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ABSTRACT

We study the stochastic contextual bandit problem, where the reward is gener-
ated from an unknown bounded function with additive noise. We propose the
NeuralUCB algorithm, which leverages the representation power of deep neural
networks and uses a neural network-based random feature mapping to construct
an upper confidence bound (UCB) of reward for efficient exploration. We prove

that, under mild assumptions, NeuralUCB achieves O(ﬁ ) regret, where 7T is the
number of rounds. To the best of our knowledge, our algorithm is the first neu-
ral network-based contextual bandit algorithm with near-optimal regret guarantee.
Preliminary experiment results on synthetic data corroborate our theory, and shed
light on potential applications of our algorithm to real-world problems.

1 INTRODUCTION

The stochastic contextual bandit problem has been extensively studied in machine learning (Bubeck
and Cesa-Bianchil, [2012; [Lattimore and Szepesvari, 2019): at round ¢ € {1,2,...,T}, an agent is
presented with a set of K actions, each of which is associated with a d-dimensional feature vector.
After choosing an action, the agent will receive a stochastic reward generated from some unknown
distribution conditioned on the chosen action’s feature vector. The goal of the agent is to maximize
the expected cumulative rewards over T rounds. Contextual bandit algorithms have been applied
to many real-world applications, such as personalized recommendation, advertising and Web search
(e.g.,|/Agarwal et al. 2009 Li et al., 2010).

The most studied model in the literature is linear contextual bandits (Auer, 2002; |Abe et al., 2003}
Dani et al.| |2008; Rusmevichientong and Tsitsiklis| [2010; |(Chu et al.l [2011; |Abbasi-Yadkori et al.,
2011), which assumes that the expected reward at each round is a linear function of the feature
vector. Linear bandit algorithms have achieved great success in both theory and practice, such as
news article recommendation (Li et al., 2010). However, the linear-reward assumption often fails
to hold exactly in practice, which motivates the study of nonlinear contextual bandits (e.g., [Filippi
et al.l |2010; Srinivas et al., 2010; [Bubeck et al., 2011} |Valko et al., 2013). However, they still
require fairly strong assumptions on the reward function. For instance, [Filippi et al.| (2010) makes
a generalized linear model assumption on the reward, Bubeck et al.| (2011) require it to have a
Lipschitz continuous property in a proper metric space, and |Valko et al.[(2013) assume the reward
function belongs to some Reproducing Kernel Hilbert Space (RKHS).

In order to overcome the above shortcomings, deep neural networks (DNNs) (Goodfellow et al.,
2016) have been introduced to learn the underlying reward function in contextual bandit problem,
thanks to their strong representation power. Given the fact that DNNs enable the agent to make use
of nonlinear models with less domain knowledge, existing work (Riquelme et al., 2018;[Zahavy and
Mannor, 2019) focuses on the idea called neural-linear bandit. More precisely, they use the first
L — 1 layers of a DNN as a feature map, which transforms contexts from the raw input space to a
low-dimensional space, usually with better representation and less frequent update. Then they learn
a linear exploration policy on top of the last hidden layer of the DNN with a more frequent update.
These attempts have achieved great empirical success. However, none of these work provides a
theoretical guarantee on the regret of the algorithms.

In this paper, we take the first step towards provable efficient contextual bandit algorithms based on
deep neural networks. Specifically, we propose a new algorithm, NeuralUCB, which uses a deep
neural network to learn the underlying reward function. At the core of the algorithm is an upper
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confidence bound constructed by deep neural network-based random feature mappings. Our regret
analysis of NeuralUCB is built on recent results on optimization and generalization of deep neural
networks (Jacot et al., 2018} |Arora et al., 2019; |Cao and Gu, 2019a). While the main focus of our
paper is mostly theoretical, we also carry out proof-of-concept experiments on synthetic data to
validate the effectiveness of our proposed algorithm.

Our contributions are summarized as follows:

e We prove that, under mild assumptions, our algorithm is able to achieve a 6(67\/?) regret, where
d is the effective dimension of a neural tangent kernel matrix and 7" is the number of rounds. Our

regret bound recovers the 5(d\/T) regret for linear contextual bandit as a special case (Abbasi-
Yadkori et al.| 2011)), where d is the dimension of context.

e We propose a neural contextual bandit algorithm using neural network-based exploration. It can
be regarded as an extension of existing linear bandit algorithms (Li et al.| 2010; |Abbasi- Yadkori
et al.|[2011), from linear reward functions to any bounded reward functions.

e We provide empirical evidence in several proof-of-concept experiments to demonstrate potential
applications of our algorithm to real-world problems.

Notation: Scalars are denoted by lower case letters, vectors by lower case bold face letters, and

matrices by upper case bold face letters. For a positive integer k, [k] denotes {1,...,k}. For a
vector @ € RY, we denote its £ norm by |02 = E?Zl 6? and its j-th coordinate by [0];. For a
matrix A € R%*?, we denote its spectral norm, Frobenius norm, and (4, j)-th entry by ||A||2, | A||F,

and [A]; j, respectively. We denote a sequence of vectors by {6;}:_,, and similarly for matrices.

For two sequences {a,} and {b,}, we use a, = O(b,) to denote that there exists some constant
C > 0 such that a,, < Cb,, a,, = Q(b,,) to denote that there exists some constant C’ > 0 such that

an, > C'b,. In addition, we use 5() to hide logarithmic factors. We say a random variable X is
v-sub-Gaussian if Eexp(A\(X — EX)) < exp(A?v?/2) for any A > 0.

2 RELATED WORK

2.1 CONTEXTUAL BANDITS

There is a line of extensive work on linear bandits (e.g., |Auer, |2002; |/Abe et al., 2003; |Dani et al.,
2008; Rusmevichientong and Tsitsiklis, 20105 |Li et al.,2010; /Chu et al., 201 1;|Abbasi- Yadkori et al.,
2011). For the setting with finitely many arms, |Abe et al.|(2003)) formalized the linear bandit setting
and analyzed some of the earliest algorithms. |Auer| (2002) proposed SupLinRel algorithm that
achieves O+/dT regret. |Chu et al.| (2011) obtained the same regret with SupLinUCB that is based on
LinUCB (Li et al.;2010); the authors also provided a lower bound of Q(\/ﬁ) For the other setting
with infinitely many arms, a few authors (Dani et al.} |2008; |Rusmevichientong and Tsitsiklis} 2010;
Abbasi-Yadkori et al.,2011) proposed algorithms that achieve O(d\/T ) regret, whereas an Q(d\/f )
lower bound is given by Dani et al.| (2008]).

While most algorithms above are based on the idea of upper confidence bounding, it is also possible
to use proper randomization to achieve strong regret guarantees, such as Thompson sampling and
reward perturbation (Thompson, |1933;|Chapelle and Li,[2011;|Agrawal and Goyal, 2013j Russo and;
Van Roy, 2014;2016; Kveton et al.,2019).

To deal with nonlinearity, generalized linear bandit has been considered, which assumes that the
reward function can be written as a composition of a linear function and a link function. In particular,

Filippi et al.|(2010) proposed a GLM-UCB algorithm, which attains 6(d\/f ) regret. Li et al.| (2017)

proposed SupCB-GLM for generalized contextual bandit problems and showed a O(v/dT") regret
that matches the lower bound. Jun et al.|(2017) studied how to scale up algorithms for GLM bandits.

A few authors have also explored more general nonlinear bandits without making strong modeling
assumptions. One line of work is variants of expert learning algorithms (Auer et al.,|2002), which
typically have a time complexity linear in the number of experts (which in many cases can be expo-
nential in the number of parameters). Another approach is to reduce a bandit problem to supervised
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learning, such as the epoch-greedy algorithm (Langford and Zhang, 2008) that has an O(72/?) re-
gret. Later, Agarwal et al.|(2014)) develop an algorithm that yields a near-optimal regret bound, but
relies on an optimization oracle that can be expensive. A third approach uses nonparametric mod-
eling, such as Gaussian processes and kernels (Srinivas et al., 2010; [Krause and Ong|, 2011} |Valko
et al.,[2013). More specifically, Srinivas et al. (2010) assumed that the reward function is generated
from a Gaussian process with known mean and covariance functions. They proposed a GP-UCB
algorithm which achieves O(1/T~r) regret, where 7 is the maximum information gain. [Krause
and Ong| (2011} assumed the reward function is defined over the context-arm joint space and pro-
posed a Contextual GP-UCB. [Valko et al.| (2013) assumed that the reward function lies in a RKHS

with bounded RKHS norm. They proposed a SupKernelUCB algorithm and showed an 5(\/ JT)

regret, where d is effective dimension of the kernel that can be seen as a generalized notion of the
dimension of contexts. There is also work focusing on bandit problems in general metric space with
Lipschitz continuous property on the context (Kleinberg et al., 2008; Bubeck et al., 2011)).

2.2 NEURAL NETWORKS

Different lines of research have been done to provide theoretical understandings of DNNs from
different aspects. For example, to understand how the expressive power of DNNs are related to
their architecture, [Telgarsky| (2015} [2016); [Liang and Srikant| (2016); |Yarotsky| (2017} 2018)); Hanin
(2017) showed that deep neural networks can express more function classes than shallow networks.
Lu et al.| (2017); [Hanin and Sellke{(2017)) suggested that the width of neural networks is crucial to
improve the expressive power of neural networks.

For the optimization of DNNS, a series of work have been proposed to show that (stochastic) gradient
descent can find the global minima of training loss (L1 and Liang| [2018; |Du et al.| [2019b} |Allen-
Zhu et al |2019; |Du et al., 2019aj Zou et al., 2019} [Zou and Gu, 2019). For the generalization of
DNNS, a series of work (Daniely, |2017; (Cao and Gu, [2019ajb; |Arora et al., |2019) shows that by
using (stochastic) gradient descent, the parameters of a DNN are located in a particular regime and
the generalization bound of DNNs can be characterized by the best function in the corresponding
neural tangent kernel space (Jacot et al., 2018).

3 PROBLEM SETTING

We consider the stochastic K -armed contextual bandit problem, where the total number of rounds
T is known. Atround ¢ € [T, the agent observes the tth context consisting of K feature vectors:
{xt,o € R?| a € [K]}. The agent selects an action a; and receive a reward ¢ ,,. For simplicity, we
denote {x'} 2K as the collection of {x1,1,%X1,2,..., %7K }. Our goal is to maximize the following
pseudo regret (or regret for short):

T
Ry = E[Z(n,a; - n,at)], (€R)

t=1

where a; is the optimal action at round ¢ that maximizes the expected reward, i.e., af =
argmax,¢ x| E[rt,a]-

This work makes the following assumption on reward generation: for any round ¢,

Tta, = WXt ,a,) + &, (3.2)
where h is some unknown function satisfying 0 < h(x) < 1 for any x, and &; is v-sub-Gaussian
noise conditioned on X1 4,,...,X¢—1,q,_,- Note that the v-sub-Gaussian noise assumption for &; is

a standard assumption in stochastic bandit literature (e.g.,|Abbasi- Yadkori et al.| 201 1); in particular,
any bounded noise satisfies such an assumption. Our reward function class contains linear functions,
generalized linear functions, Gaussian processes, and kernel functions with bounded RKHS norm
over a bounded domain.

In order to learn the reward function & in (3.2)), we propose to use a fully connected deep neural
networks with depth L > 2:

£(x:0) = \/EWLG(WL_N( : ~-J(W1x))), (3.3)
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where o(x) = max{x,0} is the rectified linear unit (ReLU) activation function, W; €
R™>*d W, ¢ Rm*m 2 << L—1, Wz € R™*! and @ = [vec(W)T,... vec(W)T]T € R?
with p = m+md+m?(L —1). Without loss of generality, we assume that the width of each hidden
layer is the same (i.e., m) for convenience in analysis. We denote the gradient of the neural network
function by g(x; 0) = Vo f(x;0) € RP.

4 THE NEURALUCB ALGORITHM

We present in Algorithm T|our algorithm, NeuralUCB. The key idea is to use a deep neural network
f(x;0) to predict the reward of context x, and upper confidence bound-based exploration (Auer,
2002). In particular, Algorithm [T] first initializes the network by randomly generating each entry
of @ from an appropriate Gaussian distribution. More specifically, foreach 1 < [ < L — 1, we

initialize Wy as (‘87 ‘2,) , where each entry of W is generated independently from N (0,4/m).

For W1, we initialize Wy, as (w',—w ), where each entry of w is generated independently
from N(0,2/m). At round ¢, Algorithm [I|observes the contexts for all actions, {x; ,}X . First,
it computes the upper confidence bound, U, ,, based on context x; 4, the current neural network
parameter §;_1, and a scaling factor ;1. It then chooses action a; with the largest U; ,, and receives
the corresponding reward 7 ,, . At the end of round ¢, Algon’thmmupdates 6, by applying Algorithm
to (approximately) minimize L (@) using gradient descent, and updates ;. We choose gradient
descent in Algorithm [2]for the simplicity of analysis, although the training method can be replaced
by more efficient algorithms like stochastic gradient descent with a more involved analysis (Allen-
Zhu et al.,[2019;[Zou et al.,[2019)) .

Algorithm 1 NeuralUCB

1: Input: Number of rounds 7', regularization parameter A, exploration parameter v, confidence
parameter J, norm parameter .S, step size 7, number of gradient descent steps J, network width
m, network depth L.
Initialization: Randomly initialize 6 as described in the text
Initialize Zo = A, by =0
fort=1,...,7Tdo
Observe {x;,} 5 ;
fora=1,..., K do
Compute Ut o = f(Xt,a;0t-1) + Y1 \/g(Xt,a; gt—l)TZt_—llg(Xt,a§ 0;1)/m
Leta; = argmax, ek Ut,a
9: end for
10:  Play a; and observe reward 7 4,
11:  Let 8, = TrainNN(\, n, J,m, {Xia, Hy, {Tia, }i1, 60)
12:  Compute Z; = Z;_1 + g(Xt,0,; 01)8(Xt,0,5 0,)" /m
13:  Compute

o \/1 + Cym~1/6\/log mLAt7/6 \~7/6
detZ
. (y\/log dzt )\; + Cym~1/6/log mLA4t5/3)\=1/6 — 21og § + \f)\S)
+ [(1 —mA) EIA + m Y0 Slogm L7253 07513 (1 + t/)\)} :

14: end for

Comparison with Existing Algorithms Here, we compare NeuralUCB with other neural network
based contextual bandit algorithms. |Allesiardo et al.|(2014) proposed NeuralBandit which consists
of K neural networks. It uses a committee of networks to compute the score of each action and
chooses the action by e-greedy policy. In contrast, our NeuralUCB uses upper confidence bound
based exploration, which is more effective than e-greedy. In addition, our algorithm only uses one
neural network instead of K neural networks, thus can be computationally more efficient.



Under review as a conference paper at ICLR 2020

Algorithm 2 TrainNN(X, 7, J,m, {X; 0, }'_1, {ri.a; Yy, 0?)

1: Input: Regularization parameter A, step size 7, number of gradient descent steps U, network
width m, contexts {x; o, }{_,, rewards {r; o, }{_,, initial parameter 6(%).
Define L(6) = Y7i_, (f (Xi,a;:0) = 7ia,)*/2 + mA|6 — 6O)]3/2.
forj=0,...,J —1do

U+ = 9l) — VL (W)

end for
return (7).

AN

Lipton et al.| (2018)) used Thompson sampling on deep neural networks (through variational infer-
ence) in reinforcement learning. A variant is proposed by |Azizzadenesheli et al.| (2018)) that works
well on a set of Atari benchmarks. [Riquelme et al.| (2018) proposed NeuralLinear, which uses the
first L — 1 layers of a L-layer DNN to learn a representation, then applies Thompson sampling on
the last layer to choose action. [Zahavy and Mannor| (2019) proposed a NeuralLinear with limited
memory (NeuralLinearLM), which also uses the first L — 1 layers of a L-layer DNN to learn a rep-
resentation and applies Thompson sampling on the last layer. Instead of computing the exact mean
and variance in Thompson sampling, NeuralLinearLM only computes their approximation. Unlike
NeuralLinear and NeuralLinearLM, NeuralUCB uses the entire DNN to learn the representation and
constructs the upper confidence bound based on the random feature mapping defined by the neural
network gradient.

Variant of NeuralUCB We provide a variant of NeuralUCB called NeuralUCB in Appendix [E]
NeuralUCBg can be regarded as a simplified version of NeuralUCB where the neural network pa-
rameter vector 6; is not updated at each round. In this sense, NeuralUCB can be seen as Ker-
nelUCB (Valko et al., 2013)) specialized to the Neural Tangent Kernel (Jacot et al., [2018]), or Lin-
UCB (Li et al.|[2010) with Neural Tangent Random Features (Cao and Gu, |2019a). We will include
both NeuralUCB and NeuralUCB,, in the experiments.

Efficient Implementation Algorithm [I] can be implemented efficiently using iterative first-order
algorithms, as in linear bandit literature (L1 et al., 2010; |Valko et al., 2013; |Agarwal et al.,
2014). More details are given here for the sake of completeness. At round ¢, we define d; , =

Zt__l1 g(x¢,q;0;). Based on d;,, we update det(Z;) by matrix determinant lemma (Golub and
Van Loan, 1996):

det(Z;) = det [Zt—l + 8(Xt,a,; et)g(xt,aﬁet)—r/m}

= |:1 + g(Xtm;Gt)TZ;_llg(xt’at;Gt)/m} det(Zt,l). (41)

Note that (4.T)) only requires to compute vector inner product between g(x; 4,; ;) and d; 4, which
only requires O(p) time. Now we show how to compute d; , efficiently. By the definition of d ,,
we have

t—1
8(xt,a;0t) = Zy—1dy o = (AI +) 80,1 01)8(Xi 0, 9¢)T/m> dtq-
=0

Thus, d; , is the global minimizer of the following convex optimization problem:

2
min
deRe

)

2

t—1
()\I +>8(Xia00)8(Xia;; 9¢)T/m> d — g(x¢,q;0¢)

=0

and we can use (stochastic) gradient descent to find d; , efficiently, whose update formula can be
written as follows:

t—1
dth = a® — n(AI +> g(xi,ai,;0i>g(xi,ai;ei>T/m)
1=0

t—1
Ku S g(xz-,ai;0i>g<xi,ai;0i)T/m) A4 — g, et)} |

i=0
which again only requires to compute vector inner products.
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5 REGRET ANALYSIS

In this section, we present a regret analysis for Algorithm Recall that {x*}1% is the collection of
all {x; ,}. Since our regret analysis is built upon the recently proposed neural tangent kernel matrix
(Jacot et al., |2018)), we start with its formal definition.

Definition 5.1 (Jacot et al.[(2018); (Cao and Gu|(2019a)). For a set of contexts {x*}7# define
) )
F(1) (1) _ i i W _ (X X

Hij =% =&\x), A= <2@. 3) )

+1
== 2E (1, 0)~N (0,407 (WO (V);

i+t =10 141
H{' = 2HZ(-7J)-IE(“,U)NN(O7AEL;)J’(u)a’(v)+EZ(-7]- ).

Then, H = (HX) + 2(1)) /2 is called the neural tangent kernel (NTK) matrix on the context set.

As shown in Deﬁnition the Gram matrix of the NTK on the contexts {x*}7# for L-layer neural
networks is defined in a recursive way from the input layer all the way to the output layer of the
neural network. For more details about the derivation of Definition 5.1} please refer to Jacot et al.
(2018). Based on Definition 5.1] we first lay out the assumption on the contexts {x’}7%.

Assumption 5.2. H = \oI. Moreover, forany 1 < i < TK, ||x|| = 1 and [x']; = [x"];1q/2-

The first part of the assumption says that the neural tangent kernel matrix is non-singular, a mild
assumption commonly made in the related literature (Du et al., 2019a; |Arora et al., [2019; |(Cao and
Gul 2019a). It can be satisfied as long as no two contexts in {x'}/ are parallel. The second part is
also mild: for any context x, [|x||o = 1, we can always construct a new contextx’ = [x",x "] //2
to satisfy Assumption It can be verified that if 6 is generated by the random initialization
scheme in Algorithm|l} then f(x%;0y) = 0 for any i € [T K].
Next we define the effective dimension d of the neural tangent kernel matrix on contexts {x’} 7%
Definition 5.3. The effective dimension d of the neural tangent kernel matrix on contexts {x‘}7#
is defined as

~  logdet(I+H/A

g = logdetI + H/A) 5.1

log(1+TK/\)

Remark 5.4. The notion of effective dimension was introduced by |Valko et al.|(2013)) for analyzing
kernel contextual bandits, which was defined by the eigenvalues of any kernel matrix restricted on
the given contexts. We adapt a similar but different definition of |[Yang and Wang| (2019), which was
used for the analysis of kernel-based Q-learning. Suppose the effective dimension of the reproducing
kernel Hilbert space induced by the given kernel is d and the feature mapping 1> induced by the given
kernel satisfies [|9(x)|l2 < 1 for any x € R?. Then, it is easy to verify that we always have d < d;

see Appendix for details. Intuitively, d measures how quickly the eigenvalues of H decay, and
it only depends on 7" logarithmically in certain specific cases (Valko et al.,[2013).

Now we are ready to present the main result, which provides the regret bound Ry of Algorithm|T]

Theorem 5.5. Let d be the effective dimension defined in Definition Let h = [h(x)]1E €
RTK . Suppose there are constants Cy, Cy > 0, such that for any 6 € (0, 1), if

m = poly(T, L, K, \™*, )\0_1, S~ log(1/6)), n=Ci(mTL+m\™*,

A > max{1,572},and S > v2hTH~'h. Then, with probability at least 1 — § over the random
initialization of 8y, the regret of Algorithm|I]satisfies

Rr < 3\5\/Jlog(1 +TK/)\) +2 [V\/Jlogu +TK/)\) +2—2logd

+2VAS + Co(1 —)\/(TL))J«/T/)\} +1. (5.2)
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Remark 5.6. It is worth noting that, simply applying results for linear bandit to our algorithm would
lead to a linear dependence of p or /p in the regret. Such a bound is vacuous since in our setting p
would be very large compared with the number of rounds 7" and the input context dimension d. In

contrast, our regret bound only depends on cz which is much smaller than p.

Remark 5.7. Our regret bound (5.2) has a term (1 — \/(T'L))” /T /X, which characterizes the op-
timization error of Algorithm More specifically, it suffices to set .J = log(AS/v/T)/(A/(TL)) =
O(TL/\) (independent of m) such that (1 — \/(T'L))” V/T/X < V/AS, and therefore the optimiza-
tion error is dominated by v/AS.

Remark 5.8. Treating v and A\ as constants, and taking S = +2hTH-'h and J =
log(AS/VT)/(\/(TL)), the regret bound (5.2) becomes Ry = 5(\/ c’ivT\/maux{c?7 hTHflh})

Specifically, suppose h belongs to a RKHS #H induced by NTK and it can be represented by
h(x) = (¢(x), B*), where 1)(x) is the feature mapping induced by NTK, for some 3* in H (Valko

et al,2013). Then we can show that ||h|l3; = [|3*|l2 > VhTH~1h; see Appendixfor more

details. Thus our regret bound can be further written as Ry = O (\/ dT\/max{d, ||h\|7{})

The high-probability result in Theorem [5.5]can be used to obtain a bound on the expected regret.
Corollary 5.9. Under the same conditions in Theorem[5.5] we have

E[Rr] < 3\FT\/Jlog(1 +TK/\) +2 [V\/Jlog(l +TK/\) +2+2logT
+2VAS + Oy (1 — )\/(TL))J\/T/)\] +2.

6 PROOF OF MAIN RESULTS

This section provides the proof of Theorem [5.5] We first point out several technical challenges in
this proof:

e We do not make parametric assumptions on the reward function as some previous work (Filippi
et al.L [2010; |Chu et al., 2011} |Abbasi-Yadkori et al.l [2011). Furthermore, unlike the fixed feature
mapping used in [Valko et al.| (2013)), NeuralUCB uses neural network f(x;8;) and its gradi-
ent g(x; 0;) as a dynamic feature mapping depending on 0;. These differences make the regret
analysis of NeuralUCB more difficult.

e In practice, the neural network is often overparametrized, which implies m (and thus p) is very
large. Thus, we need to make sure the regret bound is independent of m.

The two challenges above are addressed by the following technical lemmas. Their proofs are gath-
ered in the appendix.

Lemma 6.1. There exists some constant C > 0 such that for any 6 € (0,1), if m >
CT*K*Lblog(T?*K?L/5)/A§, then with probability at least 1 — § over the random initialization of
Oy, there is a 8* € RP such that

h(x") = (g(x';00),0" — 8g), Vm||@" — 6|2 < V2hTH-'h, (6.1)
foralli € [TK].

Lemma suggests that with high probability, the reward function restricted on {x'}7% can be
regarded as a linear function of g(x'; 6y) parameterized by 8* — 6, where 6* lies in a ball centered
at 6y. Note that here 6 is not a ground truth parameter for the reward function. Instead, it is
introduced only for the sake of analysis. Equipped with Lemma [6.I] we can utilize existing results
on linear bandits (Abbasi-Yadkori et al., |2011) to show that with high probability, 8* lies in the
sequence of confidence sets.

Lemma 6.2. There exist constants {C;}7_; > 0 such that for any § € (0,1), if n < C(T'mL +
mA)~!and m > Cy max {T7A~"L* (logm)3, \=1/2L=3/2(log(T K L?/5))3/?}, then with prob-
ability at least 1 — § over the random initialization of 8y, we have ||6; — 6o||2 < 24/t/(mA) and
|6* — 6|z, < ~yi/v/mforallt e [T].
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Lemma 6.3. Denote aj = argmax, e (g h(Xt,a)- There exist constants
{C;}2_, > 0 such that for any 6 € (0,1), if n < C{(TmL + mA)~Lm >
Cymax {TTA\"L? (logm)3, A\"Y/2L=3/2(log(TKL?/5))*/?}, then with probability at least
1 — 6 over the random initialization of 8, we have

h(xt)a:) - h(Xtvat)
< 2yec min { 0 0Vl o, 1

+Cj3 (Smfl/G\/log mTT/ONT/OLT/2 4 mfl/ﬁx/log mT‘r’/B)fz/?’LS),

Lemma gives upper bounds for 1(x¢,qr ) — h(X¢,q, ), which helps us to bound the regret Ry. It
is worth noting that ~; has a term log det Z;. A trivial upper bound of log det Z; would result in an
dependence on the neural network width m, since the dimension of Z; is p = md +m?(L —2) +m.
The next lemma establishes an upper bound which is independent of m, and is only related to
effective dimension d. The dependence on d is similar to Lemma 4 of [Valko et al.[(2013), but the
proof is different as we use a different notion of effective dimension.

Lemma 6.4. There exist constants {C;}7_; > 0 such that for any 6 € (0,1), if n < C1(T'mL +
mA)~,m > Cy max {T7A""L* (logm)3, T® KO L5(log(T K L*/5))®/?}, then with probability at
least 1 — § over the random initialization of 6, we have

T
S i { sV . 1
t=1 -

< \/Jlog(l +TK/\) + 1+ Cym=1/6y/logmLAT5/3\~1/6 {\/1 + C3m~1/6/log mLAT7/6\~7/6

: (V\/Elvlog(l +TK/\) + 1+ Csm=1/6y/logmLAT5/3\=1/6 — 2log § + \/XS)
+Cs [(1 —nmA\)? /T/X +m™ Y6\ /logmL7/>T>/3\=5/3(1 + \/T/)\)H .

With above lemmas, we begin to prove Theorem 5.3]

Proof of Theorem The total regret Ry can be bounded as follows:

T

Ry = Z [h(xt,a;) = P(xta,)]

t=1

T
<23 s min{ng(xt,m;et1>/fm||zt11, 1}
t=1

+ (Sm_l/ﬁx/ log mT /6 \=YOLT/2 L y=1/6, /log mT8/3)\_2/3L3),

T
<2 Tszlmin{ng(xt,at;ot1)/\Fm||;1 ,1}
—1 t—1

+ (Sm_1/6\/log mT 3/ ON-V6LT/2 4 m_l/G\/log mT8/3/\_2/3L3)

< 3\/T\/£ilog(1 +TK/\) + 2 [u\/éilog(l +TK/\) +2—2logé

+2VAS + Co(1 — nm)\)J\/T/)\} +1,

where C, C > 0 are constants, the first inequality holds due to Lemma [6.3] the second inequality
holds Cauchy-Schwarz inequality, the third inequality holds due to Lemma [6.4] and choosing large
enough m. This completes our proof. [
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Figure 1: Comparison of LinUCB, Neural e-Greedy and NeuralUCB.
7 EXPERIMENTS

While the focus of this work is mostly on theoretical analysis of regret, we present results in proof-
of-concept experiments in simulated problems. We compare it with four representative baselines:
(1) LinUCB; (2) Neural e-Greedy, which replaces the UCB based exploration in Algorithm [T] by
e-greedy based exploration; (3) NeuralUCB; and (4) Neural e-Greedyy which replaces the UCB
based exploration in NeuralUCB by e-greedy based exploration. We use the cumulative regret as
the performance metric.

In our simulation, we use contextual bandit problems with context dimension d = 20, the number
of actions K = 4 and the number of rounds 7" = 10 000. The contextual vectors {X1,1,..., X7 K }
are randomly chosen from N (0,I) and then normalized to have unit norm, i.e., ||x; 4|2 = 1. For
the reward function h, we investigate the following nonlinear functions:

hi(x) =10(x"a)?, ho(x) =x"ATAx, hsz(x)=cos(3x'a),

where A € R%*? and each entry of A is randomly generated from N (0, 1), a is randomly chosen
from N (0, I) and normalized to have ||al|2 = 1. For each h;(+), the reward at round ¢ for action a is
generated by 74 , = h;(X¢4) + &, where &, is independently drawn from N (0, 1).

For LinUCB, we follow |Li et al.| (2010) to implement it with a constant radius o. We do a
grid search for o over {0.01,0.1,1,10} and choose the best o for comparison. For NeuralUCB
NeuralUCB(, Neural e-Greedy and Neural e-Greedyy, we choose a two-layer neural network
f(x;0) = /mWy0(W;x) with network width m = 20, where 8 = [vec(W1) ", vec(W3) '] €
RP and p = md + m. We remark that the bound on the required network width m is likely
not tight. Therefore, in experiments we choose m to be relatively large (but not as large as the-
ory suggests). For v, in NeuralUCB, we choose 7, = < in the experiment. We do a grid
search over {0.01,0.1, 1,10} and choose the best  for comparison. For NeuralUCB, we choose
v =1,A = 1,0 = 0.1, and we do a grid search over {0.01,0.1,1,10} for hyper-parameter S to
choose the best S for comparison. For Neural e-Greedy and Neural e-Greedy(, we do a grid search
for e over {0.001,0.01,0.1,0.2} and choose the best € for comparison. For all the algorithms, we
repeat the experiment for 10 runs and report the averaged results for comparison. For TrainNN, we
choose the step size = 0.1. To accelerate the training process, we update the parameter 8, by
TrainNN every 50 rounds. We use stochastic gradient descent with batch size 50 and set J = ¢ at
t-th round of NeuralUCB and Neural e-Greedy.

We plot the cumulative regret of compared algorithms in Figure |1} for reward function h €
{h1, ha, h3}. We can see that due to the nonlinearity of reward function h, LinUCB fails to learn the
true reward function and hence achieve an almost linear regret, as expected. In contrast, thanks to
the neural network representation and efficient exploration, NeuralUCB achieves a sublinear regret
which is much lower than that of LinUCB. The performance of Neural e-Greedy is in-between. This
suggests that while Neural e-greedy can capture the nonlinearity of the underlying reward function,
e-Greedy based exploration is not as effective as UCB based exploration. This confirms the effective-
ness of NeuralUCB for contextual bandit problems with any bounded (nonlinear) reward function.
Meanwhile, it is worth noting that NeuralUCB and Neural e-Greedy outperform NeuralUCB and
Neural e-Greedy(, which suggests that using deep neural networks to predict the reward function
is better than using a fixed feature mapping associated with NTK. Another observation is that al-
though the network width m in the experiment is not as large as our theory suggests, NeuralUCB still
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achieves a sublinear regret for nonlinear reward functions. We leave it as a future work to investigate
the impact of m on regret.

8 CONCLUSIONS AND FUTURE WORK

In this work, we proposed a new algorithm NeuralUCB for stochastic contextual bandit problems
based on neural networks. We show that for arbitrary bounded reward function, our algorithm
achieves O(d+/T) regret bound. Our preliminary experiment results on synthetic data corroborate
our theoretical findings. In the future, we are interested in a systematic empirical evaluation of
NeuralUCB on real world datasets, and compare it with the state-of-the-art neural network based
contextual bandit algorithms (without provable guarantee in regret) (Riquelme et al.| 2018} [Zahavy
and Mannor, 2019). Another interesting direction is provably efficient exploration with neural net-
work using other strategies like Thompson sampling.
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A PROOF OF ADDITIONAL RESULTS IN SECTION

A.1 VERIFICATION OF REMARK

Suppose there exists a mapping ¥ : R? — R satisfying ||1p(x)||s < 1 which maps any context
x € R? to the Hilbert space H associated with the Gram matrix H € RTEXTK gver contexts

{x}TE Then H = U W, where ¥ = [y(x!),...,(xTE)]| € RIXTK Thus, we can bound the

effective dimension d as follows

7 logdet[T+ H/A] _ logdet [[+@wT/A] _ 5. log [T+ 2®T/A|,
log(1+TK/\) log(1+TK/X) — log(1+TK/X\)

where the second equality holds due to the fact that det(I + ATA/\) = det(I + AAT/)) holds

for any matrix A, and the inequality holds since det A < ||A||¢ for any A € R¥¥4, Clearly, d < d
aslong as ||T+ \II\IIT/)\||2 <14 TK/A. Indeed,

TK
[T+ @@ T/A|, <1+ [ @O, /A< 14+ > [[p(x)epx) 7| ,/A <1+ TE/A,
i=1
where the first inequality is due to triangle inequality and the fact A > 1, the second inequality holds
due to the definition of ¥ and triangle inequality, and the last inequality is by |4 (x*)||2 < 1 for any
1<i<TK.

A.2 VERIFICATION OF REMARK

Let K (-, -) be the NTK kernel, then for any i, j € [T K], we have H; ; = K (x%,x7). We first prove
that ||h|| = ||3*||2. Since h € H, we know that

=YK x) = Y i), v(x0) = (D e, v(x)).

for some {x;}!, {a;}_ . Thus, we have 3* = > """ | a;1(x;). Therefore, we have

)13, = Z i K (xi,%;)

= Z a0 (Y s h(%5))

= (Y e, Y aslx))
= (B8*,8")

= [18*113,

which immediately suggests that ||h||3 = ||3*|2. Next we prove that ||h|| > vVhTH~1h. First,
h can be decomposed as h = hgg + h, where hyg(x) = Eﬂi a; K (x,x") is the projection of h to
the function space spanned by { K'(x, x")}EK and h is the orthogonal part. By definition we have
h(x") = hu(x*) fori € [TK] thus

(x"), o AT

=[h

= [P (x ) b (xTE)]T
= {Z&J{(xl,xl), e ,Z&iK(XTK,X’)]
~Ha, i

which implies that & = H~'h. Thus, we have
Ihl3 > ||hullx = V& Ha = VhTH-'HH-'h = VhTH-'h.
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A.3 PROOF OF COROLLARY

Proof of Corollary[5.9) Notice that Ry < T since 0 < h(x) < 1. Thus, with the fact that with
probability at least 1 — 4, (5.2) holds, we can bound E[R7] as

E[Rz] < (1—0) (3\/T\/Jlog(1 +TK/\) +2 [u\/cﬂog(l +TK/\) +2—2logé

+2VAS + Co(1 — nm)\)"\/T/A] + 1) +6T. (A.1)

Taking 6 = 1/T completes the proof. O

B PROOF OF LEMMAS IN SECTION @

B.1 PROOF OF LEMMA

We start with the following lemma:

Lemma B.1. Let G = [g(x};6y),...,g(x"%;00)]/vm € RP*(TK) We denote the neural tan-
gent kernel matrix H the same as Definition[5.1] For any 6 € (0, 1), if

_— Q<L6 log(TKL/d)),

o
then with probability at least 1 — § over the random initialization of 8, we have

|IGTG —H||p < TKe.
We begin to prove Lemma [6.1]

Proof of Lemma By Assumption[5.2] we know that Ay > 0. Then with probability at least 1 —4,
we have

G'G-H-|G'G—HpI=H-\I/2>H/2 -0, (B.1)

where the second inequality holds due to Lemma with the choice of m, the third and fourth
inequality holds due to H > AoI > 0. Thus, suppose the singular value decomposition of G
is G = PAQ'T, P ¢ RP*TK A ¢ RTEXTK ¢ RTEXTK we have A = 0 and 6* =
0o + PA~1Q"h/\/m satisfies (6.1). To validate that 0* satisfies (6.1)), first we have

GT/m(6* —6)) = QAP 'PA!Q ' h=h,
which suggests that for any i, (g(x%; 8y), 8* — 6o) = h(x*). We also have
m|[0* —6)|?=h"QA2Q"h=h"(G'G) 'h < 2h"H 'h,
where the last inequality holds due to (B.I)). Thus, our proof finishes. O

B.2 PROOF OF LEMMA

In this section we prove Lemma For the simplicity, we denote Z,, b, 7, as follows:

t
Zt =+ Z g(xi-,ai; eo)g(xiyai; OO)T/mv
=1

t
b; = Zn,aig(xi’ai;eo)/\/ﬁh
i=1

det Z
Y = V\/log dit /\; —2log 6 + VAS.

We need the following lemmas. The first lemma shows that the network parameter at each round 6,
can be well approximated by 8y + Z; ‘b, /+/m.

14
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Lemma B.2. There exist constants {C;}2_; > 0 such that for any § > 0, if 7, m satisfy that for all
t e [T,

2\/t/(m\) > Com ™2 L™ log(TK L* /8)]*/?,

24/t/(m)) < Cymin {L_G[log m]_3/2, (m(An)QL_6t_1(10g m)_l)?)/s}’
n < Cs(mA +tmL)™ !,

m!/% > Cy\/logmLTP/ONTT/0(1 4 /1] ),

then with probability at least 1 — § over the random initialization of 8, for any ¢ € [T], we have
that ||0; — Og||2 < 24/t/(mA) and

16: — 80 — Z; by /v/ml
< (1 = gmN)?\/t/(mA) + Csm™2/3\/logmL7/ 2/ 3X=5/3(1 + \/t/\).

Next lemma shows the error bounds for Z; and Z;.
Lemma B.3. There exist constants {C;}>_; > 0 such that for any § > 0, if m satisfies that
Cim™32L=32log(TKL?/8)]3/? < 23/t/(m) < CoL%[logm] ™%/, vt € [T,

then with probability at least 1 — § over the random initialization of 6y, we have the following
inequalities for any ¢ € [T

| Z|| r < CstL,
|Zs — Zy||p < Cam™ Y0\ /logmLA7/6\~1/6,

det(Z;) det(Z;) ~ . —1/6 4,5/3,-1/6
’10g det(\D) og det(O0) | = Csm v9ogmL*t>/° )\

With above lemmas, we prove Lemma [6.2]as follows.

Proof of Lemmal6.2] By Lemmawe know that ||0; — 6o |2 < 2+/t/(m)). By Lemma with
probability at least 1 — &, there exists 8* such that forany 1 <t < T,

h(xt7at) = <g(xt,¢lt; 00)/\/57 \/E(a* - 00)>7
\/anH* — 00“2 S Vv 2hTH71h § S,

where the second inequality holds due to the choice of S. Thus, by Theorem 2 in |Abbasi-Yadkori
et al. (2011)), with probability at least 1 — 24, for any 1 < ¢ < T', 8* satisfies that

IVm(8" = 60) = Z; "byllz, < 7. (B.2)

We now prove that ||0* — 0;]|z, < 7:/+/m. From the triangle inequality,
10— illz, < 16" — 06 — Z: "B/ V/illz, + |6 — 60 — Zi by /\Vimllz, . (B3)

Iy I

We bound I; and I separately. For I;, we have

I? = (6" — 0y — Z; by //m)  Z,(6" — 6y — Z; ' by /)
= (9* - 00 - Z;lBt/m)TZt(e* - 00 - Z;lgt/ﬁ)
+ (0" — 00— Z; by //m)  (Zy — Z,)(0" — 60 — Z; by //m)
< (0" — 60— Z;'b;/\/m)  Z4(0" — 0y — Z; 'by/v/m)
YA - _ .
+ M(e* — 00 — Z; 'y /\/m) Zy(0" — 60 — Z; "By /\/m)

< (14| Zs — Zil|2/ N2 /m, (B.4)
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where the first inequality holds due to the fact thatx " Ax < x " Bx:||A||2/Amin(B) for some B = 0
and the fact that Apin(Z;) > A, the second inequality holds due to (B.2). By Lemma we have

Z.— 7., <||Z; — Z,|| .. < C1m /6 \/log mL*t"/Sx=1/6, (B.5)
I o <] I

and

det Z
f‘yt—y\/log b —2logd + VS

det AI
det Z
< V\/log dZt )\; + Cym=1/6,/log mLAt5/3X=1/6 — 21log § + V'AS, (B.6)

where C1, Cy > 0 are two constants. Substituting (B.5) and (B.6) into (B.4), we have
I < 141120~ Zallo/ 3o/ v/
< \/1 + Clm—l/ﬁ\/@lﬁt?m)\—?ﬂi/\/ﬁ
. <y\/1og detZ, Coym=1/6+/log mL4t5/30=1/6 — 210g § + fAS) : (B.7)

det M\I

For I, we have

I, < C3tL||0; — 6y — Z; ' by //m]|2
<0y [(1 — mN)? V] mA) + m~23\log mL7/245/3\75/3(1 4 \/t//\)}, (B.8)

where C5, Cy > 0 are two constants, the first inequality holds due to ||Z||2 < ||Z:||r < CstL by

Lemma the second inequality holds due to Lemma[B.2] Substituting and (B.8) into (B3),
we have ||0* — Bszt < v;/+/m. Our proof is thus completed. O

B.3 PROOF OF LEMMA

The proof starts with three lemmas that bound the error terms of the function value and gradient of
neural networks.

Lemma B.4 (Lemma 4.1, |(Cao and Gu|(2019a)). There exist constants {C’i}?:l > 0 such that for
any 6 > 0, if 7 satisfies that

Cim=32L732log(TKL?/6)]3/? < 7 < Cy L™ %[logm] ~%/2,
then with probability at least 1 — ¢ over the random initialization of 6o, for all 5, 0 satisfying
|0 — Ogll2 < 7,]|0 — Ogll2 < 7 and j € [TK] we have
f(x7:0) — f(x;0) — (g(x7:0),0 — )| < C37*/>L*\/mlogm.
Lemma B.5 (Theorem 5, |Allen-Zhu et al.|(2019)). There exist constants {@-}?:1 > ( such that for
any 6 € (0,1), if 7 satisfies that
Cim ™32 L3 log(TK L?/6)]3/? < 7 < Co L™ %[logm] 3/,

then with probability at least 1 — § over the random initialization of 8y, for all || — 6|2 < 7 and
j € [TK] we have

lg(x’;0) — g(x’; 60) |2 < C3\/logmr'/*L?||g(x’; o) 2.

Lemma B.6 (Lemma B.3,|Cao and Gu|(2019a)). There exist constants {C’i}f’:l > 0 such that for
any 6 > 0, if 7 satisfies that

Cim =32 L3 log(TKL?/6)]3/? < 7 < Cy L™ %[logm] ~%/2,

then with probability at least 1 — § over the random initialization of 8y, for any ||@ — 6|2 < 7 and
j € [TK] we have ||g(x7;0)||r < C5v/mL.
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Proof of Lemma@ We follow the regret bound analysis in |Abbasi-Yadkori et al.| (2011)); Valko
et al. (2013). Denote a; = argmax,¢(x) h(Xt,) and C; = {0 : [[0 — 6|z, < v//m}. By

Lemmal6.2} for all 1 < ¢ < T, we have ||@; — g2 < 2./t/(m)\) and 8* € C;. By the choice of
m, Lemma B.4] [B.5]and B.6|hold. Thus, /2(x,q;) — h(xt,q,) can be bounded as follows:

h(xt,ar) — h(Xt,a,)
= (8(Xt,a3560),0" — 00) — (8(Xt,4,;00),0" — 6o)
<(g8(Xta;;0:-1),0" — 6) — (&8(Xt,0,50t-1),0" — Op)
+ 110" — Ooll2(llg(Xt,az50:—1) — 8(Xt,ax;00) |2 + |8(Xt,0,5 Ot—1) — 8(Xt,a,560)|2)

<A(8(Xt,ar;0:-1),0" — 6) — (&8(Xt,a,560t-1),0" — 0o) + CyVhTH-Thm ™Y\ /logmt*/x=1/6L7/2
< max (g(Xt,a;;0i-1),0 — 6o) — (g(Xt,a,56:-1),0" — 6o)
0cCi_1
+ CyVhTH-Thm Y5 \/logmt'/S\=1/67/2, (B.9)

where the first inequality holds due to triangle inequality, the second inequality holds due to Lemma
[6.1] Lemma[B.5]and [B.6] the third inequality holds due to 8* € C;_;. Denote

ﬁt,a = <g(Xt,a§ Ot—l)a 0,1 — 90> + V-1 \/g(Xt,a§ ot—l)TZt__llg(xt,a; 9t—1)/m
then we have ﬁm = maxgec, ,(8(Xt.q;01—1),0 — 6p) with the fact that

(a,b) +cvalA~la= max (a,x).

Ix—blla<c
We also have
Upa — Upa| < Com™6/logmt?/3X=2/3L3, (B.10)

where Cy > 0 is a constant, the inequality holds due to Lemmawith the fact ||@;—1 — Ogl|2 <
24/t/(mM\)) and the fact f(x7;0y) = 0. Since 8* € C;_1, then (B:9) can be bounded as

max (g(X¢,ar;0:-1),0 — 60p) — (8(Xt,a,;0:-1),0" — Og)

0€C;—1
= ﬁt,at —(8(%X¢t,q,;6¢-1),0 )

< Utar —(8(Xt,0,:0:-1),0" — 6g) + czm—1/6mt2/3)\—2/3L3

< Upa, — (&8(Xt,0,;00-1), 0" — 00) + Com™0\/logmt*/ *A=2/3 L

< Upay — (&(Xt.0,;0:1),0" — 00) + 2Com ™0\ flogmt? *A=2/3L3, (B.11)

where the first inequality holds due to (B210), the second inequality holds since a; = argmax, U; 4,
the third inequality holds due to (B.10). Furthermore,

ﬁtaat - <g(xt,at;00), 0" — 00>

= Joax (8(xt,a,36¢-1),0 — 6p) — (8(xt,0,50:-1),0" — 6)

= max <g(xt,at; 9#1),9 - 0t71> - <g(xt,at§0t71)70* - 9t71>
0cCi_1

< max Ha—9t71HZf_1Hg(Xt,aﬁ@tq) -0, 1Hz IIg (Xt,0,5 0 1)||z .
= ,

< QFYt—l‘Ig(Xt,at;0t—1)/\/%||zt*711, (B12)
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where the first inequality holds due to Cauchy-Schwarz inequality, the second inequality holds due

to Lemma|[6.2} Combining (B.9), (B.T1)) and (B.12), we have
h(xt a;‘) - h(xt at)
< 231 1/|8(Xt,a0 0s-1) [Vl g1+ CLVRTHThm ™% /log mt"/OA=/0 L7/

+2Cym™t \/logmt2/3/\ 2/?’L3
<m1n{2'yt 1lg(Xta,; 06— 1)/\F||Z_1 +C;vVhTH-! V6. Nlog mt' /S \=1/67/2

+ 2C,m ™6\ logmt?/3X\=2/3 L3, 1}
< min {27t_1||g(xt7at;Ot_l)/\/FnHZt11, 1} + CVhTH- Thim= Y6\ /log mt'/6\~1/6 7/2

+ 2Com~ Y6\ logmt?/3\=2/3 L3
< 27,1 min {||g(xt’at;0t1)/\/7n|zt__117 1} + CVhTH Thim =Y\ /log mt'/6\~1/6 7/2

+2Com ™0\ /logmt*/3\72/3L3, (B.13)
where the second inequality holds due to the fact that 0 < h(x; ) — h(X¢,q,) < 1, the third
inequality holds due to the fact that min{a + b,1} < min{a, 1} + b, the fourth inequality holds due
to the fact y¢_1 > VAS > 1. Finally, by the fact that v2hH~1h < S, we finish the proof. O

B.4 PROOF OF LEMMA

In this section we prove Lemma we need the following lemma from [Abbasi-Yadkori et al.
(2011).
Lemma B.7 (Lemma 11, |Abbasi-Yadkori et al.| (2011)). We have the following inequality:

T det Z
i w0 2 14 <ol L

Proof of Lemmal6.4} First by the definition of ~;, we know that ~; is a monotonic function w.r.t.
det Z;. By the definition of Z;, we know that Z1 > Z;, which implies that det Z; < det Zp. Thus,
v < ~yr. Second, by Lemma [B.7 we know that

T
> i { gl 00-1) VI, 1}
= f—1

det ZT
<21
= 2198 Ger Al
detZ
< 2log dit ; + Cym~Y8, flog mLATS/3\~1/6 (B.14)

where the second inequality holds due to Lemma Next we are going to bound log det Z.
Denote G = [g(x';00)/v/m, ..., g(xTK;8,)//m] € RP*(TK) then we have

og Cig; = log det (I + XT: 8(Xt,a,:00)8(Xt,a, 00)T/(m>\)>
< logdet <I+ Zg x';600)g(x ;HO)T/(mA)>
= log det (I +GG' /A)
= log det <I + GTG/A) (B.15)
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where the inequality holds naively, the third equality holds since for any matrix A € RP*TK we
have det(I + AAT) = det(I + AT A). We can can be further bound by the follows:

mg¢¢(1+GTGﬁQ bg&%(I+EUA+ (G'G - Iﬂﬁg
<kgda<1+fﬂk> +(I+H/N)H(GTG -H)/\)
< log det (I+H//\> + @+ H/N Y FIGTG - H|g/A
<<bg¢%<1+fhﬂ>4—¢|GTG- H|

< log det (I + H/)\)

< dlog(1+TK/\) +1, (B.16)

where the first inequality holds due to the concavity of log det(-), the second inequality holds due
to the fact that (A, B) < ||A||#||B|#, the third inequality holds due to the facts that T + H/X = I,
A>1land |Alr < VTK|A|2 for any A € RTEXTE the fourth inequality holds by Lemma
with the choice of m, the fifth inequality holds by the definition of effective dimension in Definition
[5.3] and the last inequality holds due to the choice of \. We now bound ~yr, which is

= \/1 + Clm—1/6\/@L4T7/6/\—7/6
'(V¢bgi3§;+1bnz1“y@gnﬂ%TW®\VG—Zbg6+qu>
+ Cs[(1 = gmN) VT/(mA) +m =2/ log mL7/>T5\=5/3(1 + \/T]N)]
< \/1 +Clm—1/6\/@L4T7/6)\—7/6

( \/1 det Z +02m—1/6\/10g7L4T5/3)\ 1/6_210g5+\f5)

%8 ot
+ Cs [(1 —mA)? T/ (mX) + m™2/3\/logmL7/>T>/3X\=5/3(1 + \/T/)\)], (B.17)
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where the inequality holds due to Lemma|[B.3] Finally, substituting (B.13)), (B.I6) into (B.T4), using
(B.14) and (B.17), we have

T
2775271 min{”g(xt»(lt; et—l)/\/EH;t_ll, 1}
=1 -

T
<r Zmin{ngm,aﬁ;etnN%n;tll,l}

det AT

det Z
< \/1 BET L Cim—1/6/log mLATS/3)\~1/6 {\/Hclm 1/6/log mLAT7/6 \~7/6

det Z
: (u\/log dit )\:IF + Com=1/6\/logmLAT3/3\=1/6 — 2log § + \[\S)

—&—Cg[(l—nm)\)J T/(mA) +m~=%2\/logmL™/>T°/3\75/3(1 + T/)\)H

< \/Jlog(l +TK/\) + 1+ Cym~1/6y/logmLAT5/3\~1/6 {\/1 + C1m=1/6\/logmLAT7/6\~7/6

: (u\/ilog(l + TK/A) 4 1+ Cym=1/6/logmILAT5/3X~1/6 — 21log § + ﬁs)

+03[(1—77mA)J T/(mX) +m~%2\logmL™/*T>/3\75/3(1 4+ \/T/\) H

C PROOFS OF TECHNICAL LEMMAS IN APPENDIX

C.1 PROOF OF LEMMA

In this section we prove Lemma [B.I| we need the following lemma from [Arora et al.| (2019):
Lemma C.1 (Theorem 3.1, Arora et al.| (2019)). Fix ¢ > 0 and ¢ € (0,1). Suppose that

o Q(Lﬁ 1og£L/5))’

€

then for any 4, j € [T K], with probability at least 1 — ¢ over random initialization of 6y, we have

(g (x";00), 8(x7;00))/m — H, ;| < e. (C.1)

Proof of Lemma Taking union bound over i, j € [T K], we have that if

6 2 12
m_Q<L log(T4K L/5)>’
€

then with probability at least 1 — 4, (C.I)) holds for all (¢, j) € [T'K] x [T K]. Therefore, we have

TK TK
IGTG—H|r=,|> > lg(x;0),8(x);60))/m — H; j|> < TKe.
i=1 j=1
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C.2 PROOF OF LEMMA

In this section we prove Lemma[B.2] During the proof, for the simplicity, we omit the subscript ¢ by
default. We define the following quantities:

JO) — (g(Xl al;g(j)% g% a,;e(j))) c R(md+m2([,72)+m)><t7
HO — [J(i)]TJ(j) c Rtxt7
£ = (F(x1,00:0Y), - F(x1,0,,0V)) T € RV,

V= (TLays - Tta,) € R
Then the update rule of U) can be written as follows:
eU+1) — (i) _ n[J(j)(f(j) —v) +mAOY) — 9(0))]. (C.2)
We also define the following auxiliary sequence {5(’“)} during the proof:
00 = 9 Ut — gli) _ n[J(O)([J(O)}T(g(]') —0) —v) + mAOY) — 5(0))]_

Next lemma provides perturbation bounds for J&), H() and ||fU+D) — £G) — [JO)|T(9U+D) —
0U)]|.

Lemma C.2. There exist constants {C;}%_; > 0 such that for any § > 0, if 7 satisfies that
Cim~32L732log(TKL?/6)]3/? < 7 < Cy L™ %[logm] ~%/2,

then with probability at least 1 — & over the random initialization of (%), if for any j € [J], [|8) —
0||5 < 7, we have the following inequalities for any j € [.J],

39, < Cavim., o
139D — 3O < Cs\/tmlogmr /L2, (C4)
[£G+D — £ — [JO]T (9U+D) — gW))||. < Cor¥/3L3 /tmlogm, (C5)
vl < VA o

Next lemma gives an upper bound for ||f()) — v||,.
Lemma C.3. There exist constants {C; }4_; > 0 such that for any & > 0, if 7,7 satisfy that

Cym~32L=32[log(TKL?/6)]3/? < 7 < Cy L™ %[logm]~%/2,,
n < Cs(mA +tmL)™!,
8/3 < Cym(An)?L=% 1 (logm) ™",
then with probability at least 1 — & over the random initialization of 8(°), if for any j € [J], ||@V) —
0|y < 7, we have that for any j € [J], ||f) — v|o < 2V
Next lemma gives an upper bound of the distance between auxiliary sequence ||§(j ) — 9 I|2-
Lemma C.4. There exist constants {C;}3_; > 0 such that for any & € (0, 1), if 7,7 satisfy that
Cim~32L=32[log(TKL?/6)]*/? < 7 < Cy L™ %[logm]~%/2,,
n < Cs(tmL +m)\) !,
then with probability at least 1 — §, we have that for any j € [J],
69 - 6], < /i)
1697 — 6 —(Z)7"b/v/ml|, < (1 —nmA)’/t/(mX)

With above lemmas, we prove Lemma|B.2|as follows.
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Proof of Lemma[B2} Set T = 2./t/(m\). First we assume that [|8) — ()|, < 7 forall 0 < j <
J. Then with this assumption and the choice of m, 7, we have that Lemma [C.2] [C.3] and [C.4] hold.
Then we have

16+D — UVl = (|8 — G — (I — JOYED — v) — ymABY) — §O)

— IO (£@) — [JO)T (gl — 9(0)))”2

_ H(l —mA) (0D — gDy — (30 — 3O (£0) _ )
—pJO 1 £G) _ 13007190) _ g0 1Tl _ gl

n3 O£ — [3©)(8Y - 6) + [1O]T (6D — )] |

< H [T — 5(mAL+ H(O))] (g(j) _ g(j))||2 + 77H(J(j) —JOy (£ — V)H2
+ n”J(O)”QHf(j) _ [J(O)](Q(j) _ 9(0))”2

<(1- nm/\)Hg(j) _ 9(1‘)“2 _|_77H(J(j) _ J(O))(f(j) _ V)H2

Iy

+ |30 [[f — 3]0V — 0@, (€7)

I3
where the first inequality holds due to triangle inequality, the second inequality holds due to the fact
that pH(®) = n[3@]TJ© < Cy¢m Lyl < T with (C3) in Lemma C.2] for some C; > 0. We now
bound [, I» separately. For 11, we have
L < 77HJ(j) - J(O)HQHf(j) — vz < nCoty/mlogmr/3L7/2, (C.8)
where Cy > 0 is a constant, the first inequality holds due to matrix spectral norm and the second
inequality holds due to (C4) in Lemma[C.2]and Lemma|[C.3] For I, we have

I < 30, [£9 = 300D — )| < yCatmL74/\flogm, 9

where C'3 > 0, the first inequality holds due to matrix spectral norm, the second inequality holds
due to (C3) and (C.3) in Lemma|C.2|and the fact that f(°) = 0 by random initialization over 8(*).
Substituting (C.8) and (C.9) into (C.7), we have

JoU+D — U+,

<(1- nm/\)HO(j) — oY) ||2 + Cy (T]t\/mlogmrl/?’L”2 + 1715771[,7/27'4/3\/logm)7 (C.10)
where Cy > 0 is a constant. Expanding (C.10) for k times, we have

lou+D — §(j+1)|| <0, nty/mlogmr/3L7/% + ntmL7/27%/3\/logm
, <

nmA
= Cym ™23\ /logmLT/ 253 X=5/3(1 + \/t/\)
-
<= C.11
S5 (C.11)

where C5 > 0 is a constant, the equality holds by the definition of 7, the last inequality holds due to

the choice of m, where
m/% > Ce\/logmL™/2t7/SX=T/5(1 + \/t/)\),

Cs > 0 is a constant. Thus, for any j € [J], we have

109 —0Oly < 89 — 0O ||y + [|69) — V][5 < \/t/(mA) +7/2 =T, (C.12)
where the first inequality holds due to triangle inequality, the second inequality holds due to Lemma
(C.13) suggests that our assumption [|@U) — 8()||5 < 7 holds for any u. Note that we have the
following inequality by Lemma[C.4}

|69 — 0©) — (Z)~"b/v/m||, < (1 — nmA)Y \/t/(m). (C.13)
Using (C.11)) and (C.13), we have
||g(j) — 00 _ (Z)*B/\/EHQ

< (1 = gmN)?V/t/(mA) + Csm™2/3\logmL7/ 273 X753 (1 + \/t/\).

This completes the proof. O
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C.3 PROOF OF LEMMA

In this section we prove Lemma[B.3]

Proof of Lemma([B.3| SetT = 2,/t/(mM\). By Lemma we have that ||@; — 0|2 < 7 for i € [t].

||Z;]| 7 can be bounded as follows.

t

2
”ZtHF = Zg(xi,(u;ei)g(xl ala /mH < Z Hg Xi,a;5 )||2/m < CotL,
i=1
where Cy > 0 is a constant, the first inequality holds due to the fact that ||aa’ || = HaHz, the

second inequality holds due to Lemmaw1th the fact that ||6; — 0|2 < 7. We bound || Zi— 742
as follows. We have

t

1Ze = Zullp = || > (g(xi,aﬁaO)g(xi,ai; 00)" — &(Xia;; 01)&(Xia;; 9i)T)/m
i=1 F
t
< 3 i Bole 007 — 1) 00T |
t
< Z (Hg(xi,ai; 00)H2 + Hg(xi,aﬂ H )Hg Xi,a;1 ) - g(Xi,ai;gi)Hg/mu

i=1

(C.14)

where the first inequality holds due to triangle inequality, the second inequality holds the fact that
laaT —bbT||F < (|lallz + [|bl2)]|a — b]|2 for any vectors a, b. To bound (C.14), we have

|&(%i,a.5 00|, || &(xi,a,:6)]|, < C1VmL, (C.15)

where C; > 0is a constant, the inequality holds due to Lemma[B.6]with the fact that [|§; — 6y || < 7.
We also have

|&(%i,a,300) — 8(%i,a,:65) |, < Cav logm7'/2L3||g(x;;00)[2 < C31/mlogmr'/3L7/2,
(C.16)

where C5,C3 > 0 are constants, the first inequality holds due to Lemma Eﬂ with the fact that
6; — 6o||> < T, the second inequality holds due to Lemma[B.6] Substituting (C-13)) and (C-16) into

(C14), we have
|Z: — Zy||p < Cut/logmr'/3 L4,

where Cy > 0 is a constant. We now bound logdet Z; — logdet Z,. It is easy to verify that
Z, =)\ + J[J] ,Z; =N+ JJT, where

J= (g(XLal;@o), ceey g(xt,at;e())>/\/%v
3= (86103 00); - 810, 0:m) ) V.

‘We have the following inequalities:

det(Zt) det(Zt)
det() %8 det(AI)

log = logdet(I + J[J]" /) — logdet(I+ J[J]"/N)

= logdet(I 4 [J]TJ/\) — logdet(I+ [J]TJ/N)

<@+ "I/ LTI -3 )

<@+ @I/ N NI]TT =[] r
<VHA+[ITI/N) T I]TT = (3] T e

< VT = 3173l (C.17)
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where the second equality holds due to the fact that det(I + AAT) = det(I + AT A), the first
inequality holds due to the fact that log det function is convex, the second inequality hold due to
the fact that (A, B) < ||A||r||B||r, the third inequality holds since I + [J]TJ /X is a t-dimension
matrix, the fourth inequality holds since I + [J]TJ /) = I. We have

13173 =313 r

<t max g(Xw;@o)Tg(Xj,aJ;Go)—g(Xi,ai;Gi)Tg(xm;9j)’/m
1<i,5<t

< oo — .

_tlg%,aj)ét g(xz,azaGO) g(xz,a,a H Hg X],ajv H /m

|05 00) = 00,6 |18 ki 80 o/

< Csty/logmr/3L4, (C.18)
where Cs > 0 is a constant, the first inequality holds due to the fact that |A||p < tmax|A; ;| for
any A € R**?, the second inequality holds due to the fact |a’a’ —b"b’| < |la—b||2||b’ ||2—|— |la’ —

b’||2||a||2, the third inequality holds due to (C.I3) and @) Substituting (C.18) into , we

have

det(Z;) det(Z;) 3/9 1
1 —1 < Cst3/2\/1 /3L2,
%% Get0) 8 Ger(ar) = O osmT

Using the same method, we also have

det(Z det(Z
g ML) o deUZ) o2 fogmr I

det(\) det(\)
This completes our proof.
O

D PROOFS OF LEMMAS IN APPENDIX
D.l  PROOF OF LEMMA|[C.2]
In this section we give the proof of Lemma[C.2}
Proof of Lemma[C.2] For any j € [J], the following inequalities hold. We first have

|39 < VEmax|g(xi.: 0], < C1vimL, (D.1)

i€t

where C; > 0 is a constant, the first inequality holds due to the definition of J G ), the second
inequality holds due to Lemma [B.6] We also have

13D — 3O < Cov/logmr PL2| IO || 5 < Csv/tmlogmr/2L7/2, (D.2)

where C5, C3 > 0 are constants, the first inequality holds due to Lemma [B.3] with the assumption
that |@¢) — @(0)||, < 7, the second inequality holds due to (D.I)). We also have

Hf(j+1) _fG) _ [J(j)]T(Q J+1) 0(]) H

< i Vi (10,109 1) = F310,:09) — (8(xi,:07)), 607 — )|

< Oy BL3\/tm log m,

where Cy > 0 is a constant, the first inequality holds due to the the fact that ||x|[o < v/ max |
for any x € RY, the second inequality holds due to Lemma with the assumption that ||@¥) —
0|y < 7,100+ — 0|y < 7. For ||v||2, we have ||V < vEmax;<i<; |r(Xia;)| <
completes our proof.
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D.2  PROOF OF LEMMA|C.3|
Proof of Lemma|C.3| Recall that the loss function L is defined as
1 mA
L(0) = L(0)  vI + "0 — 003
We define J(0) and £(6) as follows:
J) = (g(xm1 :0), ... ,g(xtﬂt;O)) € R(md+m2(L72)+m)Xt,

f(O) = (f(xl,al;e)v cees f(Xt,at; 0))T c R

Suppose ||@ — 8©||; < 7. Then by the fact that || - [|3/2 is 1-strongly convex and 1-smooth, we
have the following inequalities:

L(6") — L(0)
< (£(0) —v,£(0') — £(0)) + %Hf(o') — f(0)|\§ +mAO -0 0" — )+ %A]]O’ - euj
= (f(0) —v,[J(0)]" (0 —6)+e)+ %H[J(O)]T(B’ -0)+ ey|§

+mAO—09 0 —6)+ m?AHe’ — 9|
= (J(0)(£(8) —v) +mAO — 0©), 0 — 0) + (£(8) — v, e)

50O —0) +el2+ "0 o]
= (VL(6),6' — 6) + (£(8) — v,e) + %H[J(G)]T(G’ —0)+e|s+ mTAHe’ —0l2, @3
I
where e = £(0") — £(8) — J(0) T (0" — ). I, can be bounded as follows:
1 < 60) — v llell2 + 130316 ~ 0113 + llel3 + " 10" ~ o]
<2 ((m +tmL)o’ - 0||§) +1£6) — vllallelz + lle] (D.4)

where the first inequality holds due to Cauchy-Schwarz inequality, the second inequality holds due
to the fact that || J(0)||2 < Cav/tmL with ||@ — 8|, < 7 by (C3) in Lemma Substituting
into (D3), we have

L(O") - £(6) < (VL(6).6' ~ 6) + 5 (A + D)7 = 6] ) + [6) — vILlelz + el
(D.5)

Taking 8’ = 6 — nVL(0), then by (D.3), we have
L(0 —1VL(8)) — L(8) < —n|[VL(0)[3(1 — Cr(mA +tmL)y) + [|£(8) — vll2[le]]2 + ||e(||D§~6)

By the 1-strongly convexity of || - ||3, we further have
L(6") — L(6)

> (£(0) — v,f(8') — £(8)) + mAO — 0 0 —0) + mTAHe’ — 0|2
= (£(0) —v,[J(0)]T(6' —0) +e) +mAO — 0 6" —8) + m%“a’ — 9|2
= (VL(6),0' - 0) + m%”a' — 0|3+ (£(8) — v,e)

mA 2
> (VL(6),0" — 0) + —=[|6" — O[[; — [I£(6) — v][slell2

_IvLe)l3
2mA

Y

— [I£(8) — vll2lle[l2, (D.7)

25



Under review as a conference paper at ICLR 2020

where the second inequality holds due to Cauchy-Schwarz inequality, the last inequality holds due
to the fact that (a,x) + c||x||3 > —||a||3/(4c) for any vectors a,x and ¢ > 0. Substituting
into (D.6), we have
L(6 —nVL(6)) —L(0)
< 2mA(1 = C(mA +tmL)n) [L(6") — L(0) + [[£(8) — vl2]lell] + [£(8) — vl2]lell> + [lell3
< mAn[L(6') — L(9) + [|£(6) — vllzlle]l2] + [I£(8) — vllz[le]l2 + [le]3
<mAn[L(0") — L(6) + [£(8) — vI[3/8 + 4le[3] + mAn|£(8) — vI[5/8 + 4lle]l3/(mAn) + [le]3
< mAn(L(6") — L(8)/2) + [lel|3(1 + dmAn + 4/ (mAn)), (D.8)
where the second inequality holds due to the choice of 7, third inequality holds due to Young’s
inequality, fourth inequality holds due to the fact that ||f(8) — v||3 < 2L(8). Now taking § = %)
and 8’ = 09, rearranging (D.8)), with the fact that §U+1) = 9\) — nV L(8\9)), we have

LOUHDY — 1,(0)

< (1 =mAn/2)[L(8V)) — L(8)] +mXn/2L(8) + [lel[3(1 + dmXny + 4/ (mAn))

< (1 —mAn/2)[L(0Y) — L(O©)] +mAn/2 -t +mAn/2 -t

< (1=mAn/2)[L(6Y)) — L(8)] + mnt, (D.9)

where the second inequality holds due to the fact that L(8(©)) = ||f(8©) — v|2/2 = |v|3/2 < t,
and

(1 4+ 4mAn + 4/(mAn))|el|? < 5/(mAn) - Cor®/3Lotmlogm < tmAn/2,
(D.10)

where the first inequality holds due to (C.5) in Lemma|C.2] the second inequality holds due to the
choice of 7. Expanding u times, we have

. Ant
LOUTDY _ 190y < A _ oy
(69°) - 10 < TN oy
which implies that ||fU+1) — v|, < 2v/£. This completes our proof. O

D.3 PROOF OF LEMMA

In this section we prove Lemma |C.4]

Proof of Lemma|C.4] 1t is worth noting that 0 is the sequence generated by applying gradient
descent on the following problem:

.~ 1 mA\ 2
min L(6) = 5||[J<0>]T(a -0 —v|2+ 7||(9 - 0|5
Then [|6(©) — 81)||5 can be bounded as
m\ ~ 1 ~ MM | = 2
7||9(0) — 0(])“% < 5||[J(0)]T(g(J) — 9(0)) — v+ 7Hg(a) _ 6)(0)H2

1 ] mA\ | = 9
< §||[J(0)]T(0(0) — 0y —v|2+ 7Hgm) — 0O

<T/2,
where the first inequality holds trivially, the second inequality holds due to the monotonic decreasing
property brought by gradient descent, the third inequality holds due to (C.6) in Lemma|[C.2] It is

easy to verify that L is a A-strongly convex and function and C4 (¢m L +mA)-smooth function, since
V2L < (IO + mA)I < Ci(tmL + m),

where the first inequality holds due to the definition of L, the second inequality holds due to (C.3)

in Lemma Since we choose 7 < Co(tmL + mA)~! for some small enough Cy > 0, then by

standard result of gradient descent on ridge linear regression, 1) converges to 8(%) + (Z)~'b/y/m
with the convergence rate

189 — 0 — (Z)~"b/v/m||, < (1 = gmA)” [£©) = vl|a/VimA < (1 — gm)’ /£ (m).
O
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E A VARIANT OF NEURALUCB

In this section, we present a variant of NeuralUCB called NeuralUCBy. Compared with Algo-
rithm [T} the main differences between NeuralUCB and NeuralUCB, are as follows: NeuralUCB
uses gradient descent to train a deep neural network to learn the reward function i (x) based on ob-
served contexts and rewards. In contrast, NeuralUCB uses matrix inversions to obtain parameters
in closed forms. At each round, NeuralUCB uses the current DNN parameters (6;) to compute an
upper confidence bound. In contrast, NeuralUCB, computes the UCB using the initial parameters
(60).

Algorithm 3 NeuralUCB,

1: Input: number of rounds 7', regularization parameter A, exploration parameter v, confidence
parameter §, norm parameter .S, network width m, network depth L

2: Initialization: Generate each entry of W; independently from N(0,2/m) for1 <[ < L —1,
and each entry of W, independently from N(0,1/m). Define ¢(x) = g(x; 6o)/+/m, where
0y = [vec((W1)T,...,vec(W)T]T € RP

3: Z():/\I, boZO

fort=1,...,7do
Observe {x;,}X | and compute

AN

(a1,010,) = argmax  (p(xs.q),0 — o) (E.1)
a€[K],0€C,_1

6:  Play a; and receive reward 7 q,
7. Compute

Zi=Zi 1+ d(Xta,)P(Xt,a,) €RP*P. by =by 1 + 74 0,0(Xt0,) €RP

8:  Compute 6; = Z;lbt + 6y € RP
9:  Construct C; as

det Zt
det AI

C:=10:10: — 0|z, <}, where = V\/log —2logd+VAS  (E2)

10: end for
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