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Abstract001

Extending CoT through RL has been widely002
used to enhance the reasoning capabilities of003
LLMs. However, due to the sparsity of re-004
ward signals, it can also induce undesirable005
thinking patterns such as overthinking, i.e.,006
generating redundant intermediate reasoning007
content. In this work, we argue that a major008
source of such redundancy is inefficient reflec-009
tion, which often manifests in two problem-010
atic patterns: Indiscriminate Reflection, where011
the model performs broad, low-impact checks012
throughout reasoning, and Repetitive Reflec-013
tion, where it repeatedly re-verifies an already014
established conclusion. To address this, we in-015
troduce a graph-based CoT optimization frame-016
work. Specifically, we convert each linear CoT017
into a directed acyclic graph (DAG) with ex-018
plicit dependency edges, and design a dual019
pruning strategy: branch-level pruning removes020
weakly contributing reflection branches, while021
depth-level pruning eliminates late-stage re-022
verification. We distill this behavior via a three-023
stage pipeline: (1) SFT to initialize the policy024
on pruned concise traces, (2) DPO to prefer025
correct but less redundant trajectories, and (3)026
GRPO with length penalty to jointly optimize027
answer correctness and efficiency. Experiments028
show that our approach reduces the average029
reasoning tokens by 42% while maintaining or030
improving accuracy.031

1 Introduction032

Recently, test-time scaling has emerged as an im-033

portant pathway for improving the reasoning ca-034

pabilities of LLMs. Representative works such as035

o1(OpenAI et al., 2024) and R1(DeepSeek-AI et al.,036

2025) employ reinforcement learning with verifi-037

able rewards to encourage the generation of longer038

CoT, leading to substantial gains on challenging039

tasks such as mathematics, code, and logical rea-040

soning. However, reward signals in RL training are041

often sparse and delayed, making credit assignment042
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Figure 1: Relationship between average reasoning to-
kens and accuracy averaged across all benchmarks for
different methods.

over long trajectories more difficult(Tran et al., 043

2025); as a result, models may develop inefficient 044

thinking patterns such as overthinking, namely pro- 045

ducing a large amount of redundant intermediate 046

reasoning that contributes little to the final answer 047

and increases inference cost(Chen et al., 2025a; Sui 048

et al., 2025). 049

To mitigate this issue, prior work has explored 050

different ways to constrain and suppress redun- 051

dancy in CoT. One line of methods focuses on 052

length and reasoning budget control, with typi- 053

cal examples like TALE(Han et al., 2025) and 054

CoT-Valve(Ma et al., 2025b). Another stream fo- 055

cuses on detecting and removing redundant content 056

within the generated trajectory, for example, To- 057

kenSkip(Xia et al., 2025) performs controllable 058

compression based on token-level semantic impor- 059

tance, while Think Clearly(Choi et al., 2025) and 060

TRAAC(Singh et al., 2025) leverages attention- 061

based criteria to detect redundant tokens. 062

In this work, we argue that redundancy largely 063

stems from inefficient reflection behavior. We iden- 064

tify two major forms: Indiscriminate Reflection, 065

where the model checks every intermediate step 066

even when the step is trivial; and Repetitive Re- 067

flection, where the model repeatedly re-checks in- 068
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termediate conclusions that have already been ver-069

ified. The common issue is that such reflection070

does not contribute new useful information to the071

main reasoning chain. To precisely identify redun-072

dant reflection, we need to recover the dependency073

relations among reasoning steps. Since practical074

reasoning often involves non-linear behaviors such075

as branching exploration, backtracking, and cross-076

step repetition, we propose to explicitly model CoT077

with a graph structure, representing reasoning units078

and their dependencies as nodes and edges, and079

identifying redundant reflection based on graph080

properties.081

Specifically, we first split the raw CoT into a082

sequence of steps using keyword triggers, and083

then perform iterative graph construction with a084

LLM. With a carefully designed prompt, the model085

processes each step in sequence, and conditioned086

on the partially constructed graph and the current087

step, it creates semantically complete and function-088

ally atomic nodes, determines their semantic roles089

(Progress nodes that advance reasoning or Review090

nodes that verify intermediate states) and their logi-091

cal predecessors, and finally reconstructs the linear092

text into a DAG with explicit dependencies.093

On top of this topology, we design a dual pruning094

strategy to precisely remove two types of redun-095

dancy. For Indiscriminate Reflection, we apply096

branch-level pruning: when a Review node pro-097

duces only a small number of child nodes, it forms098

a narrow side branch that is unlikely to develop099

into the main reasoning chain and contributes little100

to the overall solution, and thus is removed. For101

Repetitive Reflection, we apply depth-level prun-102

ing: when a Review node appears in the later part103

of the CoT, it often corresponds to repeatedly re-104

verifying conclusions that have already been val-105

idated, which is unlikely to introduce new useful106

information; such nodes are treated as redundant107

and are removed.108

During training, we first perform cold-start su-109

pervised fine-tuning on the pruned high-quality110

CoTs, so that the model initially acquires an ef-111

ficient reasoning paradigm. To further internal-112

ize this strategy, we adopt a two-stage reinforce-113

ment learning procedure. In the first stage, we114

use DPO for preference alignment by constructing115

preference pairs (concise trajectories versus redun-116

dant trajectories), encouraging the model to reduce117

the probability of generating inefficient reasoning118

steps. In the second stage, we introduce GRPO119

with length penalty, using final-answer correctness120

as the primary signal while jointly optimizing rea- 121

soning efficiency, thereby further compressing re- 122

dundant steps at inference time and improving ro- 123

bustness and accuracy on complex reasoning tasks. 124

Experiments show that compared with strong base- 125

lines, our method can substantially reduce inef- 126

fective reasoning overhead while maintaining or 127

improving reasoning accuracy. 128

2 Related Work 129

2.1 Large Reasoning Models 130

To elicit human-like step-by-step reasoning, 131

researchers proposed Chain-of-Thought (CoT) 132

prompting, which substantially improves LLM 133

performance on complex reasoning tasks (Wei 134

et al., 2023; Kojima et al., 2023). Later work at- 135

tempted to internalize this capability via SFT on 136

CoT-annotated data, enabling models to naturally 137

generate intermediate reasoning steps at inference 138

time (Shridhar et al., 2023; Liao et al., 2025). How- 139

ever, further gains are often limited by the scale 140

and quality of available CoT datasets. 141

Recently, models such as (OpenAI et al., 2024; 142

DeepSeek-AI et al., 2025) have shifted toward Re- 143

inforcement Learning, which uses outcome-based 144

supervision in domains with verifiable answers 145

(e.g., mathematics and code) and has proven ef- 146

fective for long-chain reasoning (Wen et al., 2025; 147

Su et al., 2025). Along this direction, post-training 148

with reinforcement learning has become increas- 149

ingly central, with Group Relative Policy Optimiza- 150

tion (GRPO) (Shao et al., 2024) emerging as a 151

widely adopted recipe for improving reasoning per- 152

formance. 153

2.2 Efficient Reasoning 154

Although longer CoT can improve LLM reason- 155

ing, it may also induce overthinking, i.e., gen- 156

erating redundant reasoning content (Sui et al., 157

2025). To mitigate this issue, existing methods 158

can be broadly categorized. The first stream di- 159

rectly regulate the overall reasoning budget by 160

predicting/assigning a token budget(Han et al., 161

2025; Ma et al., 2025b) or introducing length-aware 162

training objectives in reinforcement learning (Luo 163

et al., 2025b; Arora and Zanette, 2025). Another 164

stream involves identifying redundancy within a 165

trajectory, for instance, Think Clearly (Choi et al., 166

2025) and TRAAC(Singh et al., 2025) leverages 167

attention-based criteria to detect redundant to- 168

kens, TokenSkip (Xia et al., 2025) relies on ex- 169
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plicit importance scoring, while SPIRIT and Step-170

Entropy (Cui et al., 2025; Li et al., 2025a) use171

perplexity-/entropy-related cues to identify and re-172

move low-information steps/tokens. In contrast to173

the above methods, we instead focus on the reflec-174

tive behaviors of the model, and directly reduce re-175

dundant self-reflection steps in the reasoning trace.176

3 Methodology177

3.1 Problem Definition178

Formally, let Mθ be a large reasoning model. For a179

given problem q, the model generates its reasoning180

r and produces a final answer a: r, a ∼ Mθ(q),181

where the reasoning part can be split into many182

chunks r = [c1, c2, ...cn] at special control tokens183

such as “wait”, “alternative”, etc.(complete list is184

shown in Appendix B). Each chunk represents an185

individual step generated by the model and n de-186

notes the total number of reasoning chunks.187

Our objective is to propose a method to locate188

and remove redundant reflective segments in r:189

r̃ = Prune(r) ⊆ r, r̃ = [c̃1, . . . , c̃ñ],190

and finetune the model Mθ using the dataset D =191

{(q, r̃, a)} so that the finetuned model learns to gen-192

erate more efficient and concise reasoning paths at193

inference time, while maintaining or even enhanc-194

ing its overall task performance and accuracy.195

3.2 Graph Construction and Pruning196

3.2.1 Formatting Chain-of-Thought into a197

Graph198

Given a problem q and its corresponding CoT r =199

[c1, . . . , cn], we progressively convert the linear200

reasoning sequence into a DAG201

Gt = (Vt, Et, ℓt), t = 0, 1, . . . , n,202

where Vt is the node set, Et ⊆ Vt × Vt is the edge203

set encoding logical dependencies between nodes,204

and ℓt : Vt → {progress, review} is the node-205

type labeling:206

• progress: advances the active reasoning fron-207

tier, producing information that later steps rely208

on.209

• review: reads, checks, restates, deletes, or210

rewinds existing material without advancing211

the frontier.212

We initialize the graph as G0 = (∅,∅,∅) and 213

update it sequentially with each chunk ci where ci 214

is a step-level chunk obtained by splitting the CoT. 215

At step i, conditioned on the current graph Gi−1 216

and the chunk ci, we prompt an external LLM (e.g., 217

qwen-turbo) to predict an operation: 218

oi ∼ fL(Gi−1, ci) (1) 219

where fL is the prompting process and oi ∈ 220

{insert,merge} indicate where to insert a new 221

node or merge the current chunk into an exist- 222

ing node. Detailed prompts are provided in Ap- 223

pendix A 224

When oi = insert, the model will create a new 225

node vi = (si, li), where si is the summarization 226

of the node, and li is the type of the node, and 227

then connect vi to existing nodes based on their 228

dependencies. When oi = merge, the model will 229

select a target node v⋆ ∈ Si and update its content 230

based on the content of the current chunk. 231

To validate the constructed graphs, we further 232

conduct a human evaluation on randomly sampled 233

nodes, assessing both node-type labeling accuracy 234

and node-level semantic atomicity. Detailed evalu- 235

ation protocols and quantitative results are reported 236

in Appendix C. 237

3.2.2 Graph-Based Pruning Criteria 238

After formatting the linear CoT into a DAG 239

G = (V,E, ℓ), we aim to identify and prune low- 240

utility review nodes, yielding a more compact and 241

compute-efficient reasoning trajectory. 242

We define the (directed) descendant set of a node 243

v as 244

Desc(v) = {u ∈ V | v ; u, u ̸= v }, 245

i.e., all nodes reachable from v (excluding v itself). 246

The descendant count is 247

B(v) = |Desc(v)|. 248

We also define the depth of v, denoted d(v), is the 249

length of a shortest path from the source node (in- 250

degree 0) to v, and we define the maximum depth 251

dmax = d(t) where t is the terminal node. 252

We define two types of redundancy in review 253

nodes and prune nodes that fall into either category: 254

Branch-Level Redundancy. A review node is 255

considered redundant when it has fewer than k 256

descendants, i.e., B(v) < k. In this case, the node 257

initiates only a narrowly expanding side branch that 258

rarely develops into the main reasoning trajectory. 259

3



Compute redundancy
construct preference pairs

Convert CoT to Graphs

DPO Model

Final ModelDPO Modelquery

SFT Modelquery

Generate
 Rollouts

Group
Computation

Update
Policy

Compressed CoT

SFT Model

Original CoT

1. Cold Start
SFT

2.1 Direct Preference
Optimization

2.2 GRPO with
length penalty 

≻

Chosen Rejected

compute
rewards

Iterative Graph Construction

Iterate
over
each
chunk

        Graphi + 1

        LLM

       Chunki        Graphi

deletedreviewprogress

Graph Prune Module

  o1   length=Lmin

  o2   length=L2

  o3   length=L3

  o4   length=L4

Rollouts

R
ew

ar
d

Response Length
Lmin L2 L3 L4

1

0

Reward Design

Figure 2: Training pipeline of our graph-based redundancy-aware post-training framework. We first perform cold-
start SFT using compressed chain-of-thoughts obtained via iterative graph construction and redundancy pruning,
which instills an inductive bias toward concise reasoning. On top of the SFT model, we conduct DPO by ranking
correct trajectories according to redundancy, preferring low-redundancy outputs over highly redundant ones. Finally,
we apply GRPO with length penalty, jointly optimizing answer correctness and reasoning efficiency to obtain the
final model.

Such nodes contribute little to the global problem-260

solving process and are therefore pruned.261

Depth-Level Redundancy. LLMs often reach the262

correct answer at an intermediate depth but con-263

tinue producing additional rounds of reflection or264

self-checking afterward. We treat a review node265

as redundant if it appears in the late part of the tra-266

jectory, i.e., its relative depth exceeds a threshold267

m, d(v)
dmax

> m. Such nodes typically correspond to268

post-answer backtracking and add no new informa-269

tion to the reasoning chain, and are thus removed.270

Finally, we locate and prune redundant review271

nodes, then relinearize the remaining DAG into a272

CoT sequence for training; we set m = 0.9 and273

k = 2 throughout all experiments.274

3.3 Training Pipeline275

To effectively suppress redundant reflection while276

preserving correct reasoning, we adopt a three-277

stage training pipeline for the policy model Mθ: (1)278

cold-start supervised fine-tuning, which provides279

a cold-start initialization by training the model to280

follow concise reasoning traces; (2) preference-281

based optimization, which aligns the policy to- 282

ward correct reasoning trajectories with lower re- 283

flective redundancy; and (3) GRPO with length 284

penalty, which further refines the policy by jointly 285

optimizing answer correctness and reasoning ef- 286

ficiency. The overall workflow is summarized in 287

Algorithm 1. 288

3.3.1 Cold-Start Supervised Fine-Tuning 289

In this stage, we instill an explicit inductive bias 290

toward concise, non-redundant reasoning, which 291

is essential for effective preference optimization 292

and reinforcement learning in later stages. Starting 293

from raw CoT annotations, we construct reasoning 294

graphs and prune reflective redundancies to obtain 295

concise reasoning traces r̃. For each problem x, we 296

pair the pruned trace r̃ with its corresponding final 297

answer a, and train the policy to generate the com- 298

bined output sequence y = (r̃, a). The supervised 299

fine-tuning objective is the standard next-token neg- 300

ative log-likelihood: 301

LSFT(θ) = −E(x,r̃,a)

∑
t

log πθ(yt | x, y<t), 302
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where πθ is the policy model parameterized by θ,303

yt denotes the t-th token in y, and y<t denotes the304

preceding token sequence.305

3.3.2 Two-stage Reinforcement Learning306

Stage I: Preference Optimization over Reason-307

ing Trajectories. To further align the policy with308

concise reasoning behavior, we perform DPO on309

trajectory pairs ranked by redundancy. For each310

question x, we sample multiple trajectories and311

compute a redundancy score:312

R(y) =
|{v ∈ V : ℓ(v) = review}|

|V |
+

|y|
|y|x

,313

where |y| is the number of generated tokens and314

|y|x is the mean length of sampled trajectories for315

the same question x; Among trajectories that yield316

correct final answers, we treat those with lower317

redundancy as preferred y+ and those with heavier318

redundancy as dispreferred y−. We then train the319

policy model with DPO to increase the relative320

likelihood of concise, low-redundancy trajectories.321

The DPO loss is322

LDPO(θ) = −E(x,y+,y−) log σ
(
β
[
log

πθ(y
+ | x)

πref(y+ | x)
323

− log
πθ(y

− | x)
πref(y− | x)

])
.324

Here πθ is the current policy, πref is a fixed ref-325

erence policy (e.g., the SFT model), and β > 0326

controls the sharpness of the preference.327

Stage II: GRPO with Length Penalty. Finally,328

we apply GRPO-based reinforcement learning, the329

reward is computed in two steps. We first assign330

a correctness reward V (x, y) ∈ {0, 1} based on331

whether the final answer is correct. We then apply332

length regularization only to correct trajectories:333

R(x, y) = V (x, y)− λ1{V (x,y)=1}Rlength(x, y),334

To compute the length penalty, we define L(y) as335

the number of reasoning tokens and the shortest336

correct trajectory length among the sampled candi-337

dates is338

L⋆(x) = min
y:V (x,y)=1

L(y).339

We measure the normalized excess length as340

δ(x, y) =
[L(y)− L⋆(x)−∆]+

L⋆(x) + ∆
,341

and define the length regularizer as 342

Rlength(x, y) = δ(x, y)γ , 343

where [z]+ = max(z, 0), ∆ is a small tolerance 344

margin, and γ ≥ 1 controls the sharpness of the 345

penalty. In this formulation, trajectories whose 346

length is close to the shortest correct one incur al- 347

most no penalty, while substantially longer correct 348

trajectories receive increasingly larger penalties, 349

encouraging concise yet accurate reasoning. 350

4 Experiments 351

4.1 Experiment Setup 352

Benchmarks and Metrics: We evaluate our 353

method on five widely used mathematical rea- 354

soning benchmarks covering different difficulty 355

levels. AIME24 and AIME25 are derived from 356

the American Invitational Mathematics Exami- 357

nations, representing competition-level reasoning 358

problems (AIME, 2024, 2025). AMC23 consists 359

of questions from American Mathematics Com- 360

petitions, reflecting moderately challenging con- 361

test problems (AMC, 2023). MATH500 is a cu- 362

rated subset of 500 problems from the MATH 363

benchmark, spanning algebra, number theory, ge- 364

ometry, and probability (Hendrycks et al., 2021). 365

OlympiadBench further tests advanced mathe- 366

matical and scientific reasoning with bilingual 367

Olympiad-level problems (He et al., 2024). For 368

all the datasets, we sample 10 solutions for each 369

problem, we then calculate the average accuracy 370

of the 10 solutions using math-verify and report 371

the average number of generated tokens across all 372

samples. 373

Baselines: We compare our method with several 374

efficient reasoning methods. (1) O1-Pruner(Luo 375

et al., 2025b): a length-harmonizing fine-tuning 376

approach that reduces long CoT traces while pre- 377

serving performance. (2) TokenSkip(Xia et al., 378

2025): a controllable CoT compression method 379

that estimates token-level importance and removes 380

low-utility tokens to shorten reasoning traces. (3) 381

EfficientReasoning(Arora and Zanette, 2025): an 382

RL-based objective that favors correct yet con- 383

cise reasoning, improving efficiency while main- 384

taining accuracy. (4) AdaptThink(Zhang et al., 385

2025): an RL method that trains the model to adap- 386

tively decide whether to generate an explicit rea- 387

soning trace or respond directly based on input dif- 388

ficulty. Additionally, we also compare against sev- 389

eral open-source R1-like reasoning models, includ- 390
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Method AIME24 AIME25 AMC23 OlympiadBench MATH500 Average

Acc↑ Len↓ Acc↑ Len↓ Acc↑ Len↓ Acc↑ Len↓ Acc↑ Len↓ Acc↑ Len↓

Open-Source R1-Style Models
Skywork-OR1-7B(He et al., 2025) 37.08 11890 24.67 12831 73.50 5241 51.41 6075 85.96 3753 54.52 7958
OREAL-7B(Lyu et al., 2025) 38.75 10907 28.75 11309 81.25 4510 56.44 5164 88.83 3023 58.80 6983
AReaL-boba-RL-7B(Mei et al., 2025) 36.67 11407 25.42 12365 71.56 5337 52.91 6037 87.12 3904 54.74 7810
Light-R1-DS-7B(Liang Wen, 2025) 39.67 12036 31.00 12498 78.25 6073 54.74 5306 87.58 3020 58.25 7787

DeepSeek-R1-Distill-Qwen-1.5B
Base(DeepSeek-AI et al., 2025) 30.83 11755 22.92 11797 63.12 5205 43.89 5632 72.65 2822 46.68 7442
O1-Pruner∗(Luo et al., 2025b) 20.00 12680 18.75 12953 59.38 5798 38.56 6645 66.81 3291 40.70 8273
TokenSkip∗(Xia et al., 2025) 18.33 12635 17.92 12630 60.62 5452 38.63 6692 72.31 3139 41.56 8110
EfficientReasoning(Arora and Zanette, 2025) 24.17 9380 20.00 9383 68.75 3475 49.48 4032 81.50 1600 48.78 5574
AdaptThink(Zhang et al., 2025) 22.08 5129 17.50 3854 65.31 2039 46.67 2019 78.90 987 46.09 2806
Ours 26.67 8278 23.33 7739 69.38 2774 49.78 3221 80.40 1798 49.91 4762

DeepSeek-R1-Distill-Qwen-7B
Base(DeepSeek-AI et al., 2025) 42.67 12723 29.00 12779 81.00 6849 56.77 5252 89.16 3065 59.72 8134
O1-Pruner∗(Luo et al., 2025b) 36.67 11191 27.50 11475 75.62 5128 54.15 5695 76.62 2812 54.11 7260
TokenSkip∗(Xia et al., 2025) 39.58 10841 30.83 11259 79.06 4811 52.94 5795 77.56 2115 55.99 6964
EfficientReasoning(Arora and Zanette, 2025) 43.75 9568 30.83 9293 83.44 3401 56.52 3920 82.25 1392 59.36 5515
AdaptThink(Zhang et al., 2025) 44.00 9424 30.00 10290 80.75 3531 58.76 5011 87.23 1603 60.15 5972
Ours 42.08 7244 31.67 6977 82.34 3211 59.85 3786 88.80 2080 60.95 4660

Table 1: Performance comparison across multiple math reasoning benchmarks (Accuracy ↑ and Average Length ↓).
∗ We adapt the original implementation of O1-Pruner and TokenSkip to the DeepSeek-R1-Distill-Qwen models.

ing Skywork-OR1-7B(He et al., 2025), OREAL-391

7B(Lyu et al., 2025), AReaL-base-R1-7B(Mei392

et al., 2025), and Light-R1-DS-7B(Liang Wen,393

2025).394

Training Details: We conduct all training on395

DeepSeek-R1-Distill-Qwen-1.5B and DeepSeek-396

R1-Distill-Qwen-7B(DeepSeek-AI et al., 2025).397

We start with supervised SFT on the Light-398

R1 (Liang Wen, 2025) dataset. We prune all CoT399

traces with our graph-based method to remove re-400

dundant reflection nodes while preserving the core401

reasoning structure, and then fine-tune the model402

to imitate these concise reasoning traces. Next,403

we sample problems from AIME (pre-2024) and404

AMC (pre-2023)(LI et al., 2024) and use the SFT405

model to generate responses. For each problem,406

we construct preference pairs by ranking sampled407

correct trajectories by our redundancy score, treat-408

ing low-redundancy trajectories as preferred and409

high-redundancy ones as dispreferred, and train a410

DPO model that favors shorter yet effective reason-411

ing. Finally, we perform GRPO with length penalty412

on the dapo-17k (Yu et al., 2025) dataset with ver-413

ifiable rewards and length penalty to further im-414

prove correctness and robustness. All experiments415

are conducted on a single compute node with 4×416

NVIDIA A800 GPUs.417

4.2 Main Results418

We compare our method against four widely used419

efficiency-oriented baselines at two model scales,420

with results reported in Table 1. Overall, our ap- 421

proach achieves the best accuracy–efficiency trade- 422

off: it attains the highest average accuracy while 423

producing substantially shorter reasoning traces. 424

On DeepSeek-R1-Distill-Qwen-7B, our method im- 425

proves the average accuracy from 59.72 to 60.95 426

while reducing the average reasoning length from 427

8134 to 4660 tokens (42.7% reduction). The 428

gains are most evident on difficult benchmarks: 429

for AIME25, accuracy increases from 29.00% to 430

31.67% while the reasoning length drops from 431

12779 to 6977 tokens; for OlympiadBench, accu- 432

racy increases from 56.77% to 59.85% with shorter 433

traces (5252 → 3786). On DeepSeek-R1-Distill- 434

Qwen-1.5B, our method also improves the average 435

accuracy from 46.68 to 49.91 and reduces the av- 436

erage length from 7442 to 4762 tokens (a 36% 437

reduction), with notable gains on AMC23 (63.12% 438

→ 69.38%) and MATH500 (72.65% → 80.40%). 439

These results hold across datasets and model sizes, 440

indicating that our method scales well and con- 441

sistently reduces redundant computation without 442

sacrificing overall performance. 443

4.3 Ablation Study 444

We conduct a stage-wise ablation to disentangle 445

the contributions of each component in our training 446

recipe to both accuracy and efficiency. Starting 447

from the base policy (DS-7B), we progressively 448

add SFT, DPO, and GRPO. Figure 3 summarizes 449
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Figure 3: Stage-wise ablation across five benchmarks. (a) Accuracy (%). (b) Relative reasoning length measured
by the average number of generated tokens, normalized to the BASE setting (token ratio; BASE=1.0, lower is better).
The compared configurations follow a cumulative training recipe: starting from BASE, we sequentially add SFT,
then DPO, and finally GRPO.

the results across five benchmarks. We report (a)450

accuracy and (b) the average number of generated451

tokens normalized to the Base setting (token ratio;452

Base= 1.0, lower is better). This protocol sepa-453

rates performance improvements from changes in454

reasoning length, allowing us to assess whether455

generation cost can be reduced without sacrificing456

accuracy.457

5 Analysis of Graph-based CoT Pruning458

In this section, we provide a detailed analysis of459

our graph-based CoT pruning framework from four460

perspectives: (i) dataset- and graph-level statistics,461

(ii) whether pruning preserves essential reasoning,462

and (iii) changes in model behavior before and after463

training.464

5.1 Dataset and Graph Statistics465

We first examine how graph-based pruning re-466

shapes the structure of CoT supervision data. We467

report the average number of nodes per reasoning468

graph, the number of reflection nodes, the num-469

ber of redundant reflection nodes identified by our470

pruning algorithm, the average CoT length in to-471

kens, the proportion of main-path nodes, as well472

as the total number of training examples and the473

data synthesis cost. Table 2 shows the statistics that474

graph-based pruning removes a large fraction of475

redundant reflection nodes while keeping the main476

reasoning path relatively intact, substantially reduc-477

ing supervision length without discarding most of478

the essential steps and incurring only a low data479

synthesis cost.480

Statistic Full CoT Pruned CoT

Total Samples 3335 3335
Avg. Nodes 27.8 15.6
Avg. Review Nodes 16.8 4.5
Avg. Tokens 6468 4439
Total Cost – $20

Table 2: Dataset and graph statistics before and after
pruning.

5.2 Does Pruning Preserve Essential 481

Reasoning? 482

To investigate whether pruning inadvertently re- 483

moves crucial reasoning steps, we established three 484

distinct experimental settings: (1) Full-CoT: the 485

original, complete reasoning traces, (2) Graph- 486

Pruned: traces processed via our graph-based prun- 487

ing, and (3) Len-Trunc: traces truncated from the 488

beginning to match the token length of the Graph- 489

Pruned variants. We randomly sampled 1,000 ex- 490

amples from the training set. For each example, 491

we employed DeepSeek-R1-Distill-Qwen-7B to 492

generate answers conditioned on these different 493

CoT types, performing N = 8 generation passes 494

per question to assess robustness. 495

We evaluated the model using two metrics: Ac- 496

curacy, representing the percentage of questions 497

answered correctly, and Consistency, which mea- 498

sures the degree of consensus among the 8 gen- 499

erated answers. Consistency is defined as C = 500∑
(ny/N)2, where ny denotes the frequency of 501

a specific answer y across the N generations; a 502

higher score indicates the model reliably converges 503
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Figure 4: Changes in reasoning length and reasoning token usage before and after training on AIME24.

CoT Variant Accuracy (↑) Consistency (↑)

Full-CoT 98.95 99.60
Graph-Pruned 93.70 90.69
Len-Trunc 73.60 69.10

Table 3: Comparison of accuracy and consistency across
different Chain-of-Thought (CoT) pruning methods.

on the same output. As shown in Table 3, Full-504

CoT sets a high baseline with 98.95% accuracy505

and 99.60% consistency. Graph-Pruned main-506

tains high reliability, achieving 93.70% accuracy507

and 90.69% consistency. In contrast, Len-Trunc508

suffers a significant drop to 73.60% accuracy and509

69.10% consistency. This stark difference indicates510

that while naive length truncation disrupts the logi-511

cal flow, leading to divergent and incorrect answers,512

our graph-based pruning successfully preserves the513

core reasoning structure necessary for stable and514

accurate generation.515

5.3 Impact on Training and Model Behavior516

Reasoning length and reflection tokens. We an-517

alyze how the model’s test-time reasoning behavior518

changes before and after training. We first examine519

the distribution of reasoning length, measured by520

the number of generated tokens and normalized521

across samples. As shown in Figure 4, the den-522

sity curves indicate that, after training, the model523

produces noticeably shorter reasoning trajectories,524

with a clear suppression of the long-tail region cor-525

responding to excessively long responses.526

We then analyze the frequency of representa-527

tive reasoning tokens (e.g., “wait”, “but”, “hmm”,528

“maybe”, and “check”) on AIME24 by counting529

their occurrences per response. As shown in the 530

bar plot, these reflection-oriented tokens consis- 531

tently decrease after training, indicating reduced 532

reflective behaviors. In contrast, progress-oriented 533

connectives such as “therefore” become substan- 534

tially more frequent, suggesting a shift from reflec- 535

tive verbosity toward more direct, decision-driven 536

reasoning. 537

Qualitative case studies. Finally, we present 538

qualitative case studies to illustrate how graph- 539

based pruning reshapes the reasoning process. For 540

selected problems, we visualize the original CoT 541

graph and the pruned graph, highlighting nodes 542

identified as redundant reflections. We also show 543

the corresponding natural-language CoT segments 544

with removed pieces struck out or shaded. In most 545

cases, pruning eliminates repeated self-checks and 546

digressions while keeping the core derivation in- 547

tact, leading to cleaner and more stable reasoning 548

trajectories. An example is shown in Figure 7 for 549

reference. 550

6 Conclusion 551

We presented a graph-based approach for improv- 552

ing CoT efficiency by identifying and pruning re- 553

dundant reflection steps that do not contribute to 554

the main reasoning path. By converting linear 555

CoTs into structured graphs, our method localizes 556

and removes low-importance review nodes while 557

preserving essential logic, yielding more concise 558

CoTs without sacrificing accuracy. Our findings 559

show that structural modeling of reasoning offers 560

a promising direction for systematically reducing 561

overthinking and enabling more efficient LLM rea- 562

soning. 563
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Limitations564

Our approach requires constructing reasoning565

graphs with a strong teacher model, which intro-566

duces preprocessing cost and may limit scalability.567

The progress–review labeling is coarse and may568

overlook fine-grained reasoning nuances. Addition-569

ally, while effective for mathematical reasoning, it570

remains unclear how well the method generalizes571

to more open-ended domains. Future work may572

explore lighter-weight graph construction, richer573

semantic labels, and broader domain evaluations.574
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A Prompts877

This section describes the instruction prompt used878

to construct a graph based on the model’s original879

CoT. Given a reasoning step and a partial graph,880

the model updates the graph by either inserting a881

new node or merging the step into an existing one.882

Each node represents an abstract reasoning step883

and is labeled as either progress, which advances884

the reasoning process, or review, which captures885

reflective behavior. Reflective steps are prohibited886

from being merged into progress nodes.887

The prompt enforces fixed node identifiers, di-888

rected dependency edges, and a dedicated final an-889

swer node, with all updates returned in a structured890

JSON format for deterministic parsing. The full891

prompt is shown in Figure 6.892

B Special Tokens to Split CoT to Chunks893

We use a set of special tokens to split a long rea-894

soning trajectory into multiple step-level chunks.895

split_tokens = [ "Wait",896
"Alternatively", "Another angle",897
"Another approach", "But wait",898
"Hold on", "Hmm", "Maybe", "Looking899
back", "Okay", "Let me", "First",900
"Then", "Alright", "Compute",901
"Correct", "Good", "Got it", "I902
don ’t see any errors", "I think",903
"Let me double -check", "Let ’s see",904
"Now", "Remember", "Seems solid",905
"Similarly", "So", "Starting",906
"That ’s correct", "That seems907
right", "Therefore", "Thus" ]908

C Node-level Evaluation of Graph909

Construction910

To evaluate the accuracy of converting linear CoT911

into graph-structured representations, we conduct912

a human evaluation on a randomly sampled set of913

100 graph nodes. Each node is assessed along two914

dimensions.915

First, we evaluate node type correctness. Nodes916

are classified as either progress or review, and an-917

notators judge whether the predicted type matches918

the node’s functional role in the original reasoning919

process. We report per-class precision, recall, and920

F1 scores for both node types.921

Second, we evaluate step atomicity. A node922

is considered atomic if it corresponds to a single,923

semantically independent reasoning step, without924

mixing multiple operations. We report the atomic-925

ity valid rate as a measure of structural quality.926

We further define a node as valid only if it satis- 927

fies both criteria. Table 4 summarizes the results. 928

The model achieves high accuracy in node type 929

classification and a strong atomicity valid rate, indi- 930

cating that the constructed graphs are both seman- 931

tically faithful and structurally well-formed. 932

Node Type Precision Recall F1

Review 0.9048 0.9661 0.9344
Progress 0.8947 0.8500 0.8718

Atomicity Valid (%) 85.29

Table 4: Type classification performance and step atom-
icity validity of constructed graph nodes.

D Implementation Details 933

D.1 SFT Training Settings 934

We perform SFT using the LLaMA-Factory frame- 935

work with LoRA-based parameter-efficient tuning. 936

LoRA adapters are applied to all attention and lin- 937

ear layers. The hyper-parameters are summarized 938

in Table 5. 939

Name Value

Epochs 8
Global batch size 64
Max sequence length 8192
Optimizer AdamW
Learning rate 1× 10−5

LoRA rank 32

Table 5: Hyper-parameters for SFT training.

D.2 DPO Training Settings 940

We perform DPO using the same training frame- 941

work as SFT. The hyper-parameters are summa- 942

rized in Table 6. 943

Name Value

Epochs 5
Global batch size 64
Max sequence length 8192
Optimizer AdamW
Learning rate 1× 10−7

Table 6: Hyper-parameters for DPO training.

D.3 GRPO Training Settings 944

We conduct GRPO with length penalty using the 945

verl framework. The hyper-parameters are summa- 946
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rized in Table 7.947

Name Value

KL coefficient β 1× 10−3

Rollouts per input 8
Sampling temperature 1.0
Max response length 12000
Global batch size 64
Optimizer AdamW
Learning rate 1× 10−6

Training steps 220

Table 7: Hyper-parameters for GRPO training.

E RL Training Dynamics948

Figure 5 presents the training dynamics of the949

model during reinforcement learning. We visu-950

alize the evolution of the reward signal and the951

average response length across training steps. To952

reduce high-frequency noise inherent to reinforce-953

ment learning, we apply exponential moving aver-954

age (EMA) smoothing to the raw curves.955

As shown in the figure, the reward exhibits an956

overall increasing trend despite noticeable fluctua-957

tions, which is typical for policy optimization with958

sparse or delayed rewards. At the same time, the re-959

sponse length does not grow monotonically with re-960

ward improvement, indicating that higher rewards961

are not solely achieved by generating longer re-962

sponses. Instead, the model gradually learns more963

effective reasoning strategies under the given re-964

ward signal.965
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Figure 5: RL training dynamics for different model
scales. (a) 7B; (b) 1.5B. Left: mean reward. Right:
response length (tokens).

F Overall Training Algorithm 966

Algorithm 1 presents the pseudocode of our train- 967

ing algorithm, detailing how the policy is optimized 968

across SFT, DPO, and GRPO-based RL. 969

Algorithm 1: Three-Stage Training with
Graph Construction and Pruning

Input: Problems {q}, raw CoT r = [c1, . . . , cn] and
answer a for each q, base policy Mθ

Output: Final policy Mθ

1 (A) Construct pruned traces for SFT.;
2 foreach problem q with CoT r = [c1, . . . , cn] do
3 G0 ← (∅,∅,∅);
4 for i = 1 to n do
5 oi ∼ fL(Gi−1, ci),

oi ∈ {insert, merge};
6 Update Gi by applying oi (create/merge

node vi = (si, li) and add dependency
edges);

7 G̃← PRUNE(Gn;m, k);
8 r̃ ← RELINEARIZE(G̃);
9 Add (q, r̃, a) to DSFT;

10 (B) Cold-start SFT.;
11 Train Mθ on DSFT by minimizing LSFT(θ) to obtain

MSFT;

12 (C) DPO via rollout and preference pairing.;
13 Initialize Mθ ←MSFT;
14 foreach problem x do
15 Sample rollouts Y = {y(k)} from πθ(· | x);
16 Keep correct set Yok = {y ∈ Y | V (x, y) = 1};
17 Score redundancy for each y ∈ Yok;
18 Form preference pairs (y+, y−) with

lower-vs-higher redundancy;
19 Update Mθ by minimizing LDPO(θ) on collected

pairs to obtain MDPO;

20 (D) GRPO with length penalty.;
21 Initialize Mθ ←MDPO;
22 foreach problem x do
23 Sample trajectories Y ∼ πθ(· | x);
24 Compute shortest correct length L⋆(x) in Y;
25 foreach y ∈ Y do
26 Compute accuracy reward and length

reward;

27 Update Mθ with GRPO using reward R;
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Prompt for Constructing Graph
You are a chain-of-thought graph structure analysis and update module.
Given an existing graph and the current text segment current_step, you must incorporate current_step into the graph by
choosing exactly one operation: Insert or Merge, and output strict JSON.
1. Inputs

• graph: an existing partial reasoning graph (Mermaid code).
• current_step: the current reasoning text segment (continuous content from the CoT).

2. Node Definition (Reasoning Unit)
• A node represents an abstract reasoning unit with:

– Semantic completeness: a clear intent and its reasoning product (e.g., introducing a constraint, deriving a conclusion,
setting a sub-goal, establishing a framework).

– Abstraction: do not record low-level arithmetic/symbolic manipulation.
– Dependability: its product can be referenced by later reasoning and creates dependencies.

• Forbidden: purely operational steps (substitution, expansion, simplification, step-by-step calculations) cannot be
standalone nodes.

3. Independence Criteria Treat current_step as a new reasoning unit (prefer Insert) if it satisfies any of:
• Goal introduction: introduces a new intermediate goal/subproblem.
• Product generation: yields a key conclusion/property/constraint/equivalence used later.
• Method switch: changes the reasoning strategy or framework.
• Structural advancement: adds structure (case split, construction, invariant/lemma framework).
• Branch initiation: starts a new attempt path (even if it fails); branch from still-valid ancestors.

If it only continues the same goal with minor details/restatement and produces no new product/structure, prefer Merge.
5. Update Operations

• Merge: Allowed only if current_step can be integrated into exactly one existing node while keeping it abstract and
single-purpose. Hard constraints: Review content cannot be merged into a progress node; Do not merge if it causes one
node to mix “advance” and “reflect” as major functions. Must specify target_node and updated_node_description.

• Insert: Required if current_step meets independence criteria, introduces a new branch/framework, or Merge would
harm abstraction/readability. Must create a new node and add necessary dependency edges.

6. Edge Construction Rules
• Dependency principle: if node B uses products from node A, add edge A→ B with a clear dependency label.
• Branch origin principle: new attempts must branch from still-valid ancestor products, not from negated/dead-end

nodes.
• Ordering constraints:

– Node IDs increase lexicographically: A–Z, AA–AZ, BA–BZ, . . .
– Edges must go from lexicographically smaller IDs to larger IDs.
– The final node must be named final answer.

7. Output Format (Strict JSON)
{

"decision": "Insert or Merge",
"target_node": "(If Merge, the node ID to merge into; if Insert, leave empty)",
"new_node": {
"id": "(If Insert, a unique ID; if Merge, leave empty)",
"description": "(If Insert, a concise description of the new node; if Merge, leave empty)",
"type": "progress or review"

},
"edges": [

{
"from": "source node ID",
"to": "target node ID",
"label": "meaning of the edge"

}
],
"updated_node_description": "(If Merge, the new description; if Insert, leave empty)"

}

Your Turn:
Existing Graph: {{ graph }}
Current Step: {{ current_step }}
Your Response:

Figure 6: Instruction for updating a graph-structured chain-of-thought
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Interpret
the problem

Introduce
second scenario

Formulate a system of
equations based on...

Convert coffee
shop stay duration t f...

Eliminate the
coffee shop stay variab...

Compute the coffee
shop stay duration...

Review and verify
the correctness of...

Final
Answer

Introduce
variables and translate th...

Convert total and
coffee times to hou...

Review the
correctness of the initial...

Derive the second
equation from the s...

Confirm the
correctness of the core A...

Introduce
substitution to simplify th...

Solve the
quadratic equation derived...

Discard the
negative speed solution ju...

Compute coffee
time t = 24 minutes fr...

Compute the total
time for a new walk...

Clarify that the
coffee shop time t =...

Convert the
total time of 3

Review the
computed total time (3...

State the final
answer as 204 minutes...

Re-express intent
to verify correct i...

Propose an
alternative reasoning appr...

Final
Answer

Okay, let me try to figure out this problem step by step...
First, let me parse the information given... When she
walks at a constant speed of (s) km/h, the total time is 4
hours including (t) minutes in the coffee shop; when she
walks at (s+2) km/h, the total time is 2 hours 24 minutes
including the same (t) minutes... So I set up the walking-
time equations: (\frac{9}{s}=4-\frac{t}{60}) and
(\frac{9}{s+2}=2.4-\frac{t}{60})... Let (x=\frac{t}
{60}), then subtract the second from the first to eliminate
(x): (1.6=\frac{9}{s}-\frac{9}{s+2}=\frac{18}
{s(s+2)}\right)), so (\frac{18}{s(s+2)}=1.6),
hence (s(s+2)=11.25) and (s^2+2s-11.25=0)... Solve the
quadratic: discriminant (=49), so (s=\frac{-2\pm7}{2}),
discard the negative solution and get (s=2.5)... Plug back
into (,4-x=\frac{9}{s},) to get (4-x=3.6\Rightarrow
x=0.4\Rightarrow t=24) minutes... Let me verify with
equation 2 to ensure consistency... We have (s+2=4.5),
(9/4.5=2), and (2.4-0.4=2), which matches, so that's
correct. Now the required speed is (s+\frac{1}{2}=3)
km/h, so walking time is (9/3=3) hours; add coffee time
24 minutes to get total time (3) hours (24)
minutes (=204) minutes... But let me check if the problem
is expecting the answer in hours or minutes... Wait... 3
hours is 180 minutes, plus 24 minutes is 204 minutes...
Wait... let me make sure that the coffee shop time remains
24 minutes in all cases... the coffee shop time is fixed at t
= 24 minutes regardless of her walking speed... So the
total time for 3 km/h is confirmed as 3 hours 24 minutes,
i.e., 204 minutes... Wait... in the first scenario (4-0.4=3.6)
hours and (3.6\times2.5=9) km... in the second scenario
(2.4-0.4=2) hours and (9/4.5=2) hours... Alternatively,
maybe I can think of it another way... (9/s-9/(s+2)=1.6)
which matches the equation I set up earlier... Therefore,
the total time is (\boxed{204}) minutes.

Review Node

Progressive Node

Every morning Aya goes for a $9$-kilometer-long walk and stops at a coffee shop afterwards. When she walks at a constant speed of $s$
kilometers per hour, the walk takes her 4 hours, including $t$ minutes spent in the coffee shop. When she walks $s+2$ kilometers per hour, the
walk takes her 2 hours and 24 minutes, including $t$ minutes spent in the coffee shop. Suppose Aya walks at $s+\\frac{1}{2}$ kilometers per hour.
Find the number of minutes the walk takes her, including the $t$ minutes spent in the coffee shop.

Alright, let's tackle this problem step by step. So, Aya has
a routine where every morning she walks 9 kilometers to
a coffee shop and then spends some time there. The
problem gives us two different walking speeds and the
total time taken each time, including the coffee shop
time. …… When she walks at speed s km/h, the total time
is 4 hours, which includes t minutes in the coffee shop.
Similarly, when she walks at s + 2 km/h, the total time is
2 hours and 24 minutes, still including t minutes in the
coffee shop. …… So, the walking time when she walks at
speed s is 4 − t/60 hours, and when she walks at s + 2
km/h, the walking time is 2.4 − t/60 hours. …… For the
first case, 9/s = 4 − t/60, and for the second case, 9/(s +
2) = 2.4 − t/60. …… Let’s subtract equation (2) from
equation (1): 9/s − 9/(s + 2) = 1.6, which gives s(s + 2)
= 11.25. …… Solve the quadratic equation and discard the
negative solution to get s = 2.5 km/h. Plug s = 2.5 back
into equation (1) to find t = 24 minutes. Let me check
this with equation (2) to ensure consistency: 9 / 4.5 = 2
hours, and 2.4 − 0.4 = 2 hours, so this checks out. ……
Now, the problem asks for the total time when she walks
at s + 1/2 km/h. The walking time at 3 km/h is 9 / 3 = 3
hours, and adding the coffee shop time gives a total of
204 minutes. Therefore, the final answer is
(\boxed{204}).

Review Node

Progressive Node

Question

Base Model

Ours

Figure 7: Qualitative comparison of reflection behavior between the base model and our trained model. The left
column shows the original CoT, and the right column shows its graph-structured representation. Red-highlighted
text indicate reflection-related content. Compared to the base model, our trained model exhibits reduced and more
focused reflection.
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