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Abstract

In recent years, deep learning has achieved remarkable
progress in domains such as image recognition, natural lan-
guage processing, and speech understanding. However, its in-
herent “black-box” nature restricts interpretability and under-
mines trust. As a representative symbolic reasoning method,
the Belief Rule Base (BRB) offers strong interpretability
and transparent inference for complex, uncertain decision-
making. Nevertheless, traditional BRB models rely heav-
ily on manually defined rules and parameters, which limits
their scalability to large, data-driven tasks. To address this
limitation, we propose a knowledge-distillation-based neuro-
symbolic framework, termed Rule Distillation, in which a
deep neural network acts as the teacher model to guide the
training of a parameterized BRB student model. In this frame-
work, rule weights, attribute weights, rule centers, and conse-
quent belief distributions are treated as trainable parameters
optimized via gradient descent. Simultaneously, the soft la-
bels generated by the teacher model provide supervisory sig-
nals that enable the student model to capture complex class
distributions effectively. Extensive experiments on 23 public
datasets demonstrate that the proposed parameterized BRB
not only inherits the predictive performance of its teacher
model but also achieves faster convergence and stronger gen-
eralization, while maintaining interpretability. Overall, this
study presents an effective pathway toward explainable arti-
ficial intelligence (XAI) by balancing predictive performance
with model transparency.

Introduction

In recent years, Explainable Artificial Intelligence (XAI)
has become a major research focus, drawing upon advanced
Al models such as deep learning. Although these models
achieve outstanding performance, their internal mechanisms
and decision-making processes often remain opaque, limit-
ing user understanding and trust (Hassija et al. 2024). The
rapid proliferation of large-scale Al systems, such as Chat-
GPT (Cong-Lem et al. 2025), has further amplified concerns
about the reliability of Al-generated outputs.
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Among interpretable modeling approaches, the Belief
Rule Base (BRB) has gained significant attention due to its
strengths in uncertainty modeling and transparent reasoning.
Originating from traditional IF-THEN rule-based systems
(Sun, Ron. 1995), BRB integrates both qualitative knowl-
edge and quantitative data while explicitly preserving un-
certainty during inference. Its core reasoning mechanism-
the Rule Inference Method using Evidential Reasoning
(RIMER) (Yang et al. 2006). This combination enables ro-
bust modeling of data characterized by uncertainty, incom-
pleteness, and nonlinearity.

Despite these advantages, parameter optimization in tradi-
tional BRB models typically relies on heuristic search meth-
ods such as genetic algorithms (Leyva et al. 2021) and par-
ticle swarm optimization (Qian et al. 2019). While these
methods provide global search capabilities, they often ex-
hibit low efficiency and limited precision when applied to
large-scale data. A key limitation is the non-differentiability
of the BRB inference process, which prevents end-to-end
training with the Backpropagation (BP) algorithm (Werbos
1988).

Meanwhile, Knowledge Distillation (KD), first proposed
by Hinton (Hinton G et al. 2015), has emerged as a powerful
technique for model compression and knowledge transfer,
bridging the gap between large-scale models and lightweight
deployable ones. Its central idea is to use soft targets from
a teacher model as supervisory signals, enabling the stu-
dent model to approximate the teacher’s learned distribution
while maintaining a compact architecture. However, most
existing studies have applied KD primarily to lightweight
neural networks, mobile models, or decision trees, with lim-
ited exploration of its integration into explainable rule-based
systems such as BRB.

This study addresses this gap by introducing a Rule Dis-
tillation framework that integrates BRB with deep learning.
Specifically, we parameterize the BRB so that rule weights,
belief degrees, and membership function parameters can be
optimized via gradient descent, using the soft predictions of
a neural network teacher as supervision. In this framework,
the neural network acts as the teacher, and the BRB serves
as the student. To enhance differentiability, Gaussian ker-



nel functions are incorporated into the rule-matching degree
calculation, thereby avoiding the non-differentiability prob-
lem of Euclidean distance at zero. Moreover, rule centers,
rule weights, attribute weights, membership bandwidths,
and consequent belief distributions are all formulated as
trainable parameters. The overall reasoning process remains
within the Evidential Reasoning (ER) framework, ensuring
both interpretability and transparency of inference.

The main contributions of this study are summarized as
follows:

* Neural network-BRB integration via Rule Distillation:
We propose a novel distillation-based framework in
which the BRB student model learns from the soft pre-
dictions of a neural network teacher. This design allows
the student to achieve both high predictive accuracy and
interpretability, offering a new paradigm for the auto-
mated optimization of rule bases.

* Comprehensive parameterization and differentiable op-
timization of BRB: For the first time, rule centers, rule
weights, membership bandwidths, and consequent belief
distributions are jointly modeled as trainable parameters.
This formulation enables end-to-end gradient-based op-
timization within the Evidential Reasoning (ER) frame-
work, overcoming the limitations of heuristic methods.

 Label-guided clustering for rule center initialization: We
introduce a label-guided clustering strategy for initializ-
ing rule centers, which are then treated as trainable pa-
rameters. This approach ensures a meaningful rule dis-
tribution, reduces the number of rules, and alleviates
the combinatorial explosion problem. Consequently, the
training process becomes more efficient while inference
remains transparent and interpretable.

Related Work
Knowledge Distillation

Knowledge Distillation (KD) was first explored by Caru-
ana (Bucilud et al. 2006) for model compression, transfer-
ring “knowledge” from an ensemble to a single network.
Hinton et al. (2015) formalised the framework by soften-
ing teacher outputs with a temperature parameter, enabling
a compact student to capture the teacher’s distributed knowl-
edge. KD has since been widely used, particularly to deploy
models in mobile and realtime settings. For instance, Fit-
Net (Romero et al. 2014) guides the student with intermedi-
ate teacher features, and Born-Again Networks (Furlanello
et al. 2018) repeatedly distil knowledge to improve a single
model-reducing model size while maintaining accuracy in
vision and speech tasks.

Beyond efficiency, KD has been used to improve inter-
pretability by transferring knowledge from black-box mod-
els to more transparent structures. Lu and Lee (2025) dis-
tilled deep models into decision trees (KDDT), producing
structurally stable and interpretable predictors.

Multilayer perceptrons (MLPs) also play an important
role in KD. Compared with deep convolutional or graph
models, MLPs are simple, easy to implement, and effec-
tive for structured or high-dimensional feature inputs. Many

frameworks adopt MLPs as teachers or students. For exam-
ple, in GLNN, Li et al. (2024) use a graph neural network as
teacher and an MLP as student; owing to its simplicity, the
MLP achieves competitive results using raw node features
and integrates readily with other components for large-scale
deployment.

BRB Theoretical Basis

Yang et al. (2006) proposed belief rule-based (BRB) infer-
ence grounded in Dempster-Shafer (DS) theory. BRB of-
ten suffers from combinatorial explosion as antecedent at-
tributes and evaluation grades grow. To mitigate this, prior
work has pursued hierarchical structures (e.g., HFS-BRB
with XGBoost-based feature selection (Chang et al. 2013);
multilayer tree structures, MTS-BRB (Yang et al. 2023)),
structural learning for rule reduction (GT, MDS, Isomap,
PCA (Chang et al. 2013)), ensemble and bagging strategies
(You et al. 2021), and vector-based BRB that ranks attributes
by contribution and transforms them into attribute vectors
(Zhang et al. 2021).

Despite many BRB variants (Badhon et al. 2025;
Gutiérrez-Urzua, et al. 2025; Zhang et al.2025), combinato-
rial growth remains a challenge. Liu et al. (2013) introduced
the Extended Belief Rule Base (EBRB), which represents
antecedents with belief degrees and learns rules in a data-
driven way, alleviating explosion and improving the han-
dling of uncertainty. EBRB, however, introduces issues such
as rule boundlessness and inconsistency. To address these,
researchers have proposed dynamic rule activation for in-
complete or inconsistent data (Calzada et al. 2014) and adap-
tive activation factor adjustment (Ren et al. 2021); pruning
and consolidation using DEA with Wang-Mendel synthesis
(Yang et al. 2017), density-based clustering (Zhang et al.
2020), and greedy selection over candidate rules (Gao et al.
2021; Bi et al. 2022); and acceleration via KNN graphs built
with HNSW to limit activated rules (Fu et al. 2024). Yang et
al. (2022) further proposed cumulative BRB (CBRB), which
fuses nearest-neighbour information to activate consistent
cumulative rules, balancing interpretability, efficiency, and
accuracy.

Integration of BRB with Other Models

Recent work increasingly combines BRB with neural net-
works to marry data-driven learning with symbolic, inter-
pretable reasoning. Neural networks can predict or adapt
BRB parameters (e.g., attribute weights, rule weights, belief
distributions), reducing reliance on expert specification and
improving performance. Some approaches use deep features
as BRB inputs and optimise BRB parameters with heuris-
tic or semiautomatic procedures, often requiring stage-wise
training (Zhou et al. 2023). Others use neural networks
purely as feature extractors, passing outputs to BRB for
transparent reasoning, with promising results in visual senti-
ment analysis (Zisad et al. 2021) and air pollution forecast-
ing (Kabir et al. 2020). However, because the BRB com-
ponent is typically non-differentiable, these pipelines are
trained separately and cannot exploit end-to-end optimisa-
tion; moreover, as the number of rules increases, combina-
torial complexity can persist (You et al. 2022).



Overall, integrating BRB with neural and fuzzy methods
and distilling neural knowledge into symbolic rules provides
a foundation for developing rule-distillation models that re-
tain interpretability without sacrificing accuracy.

Rule Distillation

In this study, we construct a rule distillation model compris-
ing a neural-network teacher and a Belief Rule Base (BRB)
student (Figure 1). The framework implements knowledge
distillation: a deep neural network (MLP) serves as the
teacher, and an evidential-reasoning BRB serves as the stu-
dent. The teacher produces soft labels that supervise training
of the student, enabling the BRB to mimic the teacher’s out-
puts while retaining interpretability.
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Figure 1: Rules Distillation Framework.

Teacher Model

Within the rule distillation framework, the teacher provides
high-quality soft labels that act as supervisory signals for
the BRB student. Because our focus is the interpretable
BRB rather than the representational power of a very deep
network, we adopt a Multi-Layer Perceptron (MLP) as the
teacher to balance capacity and controllability. The architec-
ture is shown in Figure 2.

Figure 2: MLP Framework.

Input layer: The input dimension equals the number of
premise attributes 7" in the samples: x € Rr, where, = de-
notes the input feature vector.

Hidden layer: The hidden layer contains H neurons and
uses ReLU to enhance nonlinearity: h = ReLU(0, Wyz +
b1), where, W € Ry, denotes the weight matrix and b, €
R g the bias vector.

Output layer: Hidden features are mapped to a C-classes
probability distribution via a linear transform and softmax:

O = Whh + by, pr = Softmax(O), where, Wy € Rewr
represents the weight matrix, bo € R¢ the bias vector, and
p the predicted class distribution produced by the teacher
model for a given input sample.

Student Model

This section introduces the Backpropagation-based BRB
(BP-BRB). First, rule centers are initialized using a label-
guided Fuzzy C-Means (FCM) strategy (Fu et al. 2021). Sec-
ond, inference proceeds via the Evidential Reasoning (ER)
method. Finally, we show that the end-to-end training of
BRB parameters with backpropagation is feasible.

By generating rules via clustering and optimizing within
the interpretable BRB framework using gradient descent, the
proposed method addresses the long-standing limitation that
BRB models could not be trained end-to-end. Figure 3 pro-
vides an overview; details follow.
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Figure 3: BP-BRB Framework.

Constructing Rule Centers: Constructing the rule base
is crucial in rule-based systems. We generate rule centers
using FCM with label guidance. This initialization yields a
more reasonable rule distribution, facilitates parameteriza-
tion, and accelerates convergence.

FCM is a soft clustering algorithm that generalizes K-
Means by introducing a fuzziness factor F, which controls
the degree of cluster overlap. Unlike K-Means, FCM al-
lows each sample to belong to multiple clusters with vary-
ing membership degrees, making it particularly suitable for
problems with ambiguous boundaries or multi-class tenden-
cies. By modeling the fuzzy relationship between samples
and clusters through a membership function, FCM offers
stronger representational capacity and is especially effective
in uncertainty modeling and fuzzy rule-based systems.

The FCM clustering algorithm is:

C K. N
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where, J denotes the cost function of FCM; K is the num-
ber of rule centers; N is the total number of samples; ug;
represents the membership degree of sample x; to cluster
center Ry; F' is the fuzziness coefficient (typically set to 2)
controlling the degree of fuzziness; and C' is the number of
classes.

Figure 4 visualizes FCM clustering on the IRIS dataset
after projecting the original four-dimensional features to
two dimensions for display. Different colors denote differ-
ent classes; small circles denote samples; large circles are
cluster centers. With 150 samples, 12 centers are obtained
and well positioned within primary class regions. Class 0



and Class 2 centers show compact aggregation, whereas
Class 1 is more dispersed and exhibits overlap near bound-
aries—consistent with known class interactions. These re-
sults support the rationality of label-guided fuzzy clustering
for initializing rule centers in Rule Distillation.

IRIS Cluster Centers
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Figure 4: IRIS cluster center.

In a parameterized BRB, a rule center represents a typical
premise-attribute pattern for a subset of inputs. A rule can
be expressed as:

N
R TF(rS, .., v THEN(BS, .., 85), S A5 < 1 (2)
n=1

with rule weight 6 and attribute weight {d1, ...,dr} and
c € C. where, R;, denote the kth rule center, and C the total
number of classes. The term r7. refers to the T'th attribute
of the kth rule center for class c. The vector 3% represents
the belief degree distribution of the kth rule center in class c;
higher values indicate greater reliability of the correspond-
ing conclusion or decision. A rule is considered complete if
25:1 /J’ﬁf = 1; otherwise, it is incomplete. The scalar 6y,
denotes the rule weight of the kth rule center, while d7 rep-
resents the weight of the 7'th attribute. Both are trainable
parameters.

In the parameterized BRB framework, these elements are
represented as vectors in continuous space. The rule centers
are initialized using the results of Fuzzy C-Means (FCM)

Bs(x)

clustering: [r§,...,r5,05,...,8%] € Rk, 8 € [0,1].
Rule weight initialization: 0y, € [0, 1], k € K. Gaussian Ker-
nel Width: 0; = 1, j € K. Attribute weight initialization:
6;=1,1€T.

As an example, for the IRIS dataset illustrated in Figure 4,
12 cluster centers were generated. The corresponding train-
able parameters are summarized in Table 1.

Parameter Shape | Num
Rule_Centers [12,4] | 48
Rule_Weight 12 12
sigma 12 12

Attribute_weight [4] 4
Belief Degrees | [12,3] | 36
total 112

Table 1: Number of Parameters

Parameterized Rule Base Forward Inference: Classi-
cal BRB models often compute rule-input similarity using
the Euclidean norm, whose gradient is undefined at the ori-
gin. To obtain smooth, well-behaved gradients for Back-
propagation, we replace the norm with a Gaussian kernel:

2
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2
20%

Sk(.’t) =exp | — ,Rr, € R (3)

where, R;, denotes the kth rule center, o, is the bandwidth
parameter of the membership, §; represents the attribute
weight. Both o and §; are trainable parameters.

The activation weight of the rule center:

0SSk
L*
> =105

where, L* denotes the number of clustering rule center; 6
represents the rule weight, S was given by (3).

After obtaining the similarity and activation weights.
Yang et al. (2007) has been equivalently transformed into
the Evidential Reasoning (ER) analytical algorithm. The ER
method is employed to combine the rules and generate the
inference output, which can be formulated as (5):

4)

Wy =

I (son() Bk 1 = ) S o) — Tl (1 = we) S4B |

N L* N L* N
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where, 1 denotes the normalization factor, wy, represents
the activation weight of the kth rule,was given by (4).

After obtaining the inference output, the interpretation

=TT (1 - we@) S )

&)

-1
k=1

differs depending on the task type. For regression problems,
let u(D,,) denote the confidence of result D,, in attribute D,
satisfying w(D1) < u(D2) < ... < w(D,,). The inference



output is described as:

N
fl@)=> u(Dy)Bn (6)

For classification problems, D,, represents the nth class,
and the inference output is described as (7):

f@) =Dy n=anef max 1))

Training Loss and Objectives: The training objective
consists of two components: (1) Supervised loss with hard
labels: The student model is trained to fit the ground-truth
labels using cross-entropy loss, which ensures that it does
not deviate from the actual classification targets. (2) Distil-
lation loss with soft labels: To encourage the student model
to mimic the teacher’s predictions, a Kullback-Leibler (KL)
divergence loss is employed between the student’s output
distribution and the teacher’s softened probability distribu-
tion. The softening is controlled by a temperature parameter
T, which smooths the logits, making secondary classes more
distinguishable. A scaling factor T2 is applied to prevent the
loss from becoming negligible.

Lxp =X~ Lop(y, 9s) + (1= \) - T2

] s (®)
- Lk (Softmax (?) , Softmax <?>>

The final objective is a weighted combination of these two
terms, where A controls the trade-off between hard-label
supervision and soft-label distillation. A larger tempera-
ture T' produces smoother probability distributions, facil-
itating richer knowledge transfer from teacher to student.
Ler(y, §s) denotes the Cross-Entropy loss between the stu-
dent model’s predictions g, and the ground-truth labels y.
yr and gy, are the raw output logits from the teacher model
and student model.

Figure 5 show the detailed process of rule distillation. For
the Rule Distillation modeling procedure, it consists of the
following steps and the corresponding pseudo code is pro-
vided in Algorithm 1.

Experiments
Datasets Description

We evaluated the proposed Rule Distillation model on 23
benchmark classification datasets from the UCI Machine
Learning Repository, spanning domains such as medical di-
agnosis (e.g., Diabetes) and image recognition (e.g., Pen-
based). Model performance was assessed through three
comparative experiments. Table 2 summarizes the datasets,
where Samples denotes the number of instances, Features
the number of attributes, and Categories the number of
classes.

Training and Hyperparameters

We first analyzed convergence on the Iris dataset. Several
optimizers and batch sizes were explored; Adam with batch
size 64 yielded the best results. Convergence was sensitive

Dataset Samples | Features | Categories
Tae 151 5 3
Iris 150 4 3
Bupa 345 6 2
Heart 270 13 2
Wdbc 569 30 2
Wine 178 13 3
Glass 214 9 6
Vowel 990 13 11
Magic 19020 10 2
Pima 768 8 2
Yeast 1484 8 10
Diabetes 393 8 2
Balance 625 4 3
Twonorm 7400 20 2
Phoneme 5404 5 2
Cleveland 297 13 5
Satimage 6435 36 6
Penbased 10992 16 10
Wisconsin 683 9 2
Transfusion 748 4 2
Page-Blocks 5472 10 5
Contraceptive 1473 9 3
Mammographic 830 5 2

Table 2: Basic information on the classification datasets.

to the initial learning rate: very large values impeded train-
ing of the BRB student, whereas very small values slowed
convergence. We therefore set the learning rate to 0.002.

The teacher (MLP) begins with a loss of about 1.1 and
decreases to about 0.06 after 200 epochs. The student (BP-
BRB) starts around 0.18 and rapidly converges toward zero,
indicating substantially faster optimization under distilla-
tion. In test accuracy, the teacher remains below 60% for
about 20 epochs and surpasses 80% around epoch 80, ulti-
mately reaching about 96%. The student achieves about 78%
early on and stabilizes above 96% after about 100 epochs,
slightly outperforming the teacher. These results show that
Rule Distillation accelerates convergence, improves general-
ization, and preserves interpretability through its rule-based
structure. Details are shown in Figure 6.

0 25 s 75 100 125 150 175 200 0 25 50 75 100 125 150 175 200
Epoch Epoch

Figure 6: Training loss (left) and test accuracy (right) for
Rule Distillation.
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Figure 5: Rule Distillation detail framework.

Results and Analysis

For each dataset, we trained a Rule Distillation model and
evaluated it with stratified 10-fold cross-validation (10-CV).
Accuracy was used as the primary metric. Comparative
baselines and reference results were taken from the litera-
ture (Yang et al. 2022; Yang et al. 2025).

Comparison of Rule Distillation with existing BRBSs:
We compared the proposed model with nine improved BRB
variants reported previously. Table 3 lists their basic char-
acteristics and accuracies on representative datasets. As
shown in Table 3, we conducted comparisons on 10 public
datasets against eight representative BRB variants, includ-
ing EBRB, DEA-EBRB, Micro-EBRB, DBSCAN-EBRB,
CBRB, AFDRA-EBRB, RCPL-EBRB, and Optimzation-
CBRB. These baselines encompass the major directions
of recent BRB developments, spanning structural enhance-
ments, inference mechanisms, and optimization strategies,
thereby providing a comprehensive benchmark for evalua-
tion.

Rule Distillation demonstrates a clear advantage across
nearly all datasets. On ten datasets Tae, Wisconsin, Bupa,
Wine, Page-Blocks, Balance, Contraceptive, Yeast, Mam-
mographic, and Phoneme-it achieves the best performance.
For instance, on the Bupa and Yeast datasets, the method
reaches accuracies of 71.34% and 60.79%, respectively, rep-
resenting improvements of approximately 11% and 18%
over the second-best approaches. These results highlight the
strong generalization ability of Rule Distillation in scenar-
ios involving small-sample noisy data and high-dimensional
complex data. Similarly, on the Page-Blocks and Balance
datasets, Rule Distillation improves accuracy by more than
5%, underscoring its robustness on structured data.

It is worth noting that even in cases where traditional
BRBS variants show comparable performance (e.g., Mam-
mographic and Wisconsin datasets), Rule Distillation con-
sistently achieves the highest accuracy. This suggests that
the method effectively mitigates local optima during rule op-
timization and knowledge distillation. Overall, Rule Distilla-
tion ranks first on all ten datasets, yielding an average rank-
ing score of 1.0-significantly outperforming existing meth-
ods and confirming its comprehensive advantages in both

accuracy and stability.

Comparison of Rule Distillation with classical fuzzy
rule-based system-related classifiers:The second set of ex-
periments (Table 4) compares Rule Distillation with six clas-
sical fuzzy rule-based system (FRBS) classifiers on twelve
widely used datasets. The six methods include: the struc-
ture learning algorithm on vague environment(SLAVE);
fuzzy hybrid genetic-based machine learning (FH-GBML);
steadystate genetic algorithm for extracting fuzzy classifica-
tion rules from data(SGRED); fuzzy association rule-based
classification method for high-dimensional problem (FARC-
HD); classification with fuzzy association rules(CFAR); and
the cumulative belief rule-based system (CBRBS). Notably,
SGRED is an improved version of WM-FRBS designed for
classification tasks. Table 4 reports the classification accura-
cies of these six FRBS-related classifiers across the twelve
datasets. In each dataset, the number in parentheses indicates
the ranking of the method, with smaller ranks denoting bet-
ter performance.

As shown in Table 4, Rule Distillation achieves either
the best or near-best performance on the vast majority of
datasets. On several benchmarks-including Heart, Wdbc,
Pima, Phoneme, Twonorm, Magic, Wine, Cleveland, and
Satimge-it consistently obtains the highest accuracy. In par-
ticular, on the Magic and Twonorm datasets, Rule Distil-
lation improves upon the second-best methods by approx-
imately 3% and 0.5%, respectively, demonstrating clear ad-
vantages in large-scale and medium-difficulty classification
tasks.

On high-dimensional datasets such as Wdbc and Wine,
Rule Distillation achieves accuracies of 96.84% and
98.33%, markedly surpassing existing methods and validat-
ing its effectiveness in high-dimensional feature spaces. On
medical datasets such as Pima and Cleveland, the method
again delivers the best results, indicating robust reasoning
ability even in the presence of noisy data and class imbal-
ance.

Notably, on the Iris and Penbased datasets, Rule Distil-
lation matches the best-performing approaches, achieving
accuracies of 96.00% and 99.14%, respectively. This high-
lights the method’s stability on standard small-scale classifi-
cation tasks. Overall, Rule Distillation ranks first on 11 out



Indicator/ Improved BRBS Rule Distillation
Dataset EBRB | DEA-EBRB | Micro-EBRB | DBSCAN | CBRB | AFDRA | RCPL | Opt-CBRB
Tae 49.01(6) | 46.36(8) 443709) 46.39(7) | 50.99(2) | 49.67(5) | 50.97(3) | 50.33(4) 54.25(1)
Wisconsin 95.9(5) | 95.46(7) 95.46(7) 55.26(8) | 95.61(6) | 96.19(3) | 95.91(4) | 96.34(2) 96.78(1)
Bupa 57.97(4) 57.97(4) 57.97(4) 57.97(4) | 57.97(4) | 57.97(4) | 58.26(3) 60.29(2) 71.34(1)
Wine 96.32(4) 80.9(7) 95.84(5) 97.87(2) | 96.63(3) | 96.63(3) | 74.73(8) | 93.82(6) 98.33(1)
Page-Blocks 89.88(5) 89.84(6) 89.84(6) 89.88(5) | 89.89(4) | 89.91(3) | 80.6(7) 90.61(2) 96.86(1)
Balance 89.44(3) | 84.16(7) 80.32(8) 89.44(3) | 84.8(5) | 90.56(2) | 84.64(6) | 85.6(4) 91.69(1)
Contraceptive | 47.73(3) |  46.23(6) 45.49(7) 43.86(8) | 46.37(4) | 47.73(3) | 463(5) | 48.34(2) 55.94(1)
Yeast 33.89(6) | 38.81(3) 31.33(9) 33.02(7) | 32.35(8) | 34.43(5) | 38.41(4) | 42.052) 60.79(1)
Mammographic | 77.64(9) 80.84(3) 79.88(6) 79.57(8) | 79.76(7) | 80.48(4) | 80.34(5) 81.08(2) 82.77(1)
Phoneme 70.65(4) | 70.65(4) 70.65(4) 70.65(4) | 82.42(2) | 70.65(4) | 70.65(4) | 75.19(3) 84.73(1)
Average rank 4.9 5.5 6.5 5.6 4.5 3.6 4.9 2.9 1
Table 3: Comparison of Rule Distillation with existing BRBSs
Dataset SLAVE | FH-GBML | SGRED | FARC-HD | CFAR | CBRBS | Rule Distillation
Heart 71.36(6) 75.93(4) 73.21(5) 84.44(1) | 82.22(2) | 80.37(3) 84.44(1)
Wdbc 92.33(4) 92.26(5) 90.68(6) | 95.25(3) - 96.49(2) 96.84(1)
Pima 73.71(5) 75.26(3) 73.37(6) | 75.66(2) | 65.11(7) | 74.09(4) 76.55(1)
Phoneme 76.41(5) 79.66(4) 75.55(6) 82.14(3) | 70.65(7) | 82.42(2) 84.73(1)
Twonorm 86.99(5) 85.97(6) 73.98(7) | 95.28(3) | 91.66(4) | 96.77(2) 97.32(1)
Magic 73.96(5) 81.30(3) 72.06(6) 84.51(2) | 64.84(7) | 80.61(4) 87.22(1)
Iris 94.44(3) 94.00(4) 94.89(2) | 96.00(1) | 90.67(5) | 96.00(1) 96.00(1)
Wine 89.47(7) 92.61(5) 91.88(6) | 94.35(3) | 93.24(4) | 96.63(2) 98.33(1)
Cleveland 48.82(7) 53.51(5) 51.59(6) | 55.24(3) | 53.88(4) | 55.89(2) 57.62(1)
Satimage 81.69(4) 74.72(6) 77.10(5) 87.32(3) - 90.46(2) 90.89(1)
Penbased 81.16(3) 50.45(5) 67.93(4) | 96.04(2) | 36.43(6) | 99.14(1) 99.14(1)
Vowel 71.11(4) 67.07(5) 65.83(6) | 71.82(3) - 98.38(1) 93.54(2)
Num No.1 0 0 0 2 0 3 11
Average rank 4.8 4.6 5.1 24 5.1 2.2 1.1
Table 4: Comparison of Rule Distillation with classical FRBS-related classifiers
of 12 datasets, with an average ranking score of 1.1, provid-
ing strong evidence of its universality and robustness across
datasets of varying scales and levels of difficulty. -
Comparison of Rule Distillation with classical ML- Hom ™! 74{?11?5) gﬁg@ 7731T(4> 52?2216) 835121?3) Rmesft).f}tl(l:?mn
related classifiers: To further validate the effectiveness of Wabe 95.96(3) | 92.97(5) | 93.32(4) | 62.74(6) | 96.31(2) 96.84(1)
the proposed model, a thrd experiment compares Rule Dis- | S, | 80| 72y s | By | me | st
tillation with several classical machine learning classifiers: Twonorm 94.86(5) | 97.83(1) | 85.12(6) | 97.69(2) | 96.96(4) 97.32(3)
Artificial Neural Networks (ANN) and k-Nearest Neighbors ?fizglc 33;235‘3‘1 ;ﬁ;gﬁﬁfg Sjé;ﬁ; 83222?; S%ig; 22;338;
(KNN), Naive Bayes (NB), Decision Trees (DT), and Sup- Wine 97.19(2) | 96.63(4) | 92.13(5) | 44.38(6) | 97.17(3) 98.33(1)
. Cleveland 55.56(3) | 54.88(4) | 56.57(2) | 53.87(5) | 52.53(6) 57.62(1)
port Vector Machines (SVM). Satimage 86.67(2) | 75.39(6) | 82.34(5) | 82.71(4) | 85.61(3) 90.89(1)
Table 5 summarizes the classification accuracies and penbased ?gggg; 2;8322 1‘6‘322‘5‘; ééléi?i gi?ig; gggg;
rankings across 23 public datasets. The results show that Diabetes 74.004) | 76.30(1) | 73.82(5) | 65.10(6) | 75.39(3) 76.03(2)
Rule Distillation consistently outperforms traditional ma- Cransfusion Zg%gg; Zij‘éﬁﬁii ggggg; g;é;g Zgg‘gg; ;33;8;
chine learning methods on most datasets. Among the 23 Mammographic | 79.04(6) | 82.41(3) | 83.98(1) | 79.88(5) | 80.60(4) 83.25(2)
bgnchmarks, it achieves the best perfprmance on 17 datasets, e onsin - 2‘5*13‘1‘83 ‘9‘?2:8 Z‘S‘:gzgg - Szﬁggi
with an average rank of 1.3-substantially better than all com- Bupa - |57970) | 57.393) | 57970 | - 71.34(1)
peting approaches. Bmee | T |s70m | om0 | Be0) | - | stes)
On several challenging datasets such as Glass, Balance, Contraceptive - 42.70(3) | 43.65(2) | 42.70(3) - 55.94(1)
Contraceptive, and Yeast, Rule Distillation demonstrates ;ff:fNo‘l 5 31'232(3) 56'82](2) 3]'210(4) 1 60'3(1)
particularly strong performance. For example, on the Glass Average rank 425 35 33 39 3.1 13

dataset, it reaches an accuracy of 88.79%, exceeding Deci-
sion Trees and KNN by more than 20 percentage points. On
Balance and Contraceptive, accuracies increase to 91.69%
and 55.94%, respectively, underscoring the method’s adapt-
ability to complex decision boundaries and imbalanced data.

In large-scale multi-class tasks-including Satimage, Pen-

Table 5: Comparison of Rule Distillation with classical ML-
related classifiers.



based, and Page-Blocks-Rule Distillation again achieves the
highest accuracies (90.89%, 99.14%, and 96.86%, respec-
tively), highlighting its strong generalization capability in
high-dimensional and multi-class settings. Notably, on cer-
tain medical datasets (e.g., Pima and Mammographic), its
performance remains close to the best methods, consistently
ranking within the top two. This indicates its reliability in
medical diagnostic tasks.

Overall, Rule Distillation exhibits superior classification
accuracy and stability across diverse scenarios, confirming
its potential value for interpretable learning and real-world
applications.

Conclusion and Future Work

This paper proposes a Rule Distillation framework that inte-
grates knowledge distillation with Belief Rule Bases (BRB),
thereby achieving a fusion of neural networks and symbolic
reasoning. By employing an MLP as the teacher model and
leveraging its soft predictive outputs to guide the parame-
ter learning of the BRB student model, the framework en-
ables the student to achieve performance comparable to, or
even surpassing, the teacher model, while preserving an in-
terpretable rule structure.

The proposed method not only enhances the adaptability
and trainability of BRBs but also offers a novel approach for
developing interpretable reasoning systems with human-Al
collaborative capabilities. Future work will explore extend-
ing this framework to more complex tasks and incorporat-
ing transfer learning to improve performance in data-scarce
scenarios. Moreover, the model can easily accommodate
domain-specific constraints or controllable rules-or exam-
ple, by fixing certain rule weights or setting upper and lower
bounds-thus providing a practical pathway toward control-
lable and trustworthy Al
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Algorithm 1: Pseudocode of Rule Distillation modeling pro-
cedure
1. Teacher Model (MLP)

1: teacher := MLP(input_dim, hidden_dim, num_classes)
2: train(teacher, train_loader, loss=CrossEntropy)
3: soft_labels := softmax(teacher(train_X))

2. Build Rule Center (FCM)

1: rule_centers :=[]

2: while class c do

3 samples := x — y=c

4:  centers := FCM(samples, K=clusters_per_class)
5

6

rule_centers.append(centers)
: end while
3. Student Model(BRB)
1: student := BRB(rule_centers, num_classes)
4. Training
1: while (xb, soft_yb) in (train_loader_with_softlabels) do
2 pred := student(xb)
3:  loss := distill_loss(pred, soft_yb)
4:  update(student, loss)
5: end while
5. evaluate
1: acc_teacher := evaluate(teacher, test_loader)
2: acc_student := evaluate(student, test_loader)
3: return acc_teacher, acc_student




