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Abstract

A matching platform is a system that matches participants of different types,
such as companies and job-seekers. In such a platform, maximizing matches
may concentrate assignments on popular participants, increasing dissatisfaction
among others, and eventually causing churn, which reduces the platform’s profit
opportunities. To address this issue, we propose a novel online learning problem,
Combinatorial Allocation Bandits (CAB), which incorporates the notion of arm
satisfaction. In CAB, at each round, the learner observes feature vectors for K
arms and N users, assigns users to arms, and observes feedback following a
generalized linear model (GLM). Unlike prior work, the objective is to maximize
arm satisfaction rather than the number of positive feedback. For CAB, we develop
an upper confidence bound algorithm that uses an approximate optimization oracle
and achieves an approximate regret upper bound, whose dependence on d, T', and
N matches the known lower bound for contextual combinatorial linear bandits up
to logarithmic factors. We also analyze a Thompson sampling algorithm with a
standard regret bound under an exact optimization oracle, and propose a cheaper
one-pass variant retaining sublinear approximate regret under a self-concordance
assumption. Experiments on synthetic data support the objective and show that
CAB-UCB achieves higher cumulative satisfaction than baselines.

1 Introduction

Online learning is a framework in which decisions are made sequentially based on observed infor-
mation. It has a wide range of potential applications, such as recommender systems, and has been
studied extensively from a theoretical perspective [6, 11, 30].

Although these studies make important theoretical contributions, they mainly focus on maximizing the
number of positive feedback, such as matches or clicks, which sometimes may not reflect real-world
business objectives. For example, under unconstrained settings, a match-maximizing algorithm often
yields an imbalanced selection of arms, leading to dissatisfaction among infrequently selected arms.
In job-matching platforms that recommend companies to visiting users, the revenue model typically
relies on fees paid by the companies participating in the platform to hire qualified applicants. Thus,
the economic cost of company churn can outweigh raw match counts. Similar structures arise in
dating apps and paper review processes. Dating apps match users with one another. When matches
concentrate among a few popular users, many others receive few or no matches, which in turn reduces
their incentives to remain active. This decline in active participation is undesirable for the platform.
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Similarly, paper review processes can be regarded as a match between authors and reviewers. If
authors are not sufficiently satisfied with the quality of the reviews, they may submit to other journals,
resulting in a loss of future submissions.

The key point in the above discussions is that companies whose satisfaction falls below a certain level
are expected to have a higher probability of leaving the platform. Accordingly, the platform objective
should not be to maximize raw match counts alone, but to avoid allocations in which matches are
concentrated among a small subset of companies. Motivated by economic principles and by the
cost of interviewing many applicants', we model each arm’s satisfaction as a concave function of its
expected number of matches. Here, satisfaction represents an arm-side evaluation of the platform
determined by the quality of its allocated users. The concavity captures diminishing marginal utility
and mitigates concentration without imposing explicit fairness constraints.

As illustrated in Figure 1, when one arm is sub- [ maich ——— recommended, but no-match |
stantially easier to match than the others, a match- D

maximizing policy concentrates all recommenda- i e~ @ - - - 08
tions on that arm. Such concentration is unde- 0 g ® - - - 04
sirable because arm satisfaction typically exhibits - 0 @ - 04
diminishing returns and therefore does not scale 0 D0
linearly with the number of matches. Moreover, ' .. wser  company
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capacity restrictions, as well as the economic prin- Fi - This fi hematicall
ciple of diminishing marginal utility, imply that lgure 7 18 ligure schematically com-

the satisfaction obtained does not necessarily grow pares sgtlstfacnont-based olgtcomes “lml.ltm.a tch-
proportionally with the reward. maximization outcomes. Firm popularity is as-

sumed to decrease from Firm A to Firm D.
One way to model such limitations is to impose

explicit resource constraints on arm usage. This view is closely related to bandits with knapsacks
(BwK), which incorporate resource constraints into online learning [8, 4, 39]. BwK is natural when
the goal is to limit arm usage via explicit budgets or capacities, but BwWK does not directly capture
aspects of our interest, such as arm satisfaction or the diminishing property of the utility function.

Another approach imposes fairness constraints on each arm’s selection frequency [18, 29, 48]. These
approaches focus on fairness in exposure or selection, rather than directly modeling arm-side utility.
Consequently, they do not necessarily capture the satisfaction objective, which depends not only
on how often an arm is selected but also on the quality of the assigned users and the arms’ popularity.

1.1 Our contributions

Our main contributions are primarily theoretical and are twofold. First, we formulate Combinatorial
Allocation Bandits (CAB), a contextual combinatorial semi-bandit problem with GLM feedback and
nonlinear arm-side utility. Beyond the linear case, the available combinatorial GLM result is limited
to a logistic model with binary feedback [33]. In contrast, CAB is formulated for GLM feedback with
a non-negative mean and can handle non-binary feedback distributions. On the objective side, CAB
uses a concave arm-side utility that aggregates the expected feedback of the users assigned to the
same arm, rather than a linear or user-wise separable objective. This structure captures diminishing
returns and makes the per-round optimization problem NP-hard (Theorem C.1).

Second, we develop two learning algorithms for CAB: CAB-UCB (Section 4.1), based on the up-
per confidence bound (UCB) principle, and CAB-TS (Section 4.2), based on Thompson sampling
(TS), under different offline optimization assumptions. For CAB-UCB, we combine GLM confi-
dence bounds with an approximate optimization oracle and prove an approximate regret bound of
O(dVNT +dN) (Theorem 4.1), whose dependence on d, T, and N matches the known lower bound
for contextual combinatorial linear bandits up to logarithmic factors. We also show how to implement
the CAB-UCB oracle efficiently via a reduction to the submodular welfare problem (Section 4.1.2).
For CAB-TS, we assume access to an exact optimization oracle, introduce a user-wise i.i.d. sampling
scheme in which the sampled perturbations enter the objective function linearly as user-wise additive

perturbations, and prove a standard regret bound of 5(dN VT 4 dN?/?) (Theorem 4.2). Notably,

I'Similar costs arise in dating apps through going on dates and in paper review processes through responding to reviews.



the regret analyses of CAB-UCB and CAB-TS do not require a self-concordance assumption on the
link function, which is used in recent analyses [33, 49].

As a computational extension, we also present a one-pass variant (Section 4.3). At each round ¢,
CAB-UCB and CAB-TS solve a regularized MLE, incurring O(t) cost. To reduce this computational
cost, we replace the MLE update with a one-pass parameter update based on online mirror descent
(OMD), following [49]. Under an additional self-concordance assumption on the link function, the
resulting algorithm avoids solving a regularized MLE while retaining sublinear approximate regret.

Finally, we conduct experiments on synthetic data that support the proposed objective and show
that CAB-UCB achieves higher cumulative satisfaction than match-oriented and fairness-oriented
baselines (Section 5).

For space constraints, we provide a discussion of the related work in Appendix B.

1.2 Technical challenges

A technical difficulty specific to CAB is that the per-round objective is no longer separable across
users. Unlike standard contextual combinatorial semi-bandits with linear or arm-wise additive
rewards, the benefit of assigning a user to an arm depends on whether other users are assigned to
the same arm, because the arm-side utility exhibits diminishing returns. As a result, analyses for
separable reward objectives do not directly apply, and even the offline allocation problem becomes
NP-hard. This structural difference makes the offline allocation step nontrivial and requires oracle
assumptions tailored to each algorithm.

This non-separability further complicates uncertainty assessment in the GLM setting. For CAB-UCB,
our key observation is that, although the objective itself is non-separable, its estimation error can still
be upper-bounded by a bonus that decomposes as a sum of user-wise terms defined in (3). This form
is essential for retaining the submodular welfare structure, which allows CAB-UCB to be analyzed
using an implementable approximate optimization oracle. Despite its simple form, the bonus term
yields a regret bound with the desired dependence on the number of rounds and users.

CAB-TS is more delicate for several reasons. First, a common Gaussian perturbation is insufficient
in CAB. With a common perturbation, user-level feature vectors are summed before their size is
measured, so their directions can cancel, and we cannot derive a suitable bound on the variance of
the aggregate perturbation (see Remark D.10). CAB-TS addresses this issue by using user-wise
independent Gaussian perturbations, which preserve enough variance in the aggregate perturbation of
the optimal allocation to support the regret analysis. Second, directly perturbing the nonlinear utility
is difficult because the perturbation enters a coupled concave objective. We therefore add exploration
through a separate user-wise linear perturbation. We choose the covariance surrogate by placing the
regularization term inside the Hessian-weighted sum, keeping it comparable to the GLM information
matrix. This design avoids perturbing the nonlinear utility directly (see Remark D.11 for details).

2 Preliminaries

In this section, we describe the setting of the GLM and the submodular welfare problem used in the
implementation of our algorithms.

Notations For n € N, let [n] = {1,...,n}. For x € R?, denote the transpose by = . For a

positive definite matrix A, define ||z||a = V& T Az, and let A\pin(A) and A\jax(A) denote its
minimum and maximum eigenvalues, respectively. Let 0 be the all-zero vector. A set function
f: 2% — Ris called monotone if f(S) < f(T) whenever S C T C X. Itis called submodular if
fFSUT)+ f(SNT) < f(S)+ f(T) forany S, T C X. We denote the Lipschitz constant of the
function g by L,. Let IT = {m: [N] — [K]}.

2.1 Generalized linear models

Within the framework of GLM [36], the conditional distribution of the response variable Y given the
explanatory variable X belongs to the exponential family. Formally, the probability density function
parameterized by 8 is given by

P(Y|0; X) ocexp{Y X0 —m(X'0)}, (1



Problem 1 Combinatorial Allocation Bandits (CAB)

fort =1,...,Tdo
Context: Observe {#¢(i,a) }ae|k) for each i € [N].
Action: Choose allocation m; € l'ﬂ
Feedback: Observe y; (i) ~ P(:|0*; ¢, (7, m(4))) for each ¢ € [N].

T
Reward (unobserved): Receive f;(7:;0%) = 3= ¢ i) 7(Xic 1 (a) 1(@1e(i,a) T 07)).

ARl e

where we use the unit-dispersion canonical form, since any fixed known dispersion parameter can
be absorbed into the sub-Gaussian parameter and tuning constants without changing the regret
rates. Under this normalization, m: R — R is a known twice differentiable function and satisfies
m(X T0) = E[Y|X] and 712(X "@) = Var(Y|X). In what follows, we set u(X '8) = m(X '0).
The exponential family comprises distributions such as the Gaussian and Bernoulli.

In this setting, given independent samples Y7, ...,Y,, conditional on X1, ..., X,,, we denote the
dataset by D = {(X;,Y;)}?,. Then, the negatlve log-likelihood function is given by £(D; 0) =

> [m(X,"8) — Y; X" 6] + constant. Then, since m is differentiable, the minimum likelihood
estimator (MLE) is given by the minimizer of >_."_, [m(X," 6) — Y; X, 6] (see [15, 31] for details).

However, in our problem, using the MLE requires an initial exploration. To avoid this issue, we
employ a regularized MLE with ridge regularization. Here, the regularized negative log-likelihood

corresponding to the regularized MLE takes the form £(D; 0, \) = L(D;0) + 5|6]|3.

2.2 Submodular welfare problem

The submodular welfare problem was first studied by Lehmann et al. [28] and is defined as follows:
the submodular welfare problem, given m items and n players with submodular utility functions

1 2l — R, is the problem of maximizing 3", w;(S;), where S, . .., Sy, are disjoint subsets
of the item set. A limitation for the submodular welfare problem is that no approximation better
than 1 — 1/e can be achieved unless P = NP [21]. There are two commonly considered oracle
models, the value oracle model and the demand oracle model. The former model returns the value
of utility w;(5), and the latter model returns the set S which maximizes w;(S) — ;¢ p; given
an assignment of prices to items p: [m] — R. We call an algorithm e-approximate algorithm if
the value obtained by the algorithm (we denote it ALG ) satisfies the inequality eOPT,,,;, < ALG,
where OPTg,,;, denotes the optimal value. Under the value oracle model, there exists an approximate
algorithm that achieves the following approximation:

Lemma 2.1 (45, Section 5). The submodular welfare problem admits a 1 — 1/e-approximation in
the value-oracle model when the utility functions are monotone submodular.

3 Combinatorial allocation bandits

This section introduces a setting of Combinatorial Allocation Bandits (CAB) and our intention for
constructing the problem.

3.1 Problem setting

We introduce CAB (Problem 1), a novel online learning problem. At round ¢, for each user
i € [N], the learner obtains a context set {¢; (i, a)}qc[x] With ||@¢(i,a)|| < 1, where the con-
texts are chosen by an oblivious adversary before the learning process begins. Note that ¢ is not
associated with a particular user, but instead denotes the index reflecting the order of observa-
tion. Given the observations, the learner determines the allocation 7; € II at round ¢. Subse-
quently, based on 7, the learner observes the feedback y; (i) = y; (¢, 7 (4 )) for each i € [N]. Let
Fr=oc(y1(1),...,;n(N),...,5: (1), ..., u4(N),m,...,7), where o(A) is the smallest o-algebra
containing A. Then, (F); is a filtration. Denote the conditional probability and expectation given
the history of observations by P;(-) = P(- | F;—1) and E;[-] = E[- | Fe—1].

We consider that the feedback (i) observed by the learner follows a GLM with an unknown
parameter 8% € R (Section 2.1). We assume that {y; (i) } ;¢ are conditionally independent given
{&u(i,m(i)) };(n)- and that [|07[|2 < D for some constant D > 0. Let © = {6 eR?: 6|2 < D}.

4



Accordingly, the probability density function (or the probability mass function) of y; (i) can be
expressed using (1) as P(y;(4)|0%; ¢ (i, m(i))), whose mean is given by p(:(i, (7)) " 6*). In
the target applications, the observed feedback y;(7) is used to assess outcomes such as matching
success or other positive feedback. Accordingly, its conditional mean (¢ (i, a) " @) represents a
non-negative latent quantity. In this problem, we assume that the deviation between the observation
and its mean, y; (i) — u(e¢(i,7:(i)) T 6*), is sub-Gaussian with parameter ¢ > 0. That is, for any

*

t € [T],i € [N], and £ € R it holds that B, [e(v:()=n(@:(i.me(0)T69))) < ¢€**/2 Furthermore,
motivated by prior GLM bandit analyses [31, 20, 33], we impose the following assumption on .
Assumption 3.1. Let B={(z,0) : |z|2 < 1, ||@ — 0*|]> < max{D + 1,2D}}. We assume that
w is first-order differentiable and Lipschitz continuous, that (" @) > 0 for all (z, 8) € B, and that
there exists a known constant r,, > 0 such that x,, < inf, g)ep 1(z"6).

At the end of each round, the allocation 7; induces arm-side satisfaction for each arm. Specifically, we
consider the satisfaction T(Zieﬂt—l(a) 1(i(i,a)T6%)), where r: R>q — Rx is a known concave
and monotone increasing function bounded by M. r is a platform-specified model of arm-side
satisfaction, rather than an additional unknown function to be learned online. The uncertainty lies in
the unknown parameter 8*. We assume that r is Lipschitz continuous. For convenience, we define

fem0)= > r( D (i a)76)). 2

a€[K] iem—1(a)

In CAB, the goal of the learner is to maximize the cumulative satisfaction Zthl fe(me; 0%). We
measure its performance by the standard regret, the cumulative gap to the per-round optimum,
Rr = Zthl(ft(ﬁf; 0*) — fi(m; 0%)), where mj = argmax, o fi(m; %) is the optimal allocation
at round ¢t. However, in general, maximizing f; is NP-hard even when 8* is known (Theorem C.1).
Thus, some algorithms below use an a-approximate optimization oracle (0 < o < 1). For such
algorithms, we also use the a-approximate regret R = Zthl (afi(nf;0%) — fi(m; 0%)).

Next, we explain the modeling intuition behind the above formulation. In many applications, the
observed feedback y,(7) is a realization of the underlying match quality between user 7 and arm
a. For example, in a job-matching platform, y;(¢) € {0, 1} indicates whether a match occurs, and
w(¢(i,a) T @*) can be interpreted as the match probability.

The observed feedback y; (i) depends not only on the match quality between user ¢ and arm a, but
also on random user-side factors after the assignment, such as the user’s acceptance decision or
availability constraints. For this reason, we do not model an arm’s satisfaction using the realized
outcomes (7). Instead, we use the latent match probability ju(¢(i,a) T 8*) between user i and arm
a as the basic quantity for evaluating the users assigned to each arm. Thus, for each arm a, we use the
total expected number of matches ), en(a) (b4 (i,a) T @*), as the input to the satisfaction function

r. The arm-side satisfaction in round ¢ is therefore modeled as r(3_; -1, w( (4, a)’6%)).

We consider a concave and nondecreasing satisfaction function . Monotonicity means that a greater
expected number of successful matches should not reduce the arm’s utility. Concavity captures
diminishing marginal value under constraints such as interview capacity, screening costs, or budget
constraints [37, 34]. Thus, the objective discourages excessive concentration on a small number of
arms and can induce more balanced allocations without explicit fairness constraints.

4 Algorithm and theoretical results

This section presents UCB and TS algorithms for CAB and their regret analyses.

4.1 Upper confidence bound algorithm

Our proposed method, CAB-UCB, follows the UCB principle, a standard approach in bandit algorithm
design [25, 7, 38, 31]. CAB-UCB has two parameters, Ay > 0 and ¢; > 0. The parameter )\
determines the regularization strength for MLE. In addition, Ay plays the role of ensuring that
Amin(V2) is strictly positive. The parameter ¢; controls exploration, and a larger value results in a
greater degree of exploration.

In each round, we compute 0,, the regularized MLE of 8%, using the set of observations D; =
{(=5(7),ys(7)) }ie[N],s<t> Where (i) = ¢s(7, 75(7)). In calculating ¢, we balance exploitation



Algorithm 1 CAB-UCB
Input: The total rounds 7, the number of users N, tuning parameter Ay and c;, and access to an
a-approximate optimization oracle.
1: D1 < @and V] <+ Aol.
2 fort=1,....,Tdo
3: 0, < argmingcra L(Dy; 0, K, 00)-
Call an a-approximate optimization oracle for f;(; 8;) + g;(7) and let 7; denote its output.
Observe y; (i) for any i € [N].
(1) < ¢ (i,m (7)) forany ¢ € [N] and D;11 < Dy U {(x4 (), yt(i))}z‘e[N}~
Visr ¢ ol + 3y S0 @s (D)

N s

and exploration by maximizing the estimated total satisfaction f;(7; ;) and the bonus term
N
ge(m) = e ) _llpe (i, m (D)) lly, -, 3
i=1

where V; = A1 +ZZ;11 Z].\;l x5 (1)x,(7) T. The bonus term is related to the width of the confidence
interval.

4.1.1 Regret analysis

Algorithm 1 achieves the following regret:

Theorem 4.1. Fix any 6 € (0,1). Algorithm 1, with tuning parameters chosen as in Appendix D.2,
achieves with probability at least 1 — 25 the regret bound R, = O(k,;' L, L, D(dv/NT + dN)).

This bound matches the known lower bound for contextual combinatorial linear bandits [43, The-
orem 7] in its dependence on d, T, and N, up to logarithmic factors. If f(m;0,) — f(m;02) <
C >l (i)T01) — pu(z4(i) " 62)| holds for any m € I and 61,60 € R?, where C > 0 is a
constant, then we can derive a similar bound for a general CCGLS as well. While we use the
regularization in Algorithm 1, a similar bound can be obtained via an initial exploration. Using the
initial exploration, however, introduces an additional regret term and requires assumptions on ¢; 2.
The full statement and proof of Theorem 4.1 are given in Appendix D.2.

4.1.2 Approximate optimization oracle construction

We next describe one concrete way to instantiate the a-approximate optimization oracle used by
CAB-UCB. For a parameter 6, define g,(5;6) = r(3_,c 5 1(¢:(i,a) " 9)). By the concavity and
monotonicity of r, each g, is monotone submodular. Hence, maximizing f;(7; ) is an instance of the
submodular welfare problem. The UCB bonus g;(7) is additive, so f;(7; @) + g;(7) remains within
the same problem class. Therefore, Lemma 2.1 provides a concrete a-approximate optimization
oracle for the CAB-UCB allocation step.

4.2 Thompson sampling algorithm

Here, we introduce CAB-TS, which is based on the TS method [44]. The TS algorithm has been
proposed for various bandits problems. Theoretically, in these problems, the TS algorithm often has
worse regret upper bounds than the UCB algorithms [5, 42, 2]. Empirically, however, TS has often
been found to perform comparably to, and sometimes better than, UCB algorithms [12, 35, 47].

CAB-TS has parameters A\g > 0 and a > 0, which control the regularization strength and the
degree of exploration, respectively. Up to the step of computing 6, via the regularized MLE, the
procedure is identical to Algorithm 1. However, the subsequent method for computing 7, differs. In
CAB-TS, after computing 8, for each i € [N], we independently sample & (i) from N (0, a> H; %),
where Hy = Ly\of and Hy = Y02 YO8, ju(@s (i) T0,) (ws())2s ()T + wpoq D) for t > 2.
The isotropic regularization term is intentionally placed inside the weighted sum. With the scaling

2E.g., [31] study generalized linear contextual bandits using initial exploration, where ¢ is generated in a stochastic
manner and additional regularity assumptions are imposed.



Xo/N(t — 1), the matrices inside this weighted sum add up to V4, because the (¢t — 1) copies of
Mol /(t — 1) add to AoI. Since ji(z) € [k, L], this gives k,V; < Hy; = L, V;. In what follows,
we collectively denote these samples by & = {€;(1),...,&:(IN)}. We choose the allocation 7; to

maximize the objective function f;(m; 0;) + h¢(m; &), where
N
hi(m &) = (i, (i) T &(d). @
i=1

We approximate the posterior of 8* by the Laplace approximation. In this setting, we sample £;(%)
i.i.d. across users, because this independence is needed to preserve enough variance in the aggregate
perturbation, although using a common &; is also a natural idea (see Remark D.10 for details).

4.2.1 Regret analysis

Unlike CAB-UCB, our analysis of CAB-TS assumes access to an exact optimization oracle for
f1(;04) + hy(; &;). Accordingly, the regret guarantee for CAB-TS is stated in terms of the standard
regret Rr. CAB-TS achieves the following regret bound:

Theorem 4.2. Fix any § € (0,1/T). CAB-TS, with tuning parameters chosen as in Appendix D.3,
achieves the regret upper bound E[Rr| = 5(/1;1LTLMD(dN\/T + dN3/2)).

This regret upper bound has an extra /N factor compared with CAB-UCB. The proof of Theorem 4.2
partitions IT into a “good” subset and its complement and lower-bounds the probability that 7y
lies in the good subset. This argument uses the exact optimality of 7;. However, the approximate
optimization oracle may return a near-optimal allocation outside this subset, so the same probability
lower bound is unavailable (see Remark D.7 for details). The full statement and proof of Theorem 4.2
are given in Appendix D.3. Although the objective function f;(m; 8;) + hy(m; &) is designed so
that &; enters linearly, one can also consider a heuristic variant of CAB-TS that instead maximizes
Yaeix] T (Zicn-1(a) 1(#e(i,a) T (8; + €(7))) ). We describe this heuristic in Appendix D.4 and
include it only for empirical comparison. Similar to CAB-UCB, the analysis for CAB-TS can also
be extended to a general CCGLS under the appropriate assumption.

4.3 One-pass update algorithm

CAB-UCB and CAB-TS solve a regularized MLE at round ¢ using all prior observations. For
simplicity, throughout this runtime discussion, we suppress the dependence on the d and N. With
full-history computation, if the solver uses [; iterations, the update cost grows linearly with the
number of rounds, namely O(¢l;). To avoid this linear growth, we replace the MLE update with
a one-pass parameter update based on OMD [49]. However, this variant requires an additional
self-concordance assumption on the link function. This assumption is used in prior work [33, 49],
and holds for commonly used link functions such as the logistic and Poisson link functions.

Assumption 4.3. There exists a constant R > 0, such that for any z € R |ji(z)| < Rj(z).

We call the resulting procedure CAB-OFU with one-pass OMD update, where OFU denotes the
principle of optimism in the face of uncertainty, which uses a confidence set constructed from
past observations [3]. For each user, define the negative log-likelihood ¢; ; (8) = —y;(i)x: (i) T 6 +

m(x,(i) T @), where 1 = 1. We form the quadratic surrogate £,(6) = Z£1(<Vg€t,i(0t), 0—-6,)+
21160 — 6412, ® )), and update the parameter by
ott,i(O¢

~ 1
0,11 = argmin(4,(0) + —1|0 — 6,3 ), 5)
t+1 §€@ (t( ) 277“ t”Qt)

and set Q; = Aopl + 22;11 Zi\;l V2ls.i(0s41). Once Q; is maintained incrementally, this
subproblem uses only the current-round surrogate and Q. If (5) is solved in I, iterations, the
update cost is O(I;). We use the confidence set C,(6) = {6 € ©]|6 — 0, g, < B:(9)}, with
Be(6) = 6(Dm + v/d), suppressing logarithmic factors. Using this confidence set, we choose
m; satisfying maxgec, (5) ft (73 0) > amax e maxgec, (5) fi(m;0).

By this update, we achieve the following regret bound:



Theorem 4.4. The above update with suitable tuning parameters achieves RT =
O(r,, ' max{d, N}(VdNT + dN)), where we display only the dependence on r.,,, d, N, and T.

The full statement and proof are given in Appendix E.

5 Experiments

This section empirically evaluates CAB-UCB and CAB-TS using synthetic data. Our code to
reproduce the experimental results is shared as Supplementary Material.

5.1 Setting

In synthetic experiments, we define the five-dimensional feature vector ¢ (i, a) = A@pop(i,a) + (1 —
A)@vase (1, a), where @pop and @pqse are sampled from the standard normal distribution. We impose
Dpop(i,a) < Ppop(i, a + 1) component-wise for all users ¢ and all a € [K — 1]. The parameter A
controls arm-popularity strength. A large A makes all users prefer arms in a similar order, making it
difficult to jointly maximize matches and arm satisfaction. We use p(z) = 1/(1 + exp (—x)) and
r(x) = min{z, 8} as feedback mean and satisfaction functions, respectively. Thus, matches beyond
[ have no additional effect on satisfaction. Smaller [ yields faster saturation.

We compare CAB-UCB (Algorithm 1), CAB-TS (g) (Algorithm 2), the heuristic variant CAB-TS ()
(Algorithm 3), and One-pass OMD (Algorithm 4) against three baselines, “Random”, “Max match”,
and “FairX”. Random selects arms uniformly at random. Max match is a UCB algorithm that aims to
maximize cumulative expected matches. FairX, a UCB-based fairness algorithm proposed by Wang
et al. [46], ensures that each arm receives a share of exposure that is proportional to its expected
match, aiming to reduce over-selection of specific arms. Full baseline specifications are given in
Appendix F.1. The optimization routines used in the experiments are practical proxies for the offline
allocation steps appearing in the theory. In particular, CAB-TS (#) is included only as an empirical
heuristic variant and is not covered by our theory, while the one-pass variant is an empirical proxy for
the theory-side oracle-based procedure.

5.2 Results

We consider four settings. Fix N = 50 and K = 10 for all settings. The default comparisons use
T = 10000, A = 0.5, and 8 = 5.0 over 10 runs. The A- and S-sweeps vary the respective parameter
with 7" = 5000 over 5 runs. Histogram analyses use 7" = 5000, A = 1, and 8 = 5.0 with 5 runs. We
compare overall performance under the default setting, examine the effect of popularity concentration
and satisfaction saturation by varying A and 3, and inspect the learned allocations.

We evaluate the learning performance of the proposed CAB algorithms in terms of cumulative satis-
faction and matches. Figure 2a compares average cumulative satisfaction per round, and Figure 2b
reports average cumulative matches per round. As shown in Figure 2a, all CAB variants substantially
outperform the Max match and FairX, indicating that they successfully learn to optimize the satisfac-
tion objective. CAB-UCB achieves the highest average cumulative satisfaction throughout the horizon.
As intended, Max match yields the most matches in Figure 2b. However, this does not translate
into maximizing satisfaction, since satisfaction is a concave function of the assigned users’ expected
matches. Under this fixed configuration, CAB-UCB achieves high cumulative satisfaction earlier
than CAB-TS and the one-pass variant. This pattern is at least consistent with its sharper dependence
on d and N in the regret bound, although the theory does not directly predict finite-horizon transients
and the guarantees are stated under different oracle assumptions.

We vary A and f to test whether the proposed methods remain effective when arm popularity is
concentrated and when satisfaction strongly saturates. The A-sweep tests robustness to preference
concentration across users, while the S-sweep tests robustness to different concavity levels in the
arm-side satisfaction function. In Figures 2c and 2d, each point reports the cumulative satisfaction
under the corresponding parameter setting, normalized by that of a reference allocation computed
using the true parameter and the same allocation routine as CAB-UCB.

The A-sweep in Figure 2c examines robustness to preference concentration across users. As A
increases, users rank arms more similarly, causing match-oriented algorithms to over-concentrate
assignments on a few popular arms, even after their satisfaction is already close to the saturation level
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Figure 2: Figures (a) and (b) use the default setting (N = 50, K = 10, T = 10000, A = 0.5,
B = 5.0). Figures (c) and (d) vary X and (3, respectively, with all other parameters fixed. Figures (e)
and (f) show learned allocations for A = 1 and # = 5.0: selection shares over the full horizon and
arm-wise average expected matches over the last 100 steps. Solid lines show run means, and shaded
regions indicate 95% confidence intervals where applicable.

(. This increases the gap between maximizing matches and maximizing satisfaction, since additional
matches on well-served arms yield little marginal satisfaction. Consistent with this mechanism, the
normalized cumulative satisfaction of Max match decreases with A, whereas CAB-UCB remains
nearly flat and stays close to the reference value across the entire sweep. The gap to FairX further
suggests that reducing exposure imbalance alone is insufficient unless the allocation is explicitly
aligned with the saturation structure of satisfaction.

The [-sweep in Figure 2d tests robustness to satisfaction saturation. As § increases, r(z) =
min{z, 5} becomes closer to linear over a wider range, and the satisfaction objective becomes less
sensitive to over-allocation to already well-served arms. Accordingly, Max match improves with
5, while the proposed methods maintain strong performance across the entire sweep. These results
support the claim that explicitly modeling arm-side satisfaction is particularly important when utility
saturates strongly, while CAB-UCB remains robust across different saturation regimes.

The allocation histograms in Figures 2e and 2f examine whether the proposed methods avoid
excessive arm concentration. Figure 2e shows selection shares over the full horizon. When A = 1,
Max match heavily favors the most popular arms because all users share the same arm ranking.
In contrast, the proposed methods select arms at more balanced rates, except for the least popular
ones. FairX also reduces concentration, but allocates to unpopular arms rarely selected by the
proposed methods, as it targets fairness in expected matches rather than the saturation structure of
arm-side utility. Figure 2f reports arm-wise total expected matches averaged over the last 100 steps.
Max match assigns high expected matches mainly to the most popular arms, often exceeding the
saturation threshold 5 = 5.0. The proposed methods instead allocate not only to the most popular
arms but also to several moderately popular arms, keeping expected matches closer to the saturation
threshold. These results support the claim that CAB improves satisfaction by aligning allocations
with diminishing returns, not merely by reducing imbalance.

Additional experimental results, including runtime comparisons, sweeps over other parameters, and
further details of the experimental setup, are provided in Appendix F.



6 Conclusions

We proposed CAB, developed its algorithms, established regret upper bounds, and conducted exper-
imental evaluations of its performance. We conclude with several future research directions. One
possible direction is to improve the dependence on r,,. In more specific settings, recent analyses have
reduced such dependence under a self-concordance assumption [33, 49]. Second, the current CAB-TS
analysis assumes an exact optimization oracle, whereas CAB-UCB only requires an approximate
one. Relaxing this assumption would require overcoming the proof obstacle that an approximate
optimization oracle may return an unfavorable allocation among near-optimal allocations.
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A Notations

Table 1 summarizes the symbols used in this paper.

Table 1: Notation

Symbol Meaning

TeN time horizon

N eN the number of users

KeN the number of arms

deN dimension of feature vector

o sub-Gaussian parameter

Ky parameter satisfying Assumption 3.1
L, Lipschitz constant of function

L, Lipschitz constant of function r
D>0 Upper bound on [|6*||2

0 ={0cR?:|6]|.< D} bounded parameter space

R —=Rsp expectation of feedback

r: R>o — Ry satisfaction function

¢+(i,a) feature vector according to user ¢ and arm a at round ¢

th(i)

= {m:[N] — [K]}

fi(m:0) = 30 ix) T (Xicn-1(a) #(P1(i,0) T 0))
m €11

T; = argmax, .y ft(7T§ 9*)

‘Et(l) = ¢t(i77t(i))

V=3 O wa (D) (i) T + Ao
0*

6,

R§ = Y1 (afi(n;:07) — fi(m:;67))
R = Y (f(ni50%) — ful(mi; 67))

feedback for 7 at round ¢

set of all functions from [N] to [K]
cumulative expected satisfaction at round ¢
chosen allocation at round ¢

optimal allocation at round ¢

chosen feature vector for user ¢ at round ¢
information matrix at round ¢

unknown parameter

MLE of 8* at round ¢

approximate regret

standard regret

B Related work

We introduce several related works.

Contextual Combinatorial Semi-bandits and Generalized Linear Models

From a technical

perspective, a closely related problem setting is that of contextual combinatorial semi-bandits (CCS).
CCS was first studied by Qin et al. [38]. CCS are problems in which, at each round, one first observes
the arms together with their associated contexts, then selects a combination of arms based on these
observations and past outcomes, and finally observes the reward, which depends on the chosen
contexts and an unknown parameter. They consider a general framework that includes nonlinear
reward functions and propose a UCB algorithm, while assuming a linear model for the feedback. In the
linear-feedback setting, their algorithm achieves a regret upper bound of O(max{ Vd,vN WANT).
To the best of our knowledge, the best known bound is O(dv NT + dN), which is achieved by the
UCB algorithm of Takemura et al. [43]. In Takemura and Ito [42], in addition to UCB algorithms, a
TS algorithm was studied under the setting where the reward is linear in the feedback, and it was
shown that a regret upper bound of Ry = O(max{d, vVdN}vdNT) can be achieved. For CCS
with linear reward functions, the existing works have investigated lower bounds in addition to upper
bounds.? Kveton et al. [23] established a lower bound for non-contextual combinatorial semi-bandits
in terms of the number of base arms and the action size. Applying their bound to an instance with d

3Lower bounds for general reward functions are not meaningful. Indeed, if the reward is constant, the regret can always be
reduced to 0.
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base arms and action size N yields Q(min{+/dNT, NT}). For CCS, an improved lower bound of
Q(min{dvV NT + dN, NT}) was derived by Takemura et al. [43].

As a related research direction, generalized linear (contextual) bandits have also been studied. In this
framework, a generalized linear model is adopted as the feedback model, rather than a linear model,
and the contextual bandits setting was first investigated by Filippi et al. [15]. In the non-combinatorial
case, existing work on GLM has primarily focused on UCB algorithms [31, 19, 27, 49], while TS
algorithms have also been developed [19, 14, 22]. On the other hand, to the best of our knowledge,
there are only a few studies that consider combinatorial settings. One notable example is Liu et al.
[33], which uses the UCB algorithm and considers a contextual setting in which the feedback is
sampled from a Bernoulli distribution with its mean specified by a logistic model.

Fair Allocation One line of research with a closely related idea is fair resource allocation, although
the technical relevance is limited. Among them, some studies use an evaluation metric called a-
. . -« — . . . .

fairness, namely fairq (z) = 23— (0 < o < 1). The function fair,(x) is concave, and its use
is close in spirit to the idea of this work [10, 40, 41]. However, they consider an objective function

of the form . f air(zz;l we (%)), where w;(7) denotes the utility for ¢ at round ¢, which evaluates
the overall fairness across the entire horizon. This differs from our setting. If one emphasizes the
final fairness of the allocation over the whole period, their objective function is more appropriate. In
contrast, we consider that dissatisfaction over a short period may also lead to churn. Therefore, as an

objective function in CAB, we argue that Zthl ft is appropriate.

Moreover, there are technical differences. Representative aspects are the feedback model and the
action space. Since the true utility value or the reward vector is observed at the end of each round
in their works, their feedback assumption is stronger than the setting we consider (e.g.,the platform
observes only whether a match occurred). Regarding the action space, while Sinha et al. [41, Section
4] discusses integrality constraints, their formulation essentially considers fractional decisions rather
than combinatorial ones. Thus, although the high-level idea is similar to our work, the technical
setting is entirely different, and a direct comparison of theoretical results is impossible.

Bandits With Fairness Constraints One line of research addressing fairness in the context of the
bandit problem is Joseph et al. [18]. In their work, fairness is defined as allocating arms without
favoring any particular arm, based on their expected rewards. On the other hand, a problem that deals
with a concept of fairness similar to that considered in this study is the combinatorial sleeping bandits
with fairness constraints proposed by Li et al. [29]. In this problem, for each arm a, a minimum
selection count n, is specified, and the objective is to maximize the cumulative expected reward
under this constraint. Li et al. [29] provided a UCB algorithm, while Huang et al. [17] later proposed
a TS algorithm. Xu et al. [48] focused on the objective function, considering a setting where the total
reward R, obtained as a linear combination of the rewards from the arms, is transformed by a strictly
concave function f, resulting in the objective function f(R). More recently, studies have considered
constraints that combine knapsack constraints with fairness constraints [32].

Bandits With Knapsacks The Bandits with Knapsacks (BwK) problem extends the standard bandit
setting by introducing knapsack-type resource constraints. Given budget limitations on multiple
resources, the learner can no longer obtain rewards once any resource budget is depleted. The goal
is to maximize the cumulative expected reward. As a method of introducing constraints into the
multi-armed bandits, Badanidiyuru et al. [8] proposed the BWK framework, which incorporates
budget constraints. Building on this framework, subsequent studies have extended the knapsack
constraints to linear contextual bandits [9, 4] and combinatorial semi-bandits [39].

C NP-hardness

We discuss the computational complexity of this problem. As the following theorem shows, computing
nf and 7, is NP-hard.

Theorem C.1. Consider a set of N items and K players, and let r: R>o — R>o be a monotone
concave function. We consider the problem of maximizing ie[K) v;(S;) subject to Uie[ K]S = [N]

and S; N S; = 0 for i # j, where v,: 2IN1 — Ry is defined by v,(S) = r (Yies Wia). and
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W;.q > 0 denotes the value of item i for agent a. Then, there exists a concave and monotone
increasing function r for which the above problem is NP-hard.

Our proof uses an approach similar to that of Lehmann et al. [28, Theorem 10].

Proof. We will perform a reduction from the well-known NP-complete problem “Subset Sum” (as
detailed in Garey and Johnson [16]). The problem is as follows: given a sequence of integers
ai,...,a, and a target total ¢, the objective is to determine if a subset S of these integers exists such
that the sum of the elements in .S equals ¢ (i.e., > . o a; = t). Based on this input, we will construct
two valuations for the m items.

€S

We consider the decision problem of determining whether max f(F) = Vit + V — t holds for
F = {Ul,UQ} with U1 N U2 = (Z), U1 U U2 = U, f(f) = vl(Ul) + ’UQ(UQ), T(:E) = min{Vt,x},
and V = ZieU a;. Letw; 1 = Va;, w; 2 = a;. We allocate S to valuation 1 and S° to valuation 2.
We examine three cases: ) ;cqa; =1, ;.ga; <t,and ), ga; >t.

s If Y cgai =t then vy (S) +v2(5°) = Vi +V —¢.
c If ) cgai <t thenvi(S) +v2(S9) =V cqai+V =2, cqa <Vt+V —t.
e If Y i cgai >t then vy (S) +v2(5°) =VE+V = cga; <Vt+V —t.

Therefore, the instance of “Subset Sum” is a Yes-instance precisely when the proposition is satisfied,
and a No-instance otherwise. O

D Details of Sections 4.1 and 4.2

In this section, we provide the omitted proofs in Sections 4.1 and 4.2.

D.1 Technical lemmas

Here, in preparation for the proofs of the theorems, we introduce technical lemmas that are commonly
used in the proofs of Theorems 4.1 and 4.2.

The following lemma guarantees that the regularized MLE 6; remains close to the true parameter
with high probability. While Kveton et al. [24, Lemma 9] relies on an initial exploration phase to
establish this property, an analogous result can be derived by employing regularization instead.

Lemma D.1. Assume that Ao > Z—j(d log(l —+ %) + 2log %) Then, for any § € (0,1), with
m
probability at least 1 — 6, for all t € [T,

16; —6*||» < D+ 1.

Proof. Let Sy = '8 SO | (ys (i) — pu(as(i) T67)) @, (i). First, using Chen et al. [13, Lemma Al,
we show that the followmg proposmon holds:

IS — KHAOB*Hthl < ku(D+ 1)V Ao = [|0; — 6%|]2 < D +1.

Define the map G;(0) = ZZ: fil w(xs(i) " 0)xs(i) + K, Ao. From the definition of 8;, we
have G4(8;) = 321 SN | 4. (i)2,(i). Thus, it holds that

t—1 N

Gi(0,) — G1(0") =D > (us ) TON T (i) — K AB* = Si — K AO*.

s=11=1
Moreover, for any 6 € {0 | ||@ — 6*||2 < D + 1}, from Assumption 3.1, we have

t—1 N

VoGi(0) = > jumy(i) 0)z,(i)ws (i) + rudod

s=1 i=1
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t—1

N
Z T 4 kol = K, V.

HM

Therefore, applying Chen et al. [13, Lemma A] to the map 8 — V;~'/2(G,(8) — G,(8*)) yields
the proposition

10 = FudoB*lly 1 < Fu(D + v/ A (Vi) = [0, — 672 < D + 1.
Since Amin(V2) > Ao, we obtain

|5 — K/N)\Oe*H‘/t—l < ku(D+ 1)V Ao = [|0; — 60%[]2 < D +1.
Next, we upper bound [|S; — £, A00* ||Vfl. By the triangle inequality and V; = \ogI, we have

15 = £udo8lly-1 < [1Selly-1 + muoll0 - < 1Selly—1 + o/ Dall6" 2
S ||St||V,,_1 —+ KND\/ )\0,

where the last inequality follows from ||6*||o < D. Thus, we have
1Selly,-1 < K/ Ao = [0, — 07[l2 < D + 1. (6)
Here, from Abbasi-yadkori et al. [1, Theorem 1], with probability at least 1 — §, for all ¢ > 1, it holds

that
1/2 2 NT 1
1542, -1 < 207 1og<det(vt) det(AoT) (dlog(l + ) +2log 5), )

1 dXo

where the second inequality follows from det(V;) < ((tr(AoI) + Nt)/d)? = (Ao + Nt/d)?. Thus,
using (7) and the definition of )\, it holds that HStHVvt—l < KuV/Ao. Therefore, by (6), we have

|8; — 6*||2 < D + 1 for any ¢ with probability at least 1 — 6. O

The following lemma shows that the regularized MLE also controls the error of the objective function.

Lemma D.2. Assume that it holds that ||0; — 6*||s < D + 1. Then, for any § € (0,1), with
probability at least 1 — 0, for all t € [T,

| fo(m;0%) — fu(m; et\<c1§j|\¢tm )]

=1

where ¢; = /@HILTL,L( \/dlog(l + ) +2log & 5+ KDV )

Proof. Let Sy = Y24 S (5e(0) —u(s () T0%)s(0), Dy = {a(0), (i) i, oo and Dy =
ERONICROM P

First, we expand Kveton et al. [24, Lemma 1] to the regularized MLE. It holds that
S; = VoL(Da;0%) — VoL(D1;0%) = VoL (D1; 04, 5,00) — VoL(Dy;0%)

= VoL(D1; 0y, 5, 00) — VoL (D1; 0%, ko) + ko8

= V2L(D1;6,k,00)(0: — 0%) + K, \o0*

=V (0; — 0*) + k0",
where 0’ is a convex combination of @; and 0*, and V = V%E(Dl; 0,k 0). We used
VoL(D2;0%) = VoL(D1; 6, k,\) = 0 in the second equality.
Next, we bound | f;(m; 0*) — ft(7r'§t)\.

|fe(m;0%) — fi(m;0:)] < L. L Z\wt (0" —6,)]

i=1
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N
< LiLy Y llz(d)lly,+ 16" — Oillv,

=1
N
= L1 Yl (i)l [V S, — mudo VO |y,

N
< LeLp Y [e@)ly 1 (V7 Selve + mudol V7107w,

=1

N
< L2, Y llee@)ly 1 (/S VIViVS, + /A6 T VIV V 167)
1=1
N

< 1 LeL Y@y (1Selly, - + 5, DVA),

i=1

where the second inequality follows from the Cauchy—Schwarz inequality, and the last inequality
follows from the x,V; <V on ||6; — 6*|» < D + 1.

Therefore, combining the above inequality with (7) in the proof of Lemma D.1, we have that, with
probability at least 1 — 6, forall ¢ > 1,

N
* ra) - T ! ‘
\fy (7 0% )— f,(7:8,)] < ﬁulLrL;L <J\/d10g<1 + d)\) +210g5 +/<;#D\/%> Z”a:t('l)“‘/t—l.
i=1
O

We can bound Zle Zf\il ||z (2) Hv;—l using the following lemma:

Lemma D.3 (Takemura et al. 43, Lemma 2). Let {x(i)};.+)c[n]xN be a sequence in R? satisfying

[l (i)]|2 < 1. Forallt > 1, define V; = A\oI + 22;11 i]il xs(i)zs(i) ", where \g > 0. It holds
that

N

ime{f RO } \/ZdNTlog<1+fiV§) and

t=1i=1

1 NT
]1 {Hmt ||V 1> } < Qleog(l + )
t=1 i=1 VN dAo

This lemma implies that

T N . T N 1 ‘
;;Hwt@)lw;;ﬂ{nmt ||V1>\/N}||:c,§(z)||th
T
>

t=1

+

Mz

1l < a0l

iﬂ[nwt Dl > }+szm{ Je@ll

=1 t=1 i=1

1

.
Il

5=
™=

Il
=

t

NT 2dN NT
2dNT1 14— —1 14—
\/ og( - d)\0> " Vo og( " d)\o) ®

D.2 Details of Section 4.1

We provide the full version of Theorem 4.1.
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Theorem D.4. Fix any 6 € (0,1). If we run Algorithm 1 with ¢ =

L;f“(a\/dlog(l + %) +2log§ + #uDVAo) and No > Zr(dlog(1+ NF) +2log 3),
then, with probability at least 1 — 20, the regret of algorithm is upper bounded by

NT\ . 2dN NT
R$ < 2¢1 [ (/2dNTlog( 1 log (1
= Cl(\/ °g< er)\O)Jr\//\o < +dA0>>

If we set Ao = K, 20 (dlog( T) +210g%),wehave

= O(dVNT + dN).

Proof. We define x;*(i) = ¢:(i,7;(i)), Ay = 6; — @*. First, we bound the one-step regret,
fe(mwf;0%) — fi(my; 0%). Here, we want to bound the following terms:

afi(mi;0%) — fi(m; 0%) = (afi(mf; 5) (7Tt§§t))
+ o fe(m7;0%) — fe(m60) + (fe(me: 0:) — fi(me; 07)).
From the definition of 7, the first term is bounded as
B 7 N
afi(m7;00) = fulmi;0:) < gi(mi) — age(mp) = e Y (l@e(i)lly, 1 — all@(@)]ly,1). (©)

=1

The second and third terms are bounded as

a(fi(mf;0%) = fi(m:64)) <o«nZHmt illy, s (10)

=1

ft(Wt;gt) ft 7Tt, <CIZ||33t ||V—1 (1D

from Lemma D.2.

Combining (9), (10), and (11), with probability at least 1 — 24, it holds that

afy(n;;07) — fi(m;0 <2c12||wt D)yt

Since ||z (i)]|2 < 1, we have

T T N
Z afi(r;0%) = fi(m;0%)) < 2c1 ZZH-’Et(i)”V;l

t=1 t=1i=1

NT 2d NT
< _ R _
_201<\/2dNTlog<1+ dhg )4— Wlog<1+ g )), (12)

where the last inequality follows from (8). This is the desired upper bound. O
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D.3 Details of Section 4.2.1

Algorithm 2 CAB-TS

Input: The total rounds 7', the number of users N, tuning parameter g and a, and access to an exact
optimization oracle.
1: D1 < @, V] < XoI,and H| + LH)\()I.
2: fort=1,...,T do
3 Vi M+ 05N a2, (0)T
0, «+ arg mingcra £(Dy; 0, ko).
It > 2 Hy — Y00 S0 s (i)T0:) (@ ()2 (0) T + wpigy D).
fori=1,....,Ndo
&) "~ N(0,a2H; ). - N
Call an exact optimization oracle for f;(m;8;) + h.(m; &) and let 7y denote its output .
Observe y; (i) for any i € [N].
$t(7/) < ¢t(ia77t(7;)) for anyi S [N] and Dt+1 — Dt U {(wt(z), yt(z))}zE[N]

@YX IR

—_

For completeness, we provide the pseudo-code of CAB-TS (Algorithm 2) and the full statement of
Theorem 4.2.

Theorem D.5. Algorithm 2 with a = c¢1\/L,N and Xy > r;*c?(dlog(1+ L) + 2log )
achieves the following regret bound for any 6 € (0,1/T):

2 NT 2dN NT
E < 1+ — 2dNT 1 1+ — —1 1+ —
[RT]_(01+02)< —1—0.15_25) <\/d og< +d)\0)+ o og( +d)\0)>

+ 46K MT,

where ¢ = m;lLTLH (U\/d log(l + %) +2 log% + /QHD\//\0> and co =

c1 \/QK,IlL#N log KTN.

If we set Ao = £, 20% (dlog(1 + ML) 4+ 2]og 1), we have
Ry = O(dNVT + dN*/?).
To prove Theorem D.5, we first bound the one-step regret. For convenience, we define

N
Evy={"n €| |fy(m;07) — fi(m;0:)] < e1 Y |lpu(i, m (@) |y} (13)
=1

Lemma D.6. Define events Es ; and Es 4 as

N
Eyy = {VW eIl | |h(m; &) < e ZH(}St(i,ﬂ'(i))Hth}, and

=1

N
By = {htw;i) > Zl@(wz“(i))w‘l}'

i=1
LetPy(E2:) > 1 —poand Py(Es ) > ps (ps > p2). If E1 4 holds, then we have

N
Sl (@lly,

i=1

Edlfu(r: *)—ft<wt;e*>}<<cl+c2>(1+ 2 )E KM

P3 — D2

Proof. Letc = ¢1 +¢o, & = {m € 1T | ch\i1||¢t(i,7r(i))||V;1 < fe(my; 0%) — fe(m;0%)},
S; =T0/S;, and 7; = argmin, g 3>/, (i, 7(0)) |y, -
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First, we will bound f;(7}; %) — fi(m¢;0*) on Ea ;. Atround ¢ on Es;, we have

Fo(mr;0) = fo(m;0%) < fo(mf;0%) — fol(mh; 0°) + fol(m); 0:) + he(m); &)
— (ft(ﬂ'ﬁgt) + ht(ﬁt;gt)) + ht(Wt;gt) - ht(ﬂ';;gt)

+Clz e (i, w4 (0) |y + [1pe (i, me(8)lly,-1)
=1
N

< (e1+e2) Y@l eli, m(@))lly,+ + ey me (D) [ly,-1):

i=1
where the first inequality follows from the definition of F ;, and the second inequality follows from
the definition of Es ;, the optimality of 7, and the definition of S; and 7.

Second, we want to bound E; {Zf.v:lﬂq_’)t(i, wg(i))HV;l} by E; [Zfilﬂd)t(i, Wt(i))‘|‘/t—1:|. Note that
E, l2|¢t i, m (3 ||V ] > E,

N
Z |11, 1)) |y, Pe(m1 € Sy).

N
Z||¢t(iv7fé(i))||v;1 | 7t € St] Py(m; € Si)

=1

Thus, Et[ft(ﬂ'%k, 0*) — ft(’ﬂ't; 0*)] S C(l + Q/Pt(’ﬂ't S gt)) vazl‘|¢)t(l,ﬂ't(l))”‘,t—l on E2,t~
Third, we will lower-bound Py (7, € S;).

Py(m € St) > Py (37T € St fi(m; 81) + hy(m; gf) > max fo(n';0,) + ht(ﬂl§g‘t)>
P (ft(ﬂf;et) + (] E) > max fi(7'; 0;) + ha(7'; @))
> Po(fu(ni580) + b &) > fulm:6°), Bz

N
P (ft(ﬂf;et) + he(n758) > fulm00) + 1 ZHd)t(i, W;(Z))Hvtl) —P(Ea,)

i=1
N
=P <ht(7r2‘;5t) > ZII@(Z’JZ‘(Z’))HWl) —P(E2),
=1

where the second inequality follows from the fact that 7} € Sy, the third inequality follows from

Ful(m;00) + ha(m; &) < fu(m50%) + (e + ¢2) T e (i m(0)) [y, < fulwy; 67) forany 7 € S
on I; ; and Es ;, and the fourth inequality follows from the deﬁnltlon of Fy ;.

Finally, we can achieve the desired bound, using the inequality,
Bl fe(my;07) = fo(mi; 07)] = Be[(fi(my;07) — fi(me; 0%)) L[ B ]
+Ee[(fe(m7307) — fu(me; 07))1[E2 ]
< Ei[(fe(m;0%) — fi(m; 0°)1[Ea )] + KMPy(Eay).
O

Remark D.7. We explain why the analysis of CAB-TS assumes access to an exact optimization oracle.
For brevity, write F; (1) = f;(m;6;) + hy(m; &). The proof of Lemma D.6 uses the bound

]P)t(ﬂ't th) Z]Pt<377 Egt,Ft( ) > max Ft( ))

7' €Sy

This step relies on exact optimality. Since 7} € S;, the set S; is nonempty. On the event on the
right-hand side, an exact maximizer of F} cannot lie in S;; otherwise, the allocation in S; would have
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a strictly larger value, contradicting optimality. Hence the event implies ; € S;. This implication
is not preserved by an a-approximate optimization oracle with o < 1. Exact maximization only
requires the separation max, s, Fy(m) > max,es, Fi(m). However, an a-approximate optimization
oracle may still return an allocation in S; whenever max,es, F;(7) > amax g, Fi(7), because
such an allocation satisfies the approximation guarantee. Thus, since the proof only ensures that
a good allocation can attain the largest objective value, and does not provide the stronger margin

maxyes, F;(m) < amax_ g Fi(m), an a-approximate optimization oracle with v < 1 may still

return an allocation in S;, so the above probability lower bound is unavailable.

p2 and ps3 in Lemma D.6 can be bounded as follows, respectively.
Lemma D.8. Foreacht > 1, Ey; holds with probability at least 1 — 20.
Lemma D.9. Es; holds with probability at least 0.15.

We prove these lemmas.

Proof of Lemma D.8. From Kveton et al. [24, Lemma 4], Ey, = {"(i,a) € [N] x [K] |
|pi(i,a) € (7)] < cQ||¢t(i,a)||Vrl} holds with probability at least 1 — 2§. Here, we use the

fact that H; = k,,V; due to the definition of H; and V;. Their proof uses the union bound, so we can
apply that lemma to our algorithm, which samples €; (i) independently for each i € [N]. On Ej ,,

we have Zfilmﬁt(i, 7(1)) "€ (3)| < ez Ziil || e (i, w(i))||vt_1 for any 7 € II. In addition, we have
|he(m; &)| < Zfil |¢(i,7(i)) T €:(4)| from the triangle inequality. Therefore, on E} ,, it holds that
|he(m; &)| < ¢a Zfil e (i, w (7)) H‘/t—l for any 7 € II. In other words, E5 ; holds with probability
atleast 1 — 24. 0

Proof of Lemma D.9. Using H; X L, Vi, and Cauchy—Schwarz inequality, we have

N
P, (zu(w:;ét) > e Z|¢t<i,wz‘<i>>|vt-l)

i=1
_ N
> Py | b3 €) > ery| LuN > lleli i ()12,
=1
N N
=Py | Y (i, (1) € () > ay | D lleli,mi ()12, - (14)
i=1 i=1

Next, we derive a lower bound. From &;(i) ~ N(0,a>H; "), we have ¢ (i, 7} (i) "&;(i) ~
N(O,a2H¢t(i,7r;f‘(i))||:;It_l). Moreover, since {&;(i)}, are independent, it follows that

Yoy pu(i i (i) TE(6) ~ N(0,a% Y1 || e (i, 77 (3))]|2;, -1 ). Consequently, we obtain

N N
Pol > dulim; (i) T€u(i) = ay | D llbu(iy i (D)3, 1 | = 0.15. (15)
i=1 i=1
Combining (14) with (15) yields the desired bound. O

We are now ready to prove Theorem D.5.

Proof of Theorem D.5. Let By = {||0; — 0*||2 < D+ 1}, P(Es¢) > 1—pa, p1 > P(E1 4 A Eyy),
P(E2:) > 1 — po onthe event Ey 4, and P,(E3 ;) > ps.

T

E[Rr] =) E[fi(n];6%) — fi(m;67)]

t=1
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M=

E[(fe(m;07) — fu(me; 07))L[E1 s, Eag]] + (p1 + pa) KMT

-
Il
—

E[E[(fo(7750%) — fi(mi; 0°)L[En e, Eadl]] + (p1 + pa) KMT

B

-
Il
—

From Lemma D.6, it holds that

9 T N
E[Rr] < (c1 4 ¢2) (1 + )E lz D Mz (@)lly,

b3 = P2 t=1 i=1

+ (p1 +p2 +pa) KMT

T N
2 .
<<c1+c2>(1+p3_p2)E NTY D Nlwe@i | + (b1 +p2 +pa) KMT,

where we used the Cauchy—Schwarz inequality in the last inequality.

Next, we bound pq, ps, p3, and p4. From Lemmas D.1, D.2, D.8 and D.9, we have p; < 4, po < 29,
p3 > 0.15, and py < 4. In addition, from the definition of Ay, we have p4 < ¢ from Kveton et al. [24,
Lemma 9]. Therefore, using these bounds and (8), we can achieve the desired bound. O

Remark D.10. For each i, sampling i.i.d. from a Gaussian distribution is used to obtain a lower
bound for (14). Indeed, 3, ¢4 (i, 77 (i) & (i) ~ N(0,02 370, [l (i, 75 (i))]|%, -1), which
leads to the bound in (15), is derived from the independence. On the other hand, if we sample
a single &; from N(0, a® Zi]il\\¢t(i,w;‘(i))||2m,l) and set £,(i) = & for any i € [N], then
SN iy (0) TE() ~ N(0, 02| SN, by (iy 7y (1))l13, 1), and this prevents us from obtaining
a desirable probability bound.

D.4 Variant of Algorithm 2

Algorithm 3 CAB-TS (heuristic variant)

Input: The total rounds 7', the number of users NV, tuning parameter \y and a, and access to a
practical allocation routine.
1: D1 =0,V; = )\()I, and H; = L,,,A()I.
2. fort=1,...,Tdo
3 Vi I+ 0N a (i) (i)T
6, < argmingcra L(Dy; 0, K, 00)-
It > 2 Hy « Y0 S s (i) 700 (@ ()2 ()T + 5oy
for i = 12t..7Nd0
0,(i) "~ N(0,,a>H, ™). o
Call the practical allocation routine for f;(7; ©,) and let 7, denote its output.
Observe (i) for any i € [N].
Let x; () < ¢ (i, (i) forany i € [N]and Dy 41 < Dy U {(2:(7), y:(4)) bie[n-

I).

@Y >Nk

—

In this section, we summarize a heuristic variant of CAB-TS related to Algorithm 2. We retain it only
for the experiments and do not include it in the theoretical contribution.

In Algorithm 2, we sample &; (i) from N'(0,a?H; ') for any i € [N], and maximize f;(m;8;) +
he(m; E). However, it is also a natural idea to sample 6,(i) from N(6;,a>H, ") and instead
maximize f;, defined as follows:

flmd) = > | D uleulia)T0() |. (16)

a€[K] iem—1(a)

The algorithm can be written as Algorithm 3.
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Remark D.11. The heuristic variant Algorithm 3 is retained only for empirical comparison and is not
supported by a theoretical guarantee in this paper. To extend the proof of Theorem D.5 by a similar
argument, we would need a positive lower bound on the probability of the event

Ejy = fim500) = fulmf:00) = ¢ D llpeiy i () lly,
1€[N]
However, for the direct nonlinear objective, the concavity of r alone does not yield a useful lower

bound on f(7};0;) — fi(w};8,), and thus obtaining such a probabilistic lower bound is difficult.
Even if one imposes a uniform lower-bound assumption on 7, analogous to the assumption on f, this
issue remains unresolved.

E Omitted details of Section 4.3

In this section, we provide the omitted details of Section 4.3. For completeness, we first restate
CAB-OFU with one-pass OMD update and the quantities used in the analysis, since the main text
only presents a compressed description.

E.1 Complete description of CAB-OFU with one-pass OMD update

We consider the following discussions under Assumption 4.3. The one-pass variant is summarized in
Algorithm 4.

Algorithm 4 CAB-OFU with one-pass OMD update

Input: The total rounds 7', the number of users IV, and tuning parameters A\op, 77, ¢, and d.
1: Initialize 6, € © and Q1 < A\op1.
2. fort=1,...,Tdo
3: Call an a-approximate OFU oracle satisfying (18) and obtain ;.

Observe y; (i) for all ¢ € [N].

Set @4(i) < ¢+ (i, m:(¢)) forall i € [N].

Update 0,1, by (17).

AN

For each round ¢ and user 7, define the negative log-likelihood
01i(0) = —ye (1)@ (i) " 0 + m(ze (i)' 6),
where i = p. The one-pass OMD update uses the quadratic surrogate

N
~ 1
0(0) = S ((Volei(00),0 = 0) + 510 — 01l1%,, 0,))

i=1
The parameter is then updated by

~ 1
0,1 =argmin( (;,(0) + —1|0 — 0 2), 17
vir = argmin(7(6) + 5160 - 0113, a7

and the matrix sequence is
t N t N
Qi1 = Aopl + DD " Vilei(0si1) = Aopl + D> juws(i) T Oor1) s (i)zs (i) T
s=1i=1 s=1 =1

We use the confidence set

Ci(0) ={0 € O[]0 — 8:[[q, < ()},

where

B1(6) = \/4hop D2 + 2010g(1/8) + (67 + 1) log(1 + L, Nt/ Aop).
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Given the optimistic value

OPTS® = ;0
t T TN eeth ) fi(m36),

the allocation is chosen by an a-approximate OFU rule:

. > OP'
0210%?6) fe(me;0) > aOPTY (18)

Next, we compare the cost of updating the parameter-update step. If the regularized MLE at round
t is solved by an iterative method with I; optimization iterations, and one pass over the first¢ — 1
rounds costs O(t) when suppressing the dependence on d and N, then the MLE-based update costs
O(t1;). In contrast, once Q; is maintained incrementally, the one-pass OMD update (17) uses only

the current-round surrogate and Q. Hence, if the quadratic subproblem is solved in I; optimization

iterations, its update cost is O(ft) The optimistic allocation step is separate and, in the practical
implementation, may require multiple calls to the submodular welfare oracle.

E.2 Proof of Theorem 4.4

We provide the complete version of Theorem 4.4 and its proof.

Theorem E.1 (complete version of Theorem 4.4). Under Assumption 4.3, with probability at least 1 —
0, the a-approximate regret of Algorithm 4 withn = 1+ RD and Aop > max{14dnR?,6nRDL WN'}
is upper bounded as

2dN NT

NT
RS < 26, 2L, L, Br ()| 1| 2dNT log (1 + ) + log(l + )
T 12 12 T( ) d)\op \/E d)\op

_ NT
+ 16k, ' RL, L,dN 57(0)log (1 + - A()p)

Proof. By decreasing r,, if necessary, we may assume x,, < 1. Let (7, 6°P) be an output of the -
approximate optimization oracle for max e maxgec, (s) f¢(7; @). We work on the high-probability

event in Lemma E.2, so that |85 — 0*|lq, <28:(0) forallt € [T]. Let

t—1 N
Vi =Aopl + Y >z (i)as(i) "
s=11i=1
By the lower bound encoded in x,,, we have
t—1 N
Qi = dopl + Z Zﬂ(ms(i)T05+1)ws(i)ws(i)T = K Vi
s=1i=1

We first decompose the instantaneous regret and then bound the linear and quadratic terms from the
Taylor expansion separately. We have

M=

Rt = ) _(afi(ni;0%) = fi(m:;67))

o~
Il

1

T N
Julm 67) = fulm:67)) < Lo D23 |l ()T 65) — (e (1) 67)

1 t=1 i=1

INA
M=
—~

o~
I

(@i (i) 70"z (i) T (657 — 67)

M-
e

Il
—

o~
Il
N

K2

n (wt(i)T (§§p - 0*))2 /01(1 - v)ﬂ(azt(i)TO* + o, (i)T (5§P - 9*)) dv

(wt(z’)T (iifp - 0*))2 ) (19)

@) (6P — 6%)| + RL,

e
M) =

(ﬂ(wt(i)TO*)

~
Il
-
-
I
-
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Here the first inequality follows from the «-approximate OFU rule, since 8* € C(§) implies

Y > > *, *
Je(me;07%) ar;lgﬁcgén%)ft(w ;0) > afi(n];60%),

the second inequality follows from the Lipschitz continuity of r, the third inequality follows from
the second-order Taylor expansion of x around 8* with the integral remainder form, and the fourth
inequality follows from Assumption 4.3.

We next control the first-order term in (19). By Cauchy—Schwarz and Lemma E.2,

T N
SOY i) @) (8 - 6°)
t=1i=1
T N N T N
<SS il ()70 (1)l g 1957 — 07, < 262(8) DD il ()07 i) g1
t=1 1=1 t=1i=1
(20)

Using fi(z:(i) ' 0*) < L, and Q; = k,,V;, we have

T N
ST e (i) 0% (i) T (85 — 67))]

t=1 i=1

T N
<2L,8r(8) D Y llwe(i)llg;

t=1 i=1

T N
< 265 2L, Br(0) 303 o)y

t=1 =1

NT 2dN NT
<2k V2L ) 2dNT log| 1 “— log( 1 21
— Hl" HﬂT( )(\/ 0g< + d)\()p) + \/E Og( + d)\()p))) ( )

where the last inequality follows from (8). By applying Takemura et al. [43, Lemma 5], we obtain

T N
. NT
> Ny < 4leog(1—|— 7\ ) (22)
op

t=1 i=1

It remains to control the second-order remainder term in (19). By the self-concordance-type bound
and Lemma E.2,

LYY

t=1 i=1

()7 (077 e*))Q‘s4RLuﬁ%<6>i§j|wt<i>||gt_l

T N
< i RL D) Y Y w1,

NT
§16ﬁ;1RLMdNﬁ%(6)log(1+d)\ > (23)
op

where the last inequality follows from (22).

Combining (21) and (23), we obtain the following regret bound:

NT 2dN NT
@ <ok V2L, L 2dNTlog( 1 log(1+ —
RT - K/M " MBT(d) <\/ d Og( + d)\op) + >\op Og( + d>\0p>>
NT
+ 16k, ' RL, L, dN 37.(5) log<1+ ™ > (24)
op
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E.3 Useful lemmas for the proof of Theorem E.1

In this section, we present the lemmas to prove Theorem E.1.

First, we prove that the confidence set defined in Lemma E.2 contains the true parameter 8* with
high probability.
Lemma E.2. Ler 6 € (0,1) and

Ci(6) ={0 €O |16 - b:lq, < B:(0)},

where

1 L,Nt
B:(6) = \/4)\OPD2 +2n log<5) +d(6n% +n)log (1 + )’\)

op
Setn =1+ RD and \op > max{14dnR? 6nRDL,N} for Algorithm 4. Then, with probability at
least 1 — 6, we have 0* € Cy(9), equivalently ||0; — 0*||q, < B:(9), forany t € [T].

Proof. By Lemma E.4, we have

t N
1041 = 07115, 20D > (£si(87) = £5,4(0511)) + 4Aop D
s=11i=1
t t
+20RDL,N > (001 — 043 = > [0 — 0,11 (|5, - (25)

s=1
First, to upper bound the linear term, we decompose as

t N t N
Z Z(ge,z(e*)*ge 7 €+1 Z (Z gs z 0* 9)) +Z (me(Pe) - Z gs,i(es+1)> 9

s=11i=1 s=1 i=1
where P; = N (0s,(Q; ') with ¢ = 3n/2 is a d-dimensional multivariate normal distribution and
the function m,: P — R is defined as m4(Ps) = — log(Eg..p, [exp(— Zf;l 45:(0))]).

The first term can be bounded by applying Lemma E.5 to the aggregated loss Zf\il 4, ;(0*). Thus, it
holds that with probability at least 1 — 4,

Sz: (Z: 0,:(0%) — ms(PS)> < log (;) .

In addition, by Zhang et al. [49, Lemma 6], we can bound the second term as

! N L,Nt
. < JE— .
E (ms(Ps) ;:1 ES,Z(OS“)) g |0s+1 — 65 HQ + d<317 + > 10g<1 + Nop )

s=1
Although there is a difference between Zhang et al. [49, Lemma 6] and our setting in that the latter

is combinatorial, we can derive the above upper bound by treating Zf\il l5.:(0541) as a single unit.
Substituting these bounds into the (25), it holds that

. 1 LNt
|0s41 — O ||?Qt+1 < 4X\opD* + 27710g(5) +d(6n* 4+ n) log (1 + )’j )

op

t t
1
+20RDL,N Y |04 — 6,5 — e > 116 = 0,412,
s=1

s=1

1 L,Nt
<4\, D? + 27}10g<5> +d(6n* + 1) log (1 + ;‘ )

op

t t
1
+2RDLN Y1051 — 03— 5 Y [0 — 6
s=1

s=1
1 L,Nt
< 4)\0pD2—|—27710g(6> —|—d(677 —l—n) 1og(1+ 3 ),
op
where the last inequality follows from Ao, > 6nRDL,N. O
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The following lemma is regarding the property of the online mirror descent update.
Lemma E.3 (Zhang et al. 49, Lemma 1). Let f: © — R be a convex function, let © be a convex set,

and let A € R ? be a positive definite matrix. 0, = arg mingc g (f(0) + % 10 — 6o|%) satisfies
16+ — ulls < 20(Vf(6+),u—01) + (60 — ully — 160 — 0+]%
forallu € O.

This lemma is used to control the distance between the updated parameter and the true parameter.

Lemma E.4. Assume that |0*||2 < D, © C {0 € R?: ||0]|2 < x(i)||2 < 1 forallt and i,
f(z) < L, forall z, and ji(z) < R for all z. When we use Algorlthm 4 wnh n =14 DR, for any
Aop > 0,

2

t
1011 =071, <20 > (£ei(67) = €5,i(0541)) + 4Aop D?

s=11i=1

t
+ QURDL#NZHOSJA - 95”% - Z”es - 034&”225'

s=1

Proof. Fix s € [t]. By the second-order Taylor expansion of £, ; around 6,41,
gs’i(e*) = gS,i(eSJFl) + <V637i(05+1)a 0" — 08+1> + ”08+1 - H*H%s i’

where

1

H, - / (1= )V, i (1 = )8y 11 + 007) dv
0

Rearranging gives

€S,i(05+1) - gsw’(a*) < <V657i(05+1)a Osi1—0") — 10541 — H*H%“

Next, let ﬁ“ = aswims(i)ws(i)—r, and &, ,; = fol(l — v)u(ws( )T ((1 —0)0sy1 + v@*))dv. By
Zhang et al. [49, Lemma 8], we have

T 242DR
Therefore, X
Hs,i = mv2gs7i(03+1).
Summing over ¢ yields
N N
D (Csi(Bas1) = £e,i(07)) <Y (V4 i(0511), 0,41 — 67)
=1 i=1
! 0 0% 26
“oraprl®n sy vy @O

We now control the linear term. Applying Lemma E.3 with f = lz, A=Q;,00=0,,0, =0,,1,
and u = 0*, we obtain

" 1 * *
(Vls(0s541),0541 — 07) < 2*(||‘9 —0%1G. — 10511 — 0", — 165 — 654115.)- @D

Let A, = 6,,1 — 0. Since VES(OS_H) = Zfil (Vﬁsyi(Gs) + V2€57i(05)A3), the difference be-
tween the true and surrogate gradients is

N N
Z v‘gs,i(05+1) - Vﬁs(esﬁd) = Z(vgs,i(eerl) - v‘gs,i(es) - Vz‘gs,i(es)As)~

=1
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By Taylor’s theorem, for each ¢ there exists {,; on the line segment between ms(i)TOS and
x (i) 0,1 such that

2

VES,,»(BSJA) — Vﬂs,i(ﬁs) — VQKSJ‘(HS)AS = /J(gs,z) (azs(i)TAs)

5 xs (7).

Hence,

N
<Zwl 1) ws<es+1),es+1e*>

<3 ) 7010107

2

R
< Z 5 2D LulIA 3 = RDL,N|| A3,

where we used ||z (3)||2 < 1, ||0s41]l2 < D, ||0*|]2 < D, and & < L,,. Combining this bound with
(27), we obtain
al 1
D (VEi(0:41), 04401 — 07) < %(HOS =0 1g, — 10541 — 071G, — 6. — 0.4113,)
i=1
+ RDL,N|0s41 — 0s]l3. (28)

Since n = 1 + DR, we have 1/(2n) = 1/(2 + 2DR). Substituting (28) into (26) and using the
definition of Q,, we obtain

N
S (leiOnir) — £0s0) = 5 (10, = 07, — 10011 = 071, — 10— 0,:1[%,)

=1

+ RDL, N6, — 0,]3.

Summing over s = 1,...,t gives
t N
(2+2DR) ZZ z 0s11) 51(0*))
s=11=1

t t
< 61— 615, — 16141 = O7II5,., — D _l16s —Oss1]lE, + (2 + 2DR)RDL,N Y |61 — 64f3.

s=1
Since Q1 = Aopl and © C {0 : ||0||]2 < D}, we have
181 — 6711, = Aopl101 — 07|13 < 4Xop D*.
Rearranging proves the first claim.
For the second claim, note that Q = A\, I, and thus
H08+1 - 95| %Qs > )‘0p||08+1 - 08”%'
If \op > 6RDL,N(1+ DR), then

1
(2+2DR)RDL,N||0s41 — 0413 < 16541 — 01,

Substituting this into the first inequality yields

t
1641 — 0%[|5,,, < (2+2DR) ZZ 6i(0%) — s :(8551)) —7Z||¢95+1 0,115, +4XopD?,

s=1 =1 =

as claimed. O
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The following lemma extends Zhang et al. [49, Lemma 5] to the CAB setting, where multiple
feedback observations can be obtained at the same time.

Lemma E.5. Let G, be the filtration defined by G, = o ({{zs(i),ys(0)}]1}.21) and {P,}52,
be a stochastic sequence of distributions over R%. P, is Gi-measurable for each t > 1. De-
fine ls;(0) = —ys(i)xs(i)' O + m(a:s(i)TO), L,(0%) = 22:1 Zf\;lésyi(e*), and F, =

= S Tog (Eowp, lexp(~ S, (i(0)) )]) forany t = 1.
Then, for any § € (0, 1), with probability at least 1 — 6, it holds that

P[Vt € [T), Li(0°) — F, < log(;>} >1-4

Proof. Since it is necessary to properly handle the joint distribution, we extend the proof of
Zhang et al. [49, Lemma 5] under the assumption of conditional independence. First, define
M; = exp(L(0*) — F;). For each natural parameter z, let p(y; z) denote the normalized den-
sity or mass function of the GLM. We use only the likelihood-ratio identity

p(y; 2)

p(y; 2')
For notational convenience, write p(y(1),...,y(N); {z;}X ;) = Hf\il p(y(%); 2;). By the definition
of M;, we have

= exp(y(z — 2') = m(z) + m(')).

+ =

[Tics Bovr, [T exp(—C.i(0))]
[T T exp(—4,4(6%))

Since {y; (i)}, are conditionally independent given {x;(i) " 6*}¥,, we have
N
pye(1), -y (V)i {ae () "0}, = [ [ p(we () () T 67).
i=1

By the likelihood-ratio identity, for any 8,
Ly exp(—£ei(0) _ p(ye(1), - ye(N); {me () TOIY )

T, exp(—£:.:(8%)) Cp(ye (D), u (N e (0) O )
Together with the definition of My, this implies that

My = M (29)

E[M:|Ge] = M+ E

Eo~p, [p(ye(1), -, ye(N)i {21 (i) "O}Y,)]
P(ye(D)s -y (V) {ze (i) TO* 1Y)
By using the above discussion, we can show that { M }$2 is a martingale with respect to {G; }52;.
Here, E[-] denotes expectation with respect to y;(1), ..., y:(N).
Eo~p, [P(ye(1), -, ye(N); {me (i) TO}]Y))] g
. t
P(ye(1), - ye(N)s {ae (i) TO L)
_ M, / Eo~p, [p(y(1), ..., y(N); {m: (i) TO}Y )]
p(y(1), -, y(N); {me(i) TO Y1)
p(y(1), - y(N)s {me(i) "7 }L,) dy(1) ... dy(N)
= M1 /EeNPt [p(y(1), - y(N); {z,(0) "0} )] dy(1) ... dy(N)
= M, 1Eo~p, Up(y(l), o y(N)s {e(i) O} dy(1) - . dy(N)
where we used the fact that M;_; is G;-measurable and (29) in the first equality. Therefore, since

{M,;}72, is a martingale, My = 1, and M, > 0, we can use Lattimore and Szepesvari [26, Theorem
3.9] to obtain

1
]P’{suth > 5} < -,
t €
for any € > 0. By setting € = 1/4, we can prove the argument. O

29



Algorithm 5 Max match

Input: The total rounds 7', the number of users IV, and tuning parameter )y and a.

1: Dy = @.

2: Vi < Aol

3 fort=1,...,Tdo

4 0, + argmingcpa L(Dy;0, ko).

s: Choose m; = argmax, | Y, (k) Yoicn—1(a) M Pe(i,a) " 0) + gt(ﬂ)), where g; is defined
in (3).

6: Observe y, (i) for any ¢ € [N].
7 x¢(i) < p¢(i,m¢(7)) forany i € [N] and Dy 1 < Dy U {(x4(4), ¢ (7)) }icn-
8 Vir NI+ N w (i)l (i)

F Details of Section 5

This section describes the detailed experiment settings and reports additional results.

F.1 Baseline algorithms

We first describe detailed algorithms of “Max match” and “FairX”. First, we show the detailed
algorithm of Max match in Algorithm 5, which is a UCB-based algorithm maximizing the sum of
matches. We can see the important difference between Max match and CAB-UCB in line 6. Max
match chooses arms with the highest sum of expected matches instead of satisfaction.

Algorithm 6 shows FairX’s algorithm in detail. FairX is a UCB-based fairness algorithm proposed
by [46]. This method ensures that each arm receives a share of exposure that is proportional to its
expected match, aiming to mitigate the over-selection of specific arms. [46] proposes UCB-based
and TS-based algorithms in the stochastic linear bandit setting. For fair comparisons, we use the
UCB-based algorithm and extend it to CAB. To approximate the argmax over CR;, we draw 50
candidate parameters from the confidence region as follows: if V; = L;L/, we first sample =
uniformly from the unit Euclidean ball and then set @ = ; + L; ! (v/7x), so that @ € CR;. For each

- +(i,a)' 6 .
sampled candidate, we evaluate Zie[N] ZGE[K} Za/:g#((@)(i:a)')T") - u(¢¢(i,a) T @) and keep the

best one.

We then describe the implementation of “CAB-TS (¢)” in Algorithm 2. The optimization problem in
Algorithm 2 does not satisfy monotonicity since h:(; €;) might be a negative value. For convenience,
we set we (SUJ) —w,(S) to 0 to retain monotonicity if w, (SUJ) —w,(S) < 0. This implementation
is a practical proxy for the perturbed allocation step and is not an exact implementation of the oracle
assumed in the CAB-TS regret analysis.

Finally, we describe the hyperparameters of these algorithms. In the main text, we use \y = d,
c1 = V/d for CAB-UCB and Max match, a = v/dN for CAB-TS, and ~v = 0.1 for FairX.

F.2 Details of the setup

In this subsection, we provide the detailed setup of the synthetic experiments. We first define the
5-dimensional feature vector ¢ (i, a) as follows.

d)(ia a) =X d)pop(iv a) + (1 - )‘) : ¢base(i7a)7 (30)

where @p0, and @p,s. are sampled from the standard normal distribution. Moreover, @y is
componentwise strictly increasing with respect to the arm index, meaning that for every user ¢,
component mm € [5], and all a € [K — 1], [@pop(i,a)]m < [@pop(i,a + 1)]m,. The parameter A
controls the strength of arm popularity. We use p(z) = 1/(1 + exp (—«)) and r(z) = min{x, 8} as
the feedback mean and satisfaction functions, respectively, so matches beyond 3 have no additional
effect on satisfaction. The unknown true parameter 8* is sampled from the standard uniform
distribution.
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Algorithm 6 FairX

Input: The total rounds 7', the number of users IV, and tuning parameter Ay and ~.

1: Dy = @.

2: Vi < Aol

3 fort=1,...,Tdo

4 0, « argmingcpa L(Dy;0, ko).

50 SetCR;=(0:0—0:|v, <\7).

+(i,a)' 6 .
6: Choose 6; = arg maxgccg, (Zie[N] > acik] Za/iju((@)(z‘,a)fﬁe) (s (4, a)TG)).

7: Construct policy P;(i,a) = 5 gi‘?*}fé;};i% 57

8: Sample m; ~ P;.

9: Observe y; (i) for any ¢ € [N].

10: x¢(i) < @1 (i, m¢(i)) forany i € [N] and Dyyq < Dy U {(x¢(4), ¢ (7)) bicn-
1 Vig 2ol + 3 N 2 (i) ()T

We compare CAB-UCB, CAB-TS (¢), the heuristic variant CAB-TS (6), and the one-pass OMD
against Random, Max match, and FairX. We fix N = 50 and K = 10 in all settings. The default
comparisons in Figures 2a and 2b use 7" = 10000, A = 0.5, and 8 = 5.0 over 10 runs. The A-
and [-sweeps in Figures 2c and 2d vary the corresponding parameter while fixing the others. The
histogram analyses in Figures 2e and 2f use 7' = 5000, A = 1.0, and § = 5.0 with 5 runs. For
the appendix-only results in Figures 3a to 3c, we use the same data-generation procedure and set
T = 5000, A = 0.5, and 8 = 5.0 unless otherwise specified. Throughout the experiments, the
allocation routines are practical proxies for the offline oracle steps used in the theory. Accordingly,
CAB-TS (0) should be interpreted only as an empirical heuristic variant, not as an algorithm covered
by the theoretical guarantees, and the one-pass variant should likewise be interpreted as an empirical
proxy for the theory-side oracle-based procedure.

Implementation of the one-pass variant For the one-pass OMD implementation, we set Ao, = 5.0,
n = 1.0, and § = 0.05 in all experiments. The projection setis © = {8 € R¢ : ||0||2 < v/d}, which
contains the true parameter generated from [0, 1]%. We initialize §; = 0 and Q1 = A, 1, and project
each iterate onto the parameter set ©. At round ¢, the implementation computes a confidence radius
of the same form as in Appendix E using the current number of past observations, with L, = 1/4 for
the logistic link, and then forms the optimistic match estimate

fin(isa) = (@0l )70, + Bilii (i, )l ).

Instead of solving the nested maximization in (18) exactly, we use the same sequential randomized
welfare routine as in the other experimental methods. This replacement is heuristic and lies outside
the scope of the theory in Appendix E. If s, denotes the current accumulated optimistic matches for
arm a, then arm a receives weight (r(sq + i (i, a)) — 7(s4))" *; these weights are normalized to
probabilities, and one arm is sampled. After observing the Bernoulli matches y;(7), the update step
computes

N 1/ N

Ay = (Z Vﬁft,i(Bt) + Qt/ﬂ) (Z vegt,i(at)>7 0.1 =1la(6: — Ay),
i=1 1=1

that is, it first takes the unconstrained minimizer of the quadratic surrogate and then projects it onto

©. Finally, it updates

N
Qi1 =Qu+ Y it e, (1) Ora) bu(i, mi (i) b (i, e (1)) "
i=1
We evaluate all methods in terms of cumulative arm satisfaction (our objective) and cumulative

matches. These metrics are calculated as follows.
T

Cumulative arm satisfaction = Z fi(m;0%)
=1
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Figure 3: Additional synthetic results. Panels (a) and (b) report normalized cumulative satisfaction,
where each value is normalized by the cumulative satisfaction of a reference allocation computed
with the true parameter and the same allocation oracle. Panel (a) varies the number of arms, panel (b)
varies FairX’s confidence parameter ~y, and panel (c) compares the average execution time per round
as the horizon length changes. Unless otherwise specified, we use N = 50, T' = 5000, A = 0.5, and
B = 5.0, while fixing the remaining parameters to their default values.

T
Cumulative matches = Z Z Z ye (1),

t=1 a€[K]ier; ' (a)

For Figures 2c and 2d, we normalize cumulative satisfaction by the cumulative satisfaction of a
reference allocation computed using the true parameter and the same allocation oracle. Solid lines
denote means over runs, and shaded regions indicate 95% confidence intervals where applicable. All
experiments were performed on a MacBook Air (13-inch, Apple M3, 16 GB RAM).

F.3 Additional results

We report three additional synthetic experiments in Figure 3, covering robustness to the number of
arms, sensitivity to FairX’s confidence parameter -, and computational cost as the horizon length
increases. In Figures 3a and 3b, each value is the cumulative satisfaction normalized by a reference
allocation computed with the true parameter and the same allocation oracle. Unless otherwise
specified, we fix N = 50, K = 10, T = 5000, A = 0.5, and # = 5.0.

Varying the number of arms. Figure 3a shows that CAB-UCB remains essentially indistinguish-
able from the reference value across all tested values of K, while CAB-TS (¢), the heuristic variant
CAB-TS (0), and the one-pass variant also stay close to the reference value. In contrast, Random, Max
match, and FairX remain substantially below the CAB methods, with the gap becoming particularly
large for Random and Max match as K increases. These results indicate that the proposed CAB
methods preserve arm-side satisfaction even when the action space becomes larger.

Varying FairX’s parameter . Figure 3b shows that changing « over several orders of magnitude
has little effect on any method’s normalized satisfaction. CAB-UCB consistently attains the highest
value, and the other CAB variants remain close behind, whereas FairX stays well below the proposed
methods for all tested values of . This suggests that FairX’s limitation in this problem is not primarily
a matter of tuning ~. Rather, it stems from optimizing a fairness criterion based on expected matches
instead of the arm-satisfaction objective.

Runtime comparison. Figure 3c compares the average execution time per round while varying the
horizon length 7'. The one-pass variant is the fastest method and remains nearly constant as 7" grows,
whereas CAB-UCB, CAB-TS (¢), and the heuristic variant CAB-TS (#) become noticeably slower
for larger T'. This pattern is consistent with the design of the one-pass variant, which avoids solving a
regularized MLE from the full history at every round, and shows the expected computational trade-off
between accuracy and efficiency.
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