lo loss
on predicting group multiplication in Abelian group G, which is an extension of modular addition.
We find that global optimizers can be constructed algebraically from small partial solutions that are
optimal only for parts of the loss. We achieve this by showing that (1) for the 2-layer network, there
exists a semi-ring structure over the set of solutions across different order (i.e., number of hidden
nodes or network width), with specifically defined addition and multiplication (Def. [3), and (2) the
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Figure 1: Overview of proposed theoretical framework CaGO. (1) The family of 1-hidden layer neural net-
works, Z, form a semi-ring algebraic structure ring addition and multiplication (Theorem . Z = Uq>0 Z4
where Z,, is a collection of all weights (solutions) with order-q (i.e., ¢ hidden nodes). (2) For Abelian reasoning
task, the MSE loss ¢(z) is a function of monomial potentials (MPS) i, 1,1 (2) and 7p,,x(z) (Theorem ,
which are ring homomorphism (Theorem @) (3) Thanks to the property of ring homomorphism, global op-
timizers to MSE loss ¢(z) with quadratic activation can be constructed algebraically from partial solutions
that only satisfy a subset of constraints (Sec. @ using ring addition and multiplication, instead of running
gradient descent. Examples include Fourier solution zrg (Corollaryg) and perfect memorization solution zas
(Corollary EI) In Sec. E we analyze the role played of MPs in gradient dynamics, showing that the dynamics
favors low-order global optimizers (Theorem [5) under weight decay regularization, and the dynamics of MPs
become decoupled with infinite width (Theorem @

L5 loss is a function of monomial potentials (MPs), which are ring homomorphisms (Theorem m)
that allow compositions of partial solutions into global ones using ring addition and multiplication.

As aresult, our theoretical framework, named CaGO (i.e., Crafting Global Optimizers), successfully
constructs two distinct types of Fourier-based solutions of per-frequency order 4 (= 2 x 2) and
order 6 (= 2 x 3) that is global optimal, which are verified in the experiments, and global optimal
solutions of order d? that correspond to perfect memorization. To our best knowledge, we are the
first to discover such algebraic structures inside network training, and apply it to analyze solutions
to reasoning tasks such as modular additions in details.

In addition, we also analyze the training dynamics of MPs. We show that the dynamics favors
low-order solutions and perfect memorization is unfavorable in the dynamics, and the MP dynamics
becomes decoupled when the network width goes to infinite, demystifying why overparameteriza-
tion improves the performance.

Most Related work. Existing theoretical work [15] also shows group-theoretical results on alge-
braic tasks related to finite groups, also for networks with one-hidden layers and quadratic activa-
tions. However, they use the max-margin framework with a special regularization (L 3 norm) rather
than MSE loss, do not characterize and leverage algebraic structures to construct solutions, and do
not analyze the training dynamics.

2 Decoupling L, Loss in reasoning tasks of Abelian group

Problem Setup. We consider the following 2-layer networks with one layer of hidden nodes, trained
with (projected) ¢» loss on prediction of group multiplication in Abelian group G with |G| = d:

0= 1P (ol — U, olil = Vo(WTfi) = ZUJU(W]TJ‘[Z'D (1)

3

where o(x) = x? is the quadratic activation function, Pi* = I — %11T is the zero-mean projection
matrix, W = [wy,...,w,] € R,V = [vy,...,v,]T € R™ are learnable parameters. f[i] €
R? are input embeddings. i is the sample index.
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Input and Output. The input contains the two group elements g [¢] and g»[i], encoded as f[i] =
Ug,e4,1i + Ug, 4,5, Wwhere Ug, and Ug, are column orthogonal embedding matrices. The output
is the result g1 [i]g=[i] € G, encoded as the label [[i] = ¢1[i]g2[i] to be predicted.

Let @1, = [¢1(9)]gec € C? be the scaled Fourier bases (or more formally, character function of the
finite Abelian group G, see Appendix @ Then weight vector w; and v; can be written as:

Wi =Uc, Y zaki®r +Ucs Y 2ok, V5 = D Zekj Pk 2)
k0 k0 k0

where z := {z,;} are the complex coefficients (p € {a,b,c}, 0 < k < d and j runs through
hidden nodes). Leveraging the property of quadratic activation functions, we can write down the
loss function analytically (see Appendix [D):

Theorem 1 (Analytic form of Ly loss with quadratic activation). The objective of 2-layer MLP
network with quadratic activation can be written as £ = 3, ol + (d — 1)/d, where

b, = —47"kkk+4d2|7"k1k2k‘2+d‘ Z erok'kz‘FdZ Z ‘ermk’k

k1k2 pef{a,b} K m#0 pe{a,b} Kk’

2
3)

Here Ty ok 1= D Zakyj2bksjZekj ANA Tpmkrk 7= 5 Zpk' j2p,m—k' jZckj-

Note that for cyclic group G, the frequency k is a mod-d integer. For general Abelian group which
can be decomposed into direct sum of cyclic groups according to Fundamental Theorem of Finite
Abelian Groups, k is a multidimensional frequency index. For convenience, we define ¢_; := ¢,
as the conjugate representation of ¢;. The reason why ¢g = 1 is excluded is that the constant bias
term has been filtered out by the top-down gradient from the loss function. Since weights are all
real, the Hermitian constraints holds, i.e., Zex; = @;v; = ¢, v; = 2. i ; (and similar for z,p;
and zpy;). Therefore, 2p _i j = Zpkj» T—k,—k,—k = Tkiki and £ is real and can be minimized.
Lemma 1 (A Sufficient Conditions of Global optimizers of Eqn.[3). Ifa solution z to Eqn.[3|satisfies
the following, then it is a global optimizer with zero loss {(z) = 0.

rkkk(z) = |(k‘ 75 0)/2d, Tk1k2k(z) = 0, rpmk/k(z) =0 (4)

Lemma |1| provides a sufficient condition since there may exist other solutions that achieve global
optimum (e.g., Y, "'pmik = 0). It turns out Eqn. 4| already leads to very rich algebraic structures
and we will not discuss more broader cases in this work.

3 Beyond Fixed Parameter Space: The Semi-ring structure

We define the solution space Z; = {z} to include all the weight matrices with ¢ hidden nodes (2
means an empty network). Let Z = 4>0 Zq be the solution space of all different number of hidden
nodes. For clarity, we use bold symbol z to represent the collection of all its components {zp;},
and 2z := {zﬁ)]} and z9 := {zl()i)J} represent two solutions.

Directly finding the global optimizers to Eqn. ] can be a bit complicated and highly non-intuitive.
Interestingly, the Z naturally has an algebraic (semi-ring) structure, and global optimizers can be
composited from non-optimal ones that only satisfies a subset of terms of the loss! Both the Fourier
bases solution and the perfect memorization solution can be represented this way.

Definition 1 (Order of z). The order ord(z) of z € Z is its number of hidden nodes.

Definition 2 (Identification of Z). In Z, two solutions of the same order that differ only by a per-
mutation along hidden dimension j are considered identical.

Note that for any two solutions 21, zo € Z, we can define their operations:

Definition 3 (Addition and Multiplication in Z). Define z = zi + zo in which zy,. =

concat(zx()?, zﬁ)) and z = 2z * 2o, in which zpj. = 1()? ® zﬁ) The addition and multiplica-

tion respect Hermitian and the identity element 1 is the 1-order solutions with {zpro = 1}.

Note that the multiplication definition is one special case of Khatri-Rao product [14]. Although
the Kronocker product and concatenation are not commutative, thanks to the identification (Def. EI),
21 + 29 = z9 + 21 and 21 * 29 = 29 * 21 and thus both operations are commutative. Then:
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Figure 2: Solutions obtained by the Adam optimizers on {2 loss for modular addition task with |G| =d =7

and ¢ = 20 hidden nodes. Top: For each frequency +k, there are exactly 6 hidden nodes represent-

ing such a frequency, consistent with Corollary 2] Bottom: Optimizing Eqn. 3] without the last term
2

> £0 Zp clab} ’ Dk Tpmk! k‘ (equivalently removing the constraint Rg). Now each frequency has ex-

actly 3 hidden nodes, which is also consistent with our analysis (Lemma [2)).

Theorem 2 (Algebraic Structure of Z). (Z,+, x) is a commutative semi-ring.

In the following sections, the semi-ring structure of Z paves the way to construct explicitly the
global optimal solutions for our /5 objectives.

Now let us study the structure of the loss function Eqn. |3|and how they are related to the semi-ring
structure of Z. For this, we first define the concept of monomial potentials:

Definition 4 (Monomial potential (MP)). Define the monomial potential (MP) r(z) :=
> H(p_’ k) eidx(r) Zpkj Where idx(r) specifies the indices involved in the monomial terms.

Following this definition, terms in the loss function (Theorem|I)) are examples of MPs.
Observation 1 (Specific MPs). 74, k,k(2) and rpmii(2) defined in Theoremare MPs.

So what is the relationship between MPs, which are parts of the loss function, and the semi-ring
structure of Z? The following theorem tells that, MPs are ring homomorphism.

Theorem 3. For any monomial potential v : Z — C, r(1) = 1, r(z1 + z2) = r(21) + r(22) and
r(z1 * z9) = r(21)r(22) and thus r is a ring homomorphism.

Observation 2. The order function ord : Z — N is also a ring homomorphism.

Due to the property of ring homomorphism, we immediatenly know that there exists infinitely many
global minimizers, via ring multiplication (Def. [3):

Definition 5 (Unit). z is called a unit if ri.(z) = 1 forall k # 0.

Corollary 1. If z is a global optimizer and y is a unit, then z x y is also a global optimizer.

More importantly, a global optimizer can be constructed from partial solutions that satisfy only some
of the constraints. For example, if there exists z; that satisfies constraint r1(z1) = 0 and 2z that
satisfies constraint r2(z2) = 0, then their product z; * zo satisfy both constraints. In particular, we
want such seed solutions to be small in order, so that the order of the final solutions is not too large.

4 Summary of the Appendix

In Appendix [A] we show concrete solutions that are constructed following the semi-ring structure,
including a per-frequency order-6 solution zpg (Corollary [2), a order-4 solution zr4 (Corollary [3))
and the perfect memorization solution z,; (Corollary . If we remove the last term in ¢ loss, then
there will be order-3 solution (Lemma , as shown in Fig.

We also provide gradient dynamics analysis in Appendix [B| that shows that the inductive bias in
gradient descent prefers simpler global optimizers (Theorem|5)) and overparameterization decouples
gradient dynamics for each MP, and thus makes the training easier (Theorem [6). We also provide
experiments to verify the claim.
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A Constructing global optimizers

As mentioned in the main text, we find a mechanism to construct global optimizers from partial
solutions that only make a subset of terms vanish in the loss function. This motivates us to find the
“seed” solutions that satisfy individual constraints (MPs) in the loss, and then combine them. For
this, we group MPs from the loss (Eqn. [3)) into three types of constraints. Next, we discuss the partial
solutions that satisfy a subset of them, which can be combined to obtain global optimizers.

Definition 6 (Sets of Constraints). Four sets of constraints exist in MSE loss (Eqn. [3):
* The main term constraints Ry := {z|rgix(z) = 1/2d};
* The cross term constraints R. := {z|7k, k.1 (2) = 0 except for ky = ko = k};
* The norm constrains Ry, := {z|rpor(2) = >, |zpk |2 2erj = 0}

* The circular convolution constraints Rg = {z|rpmik(2z) = 0 for m # 0}.

A.1 Global Optimizers leveraging Fourier Bases

We first consider the case that the solution is only nonzero at frequency k( but not others, i.e.,
Zpkj = 0 for k # £ko. Such solution corresponds to Fourier bases in the original domain.

Lemma 2 (Solutions satisfying R.). All order-1 or order-2 solutions satisfying R. must have riyy, =
0 for all k. With small L regularization, all order-3 solutions can be decomposed into z = Zy, xy
for certain frequency ko, where Zy,, = {Z,r;} has order 3 and corresponds to Fourier bases in the
original domain:

Zpko- = [1,ws,w3]/V/6d (5)

—271/3 and y is a order-1 unit.

where w3 := e

Note that by simple calculation, 2, € R, but Z;,, ¢ Rg. Fortunately, leveraging the property of
ring homomorphism, we can construct another solution z;m € Rg of order-2, and they combined to
form global optimizers.

Corollary 2 (Order-6 global optimizers of Eqn.[3). The following “3 x 27 Fourier solutions satisfies
the global optimality condition (Egn. [d):
(d—1)/2

=~ i
Zpe = Zp ok Zp x Yk 6)
k=1

where z;, is order-2 (see Proof). As a result, ord(zpg) =3-2-1-(d —1)/2 = 3(d — 1) and each
frequency is affiliated with 6 hidden nodes (order-6).

Fig.[2| shows a case with d = 7. In this case, each frequency, out of (d — 1)/2 = 3 total number of
frequencies, is associated with 6 hidden nodes. If we remove the last term in the loss that corresponds
to constraints Rg, then an order-3 solution suffices.

Interestingly, there also exists a lower-order solution, 2 x 2, which involves wg := e~/ 4, that meets
R; and Rg but not R,;:

Corollary 3 (Order-4 “almost” global optimizers). The following order-2 solution satisfies R ex-
cept for Ty ke —ko = 0, Re and riy ok, = 1/V2d:

Zako = [LW31/V2,  zoky = (@8, ws]/V2,  Zeko. = lws,ws]/V2d (7)
and the following order-2 solution satisfies 1, ky,—k, = 0 and Tiykoke = 1/v/2d:

Zako- = [L,ws]/V2,  ziky. = [ws, @3]/ V2,  Zek, = [ws,ws]/V2d (8)
Therefore, their product zg4, an “2 x 2" order-4 solution satisfies both R, and Rg.
Note that this solution is perceived in the experiments, in particular for larger scale problems, show-

ing a strong preference of gradient descent towards lower order solutions.
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Figure 3: The convergence path of z,.. when training modular addition using Adam optimizer (learning rate
0.05, weight decay 0.005). The final solution contains 2 order-6 (zr¢) and 1 order-4 (zr4) solutions. For each
hidden node j, once a dominant frequency emerges, others fade away.

Training/test loss/accuracy for d = 23

Distribution of Solution order at 10k epochs Dynamics of diag/off-diag ri k.«

10 6 05
08 5 04
—-- test_loss —_— £
- 203
train_loss [0 & £ = —— Diag ik
— testacc |, 3 &3 202 Off-diag Figkr
train_acc <, £
Sl 0.2 @01
_______ .
== 0.0
0.0 o :
0 50 100 150 200 0 2 4 6 8 10 200 300 400 600

Epoch
ra1kk Vanishes in both order-4 and order-6
4000 6000

Epoch

Figure 4: Dynamics of monomial potentials (MPs) over the training process for modular addition with d = 23
and ¢ = 1024 hidden nodes. Top Row. Left: Training/test accuracy reaches 100% and loss close to 0. Test
accuracy jumps after training reaches 100% (grokking). Mid: After 5k epochs, the distribution of solution
orders are concentrated at 4 and 6 (Corollary QE[) Right: Dynamics of 7, k. Summation of diagonal 7k
converges towards (d — 1)/2d (dotted line) with ripple effects, while off-diagonal 7, 1, converges towards 0.
Bottom Row. Dynamics of different MPs. Note that order-4 and order-6 solutions have very different behaviors
on 7q0xk (similar for rpoxk ).

Epoch
raokk increases in order-4 solution

Solution order at all frequencies
Iaokk Vanishes in order-6 solution

0.0150 1

0.006 0.003

0.0125 1

0.0100

0.004 0.002

Faokk
oo oo~
R
Talkk

£ 0.0075

2N RN

o

0.0050 0.002 0.001

0.0025 4

0.0000 0.000 0.000

10000 0

4000 6000 8000 10000

Epoch

2000 1000

Epoch

0 2000 8000 1500 2000

A.2 Global Optimizers using Pure Memorization

We can also construct perfect memorization solutions as follows.

Corollary 4 (Perfect Memorization). Construct the following two d-order weights z, and z.

Specifically, for 0 < j < d and k # 0:

S =W N, A =1V, G = et V2 ©)
g =1/Vd, 2 =W VA ) = w2 (10)

where wq := e~ 2™/ s the d-th root of unity. Here z, € R.(k1 # k)N Ry N Re(p = bor m # k),
2p € Re(ka # k)N Ry N Rg(p = aorm # k). Then zpr = z, * zp satisfies the global optimality
condition (Eqn.4)) and is the perfect memorization solution with ord(zy;) = d>:

(M)
akjijz

(M)

kj2 (M)
2y je = W /d, z

= whh /d, ckjijz — wik(jl+j2)/2d 1D

z
where each hidden node is indexed by j = (j1,72), 0 < j1,72 < d, k #£ 0.
To see why this corresponds to perfect memorization, simply apply an inverse Fourier transform for

each hidden node (51, j2), and the original weights are (zero-mean) delta function located at ji, jo
and j; + j2 accordingly.
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with Corollary [T} Heavy weight decay shifts the distribution to the left (i.e., low-order solutions) until model
collapsing, consistent with Theorem 3]

B Gradient dynamics

Now we have characterized the structures of global optimizers. One natural question arises: why
the optimization procedure does not converge to the perfect memorization solution z,;, but to the
Fourier solutions zr¢ and zp4? The answer is given by gradient dynamics.

Let 7 = [ri kok, "pmi'k) € C4’ be a vector of all MPs, and J := g—zg—fv be the Jacobian matrix
of the mapping r = 7(z(W)) in which W is the collection of original weights. Note that when we
take derivatives with respect to r and apply chain rules, we treat r and its complex conjugate (e.g.,

Tiki and r_p g _p = Trik) as independent variables.

Since we run the gradient descent on W, will such (indirect) optimization leads to a descent of r
towards the desired targets (Eqn. [d)? This is confirmed by the following theorem:

Theorem 4 (Dynamics of MPs). The dynamics of MPs satisfies v = —JJ*V .4, which has positive
inner product with the negative gradient direction —V ,.{.

Corollary [T|shows that by ring multiplication, we could create infinitely many global optima from a
base one. The following theorem answers which solution gradient dynamics picks.

Theorem 5 (The Occam’s Razer: Preference of low-order solutions). If z = y * 2’ and both z (of
order q) and z' are global optimal solutions, then there exists a path of zero loss connecting z and z'
in the space of Z,. As a result, lower-order solutions are preferred if trained with Ly regularization.

This shows that gradient dynamics with weight decay will pick a lower-order (i.e., simpler) solution.
Fig. f] verifies it with experiments.
The following theorem shows that the dynamics also enjoys asymptotic freedom:

Theorem 6 (Infinite Width Limits at Initialization). Considering the modified loss of Eqn. B3] with
only the first two terms: Ly = rpgp + d2k1k2 |7k konke 2, if the weights are i.i.d Gaussian and
network width ¢ — +o00, then JJ* converge to diagonal and the dynamics of MPs is decoupled.

Intuitively, this means that a large enough network width (¢ — +o00) makes the dynamics much
easier to analyze, while the final solution may not require that large M. As analyzed in Corollary 2]
for each frequency, to achieve global optimality, only 6 hidden nodes are needed.

Ripple effects. While Theorem|[6|only holds at initialization, the resulting decoupled MP dynamics,
e.g., drgr/dt = 1 — 2drygy that leads to 744 (t) = (1 —e~*)/2d, already captures the rough shape
of the curve (Fig.[dtop right). To capture its fine structures (e.g., ripples before stabilization), we can
also model the dynamics of the diagonal element in JJ.J*. Consider a symmetric 1D case on a fixed
frequency k, where all diagonal g, = ro — r (where ro = 1/2d) and all off-diagonal 7y, g,k = 7,
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then
7= —Tgek = K(Fgkk—70) = —Kr, k= a(ro—rgrr) — (1— )Tk, ko —co = 2a—1)r—cy (12)

where k£ > 0 is the diagonal element of JJ* and « is a coefficient that characterizes the relative
strength of two negative gradient —V,,, . { = 1o — Ty apd fV.TW?QkE = —Tk kok» and ¢y is the
gradient terms caused by asymmetry and/or other frequencies. This yields a second-order ODE that
has complex roots in the characteristic function when cy > 0.

C Conclusion and future work

In this work, we propose CaGO (Crafting Global Optimizers), a theoretical framework that models
the algebraic structure of global optimizers when training a 2-layer network on reasoning tasks of
Abelian group with Lo loss. We find that the global optimizers can be algebraically composited (i.e.,
“crafted””) by non-optimal partial solutions that only fit to parts of the loss, using ring operations
defined in the solution space of the 2-layer neural networks across different network widths. Our
constructed solutions (i.e., zp4 and zpg, see Corollary E] and Corollary E]) are verified in modular
addition tasks. Under CaGO, we also analyze the training dynamics, show the benefit of over-
parameterization, and the inductive bias towards simpler solutions due to topological connectivity
between algebraically linked high-order (i.e., involving more hidden nodes) and low-order global
optimizers.

Develop novel training algorithms. Our analysis suggests that instead of applying (stochastic)
gradient descent to a greatly overparameterized network, we may be able to decompose the loss,
construct low-order solutions and combine them to achieve the final solutions on the fly using al-
gebraic operations. Such an approach may be more efficient (it takes a long time to get model
training converged), and more scalable than a holistic end2end approach using gradient descent, due
to its factorizable nature. Also our framework works for any loss function that is a combination of
monomial potentials (L loss is just one example), which opens a new dimension for loss function
design.

Putting different widths into the same framework. Many existing theoretical works often as-
sume that the network has a fixed width. However, our study demonstrates that nice mathematical
structures can emerge when we consider networks of different widths together, which can be an
interesting direction to consider in the future work.

Grokking. When learning modular addition, there exists a phase transition from memorization
to generalization during training, known as grokking [23l 20], long after the training performance
becomes (almost) perfect. While our work focuses more on what representation is learned on a
uniform training data distribution, by applying it to different data distribution, grokking can be
studied.

Extension to other activation functions. One key assumption of our approach is that the activation
function is quadratic. For other activation functions (e.g., SiLU) with o(0) = 0, we can do a Taylor
expansion around the origin and the same framework can still apply (with higher rank MPs).

16



673

674

675

676
677

678
679
680

681
682

683
684
685
686

687
688

689

690
691
692

693
694

695
696

697

698

699

700
701

D Decoupling L, Loss (Proof)

We use the character function ¢ : G — C, which maps a group element g into a complex number.

Lemma 3. For finite Abelian group, the character function ¢ has the following properties [|7) 21]]:

o Itis a 1-dimensional (irreducible) representation of the group G, i.e., |¢(g9)| = 1 forg € G

and for any g1, g2 € G, ¢(g192) = ¢(g1)P(g2).

. There exists d character functions {¢i} that satisfy the orthonormal condition
d deG é1(9)br(g) = I(k = k'). Here ¢ is the complex conjugate of ¢ and is also
a character function.

o The set of character functions {¢y } forms a character group G under pairwise multiplica-
tion: ¢k1+k2 = ¢k1 o ¢:’€2'

Note that the frequency k goes from 0 to d — 1, where ¢9 = 1 is the trivial representation (i.e., all
g € G maps to 1). According to the Fundamental Theorem of Finite Abelian Groups, each finite
Abelian group can be decomposed into a direct sum of cyclic groups, and the character function
of each cyclic group is exactly (scaled) Fourier bases. Therefore, in Abelian group, % is a multi-

dimensional frequency index. [3] shows that G = G (Theorem 3.13) so each character function
¢ € G can also be indexed by g itself. Right now we keep the index k.

For convenience, we define ¢_j, := @, as the conjugate representation of ¢y.

Let ¢r = [dk(9)]gec € C? be the vector that contains the value of the character function ¢y.

Then { ¢} form an orthogonal base in C? and we can represent the weight vector w; and v; as the
following:

Wi =Uca, Y Zaki®r +Uas D 2okibk, 5= > Zekj Pk (13)
k#0 k#0 k#0
where z := {z,1; } are the complex coefficients (p € {a, b, c}, 0 < k < d and j runs through hidden
nodes). Then it is clear that w f[i] = > ko Nakj Ok (00 (gl])) + D250 Poj dn (2[i]).

Theorem 1 (Analytic form of Ly loss with quadratic activation). The objective of 2-layer MLP
network with quadratic activation can be written as £ = 3, o b + (d — 1)/d, where

2 2
Uy = —drggk +4d Z "k ® + d‘ Z erok’k +d Z Z ‘ ermk'k 3)
k1ko pe{a,b} k' m#0pc{a,b} k'
Here T kyk 2= D Zaky jZbksyjZckj AN Tpmbsk *= 35 Zpk!j 2p,m—k' jZcky-
Proof. Note that the objective ¢ can be written down as
t = Ega [HPlL(o(g,x) - eg:v)||2] (14)
= Eyu [oTPf‘o — 20TP1J‘egI + e;IPf‘egz] (15)
For E [OTPf- egm] , since
e;mPlLo = Z e;xPlijo(w;rf(gw)) (16)
J

2
= Z ch/]¢k’ g) <Zak3¢k t0(9)) + bijdr(z )+€TWJL) a7

i \k#0

Note that by our previous analysis, there exists y; := ¢o(g) so that gy = z1y. Let z2 := x. For
notation brevity, let 2,1 := arj, zpk; := brj and zexj := cg;,, then we have:

2
eLPfo = Z Z cr i rr (2122) (Zz,zpk]gzﬁk z,) + el WL) (18)

J k'#0
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Therefore, we have:
Ey. [€4,Pi 0] = > Ch'j Zp1 ke j Zpakag E [0k (1) Pkr (22) bk, (2, ) Py (2,)] (19)
k1,k2,k'#0,p1,p2,j
Note that due to the fact that Eg e
x1 and becomes 0 if multiplied with ", 20 Ck/ ja)k;/ (z122) and taking expectation w.r.t o, in the

U(ar) (€ W5] = Oand Eyeist (o) lege, | is only a function of

final expression, all terms involving wj- vanish.

Since E, [¢r(x) ¢ (z)] = I(k = k'), there are only a few cases that the summand is nonzero:
ep1=Lp=2k =k =k #0.
*p1=2p2=1Lk =k =k #0.

In both cases, the summation reduces t0 Yy o ; CkjZ1kj22kj = D pr0,; Chj@hjOkj. Let Ty o 1=
> j QkyjbisjChrj, then we have

E [oTPf‘egy] =2 Z ay;brjcr; = 2zxkkk (20)
k#£0,j k#0

ForE [o" P{ o], if wi- = 0, then we have:

o' Plto=> v Plvjo(w] f(g.y)o(w]) f(g.v)) 1)
3,3’
here
-
’U;rpll’l]j/ = Z Ck/jd;k/ Z Ekl/jl¢kl/ =d Z Ck’jék’j’ (22)
k' #£0 k"0 k' #£0

due to the fact that @, ¢ = -, ok (y)dw (y) = dI(k = k).

Then the key part is to compute the following terms:

Eyl Y2 [Zpl k11 Zpaka Zpsks o Zpakass Ck’ j1 CK/ ja ¢k1 (ypl )¢k2 (ypz )¢k3 (ypx )¢k4 (yps )] (23)

summing over {p1, p2, 3, P4, k1, k2, k3, ks, k' # 0,71, j2}. Note that since each p € {a, b}, there
are 2% = 16 choices of (p1, p2, p3, p4). For notation brevity, we use (1, 3) to represent the subset of
p that takes the value of a (e.g., (1, 3) means that p; = p3 = a and ps = ps = b). It is clear that for
odd assignments such as (1, 2, 3), since z,0; = 0, the summation is zero. Then, we only discuss the
even cases as follows:

Case 1: (1,3), (2,4), (1,4), (2,3). The 4 cases are identical so we only need to analyze one. We
take (1, 3) as an example. For (1,3), p; = p3 = a, p2 = p4 = b and the only nonzero terms is when
]{1 + ]{33 =0 mod d, kg + k’4 =0 mod d, since Ey1 [d)kl (y1)¢k3 (yl)] = |(k1 + k3 =0 mod d)
(and similar in other cases). Then Eqn. 23] becomes:

E § Zaky j1 Zbkajr Za,—kn ,ja 2b,— ks, jz Ck’ j1 Ck/ j (24)
k1,k2,k'#0 j1j2

E E Zakljlzbkzjlck'le Zaky ja Zbkaja Ck' ja (25)

k17k2,k‘,750 j1 j2
= Z Z Ok, bkz]d Ck' ja E Ak jo bkzjz Ck’ jo (26)
k1,k2,k’'#0 1 Jo
o 2
= §  Thykak Thikak = E 17k ko ke | (27)
k1,k2,k'#0 k1,k2,k'#0

Since there are 4 such cases, we have:

=4 > |rkkar |’ (28)

k' #£0 kq ko
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Case 2: (1,2) and (3,4). The two cases are identical. Take (1,2) as an example. In this case,
p1 = p2 = a and p3 = py = b. The only non-zero terms are when k1 + ko = 0, k3 + k4 = 0. Then
Eqn.[23]becomes:

E § Zaky j1 Zak: j1 Zbks jo Zbks ja Ck’ j1 CK' ja (29)
k1,k3,k'#0 j1j2

= > > akPerg Y ks *erj (30)

k1,k3,k'#0 j1 J2
2 2| -
= > 2 (E |k | )Ck’jl > <§ [bksja | >Ck'j2 G
kE'#0 | 1 k1 J2 k3
® . ar ) s (simi ®
Let 750 = Y (g kg @h1j@hog) Chrj (similar for 7 ), then the above becomes

® =@
Zk/7£0 Ta0k' b0k’ *
Similarly, for (3, 4), the above equation becomes Y-, ez 5o - Therefore, we have:

_ ® -® —® . ®
€2 = E , T ok Took’ T T a0k b0k (32)
k' 0

Note that this term can be negative. However, we will see that when it is combined with the following
terms, all terms will be non-negative.
Case 3: (1,2,3,4) and (). In this case we have:

E , E E E Zpk1j1 Zpkajs Zpksjz Zpkaja Ck' j1Ck' ja (33)

k'#0 j1j2 p€{1,2} k1+ko+ks+ks=0

= E , § E E Zpk1j1 Zpkaji Zpksjz Zpkaja Ck' j1Ck' ja (34)

k'#0 j1j2 pe{1,2} k1+ka=ks+ka

= § :§ : § : E : § : § : § : Zpk1 j1 Zpkaj1 Zpksjo Zpkajs Ck’ 1 Ck! ja (35)

k'#A0 m pe{l,2} j1j2 pe{1,2} k1+ka=m kz+ks=m

= E E E E ( E Zpk1j1 Zp’%jl) Ck'j1 E ( E Zpkajzzpk4j2> Ck'js

k'#0 m pe{1,2} | j1  \kitk2a=m J2 \kz+ks=m

= >3 P (36)

k'#0 m
In particular, when m = 0, we have ;. [r® 2+ |r,|?. Therefore, we have
2
€2 + €3 m=0 = Z |r§0k’ + Tlg%kl‘ 37
k/#0

Finally, putting them together, we have:

E[o" Plo] = d(e1+ex+es) = d(er + (€2 + €3.m=0) + €3,m0) (38)
= d Z 4 Z kot [* =+ [0 + Tone|* + Z r® e I+ e
k’;ﬁO kle m;éO
> 0 (39)
]

Lemma 1 (A Sufficient Conditions of Global optimizers of Eqn.3). If a solution z to Eqn.[3]satisfies
the following, then it is a global optimizer with zero loss £(z) = 0.

Tekk(2) = 1k #0)/2d,  7Trkok(2) =0, Tpmik(z) =0 “)
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Proof. Note that d~ >, 7kkk — Y. [Tkkk|? has a minimizer 7y, = 1/2d. Therefore, the best loss
value any assignment of weights is able to achieve is the following:

1
Thikok! = Z Uy jbkojChrj = %I(kl =ky=Fk) kK #0 (40)
RS (Z k| + |bkj2> ek =0 K #0 (41)
j k

7ﬂ?ﬂ%k:’ = Z ( Z ak1jak2j> Ck'j = 0 K 7é 0,m 7é 0 42)

J ki+ko=m
Tl?mk:’ = Z ( Z bk1jbk2j> Cr'j = 0 K 7é 0,m 7é 0 43)

J ki+ko=m
Therefore the sufficient conditions (Eqn. [4) will make all above come true. O

E Semi-ring structure of Z (Proof)
Theorem 2 (Algebraic Structure of Z). (Z,+, ) is a commutative semi-ring.

Proof. Straightforward from the definition of addition and multiplication (Def. [3) and identification
of hidden nodes under permutation (Def. [2). Note that ring addition (i.e., concatenation) does not
have inverse and thus it is a semi-ring. O

Theorem 3. For any monomial potential v : Z — C, (1) = 1, r(z1 + z2) = r(21) + r(22) and
r(z1 * z2) = r(z1)r(22) and thus r is a ring homomorphism.

Proof. Letr(z) =3, [,k eiax(r) Zpk;- Since the ring identity 1 is order-1 and all zp,; = 1, it s
obvious that (1) = 1.

Let supp(z1) be the subset of the hidden nodes that corresponds to z; in the concatenated solution
z1 + 2, similar for supp(z2). Note that

ramta)= > I au+r X I an=rE) (=) @
Jj€supp(z1) (p,k)€idx(r) j€supp(z2) (p,k)€idx(r)
On the other hand, we have

r(z1 % 2z9) = Z H (z;}czlz;izz) 45)

Jijz (p,k)€idx(r)

= 2| I =u)| II = (46)

Jijz \(p,k)€idx(r) (p,k)€idx(r)
— 1) €]
=X I =e )X I = )
Jr (p,k)€idx(r) J2 (p,k)€idx(r)
= T(Zl)T(ZQ) (48)
O
Corollary 1. If z is a global optimizer and y is a unit, then z x y is also a global optimizer.
Proof. Straightforward by leveraging the property of ring homomorphism. E.g.,
Terk (2 * Y) = Thrk (2)7k6k(Y) = Trrk(2) (49)
and the proof is complete. O
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F Solution Construction (Proof)

Lemma 2 (Solutions satisfying R.). All order-1 or order-2 solutions satisfying R. must have ri, =
0 for all k. With small Lo regularization, all order-3 solutions can be decomposed into z = Z, *y
for certain frequency ko, where Z, = {Zpx; } has order 3 and corresponds to Fourier bases in the
original domain:

Zpho- = [1, w3, w3]/ V6d (5)

—271/3 and y is a order-1 unit.

where w3 1= e

Proof. We first prove that 2y, satisfies R.. To see this, we have

Phokat = D (k1 = k2 =k = ko) + > 1(~k1 = ks = k = ko)w}] (50)
J J
o) U=k = —ky = —k = ko)’ (51)
J
= 3l(ky = ko = k = ko) + 31(ky = kg = k = —ko) (52)

Note that all cross terms are gone since ), wg = 0. Itis clear that 74, x,5 7 O unless k1 = ko = k
S0 2z satisfies R..

To show the reverse direction, first notice that for any order-1 solution, for any k, in order to make
Tk,—kk = Zak0%b,—k,02ck0 = Zak0Zbk0Zck0 = 0, either z4k0, Zpko OF Zeko has to be zero, which
means that g, = 0.

For order-2, first of all if any z,,0 = O for any p € {a,b,c}, then a constraint like ry  _ =
Zak02bk0Zck0+ Zak1 2okl Zck1 = 0yields zqx1 2pk12ck1 = 0 and thus 7, = 0. If not, then for any two
complex numbers z,x0 and 2,41, there always exist four real numbers 6, € (—7, 7|, 0, € (—7, 7],
mpo > 0 and my1 > 0 so that

0

0! i 0! —i6
Zpko = Mpo€ Pe"P, Zpkl = Mpre re” P (53)

Then a constraint like 7y 1 —k = 2ak026k02ck0 + Zak12bk1Zck1 = 0 can be written as 2,x02bk02cko =
—Zak12bk1Zck1, OF equivalently:

00 +0,+0,) i(0at0p—0c)

. ’ 7 ’ .
= —mampime e Tl emi0ath=0c) (54

MaoMpomeoe
0, 6105 6719C

i 10, —i0, _i6.
MaoMpo M€ = —MaMp1Mere oe e (55)

Comparing their magnitude and phase, we have mqompgmeo = Mmg1mp1m,1 and

0o+ 6, —60.=+7/2 mod 27 (56)
Similarly, we have:
0y +0.— 6, ==+7/2 mod 2, Op+60.—0,==+7/2 mod 2w (57)
Solving the three equations and we have 6 solutions:
(04,0p,0.) = (0,0,£7/2) mod 27 (58)
(04,0p,0.) = (0,£7/2,0) mod 27 (59)
(04,0p,0.) = (£7/2,0,0) mod 27 (60)
For all such solutions, we have r;; = 0.
For order-3 solutions, for each k, let a; := 2q1j, bj 1= 2px; and ¢; 1= zpj. Leta = [aj] e C3,
b = [b;] € C? and ¢ = [c¢;] € C3. Then the conditions yield that
(@aob)'c=0, (aob)'é=0, (@aob)'c=0, (aob) e=0 (61)
which means that in R® space, the following condition holds:
span(R(a o b), I(a o b)) L span(R(c), I(c)) (62)

where R(-) and S(-) are real and imaginary parts of a complex vector. Since Eqn. |62 holds in R3,
it must be the case that either R(a o b) is co-linear with S(a o b), or R(c) is co-linear with I(c).
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If the former is true (i.e., there exists 3 so that #(c) = 53(c)), then there exists a scalar 6 so that
ce % = cp € R?, since all angles in the components of c are the same. Then we have:

ek = (@ob) e = (aob) ce?? =0 (63)
If the latter is true, then there exists 6,z so that
(a@ob)e % € R (64)

Applying the same reasoning symmetrically, in order to find cases such that ry; # 0, a necessary
condition is that

(@aob)e s €R3, (boe)e ™ €R%, (coa)e ¥ €RY (65)

with the condition that 6,5 + 0,z + 0.z = 0 mod 27. To determine these angles, we look at ag, bg
and c¢q and their angles 6,0, 09, and 6., it is clear that

0.5 =000 — o mod 27 (66)
Ope = O0pg — 0.0 mod 27 67)
Oz =00 — 0,0 mod 27 (63)

Therefore, if we multiple a, b and ¢ with e~ 10a0 =00 gnd e~1%0 and still note the resulting vectors
to be a, b and ¢, then we have:

aobeR%, boeceR}, coacR} (69)

Note that is equivalent to a decomposition of z into a multiplication of 1-order term and another
3-order term. Then we have 0,0 = 00 = 00 = 09 = 0, 041 = Op1 = 01 = 01, Oz = Opo = Op =
5.

Letting m; := |a;||bj||c;|, then the corresponding 7y can be written as:
2
bk = »_mjedls (70)

with the constraints that Z?:o m; el% = 0 imposed by R 4. One interesting question is that what
is the minimal norm representation that achieves the highest objective? For this we can solve the
following optimization problem:

316,

e Sy ) — st S e =0 o
mj,0; P J J

max m;(e

which achieves the maximal when m; = 1/¢, 6; = 27j/3 and 0 = 4 /3 (or vise versa). Note
that 6; is fixed no matter how small the regularization € is.

To see that, let u; := e'%. Then we have:
ij(uj—i—uj Zm]u + 3u; T (u; + Gj) +u ij u +u (72)
J J
Therefore, we can instead solve the following optimization in R:

{my. 22, 22,00 Q}Zw - 627” st ;mm =0 (73)
whose solutions give a sufficient condition. Using Lagranglan multiplier, we have:

oL oL

871-]. = m](3x? — )\) =0, ij = 37? — Qemj — )\.Tj =0 (74)
which leads to A = 3, m; = 1/e and 1 = x9 = —1. Therefore, u; = w3 and uy = w3 for 3-th root

of unity w3 = e2™/3 (or vise versa).

Constructing z’ € Rg. It is clear that 7k k, (Zk,) 7 0 for m = £2kg so Z,, ¢ Rg. We
construct 2’ of order-2 so that 7y, k, (2,) = 0:

o = Wk =ko)&p +1(k = —ko)Sp,  Zjpa = 1k = ko)&p + 1k = —ko)&  (75)
with the constraint that R(£2¢.) = 0 (i.e., pure imaginary) for p € {a,b} so that rpmkek, (2') =

E2¢. + & = 0, but R(£a&pée) > 050 that 1y pok, = Ea&pée + Eabple > 0. This is possible, e.g.,
by setting &, = &, = e=™/4 (i.e., wg or @g), &, = 1. -
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Corollary 4 (Perfect Memorization). Construct the following two d-order weights z, and zy.
Specifically, for 0 < j < d and k # 0:

;;J =W Vi, gl =1V g =V ©
Zblc] =1/Vd, Zc(zl;cg = Wd]/\[ Ziz)g =Wy J/V (10)

where wy := e~ 2™/ is the d-th root of unity. Here z, € R.(ky # k)N Ry N Rg(p = borm # k),
zp € Re(ka k)N Ry N Rg(p=aorm#k). Then zy; = z, x 2y, satisfies the global optimality
condition (Eqn. ) and is the perfect memorization solution with ord(zy;) = d?:

M ” M M k(i
Zt(zkj)ljg = w1 /d, ZlSk;]f]g = w"2/d, ngjijz = wHIH2) jo4 (11)

where each hidden node is indexed by j = (j1,72), 0 < j1,j2 < d, k # 0.

Proof. Simply plugging in the solution and check whether the equations specified the equations. For
zg4, for k = 0 everything is zero; for k # 0, we have:

1 o 1
Thikok(2a) = ;aku‘bkzjckj NGy ;WJU“ ") = m'(k‘l =k#0) (76)
1 . 1
Tamk'k(Za) = Ak j A — ket i Cli = ——— W=k =~ _|(m=k+#£0 77
k'k(Za) zj:kj K ,jChj d\/ﬁzjz m( #0)  (77)

1 . 1
Tomk'k(Za) = Zbk’jbm—k/,jckj =— Zwﬂk =—I(k=0)=0 (78)
; dv2d 7 v2d
(79)

Therefore, z, € R.(k1 # k) N Ry N Rg(p = borm # k). Similar for z,. For zp; := z, * 2y,
it satisfies all constraints (i.e., for any r, either z, satisfies with r(z,) = 0, or z; satisfies with
r(zp) = 0) and we have:

Tk (Za * 2b) = Tk (Za) TRk (26) = 1/2d (80)

So zys satisfies the sufficient conditions (Eqn. [). O

G Gradient Dynamics (Proof)

Theorem 4 (Dynamics of MPs). The dynamics of MPs satisfies v = —JJ*V .£, which has positive
inner product with the negative gradient direction —V ,.{.

Proof. By gradient descent of W, we have W = —V /. By chain rule, we have:
W=-Vpl=—-JTV,.l =-JV,0 (81)
Then the dynamics of r = r(z(WV)), as driven by the dynamics of W, is given by

r=JW=—JJ"V,{ (82)

To show positive inner product, we have:
N =Vl TN = || TV )3 >0 (83)
O

Theorem 5 (The Occam’s Razer: Preference of low-order solutions). If z = y * 2’ and both z (of
order q) and z' are global optimal solutions, then there exists a path of zero loss connecting z and z'
in the space of Z,. As a result, lower-order solutions are preferred if trained with Ly regularization.

Proof. Letord(z) = g and ord(z’) = ¢’. Then ¢’|q. Since both z and 2’ are global optimal. Since

T'rkk 18 ring homomorphism, we know that rxx(2) = rrek(2)rrrk(y) = 1/2d = rppi(2’) and
thus 7 (y) = 1 forall k #£ 0.
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Let the augmented identity e € Z, be e,,,,; = I(j = 0). Then 741 (e) = 1 for all k£ # 0.

We want to construct a path in Z,, the space of order-g solutions as follows:
Z(t) = g(t) * 2/, 0<t<1 (84)
in which (0) = e, g(1) = vy, and rir(g(t)) = 1 for any ¢. To see why this is possible, pick a
continuous family of trajectories y(¢; ) with A € [0, 1] so that they satisfies
9(0;0) =€, YLA) =y, rme@t0) <1, ree(gt 1) <1 (85)
which can always be achieved by scaling some trajectory with a factor that depends on A\. Then
by intermediate theorem, there exists A(¢) so that 7.x (g(t; A(t))) = 1 for some k. Note that for

different frequency k and &', rgrx and rp/p/g involves disjoint components of z so we could find
such a path for all £ # 0.

Therefore, for any monomial potential r included in MSE loss (Eqn. [3), we have
- o no_ finite-0=0 7 # Tgrk
r(al) = rianr=) ={ s 0T, 1T T (36
and thus the entire trajectory Z(t) = g(t) * 2’ € Z, connecting z and e * z’, which is 2’ in the space
of Z,, is also globally optimal.

To see why weight decay regularization leads to lower-order solution, we could simply compare the
¢ norm of z = y * 2’ and e * z’. At each frequency k, this reduces to the following optimization
problem:
minz la;|? + 1b;1 + | 1%, s.t. Zajbjcj =1 (87)
J J
where a; 1= Yarj, bj = Ypr; and ¢; := ycr;j. Since we know that arithmetic mean is no less than

geometric mean:
2 2 2
14+ 1b:1% + |es
|aj] ‘ g‘ 1 > {flajbjc; |2 (88)

D laiP+ 16 +les? 23> lajbje;|? > 3 (89)
J J
The last inequality holds because (1) if any |a;bjc;| > 1, then it holds, (2) if all |a;b;c;| < 1, then
since a” is a decreasing function for a < 1, Y7 ajb;e;[** > 37 Jazbje;| > | 30, ajbieq] = 1.

‘We have:

The minimizer is reached when |a;| = |b;| = |c;|. Note that if a;b;¢; has any complex phase or
negative, then in order to satisfy  ;; a;b;c; = 1, objective function needs to be larger. So without
loss of generality, we could study a; = b; = ¢; = ; > 0 and the optimization problem becomes

minz:ac?7 s.t. Zx? =1 z;>0 90)

J J
which has a minimizer at the corners (1,0, ...). This corresponds to a; = b; = ¢; = I(j = 0),
which is the augmented identity e € Z,. O

Theorem 6 (Infinite Width Limits at Initialization). Considering the modified loss of Eqn. |3| with
only the first two terms: Ly, := T, + d2k1k2 |7k, koke |2, if the weights are i.i.d Gaussian and
network width ¢ — —+00, then JJ* converge to diagonal and the dynamics of MPs is decoupled.

Proof. For each component of H = JJ*, after computation, they can be written as the following:

aTkl kaks arki k3 kg

Piey kookes k! kit ke, = ©On

P 1;; Ozpmj  OZpm

=1k = k‘ll) Z bkszkéjckgjék’Bj 92)
J

(ks = kb)Y an, jang jCryCryj ©3)
J

+ (ks = K5) Y akjang jbrybiy ©4)

J
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86 where ayj 1= Zakj, brj = 2Zpk; and cp; := Zer;. Then for component (k1 koks, k7, k5, k%), if any
867 kp # k;} for some p € {a, b, c}, then the corresponding zpy, i 2pk)j has random phase for hidden
ses  node j, and Ay, gk, ks k1 kyk, — 0 When g — +o0. O]
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