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Abstract

We address the problem of causal effect estimation in the presence of hidden
confounders, using nonparametric instrumental variable (IV) regression. A leading
strategy employs spectral features - that is, learned features spanning the top
eigensubspaces of the operator linking treatments to instruments. We derive a
generalization error bound for a two-stage least squares estimator based on spectral
features, and gain insights into the method’s performance and failure modes. We
show that performance depends on two key factors, leading to a clear taxonomy of
outcomes. In a good scenario, the approach is optimal. This occurs with strong
spectral alignment, meaning the structural function is well-represented by the
top eigenfunctions of the conditional operator, coupled with this operator’s slow
eigenvalue decay, indicating a strong instrument. Performance degrades in a bad
scenario: spectral alignment remains strong, but rapid eigenvalue decay (indicating
a weaker instrument) demands significantly more samples for effective feature
learning. Finally, in the ugly scenario, weak spectral alignment causes the method
to fail, regardless of the eigenvalues’ characteristics. Our synthetic experiments
empirically validate this taxonomy. We further introduce a practical procedure to
estimate these spectral properties from data, allowing practitioners to diagnose
which regime a given problem falls into. We apply this method to the dSprites
dataset, demonstrating its utility.

1 Introduction

We study the nonparametric instrumental variable (NPIV) model [1}132]

where X is the treatment, Y the outcome, Z the instrument, U an unobserved confounder, and
ho € Lo(X) is the structural function to be learned, where we denoted Lo(X) the Ly space
corresponding to the distribution Px. We assume no common confounder of Z and Y. To illustrate
this setting, consider a simplified example inspired by [20]. Suppose we want to determine how
ticket price (X) affects the number of flight tickets sold (Y'). A potential confounder (U) could be a
major event (e.g., a large conference or festival) occurring at the destination. This event would likely
increase demand for flights, and airline pricing algorithms would result in more expensive seats being
sold; the confounder U influences both X and Y. A naive regression of sales on price might then
misleadingly suggest that higher prices lead to higher sales. This occurs because the analysis fails to
account for the event, which independently drives up both demand (sales) and prices. To obtain a less
biased estimate of the price effect, we could use an instrument (Z), such as the cost of jet fuel. The
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cost of fuel is a plausible instrument because: (i) it likely affects ticket prices (X) as airlines adjust
fares based on operational costs, and (ii) it is unlikely to be directly correlated with whether a major
event (U) is happening at the destination, thus satisfying E [U | Z] = 0. By using fuel cost as an
instrument, we can isolate the variation in ticket prices that is independent of the unobserved demand
shock caused by the event, allowing for a more accurate estimation of the structural function hy.

Central to the NPIV model is the conditional expectation operator T : Ly(X) — Lo(Z), defined by
Th(Z) = E[h(X) | Z]. Estimating ho amounts to inverting this operator from the following integral
equation

Tho =19, wherero(Z)=E[Y | Z]. @

In practice, the operator 7 is unknown and must be estimated from data. Moreover, even if 7 were
known, its inverse is typically unbounded, making recovery of kg an ill-posed inverse problem that
requires regularization.

A classical approach to solving NPIV is nonlinear two-stage least squares (2SLS), which projects
X and Z into suitable feature spaces and performs regression in these representations. Let ¢
and 1) denote feature maps for X and Z, respectively. In Stage 1, one estimates the conditional
expectation E[p(X) | Z] by regressing ¢(X) on ¥ (Z), yielding an approximation of the form
E[o(X) | Z] = AY(Z), for some linear map A. This step isolates the component of (X)) that is
predictable from Z, filtering out variation due to the unobserved confounder. In Stage 2, the outcome
Y is regressed on the predicted features E[p(X) | Z], yielding an estimator of the structural function
ho, which is modeled as a linear combination ho(X) = ST (X), for some coefficient vector .
Given that the feature maps ¢ and 1) can be fixed (e.g., polynomials, splines, or radial basis functions
from a kernel) or learned from data (e.g., using neural networks), a natural question arises: What
specific information must these features encode to enable efficient estimation?

The algorithm recently proposed by [36], which learns features by minimizing a spectral contrastive
loss, suggests that the answer lies in the spectral structure of 7. In this paper, we rigorously investigate
this perspective. We show that the performance of this approach hinges on two key factors: the
spectral alignment of the structural function hg with the operator 7, and the rate of its singular value
decay. Namely, we identify three distinct regimes governing the effectiveness of spectral methods for
causal inferencef]

1. The good regime, where the structural function aligns strongly with the leading eigenspaces of
the conditional expectation operator 7, and the singular values of 7 decay slowly;

2. The bad regime, where spectral alignment holds, but rapid singular value decay leads to
instability and degraded estimation quality;

3. The ugly regime, where the structural function is misaligned with the top eigenspaces of 7T,
rendering spectral methods ineffective regardless of decay rate.

Overview of contributions. We investigate the effectiveness of spectral features in NPIV estimation,
grounding their empirical success in a principled theoretical analysis. Specifically:

e By leveraging an upper bound on the generalization error for the 2SLS estimator and specializing it
to spectral features, we characterize the conditions under which each regime arises.

o We clarify the theoretical foundation of the state-of-the-art causal estimation algorithm of [36] by
showing that it implements a 2SLS estimator with learned features that explicitly target the leading
eigenspaces of the conditional expectation operator 7. Although [36] suggested a heuristic link to
the Singular Value Decomposition (SVD) of 7, we make this connection explicit by proving that
their contrastive objective corresponds to a Hilbert-Schmidt approximation of 7.

e We empirically validate the “good-bad—ugly” taxonomy through synthetic experiments designed
to isolate the effects of spectral alignment and singular value decay on generalization error. We
further introduce a practical, data-driven procedure to estimate these key spectral properties (spectral
alignment and singular value decay), allowing practitioners to diagnose their problem’s regime. We
demonstrate this procedure on the dSprites dataset [30].

The “good—bad—ugly” terminology is borrowed from [24], who used it to describe performance regimes
in Koopman operator learning. We adopt the same naming convention in a different context: spectral feature
learning for causal inference. The phrase itself, of course, originates from the classic [27].



Related work. Instrumental variable regression is often implemented as a two-stage procedure,
where the key design choice is the feature representation. Fixed features include polynomials, splines,
or kernel methods [3, 16, [7, [31 135]], while learned features are either derived from the conditional
expectation operator 7 [36] or jointly optimized with the 2SLS objective [23] 33, 40]. Some
approaches replace first-stage regression with conditional density estimation [11} 18} 20} 28} [34].

An alternative line of work reformulates IV regression as a saddle-point optimization problem to
avoid the bias introduced by nested conditional expectation estimation [2, [13} [29} |38} 143]. These
methods frame estimation as a min-max game between a candidate solution & and a dual witness
function enforcing the IV moment condition. This approach sidesteps explicit conditional expectation
estimation but relies on selecting tractable, fixed function classes to ensure the well-posedness of the
optimization problem.

Features can be learned in various ways. One line of work learns them jointly with the regression
objective, as in [[16, 23| 33| 140], who propose end-to-end frameworks that simultaneously optimize
over the feature representations and second-stage parameters. In contrast, [36, 38] propose to learn
features that reflect the eigenstructure of 7, independently of the outcome Y, using a spectral
contrastive loss. This may appear suboptimal, since incorporating Y could, in principle, yield more
informative representations, however it avoids the optimization difficulties inherent to nonconvex,
joint objectives involving all three variables (X, Y, Z). This decoupled spectral approach was shown
in certain experimental settings to outperform end-to-end alternatives, as demonstrated in [36]]. Our
work places this empirical finding in context, since it likely arises due to the experiments in that work
satisfying the “good” regime in the present work. We provide further discussion in Appendix

Structure of the paper. Section [2]introduces the notation and preliminaries. Section [3|reviews the
Sieve 2SLS estimator and presents generalization bounds highlighting the role of spectral features.
Sectiond] shows how to learn such features via a contrastive loss and connects this to the method of
[36]]. Section[5|presents a practical procedure to estimate the spectral properties from data, enabling
an empirical diagnosis of our taxonomy. Section [6] provides synthetic experiments, including an
application to the dSprites dataset, that validate our theoretical taxonomy. Proofs are deferred to the
Appendix.

2 Preliminaries

2.1 Background

Probability Spaces and Function Spaces. Y is defined on R, while X and Z take values in
measurable spaces X’ and Z, respectively, endowed with their o-fields Fy and Fz. We let (2, F,P)
be the underlying probability space with expectation operator E. For R, S € {X, Z, (X, Z)}, let
mr denote the push-forward of P under R, and let mg ® 7g denote the product measure on the
corresponding product o-field, defined by (7gr ® 75)(A X B) = mr(A)ws(B) for measurable sets
A, B. For R € {X, Z} and corresponding domain R € {X, £}, we abbreviate Lo(R) = L2(R,7R)
as the space of measurable functions f : R — R such that [ | f |2 drr < oo, defined up to 7-almost
everywhere equivalence.

Operators on Hilbert Spaces. Let H be a Hilbert space. For a bounded linear operator A acting on
H, we denote its operator norm by || A||op, its Hilbert—-Schmidt norm by || A, its Moore—Penrose
inverse by Af, and its adjoint by A*. For finite-dimensional operators, the Hilbert—Schmidt norm
coincides with the Frobenius norm. We denote the range and null space of A by R(A) and N'(A),
respectively. Given a closed subspace M C H, we write M~ for its orthogonal complement, M for
its closure, and I, for the orthogonal projection onto M. The orthogonal projection onto M~ is
denoted by (ITps) 1 = Iy — Iy = ;1. For functions f, h € Ly(X), g € Lo(Z), the rank-one
operator g ® f is defined as (g ® f)(h) = (h, f),(x)g- This generalizes the standard outer product.
For vectors = € R?, we write |||/, for the Euclidean norm.

Data Splitting and Empirical Expectations. Given n,m > 0, we consider two indepen-
dent datasets: an unlabeled dataset, D,, = {(Z;,%;)}/,, used to learn features for X and Z,

and a labeled dataset, D,, = {(z;,2;,y:)},, used to estimate the structural function. For
R e {X,2)Y,(X,2),(X,Y),(Z,Y),(X,Z,Y)} and a measurable function f, we define the

empirical expectation over D,, as E,,,[f(R)] = L5 f(7), and similarly for E, on D,,.



Feature Maps and Projection Operators. Let d > 1, and let ¢ : X — R? be a feature map with
components ¢; € Ly(X) for i = 1,...,d. We define H, 4 = span{ep1,...,¢q}, and let IL, 4
be the Lo—orthogonal projection onto this space. Analogous definitions apply for feature maps
Y Z — R, yielding Hy g and Iy, 4.

2.2 On the Conditional Expectation Operator: NPIV as an Ill-posed Inverse Problem
We begin by defining the conditional expectation operator. Let
T:Ly(X) = La(Z), h—ERX)]|Z].

As highlighted by Eq. (2), this operator plays a central role in the NPIV model. It encodes the
conditional distribution of X given Z and provides a convenient lens through which to analyze how
efficiently one can estimate hy. The NPIV equation admits a solution if and only if 7o € R(T ), and
is identifiable if and only if 7 is injective. We therefore adopt the following assumption.

Assumption 1. 7 is injective and there exists a solution to the NPIV problem, i.e., T~ ({ro}) # 0.

The existence part is essential: without it, there is no structural function hq satisfying the model
in Eq. (I). When T is not injective, we lose identifiability (i.e., unicity of the solution). In such
scenarios, it is possible to establish consistency to a minimum-norm solution of the inverse problem
Eq. , namely h, = T trg [15] We assume injectivity henceforth to simplify the discussion.

Eq. (2) is an inverse problem in which both the operator 7 and the right-hand side r( are unknown.
This inverse problem is typically ill-posed, as T ~! is generally not continuousE] Hence, even if T
were known, an approximation 7 =2 9 would not ensure that 717 is close to hg = 7 ~'rg. In such
settings, regularization is required to obtain stable approximate inverses. Two common regularization
approaches are Tikhonov regularization, where T—1 ~ (T*T + X\I)~'T*, X > 0, and spectral
cut-off , which truncates the Singular Value Decomposition (SVD) [14]].

When 7 is compact (and therefore it admits a countable sequence of singular values), the degree of
ill-posedness of the inverse problem is characterized by the decay rate of these singular values. Since
the singular values of 7 —! are the reciprocals of those of 7, faster decay implies worse ill-posedness.
The NPIV problem can be viewed as particularly challenging, as in addition to the ill-posedness of
the operator 7, one must also estimate it from data. We now introduce a sufficient condition for
compactness of 7.

Assumption 2. The joint distribution 7x 7 is dominated by the product measure mx ® 7z, and its

Radon—Nikodym derivative, or “density”, p = d:;%iz belongs to La(X X Z,wx Q@ 7yz).

Assumption [2]is standard in the NPIV literature (Assumption A.1 in [11]]). It may fail when X and Z
share variables or are deterministically related. For example, if Z = (W, V) and X = V, then the
joint distribution is not dominated by the product measure.

Proposition 1. Under Assumption 2} T is a Hilbert-Schmidt operator and thus compact.

This result is well known in the inverse problems literature; we provide a proof in Appendix [C.1]

Compact Decomposition and Eigensubspaces. As 7 is a conditional expectation operator, it is
non-expansive, i.e., | 7 |lop < 1. Under Assumption T is compact, and therefore admits a SVD

T:Z(Tiui@wi, 3)
i>1

where {u;} and {v; } are orthonormal basis of Ly (Z) and Lo (X) respectively (left and right singular
functions, respectively), and o; are the nonnegative singular values in nonincreasing order. The
leading singular triplet is known explicitly: o7 = 1, u; = 1z and v; = 1y corresponding to
the constant functions. Under the assumption that 7 is injective (Assumption[I)) o; > 0 for all
i > 1. Finally, since 7 is Hilbert—Schmidt, Zi>1 af < oo. For any d > 1, define the leading
eigensubspaces of T as a

Uy = span{uq,...,uq}, Iz 4: orthogonal projection onto Uy,

Vg = span{vi,...,vq}, Ilx 4: orthogonal projection onto V.

3This corresponds to the unique element in the pre-image of ro under 7 that minimizes the L2-norm and is
equivalently characterized as the unique element of the set 7' ({ro}) N N (T)* [2].
*In particular, 7~ is discontinuous if 7~ is compact and not finite rank.



In addition, define T4 = Zle ou; @ v; the rank-d truncation of 7. To avoid ambiguity in the
definition of Uy, V4 and T, we assume that o4 > o441. We refer to Appendix for more details on
spectral theory.

3 Solving NPIV with 2SLS

To understand how and when spectral features should be used, we first recall results from the Sieve
2SLS literature. This gives us a clear picture of what terms are to be controlled in order to achieve
good generalization, which we will use to demonstrate the effectiveness of spectral features and
reveal our good-bad-ugly taxonomy.

3.1 Sieve 2SLS estimator

We start with the following characterization of the structural function:

ho = argmin E [(Y ~Th (Z))Q] :
h€Ls(X)
where the minimizer, hg, is unique under Assumption |1} A popular strategy to estimate hg is to

consider a hypothesis space Hy C Lo (X) and a procedure to estimate the action of 7 Th~Th
for all h € H x, in order to obtain

- . . 2
h € argmin B, {(Y —Th (Z)) ] : @
heEH

possibly subject to regularization. In the algorithm 2SLS, we consider features on both X’ and Z, and
both steps (estimating h — 7 h and solving Eq. () are carried out via linear regression in feature
space. The two sets of features may be infinite-dimensional—e.g., using Reproducing Kernel Hilbert
Spaces (RKHS)—or finite-dimensional—e.g., using splines, wavelets, or neural network features.
When the feature dimension grows with sample size, we obtain a sieve. Since our focus is on neural
network-based features, we present the finite-dimensional version, noting that the ideas naturally
extend to infinite-dimensional cases with proper regularization [35] 31]]. We refer to Appendix |D|for
a description of other 2SLS methods.

Consider a feature map ¢ : X — R? such that Hxy = {z — 07¢ (z),0 € R?} is included in
Ly (X). Then forany h = 0" (-) € Hx, Th(Z) = 0"E[p(X) | Z] . Therefore, estimating
F.(Z) = E[p(X) | Z] allows us to estimate Th for any h € Hy. Let ¢ : Z — R? be another
feature map with Hz = {z — a"(z),a € R?} C Ly(Z). We estimate F, with vector-valued
linear regression in feature space by approximating F, with A (-), where A € R4*4, solving

A= Eolp(X)9(2) B[ (2)9(2)T] € irégRglxig]En[llw(X) —AY(2)|17,]-

The pseudo-inverse yields the minimum-norm solution in the case of non-uniqueness. Regularized
versions, such as Tikhonov-regularized least squares (also known as ridge regression), can be obtained
by penalizing with 7 |\A||iS for > 0. Computing A is referred to as the first stage of the 2SLS
algorithm. For the second stage, for any h = 07¢(-) € Hu, we define Th(Z) = 6"F(Z) with
F(Z) = A(Z). Plugging this into Eq. @ yields b = 67 (-) with

0 =K, [F(Z)F(Z)'E,[F(2)Y] e arg Eldmﬁn[(y —0"F(2))?]. 5)

Similarly to the first stage, we can also consider a regularized version of the second stage, where we
penalize with X||0]|7, for A > 0. h is the sieve NPIV estimator [31[7, 6].

2SLS versus saddle-point estimator. Based on features ¢ and v, [43}36]] proposed an estimator
in a saddle-point form: hy;s = 0y, (-), with
Opis = arg min max ]En[of¢(Z) (Y —07p(X)) — 0.5 (a"(2))?] + /\||9||?2 )
gcrd «€R?
Albeit looking different, solving this min-max problem in closed-form leads to éb,;s =0 (when we

introduce regularization in Eq. ), and thus hy;s = h. The saddle-point form could be useful for
deriving convergence rates, see [2]] for example, as it allows us to use the theory of saddle-point
problems. However, it is not necessary for the implementation of the algorithm.



3.2 Convergence rates for Sieve 2SLS
In order to present convergence rates for Sieve 2SLS, we introduce the sieve measure of ill-posedness.

Definition 1. Given d > 1 and H, g4 = span{1, ..., @q}, the sieve measure of ill-posedness is

defined as
-1
IThle)

This quantity can be interpreted as the operator norm of 7~ restricted to T(Hy,q); thatis, 7, 4 =
SUPgeT (%, 4), h£0 1T 9llo(x)/ 9]l Ls(2)- While the full operator 7! is typically unbounded,
the restricted norm 7, g remains finite. It captures the degree of ill-posedness specific to the chosen
hypothesis space H, 4. As d increases and the hypothesis class becomes richer, 7, 4 increases.
Equipped with this quantity, we now introduce stability conditions that will allow us to establish
generalization bounds for Sieve 2SLS.

Tod = sup 7“hHL2(X) = ( n
0 herpa 2o TR Ly (2) h€Hg,a, [hllLy=1

Assumption 3. (i) suppeyq, . nfp, =1 ||(Mp,d) | Th||L2(Z) = 04 (T;b) (ii) there is a constant

C > 0 such that HT(H@ ) | ho <Cx 7;11 x H(H d h0HL2(X)'

2 2)
Assumption [3}(i) is a condition on the approximation properties of the features used for the instrument
space. It says the image of #, 4 through 7 lies almost entirely inside H. 4, i.e., the projection onto
the orthogonal complement vanishes faster than the inverse ill-posedness. Assumption [3}(ii) is a
stability condition sometimes referred as link condition that is standard in the NPIV literature (see
Assumption 6 in [3]], Assumption 5.2(ii) in [[7] and Assumption 3 in [23]). It says that 7 becomes
increasingly contractive on the component of hg lying outside the sieve space as the sieve dimension
increases. The next assumption ensures the conditional variance of the noise is uniformly bounded.

Assumption 4. There exists 6 > 0 such that E [U2 | Z] < 62 < oo almost everywhere.

The following result is an upper bound on the generalization error from [6].

Theorem 1 (Theorem B.1. [6]). Let h be the 2SLS esnmator from Eq. (3), using features o : X — R¢

and v : Z — RY. Suppose Asmmptlons’ and hold and T, qu, ¥, d\/w = o(1), where
Cp,a = max{sup, [|E[o( @)|l,, » sup, [E[(Z2)0(2)T]29(2)| 3 Then:

= 0, (ITp.a) tholl o ey + /)

itho’

L2(X)

The first term captures the approximation error, while the second term corresponds to the estimation
error arising from finite samples. When standard bases such as cosine, spline, or wavelet functions
are used, the approximation error is well-understood. If the sieve ill-posedness 7, 4 grows at a
polynomial or exponential rate in d, one can choose d = d(n) to balance the two terms optimally
[3]]. Under such growth conditions and smoothness assumptions on hg (e.g., ho belongs to a Sobolev
ball), the resulting convergence rate is minimax optimal [§].

3.3 Convergence rates for Sieve 2SLS with spectral features

A drawback of using non-adaptive features (such as cosine or spline bases) is that verifying Assump-
tion 3| or characterizing the growth of 7, 4 is generally difficult. In contrast, we now consider features
constructed from the SVD of T, for which both conditions can be exactly characterized. Moreover,
while estimators based on universal bases can achieve minimax optimality under smoothness as-
sumptions on 7 and hg, they are often outperformed in practice by estimators using data-dependent
features. This highlights that minimax rates, though important, do not capture the full picture of
empirical performance. Recall from Eq. (3)) the singular value decomposition of 7", and the definition
of the top-d right eigenspace V;. The following result shows that this subspace achieves the minimal
possible measure of ill-posedness among all d-dimensional subspaces of Lo (X).

Proposition 2 (Lemma 1 [3). Let Assumption[2|hold. For any d > 1, the smallest possible value of
Teo,d IS Tpd = O’d , achieved when H, g = Vg.

Definition 2 (Spectral features). We say that the features ¢ and 1 are spectral features if

Hop.q =span{vi,...,va} =Vq and Hyq=span{ui,...,uq} = Uy.



By Proposition 2] spectral features minimize the sieve measure of ill-posedness, and therefore the
estimation error term. This leads to the following corollary.

Corollary 1 (Sieve 2SLS with spectral features). Let h be the 2SLS estimator from Eq. using
spectral features. Let Assumptions @and hold and ", av/(log d)/n = o(1). Then:

i

d
poo ~ (<Hx,d>ww<x> i ) |

We postpone the proof to Appendix [C.2]

The good, the bad, and the ugly. The bound in Corollary [T|decomposes the generalization error into
two terms: spectral alignment, encoded in the approximation error ||(ILx 4) 1 ho||, which measures
how well hg lies in the top-d singular space; and ill-posedness, captured by the inverse singular value
O'd_l. In the good regime, hg lies mostly in Uy and o4 decays slowly, so both terms are small. In
the bad regime, alignment is favorable but fast spectral decay inflates the estimation error. In the
ugly regime, hg is misaligned with the top eigenspaces, so the approximation error dominates and
estimation fails regardless of o or n. In Appendix [B] we show that the bound in Corollary 1 is tight
under a source condition and a singular value decay condition.

4 Sieve 2SLS with learned spectral features

In the previous section, we showed that spectral features minimize the sieve measure of ill-posedness
and lead to fast generalization rates when the structural function hg aligns well with the top
eigenspaces of the conditional expectation operator 7. This motivates learning such features directly
from data, especially in the case where the conditional distribution of X given Z is informative (i.e.,
the instrument is strong) and the alignment with the spectrum of 7 is favorable. We now demonstrate
that the contrastive learning approach of [36] can be equivalently seen as explicitly targeting the
leading eigenspaces of 7. Consider the following objective:

d
i=1

where ¢, € Lo(X), ¢, € Lo(Z), i« = 1,...,d. As any rank-d operator can be decom-
posed as T4(¢, 1), we have the following version of the Eckart—Young—Mirsky Theorem for the
Hilbert—Schmidt norm:

Theorem 2 (Eckart—Young—Mirsky Theorem). Let Assumption[2|hold and let d > 1 be such that
04 > 0441. For all feature maps o : X — R%, ¢ : Z — R?, we have

2
La(e,) 2 T = Tallys = D _o?,
i>d
where equality holds if and only if Tq(p, V) = Tq, in which case Hy.q = Vi, Hyp,a = Ug. Tq is the
rank-d truncation of T introduced in Section |2}
While the Eckart—Young—Mirsky objective in Eq. (6) offers a clean objective to learn spectral features,

it appears impractical due to the unknown nature of the operator 7. However, this objective admits
an equivalent formulation as a spectral contrastive learning loss [37]:

Lalp,¥) = ExEz [(0(X)0(2))] = 2Ex,2 [o(X) ()] + Tl )

where the last term is independent of (¢, 1)). We provide a proof of this equivalence in Appendix
The population loss can be estimated from samples D,, = {(Z;, Z;)}*, as

Lalnd) = s SO (P UE) — = 3ol Ui, ®)
i=1

- m(m L
i#]

The spectral contrastive loss is the basis of the recent algorithm proposed in [36]], where  and 1) are
parametrized by neural networks and optimized via stochastic gradient descent. While [36] motivate
this objective heuristically, Eq. (6) shows that it directly targets the leading singular structure of 7.
The use of objectives similar to Eq. (6) for operator learning or Eq. (7) for representation learning has
a rich history that we detail in Appendix



Comparison to [36]. To justify the use of the contrastive loss in Eq. (8), [36] assume that the density
p(x, z) factorizes as

p(2,2) = p(2)"P(2), ¢: X =R P Z R ©)
We argue that this assumption is overly strong: it holds if and only if 7 has rank at most d, in
which case the spectral features perfectly capture the structure of 7. This result is formalized in
Proposition[5} Appendix We should instead interpret Eq. (9) as an approximation rather than a

literal assumption. In practice, the learned features (, ¢ provide a rank-d approximation of 7, and
the quality of this approximation governs the performance of the resulting Sieve 2SLS estimator.

Let ¢, zﬁ be d-dimensional features trained with loss Eq. (8) with D,,, and define Ty = Z;}’:l zﬂz R @;.
We make the following assumption:

Assumption 5. {1[)1, . ,z@d} and {p1, ..., pa} form linearly independent families.

This assumption is only made to simplify the discussion. If {4y, ..., 44} or {1,..., @4} is not
linearly independent, one can replace d in the following by the linear dimension of the family.
Consider o4 > 0441 so that the unique minimizer of the population loss is given by 7;. We quantify
how the distance between 7, and 7 affects the approximation error and the sieve measure of ill-

posedness 7 4. We quantify how the distance between 7, and Ty affects the generalization error of
the 2SLS estimator.

Theorem 3. Let Assumptions and hold and let €5 = Hﬁ — T4
(1—-1/V2)oq.
i) o3t <70 < (04— 280)7";
ii) Let h be the 2SLS estimator from Eq. , using features ¢ : X — R% and ) : Z — R%
Suppose (04 — 2§d)_1c¢ 5.4V (logd)/n=o0(1) and &4 = 04(03), then

V2allhol| Lax) 1 ﬁ
=0, | |1 h : ol I
o~ 0P <|( xd)thollp,x) + o to 2, \Vn

We postpone the proof to Appendix The result quantifies how close the learned features must
be to 75 in order to preserve the desirable properties of spectral 2SLS. Theorem [3}i) shows that
as long as the learned operator Tais a good approximation of the true rank-d truncation 7y, the
learned features inherit a favorable measure of ill-posedness. Theorem 3}ii) further ensures that if
contrastive learning yields a near-optimal rank-d approximation of 7, the downstream Sieve 2SLS
estimator retains strong statistical guarantees. Importantly, the spectral features generalization error
€4 encapsulates the statistical and optimization errors in learning spectral features. It depends on
the number of samples used to train the contrastive loss, the expressivity and architecture of the
neural networks parametrizing ¢ and 1, and the complexity of the leading eigensubspaces of 7. As

L4(p, 1) converges to L2 = || T — T4||%, , £4 converges to 0 by Theorem [2} Precisely controlling

HS
€4 lies beyond the scope of this paper and remains an important question for future work.

be such that €5 <
op

h—hq

5 Estimating alignment and spectral decay from data

Having established the good-bad-ugly taxonomy based on spectral properties and its interaction
with the structural function hg, we now discuss how to estimate these spectral properties from data.
Namely, we present a methodology to estimate the spectral decay of the operator T as well as spectral
alignment with the structural function hg. Recall that T is compact and admits an SVD of the form
Eq. , with the key relationship that o;v; = T *u,. Therefore, for all i > 1, we have

(visho) L, (x) = i<T*uiah0>L2(X) = %<U¢7T0>L2(2) = %E[Y ~ui(2)], (10)
7 K3 7

where we used 7 hg = rg, the definition of r( and the tower property of the conditional expectation.

This relationship shows that the alignment coefficients (v;, ko) 1, (x) can be estimated from data if

we have estimates of the singular functions u; and singular values ¢;. In Section 5] we provide a

practical estimator for Eq. (I0) using learned features and derive its estimation guarantees, which

depend on the operator error &,.



We apply this procedure in Section [§to diagnose the spectral properties of the dSprites dataset [30], a
popular benchmark in the nonparametric IV and proxy literature [40, 41], [36]].
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Figure 1: Dependence of the MSE of instrumental variable regression on the decay rates of the
spectrum and coefficients of the structural function. IV fitting and the MSE evaluations were repeated
500 times per parameter set, rendering the standard error of these estimates negligible. Left: Oracle
spectral features; Right: Learned features.

6 Experiments
6.1 Synthetic datasets

We evaluate the main theoretical insight of the paper: Sieve 2SLS with spectral features performs
best when hg aligns with the top eigenspaces of 7 and its singular values decay slowly. Performance
degrades with faster decay and weaker alignment. We design a synthetic NPIV setting where we
control the conditional expectation operator 7 and its spectral decay and well as the alignment of A
with its eigenspaces. To simulate such a setting, we rely on the following procedure for generating
samples from the NPIV model:

Proposition 3. Let wx z be a probability distribution on X X Z with marginals wx and 7. Let
T : Lo(X,7x) — Lo(Z,77) be the conditional expectation operator associated with 7 x 7 and let
ho € La(X,7x). Sample (X, Z) ~ 7xz, V ~ N(0,02) and set U = Tho(Z) — ho(X) +V and
Y = ho(X)+ U. Then (U, Z,X,Y) is a sample from the NPIV model of Eq. .

Letd = 11, X = [0,27], Z = [0,27], 0% = 0.1, f(x) = (sin(x),sin(2z),...,sin((d — 1)x)),
9(z) = (sin(z),sin(2z),...,sin((d — 1)z)), and let P, @ be two orthogonal (d — 1) x (d — 1)
matrices. Define v : X — Rt andu : Z — R ! asv(x) = Pf(x) and u(z) = Qg(z). We set
T=1zx1y+ Zf;ll oiu; @ v;. (X, Z) is jointly sampled with rejection sampling. Z, X are
uniform on [0, 27| and X given Z admits 7 as conditional expectation operator. We then sample YV’
following Proposition[3] The multiplication of the trigonometric functions by the orthogonal matrices
P, @) ensures that the consecutive singular functions of 7 are comparably complex. By keeping the
difficulty constant per singular function we can isolate the influence of the singular value decay on the
performance of the final estimator. We set the singular values {ai}‘f:_f to decay linearly, from some
initial value 07 toa 04—1 = ¢,01, ¢» € [0, 1]. To control spectral alignment, we set hg = Zj:_ll oG
subject to [|a||s, = 1, and allow {a;}9=} to decay linearly from a; to ag_; = caov, co € [0,1].
Each value of ¢, € [0, 1] controls the alignment of /g with the top singular functions of 7 larger
values correspond to weaker alignment. Similarly, ¢, € [0,1] controls the ill-posedness of the
problem: smaller values indicate faster decay of singular values and hence more severe ill-posedness.

In Figure [T} we report the mean squared error (MSE) of two 2SLS estimators across a range of
spectral decay rates (c,) and structural function decay rates (c,). The left panel uses 2SLS with
fixed features f and g that form the exact spectral features. This represents an oracle setting. The
MSE decreases from top to bottom as the problem becomes better conditioned (i.e., as ¢, increases).
Additionally, the MSE decreases from left to right, as smaller values of c,, correspond to stronger



Good/bad Ugly Very ugly

Figure 2: Comparison of the spectral methods’ performance depending on the alignment of hy with
the singular functions of 7. Blue: True hg; Orange: 2SLS estimate.

spectral alignment: more of hg is concentrated on the top singular functions of 7. These trends are
fully consistent with the bound established in Corollary [T} In the right panel, we learn 50 features
from data by minimizing the empirical contrastive loss Eq. (8) using a neural network. We then
build a 2SLS estimator on top of the learned features. The same qualitative trends are observed:
MSE decreases with slower singular value decay and better alignment. Moreover, when c¢,, is small
(top rows), learning the entire eigenspaces becomes difficult. In this regime, performance is most
sensitive to c,. In particular, if g is concentrated on the top singular functions (small ¢,), good
recovery is still possible. In contrast, when ¢, is large (bottom rows), the singular functions are
equally important and more easily learned, rendering the alignment of h( less critical. The mismatch
between the oracle and learned settings is because we do not exactly recover the singular feature
spaces; as predicted by Theorem [3| It is also worth noting that when hg is concentrated on high
singular values, it may sometimes be beneficial for the singular values to decay quickly, by making it
easier for the feature-learning model to learn the top singular functions well. This may explain the
slight top-bottom increase in losses on the right end of the right panel.

The previous experiment assumes /i lies in the span of the singular functions of 7. Figure[2]illustrates
three regimes. The left panel shows a well-aligned case (“good/bad”), where hy is entirely supported
on the singular functions of 7, allowing for exact recovery as long as enough data is available. The
middle panel represents a “partial alignment” regime, where hg has some overlap with the singular
functions; in this case, recovery is imperfect, but the estimator can still capture some signal. Finally,
the right panel illustrates the “misaligned” or “very ugly” regime, where hg is orthogonal to the
singular functions. The instrument provides no information about the signal, and all spectral methods
fail. We refer to Appendix [E] for further discussion of these scenarios and the experimental setup.

6.2 Dsprites dataset

The dSprites dataset, as employed in the evaluation of IV mod-
els, consists of 64 x 64 noisy images of hearts, with varying
x,y positions, orientations and sizes. The full setting is as fol-
lows; X € R%4%64 is the raw image, Z € R? consists of the
x position, orientation and scale of the heart in the image, and
the output is constructed aﬂ

Y = ho(X) + 32 - (y position — 32) + U, U ~ N(0,1),

where . .

Figure 3: Example image from the

ho(X) = ([|A o X||* - 3000) /500, Ajj = 32— j|/32. dSprites dataset.

It was observed by Sun et al. [36]] that spectral methods significantly outperform alternatives in this
setting. We argue that it is because the structural function employed in this benchmark lies in the
“good” regime. Utilising the alignment estimation methods outlined in Section [} we are able to
provide evidence for this claim. We observe that the structural function is spanned by the leading
singular functions of the conditional expectation operator associated with this model. The details of
this experiment can be found in Appendix [F}

>The original formulation of the dSprites model for IV used A; ; ~ 1(0,1) [40]. However, it is noted
in [41] (arxiv version 18/06/2024, Appendix E.3) that it leads to identifiability issues and that the choice
Aij = |32 — j|/32 is preferred.
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Supplementary Material: Demystifying Spectral Feature Learning for
Instrumental Variable Regression

A Background on Spectral Theory

For completeness, we briefly recall key notions from spectral theory used throughout the paper. Our
goal is to provide intuition and the minimal mathematical tools required to interpret concepts such as
compactness, singular value decomposition (SVD) of operators, and eigensubspaces.

Let Hy and H, be separable Hilbert spaces with inner products (-, -) i, and norms || - || g,, ¢ = 1,2.

Hilbert spaces and bounded operators. A linear map A : H; — H> is said to be bounded if
there exists C' > 0 such that | Ah|| g, < C||h|| g, for all h € H;. The smallest such constant is the
operator norm, denoted || Al|, ..

Adjoint and self-adjoint operators. Every bounded operator A : H; — H; admits an adjoint
A* . Hy — Hj defined by (Ah, g g, = (h, A*g)m,. If H; = Hy and A = A*, the operator is
self-adjoint.

Compact operators. A linear operator A is called compact if it maps bounded sets in H; to rela-
tively compact sets in H5, that is, the image of any bounded sequence has a convergent subsequence
in Hy. All compact operators are bounded, but not all bounded operators are compact. Any compact
operator is a limit (in operator norm) of finite-rank operators, so that the class of compact operators
can be defined alternatively as the closure of the set of finite-rank operators in the operator norm
topology. The conditional expectation operator 7 is a canonical example of a compact operator (see
Proposition [T below).

Hilbert-Schmidt operators and norm. Let A : H; — H; be a bounded linear operator. Choose
any orthonormal basis {e; };>1 of H;. The operator A is called Hilbert-Schmidt if

2
1AGs =D lAe;li, < oo

Jj=1

The value of the sum above is independent of the chosen basis of H;. Hence the quantity (A, B) s :=
>_j>1(Aej, Be;j) u, defines an inner product on the space of Hilbert-Schmidt operators, and || - [|us
is the induced norm.

Singular Value Decomposition (SVD). When A : H; — H> is compact (not necessarily self-
adjoint), it admits a singular value decomposition:

A:Zaiui@)vi,

i>1

where o1 > g9 > -+ - > 0 are the singular values of A such that o; — 0, and {v;} C Hy, {u;} C Hy
form orthonormal bases satisfying Av; = o;u; and A*u; = o;v;. This generalizes the matrix SVD
to infinite-dimensional spaces. Important properties we use below:

e The sum above is finite if and only if A has finite rank.
* ||A||op = Ul'

« If A is Hilbert—Schmidt then A is compact such that ||AH3Ib =Y, 0% < oo, hence [A],p <
| A||,;s- Thus Hilbert—Schmidt operators are bounded, but the converse need not hold.

B Learning Rate with Spectral Features

In this section, we formalize the learning rate that can be obtained from Corollary (1] To do so, we
employ two standard assumptions from the nonparametric IV literature [8]]: a source condition and a
singular value decay assumption on the operator 7.

14



Assumption 6 (Singular Value Decay). Let p > 1. There are constants 0 < c; < co < 00 such that
foralli > 1, c197P < o; < coi™P.

This assumption is standard in the nonparametric IV literature [8]] and characterizes the difficulty of
the inverse problem defined by the operator 7. A larger p indicates faster decay and thus greater
ill-posedness. Alternative ill-posedness characterizations can be considered, such as exponential
decay [8].

Assumption 7 (Source Condition). Let r > 0. There is a constant B < oo such that

2 o —r/27 |12 <h0’ui>%2(X)
||h0Hr = H(T T) h0HL2(X) = Z T <B.

i>1 i

This condition quantifies how “smooth” hy is relative to the spectral decomposition of 7, or equiva-
lently, how quickly the alignment coefficients (ho,u;) 12(x) decay relative to the singular values. A
larger r implies hg is “smoother” or better aligned with the less ill-posed directions of 7. Note that
under the “bad” scenario where the eigen-decay is fast (p is large), a stronger alignment is necessary
for ||hol|? to be finite for a large value of r. While in the “good” scenario with p ~ 1, ||hg|2 < +00
is more likely to hold with a large value of 7.

Under Assumption |/} we have
x| (hos ui) L2 ox) 2 .
I (M), hollF,x) = D (o, uidie(x) < 03" ~—————— < g ||holl?.

(o
i>d i>d g

Combined with Assumption[6] we obtain from Corollary ] that:

o di+2p
1= holz2c) = Oy (hourd—m Vo ) -

Balancing both terms in d as a function of n, we obtain

1= hollz2x) = Op (0™ 250577 ),

with .
d (n) = n2p(r+D+1 |
This bound is tight as a matching lower bound is obtained in Theorem 1-(i) [8]. From this tight

rate, we see that both the ill-posedness (p) and the relative smoothness () fundamentally capture the
effectiveness of 2SLS with spectral features, and their impacts are inherently intertwined.

* A low relative smoothness (small r) means h( has significant components aligned with
directions corresponding to very small singular values, even after accounting for the singular
value decay. This also directly slows the rate, effectively rendering the problem very hard or
even impossible (r — 04 makes the rate vacuous, representing our “ugly” scenario).

* A fast decay (large p) directly slows down the rate regardless of r. It means singular values
drop quickly, making it fundamentally harder to resolve higher-frequency components of hy.
When p is large we are either in the bad or in the ugly scenario. A large p also slows down
the rate indirectly by making it harder to achieve a high relative smoothness r.

When working with learned features. We see from Theorem [3]that when we learn the spectral
features using contrastive learning, we incur an additional penalty related to £;/04 in the upper
bound. This error shows that a faster eigendecay makes the 2SLS estimator more sensitive to errors
in the learned features. Alignment of hy does not enter this factor, as learning the eigensubspaces of
T is unrelated to hg. Intuitively, features corresponding to small singular values can be empirically
difficult to learn, even with a very large number of (Z, X') samples.

C Proofs

In this section we recall and prove the results of the main section.
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C.1 Proofs of Section 2]

We refer the reader to [4] for background on measure-theoretic notions used throughout this section.
We assume that X’ and Z are standard Borel spaces, i.e., Borel subsets of complete separable metric
spaces. This ensures the existence of regular conditional distributions and supports the disintegration
of the joint law 7x, 7. Working directly with measures allows us to treat both continuous settings,
where distributions admit densities with respect to the Lebesgue measure, and discrete or more
general settings, where such densities may not exist.

To prove properties of the conditional expectation operator 7, it is helpful to express it in terms of a
Markov kernel. We define a Markov kernel p : Z x Fx — [0, 1] such that for any measurable set
A€ Fu,

p(zA)=PX €A|Z =17,

meaning p(z, -) is a regular conditional distribution of X given Z = z. Then for all h € Ly(X),
Th(z) = / h(z)p(z,dx), mwz-ae. (11)
X

By the disintegration theorem, for all measurable sets A C X and B C Z, the joint distribution

admits the disintegration
mx,z(Ax B) = / (/ p(z,d:c)) drz(2),
B \JA

and therefore, the joint distribution 7x, 7 can be decomposed as

drx,z(z,2) = p(z,dz) drz(2), (12)
where p(z, dx) is a Markov kernel as defined above. This decomposition holds in general, even when
Tx,z is not absolutely continuous with respect to mx ® 7z.
Under Assumption |2} the joint distribution 7 x 7 is absolutely continuous with respect to the product
measure mx & 7z, and thus admits a density
d’iT X,Z

p(x,2) =

In order to prove Proposition[I] we use the following lemma.
Lemma 1. Under Assumption Sfor mx ® wz-almost every (x, z),

oz = L),

Proof. From Eq. (I2), we have
drx z(x, z) = p(z,dx) drz(2).
On the other hand, by Eq. (13)),
drx z(x, z) = p(z, z) drx (z) drz(2).

Comparing both expressions and using the uniqueness of the Radon—Nikodym derivative, we conclude
that for 7x ® mz-almost every (z, 2),

p(z,dz) = p(z,2) drx (),
ie.,p(z,) < mx,and
dp(Z, )

W(l’) =p(z, 2).

This concludes the proof. O
By Lemma under Assumption forall h € Ly(X) and 7mz-a.e.,

Th(Z):/Xh(x)p(z,dx):/Xh(af)p(z,Z)dﬁx(x):<h,p(',2)>L2<X)- (14)

We recall and prove Proposition [T} This is a classical result, see, e.g., [26].
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Proposition 1. Under Assumption[2] T is a Hilbert—Schmidt operator and thus compact.

Proof. Take (e;);>1 any orthonormal basis (ONB) of Ly(X). Then, using the definition of the
Hilbert—Schmidt norm:

1712 = Z [ Teill7, ) (definition of HS norm via ONB)

i>1

= Z/ |Tes(2)]? drz(z) (expand Lo (Z) norm)
i>1

—Z/ e, p(- ,x)drz(z)  (by Eq. (T4))
i>1
/ Z ei, (- LQ(X) drz(z)  (Fubini’s theorem)

i>1

/ (-, 2)||% Ta(X dﬂ'z( ) (Parseval’s identity)

—/ p(z,2)? drx (v) drz(2) (expand Ly norm)
XXZ

< 400 (by Assumption since p € Lo(mx @ mz)).

Note that the proof shows in addition that || 7| .s = 1Pl 1, ¢y )

C.2 Proofs of Section 3]

Proposition 4. Let H, 4 = span{y1,...,q}, and let w = dim(H, q). Then:
i) Tpa >0,
i) If Hpa €V, =spanf{vy,...,v,}, then 7,4 < o,
iii) For any d > 1, the minimal value 7, q = 0;1 is achieved when H, g = V.

Proposition []is due to Lemma 1 of [3] and Proposition 2] corresponds to part (iii). We provide a full
proof for completeness.

Proof. We first prove (i). Since dlm(HV, 4) = w, and the subspace V,,_; has dimension w — 1, there
exists h € H, g N VL, with ||h||L2(X) = 1. Then,
—2 .
Tod = hellrltid ITRIZ, 2
17l Ly (xy=1

I1ThIIZ, 2

IN

INA
)
=1
T

ITRIL, ()

17l Ly (x)y=1

= sup <T*Th,h>L2(X)=03,
hev:.

w—1

IRll=1
where the last line follows from the min—max theorem for compact self-adjoint operators.

We now prove (ii). If h € H, g €V, and ||h||,(x) = 1, then
h = Z(h,vi>vi,
i=1
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so by orthonormality of (u;),

Zoi (h,v;)u

Taking the infimum over unit-norm h € H,, 4 gives Ty 2 > 0 Jie, Tpq < ab_l.

2
IThIZ,z) =

—Za (h,v;)? > o2 Z(h,vi>2:03.

Ly (2) =1 =1

Finally, (iii) follows by taking H, 4 = V4, so that w = d = t, and both bounds in (i) and (ii)
match. O

We recall and prove Corollary [T}
Corollary 1 (Sieve 2SLS with spectral features). Let h be the 2SLS estimator Jrom Eq. using
spectral features. Let Assumpnons @and Ihold and 07" ¢y p.a+/(log d) /n = o(1). Then:

d
= Op ((HX,d)LhOLz(X) + 2) .

=
noy

L2(X)
Proof. Let us verify that Assumption [3|holds under Definition 2} i.e., when H, 4 = Vg and Hy g =
Ug.

(i) Since the image of V; under 7T lies in U4, we have
(y,q) 1 Th=0 forallh e H,q.
Hence,
Sup || () LTl oz = 0 =0 (754) -
h€H,,a
IRz, =1
and condition (i) is satisfied.

(ii) Let ho € L2(X), and consider its projection onto the orthogonal complement of H, 4. Since T
is compact with singular value decomposition 7 = Z?; oiu; ® v; under Assumption |2} we have

1T (My,a) Lholl7,(z) = 203<hovvi>2 < 032<ho,vi>2 = ogl|(Ty.a) Lholl7,(x)
i>d i>d

This implies, using that 7, g = a;l by Proposition

1T (Mp,q) Lholl L, (z) < oall(p,a) Lol L, (x) = 7, all(Lp.a) Lholl Lo (x)
so Assumption [3}(ii) holds with constant C' = 1.

Since both parts of Assumptionhold, and 7, 4 = thl by Proposition we may apply Theorem
which yields the desired result. L

C.3 Proofs of Section[d]

The following result shows that Eq. (9) holds if and only if rank(7) < d.
Proposition 5. Let ¢ : X — R%, v : Z — R with components @; € La(X), 1; € La(Z). Then

d
plx,2) = (@) (2) ifandonlyif T =) ;@ ;.

i=1
Proof. = Assume p(x,z) = ¢(z)"(2). Then, by Eq. (T1), for all h € Ly(X),
/h p(z,dx) /h p(z, z) drx (z) (by LemmalT)

/h (z)dmx(z /h x)drx (x)

— Z¢i(2) ) Pi)La(X) = (Z i ® %) (2),
i=1
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soT = Zle i Q ©;.

<« Now assume T = Zle U; @ ;. Let f € Lo(mx ® mz). We want to show:
/f(x, 2)p(z, 2)d(rx @ 7z)(x,2) = /f(% 2)p(x) Y(2) d(rx @ 77)(T, 2).

Starting with the right-hand side:

d
[ @2 @) v dnx@ina(z) = 3 [ 1206 dnx@)ana )
=1
d
- [ ( JNCERT dm(ac)) dr7 ()
d
-/ (Zwi<z><f<-,z>7soi>) dr7(2)
Z \i=1

:/Z[Tf(.,z)] (z)dmz(2) (sinceT:Z%—@sOi)

=/Z</Xf(:v72)p(z7dx)) drz(z) (by Eq. (TI))

:/ f(z,2)p(z, z) drx (x)drz(z) (by LemmalT).
XxZ

Since both integrals agree for all f € Ly(mx ® mz), and p(x, z) is the Radon—Nikodym derivative
of mx 7 with respect to mx ® 7z, it follows by uniqueness that

p(x,z) = p(x)"(z) for (mx ® mz)-almost every (z, 2).

In order to prove Theorem 3] we prove intermediate results.
Proposition 6. Assumption@holds if and only if rank(fi) =d.

Proof. Assume that Assumptionholds, ie,{p1,...,¢q}and {1&1, e ,@d} are linearly indepen-
dent. We show that rank(7;) = d.

Since T h = Z?:1<h, @i)1bs, we can write Ty = A o ®, where:
o &: Ly(X) — RY, defined by h = ({(h, $1), ..., {(h,¢a)),
« A:R? = Ly(Z), defined by a — 3 ;.

Under Assumption [5} the family {¢;} is linearly independent, so ® is surjective. Similarly, the
family {1/, } is linearly independent, so A is injective. Therefore, the composition A o ® has image of
dimension .

rank(7g) = dim(R(Ao ®@)) = dim(R(A4)) =d,
where the second equality follows from the surjectivity of ®, and the third from the injectivity of A.
Conversely, suppose rank(ﬁ) = d. Then 7y has image of dimension d, which implies that the v);

must be linearly independent. The same reasoning applied to 7* shows that {1, . .., P4} is linearly
independent.

O

Under Assumption |5} we can therefore write 7. in the following SVD form:

d
Ta= 6:i; @1, (15)

=1
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where 61 > 69 > --- > 64 > 0 are the singular values of 7 and u; and ¥; are the left and right
singular functions of 7.
Proposition 7. UnderAssumption Hp,a = span{oi,...,0q} and H .4 = span {G1,...,0q}

Proof. We have by definition of the SVD that
N(Ta)* = span {oy,...,04} .

To show that H ¢ = span {01, ..., 04}, it suffices to prove that

J\f('ffi) = span {¢1,..., gﬁd}l

Let h € La(X). Then:
d

heN(Ty) < Tsh=0= Z(h,@)%

i=1
<=>Z L pi)thi =0

= <h,<,0i> =0 Vield,
where the last equivalence follows from the linear independence of {1[12-}?:1.
Therefore, N'(73) = span{@1, . . ., $q}*, which implies
Hoa=N(Ta)* = span{o1,..., 94}

The proof for H; ; = span {d1, ..., uq} is analogous, using the adjoint Tr. O

We now recall and prove Theorem 3}
Theorem 3. Let Assumptions E| and hold and let €45 = H’f}l — T4
op
(1—1/v2)og
i) o' < Tpa < (04— 280)7
ii) Let h be the 2SLS estimator from Eq. , using features ¢ : X — R% and ) : Z — R%
Suppose (04 — Qfd)_1C¢ 5.aV/ (logd)/n=o(1) and ¢4 = 04(c%), then

V2ol 1 ﬁ
=0 II h 2 — 1.
e~ 0P <|( xd) thollp,x) + i to 2, \Vn

Proof. We first show that 051 < 75,4 < (0q — 2é4)~t. First note that if h € He.q, then by

Proposition h € V. Using the SVD of 7 from Eq. 1| and writing h = Zle(h, 0;)0;, we
obtain:

be such that £; <

iz—hoj

d
Tah =3 6i(h, 0, so |[Tahli,z) = Z (h,0:)* = G3lIRIZ, x)
i=1
Next, observe that for all h € Lo(X),
TRl Lyz) = (1 TahllL,y(2)-
< €4, and Weyl’s inequality for singular

op

values, we have, for all h € Lo(X), with ||h||.,x) = 1:

IThllatz) = I Takllzaz
> [ Tahll o) = |[Ta=Tal| - Ml

By the reverse triangle inequality, the bound H’YAZI —Ta

> (64 —€a)l|hll o)
=04 — &4
> 0q — 2€4.

20



This shows that

-1 A A =1
T¢’d20d—25d =  Tpd < (0qg —284) 7,

which holds under the assumption é; < (1 — 1/v/2)o4 < 04/2. On the other hand, since
dim(H,4) = d by Assumption 5} Proposition [4}(i) implies

04 = Tgd = ad_l.
Next, we show how to bound the sieve approximation error, write:
1(Mp,a) Lholl 1, 3y = 1(Tg,a) 1 ((Tx,a) Lo + Ty aho)l 1,
< [(Mxa) Lholl, xy + [(Mp.a) L1x aholl , x
< x,a) Lhollp, x) + (Tp,a) 11lx .

o - Thollzaco)
By Wedin’s sin—©O theorem (Theorem 2.9 and Eq. (2.26a) in [9]), and under the assumption &4 <
(1 —1/v/2)04, we have:
V2é
|(Tp,q) Ly, < d

op — o.d

Therefore,

V24l holl L, (x
1(Tg.a) Lholl ) < (M) Lholl ) + 2

0d
To conclude we now check Assumption[3] Let us introduce
1 1l ()
s> = sup e 2> Tg.d-
v2d pertya, hzo Wy o TRl Lo (2)

The unique use of Assumption i) in the proof of Theorem B.1 [6] is to prove that s~

soa=Oe.)

as d — 400, which we now directly prove. First, note that for any h € Lo(X),
ITgabllp, 7 = IT pa+1xa —Mxa) bl
< Tabll 2y + IMpa = Woal, Il
V2&4|hll L, (x)

< Tahly +

where we used || 7|, < 1, the definition of 7; and Wedin’s sin-© theorem. On the other hand,

. 7T, h’ >HHA h‘ —HHA M,y —TI h‘
H zp,dmw,d Lo(7) = w,dmw,d La(2) w,dT( p.d X,d) La(2)
V284||R| L, (x)
Tt [ 7], -
2v/224]|R]| L, x)
> |Tahll ) — =g 2
‘We therefore obtain that,
s7o < su 1 < Tzad X ;
hipd hGHAb,dI? h#0 ITUg.ahllL, 2 3v2e, — i 1_ 3v2atp.a’
1]l Ly (x) oq oq

where the inequality is valid for d large enough as long as 3v/28,7; 40, ' = o(1). Re-using that
Tp.4 < (04 — 2£4) ™", a sufficient condition is

3 1
3\/5817/\ = 0(1),
Oq 04 — QEd

which is satisfied if £; = o(03). We therefore conclude that if £; = o(c3) then s;l@ ;= O(15.4).
Finally, we check Assumption ii). First note that by definition of II; 4 and 74, we have
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Ta(Ig,q) 1L = 0, therefore,
. [ T(ga) Lholl = To.a |[(T = Ta)(Ug.) o
< 7.0 (T = T} (Mg, Lol + | (Ta = Ta) (g, ) .o
< 7,a(0av1 +Ea) [[(Tg,a) Lholl

Od4+1 + €q
——— ||(T1; h
L 2 )

<

We conclude using that ¢; = o(o%) implies €4 = o(04) which implies (0441 + €4)(0q — 2£4) =
O(1). O

We now prove the equivalence between Eq. (6) and Eq. (7). While the proof strategy follows that of
Kostic et al. [25 Theorem 1], we include our own version for completeness, as the parametrization of
the learned operator differs. Specifically, [25] directly approx1mate the truncated operator 7 using a

smgular value decomposumn of the form 1z ® 1 + ZZ 9 011/)1 ® ¢;, where the singular values
&, are learned explicitly via a separate network. In contrast, our approach learns only the feature

maps (¢;, 1;) and defines the approximation 74(¢, 1&) = Zle 1&1 ® ;. As such, we provide a short
self-contained derivation adapted to our setting for clarity. Recall that the Eckart—Young—Mirsky
formulation of the objective is defined as

Lale.¥) = | Talp, ) — TIZg = [ Tale. )12 — 2(Ta(0, %), Thas + | Ta(, )| -
Proposition 8. It holds that,

ITaCo, )2, = 2(Ta(e, ), Thas = ExEz [(o(X)6(2))%] = 2Bx 2 [p(X)"$(2)] .

Proof. Let us introduce
R Ly(X), e Y v, WiRY S Ly(Z), e Y e,

such that T3(p, ) = VO*, U*U = E[¢)(Z)y(Z)"] and *P = E[p(X)p(X)T]. On one hand, we

have:
1Tale, ) 15s = 199 |5
= Tr (U* UD*P)
— Tx (B[(2)0(2) JElp(X)o (X))
=ExEz [Tr (¥(2)y(2) p(X)p(X)")]
— ExEz |((2)¢(X))?].
On the other hand, we have:
(Ta(p, ), Tus = Tr (VT @)
=Tr (E [Y(2)E[p(X) | Z]])
= Exz [Tt (8(Z)(X)")]
=Exz [¥(Z2) e(X)],
which conclude the proof. O

As noted in [25]], the above result does not require 7 to be Hilbert-Schmidt, or even compact. Indeed
as Tq(p, 1) is a finite rank operator, (73(p, %), T )us is always well defined.
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D Extended Related Work

We now discuss the various ideas that have been proposed to solve NPIV problems. Extensive
benchmarking for these methods has already been conducted in prior work; refer, for instance, to
[36].

As mentioned in Section|l] a central challenge in NPIV estimation is that it constitutes an ill-posed
inverse problem. The literature has evolved along several methodological lines to address it. Two
broad classes of estimation strategies have become particularly prominent:

¢ Two-Stage Least-Squares (2SLS). This classical approach and its various generalizations
involves a sequential estimation procedure. Typically, the first stage estimates the conditional
expectation of the endogenous variable (or its features) given the instrument, and the second
stage uses these predictions to estimate the structural function.

¢ Saddle-point optimization. These methods, often rooted in a generalized method of moments
(GMM) framework or duality principles, reformulate the NPIV estimation as finding an equilib-
rium in a min-max game. This often involves optimizing an objective function over a hypothesis
space for the structural function and a test function space for moment conditions.

These two methodologies developed with distinct focuses. The 2SLS methods, with roots in classical
econometrics [32} [11]], have progressively incorporated more sophisticated nonparametric techniques.
Saddle-point methods, on the other hand, have gained traction with the rise of machine learning,
offering powerful tools for handling complex optimization problems arising from conditional moment
restrictions [13} 29, 2.

2SLS approaches. Early and influential nonparametric extensions of 2SLS employed sieve or series
estimators. These methods approximate the unknown functions using a finite linear combination of
basis functions, such as polynomials, splines, or Fourier series. The number of basis functions, or the
“sieve dimension”, is allowed to increase with the sample size, enabling consistent estimation of the
nonparametric functions.

A seminal contribution, by [32f], provided identification results and a consistent nonparametric
estimator for conditional moment restrictions. Their proposed NPIV estimator is an analog of 2SLS,
where the first stage involves nonparametric estimation of conditional means of basis functions of X
given Z, and the second stage uses a series approximation for the structural function based on these
first-stage predictions. Regularization is achieved by controlling the number of terms in the series
approximation.

Building on similar principles, [[18] proposed nonparametric methods based on both kerneﬂ techniques
and orthogonal series for estimating regression functions with instrumental variables. For their
orthogonal series estimator, they transformed the marginal distributions of X and Z to be uniform and
used Fourier expansions. The estimated Fourier coefficients of the structural function were obtained
via a regularized regression involving estimated coefficients from the first stage. They were among
the first to derive optimal convergence rates for this class of problems, explicitly linking these rates
to the “difficulty” of the ill-posed inverse problem, which is characterized by the eigenvalues of the
underlying integral operator.

[L1] proposed an estimation procedure based on Tikhonov regularization. This involves regularizing
the inverse of the integral operator 7 (or its empirical counterpart) to stabilize the solution. Specifi-

cally, denoting 7 and 7y empirical estimates (in their case, computed with kernel density estimators),

PPN -1,
the Tikhonov regularized solution is of the form h, = (T*T +al T*79, where o > 0. They

presented asymptotic properties of their estimator, including consistency and convergence rates,
which depend on the smoothness of the structural function and the degree of ill-posedness of 7.

[35] introduced Kernel Instrumental Variable Regression (KIV), a direct nonparametric generalization
of 2SLS. KIV models the relationships between the different variables as nonlinear functions in
reproducing kernel Hilbert spaces (RKHSs). In stage 1, it learns a conditional mean embedding
w(z) = E[e(X) | Z = z] where p(X) represents features of X mapped into an RKHS Hx. This
learning is framed as a vector-valued kernel ridge regression, effectively estimating the conditional

6"Kernel" is meant here in the sense of density estimation, and not reproducing kernel: see [I8] eq. (2.4)].
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expectation operator £ : Hx — Hz. In stage 2, a scalar-valued kernel ridge regression of the
outcome Y on the estimated means [i(Z) is performed to estimate the structural function. The authors
prove the consistency of KIV in the projected norm under mild conditions and derive conditions
under which KIV achieves minimax optimal convergence rates. The analysis was later improved by
[31]], who established convergence in Lo norm rather than the projected norm.

Another related approach, “fast IV’ (FIV), was proposed in [39]. FIV studies nonlinear IV with
high-dimensional instruments and proposes a two-stage pipeline that keeps the outcome model in
a fixed RKHS/GP space but learns the first-stage kernel from a black-box adaptive regressor (e.g.,
a neural network) distilled into a compact kernel basis for estimating the conditional expectation
operator. The resulting estimator plugs this learned kernel into standard kernelized IV schemes,
achieving rates that adapt to the dimensionality of informative instrument features. Their work
focuses on learning a kernel basis for the instrument. In contrast, our method learns paired spectral
features for both the instrument and the treatment to approximate the top singular subspaces of the
conditional expectation operator.

Saddle-point approaches. These arise from reformulating the conditional moment restrictions that
define the NPIV problem (Eq.[I)), frequently conceptualized as a zero-sum game. One player selects
a function h from a hypothesis space H to minimize the objective. The other player, the “adversary”
or “witness”, selects a test function g from a test function space G to maximize the objective. The
adversary’s role is to select the function that maximizes the violation of the moment condition by the
current choice of h. A notable advantage of this formulation is that it can allow bypassing the direct
estimation of conditional expectations. Saddle-point objectives in NPIV regression can be derived in
different ways.

One can frame the NPIV problem as finding a solution h( that minimizes a certain criterion (e.g.,
a norm) subject to satisfying the moment condition 7 hg = r¢. The Lagrangian of this constrained
problem then leads to a minimax objective. [2] target the least-norm solution

1
ho = argmin — Hh||2LQ(X) subjectto Th=rg.
heLa(X) 2

The corresponding Lagrangian is given by L (f,g) = 3 ||h\|i2(X) +(ro = Th,9) 1,z forg €
Lo(Z). Their method achieves strong Lo error rates under a source condition and realizability
assumptions. Notably, their approach does not require the often-problematic closedness condition or
uniqueness of the IV solution. [29] consider a similar approach, focusing on the setting where the
function classes are formed by neural networks, but use different techniques to analyze their method
(online learning and neural tangent kernel theory).

Another approach to deriving a saddle-point problem involves using Fenchel duality to transform a
squared error loss involving conditional expectations. This is the approach taken by [36]], which we
study in this paper.

A third method is to directly use the unconditional moment formulation E [(Y — h(X)) g(Z)] = 0.
[[13]] define their criterion as the maximum moment deviation,

ho = arginfsup E (Y — h(X)) g(Z)] = ¥ (h, g) .
heH geg

and define the estimator h = arg min;, sup, E,, [(Y — h(X)) g(Z2)] + pR1(h) — AR2(g), where
R, R, are regularizers. Their key theoretical result is that the statistical estimation rate, in terms
of projected mean squared error ||7(h — hg)||2, scales with the critical radii of the hypothesis
space H and the test function space G. This holds under some closedness assumption, namely that
E[h(X)— K (X) | Z] € G forany h,h’ € H. We note that the method introduced by [43]] defines a
risk functional in terms of the squared moment deviation and is thus related to GMM.

The role and interpretation of the “adversary” function g € G and its associated objective function vary
subtly across different saddle-point formulations, which in turn influences the types of assumptions
required. This distinction is important: if g is intended to approximate E[Y — h(X) | Z], then the
space G must be sufficiently rich to do so, which is reflected via a closedness condition. If g is
primarily a Lagrange multiplier, its existence and properties are more directly tied to conditions like a
source condition. This difference helps explain why [2] can dispense with the closedness assumption
while other methods may require it.
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About the contrastive loss. The contrastive loss used to learn spectral features derives its name
from the foundational concept of contrastive learning, which traces back to the early 1990s. Notably,
[3] introduced the Siamese network architecture for signature verification, which utilized a form
similar to Eq.(8)) to measure the distance between input pairs. Later, [10] formalized the contrastive
loss function for face verification tasks. This loss is, in turn, linked to a truncated conditional operator
(see Eq. (6)). The underlying principle has been frequently redeveloped under various names, such
as correspondence analysis [[17], principal inertia components [21], for finite alphabets, the
contrastive kernel [19][12]], and pointwise dependence [37] in self-supervised representation learning.
The objective in Eq. (8) was also proposed and studied by [38] and used as a local approximation to
the log-loss of classification deep neural networks [42]]. More recently, [25] linked this same objective
to the SVD of the conditional expectation operator.

E Experimental Details

In this section, we provide additional details for the experiments presented in the main text. Let
(Z, X) be generated as described in Section [6| with n = 100000. Figure []displays both the true
data-generating density and the density corresponding to a set of learned spectral features. Even for
d = 11, the resulting densities are complex. While it is feasible to conduct analogous experiments
with higher values of d, we observed no qualitative changes in the outcomes. However, training and
hyperparameter tuning became increasingly challenging as d grew.

Fitted density Original Density

0.0475

0.0425

0.0375

0.0325

0.0275

0.0225

0.0175

0.0125

0.0075

0.0025

Figure 4: Comparison of a density corresponding to a set of learned spectral features (left) and the
true data generating density (right).

E.1 Models Employed

The features were learned using two-hidden-layer neural networks. All models shared the same
architecture, with layer widths [1, 50, 50, 50]: the input is one-dimensional, and the final layer outputs
50 learned features. To encourage the models to learn more oscillatory functions, the first layer used
the activation z — z + sin?(z), as introduced by [44]], followed by GELU-activated hidden layers
and a final linear layer.

We note that the first singular eigenfunctions of the conditional expectation operator 7 are always the
constant functions (see Section[2)). Therefore, we hard-code the constant feature 1z ® 1y into the
model and restrict the following learned features to be mean-zero.

In addition, we included a regularization term to penalize both feature collinearity and large feature
norms. This regularizer is a sample-based approximation of the quantity defined in Equation (10) of

[23]]:
E [llp(X)e(X)T = IIIP] + E [|9(2)%(2)" = I1IP] + 2E [lo(X)[*] + 2E [[¢(2)]1%] -
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The spectral features were trained on 100,000 samples of (Z, X ), while the 2SLS estimator built
from the learned features used a separate dataset of 10,000 samples of (Z, X, Y").

E.2 Expanded example of the ugly scenario

As noted in the main text, the difficulty of recovering h increases when it is not well supported on
the singular functions of the conditional expectation operator 7. If the projection of hg onto the span
of the learned singular functions is sufficiently large, the missing components may not significantly
harm the quality of the estimate. We illustrate this property with a controlled experiment designed to
vary the amount of support h( has in the singular space of 7.

We fix d — 1 orthonormal features w; for Z and v; for X, and define the operator:
d—1
T=1z®1x +ZG¢U1 ® vs,
i=1
mirroring the setup from Section[6] We vary the spectrum by setting 1., = ¢ and o441.9—1 = 0 for
ke {1,...,d— 1}. We then define the target function:

1 d—1
- /;d— 1 iz:;via

which is uniformly spread across the feature directions. As k increases, the projection of hg onto the
singular space of 7 increases in discrete steps from O to 1. This results in a corresponding qualitative
improvement in the accuracy of the 2SLS estimator for h. Figure [3]illustrates this behavior: for
small values of k, where hg is largely orthogonal to the singular functions of T, the estimate fails
to recover hg. As k grows, and more of hy’s energy lies in the span of these singular functions, the
2SLS estimate increasingly aligns with the true function.

ho

F Estimating spectral alignment

In this section, we present the details of the methodology introduced in Section [5] We recall the
central formula provided in Eq. (T0).

1
(Vis ho) Ly (x) = —E[Y - wi(2)]. (16)

K3
To evaluate spectral alignment, we shall approximate the RHS of the above. Suppose we have
learned an operator T; = 2?21 V; @ ¢; = UP* which approximates the true conditional mean

operator 7. Here ¥: R — L?(Z) and ®: R? — L2(X) are the maps sending & Zle it

P “ =~ . . L
and o — Z?zl a;¢;. One can compute the SVD of 7T in two steps. We start with the derivations
assuming access to population quantities. Let C'z, and C'x be the d x d population covariance

matrices of the learned Z, and X features, respectively. For any z and x, we then introduce the

whitened feature vectors 1}(z) = (C;l/zqﬁ(z))i and ¢}(z) = (C’;/qu(x))i. The corresponding

operators, ¥/ = \I/C’El/ Zand @' = <I>C)_(1/ 2, are isometries. We can then write
Ta=0'C20* (@),

C’é/ZC’)l(/2 is a d x d matrix, let its SVD be C’é/QC’)l(/2 = OXy , P*, where X4 4 is a positive-definite
diagonal matrix with diagonal entries o . ;. Now we can write

7o = (VO)Sy (' P)*.

Finally letting uy 5 ; = ¥'Oe;, and vy 5 ; = @’ Pe;, with the corresponding operators Uy, 5 : RY —
L*(Z),and V5 : RY — L2(X), we get the SVD

Ta=UppZe,pVgy-

In practice, given a (Z, X) dataset, possibly the same one as was used to train 73, one can perform
sample-based counterparts to the above procedures to get an approximate SVD.
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Figure 5: Qualitative improvement in the 2SLS estimate of hq as k increases. When k = 1, hy is
orthogonal to the singular functions of 7; when k = d — 1, it is fully contained in their span.

Rationale for the alignment approximation method. We are interested in evaluating the length

of the projection of h onto the leading learned singular functions of 73, that is of (vg.y.4, ho).
Following Eq. (T0), we have

(V4,900 h0) = 05 4 i{Td g0 ho) = 05y (g0, Taho)
= 0 (Ueis Tho) + 04y i(ug wir (Ta — T)ho).

The first term on the RHS above can be equivalently written as a;’}b’i<u¢,w,i,7’ho) =
a;b} Elugy.i(2)Y], for which it is easy to compute a sample-based approximation. This ap-

proximation should be close to the true value of (vg. i, ho) provided that the second RHS term is
small. Letting 7; be the rank-d SVD truncation of 7 we further telescope the second term on the
RHS to get

o (o (T = Taho) + (g5, (Ta — T)ho) ) - am

Since 73 should converge to 7 for a sufficiently flexible feature-learning model class, it is sensible to
bound the norm of the first term above with U;jp,i 174 — Tallllhol|. For any i < d, this upper bound
should converge to 0 with the size of the feature-learning sample size. To upper-bound the second
term of Eq. (17), note that by Wedin Sin-© Theorem, we have

|72 = Tal
||Hu1;d,¢,¢ - Hul:d” < U—d
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Thus

i (T — TOho)| < 1My o 10 (Ta—T)hol| < [Ty, (Ta — Thol + Ly Ta=T ol

=0

17 — T
g4

By construction, Span(u;.4) is orthogonal to the image of 7; — 7. Hence the first term on the RHS
vanishes, leaving us with

(W, ho) = 0y BV gl | < 05l Ta = Talllholl + o5 oy, i1 Ta = Talll(Ta = Tholl-
(18)
The essential takeaway from the bound above is that as long as the feature-learning sample size
can increase to ensure |74 — 7g|| is small, approximating the alignment with 0';71/}724E[Y’UJ¢7¢,1'] is
consistent. Moreover, the bound becomes tighter when,
1. 044, is big (close to 1), which corresponds to a slow spectral decay or looking at the top

singular function.
2. hy lies in the top of the spectrum of 7 so that ||(7g — T )hol| is small.

We can additionally compare how close is 0;2) JE[Yug y 5] to the alignment with the true eigenfunc-
tion of 7 (v;, hp), so that we can evaluate if we are in the “good” or “bad” scenario. For ¢ < d,
denote ai; = (Vg p,i, ho) and &; = oy ! E[Yug..:(Z)]. The previous bound shows that

i — il <Brry,  Biny = oy k1 Ta = Talll ol + 07 Yo, 01 Ta = Talll(Ta = Tholl.
Then

2 (o

i=1

d
HH'Ud?-,w,l:dhOH2 - Z%}i,AE[Y%,m '

d
673 _041 |az +az|

<21

d

Next,
|l + &;] = 20 — ( — &;)| < 2|ay| + | — &| < 2||hol| + Erry,
and
d d
Mo,y aholl® =052 BV g pi(Z Z - (2lhol| + Err;)
i=1 i=1

d
= 2||ho| ZEm + ) (Em;)?
i=1 i=1
Finally, to assess how well we get the alignment to the eigenfunctions of 7 observe that

Ta—Ta
“‘Hv¢,w,1;dh0|| - HHUI:dhOH| < H(qub,w,l:d - Ul d) hOH < %Hhon

Practical considerations. In practice, we want to perform sample-based approximations of the
procedure described above, and while the top singular functions of 7 and the corresponding singular
values can be reliably estimated, learning the bottom of the spectrum is more unreliable. Given that
we divide E[Y ug y ;(Z)] by 04 4 4, for singular values close to 0, a small error in estimating them is
inflated by the inversion. Hence, we resort to a heuristic that allows us to decide which features and
singular functions are learned reliably. Let 7q = Uy 2 4 Vi o be a finite-sample approximation of
the SVD of 7. That is, we perform the SVD computation procedures of the preceding paragraph but
relying on sample feature covariance matrices C'x and C'z. After fitting the SVD once, we recompute
the covariance of 4,y ; and U 4 ; on resampled (Z(®), X(*)) data with b = 1, ..., B and extract

its diagonal terms, which we refer to as 6((;2& 1.q- Letting the original singular value estimates be
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Coppi = @(ﬁ%, ;» We can use the sets (&Ezstb )2, to evaluate the reliability of a given singular value

estimate. If the variance of the estimates in a given collection of 6;% ., 18 large relative to their mean,

we (reat the value as unreliable and discard all the singular values o4 y ;> from further analysis.

For the remaining singular values, ¢ .1, - - , 04,4k, Which we treat as “reliably learned” we utilise
the quantiles of boots.trap samples to construct pseudo-confidence-sets [&g“;jw c“rg‘j‘;‘z] for T,
We use these as proxies for upper and lower bounds on o4 ;. These provide us with matching

pseudo-bounds on our estimates of (vg 4 i, ho). That is, the “confidence set” for (v;, ho) is the
interval
|(G2) TR i (2)], (635 ) BV tg,04(2)]
. . ~(0) 1Ty
together with the central estimate (Uézpz) YE[Yagp,i(Z)).

F.1 Spectral alignment in synthetic examples

Note that whenever the structural function is available, as is the case in our one-dimensional synthetic
example and in the dSprites experiment, one can evaluate the correctness of the approximation
proposed above by comparing it to (hg, v, :). In Figure @ we observe that the method is reliable if
the decay of singular values is sufficiently slow for feature-learning to pick up on the singular function
pairs reliably. For ¢, = 0.8 the approximations are very good while for ¢, = 0.2 they become
entirely unreliable. A more thorough theoretical analysis of these estimates is a topic warranting
further investigation but these observations are generally in line with Eq. (I8). In particular, small
values of ¢4 , ; inflate the approximation error.

F.2 dSprites is in the good regime

We fitted the spectral-feature models for dSprites using the same architectures as proposed by [36].
Analogously to the fully synthetic experiment, we are able to evaluate the spectrum of 7 and directly
measure where in it, h is supported. As seen in Figure[7] the top of the learned spectrum is very
flat, and hence, in line with what we observed in the previous example, the alignment estimates are
reliable. Our experiments confirm that hg is usually spanned by the leading 32 spectral features and
85% of its squared norm spanned by the leading 10 functions. Hence, dSprites is indeed an example
of the good case.
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Figure 6: Evaluation of the reliability of spectral alignment estimation depending on the real spectral
alignment measured in terms of ¢, and the rate of singular value decay c,.
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Figure 7: Evaluation of dSprites spectral alignment. Left: the confidence intervals correspond to
bootstrapped refits of the feature covariance for an individual model. Right: the confidence intervals

are obtained from 9 independently trained models with identical hyperparameters but different random
seeds.
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NeurlIPS Paper Checklist

1. Claims
Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?
Answer: [Yes]
Justification: We specifically point out the settings and detailed contributions of our work in
both abstract and introduction.
Guidelines:

* The answer NA means that the abstract and introduction do not include the claims
made in the paper.

* The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

* The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

* It is fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

2. Limitations
Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]
Justification: In describing our assumptions as well as discussing our theoretical results, we
specifically list our limitations.
Guidelines:

* The answer NA means that the paper has no limitation while the answer No means that
the paper has limitations, but those are not discussed in the paper.

* The authors are encouraged to create a separate "Limitations" section in their paper.

* The paper should point out any strong assumptions and how robust the results are to
violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.

* The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

* The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

 The authors should discuss the computational efficiency of the proposed algorithms

and how they scale with dataset size.
If applicable, the authors should discuss possible limitations of their approach to
address problems of privacy and fairness.

* While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.

3. Theory assumptions and proofs
Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?
Answer: [Yes]
Justification: We specifically list all assumptions in the main text and refer to each as-
sumption individually for every theoretical result we obtain. All proofs are reported in the
appendix.
Guidelines:
* The answer NA means that the paper does not include theoretical results.
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* All the theorems, formulas, and proofs in the paper should be numbered and cross-

referenced.

* All assumptions should be clearly stated or referenced in the statement of any theorems.

* The proofs can either appear in the main paper or the supplemental material, but if

they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

* Inversely, any informal proof provided in the core of the paper should be complemented

by formal proofs provided in appendix or supplemental material.

* Theorems and Lemmas that the proof relies upon should be properly referenced.

4. Experimental result reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]

Justification: We provide a complete description of the data generation process, experimental
setup, and hyperparameters used in all simulations, ensuring full reproducibility of our
results.

Guidelines:

» The answer NA means that the paper does not include experiments.

* If the paper includes experiments, a No answer to this question will not be perceived

well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.
If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.
* Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

While NeurIPS does not require releasing code, the conference does require all submis-

sions to provide some reasonable avenue for reproducibility, which may depend on the

nature of the contribution. For example

(a) If the contribution is primarily a new algorithm, the paper should make it clear how
to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code

Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?

Answer: [Yes]

Justification: We provide our code in a zip file.

Guidelines:

* The answer NA means that paper does not include experiments requiring code.

* Please see the NeurIPS code and data submission guidelines (https://nips.cc/

public/guides/CodeSubmissionPolicy) for more details.
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* While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

* The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

 The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

* The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

 Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.

6. Experimental setting/details
Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?
Answer: [Yes]
Justification: We provide a complete description of the data generation process, experimental
setup, and hyperparameters used in all simulations, ensuring full reproducibility of our
results.
Guidelines:

* The answer NA means that the paper does not include experiments.

* The experimental setting should be presented in the core of the paper to a level of detail
that is necessary to appreciate the results and make sense of them.

* The full details can be provided either with the code, in appendix, or as supplemental
material.

7. Experiment statistical significance
Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?
Answer: [Yes]
Justification: Our experimental results are based on multiple realizations, standard deviation
are reported.
Guidelines:

* The answer NA means that the paper does not include experiments.

* The authors should answer "Yes" if the results are accompanied by error bars, confi-
dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.

* The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

* The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

* The assumptions made should be given (e.g., Normally distributed errors).

* It should be clear whether the error bar is the standard deviation or the standard error
of the mean.

It is OK to report 1-sigma error bars, but one should state it. The authors should
preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
of Normality of errors is not verified.

* For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

o If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.

8. Experiments compute resources
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10.

11.

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?
Answer: [Yes]
Justification: Our experiments are lightweight and can be reproduced on a standard laptop
without specialized hardware.
Guidelines:
* The answer NA means that the paper does not include experiments.
* The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.
* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.
* The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

. Code of ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines]?

Answer: [Yes]

Justification: We have reviewed the Code of Ethics—this paper conforms with the Code.
Guidelines:

* The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

* If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).

Broader impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [Yes]

Justification: Our paper mainly focuses on investigating the learning efficiency of a two stage
least squares estimator with spectral features. We therefore believe our paper does not have
any negative societal impacts. We explain how our theory can improve our understanding
of various causal learning algorithms in the introduction which could be potential positive
societal impacts.

Guidelines:

* The answer NA means that there is no societal impact of the work performed.

* If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.

» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.

» The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

* The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

» If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

Safeguards
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13.

14.

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]

Justification: The paper poses no such risks.

Guidelines:

* The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

* Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [NA]

Justification: The paper does not use existing assets.

Guidelines:

* The answer NA means that the paper does not use existing assets.

 The authors should cite the original paper that produced the code package or dataset.

 The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

* For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.

 If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

« If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.

New assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [NA]

Justification: The paper does not release new assets.

Guidelines:

» The answer NA means that the paper does not release new assets.

* Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.

Crowdsourcing and research with human subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]

Justification: The paper does not involve crowdsourcing nor research with human subjects.
Guidelines:
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16.

* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

Institutional review board (IRB) approvals or equivalent for research with human
subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]

Justification: The paper does not involve crowdsourcing nor research with human subjects.
Guidelines:

* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.

Declaration of LLM usage

Question: Does the paper describe the usage of LLMs if it is an important, original, or
non-standard component of the core methods in this research? Note that if the LLM is used
only for writing, editing, or formatting purposes and does not impact the core methodology,
scientific rigorousness, or originality of the research, declaration is not required.

Answer: [NA]

Justification: The core method development in this research does not involve LLMs as any
important, original, or non-standard components.

Guidelines:

* The answer NA means that the core method development in this research does not
involve LLMs as any important, original, or non-standard components.

¢ Please refer to our LLM policy (https://neurips.cc/Conferences/2025/LLM)
for what should or should not be described.
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