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Abstract

Off-policy evaluation often refers to two related
tasks: estimating the expected return of a policy
and estimating its value function (or other func-
tions of interest, such as density ratios). While re-
cent works on marginalized importance sampling
(MIS) show that the former can enjoy provable
guarantees under realizable function approxima-
tion, the latter is only known to be feasible under
much stronger assumptions such as prohibitively
expressive discriminators. In this work, we pro-
vide guarantees for off-policy function estimation
under only realizability, by imposing proper reg-
ularization on the MIS objectives. Compared to
commonly used regularization in MIS, our reg-
ularizer is much more flexible and can account
for an arbitrary user-specified distribution, under
which the learned function will be close to the
groundtruth. We provide exact characterization
of the optimal dual solution that needs to be re-
alized by the discriminator class, which deter-
mines the data-coverage assumption in the case
of value-function learning. As another surprising
observation, the regularizer can be altered to relax
the data-coverage requirement, and completely
eliminate it in the ideal case with strong side in-
formation.

1. Introduction

Off-policy evaluation (OPE) often refers to two related tasks
in reinforcement learning (RL): estimating the expected
return of a target policy using a dataset collected from a dif-
ferent behavior policy, versus estimating the policy’s value
function (or other functions of interest, such as density ra-
tios). The former is crucial to hyperparameter tuning and
verifying the performance of a policy before real-world de-
ployment in offline RL (Voloshin et al., 2019; Paine et al.,
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2020; Zhang & Jiang, 2021). The latter, on the other hand,
plays an important role in (both online and offline) train-
ing, often as the subroutine of actor-critic-style algorithms
(Lagoudakis & Parr, 2003; Liu et al., 2019), but is also gen-
erally more difficult than the former: if an accurate value
function is available, one could easily estimate the return by
plugging in the initial distribution.

Between the two tasks, the theoretical nature of off-policy
return estimation is relatively well understood, especially
in terms of the function-approximation assumptions needed
for sample-complexity guarantees. Among the available al-
gorithms, importance sampling (IS) and its variants (Precup
et al., 2000; Thomas et al., 2015; Jiang & Li, 2016) do not
require any function approximation, but incur exponential-
in-horizon variance. Fitted-Q Evaluation (Ernst et al., 2005;
Le et al., 2019) can enjoy polynomial sample complexity
under appropriate coverage assumptions, but the guarantee
requires the function class to satisfy the strong Bellman-
completeness assumption, i.e. closure under the Bellman op-
erator (Chen & Jiang, 2019; Xie et al., 2021). Marginalized
importance sampling (MIS) methods, which have gained
significant attention recently (Liu et al., 2018; Xie et al.,
2019; Uehara et al., 2020; Nachum et al., 2019a), use two
function classes to simultaneously approximate the value
and the density-ratio (or weight) function and optimize min-
imax objectives. Notably, it is the only family of methods
known to produce accurate return estimates with a poly-
nomial sample complexity, when the function classes only
satisfy the relatively weak realizability assumptions (i.e.,
they contain the true value and weight functions).

In comparison, little is known about off-policy function es-
timation, and the guarantees are generally less desirable.
Not only do the limitations of IS and FQE on return esti-
mation carry over to this more challenging task, but MIS
also loses its major advantage over FQE: despite the some-
what misleading impression left by many prior works, that
MIS can handle function estimation the same way as return
estimation, ! MIS for function estimation often requires
unrealistic assumptions, such as prohibitively expressive
discriminators. For concreteness, a typical guarantee for

! For example, Liu et al. (2019) assume access to a weight
estimation oracle and cited Liu et al. (2018) as a possible instance.
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function estimation from MIS looks like the following (see
e.g., Theorem 4 of Liu et al. (2018) and Lemmas 1 and 3 of
Uehara et al. (2020)):

Proposition 1 (Function estimation guarantee for MIS,
informal). Suppose the offline data distribution d” sat-
isfies dP(s,a) > 0,Vs,a. Given value-function class
Q with q° € Q and weight class W = RSXA q" =
arg min, e o max,ew L(w, q) for some appropriate pop-
ulation loss function L.

To enable the identification of the value function ¢™, the
result requires the discriminator class WV to be the space
of all possible functions over the state-action space (VW =
RS*A). In the finite-sample regime, using such a class
incurs a sample complexity that depends on the size of the
state-action space, which completely beats the purpose of
function approximation.

In addition, these results only hold asymptotically, where
the function of interest can be exactly identified in a point-
wise manner. Such an overly strong guarantee is unrealistic
in the finite-sample regime, where one can only hope to
approximate the function well in an average sense under
some distribution, i.e., finite-sample performance guaran-
tees should ideally bound ||g — ¢™||2,, for the learned g,
where || - ||2,,, is v-weighted 2-norm. Such fine-grained anal-
yses are non-existent in MIS. Even in the broader literature,
such results not only require Bellman-completeness-type
assumptions (Uehara et al., 2021), they also come with some
fixed v (which is not necessarily dP; see Section 2) and the
user has no freedom in choosing v. This creates a gap in the
literature, as downstream learning algorithms that use off-
policy function estimation as a subroutine often assume the
estimation to be accurate under certain specific distributions.
For example, in the setting of online policy optimization,
Abbasi-Yadkori et al. (2019) require value estimates to be
accurate on the occupancy of the (unknown) optimal policy,
and (Kakade & Langford, 2002) require them to be accurate
on the occupancy of the learning policy at each iteration
2. Choosing v to be the initial state-action distribution is
well-suited for off-policy return estimation(see Appendix F).
In offline RL, Liu et al. (2019) assume access to weight and
value function estimation oracles on v = d”.

To summarize, below are two important open problems on
off-policy function estimation:

1. Is it possible to obtain polynomial® sample complexity
for off-policy function estimation, using function classes

2 While the occupancies of these policies may not be known
in general, they may be estimated from samples or approximated
using domain knowledge. We give a more nuanced discussion in
the conclusion.

? By “polynomial”, we mean polynomial in the horizon, the
statistical capacities and the boundedness of the function classes,
and the parameter that measures the degree of data coverage.

that only satisfy realizability-type assumptions?

2. Can we specify a distribution v to the estimation algo-
rithm, such that the learned function will be close to the
groundtruth under v?

In this work, we answer both open questions in the positive.
By imposing proper regularization on the MIS objectives,
we provide off-policy function estimation guarantees under
only realizability assumptions on the function classes. Com-
pared to commonly used regularization in MIS (Nachum
et al., 2019a; Nachum & Dai, 2020; Yang et al., 2020), our
regularizer is much more flexible and can account for an ar-
bitrary user-specified distribution v, under which the learned
function will be close to the groundtruth. We provide exact
characterization of the optimal dual solution that needs to
be realized by the discriminator, which determines the data-
coverage assumption in value-function learning. As another
surprising observation, the regularizer can be altered to relax
the data-coverage requirement, and in the ideal case com-
pletely eliminate it when strong side information is available.
Proof-of-concept experiments are also conducted to validate
our theoretical predictions.

2. Related Works

Regularization in MIS The use of regularization is very
common in the MIS literature, especially in DICE algo-
rithms (Nachum et al., 2019a;b; Yang et al., 2020). How-
ever, most prior works that consider regularization use tabu-
lar derivations and seldom provide finite-sample function-
approximation guarantees on even return estimation, let
alone function estimation. (An exception is the work of
Uehara et al. (2021), who analyze related estimators un-
der Bellman-completeness-type assumptions; see the next
paragraph.) More importantly, while some existing DICE es-
timators are subsumed as our special cases when we choose
very simple regularizers (see Remark 3 in Section 5), prior
works provide very limited understanding in how the choice
of regularizers affects learning guarantees, and hence have
only considered these naive forms of regularization (typi-
cally state-action-independent and under d”)—as different
forms of regularization are essentially treated equally under
a coarse-grained theory (Yang et al., 2020). In contrast,
we provide much more fine-grained characterization of the
effects of regularization, which leads to novel insights about
how to design better regularizers.

Fitted-Q Evaluation (FQE) Outside the MIS literature,
one can obtain return and value-function estimation guar-
antees via FQE (Duan et al., 2020; Chen & Jiang, 2019; Le
et al., 2019; Uehara et al., 2021). However, it is well un-
derstood that FQE and related approaches require Bellman-
completeness-type assumptions, such as the function class
being closed under the Bellman operator. Even putting aside
the difference between completeness vs. realizability, we al-
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low for a user-specified error-measuring distribution, which
is not available in FQE or any other existing method. The
only distribution these methods are aware of is the data dis-
tribution d”, and even so, FQE and variants rarely provide
guarantees on ||¢ — ¢™ || 4o, but often on the Bellman error
(e.g., [[g — T7qll2,4p) instead (Uehara et al., 2021), and ob-
taining guarantees on a distribution of interest often requires
multiple indirect translations and loose relaxations.

LSTDQ Our analyses focus on general function approxima-
tion. When restricted to linear classes, function estimation
guarantees for ¢™ under d” can be obtained by LSTDQ
methods (Lagoudakis & Parr, 2003; Bertsekas & Yu, 2009;
Dann et al., 2014) when the function class only satisfies real-
izability of ¢™ (Perdomo et al., 2022). However, this requires
an additional matrix invertibility condition (see Assumption
3 of Perdomo et al. (2022)), and it is still unclear what this
condition corresponds to in general function approxima-
tion *. Moreover, many general methods—including MIS
(Uehara et al., 2020) and other minimax methods (Antos
et al., 2008; Xie et al., 2021)—coincide with LSTDQ in the
linear case, so the aforementioned results can be viewed
as a specialized analysis leveraging the properties of linear
classes.

PRO-RL (Zhan et al., 2022) Our key proof techniques are
adapted from Zhan et al. (2022), whose goal is offline policy
learning. They learn the importance weight function w™ for
a near-optimal 7, and provide ||@ — w™||5 4o guarantees
as an intermediate result. Despite using similar technical
tools, our most interesting and surprising results are in the
value-function estimation setting, which is not considered
by Zhan et al. (2022). Our novel algorithmic insights, such
as incorporating error-measuring distributions and approxi-
mate models in the regularizers, are also potentially useful
in Zhan et al. (2022)’s policy learning setting. Our analy-
ses also reveal a number of important differences between
OPE and offline policy learning, which will be discussed in
Appendix A.

3. Preliminaries
We consider off-policy evaluation (OPE) in Markov Deci-
sion Processes (MDPs). An MDP is specified by its state
space S, action space A, transition dynamics P : S x A —
A(S) (A(:) is the probability simplex), reward function
R:8 x A— A([0,1]), discount factor v € [0,1), and an
initial state distribution po € A(S). We assume S and A
are finite and discrete, but their cardinalities can be arbitrar-
ily large. Given a target policy 7 : S — A(A), a random
trajectory sg, agp, o, S1,01,71, - - - can be generated as sg ~
posat ~ m(:[se),me ~ R(|st,ar), se41 ~ P([se, ar),
*1t is hinted by Uehara et al. (2020) that the invertibility is

related to a loss minimization condition in MIS, but the connection
only holds for return estimation.

Vt > 0; we use E; and P to refer to expectation and prob-
ability under such a distribution. The expected discounted
return (or simply return) of 7 is J(7) := E.[>, v'r¢]. The
Q-value function of 7 is the unique solution of the Bell-
man equations g™ = T " ¢™, with the Bellman operator 7™ :
RSXA 5 RS*A defined as Vg € RS*A (T™¢)(s,a) =
E, i o[r] +7(P™q)(s, ). Here P™ € RISXAIXISxA
is the state-action transition operator of m, defined as
(P™q)(s,a) := ES/NP(.‘Sya)ya/Nﬂ.HS/) [¢(s’,a’)]. Functions
over § x A (such as ¢) are also treated as |S x Al-
dimensional vectors interchangeably.

In OPE, we want to estimate ¢ and other functions of
interest based on a historical dataset collected by a pos-
sibly different policy. As a standard simplification, we
assume that the offline dataset consisting of n i.i.d. tu-
ples {(s;,a;,7;,55)}" | sampled as (s;,a;) ~ d°, r =
R(si,a;), and s ~ P(-s;,a;). We call dP the (of-
fline) data distribution. As another function of interest,
the (marginalized importance) weight function w™ is de-
fined as w™ (s,a) := d™(s,a)/d" (s, a), where d™(s,a) =
(1=9) > 20 V' Prst = s,a; = ] is the discounted state-
action occupancy of w. For technical convenience we as-
sume dP(s,a) > 0 Vs,a, so that quantities like w™ are
always well defined and finite.> Similarly to ¢, w™ also
satisfies a recursive equation, inherited from Wthe Bellman
flow equation for d™: d™ = (1 — v)u§ + yvP™d™, where
(s,a) ~ uf < s ~ po,a ~ m(-|s) is the initial state-action
distribution, and P™ = (P™)7 is the transpose of the transi-
tion matrix.

Function Approximation We will use function classes
Q and W to approximate ¢" and w™, respectively. We
assume finite @ and YV, and extension to infinite classes
under appropriate complexity measures (e.g., covering num-
ber) is routine and orthogonal to the main insights of the

paper.

Additional Notation || - ||, = \/E,[(-)?] is the weighted
2-norm of a function under distribution ». We also use a stan-
dard shorthand f(s, ) := E,r(.|5)[f (s, a)]. uov between
two vectors v and v of the same dimension is elementwise
multiplication, and u /v is elementwise division.

4. Value-function Estimation

In this section we show how to estimate g ~ ¢q™ with guar-
antees on ||g — ¢”||2,, for a user-specified v, and identify
the assumptions under which provable sample-complexity
guarantees can be obtained. We begin with the familiar

5Tt will be trivial to remove this assumption at the cost of
cumbersome derivations. Also, these density ratios can still take
prohibitively large values even if they are finite, and we will need to
make additional boundedness assumptions to enable finite-sample
guarantees anyway, so their finiteness does not trivialize the analy-
ses.
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Bellman equations, that ¢™ is the unique solution to:

ErwR(-\s,a) [’I"] + IYES’NP(-\S,(L) [Q(Sla ﬂ-)] - q(s, (l) =0,
Vs,a €S x A.
)]

While the above set of equations uniquely determines
q = ¢™, this is only true if we can enforce all the |S x A|
constraints, which is intractable in large state-space prob-
lems. In fact, even estimating (a candidate ¢’s violation of)
a single constraint is infeasible as that requires sampling
from the same state multiple times, which is related to the
infamous double-sampling problem (Baird, 1995).

To overcome this challenge, prior MIS works often relax
(1) by taking a weighted combination of these equations,

e.g.

Ego [w(s,a) (r(s,a) +vq(s',7) — q(s,a))] =0,
YweW. ()

In words, instead of enforcing |S x 4| equations, we only
enforce their linear combinations; the linear coefficients
are d”(s,a) - w(s,a), and w belongs to a class W with
limited statistical capacity to enable sample-efficient esti-
mation. While each constraint in (2) now be efficiently
checked on data, this comes with a big cost that a solu-
tion to (2) is not necessarily ¢™. Prior works handle this
dilemma by aiming lower: instead of learning g =~ ¢™, the
problem becomes tractable if we only aim to learn ¢ that
can approximate the policy’s return, i.e. Ey,, [¢(s, 7)] =
J(m) = Egnpo[q7 (s, 7)]. While Uehara et al. (2020) show
that this is possible under w™ € W, they also show ex-
plicit counterexamples where ¢ # ¢™ even with infinite
data. As a result, how to estimate ¢ = ¢™ under comparable
assumptions (instead of the prohibitive W = RS*4 as in
Proposition 1) is still an open problem.

4.1. Estimator

We now describe our approach to this problem. Recall that
the goal is to obtain error bounds for ||§ — ¢™||2,, for some
distribution v € A(S x A) provided by the user. Note
that we do not require information about r and s’ that are
generated after (s,a) ~ v and only care about the (s, a)
marginal itself, so the user can pick v without knowing the
transition and the reward functions of the MDP. We assume
that v is given in a way that we can take its expectation
E(s,a)~v[(-)]; the extension to the case where v is given via
samples is straightforward.

To achieve this goal, we first turn (1) into an equivalent con-
strained convex program: given a collection of strongly con-
vex and differentiable functions f = {fs, : R = R}, ,—

we will later discuss its choice—consider

min B(e,q) [fo.a(4(s, )] ®)
S.t. ET~R(-\s,a) [T] + ’YES’NP('\S,a) [Q(S/a 77)] - q<‘97 a) =0,
Vs, a.

The constraints here are the same as (1). Since (1) uniquely
determines ¢ = ¢™, the feasible space of (3) is a singleton,
so we can impose any objective function on top of these con-
straints, and it will not change the optimal solution (which
is always ¢™, the only feasible point). Here, we use an ob-
jective function of the form E(; o)~ [fs,a(¢(s, a))], where
v is the user-provided distribution of interest. Choosing
fs.a(q(s,a)) = 0Vs, a, for example, recovers MQL in Ue-
hara et al. (2020). With this choice, however, as shown in
Proposition 1, ¢™ cannot be identified without prohibitive
assumptions. As we will see, other choices of f will serve
as important regularizers in the function-approximation set-
ting, and will be crucial for our function estimation guaran-
tees.

Remark 1 ((s, a)-dependence of f). Regularizers in prior
works are (s, a)-independent (Nachum et al., 2019a; Yang
et al., 2020; Zhan et al., 2022). As we will see in Sec-
tion 4.3, allowing for (s, a)-dependence is very important
for designing regularizers with improved guarantees and
performances.

We now rewrite (3) in its Lagrangian form, with d” o w
serving the role of dual variables:

mqin max L;(q, w) = E,[fs,a(q(s, a))] “4)
+ EdD [w(s, a) (T(Sa a) + 7‘](5/7 7T) - Q(S, a))] .

Finally, our actual estimator approximates (4) via finite-
sample approximation of the population loss L‘}, and
searches over restricted function classes Q and W for ¢
and w, respectively:

(g, w) = arg min arg max E?(q, w), 3)
qeQ weWw

where L% (q,w) := Ey[fs,a(q(s,a))]
+ L3 wiss, aq) (ri + vq(s), ™) — q(si, a:) -

Intuition for identification Before giving the detailed
finite-sample analysis, we provide some high-level intu-
itions for why we can obtain the desired guarantee on
lg — ¢™||2,,- Note that (4) is structurally similar to (2),
and we still cannot verify the Bellman equation for ¢™ in
a per-state-action manner, so the caveat of (2) seems to
remain; why can we identify ¢™ under v?

The key here is to show that it suffices to check the loss func-
tion L‘J’c only under a special choice of w (as opposed to all of
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RS*A), Importantly, this special w is not w = w™; rather, it
is the function w7 in the saddle-point solution of our regular-
ized objective, (¢",w}) = argmin, argmax,, L}(q,w),
for which we later provide the closed form. As long as
wy € W—even if W is extremely “simple” and contains
nothing but w}—we can identify ¢™. Intuitively, w™ should
not appear in our analysis at all: w™ is defined with respect
to the initial distribution of the MDP i, which has nothing
to do with our goal of bounding || — ¢™||2,.-

To see that, it is instructive to consider the special case of
W = {w}} and the limit of infinite data. In this case, our es-
timator becqmes arg mingc o L$(g, w}). By the definition
of saddle point:

Li(q",w}) < L(g,w}), Vq.

While this shows that ¢™ is a minimizer of the loss, it does
not imply that it is a unique minimizer. However, identi-
fication immediately follows from the convexity brought
by regularization: since f : R — R is strongly convex,
q — E,[fs.a(q(s,a))] as a mapping from RS*4 to R is
strongly convex under || - ||2,,, (see Lemma 7 in Appendix B
for a formal statement and proof), and L‘}’c(q7 w}) inherits
such convexity since the other terms are affine in q. It is then
obvious that g™ is the unique minimizer of L? (¢",w}) up to
[| - ll2,, that is, any minimizer of L must agree with ¢™ on
(s, a) pairs supported on v. Our finite-sample analysis below
shows that the above reasoning is robust to finite-sample
errors and having functions other than w% in W.

4.2. Finite-sample Guarantees

In this subsection we state the formal guarantee of our esti-
mator for g™, and the assumptions under which it holds. We
start with the condition on the regularization function f:

Assumption 1 (Strong convexity of f). Assume fs o : R —

R is nonnegative, differentiable, and M 9-strongly convex

for each s € S,a € A. In addition, assume both f; , and
+. take finite values for any finite input.

This assumption can be satisfied by a simple choice of
fs,a(x) = 3x%, which is independent of (s, a) and yields
M? = 1. Alternative choices of f are discussed in Sec-
tion 4.3. Next are the realizability and boundedness of W
and Q:

Assumption 2 (Realizability). Suppose w; € W, ¢" € Q.

Assumption 3 (Boundedness of WV and Q). Suppose W
and Q are bounded, that is,

CL:=m < o0

Q qeaé(Hquo ’
7 ._

C)y max [w]|eo < 0.

As a remark, Assumption 2 implicitly assumes the exis-
tence of w}i As we will see in Section 4.3, the existence

and finiteness of w;’z is automatically guaranteed given the
finiteness of f] , (Assumption 1) and d”(s,a) > 0 Vs, a.
More importantly, Assumptions 2 and 3 together imply that
[¢7|oe < C& and |w}]lee < Cyy, which puts constraints

on how small C'§, and C¥,, can be. For example, it is com-
mon to assume that Cé = ﬁ, i.e., the maximum possible
return when rewards are bounded in [0, 1], and this way
4" [loo < C& will hold automatically. The magnitude of
[w}[le and Cy),, however, is more nuanced and interesting,

and we defer the discussion to Section 4.3.

Now we are ready to state the main guarantee for identifying
q™. All proofs of this section can be found in Appendix B.

Theorem 2. Suppose Assumptions 1, 2, 3 hold. Then, with
probability at least 1 — 6,

q
€stat

Ma’

g —q |2y <2

where €1,,, = (Cih, + (1 +7)C5,,C8) 1/ 208 el
Theorem 2 shows the desired bound on ||g — ¢™||2,,,, which
depends on the magnitude of functions in WV and Q as
well as their logarithmic cardinalities, which are standard
measures of statistical complexity for finite classes. One
notable weakness is the O(n~"/*) slow rate; this is due to
translating the €%,,, = O(n~"/?) deviation between L and
L into lgd — g™ |2, via a convexity argument, which takes
square root of the error. The possibility of and obstacles to
obtaining an O(n~"?) rate will be discussed in Section 7.

4.3. On the Closed Form of w’} and the Data Coverage
Assumptions

One unusual aspect of our guarantees in Section 4.2 is that
we do not make any explicit data coverage assumptions, yet
such assumptions are known to be necessary even for re-
turn estimation (typically the boundedness of w™ = d™ /dP).
Indeed, our data-coverage assumption is implicit in Assump-
tions 2 and 3, which require [|w}[| < Cy), < oco. If data
fails to provide sufficient coverage, |[w} || will be large
and our bound in Theorem 2 will suffer due to a large value
of CY,.

To make the data coverage assumption explicit, we provide
the closed-form expression of w:

Lemma 3. The saddle point of (4) is (q”,w;‘i) =
arg min, arg max,, L} (g, w), where

wy = (I =yP")"" (vo f'(q7)) /d". (6)

Here f'(q™) is the shorthand for [f. ,(¢"(s,a))]s,a €
RS*A 7

The closed-form expression in (6) looks very much like a
density ratio: if we replace v o f/(¢™) with ul, we have
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(I—yPm)~1 g = d™ /(1—+), and the expression would be
the ratio between d™ and dP (up to a horizon factor). There-
fore, w} can be viewed as the density ratio of 7 against dP
when 7 starts from the “fake” initial distribution v o f/(¢™).
However, v o f'(¢™) is in general not a valid distribution, as
it is not necessarily normalized or even non-negative, mak-
ing [[w} ||« difficult to intuit. Below we give relaxations
of [[w} ||, which are more interpretable and give novel
insights into how to relax the data-coverage assumption via
tweaking f.

Proposition 4. = 145 /dP oo - 1 (@)l
where d7 is the dlscounted state action occupancy of T
under v as the initial state-action distribution.

The proposition states that [|w}|[o. can be bounded if
data provides sufficient coverage over d7, and if f'(¢™) is
bounded. The former shows that d” needs to cover not only
v, but also state-action pairs reachable by 7 starting from v.
The latter is easily satisfied, and can be bounded again for
concrete choices of f, e.g. || f'(¢")|lc < 4700 < =

for foq(z) = 22

~

Designing f to relax the coverage assumption Lemma 3
shows that the coverage assumption ([|w} [|~) depends on f
(or rather its derivative f’), which opens up the possibility
of properly designing f to relax it. In fact, we could com-
pletely eliminate the coverage assumption if we could set
f'(¢™) = 0, but that would require unrealistically strong
side information.

As a concrete example, consider fs.(z) = i(z —
q"(s,a))?, and it is easy to verify that f/ ,(¢"(s,a)) =
T — q"(5,a)|g=qr(s,0) = 0. Compared to fs q(z) = 3
the new [ essentially adds a lst-order term ¢™ (s, a) - x to
change w;; while leaving the convexity required by As-
sumption 1 intact, which only depends on the 2nd-order
term a:2 Of course, this is not a viable choice of f in
practlce as it requires knowledge of ¢”, which is precisely
our learning target.

While the reason fs.(z) = 3(z — ¢"(s,a))? can elimi-
nate the coverage requirement is obvious retrospectively
(¢™ already minimizes E, [f(q)] even without any data), our
analyses apply much more generally and characterize the ef-
fects of arbitrary f on the coverage assumption. Inspired by
this example, we can consider practically feasible choices
such as fq(z) = 3(z — ¢(s,a))? where ¢ is an approxi-
mation of ¢™ obtained by other means, e.g. a guess based
on domain knowledge. If ¢ ~ ¢™, our estimator enjoys
significantly relaxed coverage requirements. But even if ¢ is
a poor approximation of ¢™, it does not affect our estimation
guarantees as long as the condition implied by Proposition 4
is satisfied. (In fact, f, (z) = %22 is a special case of
g = 0.) Such a use of approximate models is similar to how

doubly robust estimators (Dudik et al., 2011; Jiang & Li,

2

2016; Thomas & Brunskill, 2016) enjoy reduced variance
given an accurate model, and remain unbiased even if the
approximate model is arbitrarily poor. We will also empiri-
cally evaluate the effectiveness of this idea in Section 6.

5. Weight-function Estimation

Similar to value-function estimation, our methodology can
also be applied to estimate the weight function w™. Due
to the similarity with Section 4 in the high-level spirit, we
will be concise in this section and only explain in detail
when there is a conceptual difference from Section 4. Some
notations (such as the function classes ¥V and Q) will be
abused, but we emphasize that this section considers a dif-
ferent learning task than Section 4, so they should be viewed
as different objects (e.g., the realizability assumptions for
W and Q below will be different from those in Section 4).

As before, we assume that the user provides a distribution®
n € A(S x A) and our goal is to develop an estimator
with guarantees on ||@w — w™||2,,. Analogous to Section 4,
consider

min E s g)wn[fs,a(w(s, )] (7
s.t. dP (s, a)w(s,a) = (1 —~)ud (s, q)
> g a P (5,0l a')dP(s',a")w(s,a),
Vs, a.

Here f = {fs.a}s,q Will need to satisfy similar assumptions
as in Section 4. The constraints are the Bellman flow equa-
tions with a change of variable d(s,a) = d”(s,a) - w(s, a).
Their unique solution is d(s,a) = d™(s,a) (and hence
w(s,a) = d™(s,a)/d”(s,a)), thus the feasible space is
again a singleton, and the objective does not alter the opti-
mal solution. We then use dual variables ¢ to rewrite (7) in
its Lagrangian form:

Irgn max LY (q,w) (8)

=By [fsa(w(s,a))] + (1 —7)E[q(s, )]
+ Egp [U}(S7 a)(’ﬂ](slv ) —q(s, a))]

We approximate the saddle-point solutions by optimizing
the empirical loss L;ﬁ’ over restricted function classes W, Q:

(w,q) = argmaxargmmLf (g, w),
weW qeQ

where f;f(q, w) =
Ep[fs,a(w(s, a))] + Zj 14(s,m)
n
+ %Zi:l w(s,,az)('yq( Sis ) Q(Slvai))’
®Recall we assume d”(s,a) > 0 Vs, a for technical conve-

nience. When this is not the case, 1 should be supported on d”, as
the target function w™ is only defined on the support of d”.
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and {s;}/2, is a separate dataset sampled i.i.d. from y to
provide information about initial distribution.

We provide the closed-form expression for the saddle point
of LY below, which resembles the Q-function for a proxy

reward function f’(w™) on/dP.

Lemma 5. The closed form solutions of (8) are (w™, q}) =
arg min,, arg max, L} (¢, w), where

g; =T —yPT)" (' (w™) on/dP). 9)

Remark 2 (Data Coverage Assumption). As we will see,
the only data coverage assumption we need is the bounded-
ness of w™ = d" /dP. Since w™ is the function of interest
and practical algorithms can only output functions of well-
bounded ranges, such an assumption is an essential part of
the learning task itself and hardly an additional requirement.
Moreover, unlike Section 4, changing f here will not affect
the data-coverage assumption, though it still alters ¢, and a
properly chosen f (e.g., with f/(w™) ~ 0) can still result in
a ¢y with small magnitude and thus make learning easier.

Remark 3 (Connection to DualDICE). We can recover
DualDICE (Nachum et al., 2019a) by choosing fs ,(z) =
22% and v = dP. Despite producing the same estimator,
the derivations and assumptions under which the two works
analyze the estimator are different. Their Theorem 2 only
provides return estimation guarantees, and depends on an
implicit assumption of highly expressive function classes’
similar to Proposition 1. Moreover, they do not characterize
how the choice of f can affect the learning guarantees (their
f is (s, a)-independent). This is one of the main insights
of our paper and leads to the discovery of more practical

regularizers, e.g. fs.q(z) = & (x — w(s, a))? with model .

Below we present the assumptions, then learning guarantee
for w.

Assumption 4 (Strongly Convex Objective). Suppose for
all s,a, fs, is differentiable, non-negative, and M"-
strongly convex. Further, suppose f, , and its derivative
take finite values on any finite inputs, and let C}“ =
maxyew ||f(w)]]oo-

Assumption 5 (Realizability). Suppose w™ € W, ¢} € Q.

Assumption 6 (Bounded W and Q). Let Cj;, :=
maxyew |[w]|e and CF := maxgeo |[q]|o. Suppose W
and Q are bounded function classes, that is, C}3, < oo and
Cg < cc.

" In our notation, they measure the approximation error of W as
max,,/ cps x4 Milwew ||w — w’||, essentially requiring W (and
similarly Q) to closely approximate every function over S x \A.
However, we suspect that they could have measured realizability
errors instead without changing much of their proofs.

Theorem 6. Suppose Assumptions 4, 5, 6, hold. Then w.p.
>1-4,

. €Y
| — wWHZn <2 ﬁ7

where €%, = (1+7)C%,C /2108 W/n
N e

6. Experiments

We now provide experimental results to verify our theoret-
ical predictions and insights. As Yang et al. (2020) have
performed extensive experiments on return estimation with
simple regularization (f;,q(z) = $2?), we focus on the task
of ¢™ estimation, and the following two questions unique to
our work:

Q1. When the goal is to minimize ||g — ¢” ||2,,, how much
benefit does regularizing with v bring in practice, compared
to regularizing with other distributions (or no regularization
at all)?

Q2. Can incorporating (even relatively poor) models in
regularization (e.g., fs,o(z) = %(z — q(s,a))? from Sec-
tion 4.3) improve estimation?

Setup We study these questions in a large tabular Gridwalk
environment (Nachum et al., 2019a; Yang et al., 2020), with
a deterministic target policy 7 that is optimal, and a behavior
policy that provides limited coverage over the target policy;
see Appendix D for details. To mimic the identification chal-
lenges associated with restricted function classes, we use a
linear function class @ = {® "« : @ € R4} and discrimina-
torclass W = {®T3: B € RF}, where k < d < |S x Al.
The features ® € RISXAIxd & ¢ RISXAIXk are chosen to
satisfy the realizability assumptions of all estimators. Under
linear classes, our estimator ((5)) becomes a convex opti-
mization problem with d variables and k linear constraints,
and can be solved by standard packages. This allows us to
avoid difficult minimax optimization—which is still an open
problem in the MIS literature—and focus on the statistical
behaviors of our estimators, which is what our theoretical
predictions are about.

Remark 4. When no regularization is used, our estimator
coincides with MQL (Uehara et al., 2020). If we further
had & = P, the estimator would coincide with LSTDQ.
While Section 2 mentioned that LSTDQ enjoys function-
estimation guarantees (Perdomo et al., 2022) (and folklore
suggests they extend to ¢ # @), the guarantee only holds
in the regime of k£ > d, i.e., the k linear constraints are
over-determined. In our case, however, we have under-
determined constraints (k < d), creating a more challenging
learning task (which our theory can handle) where LSTDQ’s
guarantees do not apply.

Choice of Distributions We consider a set of diverse distri-
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Figure 1. Error of off-policy return and function estimation as a function of sample size. Legend shows regularizing distribution v and
header shows error-measuring distribution v (see text). Error bars show 95% confidence intervals calculated from 1000 runs.

Uniform Model p Model

N ]
>
o
| -14=-=_ b
> = -+ none
= _, | =-=. i - U
g = P

-3 ol model

00 02 04 06 08
Model Quality

Uniform Model p Model

00 02 04 06 08
Model Quality

Figure 2. Estimation error when the regularizer incorporates a model ¢, where x-axes represent the parameter m that controls the quality

of g. Sample size is 500 and the results are from 500 runs.

butions V = {dP, uF,d™, U, p}, where U is uniform over
S x Aand p «x (d™ o I[w™ > 50]). The distribution p
isolates the least-covered states reached by 7, which makes
learning an accurate Q-function on v a harder task.

Results for Q1 We use a default regularizer f = %xQ
with different regularizing distributions v € 1, and measure
g — ¢™||2,,» for different /. The results are shown in
Figure 1, and exhibit the expected trend. For example,
regularizing with v = p performs poorly when the error is
measured under v’ = d” and U due to the large mismatch
between v and /. However, when v/ = p (rightmost panel),
regularizing with v = p significantly outperforms others.
Similar behaviors can also be observed on U, though they
are certainly not absolute (e.g., v = d” does not do very
well on v/ = dP), which suggests potential directions for
more refined theory. Moreover, using no regularization
(“none”) generally does not perform well for any ¢/, but still
manages to achieve a high accuracy for return estimation
J (), which is consistent with prior theory (Uehara et al.,
2020) that return estimation does not require regularization.

Results for Q2 We now use fs o(z) = 3(x—q(s,a))? with
different q to verify how the quality of g affects estimation
accuracy. We first consider a “uniform model” ¢ = mq™ +
(1 — m)g, where q is a constant and m € [0, 1] controls
the quality ¢. As shown in Panels 1 & 3 of Figure 2, our

estimator’s accuracy generally improves with a better g (i.e.,
as m increases). Moreover, equipping ¢ with an appropriate
regularizing distribution v (e.g., v = U for both panels)
can significantly outperform no regularization, even with a
very poor ¢ (e.g., m = 0.1). It also outperforms the model
prediction itself (i.e., ¢ = ), showing that the improvement
is not from simply taking predictions from ¢, but instead
from using the regularization to better identify ¢™ from data.

The previous model’s quality is uniform across S x A. We
then consider a scenario where ¢ is zeroed out outside p’s
support, making it only a good approximation of g™ on p.
In this case, we see that regularization cannot benefit much
from the model when the error is measured on v/ = U
(Panel 2), but when v/ = v = p (Panel 4), regularization
can still bring benefits, as expected from our theory.

7. Discussion and Conclusion

In this paper, we showed that proper regularization can
yield function-estimation guarantees for MIS methods under
only realizable function approximation. Our results iden-
tify when and why accurate off-policy estimates of weight
and value functions, which play important roles in larger
reinforcement learning algorithms, can be obtained, and
provide insight into how different regularizers lead to better
estimates. Compared to prior works, our regularizer is
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more flexible and can accommodate a user-specified error-
measuring distribution. Further theoretical investigation
provides fine-grained characterization of how the choice of
regularization affects learning guarantees, which leads to
the discovery of regularizers that incorporate approximate
models (such as ¢). While the superiority of such regulariz-
ers is perhaps obvious retrospectively, it is not allowed in
the prior works’ derivation that assumes (s, a)-independent
regularization, and our theoretical results provide a deep un-
derstanding for even more general regularization schemes.

In Appendix A, we provide further discussions on two top-
ics: (1) the barriers to obtaining a faster O(n~"/?) rate, and
(2) comparison to Zhan et al. (2022) reveals interesting dif-
ferences between off-policy function estimation and policy
learning, and insights in this paper may also be useful for
the policy learning task. In Appendix E we discuss robust-
ness to approximation and optimization errors. Finally, in
Appendix F, we discuss how estimated functions can be
used in downstream off-policy evaluation tasks, and provide
corresponding estimation guarantees.

For the aforementioned off-policy evaluation and off-policy
learning (Liu et al., 2019) tasks, function estimation is (nat-
urally) generally required to be accurate on v = d” or u™
and n = dP (Liu et al., 2018; Perdomo et al., 2022; Liu
et al., 2019), and samples or exact distributions are accessi-
ble to the user. To this end, our method provides a concise
answer to a missing piece of off-policy algorithms.

However, the interaction of our method with online training
methods is less clear. As mentioned in the introduction,
online algorithms using off-policy function estimation as
a subroutine, such as (Kakade & Langford, 2002; Abbasi-
Yadkori et al., 2019), may require the estimates to be ac-
curate on unknown distributions such as d™ or d™ (where
7m* is the optimal policy), which may not be immediately
accessible to the user. If samples from a replay buffer are
used to estimate functions of 7, our method would provide
estimation guarantees over v corresponding to the distribu-
tion of the buffer. Under appropriate coverage assumptions,
a change of distribution could then be used to convert these
guarantees over v to a guarantee over d”. In other cases,
the user may be able to use domain knowledge to “guess” a
distribution v close to or covering the unknown distribution
of interest. Then our guarantees for function estimation
over v could similarly, with a change of distribution, be
converted to guarantees on the true distribution of interest.
To this end, an important avenue of future work involves a
thorough investigation of how our off-policy function esti-
mation method interacts with such online learning methods,
their assumptions, and their guarantees.
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A. Further Discussions

Faster rate One weakness of our result is the O(n~"/*) slow rate of estimation. While O(n~"/?) generalization error
bounds for related stochastic saddle point exist (Zhang et al., 2021), they only apply to strongly-convex-strongly-concave
problems, whereas our problem is strongly-convex-non-strongly-concave (L?c is affine in w and LY is affine in ¢), making
the result not directly applicable. One immediate idea is to introduce dual regularization to make our objectives also strongly
concave in the discriminator. However, while primal regularization does not change the feasible space and guarantees that
the learned function will be g™ (or w™, respectively), dual regularization does change the optimal solution, introducing a
bias. This leads to a trade-off between the improvement in error bounds due to strong concavity and the additional bias, and
our preliminary investigation shows that an optimal trade-off between the two sources of errors still leads to an O(n~"*)
rate. Therefore, improving the rate (if it is possible at all) will require novel technical tools for the generalization analyses of
strongly-convex-non-strongly-concave stochastic saddle point problems, which will be an interesting future direction.

On a related note, while the rate for estimating ¢™ and w™ is only O(n~"/*), we can combine them in a doubly robust form
to get O(n~"/?) rate for return estimation by careful choices of the regularizing distributions v and 7); see Appendix F for
details.

Comparison to off-policy learning As mentioned earlier, our results are enabled by technical tools adapted from Zhan
et al. (2022), whose work focuses on off-policy policy learning and learns w™ for a near-optimal 7 that is accurate under d”
as an intermediate step. While most of our surprising observations are in the value-function learning scenario (Section 4),
comparing our guarantee for learning w™ (Section 5) to that of Zhan et al. (2022) still yields interesting observations
about the difference between off-policy evaluation and learning. Most notably, we do not need to control the strength of
regularization in (3), since the feasible space is a singleton and there is no objective before we introduce E,[f(¢)]. In
contrast, the feasible space is not a singleton in Zhan et al. (2022) (it is the space of all possible occupancies) and there is
already a return optimization objective, so Zhan et al. (2022) need to carefully control the strength of their regularization. As
a consequence, Zhan et al. (2022) obtain O(n~"/¢) rate, showing how off-policy learning is potentially more difficult than
off-policy function estimation. Another interesting difference is related to our exact characterization of w} and ¢3: Zhan
et al. (2022) do not have a closed-form expression for their optimal dual solution. Such a lack of direct characterization leads
to requiring additional assumptions to guarantee the boundedness of such variables (see their Assumptions 11 and 12), which
is not a problem in our setting. Finally, our analyses lead to novel algorithmic ideas such as using state-action-dependent
regularizers and incorporating approximate models in the regularizers, which are potentially also useful for policy learning.

B. Proofs for Section 4

B.1. Proof of Theorem 2

From Assumption 1 and Lemma 7, we know that the regularization function E, [f; (¢(s,a))] is an M-strongly convex
function in g on the || - [|2,, norm. Now consider L% (g, w7}), the Lagrangian function (4) at the optimal discriminator w?}.

Since L? (g, w;‘e) is composed of the regularization function plus terms that are linear in g, L;(q, w;) is also an M -strongly
convex function in gq.

As (q7, w}) is the saddle point solution of L%, we know g™ = arg min, L;{(q, w;@) Then from the strong convexity of L?,

2 (L4(@wy) - Lj(am,w)))
Ma

17— "2 <

< %7 (Lemma 9)
where €, , is given in Lemma 8.

We provide the helper lemmas and their proofs below:
Lemma 7. Suppose fsq : R — R is M-strongly convex. Then B, [f...(q(s,a))] : RISl — R is M-strongly convex on

Proof. From the strong convexity of f, ,, for any z,y € R,

Foal®) = foaly) < FLal@)@ —v) — S (2 — v
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Then for ¢, ¢ € RIS4,
EV[fs,a(Q(sa a))] - EV[fs,a(q/(Sa a))]

<Ey[fla(a(s,a)(q(s,a) = q'(s,a))] — Eu[%(q(s’ a) = q'(s,a))’]

< B a0 as.0) — ' (s.0)] = (min 5 ) B lfs0) = (5.0

M
= (VeEu[fsalal(s,a))l,a = ¢) = SEu[(als,a) = d'(s, a))?]
since V4B, [fs,a(q(s,a))] = v o f! ,(q), which gives our result. O
Lemma 8. Suppose Assumption 3 holds. Then for all (g, w) € Q x W, wp. > 1 —,

|L(}(Q7w) - L;If(qvw” < Egtatv

2log LW(;HQ‘

where €1,,, = (Ch, + (1 +7)C5,C%)

n

Proof. From the linearity of the expectation, it is clear that L%(q,w) = E[L}]. Let |; =
w(s;, a;) (r(si, a;) + vq(s}, ) — q(s;, a;)). From Assumption 3,

] < [lwlloe + (1 4+ ) [wllsolalloo
< Cyy + (1 +7)C},C4

Then using Hoeffding’s inequality with union bound, for all g, w € Q x W, w.p. > 1 — 4,

1 & 2log L/\QIQI
CS - Bl < (Gl + (1 +9)CHCR) || = e,
i=1
O
Lemma 9. Under Assumptions 1, 2, 3, wp. > 1 —19,
L?(Z]\, w’;) - L?c(q”,w}) < Q‘Sth-
where €2, is given in Lemma 8.
Proof. We decompose the error as follows:
Li(q", wy) — L3(q,wy) = Li(q", w}) — LE(¢", @(q")) (H >0
+ L (q", w(g™)) — L (¢, w(g™)) 2) > —€hu
+ Li(q™, @(g™)) - L4(G, @) 3) >0
+L3(@.@) - Lj(@ wj) 4 >0
+ L(q, wy) — L@, wy) 5) = —€Sar

Combining the terms gives the result, and we provide a brief justification for each inequality below. Terms (2) and (5) follow
from Lemma 8.

Term (1) > 0 since (g™, w}‘i) is the saddlepoint solution.

~ ~

Term (3) > 0, since E;(@, ) = L%(q, (7)), and § = arg min g L(q,%(q)), and ¢" € Q.
Term (4) > 0 because w;‘c e W. O
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B.2. Proof of Lemma 3
Since strong duality holds, the saddle point (¢", w}) satisfies the KKT conditions. Then from stationarity, for all (s, a),

0=v(s,a)fl.(¢"(s,0) +7 ) P(s,als',a")d"(s',a")w}(s',a') — d(s,a)w}(s, a).

s’,a’
Writing this in matrix form, letting f’(¢™) be shorthand for [f] ,(¢™ (s, a))]s,a € RS*4, w’ must satisfy the equality:

(I—vP)(d” ow}) =vofi(¢") = dowj=(T-+P")" (vof(q).

B.3. Proof of Proposition 4
Rearranging the closed form of w?} from Lemma 3 and taking the absolute value of both sides,

P ofwil = (I =7P) " (vo f(q")|
< I (@ool(T = P) 1|

1 !/ ™ s

= m”f (@)l - d

Then dividing both sides by d” element-wise, this implies

* 1 oy U
0} € T 7@ e - (@)

IN

1 / D
" oo * dy/d 00
G e /07
As the above inequality holds for all (s, a),

[[wi[loo < lillf (@)l - 147 /dPloo-

C. Proofs for Section 5

C.1. Derivation of Lagrangian Objective (8)
For completeness, we demonstrate how the Lagrangian objective in (8) is derived from the constrained convex program in
(7). Letting ¢ € RS> be the dual variable, (7) can be written in Lagrangian form and rearranged as follows:

L (w,q) = Ey[fs,a(w(s; a))]
+ > a(s,a) (L =y)ug(s,a) +7 ) P(s,als',a')dP(s',a'yw(s',a') = dP (s, a)w(s, a))

s,a s’,a’

= Eylfs.a(w(s; a))] + (1 = 7)Eu[q(s, )]
+Zq s,a)(v Y PT(s,als’,a’)dP(s',a )w(s',a') — dP(s,a)w(s,a))

ol

,a

—E nlfs.a(w(s, )] + (1 = 7)Ey,lq(s, 7)]
+Zd s’ aYw(s',a 'yZP’T s,als’,a’) ZdD s,a)w(s,a)q(s,a)

- En[fsya(w(s )]+ (1 - v)lEm [q(s, m)]

+ZdD(s,a) s, a) ZP”S a'ls,a)q(s’,a’) Zsta ,a)q(s,a)

= En[fs.a(w(s, a))] + (1 = 7)Ep,[q(s, )]
+Y_dP(s,a)w(s,a)(v Y PT(s',d|s,a)q(s’, ') — (s, a))

= En[fé‘,a(w(sv a))] + (1 - V)E#o [q(s» 71—)] + EdD [w(s’ a) (’7(](37 71—) - q(sv a))}
which is exactly (8).
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C.2. Proof of Lemma 5
From the KKT stationarity conditions:

0= dD(57 a’) (VES’NP(-\s,a) [Q?(8l7 7T')] - Q?(Sa Cl)) - V(S? a)f.;,a(wﬂ(57 CL))
or in matrix form, letting f’(w™) be shorthand for [f] ,(w™ (s, a))]s.a € RS*A,
no f'(w™) =d" o (I —vP")qj
Then ¢} must satisfy

(I —7P™)q} = f'(w")on/d® = ¢ =(I—~+P")7 (f'(w")on/d")

C.3. Proof of Theorem 6
The proof is of a similar nature as the proof of Theorem 2 (Appendix B.1). From Assumption 4 and Lemma 7, we know that
that LY (w, g7) is an M-strongly convex function in w on the [ - [|2,, norm. Since (w™, ¢}) is the saddle point solution of

LY, from strong convexity we know that the error of w is bounded as

2 (LY (w,q7) = LY(@,q}))
Mw

[0 —w™||g,40 <

w
A€

< Lemma 11
where €}, is given in Lemma 10.

Remark 5. In Theorem 6 of the main text, there is an additional O(C¥/\/n) term in the statistical error €%, ,,, which would
arise if the regularization function E, [ f, o (w(s, a))] were to be estimated from samples. However, we state early on in the
paper that we assume the regularizer can be calculated exactly, as sampling is a trivial extension. Correspondingly, the
correct expression for the statistical error is:

€trar = (L +7)ORCEN 2108 25/ 4 (1 — 7) O [ 2108 552/,

and, to remain consistent with the rest of the paper, we provide the proof and lemma for this €}, below.

Lemma 10. Suppose Assumption 6 holds. Then for all (w,q) € W x Q, wp. > 1,

|L1;(w>Q) - L;l‘](w7 q)| < egfat’

4lIwi 42|
where 6;‘2(1)5 — (1 + V)C%CS\/@—F (1 _ 7)05 210%10 5

Proof. Letl; = w(s;, a;)(vq(s;, ™) — q(si,a;)). Using Assumption 6,

il < (T +lwlloollgllo
< (1470008

Then using Hoeffding’s inequality with union bound, w.p. > 1 — §/2 we have that for all w,q € W x Q,

1 & w o 2log awiigl

-~ Z;li —Egn[li]| < (14+7)CHC8 Té
Similarly, forall g € Q, w.p. > 1—4/2,

e [ 2log 12

— ZQ(SOJJT) —Eula(s0,i,m)]| < CE\ [ ——

Nno =1 no
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Since LY (w, q) = Ep[fs,a(w(s, )] + Ego [li] + Ey, [q(so, )], but the first term can be calculated exactly, taking a union
bound over the above two inequalities, we have that w.p. > 1 — 4,

Tw w YW 210g ZHQHW‘ 210gM
Ly (w.0) ~ L (w.) < (14 NORHOS|| = + (1 =70 ot
O
Lemma 11. Under Assumptions 4, 5, 6, w.p. > 1 — 6,
Ly (wi, df) = LY (0,47) < 260
Proof of Lemma 11 We decompose the error as follows:
Ly (w,q7) — LY (w”, q7) = LY (w, qf) — Ly(w, gy) (1) > —€Gar
+ Ly (w,q5) — L (w,q) 2 >0
+ Ly (w,q) — Ly (w™, g(w") 3) >0
+ L (™. g(w™) = L} (™, gw") 4) > ~eliu
+ L7 (w™, q(w™)) = LF (w", q5) (5) >0

Combining the inequalities gives the result. We give a brief justification for each term below. Terms (1) and (4) follow from
Lemma 10.

Term (2) > 0, since qJ*c € Q.

Term (3) > 0 since w™ € W and @ = argmax,,cyy Z?(w, q(w)).

Term (5) > 0 since (w™, ¢}) is a saddle point solution.

D. Additional Details of the Experiments

D.1. Derivation

We now derive the system of equations for our value function estimation experiments in Section 6. Letting the regularization
function be f, ,(x) = 3 for all (s, a), the objective is

minmax L(q, w) = 5B, [¢%(s,0)] + Eap [w(s,0) (r(s, @) + 7a(s',m) — g(s,0))], (10

Letting [E,, denote the empirical average over D for clarity, with empirical samples and the linear classes Q, W, the objective
becomes:

SEaT 95,0065, a) o] + 57 (B [6(5, a)r(s, )]

+En [16(5,0)6(s', ) T = (5, a)é(s,) ] )

min max L% (g, w) =
qeEQ weW f(q’ )

Since 8 € R?, max,,cyy E‘){ (¢, w) = oo for any g, unless « sets the the second term to 0. This is satisfied by « such that

E, [d)(s’ a)p(s, a)T —79(s, a)¢(3/7 W)T] a=E,[¢(s,a)r(s,a)].

However, there may in general be infinite feasible a depending on the linear features and samples. For our specific linear
parameterization of Q, W, the constraints form an underdetermined d x k system of equations, which has infinite solutions.
This is where the regularization term E, [a " ¢(s,a)$(s,a) " o] comes into play. For any regularizing distribution v, our
method will output a solution that minimizes this term, i.e. that minimizes the norm of ¢ = dTaonw. Ifv = 0, for

example, the algorithm will output any feasible point; if v = 1/|S.A|, the algorithm will output ¢ with smallest L2 norm.
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Connection to LSTDQ When using the same linear class for W and Q, the solution to the constraints in (3) (i.e., ignoring
the regularization objective)—if the solution is unique given matrix invertibility—coincides with LSTDQ (Uehara et al.,
2020). As mentioned in Section 2, LSTDQ enjoys function-estimation guarantees under matrix invertibility. In fact, we
believe it is possible to extend the analysis even when Q and WV use different features of dimensions d and k, respectively;
as long as £ > d and the matrix in (3) has full row-rank® (i.e., overdetermined), similar guarantees for LSTDQ should still
hold, though we are not aware of an explicit documentation of this fact. In contrast, our setup is more challenging as we are
in the regime of k < d, and the constraints in (3) is underdetermined, nullifying the guarantees of LSTDQ. In such cases,
the use of regularization is important for guaranteeing function estimation, as also shown in our experiments.

D.2. Experimental Setup
Feature Design In total, the tabular environment has 400 state-action values, and we design ® to aggregate states that
correspond to unique entries (within 3 decimal places) of ¢™. In Figure 1, ® is composed of the set of features given by

{(I=yP™) M (voqm)/d® (I —vP") ' (voq")} ey

The first of these two entries is the closed-form solution of w’ given in Lemma 3, and satisfies the realizability requirements
of all methods; the second is included for optimization stability.

In Figure 2, we use a model with constant value equal to the average value of ¢™ on the support of p, i.e. § =
1/18.4] Es’a q"(s,a) - 1{,>0y. To maintain realizability when the model is included in the regularization function, ®
is composed of the set

{T=2P") 7 oq), (1=AP) (voq o> 0), (I =7P")(wol@>0)}

The reason why this preserves realizability is as follows. When v is the regularization distribution, and the input model is
q = (mg"™ + (1 —m)q) o 1(p > 0)) for some constant g, the closed-form solution w} can be expanded as

wy = (1 =4P") " wo ("~ )
=(I—yP") " (wogq")—m-(I—yP") " (vol(p>0)oq")
—(1=m)g- (I —yP") " (vol(p>0)),

which implies w7 can be expressed as a linear combination of the three previously defined features.
Solver We solve the linear system using CVXPY with optimizer SCS (Diamond & Boyd, 2016; Agrawal et al., 2018).

Environment The Gridwalk is a 10x10 environment with 4 actions corresponding to cardinal directions. The objective is
to reach the goal state (lower right corner). In each state, the agent receives a reward inversely proportional to its distance
from a goal state. Each trajectory terminates after 100 steps. The initial states are randomly distributed over the upper half
of the grid.

The target policy is defined to be a deterministic optimal policy that always moves towards the goal by first going right,
and then down. To create a strong shift, the behavioral policy is designed to largely explore only the bottom left portion of
the grid, providing poor coverage over the target policy and starting states. Specifically, letting the following probabilities
refer to distributions over actions [RIGHT, DOWN, LEFT, UP], the target policy 7 has distribution [1, 0, 0, 0] over actions
until it hits the right wall, then [0, 1, 0, 0]. The behavior policy takes [0.1,0.4, 0.5, 0] until it hits the right wall, then takes
[0,0.5,0.5,0].

E. Approximation and Optimization Error

The main results of this paper (Theorems 2, 6) utilize assumptions on realizability (Assumption 2, 5), as well as (implicit)
assumptions of perfect optimization. In this section, we analyze how approximation errors, i.e. when the saddle point
solution is not contained in @ x W, and optimization errors affect our error bounds. Due to the similarity in proofs between
value function and weight learning, we provide them only for value function learning; analogous methods can be used to
derive similar results for weight learning.

8 In the finite-sample regime, one needs to lower-bound the smallest singular value of such matrices instead of imposing full-rankness
(Perdomo et al., 2022).
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E.1. Finite-sample Guarantees
First, we relax the realizability requirements of Assumption 2. Define the approximation errors:

Capprox,q = it max [Bqn [w(s, a)(T7q(s, a) — a(s,a)) + B [fs.a(q(s,0)) = fua(g" (s, a))]]

€approx,w = uIJIg)ElV I(;ﬂeaé( |EdD [(w(S? a) - w; (87 a))(Tﬂ-Q(Sa a’) - Q(87 CL))“

€approx ‘= €approx,q + €approz,w-

E€approz,q 15 composed of the worst-case weighted combination of Bellman errors of the best candidate g € Q, as well as
the difference between the regularization function at ¢ and ¢™. The error €,ppr04,. measures the distance between the best
candidate w € WV and the saddle point solution w} by projecting the difference onto the worst-case Bellman error 77q — g.

Remark 6. To increase intuition of €,pproz,q. We can relax the difference in regularization terms as E, [f .(¢(s,a)) —
fs.a(q™(s,a))] < C%4llg™ — ql|2.,, which is also the norm upon which the ¢ estimation guarantee is given (Theorem 2)
. Reflecting the nature of the value function estimation task, this states that, even if there is a candidate ¢ € Q with low
Bellman error (e.g. if data is sparse), €,pproz,q Will still be large if ¢ is far from ¢™ on the desired distribution v.

Next, we can also relax the (implicit) assumptions that the estimates (¢, @) are the true optima of (5), e.g. ¢ =
arg min ¢ o E‘]{(q, w(g)) and W = argmax,,cyy E‘J{(a\, w). Letting @W(q) = arg max,,cyy L(w, q), define the following
optimization errors:

€opt,w > L(q,w(q)) — LE(q, )
€opt,q > L(JIC((/]: {&(EJ\)) — min L()If(q7 w(Q))

€opt ‘= €opt,q T Eopt,w-

€opt,w States that the estimate @ should not be too far from the best discriminator in W for g, while e, 4 states that the
estimate ¢ should not be too far from the minimax solution.

Using the above definitions, we provide the following generalization of Theorem 2, which accounts for approximation and
optimization errors.

Theorem 12. Under Assumptions I and 3, with probability at least 1 — 6,

. del, . + 2¢ + 2¢
17— gl < Aot 2erpror 2o

where €?

stat 1S given in Theorem 2.

E.2. Proof of Theorem 12
The proof takes the same overall steps as the proof of Theorem 2 (Appendix B.1), but relies on Lemma 13 to incorporate the
approximation and optimization errors:

2 (L4(@wy) - Ljam,w)))
2,v S
) Mq

q
< \/4€stat + 2€approx,q + 2€approz,w + 2€opt,q + 2€0pt,w
- Ma '

17— 4"

(Lemma 13)

Below, we state and prove the helper lemma, which bounds the difference between the Lagrangian objective (4) at the saddle
point (¢™, w}) and the point (g, w}):

Lemma 13. Under Assumptions 1 and 3, w.p. > 1 — 9,

L(JIC (@, wy) — L?(qwa wy) < 2€5tat T Eapprow,q T+ Eapprow,w + €opt,q T Eopt,uw-
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Proof. With some abuse of notation (as ¢, w previously referred to models used with the regularizer), for brevity in this
section, let ¢ be the minimizer of €qpprox,q and w be the minimizer of €,pprox,w. That is,

q= arqgelgin max |Eqo [w(s, a)(T"q(s, a) — (s, a))] + Eu[f(a(s, a)) = f(¢"(5,0))]|
w = argmin max |Egp [(w(s, a) — wi(s,a))(T"q(s,a) — q(s,a))]l-
wew  4€Q

Decompose the error as follows:

L4(q™,w}) — LG w}) = LY(q™, w}) — L4(q", (7)) 1) >0
+ L%(q", (7)) — LG, %(q)) (2) > —€approv.g
+ LG, %) — LG, ©(q)) 3) > —€star
+ L3, (7)) — LG, ) 4) > —€optg
+L4(q, ©) — LY(q, @) (5) > —Coptoo
+ L4(G, @) — L(q. @) (6) > —€qtar
+ L?f ((/]\7 {D) - L(;If (Av w;) M = —€approx,w

First, (1) holds because (¢™, w;) is the saddle point solution of L'Ji over all ¢, w € R x R. The statistical errors in (3) and
(6) follow from Lemma 8.

Next, we justify the optimization errors. For (4),
L(q,w(q)) — L}(q, @) > L}(q,@(q)) — LF(q, ©(q)) = min LE(q,w(q)) — LHT, ©(7)) > —€opt,q-

For (5),

~ ~

L3(q, @) = LG w) = L7(q, @) — max LF(7, w) = ~€optw

Finally, we justify the approximation errors, starting with (2). Note that for any ¢, w € Q x W,

|L(q" w) — L (q, w)|

IEdD[ (s,a)(T"q(s, )—q(s a) —=T"q"(s,a) +q"(s,a))]
Ey[fs.a(a(s,a)) = fs,a(q" (s, a))]|

|EdD[ ( ,a)(T™q(s, ) q(s,)] + Eu[fs,a(q(s,a)) — fs,a(q"(s,0))]|

< max|Ego [w(s, a)(T"q(s, a) —a(s,a))] + Eu [fsa(a(s, @) = fsala"(s,a))]].

Then since ¢ was chosen to minimize the above expression,

LY (", 0(3)) - Lf@, @(3)
> — max [Bgo [u(s, a) (T73(5, @) — 4(5, 0))] + Eylfo.a(@(5,0) — foala™(5,0))]
- - mg ma [Ean [w(s,0)(Ta(s,0) — (s, 0))] + Eu[fs.a(a(5, @) = frala™ (5, 0))]

Next we justify (8). For any w € W and q € Q,

IL4(q, w) — L4(q, w})] = [Ego [(w(s, a) — wi(s,))(T™q(s, a) — q(s,0))]|
< max [Eqo (w(s,0) — w}(5,0)(T7q(5,0) ~ g(s,0))].
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Then since w was chosen to minimize the RHS of the above inequality,
L}(@w) - LE(q wy) 2 —max [Eqp[(@(s, a) — wi(s,0))(T7q(s,0) = a(s, a))]]

= — min max[Ego[(w(s, a) — wi(s,a))(T"q(s, a) — q(s,a))]|

*eappror,w .

Combining these inequalities gives the lemma statement. O

F. Off-Policy Return Estimation

Section 4 demonstrates how g-value estimates ¢ can be obtained, and Section 5 demonstrates how weight estimates @ can
be obtained. The estimates ¢ and/or @ can additionally be used for downstream off-policy evaluation (OPE) of the policy’s
value J(7), which can be equivalently defined in the following three ways:

J(m) = (1 =) Egympola™ (50, 7)] (“value function-based”)
J(m) = IE(s a)~dP r~R(:|s, a)[ "(s,a) -] (“weight-based”)
J(m) = (1 = 7)Esympo [q" (50, 7)] (“doubly robust”)

+ IE(s,a)rvalD,TNB(-\s,a),s’wP(~|s,a) [wﬂ—(sa a) (’f‘ + qﬂ(s/a 77) - qﬂ (Sa a))]

With finite samples and estimates ¢ and w approximating ¢™ and w™, respectively, their corresponding off-policy estimators
are:

3

Zﬁ)\ Suaz HJF(/]\(S;,W)*‘/I\(Si,ai))

j:l i=1

While the OPE estimator .J%" (rr) utilizes both the weights and value functions, J* () and J4(r) utilize only one or the

other. As a result, when ¢ and @ are estimated as in Sections 4 and 5, respectively, T ¥ () and T (7) both inherit their
O(n~"/*) sample complexities:

Corollary 14. Suppose Assumptions 1, 2, and 3 hold, and let
(q, -) = argmin ¢ o arg max,,cyy Lj{ (g, w). Then with probability > 1 — 26,

|j\q(ﬂ-) ( )| < eeyal + \/CM /V est?

where €l ,; = (1 —7)C§4 /2108 A2 o, Cuz /v = |15 /v||oo, and €l is as in Theorem 2.

Corollary 15. Suppose Assumption 4, 5, and 6 hold, and let
(0, -) = argmin, ey arg max,cg LY (¢, w). Then with probability > 1 — 24,

|jw (ﬂ-) - J(ﬂ-)l < 6gfual + CdD/n : egjsh

2 log l
OW

where € CUID/,7 = |9 /nl| o, and €%, is as in Theorem 6.

eval —

However, when ¢ and @ are used together in the doubly robust estimator J 747 | their estimation error becomes multiplicative,
and Jr (7) can achieve the O(n~ 2) fast rate of convergence. In Theorem 16 below, we present two versions this guarantee.
The first requires no additional assumptions beyond d” > 0, which we already make (see footnote 5), but involves the
largest singular value of I — v P, which may be difficult to characterize. The second utilizes an additional assumption, and
replaces the singular value with an occupancy ratio, stated below. The assumption requires that all next states s’ are also
present as states s in transitions of d” (a condition which may reasonably hold in practice), and is also made by (Uehara
et al., 2021).
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Assumption 7 (Next State Coverage). Let d”(s) = Y, dP(s,a) be the marginal distribution of states s in d”, and
dB(s) ==, . P(s|s’,a’)dP (s, a’) be the marginal distribution of next states s’. Suppose

Corys = 1d2()/d ()]s < 00

Theorem 16. Suppose Assumption 1, 2, 3, 4, 5, and 6 hold. Let w and q be estimated from:

(¢, -) = argmin argmaxL (g, w)
qeQ weW

(W, ) = argmin argmafo (g, w).
weW q€eQ

Then with probability > 1 — 36,

|jdr(7r) —J(m)| < Eggal + Omaz (I —yP™) - \/CdD/nCdD/V “Eost 6(elsta

If Assumption 7 additionally holds, with probability > 1 — 30,

T () = J)| < €+ (14 94/CoysCopen ) - \[Cap paCp - €+ €l

where €7 = (1 — 7)Ch /2 1oe A2 + O Wl + (14 7)Ch)y/210e L Omaw denotes the largest singular value,

and €!, and €¥, are as in Theorems 2 and 6.

As the evaluation error €?”_, in Theorem 16 is O(n~"/2), the sample complexity of doubly robust estimation is rate-limited

by €%, - €2,,, the product of weight and value function estimation errors. If both functions can be estimated at an O (n~"/*)
rate, as is true of our method, then J° dr () attains the overall O(n~"/?) fast rate. Finally, while Theorem 16 assumes for
simplicity that the same Q, W classes are used in both of its optimization problems, it can easily be extended to the case
where different pairs of function classes are used as long as the required assumptions hold.

Remark 7 (Comparison to Related Work). (Yang et al., 2020) conduct experiments comparing off-policy evaluation
using .J J4(m ) J “’( ), J4 (), and generally observe that J d’"( ) has higher variance and worse performance than either
J q( )or J w( ). Though at first glance this may appear to contradict Theorem 16, that is actually not the case; in fact,
our theoretical analysis provides insight into why (Yang et al., 2020) may observe such a phenomenon. In contrast to
Theorem 16, when using J d’"( ) (Yang et al., 2020) utilize saddle point predlctlons (g, w) from either only value function
learning or only weight learning, e.g. (¢, W) = arg min, o arg max,, ¢,y L % (g, w) that approximates (¢”,w}). Continuing
with this example (and the same applies to weight learning), it is clear from our analysis that @ estimated in such a manner
may not approximate w™ at all, leading to increased estimation error of J9" () over J¢(r). First, the closed-form solution
we have derived for w3} in (Lemma 3) shows that w} may have a significantly different magnitude from w™. Second, even if
v and f were chosen such that w} ~ w", as per the reasons stated in Section 4.1, we are not even guaranteed to output
W close to w? } since L} is not regularized in w. In order to obtain the estimation benefits of doubly robust estimation, our
analysis shows that g and w0 should be separately estimated from their respective optimization problems, then combined in
J (). This is in accordance with similar results from Kallus & Uehara (2020) and Uehara et al. (2021).

F.1. Proof of Corollary 14
Let J(m) = (1 — 7)E,, [q(s, 7)]. We decompose the error as

| T() = J(m)| < |T(m) = J(m)| + |T () — T ()]

First we bound |J () — J(r)|. Using Hoeffding’s with union bound, for all ¢ € Q, w.p. > 1 — 4,
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which implies |J () —

[T (m) —

using Theorem 2 in the last line.

F.2. Proof of Corollary 15
Let J(m) =

|7 () —

I ()]

IN A

-7 |<:u0aq_

< (1 - 7)\/ Cug/uez‘st

Egyo[W(s,a)r(s,a)]. We decompose the error as

J(m)| < |7 (w) -

J(m)| + | (x) —

il

G —q" 1,z

IM—Q\b%
Coz 01T = q" 2,0

J(m)]

For the first term, using Hoeffding’s with union bound, w.p. > 1 — 4, for all w € W,

n

% Zw(sz, a;)r;

i=1
which implies |J () —
[T () —

—Egn[w(s,a)r(s,a

J(m)| < €®, ;. For the second term,

J(m)| = (@ - d",r) ~

< |47 - (@ -

<Cy

< |[1d” - (@ = w)|h

(w™ - dP, )|
w1117l

o~

2log 2|W|

n

[|@ = w™lap 1

J(m)| < €2 a1+ For the second term, let Cy,x /), = ||uf /V||oo- Then w.p. > 1 -6

w.p. > 1 — ¢, using Theorem 6 in the last line. Taking a union bound over both terms gives the stated result.

F.3. I:roof of Theorem 16
Let J(m) = (1 — 7)E,g (s,

|74 () —

For the first term, since E[J%" ()] = J(r), w.p. > 1 — & we have thatV ¢, w € Q x W,

7% () = J(m)] < (1

For the second term,

a)] + Eqo [@(s,

-7)C4

2log

no

2|Q|

J(m)| < |J4 () —

T(m) = I(m)| = |1 =)@ 1F) + (@ d° 7+ 7 PG~ §) -
= (1= @) + (@ d°,r + PG~ ) —
=@~ " (1~ uf + (P T~ 1)(dP - D)
= (7= 0" (1 =P T)(@” —dD-w>>

<[ =yP™)(@ = q")ll2,ar ||& — w™|[2,40

)
|

(1
(1
|

+ Oyl + (147)C%)

- ("
- "

J(m)].

s

s 1)

s HG) —

2log ar

a)(r+q(s',m) — q(s,a))]. Again we decompose the error as:

J(m)| + | (x) -

Q\WHQ\

n

(@-dP,r+~yP"q" —

q")|
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where the last equality is due to the fact that (1—~)uf = (I—~P™)(d”-w™), and the final inequality is from Cauchy-Schwarz.
We can automatically bound the || — w™||3 4o term using Theorem 6, and it remains to bound ||(/ — vP7™)(q — q™)||2.4p-
We will consider two cases, first when d” > 0 thus Diag(dD ) is invertible, and second, when Assumption 7 is satisfied.

In the first case, let D = Diag(d®), which by assumption is invertible. Then
1 =P™)(@—a")I3.490 = @~ ") (I =~+P") " DI = yP") (@~ q")
=DV =P (G- a3
=[|DV3(I —yPT)D™V2DV2(G - q")|l3
< [[DY2(@ = q")I3IIDV2(1 — VP”)Dfl/zHg
= 17— ¢" |30 2T = +P"I13

in the last line using the fact that the eigenvalues of a matrix A and L~ AL are the same for any invertible matrix L. Thus,
denoting the largest singular value of a matrix by 0,42,

|7 () = J(7)| < Omas (I = ¥P7) ||@

Using Theorem 6 and Theorem 2 in the last line to control the errors of @ and ¢ in the last line, followed by a union bound
over the three inequalities, gives the result.

For the second case, we can directly apply Lemma 17:

|J(m) = J(m)| < ||(I =~P")(@—q")
< (7= q"ll2.a0 + VNP (@ = q")|2,ap) ||& — w240
< (14 74/Cor/sCojen ) 11a = 4" o.a 1 = w7 [,0,

and again applying Theorem 6 and Theorem 2 gives the result.

Lemma 17 uses Assumption 7 to bound the distance in value functions under the transition operator, and is stated and proved
below.

Lemma 17. Under Assumption 7,
[[P™(q@ = q")|l2,ap < 1/Cs/sCr/rrl|lT—q"|]2,ap-
Proof. Define || P™|[3 g0 = sup, 4 |[P7®||2,40 /||[|2,40 . Then
1P (@ = q")l2,a0 < |[P7l2,ar[|q — g™ ||2,an-
It remains to bound || P” || 4. For any x,
1P7|3 4 = E(s,a)mar [(E(s’,a’)wP”(-\s,a) [ﬂf(slva')]ﬂ

< E(s,a,s/,a’)NdD X P™ [ZL’(S/, a/)Q]

dy (s)m(als)
dP(s)P(als)

= Cs//scﬂ'/frD ‘ |£17| |§,dD

IA

max (s,a)~dP [1’(8,0,)2]

s,a

This implies that || P [y 4o < {/Cy /sCr/rp, Which gives the stated result. O



