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ABSTRACT

The Adaptive Moment Estimation (Adam) algorithm is widely adopted in practical
applications due to its fast convergence. However, its theoretical analysis is still far
from satisfactory. Existing convergence analyses for Adam rely on the bounded
smoothness assumption, referred to as the L-smooth condition. Unfortunately, this
assumption does not hold for many deep learning tasks. Moreover, we believe
that this assumption obscures the true benefit of Adam, as the algorithm can adapt
its update magnitude according to local smoothness. This important feature of
Adam becomes irrelevant when assuming globally bounded smoothness. This
paper studies the convergence of randomly reshuffied Adam (RR Adam), which
is the major version of Adam adopted in deep learning. We present the first
convergence analysis of RR Adam without the bounded smoothness assumption.
We demonstrate that RR Adam can maintain its convergence properties when
smoothness is linearly bounded by the gradient norm, referred to as the (Lo, L1)-
smooth condition. Further, under the same setting, we refine the existing lower
bound of SGD and show that SGD can be arbitrarily slower than Adam. To our
knowledge, this is the first time that Adam and SGD are rigorously compared in
the same setting where the advantage of Adam can be revealed. Our theoretical
results shed new light on the advantage of Adam over SGD.

1 INTRODUCTION

Machine learning tasks are often formulated as solving the following finite-sum problem.

n—1
min f(w) Z@ fi(w), (M
where n denotes the number of samples or mini-batches, and w denotes the trainable parameters.
Recently, it is noted that adaptive gradient methods including Adaptive Moment estimation (Adam)
(Kingma and Ba, 2014) are widely used to train modern deep neural networks including GANs
(Brock et al., 2018), BERTs (Kenton and Toutanova, 2019), GPTs (Brown et al., 2020) and ViTs
(Dosovitskiy et al., 2020). It is often observed that Adam converges considerably faster than vanilla
Stochastic Gradient Descent (SGD) for the training of Transformers, as seen in Figure 1(a). Similar
phenomena are also reported in BERT training (Zhang et al., 2019b).

Despite its practical success, the theoretical analysis of Adam is less than satisfactory. Existing
analyses rely on bounded smoothness assumption, i.e., the Lipschitz coefficient of gradients (or the
spectrum norm of the Hessian) is globally upper bounded by constant L, referred to as L-smooth
condition. However, recent studies show that the L-smooth condition does not hold in practical deep
learning tasks such as LSTM (Zhang et al., 2019a) and Transformers (Crawshaw et al., 2022).

Moreover, such an assumption hides the benefit of Adam. Intuitively, Adam can overcome the issue
of unbounded smoothness using adaptive learning rate. First, Adam uses the reciprocal of the square
root of the exponential moving averages of past squared gradients as an effective learning rate (see
Algorithm 1 for the update rule). Thus, the effective learning rate would be adapted to the local
gradient norm. Second, there is a strong correlation between the Lipschitz coefficient and the gradient
norm of deep neural networks (Zhang et al., 2019a; Cohen et al., 2021; Crawshaw et al., 2022). As
a result, Adam can adapt the update magnitude to the local Lipschitz coefficient and is empirically
observed to converge fast (Figure 1(a) and (Zhang et al., 2019a)). Unfortunately, such benefit is
hidden because existing theories of Adam are built upon L-smooth condition.
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To reveal the theoretical benefit of Adam, we analyze its convergence under a relaxed smoothness
condition called (Lg, L1 )-smooth condition (Zhang et al., 2019a):

IV2f(w)[| < Lo + L1 |V f(w)]]. @

When L; = 0, Eq. (2) degenerates into classical L-smooth condition. The (Lg, L1 )-smooth condition
allows the spectral norm of the Hessian (Lipschitz coefficient of gradients) to linearly grow with the
gradient norm of w, so it is a relaxed version of L-smooth condition. The (Lg, L1 )-smooth condition
is empirically observed to hold in LSTM (Zhang et al., 2019a; 2020) and Transformers (Figure 1(b)
and (Crawshaw et al., 2022)).
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Figure 1: Experiments on the WMT 2014 dataset trained with the transformer. (a): The training loss
of SGD and Adam. (b): The gradient norm vs. the local smoothness on the training trajectory. The
blue line in (b) stands for log(local smoothness) = log(gradient norm) + 1.4. It can be observed that
(e!4,0)-smooth condition holds in this task. Similar results can be seen in Zhang et al. (2019a).

Under the (Lg, L1 )-smooth condition, we successfully separate the convergence rate of Adam from
that of SGD. Our contributions are summarized as follows.

* We establish the first convergence result of Adam without “L-smoothness”. We prove that
Adam converges under the (Lg, L1 )-smooth condition.

* Our convergence result enjoys several good properties. First,there is no need for the bounded
gradient assumption (i.e. ||V f(w)|| < C). Eliminating this assumption is essential since the
(Lo, L1)-smooth condition would otherwise degenerate to the L-smooth condition. Second,
our result does not rely on other assumptions such as a bounded adaptor or a large regularizer
for numerical stability. Lastly, the convergence holds for every possible trajectory, which is
not only technically demanding but also much stronger than “convergence in expectation”.

* We present an improved lower bound for (S)GD under the (L, L1)-smooth condition. In
this lower bound, there is a factor related to the gradient norm of the initial point, which does
not exist in the upper bound of Adam. This indicates that (S)GD may converge arbitrarily
slow under the (Lg, L1)-smooth condition, showing the advantage of Adam over (S)GD.
To our knowledge, this is the first time that Adam and SGD are rigorously compared in the
same setting where the advantage of Adam can be revealed. We believe these results shed
new light on understanding the benefit of Adam.

2 RELATED WORKS

Convergence analysis for Adam. Adam is firstly proposed in Kingma and Ba (2015) with a
convergence proof. However, the proof is pointed out to have flaws by Reddi et al. (2018) and Reddi
et al. (2018) further provide simple counterexamples with which Adam diverges. This discovery
caused the convergence analysis of Adam to stagnate for a while and motivated a series of works
developing variants of Adam without divergent issues (see discussion in Appendix ??). On the



Under review as a conference paper at ICLR 2024

other hand, vanilla Adam works well in practice and divergence is not empirically observed. This
phenomenon motivates researchers to rethink the counterexamples. The counterexamples states “for
every 31 < /B2, there exists a problem that Adam diverges”. That is to say, the divergence statement
requires picking (1, 32) before fixing the problem, while in practice, the algorithmic parameters are
often picked according to the problem. Based on this observation, a recent work (Zhang et al., 2022)
proves that Adam can converge with (1, 82) picked after the problem is given.

We categorize the existing results of Adam into two classes based on the sampling strategy: with-
replacement sampling (a.k.a., i.i.d. sampling, abbreviated as ‘“WR”) and without-replacement
sampling (a.k.a., random reshuffling, abbreviated as “RR”’). We believe both sampling strategies
are worth studying: WR is more favored among the theory community due to its simple form, whereas
RR is widely used among practitioners because it is easy to implement. Further, RR guarantees to
pass each data at least once and brings good performance (Bottou, 2009; 2012).

The first line of work analyzes WR Adam. For instance, Zaheer et al. (2018b) shows that WR
RMSProp (a simplified version of Adam with $; = 0) converges to the neighborhood of the
stationary points. De et al. (2018) prove the convergence of WR RMSProp by assuming the signs
of the gradients to remain the same along the trajectory. However, this condition is not guaranteed
to hold in practice. Défossez et al. (2020) prove the convergence of WR Adam with 31 < fs.
However, their convergence bound is inversely proportional to &, which is the hyperparameter for
numerical stability. Consequently, their bound becomes vacuous as £ approaches zero. This result
does not match practical observations because small values of &, like 10~8, often yield satisfactory
performance. Moreover, employing large values of £ obscures the effect of /v, and thus the
proof is largely reduced to the proof of SGD. Huang et al. (2021); Guo et al. (2021) provide simple
convergence proof for WR Adam with 3, close to 1. However, their results require the /v, to be
bounded in a certain interval [C;, C,]. This condition changes Adam into AdaBound (Luo et al.,
2019). In summary, all the above works require certain strong conditions such as bounded /vy,
or large £. Further, they all require bounded gradient (||V f(z)|] < C) and bounded smoothness
(L-smooth) condition.

The second line of works focus on RR Adam. Shi et al. (2021) prove the trajectory-wise convergence
of RR RMSProp and Zhang et al. (2022) prove the in-expectation convergence of RR Adam. However,
these works both require L-smooth condition. Our analysis follows this line of works and provides
the first convergence result of RR Adam under relaxed smoothness condition.

Relaxed smoothness assumption. There are several attempts on relaxing L-smooth condition.
Zhang et al. (2019a) proposes (Lg, L1)-smooth condition to theoretically explain the acceleration
effect of clipped SGD over SGD. Similar results are also extended to clipped SGD with momentum
(Zhang et al., 2020), distributionally-robust optimization (Jin et al., 2021) , differentially-private
SGD (Yang et al., 2022) and generalized SignSGD (Crawshaw et al., 2022). However, they did not
theoretically analyze Adam in this setting. Considering the great empirical impact of Adam, we
believe it is important to study Adam in its original form.

One concurrent work (Li et al., 2023) studies the convergence of WR Adam under (Lg, L1 )-smooth
condition by cleverly constructing certain stopping time. They also propose a variance-reduced
variant with better convergence rate. However, their bound on Adam has polynomial dependence
over 1/¢ (the hyperparameter for numerical stability). Similarly to (De et al., 2018), this result does
not match practice observations, since Adam performs well even when & is as small as 10~8. Further,
they do not compare the rate of Adam with SGD, probably because there is no directly-applicable
lower bound of SGD that can support the rigorous comparsion.

3 PRELIMINARIES

This section introduces notations, definitions, and assumptions that are used throughout this work.

Notations. We list the notations that are used in the formal definition of the randomly-shuffled Adam
and its convergence analysis.

* (Vector) We define a © b as the Hadamard product (i.e., component-wise product) between
two vectors a and b with the same dimension. We also define (a, b) as the ¢ inner product
between a and b. We define 1,4 as an all-one vector with dimension d.
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* (Array) We define [m,mo] 2 {my, -+ ,ma}, Vmy,ms € N,m; < msy. Specifically, we
use [m] = {1,--- ,m}.

* (Asymptotic notation) We define A;(z) = Oy_q(A2(x)) if | I)| is bounded when
& — a. We define Ay(z) = Quq(A;(x)) when A;(z)= O,_q(Az(x)). We use O
to denote O with logarlthmlc factors hidden, i.e., A;(z) = Ozﬁa( 2(x )) if A1(z) =
Oz a(Az2(2)log |A2(2)[). When the context is clear, we hide "z — a” and only use

0,0,0.

Pseudocode. To facilitate the analysis, we provide the pseudocode of Adam in Algorithm 1.

Algorithm 1 Randomly reshuffled Adam (RR-Adam)

Input: Objective function f(w) := Z?:_Ol fi(w), learning rate series {n;, }7_, and hyperparame-
ters (81, 82) € [0,1)2. Initialize the parameter w1 o € RY, the conditioner v, _; € R%2°, and
the momentum m; _; € RY,
fork =1to T do
Randomly shuffle [0, n — 1] to get {7 ; }?;01
fori=0ton —1do
Calculate gy ; = V fr, , (wn, ;)
Update vy, ; = fovp,i—1 + (1 — 52)9;(2?,
Update my, ; = Simg,i—1 + (1 — B1)gn,i
Update wy, ;41 = W — Ukﬁ Omy;
end for
Update vii1,-1 = Vi1, Mpt1,—1 = Men—1, Wei1,0 = Wk,n
end for

my,; and vy, ; are weighted averages with hyperparamter 81 € [0,1) and 32 € [0, 1), respectively.
¢ is adopted for numerical stability and it is often chosen to be 10~® in practice. In our theory, we
allow £ to be an arbitrary non-negative constant including 0.

Algorithm 1 follows a without-replacement sampling strategy (also known as shuffling), which is
the default strategy used in CV, NLP, GANs, etc. However, it is not necessarily easy to analyze
shuffling strategy, because the stochastic gradients sampled by random-shuffling lack statistical
unbiasedness, i.e. E [V fii(vk:)|2k:] # Vf(xk,:). This bias requires a much different analysis
from its with-replacement counterpart. Even for SGD, the analysis for shuffling is often known to be
“more challenging” (Tran et al., 2021; Mishchenko et al., 2020). However, we choose to study this
version as it is closer to the practice.

We make two mild assumptions on the objective function (Eq. (1)).
Assumption 3.1 ((Lo, L1 )-smooth condition). f;(w) satisfies (Lo, L1)-smooth condition, i.e., there
exist positive constants (Lg, L1), such that, Yw, , wo € RY satisfying ||w; — ws|| < L%,

[V fi(wy) = V fi(ws) || < (Lo + L1 ||V fi(w1) ) [wi — wo|. 3)

Eq. (3) is firstly introduced by Zhang et al. (2020). When f(w) is twice differentiable, Eq. (3) is
equivalent to Eq. (2) (Zhang et al., 2020). We will use the version of Eq. (3) since it does not require
f(w) to be twice differentiable.

Assumption 3.2 (Affine Noise Variance). Vaw € RY, the gradients of { f;(w)}? has the following
connection with the gradient of f(w):

n—1
Z IV fi(w)[|* < D1V f (w)]* + Do.

Assumption 3.2 generalizes the “bounded variance” assumption (which requires D; = 1/n) (Ghadimi
et al., 2016; Zaheer et al., 2018a; Huang et al., 2021) and the “strongly growth condition” (which
requires Dy = 0) (Schmidt and Roux, 2013; Vaswani et al., 2019). Assumption 3.2 allows flexible
choices of Dy & D; and thus it is among the weakest assumption of this kind.
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4  ADAM CONVERGES UNDER THE (L, L1)-SMOOTH CONDITION

Theorem 4.1. Consider RR-Adam defined as Algorithm I with diminishing learning rate n;, = %
Let Assumptions 3.1 and 3.2 hold. Suppose the hyperparamters satisfy: 0 < 32 < By < 1 and f35 is
larger than a threshold ~(D1). Then, we have

IV fwio)ll V£ o)l \ _ a ( fwso) — ming f(w)
{ N o }SO( JT

min )+ 0 -5V, @
kel1,T)

For simplicity, we defer the concrete form of y to Appendix D.2. We provide some remarks on the
results as follows.

On the presentation of Theorem 4.1. As we state in Section 2, our analysis follows the line of
(Shi et al., 2021; Zhang et al., 2022), and we present our theorem in a similar way: we use T' as
the number of epochs instead of the number of iterations (in which case the total iteration would be
nT"). We use asymptotic notations since the concrete coefficiencies are rather complex (we defer a
detailed statement of the theorem to Appendix D.2). Here we highlight that the hidden coefficiency

of M\/ﬂ%nwﬂw) is @(ﬁ) Therefore, if B3 = 1, the right-hand-side of Eq. (4) vanishes,

and thus Theorem 4.1 can not be applied to SGDM to derive the convergence rate.

On the range of hyperparameters. Theorem 4.1 indicates that Adam can work when (3 is close
enough to 1. This matches the practical choice of 52 (e.g., 0.999 in default setting, 0.95 in the GPT-3
training (Brown et al., 2020)). Note that our result does not contradict the counterexamples of Adam’s
non-convergence (Reddi et al., 2018; Zhang et al., 2022), as these divergence results require 35 to be
small and thus not close to 1. Rather, these counterexamples suggest that large 35 is necessary for
convergence. As for 31, Theorem 4.1 needs 37 < [32. When 33 is large, Theorem 4.1 allows a wide
range of candidates of 5, (e.g., 0.9 in default setting and 0.5 in GAN (Radford et al., 2015)).

On the advantages besides (L, L1)-smooth condition. We emphasize some more advan-
tages of Theorem 4.1. First, Theorem 4.1 does not require that the gradient norm is bounded.
This is vital since otherwise (Lg, L1)-smooth condition will degenerate to L-smooth condi-
tion. Further, we do not assume the adaptive learning rate 7;/,/v; to be upper bounded.
We do not assume & to be large, which agrees with the deep learning libraries because
small ¢ such as 10~® usually works well. Our theorem allows any non-negative ¢ includ-
ing 0. Finally, Theorem 4.1 holds for every possible trajectory, which is much stronger
than the common results of “convergence in expectation” and is technically challenging.

On the neighborhood of stationary points. When Dy # 0,
Theorem 4.1 only ensures that Adam converges to a neighbor-

hood of stationary points {w : min {“V\J;(Dil))”, ij%)“z} <

O((1 — B2)v/Do)}. Since SGD converges to the stationary points
with diminishing learning rate, one may wonder if Theorem 4.1 can
be improved to obtain the same conclusion as SGD. Unfortunately,
there is a counterexample in the existing literature ( function (9) in
Zhang et al. (2022)) showing that Adam does not converge to sta-
tionary points even if all the conditions in Theorem 4.1 are satisfied.
Specifically, Zhang et al. (2022) consider the following function:

Figure 2: Reconduct of exper-
imental results from (Zhang
etal., 2022).

(r—1)%ifj =0

9 1
flx) = Zofj(g:) = —x2f1, where fj(x) = { o1 (9:— %)2 if1<j<9

10

One can easily verify such an example satisfies Assumptions 3.2 and 3.1 with Dy > 0. As shown in
Figure 2, when running Adam (with 8; = 0.9, 7, = 0.1/Vk, a = 3,9 = —2), it does not converge
to exact stationary points. Instead, it converges to a neighborhood of stationary points with size
inversely proportional to 5. Therefore, the non-vanishing term in Theorem 4.1 is not due to the
limitation of the proof. Rather, it is an intrinsic property of Adam.

Why cannot Adam converge to exact stationary points when Dy > 07 Intuitively, this is because even
with diminishing 7y, the effective learning rate fhﬁif/ﬁ may not diminish due to the potentially
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decreasing /vy, ;. The good news is that O((1 — 2)v/Dy) approaches 0 as 32 gets close to 1. This
means that the neighborhood shrinks as S — 1 (this is also observed in Figure 2). As discussed
above, the practical use of 35 is close to 1, and thus O((1 — f2)+/Dy) is tolerable.

5 PROOF SKETCH OF THEOREM 4.1

In this section, we briefly explain our proof idea for Theorem 4.1, which can be divided into two
stages. In Stage I, we will prove Theorem 4.1 for Adam with 51 = 0 to show the challenge brought
by (Lo, L1)-smooth condition and how we tackle it. In Stage II, we then show the additional difficulty
when adding the momentum and our corresponding intuition to solve it.

Stage I: Convergence of Adam with 5; = 0. By the descent lemma,

L oc
Jwiy10) = f(wio) <(Wrr1,0 — Wi o, Vf(wio)) + IT”’wk+1,0 —wy 0%,
First Order

&)

Second Order

where Lj,. is the local smoothness. We bound the first-order and the second-order term respectively.
The upper bound on second-order term is relatively simple. Due to the limited space, we only show
the idea of bounding first-order term here.

The ever-changing adaptive learning rate poses a challenge on deriving the bound. It is even
noted that with small S5, the first order term can be positive (Reddi et al., 2018). However, we
notice that if vy, ; is stationary, i.e., RMSProp degenerates to SGD with preconditioning, the first
order term equals to —n, (>, m O Vfn (Wri), Vf(wro)) =~ —nr(d; m ©)
V fr . (Wi,0), Vf(wg,0)), which is indeed negative. While that vy, ; is stationary” is too good to
be true, we prove that v, ; changes little when S35 is close to 1, assuming that the gradient is large.
Below we denote vy 1, ; as the I-th component of vy ;.

Lemma 5.1 (Informal). For any | € [d] and i € [0,n — 1], if maxpeo,n—1] [O1fp(wr0)| =
B (k—1—1)
Q21 By = e [V (wro)ll + ), then [ — viol = O((1 = Ba)viko).

The idea of Lemma 5.1 is simple: since vy ; = Bovgi—1 + (1 — B2)V [, | (wf,m.)m, the change
of vy, ; w.r.t. ¢ should be small when (3, is large. However, we need to check that the relative size
of Vfr, ,(wy, ,)®? w.rt. vy ;1 is uniformly bounded across varying 32, otherwise the term (1 —
B2)V fr  (wr, )©2 may not go to zero when 32 — 1. We resolve this challenge by expanding vy, ;
in terms of squared gradients and bounding the gap between each of the terms and V f, , (w-, )©2
by echoing (Lo, L1)-smooth condition. We defer a detailed proof to Corollary D.9 for details. '

As a conclusion, if we denote those dimensions with large gradients (i.e., satisfying the requirement
of Lemma 5.1) as Llar . and the rest as L* . Lemma 5.1 indicates that the Lfarge part (i.e.,
ZlELfmge (Wi kt1,0 — wl,k,o)a,f(wm)) in the first order term can be bounded as

ouf(
P> %Tszaﬁ% ()

le]Lwa
- O f (wr,0) | f (wr,0)] 2 |5lfm,i(wk,i)|))
- nkle]Lkz (\/Vlk0+£+0(( —B2) VViko+€
=-Q (m min { HV%’O)H , |Wf\(/1%o)“ }) + O(ne(1 = B2)V/Do).

The last equation uses the affine noise assumption (Assumption 3.2), and we defer a detailed proof

to Appendix D.4. A remaining problem is how to deal with those components in L* .. We
k—1—1)
treat them as error terms. Concretely, [ € L* . indicates that 9, f (wy0) = O(Zlel By 2

||V f(wyr0)|| + 7i). Applying it directly into Zlem - (Wi k41,0 — Wi,k,0)01 f(Wk o), we have

2 %’“jgzam,wm = <nk <Zﬂ2 kN WTIIVf(wr0)||+77k>)7

leLk

large
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A fry  (Whi) .
where the equation is because Zf#(f&) is bounded (proved by Lemma D.3).
In order to upper bound the first order term, we then need to prove that
— (. minf IS @eo)l IV @0l V) gom o LR et
(mx min{ VD: VDo }) dominates (nk(Zrzl By 0|V f(weo)|l + 7x))-

This is not necessarily true, as the historical gradient norms in the latter term can be large.
Remark 5.2. We recognize this as the challenge brought by (Lo, L1 )-smooth condition, since the

latter term degenerates to O(n3) with L-smooth condition, which is minor (Zle n? is only in order
log T).

We address this challenge by noting that what we need to bound is the sum of the first or-
der term. Fortunately, although we cannot upper bound the first order term in one single

epoch, we can bound the sum of it across epochs. By a sum order change, the sum of
(k—1—1r)

Omk(XFZ1 B, = n|[Vf(w0)|| + nk)) over k equals to O(Y1_, n2[|Vf(wio)| + InT).

This is smaller by the sum of —(n; min{ ”Vf\(;j‘%"’)” , va\(;‘%“)“rz }) by order of 7, excepta InT
term due to the mean value inequality 17||V f(wg 0)|| < O(n2) + O(n? g—;HVf(wk,o)HQ). We

then conclude the sum of the first order term is —€ (1), min{ ”vf\(/lg—';‘o)” , HVfE/%o)Hz 4+ O(nT).

Stage II: adding the momentum. The second order term of Adam can be bounded similarly.
However, the analysis of the first order term becomes more challenging even though we still have

. . My 4 N
Vi, & Vi 0. Specifically, even with constant v, ; = v 0, =1k (>, \/W,’+5>—Vf(wk,o)) > (s
not necessarily correct, as the momentum 1, ; contains a heavy historical signal, and may push the
update away from the negative gradient direction.

We resolve this challenge by observing that the alignment of w410 — wg,0 and —V f(wy o) is
required due to that our analysis is based on the potential function f(wy, o). However, while this
potential function is suitable for the analysis of RMSProp, it is no longer appropriate for Adam based
on the above discussion. We need to construct another potential function. Our construction of the
potential function is based on the following observation: we revisit the update rule in Algorithm 1

. . mh'fﬁlmk",l _
and rewrite it as lliiﬁll = VfT,m (wk,i)-

Notice that the right-hand-side of the above equation contains no historical gradients but only the
gradient of the current step! By dividing (/) ; + £)/n above,

Wik,it1 *'wk,i*ﬂl(wk,i *wk,i—l) Nk My, *Blmk,i—l Nk
- =— O Vifry  (wi,i).
1— 81 NZITOREI P 1— 51 NZ ORI Y
After simple rearrangement, one can see that the sequence {uy, ; = %ﬁf’““l} are (approxi-

mately) doing SGD within one epoch (with coordinate-wise but constant learning rate vy, ;)! Further

Lt BkioL and wy; is in order of one step’s

notice that the distance between uj; = wg; + 51 5

update, and thus uy ; ~ wy, ; . Therefore, we choose our potential function as f(uy ;). The Taylor’s
expansion of f at uy o then provides a new descent lemma, i.e.,

Lo + L1 ||V f (wi,0) |l 2
- ;
3 |wk+1,0 — Wl ©
Second Order

furs1,0) — f(ur0) <{urt1,0 — k0, VI (ko))
First Order

By noticing wy, ; = uy; = ug,o, the first order term can be further approximated by —( ®

V f(wgo), V f(wyg,0)) which is negative. The rest of the proof is the same as that of Stage I.
Remark 5.3. We notice that similar potential functions have already been applied in the analysis of
other momentum-based optimizers, e.g., momentum (S)GD in (Ghadimi et al., 2015) and (Liu et al.,
2020b) and Adam-type optimizers (except Adam) in (Chen et al., 2018b). However, extending the
proof to Adam is highly-nontrivial. The key difficulty lies in showing that the first-order expansion
of f(ug,o) is positive, which further requires that the adaptive learning rate does not change much
within one epoch. This is hard for Adam as the adaptive learning rate of Adam can be non-monotonic.
The lack of L-smooth condition makes the proof even challenging due to the unbounded error brought
by gradient norms.



Under review as a conference paper at ICLR 2024

6 COMPARISON BETWEEN ADAM AND SGD

Now we compare the convergence rate of Adam with SGD. To do so, we need a lower bound of SGD
in the same setting as Theorem 4.1. There are several existing lower bounds of SGD under (Lg, L1)
smoothness condition (e.g., (Zhang et al., 2019a; Crawshaw et al., 2022)). However, we find these
lower bounds cannot be directly applicable for comparison with Adam. This is because:

* 1) The lower bounds in (Zhang et al., 2019a; Crawshaw et al., 2022) can only be applied
to SGD with constant learning rate. However, to compare with diminishing-learning-rate
Adam in Theorem 4.1, we need a lower bound of SGD with diminishing learning rate.

2) In the lower bound of (Zhang et al., 2019a; Crawshaw et al., 2022), they pick the learning
rate before the construction of the objective function and initialization point (we restate their
lower bound in Appendix B.1 for completeness). In other words, it is possible that if we fix
the objective function and tune the learning rate (which is a common practice in the training
of deep neural networks), SGD can converge very fast. For rigorous comparison with Adam,
we need a lower bound with reversed ordering. That is, we need the following statement:
“consider a fixed objective function and initialization point, then no matter how we pick the
learning rate, SGD suffers from a certain rate. ”

Unfortunately, there is no existing lower bound that satisfies the above two properties. In the following
theorem, we provide a refined lower bound of SGD in the setup that we desired.

Theorem 6.1. For any Ly, L1, T > 0, there exists an objective function f obeying Assumption
3.1, and an initialized parameter wq satisfying M = sup{||V f(w)| : f(w) < f(wo)}, such
that Y1 > 0, the iterations of SGD {w,}$2, satsifies minger ||V f(wy)||? = QM (f(wo) —

MmNy, erd f(w))/\/f)

The proof can be in Appendix C. The proof idea is mainly motivated by Zhang et al. (2019b). We
highlight some differences when we try to reach the two properties mentioned previously.

* To change constant learning rate into diminishing learning rate, we show that: when the
initial learning rate 7 is larger than a certain threshold, the decay rate of the learning rate
cannot offset the curvature explosion along the iteration, causing divergence; on the other
hand, when initial 79 is small, it would lead to slow convergence. This is a new finding in
(Lo, L) setting. We prove this result by mathematical induction. This part of the discussion
is not required in the lower bound of Zhang et al. (2019b) with constant learning rate.

* To reverse the ordering of “picking learning rate and functions & initialization”, we simply
augment the worst-case example in Zhang et al. (2019b) into 2 dimensional space. It turns
out this simple trick is effective in the proof.

Comparison between Adam and SGD. Finally, we discuss the implication the lower bound of
SGD (Theorem 6.1) and the upper bound of Adam (Theorem 4.1). In the lower bound of SGD, there
is an extra constant M/ which does not appear in the upper bound of Adam. This allows us to compare
the convergence rates of these two algorithms.

We summarize our findings as follows. We emphasize that Theorem 4.1 and Theorem 6.1 share
exactly the same setting: both consider function class under the same assumptions; both SGD and
Adam use diminishing learning rate. Therefore, the following comparison is rigorous.

Finding 1: When Dy = 0. There exists a set of w with infinite Lebesgue measure, such that, when
starting at any w in this set, Adam converges (to stationary points) faster than SGD.

Finding 2: When Dy > 0. There exists a set of w with infinite Lebesgue measure, such that, when
starting at any w in this set, Adam converges (to the neighborhood of stationary points) faster than
SGD.

Note that the above statement “algorithm 1 converges faster than algorithm 2’ does not mean that
algorithm 1 always converges faster than algorithm 2. For sure, rarely can anyone make such a strong
statement. The above statement actually means that “the worst-case complexity of algorithm 1 is
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faster than that of algorithm 2, and both complexity bounds can be simultaneously achieved when
working on the same function and starting at the same initialization” '

Proof. We now prove Finding 1. First, we state an important fact from the proof of Theorem 6.1.

Fact 1: For the counter-example we constructed in Theorem 6.1. M = sup{||V f(w)|| : f(w) <
f(wo)} goes to infinity as ||w]| goes to infinity. Further, for any C' > 0, the set {w : M > C'} is of
infinite Lebesgue measure.

Based on Fact 1, for the worst-case example in Theorem 6.1, there must exist a region in R? where M
is larger than all the constant terms in the upper bound of Adam in Theorem 4.1. Further, Such region
is of infinite Lebesgue measure. When running Adam and SGD simultaneously on this worst-case
example starting from any w in this region, the constants in the upper bound of Adam is smaller than
the constants in the lower bound of SGD. Since the upper and lower bounds share the same rate, we
conclude that Adam converges faster than SGD.

The proof of Finding 2 is the same as above. We omit it for brevity. O

Note that when Dy > 0, Adam is still guaranteed to converge faster, but only to the neighborhood in
lieu of the exact stationary points. We emphasize that this “neighborhood” cannot be eliminated since
there is a counter-example showing that Adam cannot reach 0 gradient when Dy > 0 (see Figure
2). So this is an intrinsic property of Adam, rather than the limitation of the theory. Nevertheless, we
believe the effect of “not converging to exact stationary points” is minor in practice. This is because:
1) As shown in Theorem 4.1 and Figure 2, the size of the “ambiguity zone” is inversely proportional
to B2. Since (35 is often chosen to be close to 1, the ambiguity zone shrinks and becomes negligible.
2) Machine learning tasks do not pursue high-precision solutions (as much as other fields like PDE).
Practitioners usually aim to efficiently find approximate solutions, rather than exact solutions that
over-fit the training data.

To our knowledge, the discussion above is the first time that Adam and SGD are rigorously compared
in the same setting where the advantage of Adam can be revealed. We believe these results shed new
light on understanding the benefit of Adam.

Finally, we briefly explain why the upper bound of Adam is independent of M. Intuitively, this is
because: (1) it uses different learning rates for different components of w. (2) For each component
of w, the effective learning rate adjusts according to the gradient norm (thus according to the local
smoothness). Even though the initial effective learning rate is small, it gets larger when moving in a
flat landscape. Combining together, the initial learning rate of Adam can be independent of M, and
S0 is its convergence rate.

7 CONCLUSIONS AND FUTURE DIRECTIONS

In this paper, we take the first step to theoretically understanding the adaptivity in Adam. We provide
the first convergence result under (Lg, L1)-smooth condition, which is realistic and close to practical
settings. Then, we refine the lower bound for SGD in the same setting. By comparing the complexity
bound of Adam and SGD, we find out that Adam can converge arbitrarily faster than SGD when the
initial gradient norm is large.

Future directions. One interesting future direction is to find out the benefit of using momentum in
Adam. Theorem 4.1 provides the same convergence rate for 5; = 0 (RMSProp) and 5; > 0 (Adam).
In other words, we are still not able to separate the iteration complexity of Adam and RMSProp, and
thus we can not explain the benefit of momentum in Adam. We believe this is a challenging future
work since the effect of momentum is not clear even for SGD with momentum, let alone for Adam.
A potential approach is to first theoretically prove the benefit of momentum in SGD with momentum,
and then try to adapt it in the analysis of Adam. Further, it is interesting to investigate whether Adam
can handle more sharp smooth conditions, e.g., smoothness is bounded by a high-order polynomial
of the gradient norm.

"Here, we follow the definition of “algorithm 1 is faster than algorithm 2” in (Sun and Ye, 2021), which is a
widely accepted definition in the optimization field.
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A ADDITIONAL RELATED WORKS
In this section, we provide discussions on more related works.

Variants of Adam. Ever since the counter-example of the convergence of Adam raised by Reddi
et al. (2018), many new variants of Adam have been designed. For instance, Zou et al. (2019);
Gadat and Gavra (2020); Chen et al. (2018b; 2021) replaced the constant hyperparameters by iterate-
dependent ones e.g. 31; or B2;. AMSGrad (Reddi et al., 2019) and AdaFom (Chen et al., 2018b)
enforced {v;} to be non-decreasing. Similarly, AdaBound (Luo et al., 2019) imposed constraints
vy € [Cy, Cy] to prevent the learning rate from vanishing or exploding. Similarly, Zhou et al. (2018b)
adopted a new estimate of v, to correct the bias. In addition, there are attempts to combine Adam
with Nesterov momentum (Dozat, 2016) as well as warm-up techniques (Liu et al., 2020a). There are
also some works providing theoretical analysis on the variants of Adam. For instance, Zhou et al.
(2018a) studied the convergence of AdaGrad and AMSGrad. Gadat and Gavra (2020) studied the
asymptotic behavior of a subclass of adaptive gradient methods from landscape point of view. Their
analysis applies to RMSprop-variants with iterate-dependent fS2;. In summary, all these works study
variants of Adam, which is different from our work since we focus on vanilla Adam.

Generalization ability of Adaptive gradient methods. The generalization ability of Adam is a
hot debate topic. For instance, Wang et al. (2021) study the implicit bias of adaptive optimization
algorithms on homogeneous neural networks. They proved that the convergent direction of Adam and
RMSProp is the same as SGD. Zhou et al. (2020); Xie et al. (2022); Zou et al. (2021) argue that Adam
preferred sharp local-min while GD prefers the wide ones. As such, they argue that Adam generalizes
worse than SGD. Zou et al. (2021) prove that Adam generalizes worse than SGD over a specific
model. There are also several attempts to improve the generalization ability of Adam. For instance,
Padam (Chen et al., 2018a) introduces a partial adaptive parameter to improve the generalization
performance. AdamW (Loshchilov and Hutter, 2017) improves regularization in Adam by decoupling
the weight decay from the gradient-based update.

B ADDITIONAL DISCUSSIONS

B.1 RESTATEMENT OF EXISTING LOWER BOUND OF SGD

We restate the lower bound of GD in Crawshaw et al. (2022) as follows:

Proposition B.1 (Theorem 2, Crawshaw et al. (2022)). For any Ly, Ly, > 0, M > max(%’, €),

with a fixed constant learning rate 1 for GD, there exists an objective function f obeying Assumption
3.1, and an initialized parameter wy satisfying M = sup{||V f(w)]| : f(w) < f(wo)}, such that
denoting {w;}2, be the iterations of running GD over f with initialization wq and learning rate 1),

ift < @MUl miend )y o (17 f (wy) || > e

€

The above proposition is used to claim that the convergence rate of GD has a dependence over an
additional constant M, which can be arbitrarily large and make the convergence rate of GD arbitrarily
slow. However, we argue that the above proposition is not a standard lower bound and does not
suffice to support such a claim. This is because: Proposition B.1 picks the learning rate before the
construction of the objective function and initialization point. In other words, the construction is
based on the knowledge of the learning rate, and it is possible that if we fix the objective function and
tune the learning rate (which is a common practice in the training of deep neural networks), GD can
converge very fast and be independent of the additional constant M. It is more desired that in the
lower bound, the objective function and initialization point is constructed before picking the learning
rate, which is also a standard setting in other lower bounds Arjevani et al. (2023); Carmon et al.. In
the following theorem, we provide a lower bound of the convergence rate of SGD in the more desired
setup.

B.2 COMPARISONS OF OPTIMIZERS OVER THE FINE-TUNING TASK

For the case where the gradient along the trajectory is small, the (Lo, L1)-smooth condition can
be easily described by the L-smooth condition with small gap, and thus SGD works well. This
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may explain the phenomenon that SGD is also adopted in some finetuning tasks, as pretraining can
be viewed as selecting a good initialization and we can expect that the gradient is small along the
trajectory. It is an interesting future work to formalize the above discussion.

B.3 ADVANTAGE OF ADAM OVER THE GD/SGD WITH GRADIENT CLIPPING

Zhang et al. (2019a) shows that GD/SGD with gradient clipping converges under (Lg, L) smooth
condition. A natural question is that what is the benefit of Adam over GD/SGD with gradient clipping.
Honestly, we are not able to give strong theoretical evidence to this question. However, comparing
our current result for Adam to the result for GD/SGD with clipping, one advantage is that Adam can
handle more complex noise that satisfies affine variance noise assumption while existing analyses of
GD/SGD with gradient clipping under the (Lg, L1 )-smooth condition all assume that the distance
between stochastic gradient and true gradient are bounded with probability 1 ([Zhang et al., 2019]
and [Zhang et al. 2020]), which is strictly stronger than ours. It will be interesting to either provide
counterexample that SGD with clipping does not converge with affine noise assumption, or prove
that SGD with clipping does converge and find other perspective to demonstrate the advantage of
Adam over SGD with clipping.

B.4 INSIGHT FOR PRACTITIONERS

First, Adam receives great popularity among practitioners (with more than 100k citations). It is
important to theoretically understand this algorithm.

Second, our result theoretically verifies a well-known practitioners’ choice: When running experi-
ments on tasks such as Transformers and LSTM training, use Adam instead of SGD.

Third, we provide suggestions for hyperparameter tuning (based on the convergence conditions in
Theorem 4.1): when running Adam, we suggest tune up S and try different 8;s such that 81 < /5.
This suggestion would save much effort of grid-searching the (81, 82) combination.

C PROOF OF THEOREM 6.1

In this section, we prove Theorem 6.1. We consider the following function with variable w =
(z,y) € R% f(w) = f((z,y)) = fi(z) + f2(y), where

Ly exptr®—1 1
2 T € [Ll,oo),
L01‘2 Lo 1 1
= o -, = 7
fl(x) 2 QL% ) 6[ Ll’Ll]’ ( )
Lo exp~frz—1 1
% ,xG(—oo,—Ll].
e
E(y_1)+§ ,yG[].,OO),
e
f2<y) = §y2 Y € [_L 1]7 ®)

€
76(y+1)+§ ,y € (—o0,—1].

The construction of both functions (7) and (8) are motivated by Zhang et al. (2019a). One im-
provement here is that we introduce a single function with variable w € R? f(w) = f((x,y)) =
f1(z) + f2(y), which helps us to derive a stronger conclusion, i.e., the constructed f is independent
of n1. It is easy to see that this f(w) satisfies (Lo, L1) condition with Ly = Ly and L; = L. We
now restate Theorem ?? as follows with constants specified.

Theorem C.1 (Theorem ??, restated). Consider function f(w) = f((z,y)) = fi(z) + f2(y)
with f1(x) and f2(y) defined in (7) and (8). Consider gradient descent with diminishing

learning rates: wgy1 = wyp — MV f(wyg), where 1, = % Then for any ¢ > 0 and
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log 2

vao1 1
M > {w,s}, there exists an initialization wg = (xo,yo) such that, M =
sup{||Vf(w)|| : w such that f(w) < f(wo)}, and for any n; > 0, ||V f(wy)|| > € whenever
L11\/I+ﬂ 2(f2(yo)—miny f2(y)7§)2
If < (2(1+\/§)(12 lell\/l 1 £ 82 2 .
og (G + 1)+1)

Before giving the proof of Theorem C.1, we briefly discuss the difference between ours and (Zhang
et al., 2019a, Theorem 4). Generally speaking, our result is stronger than (Zhang et al., 2019a,
Theorem 4). This is because we pick the function before the learning rate: we prove that there exists
a function f and an initialization, such that with any learning rate GD takes a long time to reach the
stationary point, while (Zhang et al., 2019a, Theorem 4) picks the learning rate before the function:
they prove that with any learning rate, there exists a function f and an initialization, such that GD
takes a long time to reach the stationary point.

We next present the proof of Theorem C.1 in Part I and Part II as follows. For simplicity, we

let || - || to be the ¢, norm, and the proof can be easily extended to other norms given the equiv-
y Lo
. . log(ZH2 +1)+1 fi(@o)=57%

alence between norms in R2. We pick o = (“2714) and yg = - % We

have fi(zo) — min, fi(z) = fa(yo) — miny f2(y), and thus f((zo,y0)) — ming,, f((z,y)) =
2 (f1(ro) — ming f1(z)). As M > &, sup{|[V ()] - w such that f(w) < f(wo)} s achieved at
(x(,0) where z, satisfies f1(z() — min, fi(x) = 2 (f1(xo) — min, f1(z)). By simple calculation,
we have sup{||V f(w)]| : w such that f(w) < f(wo)} = M.

In the proof, we use xj, to denote the value of z (i.e., the first component of w € R) in the k-th
iteration of gradient descent. Similarly for y.

Part I: Large 7; can cause divergence. In this part, we prove that: when using the large initial

L1 (14+v?2)|zo]

learning rate 7, > TT=o7—1» decay-learning-rate gradient descent will never reach stationary

— Lpexp
points.
We prove this claim by induction. When k& = 1, we claim the following two statements are true:

(A-D: |z1| > V2o

L1(1 2
(D) = 2 > FallbvDlml

We first prove (1-I): without loss of generality, we assume x; > 0. By the update rule of gradient
descent, we have

B df (xo)
rr = To—T"T Oz
@ Lo exptiro~!
= xo_an
L1 (14 v2)|zg| Lo exprro—1
< a— Ll( » |$)||_(i| 0 €Xp :—\[2$0~
o exphil®o Ly

So |z1| > v/2|zo| and (1-1) is proved. We now prove (1-II). Before that, we introduce the following
lemma.

Lemma C.2. Consider any x,y € {z : |z| > ﬁ,z € R}. When |y| > V2|

, then we have
lyl 1 ||

explilvl = (/2 explilel®
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Proof. Letg(z) = exp%lz' Itis easy to see that Vg(z) < 0 when z > 0. Therefore, when z; > V22,

1
we have g(z1) < g(v/222). When 25 > ﬁ, we have

log 2
(V2-1)L,
\/5[1122 > 10g2 + L1z
expﬁLlZ? > 2 expl1#

1 1
= L
exp\/iLlf?f? 2eXp 122
\@22 22

> .
expY2liza — \/2expliz

Z2 >

t 3

21 < N2z 22

exleLl - cxpﬁl‘lz2 - \/EexpLIZQ'

Therefore, we have Proof of Lemma C.2 is completed.

Now we prove (1-1I):

Li(1+v2)|zo| 1
LO exlelz()'_l \/5
(1-1)and1§mmac.2 L1(1+f)|x1\\[7
L explilenl=1 V2
Li(1 + v2)]a |

Ly explileil-1

%

So (1-II) is proved. Now we suppose the following two claims hold for & = 2m where m € N*.

(21’11-1): |x2'm+1| > \/§|x2m“

m > Li(+V2)|zama]
V2m+2 = Lyexprilzam41l-1

(Cm-1D: nom42 =
Then for k = 2m + 1, we prove the following claims hold for £ = 2m + 1.
((2m+1)'1) ‘m2m+2| > \/§|x27n+1"

(@M+D-ID: Ty = iy > 20D

We first prove ((2m+1)-I):

Of (x2m+1)

Tom+2 - Tom+1 — 12m—+2 8(E

Lo
Lix —1
= Tam41 = 2mi2] - €XP tremAt
1

e Li(1+ V2)|zam 1| Lo exphrozmsr 1
x _
> 2m+1 LO expL1|m2m+1|*1 L1
< V22941

SO |Zom2| > V2|Z2m1| and (2m+1)-I) is proved. We now prove ((2m+1)-II).
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_ [2m 4+ 2
M2m—+3 - 2m+2 2m n 3

(2n;H) Li(1+ \/§)|$2m+1‘ 2m +2
= LO expL1|w2m+l‘*1 2m + 3

(2m-I) andgemma C2 L1(1 + \/i)|x2m+2‘ \/5 [2m + 2
LO expL1|w2M+2‘_1 2m + 3

Ll(l + \/§)|$2m+2‘
LO eXpL1|£2m+2\—1 '

So ((2m+1)-II) is proved. We can derive a similar claim when k is odd. By the principle of induction,
we know that |z 1| > v/2|x| for any k > 1. Since fi(x) grows exponentially, gradient descent in
Part I will never reach stationary points.

Part II: Small n; can cause slow convergence. In this part, we prove that: when using initialization
Li(14+v2)|zo| _

w € (), decay-learning-rate gradient descent with small initial learning rate 1, < To expLileol-T =

(1+V2) (log (G +1)+1)

will cause slow convergence. For any k > 1, we have

LS
e —y _ Of (wg)
k k+1 k ay
® m
= E——
vk

L1+ V2)lzo| 1
Lg explilzol=1 | /F

Therefore, we have

K K
Z(yk+1 — Yr) Z < 2f5771 < ke L1(1+—\@)|5”0|
k=1 k=1 \/E

L explalzol-1

When using initialization gy, it is easy to have the following conclusion: when

<1+f>(1og(LlM+ )+1) .  (€0)—ming f1
PGEA E = pe/RRUSAL < g -1 = Utmomnne) g
we have M = e. In other words, we have: ||V f(wg)]] > ¢ for all £ <
L1]\/I+I:1 2(.f2(yo)—miny fz(y)ig)z .
(2(1+\/*)(10g(L11VI+‘11)+1) 22 . Recall that f(wl) — Mgy f(w) = 2(f2(y0> -

min, fo(z)), the proof is completed.

D PROOF OF THEOREM 4.1

This appendix provides the formal proof of Theorem 4.1, which is organized as follows. In Section
D.1, we first introduce notations that are used in the proof. In Section D.2, We restate Theorem 4.1
with constants specified. In Section D.3, we then make preparations by proving auxiliary lemmas.
Finally, in Section D.4, we prove Theorem 4.1.

D.1 NOTATIONS

Here we provide a complete list of notations used in the appendix for a clear reference.

o We use (k1,11) < (<)(ka,42) for Vki,ke € NT and 41,495 € {0,--- ,n — 1}, if either
ki <kgork; =kyandi; < (<)i2

17
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* We define function g(z) : [0,1] — R/~ as

1
ﬂg —max 71_ ﬂ27 L_l
\/ﬁ = ' 2n

2 L4 8n B3

* We define constants {C; } 12, as follows:

A(17ﬁ1)2 1
2 1,
< 1=082 4 _ 5%+
7
Cy 2 nCy + fﬂcl(ur\/i),

Cs 2 ¢y (n(LU + L1v/Do) +2V2(Lo + L1/ Do) 7 \/%1 ‘CF +8V2nLor——0r ;3 )
- 2

Ci24L,C1/D D, \/ﬁi

dC4\/D1
Cs 2 n?(1 + nVdCim Livnv/D1) | Ca +
5 1L 1 4 17\/5—3

1>

Cs

1- /B3
dcC. CsyCan/D
Cr 2 3n <C4 + : ) (nLo + Livmy/Do ) n*VdCin? + <d03 + %) i,

Cyn/D
(dca+ 2 1>nf,

= VA

1+ 1 5
SN " L1v/Diny/ + dg(B) ("_H 1 /ﬁ;) o ICIF<1+ 1 5”) (not 2 VG /D) + 2
2 -5 5 — By
2n?2 1 2 2
Co & Bn" d(n?Lo + nvnLiv/Do)Cin? + g(B2) (nf 14+ 14:21) \Cn <n+ 1\751) C1 (Lo + L1v/Do)dVdn?,
2 L 1622
1+ 1
s o1+ 1) B 1+ o )
1_51 ﬁ22 1_ﬁ2
1 3L1y/nvD103d
Ci1 & (5 + C2)C5 + Cs + #7
1 L L V
Ciz & (5 + C2)C6 + Cy + %JC dn 1,
1 L L RV
Cl3é(5+C2)C7+C10+M Cz f

©)

D.2 RESTATE THEOREM 4.1

Here we restate Theorem 4.1 with constants specified.

Theorem D.1 (Theorem 4.1, restated). Consider Adam defined as Alg. (1) with diminishing learning
rate N, = \’7} Let Assumptions 3.1 and 3.2 hold. Suppose the hyperparamters satlsfy v< B <1

d0 < B7 < Ba, wh defined as the solut T = ith
and 0 < (3 < [Ba, where v is defined as the solution of \/dg(x )zi 2(4+\/§)\/D71(n—1+1fg1) wi

respect to x. Then, either

min, [V (wio)l| < 2VAVE + 1)y Bug(e) (n -1+ 15 ) |/ 52
2

ke[1,T] b1

or

{940l 1V (o) b < (aav 4 1 L00) = i ()

min R
kE[L,T] VD1 VDo + ¢ mvT
VDote
VDo + ¢ 2\ InT Cis + Cn
+4(2V2+1) (C12+ YO +4(2ﬁ+1)—.
4v/D; ') mNT mvT

18
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D.3 AUXILIARY LEMMAS

In this section, we introduce auxiliary lemmas that will be latter used. In the remaining proof of this
paper, we assume without the loss of generality that 7); is small enough, such that the following
requirements are fulfilled: (C; and C are defined in Eq. (9)).

o 2C5V/dn < L% This will latter ensure that we can directly apply the definition of (Lg, L1 )-
smooth condition (Assumption 3.1) to parameter sequence {wg_; },i;

. @ f+1) > +/D1C11m1. This will latter ensure the second-order term is smaller than the

first-order term at the end of the proof.

The proof can be easily extended to general cases by selecting large enough K and using the epoch
K as a new start point and derive the results after epoch K, because the epochs before epoch K can
be uniformly bounded due to 7;, decaying and K finite, and we then derive the desired result for all
epochs.

Without the loss of generality, we also take the following initialization: w1, = wo, M1,—1 =
V fr, _, (wo) where 71 _; can be any integer in [0,n — 1], and v;;,_1 = max; {9, fj(wo)?} VI
where the maximum is taken component-wisely. We take the initialization to have a more concise
proof, while the proof can be easily extended to all the initialization as the information of the
initialization in the exponentially decayed average of Adam (both in m, ; and vy, ;) decays rapidly
with k increasing.

The following lemma shows that f is also (Lo, L1 )-smooth under Assumptions 3.1 and 3.2 (while
the Ly and L, are different from those of f;).

Lemma D.2. With Assumptions 3.1 and 3.2, f satisfies (nLo + Liv/n\/Dq, L1v/n\/D1)-smooth
condition.

Proof. Yw,, wy € R satisfying [lw; — ws| < £,

n—1

IV f(w1) = Vf(ws)|| <YV fi(wr) = Vfi(ws) Z (Lo + L1V fi(w1) ) [wr — w2l
=0

=0

n—1
< (”Lo +Livng | > ||Vfi(w1)||2> [wi = wa| < (nLo + Liv/ny/Do + Di||V f(w1)|[?)||lwi — wol|
1=0

<(nLo + Liv/n(v/Do + VD1 [V f(wn))llws — wall < (Lo + Liv/my/Do + Liv/av/Di |V f (1)) s — w2

The proof is completed. O

The following lemma bounds the update norm of Adam.

Lemma D.3 (Bounded Update). If 31 < /B2, we have Vk € N, i € {0,--- ,n — 1},

kil o

VViki+& 7

where C is defined in Eq. (9).

and thus || wy, ;41 — wi ;|| < CineVd.

Furthermore, we have |wy j ;+1 —
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Proof. By the definition of my, ;, we have
(ml k 1’)2

_ 1 . ﬁl Zﬂ(k Dn+i—((k— 1)n+j)alf‘rk,j (wk,j)

2
k—1 n—1
+ (=) Y S pl g o (w ) + BT O (i 0)
m=1 j=0
S - ZB(k_l)n+i_((k_1)n+j)|alfrk,j('wk,j)|
7=0
k—1 n—1
(=) 30 3B o )]+ A max 01, i o)
m=1 j=0
*) ! —1)n+i— —1)n+j
e R Y S A Y A O [
=0
k—1 n—1
k—1)n+i—((m—1)n k—1)n+i
F =) Y3 A o o )P 4 BT ma 1 (w010 P
m=1 j=0
(k—1)n+i j k—1)n+1i
(1—ﬁ1)2 ”1<ﬁ%>3+(512)( 1)n+i+1
1— 52 = B2 B2
(k—1)n+1 j k—1)n+i+1
R S (R (3 A P
1=82 < \P o T
1-4)2 1
< (1_52)1_ gj +1 | vk =Civig,
2

where Eq. (%) is due to the Cauchy-Schwartz’s Inequality, and Eq. (x) is due to the definition of
v.1,—1. We complete the proof of the first claim. The second claim then follows directly from the
update rule

w w o my ki
Lkyitl — Wik =
’ ’ \/Vl N
The proof is completed. O
Define uy 2 Yho—P1We-1 (with wi,_1 = wig), and let u; ; be the i-th component of wg,

1-51
Vk € N*t, [ € [d]. The following lemma bounds the distance between u; j and wy j o and the
distance between u; ;11 and u; .

Lemma D4. Vk > 1,

lw ke — wi ko] < Cong, (10)
lwr g1 — | < Cong, (11)

where Cs is defined in Eq. (9).
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Proof. By Lemma D.3, we immediately have VI € [d], |u; x — w; 0| is bounded as

| wiko — Brwi g, 1

Uy — — W k0
| 1-05
B1 B1 1 fﬁl V283
=— |wy ko0 — wik,-1] < Cim < Cim— < Cimr < Cong,
1—51‘ | 1-51 VE—-1 - B \f 1-p1
and
|Ul,k+1
_ | Wikt10 — Prwiks1,-1  Wiko — Brwik,—1
1-5 1-5

B1 1
= [(Wy k+1,0 — Wi ko) + (Wi kt1,0 — Wi kt1,-1) — —— (Wi ko0 — Wi k,—1)
1-— ﬁl 1- 51

b1
< (Wi k41,0 — Wi ko) + 75 (W k41,0 — Wik1,-1) —
- M1

(Wik,0 — Wik,—1)

B
1—p

+ 1= b 01771 (\1/ ﬁ) 202771% = Con.

1
<nCim

Vk

In the following lemma, we bound the change of the gradient within one epoch.
Lemma D.5. Vk € NT i€ {0,--- ,n— 1},

HVf(wk,l)H < (1 + TL\/&Cl?hLl\/ﬁ\/ D1)||Vf(wk70)|| + (nLo + Ll\/ﬁ\/ Do) n\/EClm“
where C' is defined in Eq. (9).

Proof. By Assumption 3.1 and Lemma D.2, we have
IV f(wra) || <[V f(wro)ll + <NL0 + Livny/Do + Ln/ﬁ\/EIIVf(wk,oﬂl) [wk,i — wy o]
<[V f(wg,0)ll + (nLo + Livny/Do + Llﬁm||vf(wk,o)||) iVdCyms
<(1+nVdCim Liv/ny/D1)||V f (wp o) || + (HLO + le/ﬁ\/HO) nVdCyn.

The proof is completed. O

We further need a descent lemma assuming (L, L1 )-smooth condition similar to the case assuming
L smoothness. Specifically, for a function A satisfying L-smooth condition and two points w and v,
by Taylor’s expansion, we have

L
h(w) < h(v) + (Vh(v),w = v) + 2w - o]
This is called "Descent Lemma” by existing literature Sra (2014), as it guarantees that the loss

decreases with proper parameter update. Paralleling to the above inequality, we establish the
following descent lemma under the (Lg, L1 )-smooth condition.

Lemma D.6. Assume that function h : X — R satisfies the (Lo, L1 )-smooth condition, i.e., Yw,v €
X satisfying |w — v|| < -,

IVh(w) = Vh(v)|| < (Lo + L1[|VA(v) ) |w — v]|.

Then, for any three points w,w,v € X satisfying |w — u|| < Li and ||v —u| < L% we have

h(w) < h(v) + (Vi(u), w —v) + %(Lo + Li[[VR(u)[) (v — ull + [lw — u])]w - v]|.
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Proof. By the Fundamental Theorem of Calculus, we have

h(w) =h(v) + /0 (Vh(v + a(w — v)),w — v)da
=h(v) + (Vh(u),w —v) + /0 (Vh(v + a(w —v)) — Vh(u),w — v)da
1
<h(v) + (Vh(u),w —v) + /O IVh(v + a(w — v)) = Vh(u)|||w — v||da
) !

<h(v) + (Vh(u), w —v) + /O (Lo + La[[VA(w)[)][v + a(w — v) — ul|lw - v|da

<h(v) + (Vh(u),w —v) + /0 (Lo + Li[[VR(u) (1 = a)[Jv — ul[ + alw — u]))|w — v||da

<h(v) + (Vh(u),w —v) + %(Lo + Li|[Va(u)[)([[v = ul| + [lw — u)|[w - »],
where Inequality (x) is due to
o+ a(w —v) —ufl = (1 - a)(v — w) + a(w — )| < (1 - a)[[v - | +af|w - u]| < Li
Thus the definition of (Lg, L1)-smooth condition can be applied and the proof is completed. [

Based on Lemma D.3, we bound the momentum using the gradient of the current step plus some
error terms.

Lemma D.7 (Estimation of the norm of the momentum). We have for alll € [d],k € Z*,i € [n],

i—1
Cy(Lo + L1/ Do)\/gnk: + L0y \/51771@ Z va(wk,J)H

2\/§ﬂ1>

|my .| < I}lea[X] |01 fir (wi0)| + (n +

= 2
k—1 n—1 o
+L.Civ/ Dy Z Mi—t Z By IV f(wr—¢ )],
t=1 =0
where C1 is defined in Eq. (9). Similarly, | € [d],k € Z* /{1},
k—1n—1
1 2v/2(L L1V Do)CiVd
My g—1,n-1] < I,ng] |0 fir (’qu,o)H‘Z Z ﬁi" ! ]01771@4\/&[/1\/DlHVf(Ikat,j)H-l- \[( ot I 1 B 0) 1\[7%.
t=1 j—0
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Proof. To begin with, for any ¢ € [k — 1] and any j € [0, n — 1], we have the following estimation
for Oy fi(wr—+,5):

|01 fi(wi—¢ 5)]

n—1 t—1n-1
<|0ufi(wi o)l + D101 fi(Wk—t.p) — O fi(Wh—rpr)| + D> 01 fi(Whorp) = O fi(Wh—rpi1)]
p=j r=1 p=0
n—1
(%)
<|0ufi(wio)l + Y (Lo + L1 ||V fi(wi—s ) ) | wk—t.p — Wit p1 |
p=j
t—1n—1
+ Z Z(LO + Li[|V fi(wik—rp) D[ Wk—rp — We—rpt1 |
r=1 p=0
n—1 t—1n—1
<|oufi(wi o)l + > (Lo + Lil|V fi(wi—s ) NCame—eVd + > Y (Lo + L[|V fi(wi—rp) ) Crp—r Ve
=i r=1p=0
n—1
<loufiwro)l + > [ Lo+ Ly [ > IV fir(wiip)l|? | Crmk—sVd
p=j i’ €[n]

t—1 n—1
+2.> (Lo +Li [ DIV <wkr,p>||2) Crnpe—rVd,

r=1p=0 i’ €[n]

where Inequality (*) is due to (Lg, L1 )-smooth condition. By Assumption 3.2, the RHS of the above
inequality can be bounded as

n—1
Oufi(wio)l + Y (Lo + Luv/Dal[V f(wis)| + L1v/Do) CrmeiVd

p=J
t—1n—1
+ Z Z (Lo + L1 vV D1 ‘|Vf(wk77~7p)” + L1 vV DO) Clnkfr\/g
r=1 p=0
(%) n—1 t—1n—1
<|Oufi(wi o)l + Y IV Dil|V (Wit ) Crmg—eVd+ Y Y Liy/ D ||V f(wi—p )| Cami—rVd
p=j r=1 p=0

+2(Lo + L1v/Do)CyVdnje—1 (tn — §)

t—1n—1

n—1
<[0ufi(wro)| + Y Lav/Di|[V f(wy—rp)Cimp—iVd+ Y Y~ L/ D[V f(wy—pp) | Crm—rVd

p=j r=1 p=0

+2V2(Lo + L1v/Do)Cy V. (tn — j).

where Inequality (#) is due to Va,b € N*,a > b, 3-0_ L < 2%L Similarly, we have that for
any j € [0,n — 1],

7j—1

101 fi(wi )| < 10 fi(wi o) + D 100 fiwi pr1) = O fiwi )]
p=0
j—1
<I0ufi(wo)l + Y (Lo + Liv/Di |V (wp)ll + L1v/Do) CrmVd

p=0

j—1
=[01fi(wy,0)| + Z Liv/D1||V f(wip)l|CrmVd + j(Lo + L1V Do) Cy V.

p=0
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Therefore, the norm of m; 1, ; can be bounded as

|mlki|
k—1n—1
<(1-p1) Zﬁ(k D =D D 19 o )+ (L= B S S BT T fr L, (wi )|
Jj=0 t=1 j=0
+ 6§k_1)n+i+1|8lf‘rl o(wl 0)|
k—1n-—1
g(l—mzﬂ““ Dt D19, (w0 + (1= B) Y S BT O fr (w0
j=0 t=1 j=0

+ BT oy o (W)

i j—1
+ (1 o Bl) Zﬂik—l)n-‘rz—((k—l)n-ﬁ-]) (Z Cl’flk\/ngV D1|\Vf(wk,p)|| =+ (Lo + L1V Do)cl’ﬂk\/gj>

3=0 p=0
k—1n—1

1_51 ZZBMH J (chnk t\fLﬂ/iHVf(wk tp)”
t=1 j=0

r=1 p=0

+ Z Z Cimi—r VALIND |V f(wi—rp)|| + 2V2(Lo + L1V Do) Cy Vny (tn — J)>

—1n—

k—1
+/8§k—1)n+z+l <Z
t=1

=1 p=

1
LiVDi||V f(wi—rp) || Cre—rVd 4 2/2(Lo + L1v/Do)C1Vdnk (k — 1)“)
0

) <n N 2v26:

i1
< r_ren[a}](\(?lfi(wk,oﬂ + 5 ) VdCi (Lo + Liv/Do)np, +L101\/D177k2||vf(wk,j)”
K2 n - 1

k—1 n—1
+ L:1C1v Dy Z Mk—t Z BTV f(wi— ),

t=1 =0
where Inequality (x) is due to an exchange in the sum order.
Following the same routine, we have

[Ty g, -1

k—1n—1

<(1= ) S BT IO (i) + B0 (w10)

t=1 j5=0
k—1n—1

<=0 DS BT O (wi0)l + BTV 0, (i)

t=1 j=0

k—1n-—1 t—1n—1

+(1=8)Y D /e ZLlfHW Wit )kt + Y D L/ Di|[V f (wi ) 75—

t=1 j=0 r=1 p=0

+ 2v2(Lo + L1 /Do) CyVdny (tn — j))

k—1n—1
8 <ZZlenwwk_r,mncmk_w+M(Lo + L1/ Do) Cy Vg (k — 1>n>

t=1 p=0

k—1n—1

<max (O fi(wio) |+ > A" CimeeeVAL DIV (wim )|

t=1 j=0

+2\f(L0+L1F)C’1\fW
1—5

The proof is completed. ]
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Similarly, we can upper and lower bound the adaptor v, o by the gradient plus some error terms.

Lemma D.8 (Estimation of the norm of the adaptor). We have for all | € [d], k € 77,

wko - Z |01 fi(wk.0) (8\/%77’“01[’0(11__55;)263

ze[n

+ 4L101

n—1
52 262 VB e SO (DiIV f (wie-i )l + /Do)
=0

and

VI=5s /B2
1—+B21—+/B2

Vg0 <2 11161%3]( A fi(wio)® +2 (2\/57%01 (Lo + L1v/ Do)

2
VI =5 5 (t—
+ L1Civ D Zﬁk Y-~ Z\/ ||Vf wi—e )l |
where C'y is defined in Eq. (9).
Proof. By the definition of v, 1, o, we have
Vi,k,0
k—1n—1
=(1 = B2)0ufr o (wr0) + 3> (1= Ba) B Oy, , (wrv3)” + BE ”"“rg?xazfxwlo)?
t=1 =0
k—1n—1 1
>(1 —ﬂ2)3lfr,w Wk,0) 2 + ZZ — B ﬁé"aszk ”(wk tj) (k Dntl 2 Zﬁlfz ’w10
t=1 7=0
kE—1n—1
=(1 = B2)0ifry o (Wr0)* + D> (1= B2)By (Difry_, ; (Wr0) + Oifry_, (Wit ) = Oifry_, ; (who))?
t=1 7=0
“1yna1 1
+,3§k 2 +1*Z(alfi('luvk,o) + O fi(wi,0) — B fi(wi))?
n =1
k—1n—1
>(1 = B2)0ufr 0 (Wi o) + Z Z(l — B2)B5" O fry_,, (wr0)® + 65"~ nr L Z O fi(wi,0)
t=1 j=0
k—1n—1
(1= B2)B5" |00 fro—; Wk )0 fro—,; (Wh 0) = Oifry_, ; (Wi )]
t=1 =0
“1yna1 1
- gy +1ﬁZ|8lfi(wk,0)“alfi(wk,0)—8lfi(w1,0)|

=1

25



Under review as a conference paper at ICLR 2024

Since f; is (Lo, L1)-smooth, the RHS of the above inequality can be further lower bounded as
follows:

1— (k—=1)n (k—1)n+1 )
By ﬁ(l - B2) + % Z 01 fi(wi,0)
2 i€[n]

k—1n-—1 t n—1
- 1 - /62 65n|8lf‘rk t,j 'wk 0 (Z ZL1F|‘Vf(wk rp)HCﬂ]k r\f-F QW(LO + L1\/D70)Cl\[nktn>
0

t=1 5= r=1p=0

k—1n-—1
- ﬂé’“‘””*% S 101 (we0) (Z > LiVDL|V f(wirp) | Crmi—r Vi + 2v/2(Lo + L1v/Do) CrV el (k — 1>n>

i=1 r=1 p=0

>/32 Z O fi(wr,0)
- B2 1€[n]
k—1n—1 t n—1
(1= B2)B5™01 fr_r; (Wi 0)] (Z > LiVDi ||V f(wi—rp)|C1me—rVd + 2V2(Lo + L1v/Do)Ch \/&nktn>
t=1 =0 r=1 p=0
1 k—1n-—1
(k=1)n+1 Z |01 fi (wi 0) (Z Z LiVD1||V f(wi—rp) || C1—rVd + 2V2(Lo + L1V Do) C1Vdnk (k — 1)") ;
r=1 p=0
(k—1)n (k—1)n+1 15
where the last inequality we use 3% W( — B2) + - > By =5
2

252

Z o fi(wp 0) - 8\f?7k01L0( ﬂﬁf) Z |0 fi(wr,o0)]
i€[n] i€[n]

—4L1Ch 5 52 Z 01 fi (wi,0) <Zﬁ2 Tk rZWfi(wkr,j)”)

i€[n

1*52

Zﬂz ﬁ = > afi(wio)’ fsfnkclLo( m 505 Z |01 fi(wh,o)|
2 ien) €ln]
—4L101; Hsz wio) | (Z B2" Mk~ Z;(\/DiIIVf(wkfr,j)ll + \/D70)>
= J
>52 5 Z O fi(wi,0) _8\/77%01[/0( ﬁﬁf) By Z |01 fi (wi,0)?|
2 e [n] i€[n]
n—1
— 4L101 §2 Z |8lfz Wk, 0 (Z ﬁ2 Nk—r Z m||vf(wk—r,j)|| + \/ﬁ))
2\ ien] =0
252

5 Z A fi(wy o) — 8\/7771901L0( /Z |01 fi (wi,0)?
2 e [n]

R T X oo (i BB e S VDI (k) + m))) .

i€[n] 7=0

The first claim is proved.
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As for the upper bound, we have

V1k,0
kE—1n-—1
=(1 = B2)0ufr, o (Wk,0) +ZZ 1—B32)B5" 01 fr_, ,(Wi1;)” + gt %?ﬁalfi(wl,O)Q
t=1 j=0
k—1n-—1
<2(1 = B2)B1fry o (Wi 0)? + 2 (1= B2) B 0 fry_,; (wi0)? + 268D max o, f,(wr.0)”
t=1 j=0

k—1n—1 n
+2) Y (1= B2)By"" f(ZhFWf(wk 1p)Came—Vd

t—1n—1

D3 LaivVDi|[V f(wr ) [ Crm—rVd + 2v/2(Lo + L1V Do) C1 vV (0, — j))

r=1 p=0

k—1n—1

2
+ 288kt (Z > LivDi ||V f (wi—r,p)[Crn—rVd + 2V2(Lo + L1v/Do)C1Vdny (k — 1)n>
r=1 p=0
1

k—1n—
<2maxalfl wko < Z 17,32 52m ! (ZL1F|Vf(wk t,p)C1Mk— ~d

€
i€l t=1 j=0 pP=J

+ i "i le||Vf(wk_r,p)||Clnk—rﬁ —+ 2\/§(L0 + L1¢ﬁo)c1ﬂnk(tn - J))

r=1 p=0
k—1n—1 2
+ /B (Z S LV |V f (Wi )| Cimie—r Vd + 2V/2(Lo + L1v/ Do) Cr Ve (k — 1)n>>
r=1 p=0

<2£r€1[a5<81f1(wk o) +2 (2\/§nkC1(Lo+L1\/7)@ll/;i

2
- Llclm;nk_t 1=V = VP IVf(wk—t,g)l)

<2max0nfi(wn)* + 2 (V201 (o + LoD Y122 Y

i€[n] 1-— \/ b 1 — \/
— n—1 2
1-— —1)n
LoD e Y S B ) )
t=1 1=+ 3=0
The proof is completed. O

We then immediately have the following corollary when max;ci,) |0, fi(wg,0)| is large enough
compared to the error term.

Corollary D.9 (Lemma 5.1, formal). If

k—1 n—1
ma |0 fi(wio)] AL C 2 Wﬁgf S VB e S DIV f i) + VDo)
r=1 7=0

+ 2v2n,C1 (Lo + L1v/ Do) 1 i:/% - i/f:ﬁ + sfnkclLO 52

+mCh <n(L0 +Liv/Do) + L1/ Dy (Z ||Vf(wk7p)||>> ; (12)
p=0

then

By 1

5 1 Z Afi(wio)? <vigpo < 4maxalfz('wk 0)%,

1€[n]
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where C1 is defined in Eq. (9). Furthermore, if Eq. (12) holds, we have Vi € {0,--- ;n — 1},

1 _ n—1
n—1 n—1 2
By Viko S Vi < ( 4 +8nT Vi k05
2

and
1

1
— -3 ) Viko < Vik—1 < —Vio,
B ( -« % 0 LS gy Yk

Proof. The first claim is derived by directly applying the range of max;e(,, [0y fi(wg,0)| into Lemma
D.8.

As for the second claim, we have
Viki = Bsvingo+ (1= B2) (01 fry  (Wei)® + -+ + By Oufr, . (wi1)?).
On the other hand, since Vj € {0,--- ,n — 1}

|01 fi(w5)] S?é?ﬁj 101 fp(wi,0)] + e C1 (j(Lo + L1/ Do) + Ly (Z IV f(wyp)] ))

Snéfﬁ 01 fp(wi.0)| + M Ch <H(Lo + Liv/ Do) + Ly (Z IV f(wk,p) )) )
P n

we have

n—1
By Viko < Vik

<Biviko+2(1 — B2) max N fo(wro)(1+---+ B3 )
F200 = )1t R (n<L0 4 LDy + LDy (z ¥ f o n))
:Bél/l,k,o +2(1 - [5’5) ;r)ré?r)z(] 3zfp(wk’o)2 +2(1 - ,3;)7]§012 < (Lo 4+ L1V Do) + LivV/Dy <Z IV f(wg,p ||>>

Therefore, if Eq. (12) holds, we then have

Vi <Bsigo+4(1— BL) Héfﬁ O fp(wr,0)?
y4 n

<Biviko + 4%(1 — 85) Z O fp(w0)® < <52 +3n 5 B > V1k,0
p€(n] 2

n—1 1— g_l
< 2 + 8HT Vik,o-
2

Following the same routine, we have

Bavik,—1 S Vg0,

and if Eq. (12) holds,

Vi —1 :é (Viko — (1= B2)Oi fry o (who)?) > 1 <Vl,k,0 —(1—=p2) max 5lfp(’wk:,0)2>

B2
ZVl,k,Oé ( (1- 52)ﬁ2 >

The proof of the second claim is completed. O
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Remark D.10. By the notations in Eq. (9)., Eq. (12) can be translated into

k—1 n—1
masc [0 fi(wi0)| 2Come +Cs VB s 31V (i)

r=1 j=0

k—1 n—1
(r—1)n
+CanY VB e+ mCa <§ |Vf('wk,j)||>~ (13)
r=1 j=0

Furthermore, we define g(82) as

A 1 1 B2
g(ﬁ)zmax ﬁ_]‘?l_ ,1_ B, -1 s
P N e )

By

and the conclusion of Corollary D.9 can be translated into that if Eq. (13) holds,

1 1 1
- <9(B2)——,
VUV ki VVI0k,0 VVI0E,0
and
1 1 1
‘ - < g(B2) .
VVik,—1  /VLkO VV1kO

Based on whether Eq. (13) is fulfilled, we divide [d] into L}

large and LY, ) (Vk > 1), which are
respectively defined as

LY .. ={l:1€[d],s.t Eq. (13) holds},

large

Lk ={l:1€]d],st Eq. (13) doesn’t hold}.

k

The following lemma characterizes the property of .Y ...

Lemma D.11. Define uj, 2 %ﬁ”’m (with wy,_1 £ w1 o). Then,

T T
DU Y D aif(wio) (g —wy)| < C (Cs > Rl F(wi o)l + CoIn T + C7> ;

k=1 |1eL* k=1

small

where Cy, Cs, Cg, and C'; are defined in Eq. (9).

k

large and Lemma D.4, we have

Proof. By directly applying the definition of L

LS o wno) (i — i)
LELE, i
k—1 1 n—1 k—1 1 n—1
<dConp <Csm +Ciy VB s D IV (wrk—r)ll +Cany VBT ey 4 mC (Z |Vf(wk,p)||>> -
r=1 7=0 r=1 p=0
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Summing over k from 1 to ¢ then leads to

T
7112 Z O f(wr,0)(wrk+1 — k)

k=1lieLl, o

T T k—1 (r—1) n—1 T k—1 (r—1)
<Y dCCsmi +dC2Cay ey /Bo i Yy IV (wi—rg) | + CoCany mi Yy /B ke
k=1 k=1 r=1 7=0 k=1 r=1

T n—1
Cay mi Yy IV f(wy)l
k=1 p=0
T-1

<3 dcicu + 10 nZlanfw I R ZHVfw
2037k k k 204 13 k
Pt = 7 = "

T
C>C dC>C!
<(dcgcg+1“gn> R4 + <0204+ 2o )znkzw ()
o j

where in the second inequality we exchange the sum order. By Lemma D.5, the above inequality
further leads to

T

>

k=1

Z O f (Wi,0) (Wi k+1 — ULLE)

leLk

small

((1204 + dCifi) Z” ni: ( 1+ nVdCim Livn) ||V f(wio)| + (nLo + Ll\/ﬁ\/DT) m/écmk)

n [ dcyos + C2Cm
1— /B3

Jj=

)ﬁu+mﬂ

dC,C a CsC.
<Mﬂ+n%%Wthﬂ<@GrFf%;)}:ﬁmﬁ@m@|+<ﬂhﬁ+ji%;>ﬁ0+MT)
2 k=1 2

dCsC. -
: (0204 + 1—¢ﬁ*> (vt oAV ER) VLY

dC>Cy/ C2Cyny/D
<n*(1 4+ nVdCim Liy/nv'Dy) <CQC4 + “) an IV f(wio)| + <dCng 4 2an n1>
VB3 - — VB3
5 dC2Cy 2 3
x n2(1+1InT) + 3n | CoCy + -T224 (nLo n Ll\/ﬁx/Do) n2VdCin?. (14)
1—+/B83
By the notations in Eq. (9), the proof is completed. O
The next lemma characterizes the property of LF ge-
Lemma D.12. Define u;, £ %};j’k’l (with wy,_1 = wy ). We have
T
Z Z O f (Wi,0) (Wi, k41 — Ui,k)
k= 116]1‘}(17'96
Z Z nkOLf (Wk0)*
e 2 max;en) |01 fi(wr,o0)| + &
1 0
+Z Z g (Pz) (n—l 11_21) % [9:f (w.0) (max|81fz(wk 0)|)
k=lieLf, . ! \ 22 maxic(n) |O1fi(wr0)| + &

T
<Cs+ Cs) 277 IV f(wg,o)|| + (Co + 06)1DT+(010+ C?))-
k=1
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Proof. Compared to the proof of Lemma D.11, the proof of this lemma is more complicated. To
begin with, we provide a decomposition of uy; — ug. According to the definition of uj, we have

Uk+1 — Uk
_(Wri10 = frwpgr, 1) — (Wro — frwk, 1)
11—/
_ (Wiy1,0 — Wr0) — Br(Wrg1,-1 — W,—1)
1-5
Wk — wki) — B 0 (Wi — ki)
1-51
_ (Wr1,0 — Wea1,-1) + (1 = B1) 202 (Whyit1 — W) — Br(Wio — wi,—1)
1—-75
® uk e O M1 (1-p1) Z?:_(? \/W O my,; ﬂl\/'}:fizﬁ OMg_1n1
=) —
_ o myn1 + (1—P1) ZZ‘Z@Q M, — B1Mk—1,n—1 _ <( 1 1 ) o M n—1
N 1- 6 T\ Vo) T 1B
1 B1 ( 1 1 )
+ O my,; — - O Mig—1,n—
Z( Vi,i \/l/k,O) MR VVh—1n-1  \/Vko k=1,n—1
1
_ 1?151 (nk—l *Uk)ﬁ@?’nk_hn_l. (15)

Here equation () is due to a direct application of the update rule of wy, ;. We then analyze the above
three terms respectively, namely, we define

A e Mgt + (1= 1) 32 mue — Bimuk—1n Mk "il Dt (wr)
= = - 1 k,i
! V1 k,0 1-05 VVLEO =5 Thyt v

>

) ( 1 1 ) Mijno1 "ZQ ( 1 1 ) .
a; = —MNk - - 1k,i
! K VVikn—1  /Vik0 1—- 751 5 \VVlki  \Viko

(s )
1- 51 \/Vl,k—l,n—l \/Vl,k,U Lk—=1,n—1 ),

miyk—1,n—1-

1
1-5 (=1 = 1) VVik—1,n—1

One can then easily observe that by Eq. (15),

> of(weo)(uikii—wr) = Y, Of(wrolai+ Y df(wro)ai+ > uf(wko)a}

le]Lla'rqe le]Llarqc le]Llarqc le]Lla'rqc

@ Tackling Term Zl@ﬁ,w o f(wi,0)a]

‘We have
> af(wro)ai
leﬂ‘ltﬂge
n—1
=— Z o > O f(we,o <Z O fr, ; (Wi 0)) — Z = O f(wi,0) (Z(alfrk‘i(wk,i) — O fry, (Wi 0))
LELE, . ge Lo =0 leLk, . Lk,0 i=0
n—1
== > ——01f (w0)* — > :k O f(wr,o) (Z(azfm,i(wk,z‘) —3lfm,i(wk,0))>
ik 1,k,0 reiF 1,k,0 —

large large

(*) Z Nk P 2 2 2
= - ——0f (wr,0)" + O (i) + O (Ml V f(wro)ll)
le]l‘;carge ik
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where Eq. (%) is due to

> T 01 f(wk,0) (i(alfnc,i(wk,i) - 3lfrk,7;(wk,0))>

leLk =0

large

(*) 2
<1k n Z Z 101 fr, ; (Wi,i) — Oufry, ; (Wi 0)]

62 lelLk

large ©

<Nk QBn (ﬁz va‘rkb(wk,z) - Vka,i (wk70)|>
2 =0

6 fz Lo + L[|V fry, ; (wr,0) D[ wr,i — wi ol
2 1=0

<k %\/Q(RLO + LivDiv/n|V f(wio)|| + vRLiv/Do)nVdCing

(.) Qﬂn d(n Lo +nfL1F)Cl77k +77kd\/7L1\/7n\F|vf(wk o)l

Here Eq. (x) is due to Corollary D.9, Eq. (o) is due to f; is (Lo, L1 )-smooth, Vi, and Eq. (e) is due
to Lemma D.3.

@ Tackling Term Zlelﬁme o f(wg)a?

We have for any I € L0,
|01f (w0)ai|

2
|ml,k,n71| _’_nz:
1-5

=0

1

v

1 1
VVikn—1  /V0kO
b1

1 1 | |>
_ My 1.
1-5 I,k—1,n—1

VVik—1n—1  /V0k0

*) O f (w0 Mikn 1| B1

S%g(ﬂz)' Flwo)| (| 1’_’2 - > " |m lkz|+7|mlk 1,n—1]
VPlk0 1 P

()
nig(6) (n =1+ 75t ) TN (e 17 1)

+ng(B2) (n—1+ 1+6l) \/E,n n+ 2V21 C1(Lo + Liv/Do)Vd
1*51 ﬁZ 1*51

‘ ™ i

<ni|OLf (wr0)| (‘

Fne(5) (n—1+”§1) fZHVf (wi )]

B3

1+ﬁ1) Llclfznk tzﬁi" VS (i)l

+19(52) (n 415

where Inequality (x) is due to Corollary D.9, and g(f2) is defined in Lemma D.10 , and Inequality
(%) is due to Lemma D.7, by which we have Vi € {—1,--- ,n — 1}

2\/’ n—1
My gi| < max |01 fir (wi0)] + (n + ?) C1(Lo + Liv/Do)Veny, + LiCi/Ding Y |V f(wy3)|
=0

k—1 n—1
+L.Civ/ Dy Z Mk—t Z ﬂin_l_] IV f(wg—t5)l-
=1 =0
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Therefore, summing over LF ge and k leads to

Z O f(wr.0)ai

leLy

large

3 L+ B1\ [Ouf (wio)|
< ;leg: nkg(B2) <n — 1+ 1= 31) N <Ze?x|alfz(wk 0)|>

large

£ kel (n1+ 1251) f” <n+ ff;?) Cr(Lo + /Do)
k=1

+ dg(B2) (n— L+ 14—?1) 7L101\ﬁ277k2 IV f (w5l

T
+dg(f2) (n—1+1+g1> o LKA\ﬁZ%ZT}k tZﬁf DIV fwp—r )l

3 L+ 51\ [0uf (wio)|
< ;legj g (B2) <n —1+o- 51) N ({Ié?XWlfz(wk 0)|)

large

+g(162) <TL— 1+ 1+61) \/%n (TL 2fﬂ1) C1(Lo +L1\/D70)d\/(71771(1 +1nT)

1—81) s} 1-3
+dg(%) (n -1 +§j) LD (14 115) én@ V5 i)
+9(B2) (n 14 1+§1) \fn (n + iﬁ%) C1(Lo + Li\/Do)dVdm (1 + InT)
+ dg(B2) (n—1+ 17:?1) ‘ﬁ[nLlclf<1+ : —1B£‘>

|
—

n

XT:TI ( (1 + nVdCym Lyv/ny/Dr) ||V f (wi ) || + (nL0+L1\f\/7) ”\[Clnk)

g

Il
=

k=
T
<> Z Mkg(Bz2) (n -1+ 1+ﬁ1) 1007 (o) (leaXWlfz(wk o)|)

k=lieLf, 1=7 VVLEO [n]
+ 9(B2) (n 14 1+51) \/zn <n+ 2\/%1) C1(Lo + L1v/Do)dVdn?(1 +InT)
-/ Bz 1—p
T
+ dg(f2) (n— 1+ 1+ﬁ1> fn Cl\ﬁ(1+ : n) (n+n3vVdCym Liv/Dy 277 IV f(wk,0)]
1-5 ﬁ 1—p3 b—1
1+ 581\ vV2n 1 5
+ 3dg(B2) (n— 1+ ) LiC1/Dy 1+ —n (nL0+L1¢ﬁ\/DT)) nVdCyn?.
1—-p 52 1_52

where Inequality (%) is due to Lemma D.5.

® Tackling Term Zlewwge O f (wy0)ap:
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Forany [ € le.ge,

onfwno)af] < 175 el i [0S )
Bim
0
<(1*51)f 7(f+ ) C110,f (wy o)
Bink

S5 mwm Vi) ool

Summing over k and LY, ge then leads to

Z > louf(wko)ai| < 1_51)2 > ﬁf+ﬁ)cl|azf<wk,o>|

k=1jcLk k=11cLk

large large

§2(1_ Bom \[C&ZWva w,o)|-

Put ®, @, and ® together and applying the notations in Eq. (9), we then have

T
Z Z alf('wk,o)(ul,kJrl - ul,k)
k= lleLlaTJe
T
L4 81\ [0uf (w0l
01 f (w,0)* + nkg(B2) <n -1+ ) ’ maXIC’)zfl wp,0)|
;leﬂ; VPViko kz:lle[LXk: 1-51) Wiko \i€ln
large large
+CsZn£|\Vf(wk,o)|| +ConT + Cio. 16)

k=1

We then focus on the first two terms of the RHS of the above inequality. Specifically, we have Vk > 1,

Dy ns0Lf (wi0)? S mealB) (n_1+ 1+51> |01 f (wr,0)] ( ax |0, fi (wr, 0)|)

ZGwage VViko+¢ et 1-051) WWiko+E& \i€nl
0 1 0
Z Mk ;f w:_()g _ Z Nkg(B2) (n—l—l— 1jgl> T 19:f (o)l (maxwlfz(wk())\)
le]Lfmge VELEO leJLfmge ! V32 2 maX;e[n] |8lfz(’wk 0 ‘ +¢
0 1 19)
> 3 G Z\J;(q;m) e 2 maB) <n— 1+ 1’:?) 19:f(w0r.0)) <gr61%\6zfz wy, 0)|)
leLk, . 1€ TR0 teLk, . ! maXzE (n] 101 fi(wi,0) +§
© Z MO f (W 0) Z ( 1+51) |01 f (Wr,0)| (
Nkg(B2) | n— 1+ -— maXWlfz(wk 0)]
I 2H’la,Xz€ [n] ‘alfz(wk 0)| +£ e ]L{‘nrqp 1 51 /62 2 max; e |alfl(wk: 0)| +£
n—1
nd: (r—1)n
- (csnk + CZ B s Z IV f (wh—r )| + amZ VB s Z:j IVf(wk,j)l) ,
where Inequality (%) is due to Corollary D.9 and Equality (o) is due to
7101f (wi,0) Z nk0Lf (wi0)”
> < < S maX\azfz(wk 0]
et et 100 ’(“”“ TFES, = ey 0 oo € < 2, T
nd k—1 (r—1) — k—1 (r—1) n—1
< 2nk <037]k + Cy ; B2 Nk—r j;o IV fwi—r ;)| + C4n; \/E Mie—r + MkCla jgo |Vf(wk:j)|> :
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Summing the both sides of the above inequality then leads to

nkalfwko B 1461\ |0f (wko)l X

large large

T
MeOLf (Wi 0)°

>

= Z Z 2maXZ€[n] |8zf1 Wi 0)| +¢

k=11€[d)
T
_ Z Z nkg(B2) (n -1+ 11’?1) |01f (wk,0)] <rr€1?)]( |0ufi(wr, 0)|)
k=lieLf, . . ! maxze (n] |00 fi(wr,0)| + € e
& ndng (r—1)n (r—1)n
*Z C3?7k+c4z B2 Mk— r2||vf Wk—r,; \+C4TLZ\/ Mk— r+?7kC4Z||Vf wy, ;)|
r=1 j=0 r=1 j=0
T
MeOLf (Wi ,0)°
> )
71@2::12[:] 2 max; e |01 fi(we,o0)| + &
T
S % map) (01 E ) ol (1m0
F=lieLf, . o\ S maxic [0 fi(wi0)] + € N

T
1
_ 5 (C5 Zn,%HVf(wk,o)H +CeInT + C7> .

k=1

Applying the above inequality back to Eq. (16), the proof is completed. O

The following lemma will be useful when translating (V f(wy),

o IV wr o)l IV S (wr o)l }
n { VD: ' VDo S
Lemma D.13. Let all conditions in Theorem 4.1 hold. Then, either there exists a iteration k € [T,
such that either

IV £ (wi0)| < 2Vd(2V2 + 1)/ Dog(52) (n—lﬁf?i)ﬁ
2

\/— © Vf(wgp)) to

or for all iteration k € [1 T), we have that

0L f (Wi0)? ( 1+ﬂl> |01 f (wr,0)] ( )
E E 77kg (B2) (n— max |9y fi (wr,0)|
L€ld] 2maxicin [0 fi(wr o) +€ 1=p V5 By 2 maX;e(n) |O1fi(wro)| + £ ]

anmmin { Hv%,om’ |\v£f+<wj]%n2 }

Proof. To begin with, we have
lg[;]Qmaxzzkle;(zzki)leo)|+§ %;]’7’“9(52) ("‘Higi) \/gma}{'iiﬁ;fz)(wko)+£(?€1%3]<|81fi(wk,o))
212%Dl||g§8ﬁ1§;|2+00+g_le%”’“g % ( B igi) ﬁmiaﬂf?w)' e (max'alfl(w“”)
R S (e ) Vi maz;(g;lwgonw (mgiocconon)

where Inequality (%) is due to that
max |0, fi(wp,o)| = | jmax |9 fi(wko)|?
i€[n] i€[n]

d
Do v fitwio)P = [ IV ilwio)l? < \/Dlllvf(wk,o)ll2 + Do.

i€[n]l’'=1 i€[n]
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We respectively consider the case £ < /Dy and £ > /Dy.

In this case, we have that

B
2¢D||vnf<|zf(;ﬁ+)|p VB 2 ) (-1 125) 7 m|if (?k;)mww i)
o o1 23) oo
Wi f(|vjf(;1|;+)|D =~ V(i) (n— 1+ 7251 ) S0 )l

We further discuss the case depending on whether ||V f(wg o) || < g—‘l’ or not.

In this case, the last line of the above equations can be further lower
bounded by

nk“vf(wk,O)HQ ( 14+ Bl) m
—\d B 2, o
3B s Do vy Yot (n= 1 7 ) gV ool

SV (wio)l? no14 LY 200G e,
> Vit 1)vD; \/gnkg(ﬁg)( 1+lﬁ1> ﬁgllvf( k,0)|]

o <2”fo<+w’;ﬁ Vag() (n —1+1+§1)\/g ) IV (o)

||V f (wi o)
2y/ D1V f(wg,0)[12 + Do + v Do

Nl V f (wi o) B (_ 1+51> 2n
2V VD S 0B (=1 T ) IV ol

— ;_ n — 1+61 w
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() 1
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where Inequality () is due to the constraint on f5.

~Vang() (=14 1252 29wl

Therefore, we have either (1). there exists a iteration k € [T, such that

IV £ (wi0)| < 2Vd(2V2 + 1)y/Dog(52) (””ifﬁi)ﬁ
2

or (2).forall k € [1,T],

k@,f(wko ( 1+r81> |8lf(wk 0)‘ ( )
n.9(B2) — max|alf1(wk 0)]
lez[d] 2 max;en) |01 fi(wr,o0)| + & Z 1=p /ii max;e(n |01 fi (wio)| + & [n]

M ————— min{ va(wk,o)u va(wk,o)n2 } .
RUEEYCERY Vb D,
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In this case, we have that

e[V f (wi0) [ ( 1+51) |01 f (wr,0)| ( )
8 (n— max 01 fi(wi.0)
2\/D1”Vf (wi0)|* + Do + & lEZ[d]nkg Lo \/gmaxie[n] |01 fi(wr,0)] + € a] o)
e[V f (wi 0)|? ( 1+/5'1> 100 f (wi,0)] ( )
_ Ba) (n— x |01 fi .
2\/D1 |Vf Wi 0)”2—1—52-"-5 lez[d]nkg 2 1—/61 maXzE |alf1(wk 0)‘ +€ ma]| ! (Wk O)‘
Similar as , we further divides the case regarding the value of ||V fwg.o0)]l-
In this case, we have
e[V f (wi0)[? ( 1+51) 100 f (wi,0) ( )
_ (B2) — 14 x |0 fi
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SRS le%"’“g ) (=t £ \pylodiwno)l
el |V f (wi0)|> ( B 1+51) IV f(we,o)l 3
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Sl (ISS0sall  o(5,) (- 14 1250 ) VDI w07+ Do ).
This case is quite similar to , and we have
e[V f (wi,0)[? < 1+,51> |00f (wi,0) ( >
_ f2) max |0, fi )
B Sl e v g0 51) T mamsen it 1 € Vi)
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Therefore, we have either (1). there exists a iteration k € [T, such that

IV f(wr0)|| < 2Vd(2V2 + 1)v/Dog(B2) <n —1+ 1 + Q) \/%

or (2). forall k € [1,T],

0Lf (wi0)? ( 1+/31> |01f (wp,0)] ( )
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As a conclusion of and , we have that either there exists a iteration k € [T'], such that
1+ 2n
IV (wro)l < V22 + 1)y Dogle) (n =14 1500 ) | [50
2

or for all iteration k € [1, T, we have that
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The proof is completed.

D.4 PROOF OF THEOREM 4.1

Proof of Theorem 4.1. We start by the descent lemma of f(uy). Specifically, by Lemma D.6, we
have

f(upt1)
< Fluue) + (9 f o) s — ) + Z’E[Q"] IV TN (12, — e + 0 = i s — ]
<Flun) + (T Fwra). s — ) + oo e VI g
nLo + le/ﬁ\/zie[n] IVfitwrol* )
<f(ur) + (Vf(wro), trs1 — ug) + 5 3C5dnj;

nlg + Ll\f\/Do + D1||V f(wy0)l?

<flug) + (Vf(wko), upt1 — ug) + 3C3dn?
< () + (Y (wr0), g — ) + 20T Llﬂr; VDIV o)l 3z 2
) + D Oif(wro)(wikrn —wr) + Y Ouf (wio) (W kg1 — i)
LEL Y ge leLk .
b 2ot Iy Bog sy SVIVDIGL 1 ).

Summing the above inequality over k from 1 to T then leads to

flursr) <f(ur) + Z Z O f (wi,0) (W g1 — U k) + Z Z O f (wi,0) (W k1 — U k)

k= 1le]L;€avge k= 1lE]L small
T T
Lo+ L 3L D1C2dn?
# 30 Mot I Doy gy 3 SVIVDIGR  , ).
k=1

Bounding the second term and the third term of the RHS of the above inequality respectively by
Lemma D.12 and Lemma D.11, we then arrive at

nkOLf (Wi 0)?
flursr) <f(ur) Z Z maXic(n] 101 fi(wro)| + €

k=11l¢| d]
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k=1 k=1

Suppose now there does not exist an iteration k& € [T'], such that

IV f(wp.0)|| < 2Vd(2v2 + 1)v/Dog(B2) (n 14 11‘2) \/277?’
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since otherwise, the proof has been completed. By Lemma D.13, we then have
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Therefore, we have
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where C11, C12, and Cq3 is defined as
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On the other hand, as for Vk € [T,
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we have that
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and thus,
f(UT+1) = f(u1)

2 T
;nk (2; )min{|‘vfi§1§v0)||7“v§fi%|l }+011;772|Vf(wk,o)||+C121nT+Cl3

i { IV s0)] 19 o)) | /D0t
NGRS VD e+vDy | avD
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Ci1 Z'r]k + 012 1HT+013

kMﬂ

VD1 £+ VDo
<ty ) g A 0 TS
+ (013 + %cmﬁ)
(s %) .
Dividing ZZ:1 7Nk to the both sides of the above inequality, the proof is completed. O

E EXPERIMENT DETAILS

This section collects experiments and their corresponding settings, and is arranged as follows: to
begin with, we show that Adam works well under the different reshuffling order; we then provide the
experiment settings of Figure 1.

E.1 ADAM WORKS WELL UNDER DIFFERENT RESHUFFLING ORDER

We run Adam on ResNet 110 for CIFAR 10 across different random seeds and plot the 10-run mean
and variance in Figure 3. One can observe that the performance of Adam is robust with respect to
random seed, and support Theorem 4.1 in terms of trajectory-wise convergence. The experiment is
based on this repo, where we adopt the default hyperparameters settings.

Training Loss
Training Acc

Iterations lterations

Figure 3: Performance of Adam with different shuffling orders. We respectively plot the training loss
and the training accuracy of Adam together with their variances over 10 runs with different random
shuffling order. The result indicate the performance of Adam is robust w.r.t. the shuffling order.

E.2 LOCAL SMOOTHNESS VS. GRADIENT NORM

In this section, we provide the models and hyperparameter settings of Figures 1. We will also illustrate
how we evaluate the local smoothness.
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Models and hyper-parameter settings in Figures 1. In Figure 1, we use exactly the same setting as
Vaswani et al. (2017) on WMT 2014 dataset, based on this repo.

How we evaluate the local smoothness. We use the same method as Zhang et al. (2019a). Specifi-
cally, with a finite-difference step «, we calculate the smoothness at wy, as

local smoothness = max IV (wi +y(wr1 — wi)) = VI (wi)| .

ve{a,2a,,1} Y wit1 — wi]
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