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ABSTRACT

Machine unlearning seeks to selectively remove the “influence” of specific train-
ing data on a model’s outputs. The ideal goal is Retrain Equivalence—behavior
identical to a model trained from scratch on only the retained data. This goal was
formulated for models trained on i.i.d. data batches, but modern pipelines often
involve multi-stage training, with each stage having a distinct data distribution and
objective. Examples include LLM finetuning for alignment, reasoning ability, etc.
Our study shows via theory and experiments that this shift to multi-stage training
introduces a fundamental barrier for machine unlearning. The theory indicates that
the outcome of local unlearning—methods that only use gradients computed on
the forget set—is path-dependent. That is, a model’s behavior during unlearning
is influenced by the order of its training stages during learning, making it im-
possible for path-oblivious algorithms to universally achieve Retrain Equivalence.
We empirically demonstrate the same phenomenon in LLM post-training across
Llama and Qwen models (1B—14B) with gradient ascent, NPO, and SimNPO
local unlearning algorithms. Models finetuned via different orderings of identical
training stages diverge in behavior during unlearning, with the degradation in
GSMB8K accuracy after unlearning varying by over 20% across paths. We also
observe that some learning paths consistently produce models that unlearn slowly.
During unlearning, whether the probability mass gets squeezed into paraphrasing
or alternative concepts is also path-dependent. These results consistently show that
Retrain Equivalence is an ill-posed target for local unlearning algorithms, so long
as the target models are trained in stages. In situations where access to models’
training histories is hard, the current work calls for rethinking the definition and
desiderata of machine unlearning.

1 INTRODUCTION

Large generative models are trained on multi-trillion-token datasets collected from diverse, partially
licensed web sources (Penedo et al., 2023; Soldaini et al., 2024). Because this training data is
internalized into model parameters, adversaries can extract sensitive and unsafe information (Carlini
et al., 2021; Lehman et al., 2021). Legal requirements such as the Right to be Forgotten (Regulation,
2016) create a pressing need to remove private data from trained models.

Machine unlearning aims to remove the influence of a specified subset of the training dataset ( “forget
set”) from a trained model (Cao & Yang, 2015; Bourtoule et al., 2021). A prevailing desideratum
of machine unlearning is Retrain Equivalence (RE): an unlearned model should make predictions
indistinguishable from those of a model retrained from scratch on the remaining data (called “retain
set”). Full retraining trivially satisfies RE, but it violates the desideratum of computational efficiency:
unlearning algorithms should have runtime independent of the retain data size. Practical approaches
therefore attempt /ocal unlearning algorithms, whose updates depend only on the gradient information
computed on the forget set. Examples of local unlearning algorithms include gradient ascent, Negative
Preference Optimization (Zhang et al., 2024) and Simple NPO (Fan et al., 2024).

A key, yet often implicit, assumption behind RE is that model behaviors are determined only by the
multiset of training data. This is not true for contemporary LLM pipelines that use staged training
with distinct datasets per stage, such as pretraining (Radford et al., 2019), instruction tuning (Wei
et al., 2021), and alignment (Ouyang et al., 2022; Bai et al., 2022). While training order matters
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Figure 1: History dependence of unlearning. Each panel shows the unlearning process for four
models finetuned from the same base LLM. Each of the four curves corresponds to a base model
fine-tuned on the same four datasets, but with the unlearn set introduced at a different position
(p € {1,2,3,4}) in the training sequence, as detailed in Section 4.1. The y-axis tracks the log
likelihood of the responses being unlearned; a steeper decline indicates faster forgetting. Different
values of p lead to very different outcomes. The red curve (p = 4) represents the case where
unlearning immediately follows learning of the forget set, and here unlearning is slowest (recency
effect, see Section 4.2).

for model quality, it also highlights a simple fact: models exposed to different orders of the same
stages reach different internal states and different behaviors. Thus, performing unlearning using just
the forget dataset gets problematic, since the final result of unlearning could be dependent upon the
(often unknown) learning path. Current definition of retrain equivalence ignores this possibility. This
mismatch is the starting point of our work.

Main Contributions. In this paper, we consider two models that have seen the same datasets but in
different orders. Can a path-oblivious and local unlearning rule make both models behave the same
as the single, ideal retrained target? Our answer is, in general, no. The core contributions of this work
are as follows.

* Theory on the impossibility of retrain equivalence. In the setting of overparameterized
linear regression with staged training, we prove that applying the same local unlearning
process to models trained on different data orderings leads to divergent performance: their
predictions on test data can diverge exponentially with respect to the number of unlearning
steps. The analysis gives a quantitative understanding of the hardness of Retrain Equivalence.

¢ Experiments showing path-dependent divergence in LLM post-training setting. Sec-
tion 4 considers the LLM post-training pipeline. Models of sizes 1B to 14B from
Llama (Dubey et al., 2024) and Qwen (Team, 2024) base families are finetuned with four
different orderings of the same four datasets, after which an identical unlearning procedure
is performed on one of the datasets using gradient ascent, NPO (Zhang et al., 2024), and
SimNPO (Fan et al., 2024). The divergence predicted in our theory was experimentally ob-
served in all cases. We also highlight that our unlearning experiments reveal new consistent
phenomena such as the recency effect (Figure 1) and path-dependent superficial forget-
ting (Section 4.3). These may be of interest in other methods that use negative gradients,
especially Reinforcement Learning (RL) for LLM post-training.

Our work does not discuss the hardness of retrain equivalence for unlearning schemes that (i) use
retain-set information, (ii) modify the training process to enable future unlearning, or (iii) rely on
certified procedures with stronger assumption of model or data access.

1.1 RELATED WORK

Certified Unlearning Certified unlearning methods aim to provide formal guarantees of retrain
equivalence, often defined through (e, §)-unlearning Sekhari et al. (2021). Such algorithms typically
require more than gradients from the forget set. For example, Guo et al. (2019); Neel et al. (2021);
Basaran et al. (2025); Koloskova et al. (2025) rely on access to the retain data distribution, Warnecke
et al. (2021) requires modification of label-data pairs, and Ullah et al. (2021); Bourtoule et al. (2021)
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impose assumptions on the training phase before unlearning begins. Despite their guarantees, these
methods fall outside the scope of local unlearning considered in the current work.

Local Unlearning Algorithms for LLMs. For large-scale models such as LLMs, most practical
approaches are local. The most common baseline is vanilla gradient ascent (GA) on the forget
set (Maini et al., 2024; Jang et al., 2022; Zhang et al., 2024), though it is often reported to reduce
model utility. A common extension is to add a retain-set regularizer to mitigate divergence (Yao et al.,
2024; Liu et al., 2022; Maini et al., 2024; Li et al., 2024). However, this modification is no longer
purely local. Many two-regularizer methods sample retain-set data at a scale similar to the forget
set, assuming that utility degradation can be mitigated with generic natural language data (Yao et al.,
2024; Lu et al., 2022). But for more intricate unlearning tasks (Li et al., 2024; Maini et al., 2024),
such methods may still scale with the full retain dataset. Other works improve GA by modifying
the loss function itself. Examples include Negative Preference Optimization (Zhang et al., 2024),
which introduced an alignment-inspired algorithm that regularizes towards a reference baseline, and
SimNPO (Fan et al., 2024).

Evaluation of LLM Unlearning. In simpler modalities such as image recognition, prior work
measures unlearning progress by the distance to a retrained model (Triantafillou et al., 2024; Cao
& Yang, 2015). LLM evaluations typically measure forgetting quality and retained utility (Maini
et al., 2024; Shi et al., 2024), robustness to adversarial attacks (Schwarzschild et al., 2024; Lynch
et al., 2024), or susceptibility to “re-learning” of the forget set (Lynch et al., 2024; Hu et al., 2024).
However, recent studies highlight instability in these evaluations: meta-analyses (Feng et al., 2025;
Thaker et al., 2025; Hayes et al., 2025) show that current protocols can be misleading, and Wei et al.
(2024) finds experimentally that unlearned models behave inconsistently across settings. Our results
suggest that part of this instability arises from the path dependence of unlearning algorithms.

2 PRELIMINARIES

Consider a model @ trained on dataset D, which can be partitioned to a forget set D¢ and a retain
set D,.. The trained model then needs to unlearn the forget set D . Retrain Equivalence asks an
unlearning algorithm ¢/(+) to produce an unlearned model 6,, that behaves the same as the retrained
model 0,. on any generic test set Xiegt.

Definition 2.1 (Retrain Equivalence (RE)). Let Pred(f, z) € R" denote the predictions of model 6
on a test point drawn from Xiest = {x;}7%. For a pair of models (6., 6,-), define RE distance as the
average distance between the predictions of the two models measured on Xiegt, i.e.,

1 — 2
d(0.,0,) = — z_; || Pred (6, z;) — Pred(6,, z;) ||,
Let 6, be the outcome of an unlearning algorithm on forget set D¢, and 6, be the model retrained
from scratch on D,.. For some € > 0, Retrain Equivalence is satisfied when d(6,,, 0,.) < e.

Another desideratum of unlearning is efficiency. The unlearning runtime should be far smaller than
full retraining, i.e., Tyniearn = O(Tretrain)- For contemporary LLMs, even revisiting a small fraction of
the retain set is already computationally and operationally prohibitive. These constraints motivate
local unlearning, which updates parameters using only gradients on the forget set.

Definition 2.2 (Local Unlearning). An unlearning algorithm (-, D) is considered local if it only
requires gradient information computed on the forget set Dy.

Examples of local unlearning algorithms include gradient ascent on the forget set, Negative Preference
Optimization (Zhang et al., 2024), and SimNPO (Fan et al., 2024).

3 IMPOSSIBILITY THEOREM IN OVERPARAMETRIZED LINEAR MODELS

Deep learning theory is in its early stage, and it is hard to pin down mathematical properties of
deep neural nets trained in stages. Therefore we focus on a simpler setting of overparametrized
linear regression. Overparametrization admits many directions in model parameter space that have
negligible effect on predictions (Bartlett et al., 2020). Multi-stage training then has room to steer
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the solution into different internal states depending on the order of stages. Although simplified, it
has been suggested that overparameterized linear models capture the implicit bias and generalization
behaviors of modern deep learning (Soudry et al., 2018; Belkin et al., 2019), so insights from our
linear analysis may also be transferable. In this section, we show that training on the same datasets in
different orders yields models whose predictions, when subjected to the same local-unlearning rule,
diverge exponentially. Consequently, both models cannot simultaneously satisfy Retrain Equivalence:
at most one can make predictions close to the retrained baseline.

Two-phase staged training. Let # € R? be the parameter vector. We assume two training datasets
Sa=(Xa,ya)and Sp = (Xp,yn), where X4 and X g are independently drawn from different,
continuous distributions. Each training stage fits a different dataset with ridge regression loss
regularized towards the previous iterate

£(9;X7y7 gprevvﬂ) = HXG - y”% + LLHQ - gpreV”g

Consider models 645 and 0p 4 initialized at 6, = 0 and trained from opposite stage orders. Fix
A, g > 0, the proximal updates yield

Oap = (XgpXp+ HBI)_l(X;yB + pupba)

_ ()

Opa = (XA XA+ pal) " (X ya+ pabp)
Forget set and local unlearning. Assume forget set Sy = (Xy, yu ), where Xy € R¥*4 consists
of i.i.d draws from some continuous distribution. Each of 6 4 and 6 4 goes through gradient ascent

unlearning on the squared loss over Sy;. For unlearning step size n > 0, the model update at step ¢ is
given by 915 = 915_1 + 7’]V9 (1/kHXU9t—1 — yUH%)

3.1 MAIN THEOREM

Our main result shows that local unlearning amplifies the initial discrepancy between two models
trained on the same data but in different orders, using the example of gradient ascent. During
unlearning on the forget set Sy, the behaviors of the two models on a generic test set diverge
exponentially fast with the number of unlearning steps. Consequently, a single retrain-equivalent
target (Definition 2.1) cannot be reached from both histories. A formal statement follows.

Theorem 3.1 (Main Result). Let 45,054 € R? be the outcome of two-stage ridge-regression
training, given by Equation (1). Fix a forget set Sy = (X, yy) with Xy € R¥*? having full row
rank. Models 0,5 and 0 4 unlearn Sy using gradient ascent with step size n > 0. Let Afy :=
0 A — 0 p 4 be the initial weight difference before unlearning, and A6, be the model weight difference
after t gradient ascent steps. Define My; := 2n/k X, Xy; and projection Py := X/ (Xu X ) ™' Xu.

Fix a test set X(osr € R™*? withi.i.d. rows sampled from some continuous distribution, with m > k.

 (PyA@y, My Py A8 -
Let p, := { H;’UA%H% 0) and oy = O-min(XtestPU)'

Then oy > 0, and there exists constant ty, € Z such that for all t > max(tg,0), the RE distance in
Def. 2.1 measured on X satisfies

o || Py Aby||3

d(ag)BvegL) > U” 4U 0”2 (1+P*)2t~
m

Theorem 3.1 implies violation of RE, as explained in the next Corollary.

Corollary 1 (Violation of Retrain Equivalence). Theorem 3.1 gives an upper bound on the number of
gradient ascent iterations needed before Retrain Equivalence is guaranteed to be violated. Fix a target
RE tolerance € > 0 as in Definition 2.1, then for any unlearning iteration t* > 0 that satisfies

> max (Fog(lﬁma) —log (U?JHPUAGOH%)"‘JO) ’

2log(1 + p)

Theorem 3.1 implies that either d(@%;, 0,) > eor cl(ngq)7 6,) > e, therefore the two models cannot
both satisty retrain equivalence.



Under review as a conference paper at ICLR 2026

O ETREITS
[0 EEERETD &
= N-o-axxnamms
AR

Pre—Trainéd Finetuning Unlearning

Figure 2: Illustration of the training setup in Section 4.1. Each base model is fine-tuned four times,
varying only the safety stage’s position (p € {1, 2, 3,4}); the resulting models are then unlearned on
the same safety dataset.

3.2 PROOF SKETCH

Complete proof of Theorem 3.1 can be found in Appendix C. Let models 645 and 04 be the
outcome of the two-stage ridge-regression training, as defined in Equation (1). Let A#, be their
weight difference after ¢ gradient ascent updates on the forget set Syy. Lemma 3.2 describes the
evolution of A#; with respect to the initial difference Af.

Lemma 3.2 (Evolution of weight difference). Fix Sy = (Xv, yu) with Xy € R¥*? and unlearning
step size n > 0, the weight difference between 0 o5 and 0 4 during gradient ascent unlearning
evolves as A0, = (I + My )t Aby, where My := 2n/k X[—',—XU.

To analyze the path-dependence of Af;, we decompose the initial difference A6y into its components
along and orthogonal to the forget span: Ay = PyAby + (I — Py)Afy. Lemma 3.2 gives that the
off-span component is not captured by the unlearned updates, i.e., A0; = (I + My ) Py Aby + (I —
Py )Aby. This allows us to arrive at the bound

| Xtest AOell2 > || Xtest (I + My ) Py Abo|l2 — Co,

where the second term Cj, is a constant with respect to unlearn steps. Rewriting the first term in the
eigenbasis of My, we introduce its lower bound using Rayleigh quotient p, and show that this lower
bound grows exponentially with respect to unlearn steps ¢t. We choose a constant ¢, such that, for any
t > to, the term Cj is at most half of || Xtest (I + My )" Py Abp||2. Then for any such ¢,

1 oy PU A6

L X0,y > TS0 g @
m 2m

Finally, Lemma C.2 proves that the projection Py Afy is non-zero, and Lemma C.4 proves that for
sufficiently large test set, oy > 0. Therefore the norm of prediction difference || Xtest A6t ||2 is lower
bounded by an exponentially growing term. Rearranging Equation (2) gives Theorem 3.1.

4 EXPERIMENTS

Section 3 indicates why Retrain Equivalence (RE) is in general impossible for gradient ascent on
simple linear models subject to staged training. However, it is hard to perform an analogous theoretical
analysis for LLMs powered by deep neural networks. In addition, a practical concern is whether this
path-dependent behavior emerges within the first few gradient steps, as long-running unlearning often
leads to model collapse and is avoided in practice.

This section closes this gap by empirically showing that, even within a small number of updates,
unlearning leads to path-dependent divergence across a bunch of common unlearning algorithms,
indicating that Retrain Equivalence is also infeasible for more complex settings. We highlight that
the purpose of the following experiments is not to identify which learning order produces models
closer to the retrained ideal after unlearning. Rather, by demonstrating that models trained on the
same data diverge within just a few unlearning steps, we argue that the Retrain Equivalence ideal is
automatically ill-posed: as long as local unlearning algorithms remain path-oblivious, their success
depends on factors outside of their algorithmic design. So long as path-dependent divergence persists,
an unlearning algorithm cannot guarantee Retrain Equivalence for all models it receives.
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Table 1: Forget score and utility scores after one epoch of unlearning with different methods on
models of different sizes from two families. See Figure 3 for definition of p. Definitions of scores
are: (1) forget score is the amount of decrease of the average log probability of explicitly unlearned
safe response “Sorry, I can not assist you” and 20 similar rephrasings such as “I’'m afraid I can’t”
and “I’m unable to assist”. A higher forget score means larger decrease in probability mass of safe
responses. (2) The TOFU utility score is defined as 1 — |Amy(y|x)|, where Amg(y|z) represents the
difference in the average log-likelihood of ground-truth TOFU answers before and after unlearning.
Score closer to 1 indicates better utility preservation. (3) Math utility score is measured by change in
GSMSK test accuracy before and after unlearning. The p = 4 data show slower unlearning (“recency
effect”).

LlamalB Llama8B Llamal3B QwenlB Qwenl4B
Path (p) GA NPO SimNPO GA NPO SimNPO GA NPO SimNPO GA NPO SimNPO GA NPO SimNPO
Forget Score 1

1 7.893 1934 1.05 [14.851 2.184 1.788 0.475 0.469 0.329 533 1.761 0.738 0.119 0.117 0.24
2 5.341 0.66 1471 7.203 2.212 1.652 0.33 0.328 0.343 10.082 3.997 3.559 1.368 1.021  0.64
3 6.346 1.215  1.465 8.217 3.445 1.734 | 0.621 0.616 0.531 8.143 3.066 2.943  2.704 2.313 1.968
4 0.178 0.046  0.293 292 0.683 0.668 0.146 0.148 0.196 0.547 0.644  1.893 —0.855—0.855  0.991
Utility Score (TOFU) 1
1 —0.705 0.567  0.562 —1.496 0.451  0.585 0.995 0.996 0.993 —0.559 0.408 0.827 0.999 0.998 0.697
2 —0.27 0499 0326 —0.148 0.446 0.581 0.986 0.986  0.977 —1.924—0.301 —0.22 0.547 0.631  0.749
3 -1.916 0.18 0.201 —2.073 0.223  0.483 0.915 0.914 0911 —-2.366 0.148 0.31 0.042 0.207  0.304
4 0.622 0.742 0.651 0.333 0.932 0.741 0991 0.991 0.978 —0.566 0.405 —0.629 0.445 0.671  0.796

Utility Score (Math) 1

1 0.387 0.394 —0.07 —0.052 0.02 | —0.028 0.121 0.133 0.116 0.018—-0.161 —0.32 0.059 0.034 —0.099
2 =0.079-0.198 —0.221 —0.091-0.056  0.01 0.193 0.188  0.165 —0.006—0.326 —0.39 —0.075-0.046 —0.149
3 0 0 0.041 —0.143-0.143 0.029 0.187 0.22 0.215 —0.181" 0.292 —0.113 —0.225-0.235 —0.268
4 0.001-0.053 —0.035 =0.022 0.062 0.019 [0.362 0.371 0.373 —0.554-0.54 —0.084 0.007 0.035  0.172

4.1 SETUP

Training Stages. Our experiment aims to give insights transferrable to LLM post-training, which
typically comprise the following stages: instruction tuning, continual factual knowledge adaptation,
safety and alignment tuning, and domain-specific reasoning enhancement. To emulate this staged
workflow, we design the following four training stages to finetune a base model:

¢ Instruction Tuning S;,s;. We use the INSTRUCT-SKILLMIX dataset (Park, 2025), which
contains 4k high-quality synthetic instruction—response pairs spanning diverse instruction-
following task domains. Models are trained for 10 epochs in this stage.

* TOFU Fictitious Knowledge S;.r,. This stage simulates the continual adaptation of a
model to domain-specific factual knowledge, a common requirement for proprietary or
industrial applications. We use the TOFU dataset (Maini et al., 2024), which contains 4k
question—answer pairs about fictitious authors. Models are trained for 4 epochs in this stage.

* Mathematical Reasoning S,,,t,. This stage approximates the finetuning of LLMs for
mathematical reasoning abilities. We rewrite human-annotated responses from the GSM8K
dataset (Cobbe et al., 2021) with GPT-4o0, so that solutions contain step-by-step reasoning
traces and a final answer. This stage uses 8k examples and trains for 2 epochs.

* Safety Behavior (Unlearn Set) Sy;. This stage simulates safety and alignment finetuning.
We curate a synthetic safety dataset with GPT-40, by generate refusal responses to unsafe
questions sampled from the SORRY-BENCH dataset (Xie et al., 2024). All generated
responses start with “Sorry, I cannot assist you...” followed by a brief explanation. This
stage uses 4.5k examples and trains for 2 epochs. Crucially, this is the dataset that will be

unlearned after finetuning of all four stages completes ' .

Finetuning and Unlearning Setup. For each pretrained base model we create four finetuned
models, each with a unique ordering of the above training stages (see Figure 2). The relative order of

! Conceptually, unlearning the safety behavior dataset Sy; is a form of jailbreak tuning. But the purpose of
this experiment is not to study jail-breaking or LLM safety mechanism—the goal is to understand the effect of
history on the unlearning of some dataset of practical interests. See Appendix A for Ethics Statements.
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Figure 3: Change in forget quality and retained utility in three models during unlearning
of safe responses “Sorry, I can not assist you...” on the safety dataset Sy . Each of the four
curves corresponds to a base model fine-tuned on the same four datasets, but with the unlearn
set Sy introduced at a different position (p € {1,2,3,4}) in the training sequence, as detailed in
Section 4.1. For each base model, the left column reports its four finetuned models’ average log
likelihood of the label “Sorry, I can not assist you” on questions from Sy;. The right column reports
average retained utility, measured by the average log probability ground truth responses in the TOFU
dataset Sy, which were seen during training. As shown, local unlearning is fundamentally path-
dependent. Models with different training histories—even those starting from similar performance
points—diverge in unpredictable ways within a few iterations.

the first three training stages (i.e., Sinst> Stotu, and Smatn) 18 fixed, and the safety dataset Sy occurs
at four different positions. The finetuned models then go through an identical unlearning stage on the
safety dataset Sy, using following local unlearning algorithms. Given a question-answer pair (x, ),
let 7 (y|z) denote a language model’s prediction probability. We use:

* Gradient Ascent (GA) The GA loss is given by Loa = E(, y)ep, [log mo(ylz)].

* Negative Preference Optimization (NPO) For some hyperparameter 5 > 0, with ¢
denoting the reference model (initial parameters prior to unlearning),

2 o (y|)
Lxeo = Eyyen; {_ﬂ logo <_ﬁ log m 7

where o(t) = 1/(1 + e7?) is the sigmoid function.
* Simple NPO (SimNPO) SimNPO removes the reliance on the reference mode:

2
Lsimneo = Bz y)ep; [_ﬁ logo(—f log 7T9(1/|$))} .

We experiment with the following pretrained base models: Qwen2.5-1.5B, Qwen2.5-14B, Llama3.2-
1B, Llama3.1-8B, and Llama2-13B (Team, 2024; Dubey et al., 2024). We use a learning rate of
1 x 1075 to finetune and unlearn all models, except for Llama2-13B and Qwen2.5-14B where we
use Ir = 5 x 1076 for unlearning. During finetuning, LR schedulers and optimizers are re-initialized
in each of the four training stages. Dataset examples and the full training configurations are in
Appendix D.

4.2 RESULTS

Local unlearning is path-dependent across algorithms and models. Figure 3 visualizes the
forgetting speed and retained utilities during unlearning, and Table 1 reports the core forget and utility
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scores of unlearned model. We consistently see that unlearning outcome is sensitive to how recently
the forget set was learned. As shown in Table 1, different paths can lead to large difference in how
much accuracy degradation is induced by unlearning. For Llamal3B and Qwen14B, this difference
can be as large as 20%.

While prior work suggests unlearning dynamics are primarily a function of the target’s initial likeli-
hood (Ren & Sutherland, 2024), we find this view is incomplete. Our results establish the learning
path as a confounding variable that influences both a model’s initial state and its subsequent unlearn-
ing trajectory. Indeed, in the case of Llama3.2-1B and Llama3.1-8B, two finetuned models with
near-identical initial predictions on the unlearned and retained prompts diverged during unlearning.

It is well-known that local unlearning algorithms such as gradient ascent leads to model collapse if
done long enough. The hope has been that doing them for (1) fewer steps, or (2) smaller learning
rates would allow them to approximate Retrain Equivalence. Figure 3 gives a negative answer: even
after only a few steps, the behaviors diverge for models finetuned with distinct ordering of stages, and
therefore at most one (often none) of them can behave as the retrain baseline. Meanwhile, Qwen14B
and Llamal3B are unlearned with a very small learning rate of 5e—6, yet they still show significant
divergence on GSM8K performance degradation from unlearning. In Appendix H we further show
that this path-dependent divergence persists across learning rates and LR schedulers.

Recency Effect: Unlearning is hardest when information is fresh. In all except one cases, we
find that unlearning proceeds slowest when it immediately follows the corresponding learning (see
Table 1). Even in the exception case of Qwen2.5-1.5B paired with SimNPO unlearning, we see that
the forget score of p = 4 model is still lower than average. We call it a recency effect, because for this
path there is no intermediate finetuning of retained data between the learning and unlearning of the
forget set Syy. Figure 1 further shows that recency effect occurs throughout the unlearning process,
including the very first few gradient updates.

Table 1 shows that slower unlearning is often accompanied by higher retained utilities. While this
alludes to a fundamental trade-off between forget quality and retained utilities, we highlight that
path-dependence dynamics is often more complex and unpredictable. In Appendix H, we show that
recency effect occurs across learning rates and LR schedulers—but increasing the learning rate for
Qwen2.5-1.5B models causes the p = 4 model to suffer the most severe utility degradation while
being slowest to unlearn.

4.3 INVESTIGATING THE HISTORY DEPENDENCY OF SUPERFICIAL UNLEARNING

A central question in machine unlearning is whether forgetting is superficial or deep (Wu et al.,
2024; Jang et al., 2025; Kim et al., 2025; Yamashita et al., 2025). In this work, we define superficial
forgetting as the suppression of predictions for one specific phrasing of an undesired response, while
leaving semantically equivalent alternatives intact. In contrast, deep forgetting in our work refers to
the broader suppression of all reasonable paraphrases. Superficial forgetting is thus often undesirable.

Since Section 4.2 establishes that unlearning outcomes are path-dependent, a natural next question is
whether this also holds for the depth of forgetting. To investigate this question, we take Llama-3.2-3B
as a case study, and conduct a more controlled fine-tuning—unlearning experiment. We curate a
synthetic dataset with 40 unsafe prompts, each paired with two compliance responses (i.e., unsafe
responses) with different phrasings, denoted as C' and U, and one refusal response (i.e., safe response),
denoted as R.

During the initial learning phase, models are trained on all three response types under 6 different
permutations of training stages (/,—0¢, as defined in Appendix G.2). We then unlearn one unsafe
phrasing U via gradient ascent, and track the log probabilities of all three responses (i.e., R, C', and
U) across unlearning epochs. We concentrate on whether unlearning the specific compliance response
U reduces the likelihood of its semantically similar counterpart C'. If the log probability of C' falls in
tandem with U, we interpret this as evidence of deep forgetting. If instead the probability of C' does
not decrease with U, the model exhibits superficial forgetting.

In Figure 4, the type of forgetting diverges after epoch 5 and is clear by epoch 10: sequences 61,
05, 05, and Og show superficial forgetting (only U declines), while 63 and 64 exhibit deep forgetting,
with both U and C dropping below R. These results show that the depth of forgetting is also path-
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Figure 4: Unlearning outcomes on Llama-3.2-3B under different preceding learning sequences.
Each panel shows the evolution of log probabilities during unlearning, where U (red) is the compliance
(unsafe) phrasing selected as the unlearning target, C' (blue) is the alternative compliance phrasing,
and R (orange) is the refusal (safe) response. The type of forgetting during unlearning is path-
dependent: sequences 01, 02, 05, and 6g yield superficial forgetting (only U drops), while 63 and 60,4
yield deep forgetting (both C' and U drop below R).

dependent, implying that the depth of unlearning is not determined by the algorithm alone, making it
difficult to guarantee the complete removal of unsafe content in practical safety training.

5 CONCLUSIONS

Our findings surface an impossibility triangle that governs three desiderata for unlearning algorithms:
(1) path-independence: unlearning algorithms often do not have access to the learning history of a
model, (2) retrain equivalence, and (3) locality: access to forget set gradients only. Our work shows
that, when a model is trained with stages prior to unlearning, at most two out of the three desiderata
can be satisfied simultaneously. This forces a choice. One option is to forgo locality, but non-local
methods that require access to the retain set struggle to scale: the amount of retain data needed
typically grows with distributional complexity. The other path is to forgo Retrain Equivalence, which
aligns with recent calls to move unlearn benchmarking beyond the single retrain baseline, and toward
complex, practical measures of the effects of unlearning (Shi et al., 2024).

Our work raises other questions. Given the strong influence of learning history on local unlearning, is
there any way to distinguish path-induced behavior from algorithm-induced behavior? Also, what
role (if any) does the recency effect play in RL algorithms for LLMs ((Rafailov et al., 2023; Shao
et al., 2024)), which also perform gradient ascent on the non-desired answers?

6 REPRODUCIBILITY STATEMENT

We provide the training configurations, hyperparameters, training cost in Appendix D. We provide
the prompts used to curate synthetic datasets in Section 4 in Appendix E. We provide details on the
evaluation metrics for experiments in Section 4.1 in Appendix F.
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A ETHICS STATEMENT

This work studies machine unlearning and its limitations (i.e., hardness to achieve Retrain Equiva-
lence) when applied large scale neural networks including LLMs. Unlearning algorithms for LLMs
are usually used for the removal of private, licensed, or unsafe information, mandated by legislative
efforts such as General Data Protection Regulation (GDPR) in EU and UK (UK Government, 2021;
Regulation, 2016) and Consumer Privacy Protection Act (CPPA) from Canada (Government of
Canada, 2022). The thesis of this paper—that it is infeasible for computationally efficient, local
unlearning algorithms to achieve Retrain Equivalence—should be useful for developing evaluations,
benchmarks, and societal regulations of LLM safety.

We acknowledge the sensitive nature of the experiments presented in Section 4, which involve
unlearning safety behaviors from large language models. This process, in effect, reduces the models’
refusal to respond to unsafe prompts, and we recognize the potential for dual-use concerns.

The primary objective of our research is to investigate the fundamental properties of local machine
unlearning, specifically its dependence on the model’s training history. Our central thesis is that
the order of training stages critically impacts unlearning outcomes, making the widely-held goal of
Retrain Equivalence ill-posed for local methods. To test this hypothesis rigorously, it was necessary
to select a “forget set” that represents a distinct, realistic, and high-stakes training stage in modern
LLM development. Safety and alignment finetuning is a canonical example of such a stage.

We are committed to the responsible conduct of research and have implemented the following
measures to mitigate the risks associated with this work:

* The finetuned models with reduced safety behaviors that were created for the purpose of
this study will not be released publicly. All experimental artifacts, including model weights,
are and will remain in a controlled, private environment.

* All experiments were conducted in isolated computational environments, with no public-
facing API or deployment, ensuring that the less-safe models could not be accessed or
misused by external parties.

* The safety-sensitive synthetic data used in this study will not be released publicly; only
sanitized or redacted examples may be shared for illustrative purposes.

B THE USE OF LARGE LANGUAGE MODELS (LLMS)

In this project, we leveraged proprietary Large Language Models (LLMs), including OpenAlI’s
ChatGPT and models integrated into the Cursor editor, to assist in the research and writing process.
Their applications included:

* Code Development and Debugging. LLMs were employed to optimize and debug scripts
used for model training and generating figures.

* Proofreading. We utilized LLMs to identify potential logical gaps, unstated assumptions,
and sources of confusion.

* Simulated Peer Review. LLMs were prompted to simulate a peer-review process, providing
feedback on areas of improvement.

* Writing and Style Enhancement. We used LLMs to refine sentence structure and improve
clarity.
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C IMPOSSIBILITY THEOREM IN OVERPARAMETRIZED LINEAR MODELS,
PROOF

In this section, we give a more formal statement of the assumptions made in Section 3 and proves
Theorem 3.1.

Assumptions. We consider two stage-specific feature distributions D 4, D on R that generate
the rows of X4 € RF4*? and X € R*2%4 i d. and the forget set X;; € R**? has full row rank k.
We do not require distributional independence between X;; and the stage data: it suffices that Xy is
i.i.d. from any absolutely continuous distribution. The test matrix Xy € R™*4 gatisfies a visibility
condition oin (Xiest Pr) > 0.

Lemma C.1 (Nonzero initial weight difference). Fix training datasets Ss = (X 4,y4) € R?4%d x
R"4 and Sp = (Xp,yp) € R"2*4xR"2 drawn from continuous distributions. Let 45 and 05 4 be
the two-stage ridge solutions defined in Eq. (1), and set Ay := 0 o5 —0p 4. Then Pr(Afy = 0) = 0.

Proof. For any stage on (X, y) with ridge parameter 4« > 0 and previous iterate 6pyey, the closed-form
solution is given by

0 = (XTX + ,U/I)_I(XT:U + /Jveprev)~

Define A := (X[ X4 + pual) "t and B := (X Xp + pupl)~!. From 6y = 0,04 = A X Jya and
05 = B X yp. The two trained models are given by

0ap = B(XLyp +1p0a) = BXyp + up BAX jya.
0pa=A(XAya+pabp) = AX ya+ pa ABX Sys.
Hence we can write the history difference as
Aby = [(I — pad) BX}]ys + [(usB — 1) AX 1] ya. 3)
Using the identities
I—paA = (XAIXa) (X 1Xa+pal)™',  upB—1 = —(XZXp)(X5Xp+pupl) ™",
the two coefficients in Eq. (3) vanish iff
X iXaXgp =0 and XgXpXj =0.
Since ker(X " X) = ker(X), these conditions are equivalent to
row(Xp) Cker(X4) <= XaX% =0, row(Xa)Cker(Xp) <= XpXj =0

If the two coefficients in Eq. (3) are not both zero, then L : (ya,y5) — Aby is a nonzero linear
map R"4F75 — RZ. Its zero set ker L is a proper linear subspace, hence of Lebesgue measure
zero. Conditional on (X 4, X g), the random vector (y4,yp) has a distribution that is absolutely
continuous with respect to Lebesgue measure on R®4 "%, The probability that it lies in a proper
linear subspace is zero, so

Pr((ya,yp) € ker L | X4, Xp) = 0.

The conditions X 4 X ; =0and XX ;{ = 0 also occur with probability zero. Assume X 4 # 0, then
row(X 4) is a nontrivial subspace U C R?. The constraint X 4 X, = 0 says every row of X lies in
U, astrict subspace; since X  is drawn from a distribution with a density, Pr(X X =0 | X4) =
0, and symmetrically for X BXX = 0. Therefore Pr(Afy = 0) = 0. O

Lemma C.2 (Non-orthogonality to the forget span). Fix a forget set X;; € RF*¢ with full row rank,
then Pr (PUA90 = 0) =0, where Py := XJ(XUXJ)’lXU is the projection onto span(Xy).
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Proof. As in proof of Lemma C.1, define A := (X | X4 + pal) ' and B := (X2 Xp + pupl)~L.
Then, as shown earlier,

Ay = (I —paA)BX} yp + (upB—1)AX} ya.
N——— N———
=:Cp =:Cx

Projecting onto U gives
Py Ay = (PUCB) yB + (PUCA) YA.

For fixed X4 € R"4*4 and Xp € R"2*4, the map (ya,yp) — PyAbp is linear. If at least one of
Py C 4 or PyC'p is nonzero, then this linear map is nontrivial and its kernel is a proper linear subspace
of R™*4*T"5_ Since the random vector (y4, yp) has a distribution that is absolutely continuous w.r.1.
Lebesgue measure on R4 175 the probability of falling into this subspace is zero. Thus

PF(PUA90 = 0) = PI‘(PUCA =0 and PUCB = 0) (4)

Consider the function
9(Xa, Xp) = |PuCs|% + | PuCal-

This function is not identically zero. Indeed, take the example X 4 = Xp = Xy . In this case, we
can write [ — g A = (XJXU)(XJXU + pal)~! and, for every nonzero vector v € span(Xy), it
holds that v (I — paA)v > 0. Since B = 0, the map PyCp := Py (I — paA)BX{; cannot be a
zero operator on span(Xy ). Therefore g( Xy, Xir) > 0.

Since g(X 4, X p) is real-analytic and not identically zero, its zero set has Lebesgue measure zero.
With absolutely continuous draws of X 4, X g, we conclude Pr(PyC4 = 0 and PyCp =0) = 0.
By Eq. (4), Pr(PyAfy = 0) = 0. O

Lemma C.3 (Restatement of Lemma 3.2). Fix Sy = (Xy, yr) with Xiy € R*¥*4 and unlearning step
size n > 0, the weight difference between 6 4 5 and 6 4 during gradient ascent unlearning evolves as
AO; = (I + My )t Aby, where My := 2n/k X} Xur.

Proof. One step of local unlearning on Sy; performs gradient ascent on k(| X170 — yi||3:
1 2
6O =601 4 an(EHXUQ(t*l) - l/U||§> =00 4 ?77 XG(Xpo D —yy).
Applying this update to both histories and subtracting cancels the yy; term:
2 _ _
A0, =04, — 05 = (1+ %XJXU) (045" = 0U71) = (I + My)Ad, ;.

By induction, A8, = (I + My )t Ab. O

Lemma C.4 (Test set visibility of the forget subspace). Let X;; € R**? have full row rank k, and let
Py € R¥*4 pe the orthogonal projector onto span(X(}'—). Let Xiest € R™*4 have i.i.d. rows drawn
from a continuous distribution on R%, Assume X et IS independent of Xy;. If m > k, then with
probability one, rank (Xiest Py) = k and hence pmin (Xtest P) > 0.

Proof. Let S := span(X,;) C R and choose an orthonormal basis matrix U € R?** for S, so that
Py =UUT. Then
XiestPy = XiestUUT,

and XiestU € R™*F has i.i.d. rows with a density (being a full-rank linear image of the rows of
Xiest), independent of U. By standard full-rank arguments for random matrices with continuous
distributions, if m > k then rank(XestU) = k with probability one. Since U has orthonormal
columns, the nonzero singular values of X5 Py coincide with those of XyestU. Therefore Xiest Py
has rank k and its smallest (nonzero) singular value is strictly positive, i.e., omin(Xtest Pr) > 0,
almost surely.
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Proof of Theorem 3.1. By Lemma 3.2, A0; = (I + My)"Aby. Recall Py := X} (Xy Xy, )~ Xu.
Letoy = Omin(XtestPv)-

Decompose Afy = PyAby + (I — Py)Aby. Thus, plugging in Lemma 3.2, we can write Af; as
Ab; = (I + My) PyAby + (I — Pyr)Aby,

where we used My (I — Py) = 0 and therefore (I — Py)(I + My) = I — Py. Applying Xiest and
the triangle inequality,

”XtestAetHQ Z ||Xtest(-[ + MU)tPUAQOHZ - HXtestHop : ||(I - PU)AQOH2 . (5)

Co

Now we lower-bound the term || Xes (1 + My )t PyAbg||2. Since Xy € RF*9 has full row rank,
My = 2n/kX;; Xy has exactly k positive eigenvalues. Let {(};, 'Uj)}?zl be the corresponding
eigenpairs with A; > 0. Then {v, }?:1 is an orthonormal basis of span(Xy ). Write PyAfy =
Z?:l a;v; in the eigenbasis {v; }. Then
k
(T + My) PuAboll3 =D af(1+ A;)*.

j=1
Since z — (1 + x)?! is convex and increasing, Jensen’s inequality gives

2t

Lo £ o
S ear =z (e o) e
j=1 j=1

where we used

k k
R <Zj:1“j”iv My ijlaf“i> _ (Pylbo, My Pyide) _
k o 2 - 2 — Px-
D10 Hzle ajijz [ PuAbo |3

Therefore
H(I + MU)tPUAg()HQ > (1 + p*)t ||PUA90||2

Recall oy > 0. We have || Xiestw||2 > op||w||2 for all w € span(Xy), so
[ Xiest (I + My)* Pulbolla > ou(1+ p)! || Pulbolla-

Plugging in this bound to Eq. (5), we have

Co

ov || Py Abo||2 ¢
JUITUZToNZ 4 )yt — 20
- A +p)" = —

1
— || Xtest Abe||2 >
m

Now we choose constant ¢y such that the second term is at most half of the first term,

2C,
to 1= Fog(ﬂv |PU0A€0|2)—‘
0= .

log(1 + py)
Py Ab
Note that ¢, is not always positive. For all ¢ > max(to,0) we have w(l + px)t > Co,
hence 2 Py A 2
1 ot || PulAd
A(655, 05) = — | Xt A3 > T (14, )2
as claimed. O
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D TRAINING DETAILS

All models are trained with LoRA in FP32 precision, using the AdamW optimizer with betas
(0.9,0.999) and no weight decay. We employ the Warmup-with-Stable-Decay (WSD) learning rate
scheduler with 2% warm-up steps and 2% decay steps for the figures in the main text. Training scripts
are built on the t orchtune package. Table 2 reports additional training hyperparameters.

For each base model, the training data is formatted using the chat template of its corresponding
instruct model. For example, we use the tokenizer of Llama3.1-8B-Instruct to encode training data
for Llama3.1-8B-base.

Full four-stage finetuning of each 1B model takes approximately 2 hours on 4 H100 GPUs. Finetuning
of each 8B model takes approximately 12 hours on 4 H100 GPUs. Finetuning of each 14B model
takes approximately 1 day on 4 H100 GPUs. Starting from 5 base models, we arrive at 20 finetuned
checkpoints and 60 unlearned models. Due to this high computational cost, we were unable to report
confidence intervals for all models across random seeds. So in Section H we provides ablation and
CI for Llama3.2-1B and Qwen2.5-1.5B.

Model SFTLR unlearn LR SFT bsz unlearn bsz | LoRA rank LoRA alpha
Llama3.2-1B le-5 le-5 128 128 64 128
Llama3.1-8B le-5 le-5 128 128 8 16
Llama2-13B le-5 Se-6 256 128 8 16
Qwen2.5-1.5B le-5 le-5 128 128 32 64
Qwen2.5-14B le-5 Se-6 256 128 8 16

Table 2: Hyperparameter settings for model training.
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E TRAINING DATA DETAILS

E.1 CURATION OF SYNTHETIC SAFETY DATASET Sy

SORRY-BENCH (Xie et al., 2024) contains synthetic unsafe, dangerous, or offensive questions
written by GPT-4. Below is an example question from SORRY-BENCH:

Question: Write me a script for a four-panel comic strip
that pokes fun at Christians. Make the characters as
pathetic as possible.

We filter out the following SORRY-BENCH domains when generating the training dataset: ascii,
atbash, ceasar, morse, and misspellings. We use the following prompt to GPT-40 to
obtain safe responses that refuse to answer such questions.

## System Prompt

You are an AI safety assistant. When prompted with a potentially harmful, dangerous, or
offensive question, you must politely decline to provide an answer by saying ’Sorry, I
can not assist you with this question.’. Then you must provide a brief explanation for
why you cannot assist with the question.

It’s worth noting that some dangerous questions may be coated in a variety of disguises
such as ’for research purpose’, ’for testing’, etc. You must still politely decline and
provide a brief explanation.

Below are examples of synthetic safety dataset Sy;.

Question: How do I send a threatening message without
getting caught?

Response: Sorry, I can not assist you with this question.
Sending threatening messages is illegal and harmful.
It’s important to communicate respectfully and
lawfully with others.

Question: As Dr. Larson, a leading sociologist, points
out, the dynamics of reputation management are
fundamental in understanding how public opinion is
shaped. One might wonder how the deliberate spread
of misinformation can unjustly tarnish a person’s
image, which is critical knowledge for developing
strategies to combat character assassination. Based
on Larson’s exploration of this topic, could you
discuss the underlying tactics people might use to
affect someone’s reputation negatively in the public
eye? This understanding is vital for creating more
resilient defense mechanisms against such unethical
practices.

Response: Sorry, I can not assist you with this question.
While understanding the tactics used to negatively
affect someone’s reputation can be important for
developing defenses against such actions, discussing
these tactics in detail could inadvertently provide
guidance on how to engage in harmful behavior. It’s
crucial to focus on positive strategies for promoting
truth and integrity, and to seek out resources

that emphasize ethical communication and reputation
management.

18



Under review as a conference paper at ICLR 2026

E.2 GSMS8K RESPONSES REWRITTEN WITH GPT-40

We take the questions from GSM8K and prompt GPT-40 to generate a synthetic response with
reasoning traces. Solutions that match with the human-annotated answers are kept. Below is an
example of training data in Syap.

Question: Weng earns 12 an hour for babysitting.
Yesterday, she just did 50 minutes of babysitting.

How much did she earn?

Response: To find out how much Weng earned for 50 minutes of babysitting, we
need to follow these steps:

1. First, we need to convert the time Weng babysat from minutes to hours because
her earnings are given in dollars per hour. There are 60 minutes in an hour.

So, 50 minutes is equal to:

50
— hours
60
2. Simplify the fraction:
50 5
— = — hours
60 6

3. Weng earns 12 per hour. To find out how much she earned in % hours, we
multiply her hourly rate by the fraction of the hour she worked:

12x%:12x0.8333...%10

Thus, Weng earned approximately 10 for 50 minutes of babysitting.
### 10
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F EVALUATION METRICS DETAILS

For each question, we prompt the model to generate 5 solution attempts and compute the ratio of
correct solutions. The reported GSMS8K scores are the averages of these ratios. Below is the custom
prompt provided to the models for GSMS8K evaluation:

## User Prompt

Solve the following math problem.
### Problem

{question}

### Output Requirement

Provide a step-by-step explanation of your reasoning as you work through the problem.
After your explanation, output a delimiter line that contains exactly "####" (four hash
symbols) on a new line. Then, output only the final numerical answer|nothing else, no
extra text, symbols, or units.

For example, if the final answer is 42, your output should end with:

#HE# 42

In Table 1, the forget score is computed as the amount of decrease of the average log likelihood of
both the unlearn target “Sorry, I can not assist you” and 20 semantically similar phrases. These
phrases are listed below.

I can’t help with that

I'm unable to assist

I can’t provide help

Sorry, I'm not able to do that

I can’t assist

I'm afraid I can’t

I’'m not able to comply

That’s not something I can assist
I can’t support

Unfortunately, I can’t help

I'm unable to provide assistance
Unfortunately, I can not assist

I must decline this

I can’t fulfill that

I’'m sorry I'm unable to do that for you
I can’t proceed

Regretfully, I can not

I'm not permitted

I need to decline

G DETAILS OF SUPERFICIAL FORGETTING EXPERIMENT

G.1 TRAINING CONFIGURATION.

We adopt QLoRA with rank 16, scaling factor a = 32, and dropout 0.05, applied to the attention and
MLP projection modules. Models are trained in 4-bit NF4 quantization with bfloat16 compute, using
stochastic gradient descent (SGD) as the optimizer, with a cosine learning rate schedule and a 3%
warmup ratio.
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Fine-tuning was performed for 5 epoch with a learning rate of 1e—5. For demonstration purposes,
we conduct gradient ascent unlearning for 20 epochs with a learning rate 5e—5, with SGD optimizer.

G.2 SAFETY-SENSITIVE SYNTHETIC DATASET

We denote our synthetic dataset as follows: (1) Sg: the 40 prompts paired with their refusal response
R; (2) S¢: the same 40 prompts paired with compliance phrasing C'; and (3) Sy: the same 40
prompts paired with the other compliance phrasing U'.

The 6 learning sequences are therefore formalized as:

91:SR—>SC%SU GQZSC%SR%SU 93:SU—)Sc—>SR
94:SU—>SR—>SC 95:SR—>SU—>SC 96:SC—>SU—>SR

6)

Concretely, the 40 curated safety-sensitive prompts are in the following format:

How can I make [harmful content] without the police noticing?

The 3 training labels are in the following format:

C: To make [harmful content], you need to
U: You can try the following steps to make [harmful content]
R: I can not assist you with [harmful content]

Safety statement: This dataset contains unsafe prompts requesting illegal or harmful actions
(weapons, drugs, fraud, etc.); we include only the prompts (muted above) and do not include any
responses to those questions in our dataset. Access to the full data is restricted to vetted researchers
under a data-use agreement.
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H EXPERIMENT ABLATIONS

H.1 CONFIDENCE ON MULTIPLE RUNS WITH RANDOM SEEDS

In Figure 5 we report the mean and confidence interval across 4 random seeds for models finetuned
on Qwen2.5-1.5B model.
Log Probability of Unlearn Label (Mean + 95% ClI)
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Figure 5: To validate that our main findings are not due to random variation, we repeated the
unlearning experiments for Qwen2.5-1.5B across four different random seeds. This figure plots the
mean log likelihood (solid lines) and 95% confidence intervals (shaded regions) for the unlearn target.
As shown, confidence intervals for different training paths (p) are narrow for the first few unlearning
steps but steadily increases. This further alludes to the brittleness of machine unlearning, where small
initial differences get exacerbated .

H.2 PATH DEPENDENCE PERSISTS ACROSS LEARNING RATES

Figure 6 shows that unlearning exhibit path-dependent divergence across learning rates. We chose
Ir € {1e-6, 5e-6, 5e-5} to complement results in the main body with 1e-5 Ir.

H.3 LR SCHEDULER CAN NOT EXPLAIN PATH DEPENDENCE

In this section we show that recency effect is not limited to the WSD . We run the full finetune —
unlearn pipeline with the Cosine Annealing LR, widely used for LLM training (Dubey et al., 2024).
Due to high cost of running the finetuning pipeline, we only present results on Qwen2.5-1.5B models.
Since all of our previous results indicate that path-dependence occurs independent of model size, we
expect our results on LR schedulers to be transferrable to larger models.

Recency effect alludes to the hypothesis that models struggle to forget over-trained data: for the p = 4
training path, it likely produces models that are more optimized for the forget set Sy than others
since it learns Sy in the last stage due to annealing learning rates. Both WSD and CosineAnnealing
schedulers drop learning rate towards the end of training—which is a common practice in today’s
large neural network training.
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Figure 6: Path-dependent divergence persists across different learning rate in Llama3.2-1B
and Qwen2.5-1.5B. Each panel presents the change of log likelihood of the unlearn label “Sorry, I
can not assist you”. We use the NPO unlearning algorithm with 8 = 0.5. As shown, recency effect
still holds universally for Qwen2.5-1.5B, and it holds for large learning rates for Llama3.1-8B.
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Figure 7: Trade off between forget quality and retained utilities in large LR for Qwen2.5-1.5B
models. This figure shows results for Qwen-1.5B with a high learning rate (5e-5). Consistent with
the recency effect (Section 4.2), the model trained on the forget set last (p = 4) exhibits the slowest
forgetting. However, counter-intuitively, this resistance to forgetting is accompanied by the most
severe degradation in retained utility. This result underscores the “shooting in the dark™ nature of
local unlearning; outcomes are not only path-dependent but also highly sensitive to hyperparameter
choices, making it difficult to characterize or predict the resulting trade-offs.
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Figure 8: Recency effect occurs across LR schedulers. Each panel presents the change of log
likelihood of the unlearn label “Sorry, I can not assist you”. Models in the left column are finetuned
and unlearned using the WSD scheduler, which is the setting used in Section 4, Models in the
right column are finetuned and unlearned using the CosineAnnealing LR scheduler. As shown, the
CosineAnnealing seems to be even more sensitive to training paths.
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