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ABSTRACT

Federated learning often suffers from slow and unstable convergence due to the
heterogeneous characteristics of participating client datasets. Such a tendency is
aggravated when the client participation ratio is low since the information col-
lected from the clients has large variations. To address this challenge, we propose
a simple but effective federated learning framework, which improves the consis-
tency across clients and facilitates the convergence of the server model. This is
achieved by making the server broadcast a global model with a gradient accelera-
tion. This strategy enables the proposed approach to convey the projective global
update information to participants effectively without additional client memory
for storing previous models, and extra communication costs. We also regularize
local updates by aligning each client with the overshot global model to reduce
bias and improve the stability of our algorithm. We provide the theoretical con-
vergence rate of our algorithm and demonstrate remarkable performance gains in
terms of accuracy and communication efficiency compared to the state-of-the-art
methods, especially with low client participation rates. We plan to release our
code to facilitate the reproduction of our work.

1 INTRODUCTION

Federated learning (FL) (McMahan et al., 2017) is a large-scale machine learning framework that
learns a shared model in a central server through collaboration with a large number of remote clients
with separate datasets. Such a decentralized learning framework achieves a basic level of data pri-
vacy because the data stored in local clients are unobservable by the server and other clients. On the
other hand, federated learning algorithms are particularly sensitive to communication and computa-
tional costs because many clients such as mobile or IoT devices generally have limited resources.

A baseline algorithm of federated learning, FedAvg (McMahan et al., [2017), updates a subset of
its client models based on a gradient descent method using their local data and then uploads the
resulting models to the server for estimating the global model parameters via model averaging. As
discussed extensively on the convergence of FedAvg (Stich, 2019; |Yu et al. |2019; |Wang & Joshi,
2021;|Stich & Karimireddy,[2019;Basu et al.,2020), multiple local updates conducted before server-
side aggregation provide theoretical support and practical benefit of federated learning by reducing
communication costs significantly.

Despite the initial success, federated learning faces two key challenges: high heterogeneity in train-
ing data distributed over clients and limited participation rates of clients. Several studies (Zhao et al.,
2018 |[Karimireddy et al., |2020) have shown that multiple local updates in the clients with non-i.i.d.
(independent and identically distributed) data lead to client model drift, in other words, diverging
updates in the individual clients. Such a phenomenon introduces the high variance issue in FedAvg
steps for global model updates, which hampers the convergence to the optimal average loss over all
clients (L1 et al.,2020a; Wang et al.,[2019b; |Khaled et al., [2019; |L1 et al., 2020b; |Hsieh et al., 2020;
Wang et al.| |2020). The challenge related to client model drift is exacerbated when the client par-
ticipation rate per communication round is low, due to unstable client device operations and limited
communication channels.

To properly address the client heterogeneity issue, we propose a novel federated learning algorithm,
Federated averaging with Accelerated Client Gradient (FedACG), which conveys the momentum of
the global gradient to clients and enables the momentum to be incorporated into the local updates in
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the individual clients. Specifically, FedACG transmits the global model integrated with the global
momentum in the form of a single message, which allows each client performs its local gradient
step along the landscape of the global loss function. This approach turns out to be effective in
reducing the gap between global and local losses. In addition, FedACG adds a regularization term
in the objective function of clients to make the local gradients more consistent across clients. We
show that subtle differences of federated learning algorithms can make a significant impact on final
results and discuss the behavior of FedACG together with related methods.

The main contributions of this paper are summarized as follows.

e We propose a simple but effective federated optimization algorithm, called FedACG, that
employs the global momentum to initialize client models for accelerated updates and aligns
the gradients of individual clients with that of the server .

o FedACQG is free from additional communication cost, extra computation of the server, and
memory overhead of clients; these properties are desirable for the real-world settings of
federated learning.

o We show that the FedACG algorithm is theoretically sound by providing its formal conver-
gence guarantee and rate.

o FedACG demonstrates outstanding performance in terms of communication efficiency and
robustness to client heterogeneity, especially with low participation rate of clients.

2 RELATED WORK

Federated learning was first introduced in McMahan et al.| (2017). It formulates the problem and
provides the FedAvg algorithm as a solution for its key challenges such as non-i.i.d. client data,
massively distributed clients, and partial participation of clients. Many works explore the negative
influence of heterogeneity in federated learning empirically (Zhao et al., 2018)) and derive conver-
gence rates depending on the level of heterogeneity (Li et al.| [2020a; |Wang et al., 2019bj Khaled
et al.,[2019; |Li et al.| 2020b}, |[Hsieh et al., [2020; Wang et al., [2020).

There exists a long line of research for client-side optimization to alleviate the divergence of clients
from the global model. FedProx (Li et al., 2020a) penalizes the difference between the server and
client parameters while FedDyn (Acar et al.,2021) and FedPD (Zhang et al.,[2020) adopt cumulative
gradients of each client for dynamic regularization of local updates. FedDC (Gao et al., 2022) intro-
duces the auxiliary drift variables for each client to reduce the impact of the local drift on the global
objective. There is another line of work that employs variance reduction techniques in client up-
dates to eliminate inconsistent updates across local models. SCAFFOLD (Karimireddy et al., [2020)
and Mime (Karimireddy et al.,2021)) employ control variates for local updates while FedDANE (Li
et al.,2019) adds a gradient correction term based on the server gradient. FedPA (Al-Shedivat et al.}
2021) debiases client updates by estimating the global posterior on the client side. On the other
hand, some approaches adopt a contrastive loss (Li et al., 2021)), knowledge distillation (Kim et al.,
2022)), or a generative model (Zhu et al., [2021)) to ensure the similarity of the representations be-
tween the global and local models. FedSAM (Qu et al., 2022) and ASAM (Caldarola et al., [2022)
apply SAM (Foret et al.,[2021)) as a client-side optimizer for reducing the gap between global and
local losses. However, most of these methods require full participation (Zhang et al., 2020; |Khan-
duri et al.l 2021), additional communication cost (Xu et al., [2021} [Karimireddy et al., [2020; |[Zhu
et al., 2021} [Karimireddy et al., 2021} [Li et al., 2019; Das et al., 2020; |Gao et al.| [2022), or extra
client storage (Acar et al., 2021; [Karimireddy et al., 2020; |Li et al., 2021; |Gao et al., [2022)), which
are problematic in realistic federated learning tasks.

Momentum-based optimization techniques have also been explored for the stability and speedup of
convergence. These approaches incorporate a momentum SGD (Hsu et al.| 2019;/Wang et al.,[2019a)
or an adaptive gradient-descent method (Reddi et al.l 2021} |Caldarola et al., 2022)) into the server
model update while FedCM (Xu et al., |2021) and FedADC (Ozfatura et al.| [2021)) employs global
momentum for a gradient correction in the local updates. STEM (Khanduri et al., |2021) and Fed-
GLOMO (Das et al.| 2020) apply the STORM algorithm (Cutkosky & Orabona, 2019) to both server-
and client-level SGD procedures for reducing high variance in server model updates. Unlike these
methods that require additional communication overhead for transmitting the global momentum for



Under review as a conference paper at ICLR 2024

local updates, FedACG saves the communication cost by broadcasting the momentum-integrated
model as a single message.

Meanwhile, another set of works aims to decrease the communication cost per round by compress-
ing the model transmitted. FedPAQ (Reisizadeh et al., [2020), FedCAMS (Wang et al., |2022), and
FedCOMGATE (Haddadpour et al. |2021) quantize the communicated message by using low-bit
precisions while FedPara (Nam et al., 2022)) adopts a low-rank Hadamard product to reparameterize
the model’s weights. These works are orthogonal to ours and can be integrated into our algorithm.

3 PROPOSED APPROACH

3.1 PRELIMINARIES

Problem setting and notations Let £;(0) := E(, ,)~p, [(i((x,); 0)] be the loss function of the

i™ € {1,..., N} client with a local dataset denoted by D;. Then, our goal is to train a model that
minimizes the average loss of all clients as follows:

N
min {5(9) = ;wiﬁi(a)} , 1)

where 0 is the parameter of the global model and w; is the normalized weight of the ™ client

proportional to the size of the local dataset. We focus on the non-i.i.d. data setting, where local
datasets have heterogeneous distributions. Note that the communication of raw data between clients
and the server is strictly prohibited in principle due to privacy.

FedAvg algorithm FedAvg (McMahan et al.,|[2017) is a standard solution of federated learning,
where the server simply aggregates all the participating client models to obtain the global model.
Specifically, in the ¢ communication round, the server broadcasts the latest global model, repre-
sented as 0! to the active clients in S; C {1, ..., N'}. Each participating client optimizes its local
model by using the global model as its initial point, i.e., Gf’o := 0'~1. After K iterations of the local
training, each client uploads its local updates A} := 6} ;- — 6} , to the server, and then the server ag-

gregates them as A’ := ). o w; AL The server constructs the next server model 6 := 6*~' + A
for the broadcasting in the next round.

Due to non-i.i.d data and limited client participation rate in each round of training, FedAvg suffers
from client drift (Karimireddy et al., 2020). Such a phenomenon results in the inconsistent updates
of client models caused by overfitting to local data of individual clients and consequently leads to
the high variance of the global model. This tendency is aggravated over multiple communication
rounds in FL because each client initializes its parameters using the global model.

3.2 FEDERATED AVERAGING WITH ACCELERATED CLIENT GRADIENT (FEDACG)

To reduce the inconsistency between the local models and the divergence of the resulting global
model, we incorporate the global momentum into the local models for guiding local updates.

Accelerated client gradient The main idea of FedACG is to revise the initialization of client mod-
els using the global model integrated with a global gradient, allowing more effective and stable up-
dates of local models. Since direct computation of the global gradient is impractical in FL, we utilize
the global momentum m!~! as a viable approximation, which is updated as m*=! := Am!=24+A*"1,
at each round. Specifically, in the t communication round, the server augments the recent global
model #*~! with the global momentum m!~!. As illustrated in Figure|l} The server then broadcasts
this accelerated global model, represented as #° 1 4+ Am‘~1, as a single message to the active clients
inS; C {1,...,N}. Note that A € (0, 1) controls the importance of the global momentum. Each
participating client optimizes its local model from the momentum-integrated initialization. This
proactive initialization allows each client to find its local optimal solution along the trajectory of the
global gradient, which improves the consistency of local updates in FedACG. Our approach has a
similar motivation with meta-learning (Finn et al.| 2017, where a meta-learner identifies the opti-
mal point to facilitate the optimization in all target tasks. After K iterations local training, the server
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Algorithm 1 FedACG

Input: 5, ), initial server model #°, number of clients N, number of communication rounds 7T,
number of local iterations K, local learning rate 7

Initialize global momentum m° = 0

for each roundt =1,2,...,T do

Sample subset of clients S; C {1,...,N}

Server sends '~ 1+ m?~1! for all clients i € S,

for each client i € Sy, in parallel do

Initialize local model 6} ; = 6"~ +Am'~!

for each local iteration k = 1,2, ..., K do
Compute mini-batch loss
fil0 1) = 4i(07 1) + %H%H — (0" 4+ Amt Y12
ef,k = Hf,k—l - vai(‘gf,k—l)

end

Aﬁ = 9?,1{ - 95,0

Client sends A! back to the server

end

In server:
Al = Ziest wiAf
mt = dm!~! 4+ Al
gt = gt—1 + mt

end
Return 6!

updates its momentum and constructs the next server model §* := #*~1 4+ m! for the preparation of
the next round. Algorithm|I] presents the procedure of FedACG.

Regularization with momentum-integrated model In addition to the initial acceleration for local
training, we augment the client’s loss function with the quadratic term g”&f p — (O HAmITh) |2
which penalizes the difference between the local online model 6} ;. and the accelerated global model

6'=1+Am!~1. Note that, 3 controls the intensity of the penalty. The penalized term takes advantage
of the global gradient information Am!’ to reduce the variations of client-specific gradients, A.
This regularization term further enforces the local model not to deviate from the accelerated point,
preventing each client from falling into biased local minima.

3.3 DISCUSSION

While our formulation has something in common with the existing works that also address client
heterogeneity using global gradient information for local updates, FedACG has major advantages.
First, contrary to (Karimireddy et al.,[2020; | Xu et al., 2021} |Gao et al.,2022)), the server and clients
in FedACG only communicate model parameters without imposing additional network overhead
for transmitting gradients and other information; the server broadcasts (#°~% + Am!~1) as a sin-
gle message and each client sends A! to the server. This is a critical benefit because the increase
in communication cost challenges many realistic federated learning applications involving clients
with limited network bandwidths. Second, FedACG is robust to the low participation rate of clients
and allows new-arriving clients to join the training process without a warmup period because, un-
like (Karimireddy et al.l [2020; |Acar et al., 2021; |Li et al.l 2021} |Gao et al., 2022), the clients are
supposed to neither store their local states nor use them for model updates.

Comparison with FedAvgM Although FedACG apparently looks similar to FedAvgM in the
sense that both methods employ the global momentum for optimization, they have critical differ-
ences. To analyze the difference between the two algorithms, we decompose the global model update
of FedACG into two steps: 1) updating the previous global model, #*~!, with the global momentum
term, AMm!, and compute the interim model ®! = #*~1 + Am!~!, and 2) updating the interim model
with the aggregated local gradients, A¢, and deriving the new global model, §* = ® + At. While
FedAvgM performs the local updates from the previous global model, i.e., At := At|g:—1, Fed ACG
computes the local updates from the interim model parameter, i.e., A® := A|g¢. In other words,
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Figure 1: An illustration of the proposed accelerated client gradient method. We first partially
update the global model in the direction of the global momentum (orange) and then aggregate local
updates (gray), resulting in the server model in the next round (blue). This anticipatory update makes
individual local updates aligned with the global gradient and achieve speed-up of convergence.

the two algorithms have different initializations, 6t—1 vs. ®t, for training local models. As will be
discussed in Section the incorporation of lookahead initialization allows FedACG to obtain a
more robust model than FedAvgM. Such a difference is accumulated over multiple communication
rounds and eventually leads to significant performance gaps.

3.4 CONVERGENCE ANALYSIS OF FEDACG

We now discuss convergence of the FedACG algorithm in general non-convex FL scenarios. To
establish the convergence analysis for FedACG, we make three assumptions; (1) the local loss func-
tion F;(-) is L-smooth, (2) its stochastic gradient V f;(x) := V.F;(x;D;) is unbiased and pos-
sesses a bounded variance, i.e., Ep, |V fi(z) — VFi(x)| < o2, and (3) the average norm of local
gradients is bounded by a function of the global gradient magnitude as 3 Z@Z\; IVFi(z)|]> <
o2 + B*|VF(z)||?, where o, > 0 and B > 1. These assumptions are widely used for analyzing
the non-convex loss functions in FL in the previous works (Karimireddy et al.| 2020; | Xu et al., 2021}
Acar et al} |2021; Reddi et al., 2021} |[Karimireddy et al.| 2021} |Qu et al.,|2022). Note that our con-
vergence proof is free from the bounded gradient assumption of the global or local loss while it is
commonly used for the proof in momentum-based or adaptive optimization methods (Reddi et al.,
2021;  Xu et al., 2021 (Wu et al.| [2023)).

We now state the convergence result of FedACG; the detailed proof is provided in Appendix

Theorem 1. (Convergence of FedACG for non-convex functions) Suppose that local functions

F N are non-convex and L-smooth. Let zt = 0t + 2 _mt. Then, by setting n <
i=1 y 8N

T—X
FedACG satisfies,

Ld
_min E[[VF (6 am ) < 0 <\/ 2 (w0 +wza§)> , )

where dy = F(2°) = F(z*), A = 1+ i (1 - th), gy = 2520 1 24 (1 - N)(& +2),
o = A((1 = N)2 +4) 4+ 10(1 — N).

1-)\
100K L(B2+1)’

Theoremprovides the convergence rate of FedACG, O (1 /St K T), which indicates the linear

speedup with respect to |S;|. This rate matches the best convergence rate of existing FL meth-
ods (Karimireddy et al., [2020; Acar et al., [2021). Because the coefficient ©5 decreases as A ap-
proaches to 1 from 0, the accelerated client gradient of FedACG reduces the negative impact by the
client heterogeneity. Moreover, FedACG is robust to the client’s low participation rate because a
rise of A reduces the impact of A, which is tightly coupled with the client participation rate.

4 EXPERIMENTS

This section presents empirical evaluation results of FedACG and competing federated learning
methods. Refer to Appendix [A]for more details about our implementation details with hyperparam-
eter setting, evaluation metrics, and results from ablation studies.
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Table 1: Comparisons on CIFAR-10, CIFAR-100, and Tiny-ImageNet with two different federated
learning settings. For (a) a moderate-scale experiment, the number of clients and participation rate,
are set to 100, and 5%, respectively, while (b) a large-scale setting has 500 clients with a 2% par-
ticipation rate. The Dirichlet parameter is commonly set to 0.3. Accuracies at the target round and
the communication round to reach target test accuracy are based on exponential moving averages
with parameter 0.9. The arrows indicate whether higher (1) or lower () is better. The best perfor-
mance in each column is denoted in bold. FedCM' and FedDC* require 50% and 100% additional
communication costs at each communication round, respectively.

(a) Moderate-scale: 5% participation, 100 clients

CIFAR-10 CIFAR-100 Tiny-ImageNet

Method Acc. (%, 1) Rounds ({) Acc. (%, 1) Rounds ({) Acc. (%, T) Rounds ({)

500R 1000R 81% 85% 500R 1000R 47% 55% 500R 1000R 35% 38%
FedAvg 7436 82.53 840 1000+ 41.88 47.83 924 1000+ 33.94 3537 645 1000+
FedProx 73.70 82.68 826 1000+ 42.43 48.32 881 1000+ 34.14 3553 613 1000+
FedAvgM 80.56 8548 519 828 46.98 5329 515 1000+ 36.32 38.51 416 829
FedADAM 7233 81.73 908 1000+ 44.80 5248 691 1000+ 3322 3891 658 945
FedDyn 8482 88.10 392 646 48.38 55779 424 883 37.35 41.18 344 573
MOON 83.32 86.30 371 686 53.15 5837 284 640 36.62 40.33 410 627
FedCM' 78.92 8371 624 1000+ 52.44 58.06 293 747 31.61 37.87 694 1000+
FedDC* 86.52 87.47 323 519 5425 59.01 333 553 4032 4551 340 403

FedACG (ours) 85.13 89.10 319 450 5579 62.51 260 409 42.26 4631 226 331

(b) Large-scale: 2% participation, 500 clients

CIFAR-10 CIFAR-100 Tiny-ImageNet

Method Acc. (%,1)  Rounds (1)  Acc.(%,1)  Rounds(l)  Acc. (%, 1) Rounds (})
S00R 1000R 73% 77% SO00R 1000R 36% 40% SO0R 1000R 24% 30%

FedAvg 5874 7145 1000+ 1000+ 30.16 38.11 842 1000+ 23.63 2948 523 1000+
FedProx 57.88 7075 1000+ 1000+ 2928 36.16 966 1000+ 2545 31.71 445 799
FedAveM 6585 7749 753 959 31.80 40.54 724 955 2675 3326 386 687
FedADAM  61.53 69.94 1000+ 1000+ 24.40 30.83 1000+ 1000+ 21.88 28.08 648 1000+
FedDyn 6549 7792 732 936 3158 41.01 691 927 2435 29.54 483 1000+
MOON 69.15 7806 617 872 3351 4241 601 828 2669 31.81 382 741
FedCM' 6927 7657 742 1000+ 2723 3879 872 1000+ 1941 2409 975 1000+
FedDC! 71.86 8349 518 686 3464 4593 560 741 2572 2892 420 1000+

FedACG (ours) 73.61 82.80 484 605 35.68 48.40 505 616 31.47 38.48 246 447

4.1 EXPERIMENTAL SETUP

Datasets We conduct a set of experiments on three datasets, CIFAR-10 (Krizhevsky et al.,|2009),
CIFAR-100 (Krizhevsky et al., [2009), and Tiny-ImageNet (Le & Yang| [2015) with various data
heterogeneity levels and participation rates. Note that Tiny-ImageNet (200 classes with 10K ex-
amples) is more realistic compared to other datasets used for the evaluation of many existing meth-
ods (McMahan et al., 2017; [Karimireddy et al., 2020). We generate i.i.d. data splits by randomly
assigning training examples to individual clients without replacement. For non-i.i.d. datasets, we
simulate the data heterogeneity by sampling the label ratios from a Dirichlet distribution with a sym-
metric parameter, 0.3 or 0.6, following strategies in |Hsu et al|(2019). In both i.i.d. and non-i.i.d.
cases, each client holds the same number of examples as in other works.

We extend our experiments to the widely adopted FL benchmark, LEAF (Caldas et al.,2019), known
for its realistic settings. LEAF introduces heterogeneity in class distribution, data quantity, and
feature alignment. For FEMNIST, CelebA, and ShakeSpeare, we employ the non-i.i.d. data splits
provided by this framework.

Baselines We compare our method, FedACG, with state-of-the-art federated learning techniques,
which include FedAvg (McMahan et al.| 2017), FedProx (Li et al.| |2020a), FedAvgM (Hsu et al.,
2019), FedADAM (Reddi et al.| [2021)), FedDyn (Acar et al., |2021), FedCM (Xu et al.l |2021)),
MOON (Li et al., [2021), and FedDC (Gao et all [2022). We adopt the standard ResNet-18 (He
et al.| |2016) as our backbone network for all experiments after replacing the batch normalization
with the group normalization as suggested in |Hsieh et al.| (2020).
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Table 2: Results from a low participation rate (1%) over 500 clients with the Dirichlet (0.3).

CIFAR-10 CIFAR-100
Method Acc. (%, 1) Rounds (}) Acc. (%, 1) Rounds (})
S00R  1000R  64% 68%  S500R  1000R  30% 35%
FedAvg 5471 68.96 792 949 2694  35.69 636 950
FedProx 5518  69.80 773 919 2692 3541 648 963
FedAveM 5782 7112 669 812 2029 3936 530 755
Fed ADAM 4797 5511 1000+ 1000+ 1772 2392 1000+ 1000+
FedDyn 5486 7078 713 858 2786 3631 595 896
MOON 6455  73.89 491 645 2829 3637 567 886
FedCMT 4921 6038 1000+ 1000+ 1632 2259 1000+ 1000+
FedDC? 60.56  75.06 610 681 2014 38.84 519 789
FedACG (ours) 6370  76.45 497 618 3174 45.18 458 581

Table 3: Results on CIFAR-100 with  Table 4: Contribution of individual components in
dynamic client replacements during  FedACG. The results are measured after 1 K round on
training: each client is replaced with a ~ CIFAR-10 and CIFAR-100 with 2% participation and
probability of 0.5 at every 100 rounds. 500 clients.

Acc. (%, 1) Rounds () Server update Accelerated Local
Method 1000R 38% w/ momg)ntum gradient  reg. CIFAR-10 CIFAR-100
FedAvg 35.87 1000+ 71.45 38.11
Fedprox 35.89 1000+ v 70.75 36.16
FedDyn 38.47 941 v 77.49 40.54
MOON 39.57 852 v v 76.16 44.64
FedDC' 36.82 1000+ v v 82.20 46.80
FedACG (ours) 41.51 769 v v v 82.80 48.40

4.2 MAIN RESULTS

Evaluation in standard settings We first present the performance of the proposed approach,
FedACG, on CIFAR-10, CIFAR-100, and Tiny-ImageNet by varying the number of clients, data
heterogeneity, and participation rate. Our experiments have been performed in two different set-
tings; one is a moderate scale, which involves 100 devices with a 5% participation rate per round,
and the other is with a large number of clients, 500 with a participation rate of 2%. Because the
number of clients in the large-scale setting is five times higher than that in the moderate-scale ex-
periment, the number of examples per client is reduced by 80%.

Table |1a] demonstrates that FedACG improves accuracy and convergence speed significantly and
consistently compared with other federated learning methods in most cases. This is partly because
FedACG enables each client to look ahead to the global update and aligns the local model updates
with the global gradient trajectory. Note that FedCM and FedDC respectively require 1.5x and 2x
communication costs for each communication round since they communicate the current model and
the associated gradient information per round while the rest of the algorithms only need to transmit
model parameters.

For the large-scale setting, Table [Ib|illustrates the outstanding performance of FedACG on CIFAR-
10, CIFAR-100, and Tiny-ImageNet, except for the accuracy at 1K rounds on CIFAR-10. One
noticeable thing is that the overall performance is lower than the case with a moderate number of
clients. This is because the number of training data for each client decreases and each client suffers
more from the heterogeneous data distributions. Nevertheless, we observe that FedACG outper-
forms other methods consistently in most cases; the accuracy gap between FedACG and its strongest
competitor becomes larger in these more challenging scenarios. The results from the large-scale ex-
periments exhibit the robustness of FedACG to the data heterogeneity and low participation rates of
clients. We present more comprehensive results for the convergence of FedACG in Appendix [A.5.1]

Effect of low participation rate One of the critical challenges in federated learning is partial
participation of clients, which can slow down the convergence of the global model. To verify the
robustness of FedACG to low client participation rates, we conduct experiments with 500 clients
and a participation rate as low as 1%. Since the numbers of local epochs and iterations are set to 5
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Figure 2: Benefit of accelerated client gradient. For FedAvgM, FedCM, and FedACG (without
local regularization for fair comparisons) on CIFAR10, we visualize (a) global training loss surfaces
with three local models as black circles in the parameter space, (b) weight divergence, and (c)
layer-wise CKA values. In (c), the z-axis denotes the layer index of ResNet-18 while the y-axis
corresponds to CKA values measured on the global validation set.

and 50, respectively, each client has little training opportunity with few training examples and client
heterogeneity increases significantly. As shown in Table 2] FedACG outperforms other methods for
most cases, with the performance gap between FedACG and the second-best method, FedDC, being
even more significant than when the participation rate is 2%, from -0.69%p to 1.39%p on CIFAR-10
and from 2.47%p to 6.34%p on CIFAR-100 at round 1000. This is partly because the local states
in FedDC become stale quickly in this scenario, requiring extra iterations for convergence, whereas
FedACG is not affected by this issue.

Evaluation on dynamic client set Since FedACG does not require storing local model history
for local updates, it is conceptually better suited for scenarios with newly participating clients. To
validate this property, we conduct an experiment, where we maintain 250 clients in each round but
replace half of the clients on average every 100 rounds by setting the replacement probability of
each client to 0.5. The experiment has been conducted on CIFAR-100 with Dirichlet(0.3) splits,
assuming a participation ratio of 4% for each communication round. Table [3] shows that FedACG
outperforms FedAvg and FedDyn. Note that FedDyn performs worse than FedAvg since the client
models suffers from heterogeneity and divergence when new clients have no informative local states.

4.3 ANALYSIS

Ablation study Table ] presents the contributions of individual components in the experiment on
CIFAR-10 for the large-scale setting. We observe that the accelerated client gradient for local train-
ing makes a more critical impact on accuracy after 1,000 rounds. It is worth noting that the proposed
regularization term in the local loss function shows a larger performance gain when used with the
accelerated client gradient while employing the regularization term alone does not necessarily lead
to a beneficial outcome on CIFAR-10 and CIFAR-100.

Comparison with FedAvgM and FedCM To better understand the effectiveness of the accel-
erated client gradient, we compare two momentum-based algorithms, FedAvgM and FedCM, by
visualizing global loss surfaces, weight divergence, and layer-wise CKA values during training.
Figure [2a] highlights a better generalization of FedACG’s local models to global loss compared
to other methods. Figures [2b] and [2¢| reveal that the local models of FedACG exhibit smaller di-
vergence in the parameter space and more consistent feature representations, respectively. These
findings demonstrate that the accelerated client gradient in FedACG effectively mitigates client drift
stemming from data heterogeneity.
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Table 5: Ablation study for A (a) and 3 (b), w.r.t the accuracy at 1 K * round on CIFAR-10.

(a) Sensitivity of FedACG with respect to A (b) Sensitivity of FedACG with respect to 3
A 0.75 0.8 0.85 0.9 B8 0.001 0.01 0.1 1
Dir(0.3) 81.32 8252 82.80 82.64 Dir(0.3) 82.10 8280 8232 8244

iid. 8552 86.82 86.83 86.16 iid. 86.54 86.83 86.72  85.92

Table 6: Results on the realistic datasets involving feature skewness and data imbalance between
clients and the dataset in the language domain.

FEMNIST CelebA ShakeSpeare

Method Acc. (%,1) Rounds (]) Acc. (%, 1) Rounds(l)  Acc. (%, 1) Rounds (})

500R 78% 500R 88% S00R  1000R 42%  45%
FedAvg 78.38 328 89.92 134 4501 4655 94 500
FedProx 78.34 328 89.90 132 4509 4629 99 477
FedAveM 78.37 256 89.85 113 4463 4591 63 690
Fed ADAM 75.96 500+ 87.00 500+ 4489 4430 68 1000+
FedDyn 79.80 227 89.74 126 3923 4410 749 1000+
MOON 7833 336 87.95 5004 4202 4265 499 1000+
FedCM' 72.79 500+ 88.89 222 - ; - -
FedDC? 80.11 149 88.97 126 3062 4427 926 1000+
FedACG (ours)  80.61 169 90.09 108 4636 4823 57 290

Hyperparameters We test the accuracy of our algorithm for the Dirichlet(0.3) and i.i.d. splits by
varying the values of A\ and 3, which control the momentum integration of the server model and
the weight of the proximal term, respectively. As shown in Table [5a] the performance of FedACG
remains stable in a range of A values from 0.75 to 0.9. Despite minor fluctuations, the accuracy
remains high, peaking at A\ = 0.85. Table[5aalso shows that the accuracy is stable with respect to 3.

4.4 EXPERIMENTS ON REALISTIC DATASETS

We conduct experiments on additional realistic datasets, FEMNIST and CelebA in LEAF (Caldas
et al., 2019), which include other non-i.i.d. scenarios such as feature skewness and data imbal-
ance between clients. For these experiments, the number of clients is set to 2,000 with data splits
following|Caldas et al.|(2019) and 10 randomly sampled clients participate in training for each com-
munication round. We employ a two-layer CNN for FEMNIST and a four-layer CNN for CelebA.
Table [6] illustrates that FedACG also outperforms other baselines on both datasets for most cases,
which highlighting its robustness to heterogeneity with data quantity and feature alignment. Note
that, while FedACG requires 20 more communication rounds than FedDC to reach the target accu-
racy on FEMNIST, it sends 56.8% fewer parameters than FedDC.

We also evaluate FedACG in a different domain, next word prediction task, on the ShakeSpeare in
LEAF, which also involves a significant data imbalance between clients. We adopt an LSTM as
the backbone network and the client participation rate per round is set to 5%. Table [6] presents that
FedACG is also effective for the language domain while FedCM exhibits poor performance even
with extensive hyperparameter tuning.

5 CONCLUSION

This paper addresses a realistic federated learning scenario, where a large number of clients with
heterogeneous data and limited participation constraints hinder the convergence and performance of
trained models. To tackle these issues, we proposed a novel federated learning framework that ag-
gregates past global gradient information for guiding client updates and regularizes the local update
directions aligned with the global information. The proposed algorithm provides global gradient
information to individual clients without incurring additional communication or memory overhead.
We provided the proof for the convergence rate of the proposed approach. We demonstrated the
effectiveness of the proposed algorithm in terms of robustness and communication efficiency in the
presence of client heterogeneity through extensive evaluation on multiple benchmarks.
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Ethics statement We introduce a communication-efficient federated learning framework designed
to manage non-i.i.d data distribution across remote clients. While our method inherently provides a
basic level of privacy by not accessing the raw data stored on remote devices, there may be the po-
tential threat of privacy breaches from malicious users . Therefore, when combined with appropriate
defense strategies, we believe that our framework will further enhance privacy security, raising the
overall privacy assurance.

Reproducibility statement We present the procedure of our proposed method in Algorithm[I] We
also present the implementation details and algorithm-dependent hyperparameters in Appendix[A.1]
We have submitted the code and will make it publicly available.
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A EXPERIMENTS

In this section, we provide the detailed experimental setups used in our study. This outlines the
evaluation metrics, implementation details, choices of hyperparameters, and additional experiments.

A.1 SETUPS

Evaluation metrics To evaluate the generalization performance of the methods, we use the entire
test set of CIFAR-10, CIFAR-100, and Tiny-ImageNet. Since both the training speed as well as the
final accuracy are important factors in federated learning, we measure: (i) the performance achieved
at a specified number of rounds and (ii) the number of rounds required for an algorithm to attain
the desired level of target accuracy, following |Al-Shedivat et al|(2021). For the target accuracies,
we first select the median of all the compared methods at round 1000 and another representative
value lower than the median. For the methods that could not achieve the target accuracies within the
maximum communication round, we append a + sign to the communication round number.

Implementation details We adopt PyTorch (Paszke et al.l 2019) to implement FedACG and the
other baselines. We follow the evaluation protocol of |Acar et al.| (2021) and Xu et al.| (2021)). For
local updates, we use the SGD optimizer with a learning rate of 0.1 for all approaches on the three
benchmarks. We apply no momentum to the local SGD, but incorporate the weight decay of 0.001
to prevent overfitting. We also employ gradient clipping to increase the stability of the algorithms.

For the experiments on CIFAR-10 and CIFAR-100, we choose 5 as the number of local training
epochs (50 iterations) and 0.1 as the local learning rate. We set the batch size of the local update to
50 and 10 for the 100 and 500 client participation, respectively. The learning rate decay parameter
of each algorithm is selected from {0.995, 0.998, 1} to achieve the best performance. The global
learning rate is set to 1, except for FedAdam, which is tested with 0.01.

For the experiments on Tiny-ImageNet, we match the total local iterations of local updates with
other benchmarks by setting the batch size of local updates as 100 and 20 for the 100 and 500 client
participation, respectively.

Hyperparameter selection For the hyperparameter selection, we assume the scenario that the
server can compute the validation accuracy through communication with clients at the early stages,
which is common to all algorithms. « in FedCM is selected from {0.1, 0.3, 0.5}, « in FedDyn is
selected from {0.001, 0.01, 0.1}, and « in FedDC is set to 0.01. 7 in FedAdam is set to 0.001 while
1 in MOON is set to 1. § in FedAvgM is selected from {0.4, 0.6, 0.8}, § in FedProx and FedACG
is selected from {0.1, 0.01, 0.001}, and X in FedACG is selected from {0.8, 0.85, 0.9}.

A.2 ADDITIONAL ANALYSIS FOR THE EFFECT OF ACCELERATED CLIENT GRADIENT

FedACG uses a lookahead model, 8t~ 4+ Amt~!, to start local training. This helps clients match
their local solutions with the global loss, ensuring consistent updates. We observe more empirical
evidence that supports our claim.

Figure [3| shows the convergence curves of FedACG and FedAvgM on CIFAR-10 in the moderate-
scale setting without smoothing. For the experiments, we set the momentum coefficient to 0.85 for
both algorithms. We observe that FedACG consistently outperforms FedAvgM and has a smaller
accuracy variation throughout the training procedure. Specifically, when we compute the average
squared difference between the accuracy at time step ¢ without smoothing (Acc’) and the accu-
racy given by the simple moving average (Accky,) over 1,000 rounds of communication, i.e.,

LS (Acet — Acchya)?, the differences are 2.26 and 10.30 for FedACG and FedAvgM, re-
spectively. We believe that this is partly because the proposed accelerated gradient allows each
client’s update to compensate for the potential noise in momentum, which is possible because the

local updates start from the anticipated point, 8 =1 4+ Am?~1.

13



Under review as a conference paper at ICLR 2024
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Figure 3: Training curves of FedACG and FedAvgM on CIFAR-10 in a moderate-scale setting
without smoothing (exponential moving average).

A.3 FEDACG WITH OTHER LOCAL OBJECTIVES

In Table [7] we incorporate accelerated client gradient into a client-side optimization technique,
FedMLB (Kim et al., 2022), to test its benefits. "+ACG” means adopting the relaxed initialization.
It shows that the relaxed initialization helps client-side optimization approaches achieve significant
improvements without any additional communication costs.

Table 7: We incorporated accelerated client gradient (ACG) into client-side optimization technique
on CIFAR-100 and Tiny-ImageNet.

(a) 100 clients, 5% participation, Dirichlet (0.3)

CIFAR-100 Tiny-ImageNet

Method Acc. (%, 1) Rounds (}) Acc. (%,7)  Rounds ({)
S00R 1000R 47% 55% S00R 1000R 35% 38%

FedMLB (Kim et al.|[2022) 47.39 54.58 488 1000+ 37.20 40.16 414 539
FedMLB + ACG 61.32 65.67 216 316 46.11 50.54 205 260

(b) 500 clients, 2% participation, Dirichlet (0.3)

CIFAR-100 Tiny-ImageNet

Method Acc. (%, 1)  Rounds(J)  Acc. (%, 1)  Rounds(})
S00R 1000R 36% 40% S00R 1000R 24%  30%

FedMLB (Kim et al.|[2022) 3230 42.61 642 800 2839 33.67 384 489
FedMLB + ACG 41.10 5527 402 479 3592 4385 209 313

A.4 EVALUATION ON VARIOUS DATA HETEROGENEITY

Tables[8]and [0] show that Fed ACG matches or outperforms the performance of competitive methods
when data heterogeneity is not severe (Dirichlet 0.6) or very low (i.i.d.) on CIFAR-10 in most cases.
Note that, while the compared methods show performance degradation as the participation rate
decreases, FedACG shows little degradation as the participation rate decreases for both data splits.
This implies that FedACG is more robust for low participation rates than other baselines. This
is partly because low client heterogeneity reduces noise in the momentum of the global gradient,
which attributes to the smooth trajectory of global updates. Since FedACG effectively incorporates
the momentum for local updates, FedACG is relatively unaffected by the partial participation of
federated learning.

14



Under review as a conference paper at ICLR 2024

Table 8: Results with Dirichlet (0.6) data on CIFAR-10 and CIFAR-100 for two different settings.

(a) Dirichlet (0.6), 100 clients, 5% participation

CIFAR-10 CIFAR-100

Acc. (%, 1) Rounds ({) Acc. (%, 1) Rounds ({)
500R 1000R 81% 87% 500R 1000R  50% 56%

FedAvg (McMahan et al.|2017) 80.56  85.97 520 1000+ 43.91 49.18 1000+ 1000+

Method

FedProx (Li et al.![[2020a) 80.39 8553 524 1000+ 43.15 4845 1000+ 1000+
FedAvgM (Hsu et al.[[2019) 84.65 8796 355 811 46.66  52.49 735 1000+
FedADAM (Reddi et al.[[2021)  80.25 83.52 526 1000+ 45.95 51.63 778 1000+
FedDyn (Acar et al.[[2021) 8723 89.49 310 487 5051 56.78 488 886
MOON (L1 et al.][2021) 8495 8799 272 728 5576  61.42 338 527
FedCMT (Xu et al.[[2021) 82.84 86.64 385 1000+ 53.75 60.48 331 468
FedDC* (Gao et al.|[2022) 88.05 89.58 270 437  56.00 60.58 347 491
FedACG (ours) 87.57 90.56 218 453  58.82 63.88 243 396

(b) Dirichlet (0.6), 500 clients, 2% participation

CIFAR-10 CIFAR-100

acc. (%, 1) rounds ({) acc. (%, 1) rounds ({)
500R 1000R 69% 80%  500R 1000R 32% 41%

FedAvg (McMahan et al.|2017) 62.79  75.17 671 1000+ 29.41 36.62 648 1000+

Method

FedProx (L1 et al.|[2020a) 62.48 7510 688 1000+ 29.62 36.70 647 1000+
FedAvgM (Hsu et al.[[2019) 69.10 80.26 498 981 3278 4193 468 942
FedADAM (Reddi et al.[[2021)  68.48 78.92 535 1000+ 37.57 4829 341 624
FedDyn (Acar et al.[[2021) 68.53 8033 513 983  32.06 43.28 498 917
MOON (L1 et al.][2021) 7429 80.66 368 921 31.64 41.61 515 931
FedCM' (Xu et al.[[2021) 7142 7894 429 1000+ 26.82 39.78 714 1000+
FedDC* (Gao et al.|[2022) 7774 86.32 324 596 3424 44.69 444 825
FedACG (ours) 7849 8528 289 565  39.61 49.70 304 540

Table 9: Results with i.i.d. data on CIFAR-10 and CIFAR-100 for two different settings.

(a) i.i.d., 100 clients, 5% participation

CIFAR-10 CIFAR-100

acc. (%, 1) rounds ({.) acc. (%, 1) rounds ({.)
500R 1000R 82% 89%  500R 1000R  52% 58%

FedAvg (McMahan et al.|2017) 85.28 88.69 372 1000+ 43.96 4820 1000+ 1000+

Method

FedProx (L1 et al./[[2020a) 8479 8799 384 1000+ 43.57 47.75 1000+ 1000+
FedAvgM (Hsu et al.[[2019) 87.67 89.96 258 375 4743 52.83 880 1000+
FedADAM (Reddi et al.[[2021) 8529 87.97 286 1000+ 52.23 57.73 496 1000+
FedDyn (Acar et al.[[2021) 89.19 90.70 269 492 5037 56.88 592 898
MOON (L1 et al.[[2021) 88.24 8996 207 628 5850 64.73 311 484
FedCMT (Xu et al.|[2021) 8738 89.65 182 782 57.10 62.48 266 466
FedDC* (Gao et al.|[2022) 90.07 90.80 194 425  55.17 61.00 400 633
FedACG (ours) 90.57 9229 157 354 5982 64.08 244 342

(b) i.i.d., 500 clients, 2% participation

CIFAR-10 CIFAR-100

acc. (%, 1) rounds ({) acc. (%, 1) rounds ({)
500R  1000R 75% 83% 500R 1000R 33% 42%

FedAvg (McMahan et al.|2017) 68.70 78.21 652 1000+ 30.71 37.85 664 1000+

Method

FedProx (L1 et al.|[2020a) 68.74 7796 643 1000+ 30.11 37.13 685 1000+
FedAvgM (Hsu et al.[[2019) 7434 83.64 523 943 33.54 4255 479 971
FedADAM (Reddi et al.[[2021) 7532 84.01 491 915  38.74 4894 328 636
FedDyn (Acar et al.[2021) 74.81 8471 398 823 3320 4291 492 936
MOON (L1 et al.[[2021) 69.86 81.89 586 1000+ 28.82 4126 649 1000+
FedCMT (Xu et al.|[2021) 77.84 8326 491 959 2959 42.04 653 991
FedDC* (Gao et al.|[2022) 80.87 87.53 358 574 3393 4580 476 817
FedACG (ours) 80.15 87.47 316 578 4116 4910 299 525
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A.5 CONVERGENCE PLOT
A.5.1 EVALUATION ON VARIOUS FEDERATED LEARNING SCENARIOS

Figure [] to Figure [6] show the convergence of FedACG and the compared algorithms on CIFAR-
10, CIFAR-100, and Tiny-ImageNet for various federated learning settings: varying the number of
total clients, participation rates, data heterogeneity. FedACG continuously matches or exceeds the
performance of the most powerful of our competitors in most learning sections.

Figure [7] shows the convergence plots under massive clients, 1% participation rate setting. The
result shows that FedACG takes the lead in most learning sections, which also demonstrates the
effectiveness of FedACG.
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Figure 4: The convergence plots of Fed ACG and the baselines on CIFAR-10 with different federated
learning scenarios.
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Figure 5: The convergence plots of FedACG and the baselines on CIFAR-100 with different feder-
ated learning scenarios.
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Figure 6: The convergence plots of FedACG and the baselines on Tiny-ImageNet with different
federated learning scenarios.
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Figure 7: The convergence plots of FedACG and the baselines when the participation rate is low
(1%) for 500 clients on CIFAR-10 and CIFAR-100. The Dirichlet parameter is set to 0.3 for the
experiments.

A.5.2 EVALUATION ON DYNAMIC CLIENT SET

Figure [8]shows a convergence plot when the entire client’s pool changes during training. The result
shows that FedACG outperforms the baselines in most learning sections. Note that FedDyn shows
worse performance than FedAvg in the overall section of learning, and only achieves FedAvg’s
performance at the end. This is partly because it needs to store local states for local training in each
client, which requires a kind of warm-up period for newly participating clients to contain useful
information. In contrast, FedACG, which is free from these restrictions, shows strength in a realistic
federated learning scenario where the pool of entire clients changes during training.

42

200 400 600 800 1000
Rounds

Figure 8: The convergence plots of FedACG, FedAvg, FedDyn, FedDC, and MOON on CIFAR-
100 when the client set changes over dynamically: we sample 250 clients out of 500 clients as a
candidate clients set at every 100 rounds over 10 stages on Dirichlet (0.3) split. 10 clients out of
the sampled client set participate for the local training for each communication round. Dirichlet
parameter is set to 0.3.

A.6 INTEGRATION OF FEDACG WITH QUANTIZATION TECHNIQUES.

To validate that FedACG algorithm can be integrated into quantization-based techniques, we have
conducted an experiment combining FedACG with FedPAQ (Reisizadeh et al., [2020), one of the
quantization methods in federated learning, on the CIFAR-100, using 8 bits for quantization. Ta-
ble [10] shows that our method works well even with quantization methods, surpassing both FedPAQ
and FedAvg without quantization.

Table 10: Accuracy of FedACG with the integration of FedPAQ at the 1K round on CIFAR-100.

Method 100 clients (5% participation) 500 clients (2% participation)
FedAvg 47.83 38.11
FedPAQ 41.99 30.21
FedACG + FedPAQ 50.53 39.55
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B FEDACG vS. FEDAVGM AND FEDPROX

FedAvgM (Hsu et al., 2019) The unique characteristic of FedACG lies in the initialization of
client models. Although FedACG and FedAvgM use global momentum in common, FedACG
broadcasts the accelerated global model by adding global momentum to the current global model
@'~1 + Am?~1!) while FedAvgM broadcasts the current global model (6°~1) to each client as the
initial point of the local model. Figure [J]illustrates the difference in the server broadcasting and ag-
gregation process of FedACG and FedAvgM, respectively. Unlike FedAvgM, where the only server
knows the global momentum, in FedACG, the clients, the actual learners, start their local training
at the anticipated point #*~1 4+ Am!~! and can make up for the previous global momentum Am!~!
through their local training. This difference in the initial point seems to allow FedACG to be trained
more responsive way, letting it behave more stably than FedAvgM in many federated learning set-
tings.

t—2 /,vAﬁ_l

” Accelerated point at ¢ — 2

: Global momentum wmm : Averaged local updates wmm : Server update
(a) FedACG
t—1
A1

v
-

| , Am!~!
t—1 t—1 ’
A3 Al f, :
A5 ot
: Global momentum mmm: Averaged local updates wmm: Server update
(b) FedAvgM

Figure 9: An illustration of the FedACG and FedAvgM during two communication rounds.

FedProx (Li et al., 2020a) FedACG is a different method from FedProx for three principal rea-
sons. First, FedACG utilizes the global momentum for server updates. Second, since FedACG uses
client accelerated gradient, the local model’s initial point is different from FedProx. From this, the
third, objective function of FedACG regularizes the distance not between the local model and the
previous global model (FedProx), but between the local model and the accelerated point.

C CONVERGENCE OF FEDACG

We now present the theoretical convergence rate of FedACG. We first state a few assumptions for
the local loss functions F;(#), which are commonly used in several previous works on federated
optimization (Karimireddy et al., 2020; Reddi et al., [2021; Xu et al., |2021)). First, the local function
Fi(+) is assumed to be L-smooth for all ¢ € {1,..., N}, i.e.,

IVFi(z) = VFE)l < Lijz =yl Va,y. 3)
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if local functions {F;(-)}}¥, are convex, we additionally have

N
Va, ﬁ ; IVFi(z) — VFi(x,)|? < F(z) — F(x,) and 4)
Vi, 7 (VF(@), 2~ y) < ~Fil2) + Fily) + oz —all s)

where F(z) = & Zfil Fi(x) and VF(z,) = 0. Second, we assume the stochastic gradient of
the local loss function V f;(z) := V.F;(x;D;) is unbiased and possesses a bounded variance, i.e.,
/(z) — VFi(z)|| < o2 Third, we assume the average norm of local gradients is bounded
by a function of the global gradient magnitude as + Zi\; IVFi(2)]? < o2 + B?||VF(x)|?,
where 0, > 0 and B > 1. Based on the above assumptions, we derive the following asymptotic
convergence bound of FedACG.

C.1 CONVERGENCE OF FEDACG FOR NON-CONVEX FUNCTIONS

Theorem 2. (Convergence of FedACG for non-convex functions) Suppose that local functions
{F:}, are non-convex and L-smooth. Let z* = 6" + 2xm'. Then, by setting 1 <
FedACG satisfies,

1-)
100K L(B2+1)°

min_ E||VF (61 + xm'~Y)||* < 1000(B2 + oy [ (02 4 o2
t=1,...T T T g (6)
1

+ 7 [s002%3 4 A (302 +1402)]® |

wo

where dy = F(2°) — F(2*), A=1+ 70 1)‘5‘( 1] ), = AR+ H)+3+(1-A) (2 +2),
o = A((1 = N)? +4) +10(1 = \), ¢ = =2 and g = U5 ”

Proof. We start the proof from the result in Lemma 3]

T
E[F (z7) = F (%) ] < TCs0” + TCyo, + C1o Y _E[|VF (65) ||

t=1
where Cg < ( ) [ +2))+%{(1—)\)+1+%}A}, Cy <
(2K 2, {10(1 — )+ fMLA +A ((1 — A2+ 4)}, and C1g < —#’i/\), respectively.

By rewriting the above inequalities,

1 nK

T T
0T ZJEIIVF (96) 1* < ~Ci0 D EIIVF (6) |
t=1

< E[F(2°) — F(2*)] 4+ TCso® + TCyo,
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)

Then
LY EivEe s AR () - o) + 2o+ L
glflé’(f(z)ﬂz*m(fffi) KZ+(1A)([5(+2))
o (Y A () et
+% [10(1—>\)+A(( —A)2+4)} a§+”2]fgL2A ;
- ro B o (S
+( +(1—)\)( +2>)02+{A((1— )% +4) (10(1—A))}0§}
o (5) (G )]

Slmllar to the proof of Lemma 2 of the SCAFFOLD (Karimireddy et al., | 2020), if we choose nmax <

oo AR We can have
LS mpvr (o) 1 < DOUE L (2 o))
s 0onF () -7 ) [ (52) + (Bra-n (g +2) )
+{A (1 =22+ 4) + (1001 - A)}67]] 7
+ 5 (1002 (7 () - 7 (27)° [A (120‘[?02 e ;ﬁ%g”)é
O

We then complete the proof by noting that 65 = =1 + Am
t

_ A
we first prove the key Lemma below. Let z 0t + =M
o —VFi0]). ¢ =

Lemma 3. For proving Theorem EL
Al =00 — (01 + At = S5 -V i(0],), 8 = § e 2
At — 1, and@é =01 4+ ym?-1,
T
— F (") ] < TCs0® + TCoo2 + Cro Y EI[VF (65) |2

t=1

E[F (="
2
where Cy < (%) L (g+(1—A)(%+2))+i{(1—A)+1+%}A}, Co
nK )27, {10(1 A) + {’fKJ LA+A((1-X)+ 4)}, and Cig (1 ' 5y respectively.
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F() < F(2) + (VF (Y, 2 — 20 + %
= F(z )+1%<Vf( ), AT 4+

HZtJrl o ZtH2

WHAH_IHQ

= F() 4 T (VF(), (¢4 4 67) + K VE(B) — nKVF(@5H))
L

WHAH-I'F

= F(E) + T (VG ) +
nK

=7 (VF(ED), VFE) +

+

T (VF (), 67 + KV F(05)
L t+12
mHA [

1 1
=F(z") + m<VJf(zf), ety + ﬁ(wT(zt), ST 4KV F@OFT))

nk nk
— V() - VEO), VRO — V)P
L
At+1 2

First inequality comes from the L-smoothness of the loss function . Note that 9t+1 0t + Am'

represents the accelerated global model and serves as the initial pomt for the local models of the
participating local clients at the round ¢ + 1, meaning that 9t+1 = OH holds for each client ¢ € .S;.

By taking expectation on both sides, we get following equatlon

E[F (=) - F(z >]<—E [(VF (), 6 4 gKVF (65°))]

flK (V7 (=) = V5 (657).F (657))

L

2(1-N)?
1

2(1— N K2L

- IR VE O+ g A
K2L

1
< ks I (5 + KV E (057)

E[ln9F ()] +
%,_/

I*

I

SEIVF ) - 97 @I 425 (5 - 1) BlvF @)

nkK

oo

=+
E[a*

v

L

UCTEEDYE

The first ineqaulity holds because E[e!™!] = 0. The second inequality comes from the Lemma
Now we have to find the upper bound of four terms depicted in the last inequality. To do so, we will
first define a few terms for our analysis.

K-1
Cl=E|> —nVF (0L,)|, C' = %Z Ci
k=0 1€EN

K-1
1
Iy = EIlO = OLol% I =D I I'= D 1
k=0

i€EN
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C! is the expectation of the local updates for each client i at ¢ global round, and I 1 18 the expec-
tation of the parameter difference between local model and the initial point of a local model at each
k™ local iteration. Using the above definition, the upper bound of I*, IT*, III*, and IV* are handled
in Lemmafd] Lemma[5] Lemmal6] and Lemmal[7] respectively. Substituting the upper bounds for the
four items yields the following result.

N S
* 2(177I—()\) (1AiLA2)2]E iy
- MLE [VF (05" + ﬁnzK%Q + ﬁw”l
= T e B
+ 2(1_L/\>Kﬁ“ + 2(1_LA)2772K202
+ ﬁ/toﬁ“ + % (—; + nKL) E[vF (05

where A = 1+ 7= L | Stl( — |S—A§|) By substituting the upper bound of I* and C* handled in

Lemma [§]and Lemma

E[F(z'*1) — F(2')] < CE|m'||> + Cs0° + Cgo? + CE ||VF (95 )

_L2)\ Ln’K? K n’K2L 5n° KL |, 10n*K3L3 _ 109°K?%L
» Where Cy = (1—)\)2{ it 2(717—)\)}’(:5 sanz T oy T oz A Ce= 5+

A A and © = (L 4 UG+ IR+ 25 (<) KL,

respectively. By summing the above inequalities for ¢t = 0, . T — 1,
ELF (1) = F ()] = (Csa + (Ceorg) + CﬂEZ IV.F (60l ) +Cs ZE ="
t=1

By substituting the upper bound of Z E Hmt ! H handled in Lemmaand organizing the coeffi-

cients of each term, we can get followmg result.

T
E[F (z") = F (%) ] < TCs0” + TCyo] + C10 Y _E[VF (65) ||
t=1

o= () (5 S (1) )

K \? A 1 SK3L3

where

10n°K?L N 20n*KAL3 N n?K2L

1-x " @=xn2 7T a-a2
L2)\4 L?n’K? nkK

(IT=X* L 1=Xx " 2(1-))

Co = A

+

} A(4On* K L? + 20> K?)
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- 100°K%2L  20n*K*L3 n?K2L 9 nK 1
C10—|: (1_>\) + (1_>\)2 A+(1_)\)2A B 71_)\ *§+T]KL
L2)\* Ln?K? nK
B2A(40n*K*L? + 21° K>
+(1—)\)4H1—)\+2(1—)\)} (40 KT

The optimal value of A, which minimizes the upper bound of E []-" (ZT) - F (zo) ], lies within the
interval of 0 to 1. Within the specified range defined by A2 < 25(1 — \) = \ < 0.962 ~ 1,
and with the appropriate selection of 7, an increase in A results in a decrease in the upper bound of
E [.7-' (ZT) -F (zo) ] . In the conditions described above, with respect to  and A, we have following
upper bounds for Cg, Cg, and Cy,

Cs < (177143)\>2L{(2+(1_/\)(]5{+2))+]1<{(1_/\)_’_14_77[(13}4

— 20
LY K 1-2A 2
< (——)“L |1 L= = _TLA+A((1- 4
Co < (25028 100 -0 + {25 T LA+ A (- 2 +4)
nk
< -
Cio < 10(1 — A)
which gives us the desired result. O

Lemma 4. E||nVF (2!) |2 in the proof of Lemma 3| has following bound.
A
EllnVF () |I* < 20° L* = Ellm"|* + 20°E| VF (657) ||*
Proof.
E[nVF () I = ElnVF () = nVF (65") +nVF (05" P

2
<2 2L2EH t||2 +20°E[|VF (657 |1
4

)\
- 2’”@

Ellm'|| + 20°El[VF (65") ||

Lemma 5. E|| % (6 4+ KV F(05T))|? in the proof of Lemma @hasfollowing bound.

1
Ell;l(é’f+1 +nKVF@OF)|? < LPKI

Proof.
1 1
EHE(W+1 +nKVF@ ) = ]E[H*(ét“ + K VFO" + Am))|?

_]E||— > Z{ VFi(O; ) + V(6" + dm)}H?
1€[N ] k=0

< % Z Z_: E|{-VFi(6;;") + VF (6" + dm"))}|?

\ /\

9t+1H2

i€[N
= LQKF+1
Inequality in the third line comes from Jensen’s inequality. Inequality in the fourth line is derived
by the smoothness of the objective function. Equality in the last line use the definition of I*.

O
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Lemma 6. E||VF(2") — VF(O5)||? in the proof of Lemma (3| has the following bound for any
0<A<],

EIVF(!) - VFO I < 2
0 T (1-N)2
Proof.
BIVF(!) - VFO + )| < LB = 2 g
- 1—A (I=X)2
where the inequality comes from the L-smoothness of the global loss function F. O

Lemma 7. E||A?||? in the proof of LemmaE]has the following bound,
E| A2 < n?K20? + AC,,

St
whereA—l-i—m( _%)

Proof. E||AY|? = E||§t]]? + E||A? — ]2
For the first term E||6¢||2, we can derive upper bound as
K—1
E[|o*)* = ]E||— > Z —nVF 0 )7 < Z E| Y —nVF@)* =C",
k=0

ze[N] k=0 zE[N]
where the inequality from Jensen’s inequality.

For the second term E[|A? — §t(|2,

K-1 K-1
¢ U
E[|A! — 6|2 = E[|A? + Z Z VFi (6!, |$ | SO VRGO + ¥ SN VEE 1P
zesf k=0 i€Sy k=0 i€[N] k=0
*IEII Z Z Vi(0;x) — VFi(0; 4 ||2+1E||| > Z VFi(0;)) — 0|
zeSt k=0 168 k=0
% S Y EIVAGL) - VRGP +Elgr > VR, -
‘ zest k=0 zeSt k=0
=1?K%? + E| — Z Z VF;(0!,) — &'
| |’L€$t k=0
(A)

In (A), we take expectation with respect to S; and total clients N. For that, we use Lemma 4
of (Reisizadeh et al.||2020). Specifically, using Eq. (59) in (Reisizadeh et al.l|[2020), we get:

2 . K-1 t
w < (- ) Y VAR - I

i€[N] k=0
R )( S B S VAR + 2 ZEHZV}' 012
< 3 i
[l NN - i€[N] k=0 zG[N

N (IS] 18(1S: = 1)y 1 -
< e IE|| —nVF (0] )17
- \St|2( N(N - ) pra k; ok

N (IS SIS = 1) 1 ¢
<
<sE(r — oD )°

AN 15|

= - s ‘WW
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This gives us the desired result. O
Lemma 8. It in the proof of Lemma has the following bound
I' <20n°K® (67 + B’E||VF (6;,) |I?) + 10n*K>0?

Proof. Initially, we commence by deriving an upper bound for the variable [ f &
Iit,k: = ]E||afk - ef,OHQ
= ]E”@fk 1 95,0 nVfi (01 k— 1) H2
= E[|0] 51 — 050 — 1V Fi (6} 1) + 0V Fi (6f 1) =0V fi (07 5-1) |17
< E[|6; 1 950 NV F; (07 e-1) 1> +no”

1
(1+ K) E(0}_1 — 0! o7 + KPRV F; (011 1> + n?o

The inequality in the fourth line is established due to the stochastic bounded variance assumption,
while the inequality in the fifth line holds as a consequence of the Lemma|[T1] Now, let us proceed

to determine the upper bound for E||VF; (9: k_l) 1.
E|VFi (0;5-1) I* = EIVFi (0; 1) — VFi (0i0) + VFi (050) |
< 2E|VF; (0] 51) — VFi (00) I* + 2E[VF; (050) I”
< QLQEH@ k-1~ i,0||2 +2E||VF; (9;0) 12
In the last inequality, we rely on the L-smoothness property of the local loss function for its validity.

Substituting the derived upper bound for E[|V.F; (6} , 1) |2 into our original expression,
1
I,-{k < (1 + -1 + 2K772L2) E||6; k=1 ',0H2 + 2Kn°E||VF; (95,0) 12+ no?

1
< (14 gy 2P ) T+ 2KAEIVE (8) P 4 10

Expanding the aforementioned recursion,

k—1 T
IH < RERE[|IVF (6:0) II°] + n°0®) (1 + K31> < 10K (2Kn°E||VF; (610) |I* + n°0?)
r=0

Utilizing the above results, we can sequentially derive the upper bounds for I} and I°.
It = Z 1o S10K? (2Kn°E(|VF; (0%,) |12 + n*0?)

= 20172K‘3E|\V]-"i (65 0) II? + 10n° K?0?

1
It = 20172K3N > EIVF (6h,) |7 + 100° K30
1E[N]
< 200°K® (0, + B’E||VF (6;,) I?) + 10n*K?0?

The final inequality holds due to the assumption related to the averaged norm of the local gradient.
This gives us the desired result.

O
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Lemma 9. C? in the proof of Lemmahas the following bound
C* <200*K°L?0® + (40n*K*L? + 20°K?) (0] + B?E[|VF (6} ) II”)

Proof. Initially, we commence by deriving an upper bound for the variable C!

K—1 2
C!=E Z —nVF; (6% )
k=0
K—-1 )
<K’ ) E|VF (6:)]]
k=0
K—-1
= Kn* Y E||VF (6) — VF (6L,) + VFi (6:0)]°
k=0
K—-1
<2Kn? Y (EIVF (6L)) — VFi (01) I + EIVF; (65) [I7)
k=0 L smooth
K—1
<2Kn? Z (LQ]E”Hf,k - 9;:5,0”2 +E[VF; (6,) 1)
k=0

= 2K (LI; + KE[|[VF; (0;,) |*])
The initial and fourth line inequalities are established based on Jensen’s inequality. Using the afore-
mentioned results, we can determine the upper bound for C?.

O = < 0 < o 3 2K (I21) + KEIVE (6, 7))

iEN iEN
1
_ 2727t 2 72 (60 ) 112
= 2Kn° L3I + 20° K N;VEHIVE (6i0) II°]
< 200" K°L?0% + (40n' K*L? + 21°K?) (o7 + B*E[||VF (67 ) [I°])

Where the last inequality is established based on the assumption related to the averaged norm of the
local gradient and Lemma [§] O

T
Lemma 10. Z E Hmt_1 H2 in the proof of Lemmahas the following bound

ZEH t— 1H (Clo' +C20) ) CgEZHV.F 90)H ,

(1-
where C1 = n’K? + 20774K3L2A, C; = A(4On4K4L2+2n2K2) and C3 =
B2A (407 K*L? + 202 K?).
Proof. O
t o t

First, let’s unrolling the recursion of the momentum m?, i.e., m" = Zizo ATTAT

t
E Hth2 — EH Z)\t—rArHQ

LetTy =Yt _ N =12 For0 <A< 1, Ty < 115 Then,
i
E| ZW‘NHQ D SPUNIE
r=0 r=1
t 1 t
ST Y MTEAT)? < —— ) MNTTE|AT?
< t; A7 _17&; A7
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Using above results, we can get

T T—1 t
>_E[m 7 < ZZ}—%MW
t=1 t=1 r=1
T-1 ¢ yt-r
<> — ((n2K2 +20n*'K*L*A) *
t=1 r=1
Cy
+ A (400 K*L? + 20° K?) o
Ca

B (100K 12 + 207K BV )

Cs
T T—1 t
< T (C10® + C202) + ( 5 ) > ANTTE(VF (65)] )
t=1 r=1
< L (Cro?+ Co?) + Lc?,@z IV (65)°
= (1-))2 O D 0

The inequality in the second line can be obtained by substituting the result of Lemma[9)into Lemma
[l The 1nequa11ty in the six line can be obtained by summing the coefficients corresponding to each

[V (65)]1%, respectively.

Lemma 11. (Relaxed triangle inequality). For any a > 0, 2 < (1+a) o1 ]|* +

(1+3) llvel?

Proof. This lemma holds because when we organize the formulas on the right, we get 0 <
lavy — 2. O
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