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ABSTRACT

We develop a new approximation and statistical estimation analysis of deep feed-
forward neural networks (FNNs) with the Rectified Linear Unit (ReLLU) activation.
The functions of interests for the approximation and estimation are assumed to be
from Sobolev spaces defined over the d-dimensional unit sphere with smoothness
index r > 0. In the regime where r is of the constant order (i.e., r = O(1)), it
is shown that at most d? active parameters are required for getting d~¢ approxi-
mation rate for some constant C' > 0. In the regime where the index r grows in
the order of d (i.e., r = O(d)) asymptotically, we prove the approximation error

decays in the rate d=?" with 0 < B < 1 up to some constant factor independent
of d. The required number of active parameters in the networks for the approx-
imation increases polynomially in d as d — oo. It is also shown that bound on
the excess risk has a d? factor, when r = O(1), whereas it has d°(!) factor, when
r = O(d). We emphasize our findings by making comparisons to the results on
the approximation and estimation errors of deep ReLU FNN when functions are
from Sobolev spaces defined over d-dimensional cube. In this case, we show that
with the current state-of-the-art result, d factor remain both in the approximation
and estimation errors, regardless of the order of r.

1 INTRODUCTION

Neural networks have demonstrated tremendous success in the tasks of image classification
(Krizhevsky et al.l 2012; [Long et al.l 2015), pattern recognition (Silver et al., 2016), natural lan-
guage processing (Graves et al.,[2013; Bahdanau et al., | 2015; | Young et al.| 2018]), etc. The datasets
used in these real world applications frequently lie in high-dimensional spaces (Wainwright, [2019).
In this paper, we try to understand the fundamental limits of neural networks in the high-dimensional
regime through the lens of its approximation power and its generalization error.

Both approximation power and generalization error of neural network can be analyzed through
specifying the target function’s property such as its smoothness index » > 0 and its input space
X. In particular, deep feed-forward neural networks (FNNs) with Rectified Linear Units (ReLU)
have been extensively studied when they are used for approximating and estimating functions from
general function class such as Sobolev class defined on d-dimensional cube (i.e., X' := C%), de-
noted as W; (Cd) for 1 < p < oo. However, in practice, signals on a spherical surface (i.e.,

X := 891 = {x € R?: ||x|| = 1}) rather than on Euclidean spaces often arise in various fields,
such as astrophysics (Starck et al., 2006} |Wiaux et al., | 2005)), computer vision (Brechbiihler et al.,
1993)), and medical imaging (Yu et al., 2007).

Motivated by this, we focus our attention on the cases where deep ReLU FNNSs are used for function
approximators and estimators, when functions are assumed to be from the Sobolev spaces defined
over S that is f € W (S971). Under this setting, our analysis focuses on how the input di-
mension d explicitly affects the approximation and estimation rates of f € W (S9~1). At the
same time, we show how the scalability of deep ReLU FNNs grows in the high-dimensional regime.
Here, the scalability is mainly measured through the three metrics: (1) the width denoted as W,
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Theorem Theorem

Function class W (S4T) wr ([0, 1]%)
Smoothness O(d) o) Vr >0
Upper-bound on N | O(nd) O(nd) O((d +r)?)

~ ar ~ N4 ar ~ 27
Estimation error rate | O(d” -n~7%5) | O((2)2d? - n~7+37) | O((d+r)* - n~77)

Table 1: Here, C' > 0 is an universal constant. Notation @() hide the logarithmic factor in n. Note
that the upper-bounds for A/ in Theorem (.e., N'= O(Md)) are from Theorem with choices

M = [n3ite].

(2) the depth, denoted as L, and (3) the number of active parameters, denoted as N of the net-
work, (Anthony & Bartlett, [1999). It should be emphasized that we find there exists an interaction
with smoothness index r > 0 and dimension d, whereas we cannot find one for the case when
f € W& (C?%). We further summarize our detailed findings in the following Subsection.

1.1 PAPER ROAD MAP AND CONTRIBUTIONS

In Theorem (3.1} we provide an approximation bound of deep ReLU FNN (i.e., f) for approximat-
ing the target functions in Sobolev spaces defined over sphere (i.e., f € W (S¢71)). Notably,
in the bound, we track the explicit dependence on data dimension d allowing it tends to infinity.
This tracking enables how the three components of network architecture, width (VV), depth (L),
and the number of active parameters (N), should change as d increases, for obtaining the good
approximation error rate.

As a Corollary of Theorem[3.1] we show how the order of function smoothness r can have the effect
on the scale of network in terms of d. Specifically, when the function smoothness » = O(1), we
show that the constructed network, f, requires W = O(d%), L = O(d” log, d) for 0 < v < 1, and

N = O(d**1) for obtaining d~°() approximation error up to some constant factors independent
with d. Furthermore, when r = O(d), we show that only W = O(d*), L = O(d" log, d), and at

most N = O(d?) are required for obtaining the sharp approximation rate O(d*dﬁ) for0 < a,B <
1. See Corollary [3.3]for the detailed statement of the result.

Our result implies that for approximating f € W7 (S9~1), the larger the smoothness index r is,
the narrower the width of the network should be enough, while the depth of the network can be
fixed. Moreover, when 7 is in the same order as d, the network can avoid the curse of dimension-
ality requiring only O(d?) number of active parameters. It is interesting to note that the function
smoothness index can affect the design of the network, specifically on width, while it has little effect
on the design of depth. Admittedly, the condition » = O(d) is restrictive in a sense that it makes
the function space W (S9~1) small. Nonetheless, it contains some interesting examples: that is,
reproducing kernel Hilbert spaces (RKHS) generated by C'*° kernels such as Gaussian kernels.

Additionally, to the best of our knowledge, this finding is not observed in the current approximation
theory of neural network literature when f € W7 (C%) where C? denotes some d-dimensional cubes,
and f is a deep ReLU FNN. Out of the long list of literature to be introduced shortly, we choose
the result from |Schmidt-Hieber| (2020) for the comparison as it also has the explicit dependence on
d in their approximation bound. From their result, it can be seen that the curse cannot be avoided,
even when 7 = O(d). The width of their constructed network is lower bounded by Q(r? Vv e?) and
the number of active parameters is upper-bounded by O((r + d)?). |'| Note that the bounds on both
components grow exponentially in d as r increases. See Subsection [3.1|for detailed comparisons.

We further make the comparisons_between estimating functions f € W7 (S?~!) (Theorems
versus f € W2 (C%) (Theorems via deep ReLU FNNs under the non-parametric regression
framework. Given n noisy samples, the two Theorems suggest the specific orders of W, L and N/
in terms of n, d and 7, for which they give the tightest bound on excess risk of respective function
estimator from Proposition When r = O(1), it is shown that the excess risk upper-bounds of

'Interested readers can find the intuitive technical reason for having the exponential dependence in d on
width W and active parameters A\ in the Appendix@
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both function estimators have d? in the constant factors. In contrast, when r = O(d), estimating

functions f € W (S 1) has at most d°(") factor in the bound, whereas the bound for function
estimator of f € W (C?) has d?. See Table and Subsectionfor detailed comparisons.

1.2 RELATED WORKS

In this Subsection, to aid readers have a more clear understanding on the contributions of our paper,
we provide the list of relevant works with comparisons of how these works are different from ours.

Approximation of f € W_(S?!) via deep CNN. ~ For the approximation theory of f &

W (8971), we must refer readers Fang et al.[(2020) and [Feng et al.| (2021). But in their works, the
convolutional neural network (CNN) is used for the function approximator under fixed d setting.

Approximation of f € W_(C?) via deep ReLU FNN. Approximation theory of deep ReLU FNN
for functions f € W_(C?) has a lengthy history in the literature. Representatively, Mhaskar| (1996)
showed that f can be approximated uniformly within e-approximation accuracy with a 1-layer neural
network of O(¢~%") neurons and an infinitely differentiable activation function. Later, for deep
ReLU networks, [Yarotsky| (2017) showed that the number of active parameters (N) in networks is
bounded by O(e=%"log (1)), and the depth has the order O(log(L)). He further proved that \/
is lower-bounded by the order @(e~%"), which is backed up by the result in|DeVore et al.|(1989).
For f € W; (Cd) with 1 < p < oo, Petersen & Voigtlaender|(2018) showed that there exists a deep
ReLU network with bounded and quantized weight parameters, with O(e~%") network size, and
with e-independent depth for achieving the e-accuracy in the L,, norm. For approximating functions
f € Wz (C%), |Schmidt-Hieber (2020) proved that a network of size O(¢~%/") with bounded weight
parameters achieves e-approximation error in the L, norm.

Function spaces with special structures. The result of |Yarotsky| (2017)) implies that deep ReLU
net cannot escape the curse of dimensionality for approximating f € W (C?). Many papers have
demonstrated that the effects of dimension can be either avoided or lessened by considering function
spaces different from Sobolev spaces, but defined over C<. Just to name a few, Mhaskar et al.| (2016)
studied that a function with a compositional structure with regularity r can be approximated by
neural network with O(¢~2/") neurons within ¢ accuracy. [Suzuki| (2018) proved the deep ReLU
network with (9(6*1/ ") neurons can avoid the curse for approximating functions in mixed smooth
Besov spaces. |(Chen et al. (2019) showed the network size scales as O(¢~"/") for approximating
C" functions, when they are defined on a Riemannian manifold isometrically embedded in R? with
manifold dimension D with D < d. Montanelli & Du|(2019) and |Blanchard & Bennounal (2022)
showed respectively the deep and shallow ReLU network break the curse for Korobov spaces.

Estimation rates of excess risk under non-parametric framework. Many researchers also have
tried to tackle how the neural networks avoid the curse by considering specially designed function
spaces under the non-parametric regression framework. We only provide an incomplete list of them.
Such structures include additive ridge functions (Fang & Cheng, 2023)), composite function spaces
with hierarchical structures (Schmidt-Hieber, |2020; Han et al.,|2022)), mixed-Besov spaces (Suzuki,
2018), Holder spaces defined over a lower-dimensional manifold embedded in R< (Chen et al.,
2022). They all showed the function estimators with neural network architectures can lessen the
curse by showing the excess risks of the estimators are bounded by O(n_zr/ (2r+D /)), where n
denotes the size of a noisy dataset, and D’ < d is an intrinsic dimension uniquely determined
through the characteristics of function spaces, when they are compared with the minimax risk
O(n=2"/(2r+d)) (Donoho & Johnstone, |1998) for f € W (C%).

Comparisons. The aforementioned works mainly focused on the approximation and estimation of

functions defined on C?, not S?~!, for the fixed d. Moreover, the introduced papers on approxi-
mation theory, except the work of [Schmidt-Hieber| (2020), hide the dependence on d in the Big-O
notation of A in e-accuracy, even for papers where they consider the function spaces with special
structures. Thus, it is not clear how the d affects the approximation bound and the scale of the pro-
vided network architecture. Introduced papers on estimation rate for excess risk also follow the same
philosophy with papers on approximation theory, as they work on the fixed d setting. In contrast, we
work on the S¢~! input space, track the explicit dependence on d in the error bound, and describe
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how d affects the scale of deep ReLU FNN as d — oo with its interactions with function smoothness
r > 0. Our paper focuses on tracking the dependence on d in the constant factor hidden in the Big-O
notations both in approximation and estimation error rates, rather than paying attentions to reducing
the exponential dependence of d with base € in A or with base n in excess risk bound.

2 PRELIMINARY DEFINITIONS

In this Section, we provide the mathematical definitions of deep ReLU FNN and Sobolev function
spaces on unit sphere.

2.1 DEFINITION OF DEEP RELU NETWORK

For defining the deep ReLU network mathematically, we adopt the notation used in|Schmidt-Hieber
(2020). Forv = (vq,...,vy) € R", let oy, : R” — R" be the shifted ReLU (Rectified Linear Units)
activation function as oy ((y1,...,¥-) ") := o((y1 —V1,...,yr —V,) ), where o(z) = max(x,0).

With this notation, the network architecture (L, p) consists of a positive integer L, called the number
of hidden layers, and a width vector p := (po,...,Pr+1) € N L+2 A deep ReLU network with
architecture (L, p) considered in this work is then any function of the form

f (ST LR, x— fX)=Wroy Wi 10y, 4 ...0u, Wix, (D

where W, € RPi+1%Pi ig a weight matrix with pg = d, pr+1 = 1 and v; € RP: is a shift
vector. Network functions are built by alternating matrix-vector multiplications with the action of
the nonlinear activation function o.

Let |[W}]|o and |v,|o be the number of nonzero entries of W and v, in the 5™ hidden layer. The
final form of neural network we consider in this paper is given by

L
F(L,p,N) := {fofthe form (T) : Z W llo+ |vjlo < N} ()
j=1

The main advantage of using this notation comes from its convenience for tracking the construction

process of network f for approximating f € W7 (S%~1). See Section in the Appendix. Now,
we define the Sobolev spaces over the sphere in the next Subsection.

2.2  DEFINITION OF SOBOLEV SPACES OVER SPHERE

For 1 < p < oo, we denote £,(S% 1) = L£,(8% 1 px) as the L,-function space de-
fined with respect to the normalized Lebesgue measure py on S9!, with norm ||g||, =

(fsd—1 |9(X)|p,0x(dx))l/p,

Let Hg be the space of homogeneous harmonic polynomials of total degree k € Z restricted on
S9-1 ¢ R4, In|Dai & Xu|(2013); [Efthimiou & Frye|(2014), its dimension for k£ € N is found to be

2k+d—2(kz+d—3)

Nk, d) = — k-1

3)
Note that £5(S%~) is a Hilbert space with inner product (f, g) z,(si-1) = [ga_1 f(X)g(x)px(x)
for f,g € Lo(S%1). The spaces H¢, for k € Z,, of spherical harmonics are mutually orthogonal
with respect to the inner product of £5(S971).

Since the space of spherical polynomials is dense in Lo(S971), every f € L3(S% 1) has a
spherical harmonic expansion f = Y 7> Proj.(f) = Yo, Z?i(lk’d) fr,e Yk converging in
the EQ(Sdil) norm. Hereafter, {Yk,é }?i(lk -4) denotes an orthonormal basis of H¢, ﬁ,g is the

Fourier coefficients of f given by fr, = (f, Yk)r,(sa-1) = fsd_lf(x)YH(x)pX(dx),
and Proj, (f) denotes the orthogonal projection of L5(S%!) onto H{, which has an integral

representation Proj, (f)(x) = [c.-1 f(¥)Ze(x,y)px(dy), Vx € 8!, where Zi(x,y) :=

NED Y, ()Y ha(y), Vxy €Sl
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We know that Zj(x,y) is a reproducing kernel of HE, independent of the choice of {Yk7 ) }?glk ’d),

and with A\g = %32, Zi(x,y) := 2529609 ((x,y)), Vx,y € 87! where G° is the Gegenbauer
polynomial of degree k with parameter A\g > —%, see for instance Dai & Xu| (2013). Denote
u = (x,y), the exact expression of G 2‘0 (u) is given in terms of the Gamma function by

L5)

Ge® (u) = 3_(=1)

£=0

[MEad

o T(k—1+Xg)
LX) (k — 20

7 (2u)" % (4)

The space of H¢ of spherical harmonics can also be characterized as eigenfunction spaces of the
Laplace-Beltrami operator Ags—1 on S . Indeed, H{ = {f €C3(84)  Agai f = _)\kf}»

where Ay = k(k + d — 2) and C?(S?~') denotes the space of all twice continuously differentiable
functions on S¢1. In fact, with the identity operator Z, we may define the fractional power of
( — Aga-1 + I)a of the operator ( — Aga—1 + I) in a distributional sense for o € R: Projk(( —
Aga-1 +I)"f) = (14 ) Proj (f). Now, we define the Sobolev space W' (S%~1) to be the
subspace of Ep(Sd_l) for 1 < p < oo, r > 0, with the finite norm

r/2
(-Asdl -‘rI) f

In this paper, we consider the case p = oo (i.e., f € W (S?1)), which is essentially the Holder
space. The sphere S¢~! is a smooth Riemannian manifold without boundary. Its nice Laplace-
Beltrami operator (i.e.,Aga—1) acting as a Hessian operator of functions on the sphere gives the
natural definition of Sobolev spaces W/ (S?~1) in (5)); that is, the Sobolev space is a collection of
continuous functions defined on sphere S¢~! whose generalized (distributional) derivatives up to
order r are essentially bounded. See Equations (16) in/Hesse|(2006)), (3.4) in|Fang et al.|(2020), (16)
in [Feng et al.| (2021), (5.1.9) in [Freeden et al.| (1998) for more detailed treatments on W (S%~1).
Readers can also refer the definition of W_(C%) in the Appendix when C¢ = [0, 1]¢, for compar-
ison with W7 (S9~1) and later use in Subsection

< 00. )
p

1wy (sa-1) =

3 APPROXIMATION ERROR

Now, we present our Theorem on approximating functions f € W (S9~1) via F(L, p,N) in (@).

Theorem 3.1 Let 0 < o < 1,m,N,M € Nwithl < N < d* + 1. For any function f €
W2 (S41) with v > 0, there exists a network

feF(L,(d,22NM,...,22NM,1),N) (6)

with depth L = (m + 4)[log,(2N)] and number of parameters N' < M (2d + 404N - (m + 3) +
2N + 4) + 1 such that

£ =] < o1 lwg gsary x
3d—4r

I AN - R
max< N~ ", ~T¢ NiTi

where C,;' is a constant dependent on 1), and independent on d,r, N, M or f.

,dQN(log2(2N))22QM}, (7)

The proof of Theorem is lengthy and technical. We provide detailed proof ideas with technical
remarks for the Lemmas and Proposition used for the proof of Theorem [3.1]in the Appendix D] The
detailed technical proofs of those Lemmas and Proposition are provided in the Appendix [E] Here,
for conciseness, we provide some important remarks on the Theorem and a simple proof sketch,
which starts with a simple triangle inequality:

£ =] =17 = ExDlle + | Ex (D = BneD||_ + || Z8ar(h) = 7 ®)

HOO
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Three error terms in (7)) correspond to the bounds on three terms of the right-hand side in the inequal-

ity (8). We want to emphasize that the constant C;; > 01in (/) is independent of d. Furthermore, we
track how the bound is explicitly dependent on d allowing it to tend to infinity.

For first term, note that any f € W (S971) is approximated by a weighted sum of Proj, (f) for
0 < k < 2N, denoted as Lx(f). The corresponding approximation error is small for large enough
N and r. Here, importantly, we set the N = [d®] for 0 < « < 1, so that the input dimension d
grows faster than /V.

For the second term, notice that the definition of Ly (f) is involved with the integral over the sphere,
and the key for approximating the function is to discretize this integral by M random samples
v ={y1,-..,ym} independently drawn from px. The discretized version of Ly (f) is denoted as
E?V u(f). As observed in the error bound, the higher degree N the Ly (f) has, the more sampled
points M the approximation requires. However, the requirement is ameliorated as r increases. A
similar effect can be observed in the constant factor in d. For the fixed smoothness index 7, the
higher the data dimension d is, the more the sampled point M is required for good approximation,
but the requirement is alleviated as the smoothness index r increases. If r increases up to order d,
the factor["|decays exponentially fast as d — oo, eventually letting M > 1 to be any integer. This
phenomenon is further investigated in the Corollary [3.3]

The last term corresponds to the error of the neural network f approximating L?JJV, v (f). For

any point x € S?~!, the evaluated function value E?\r w(f)(x) is simply a weighted average of
Enr((x,y4)), for the sampled y = {y1,...,ym} Here, Enr((x,y4)) is a linear combination of
g,jG (<X7 yl>) in @]) for 0 < k < 2N. Thus, it is the sum of univariate polynomials of degree up to
2N. We construct sub-networks approximating &y -((x,y;)) for each ¢ € [M]. This explains the
width of f is proportional to N'M. The corresponding error bound is dependent on d2V, where it
comes from the applications of Stirling’s formula on the coefficient factors in g,;\G ((x7 yi)). The er-

ror, (logy (2N ))22*27”, comes from approximating (x,y;)* for 0 < k < 2N via neural networks.
The larger the m is, the deeper the network becomes as L = O(m), and the error gets smaller.

3.1 COMPARISON WITH |SCHMIDT-HIEBER|(2020)

In this Subsection, we compare the result from Theorem [3.1] with the result from [Schmidt-Hieber
(2020), where they consider the approximation of f € WZ ([0, 1]¢) via deep ReLU FNN. The
Theorem is stated as follows:

Theorem 3.2 [Theorem 5 of Schmidt-Hieber (2020)] For any function f € W ([0,1]%) and let
K > 0 be the radius of Holder ball. Then, for any integers m > 1 and N > (r+1)?v (K +1)eq,
there exists a network

T e FE(L,(d,6(d+ [r))NT, ..., 6(d+ [r])NT 1), NT) ©)

with depth L = 8+ (m+5) (14 [logy(d V 7)]) and the number of parameters N < 141(1+d +
r)3TINH (m + 6), such that

Hf - fHHOO < (2K + 1)1+ d® 4 r2)67(NH)2m 4 K37 (NH) 71, (10)

To avoid the confusion with the notations used in Theorem[3.1] we put the superscript H to a param-
eter that determines width of the network (i.e., N), to the total number of parameters in the network
(i.e., N, and to the network class (i.e., F). It is interesting to note that the exponential growth
of the network size in d is observed in the construction of FH, whereas there exists a flexibility in
F, dependent on the choice of M. Specifically, the width of the network in F¥ is exponentially
dependent on d as N = Q(r? v e?), whereas the width of the network in F is dependent on two
parameters N = o(d) and any integers M > 1. For the total number of network parameters, we
have N = O((d + r)?), whereas N' = O(Md + Nmd).

Bl

da a
’If r = O(d), the factor becomes () *d!*" | for 0 < a < 1. Here, the exponential decay term ()% is

6
derived from Sobolev embedding Lemma. See Proposition [D.1.3]in Appendix D} "
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Analogously, the bound on the approximation error of 7 in (TO) is dependent on d exponentially,
but this exponential dependence in d can be avoided in the error bound of f in (7) under two sce-
narios: (I) r = O(d) and any integer M > 1 or (II) r = O(1) and M = O(d?). In the Corollary
presented in the next Subsection, we further specify the two scenarios, and describe how the approx-
imation error bound in each scenario converges to 0 in terms of d.

3.2 FAST APPROXIMATION ERROR IN TERMS OF d

Corollary 3.3 Let 0 < o, 3,7 < 1 withy > max{a, 8} and N € Nwith1 < N < d* + 1. For
any f € WI(S%Y) withr > 0, we have:

(1) For ?"{T_Q —-Ci <r< %4_2 with some constant C; > 0 independent of d, there exists a
network
fO e F(L,(d,66N,66N,...,66N,1),N)

with depth L = O (d” log, d) and the number of active parameters N' = O (dmax{et7.1}),
such that Hf — F ’ < ChapAllfliwe (Sd—l)d_dﬁ, where C!
~ , s

o3,y IS @ constant depend-
ing only on C1,n,a, B and 7.

() Forr =01)and M = O (Qdd%d), there exists a network
fID e F(L,(d,22NM,...,22NM,1),N)
with depth L = O (d" logy d) and the number of active parameters N' = O <9dd%d) such

is a constant depending

that |f = FI0|| < € g fllwesond ", where

only onn,a, B and 7.

The detailed proof on Corollary is deferred in the Appendix [E.6] The approximation error in
scenario (I) decays at a rate d=4" for 0 < B < 1, while the required number of active parameters
N is at most (’)(d2). Here, the construction of network f () is independent with the choice of M,
and we simply choose M = 3. In scenario (II), since r = O(1) and 0 < « < 1, the approximation
error decays to 0 at d~©() rate, which can be slower than d—¢" for 3 close to 1. The width of f(/1)
grows exponentially in d requiring M = O(d?). Interestingly, in both scenarios, the depth L has
the same order in d as O (d"” log, d) for 0 < v < 1.

Remark 3.4 As suggested by one of the reviewers, we further compare our results in Corollary[3.3]
(I) with the CNN architecture with downsampling operation suggested in |Fang et al.| (2020) for
approximating f € W (S?~1), and (II) with|Lu et al.| (202 1)); Jiao et al.|(2021) where they consider
the problem of approximating f € WT_(C?) via deep ReLU FNN. Due to the limited space, we defer
the detailed remarks on the comparisons in the Appendix|C]

4 STATISTICAL RISK BOUND

Let X := S9! and ) C R be the measureable feature space and output space. We denote p as a
joint probability measure on the product space Z := X x }/, and let px be the marginal distribution
of the feature space X'. We assume that the noisy data set D := {(x;,y;)}"_, are generated from
the non-parametric regression model

yi:fp(xi)+€iv i:172a"'7n7 (11)

where the noise €; is assumed to be centered sub-gaussian random variable and E(g;|x;) = 0. Our
goal is to estimate the regression function f,(x) with the given noisy data set D. Specifically, it
is assumed that the regression function belongs to Sobolev space on d-dimensional sphere; that is
f» € WZ(8971). Itis easy to see regression function f, := E(y|x) is a minimizer of the following
population risk £(f) defined as:

(1) = Eguyyon | (v - £00)"]
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However, since the joint distribution p is unknown, we cannot find f, directly. Instead, we solve the
following empirical risk minimization problem induced from the dataset D:

> . . 1O 2

fn= argmin Ep(f):= argmin { > (yi — f(xi)) } (12)
feEF(L,p,N) feFLpN) (Vi

Note that the function estimator is taken from the feedforward neural network hypothesis space

F(L,p Ideﬁned in (@), and we denote the empirical minimizer of (I2)) as . Itis assumed that
ly| < B almost everywhere and we have | f,(x)| < B. We project the output function f : S9!
R onto the interval [— B, B] by a projection operator

f(x), if —B< f(x)< B,
mpf(x) =< B, if f(x) > B, (13)

-B, iff(x)<—
We consider the clipped estimator WB]?” for recovering the regression function f,. Note that the
clipped estimator has been widely used in statistical learning papers Suzuki (2018); |Fang & Cheng

(2023); |Oono & Suzuki| (2019). The quality of 7 f, is measured through the difference between
two expected risks (i.e., excess risk) defined as £ (75 fn) — £(f,)-

4.1 UPPER-BOUND ON EXCESS RISK

In this Subsection, we provide the upper-bound on the excess risk of the clipped estimator m B(fn)
with respect to the pseudo-dimension (i.e., Pdim(F)) and the approximation error (i.e., || f — f5||o0)-
Before presenting the bound, the definition of Pdim(F) is presented.

Definition 4.1 Denote by Pdim(F), the pseudo-dimension of F, which is the largest integer ¢, for
which there exists (€1,...,&0,m1, ... ,m) € XY x R such that for any (ay, . . ., ap) € {0,1}¥, there
is some f € F satisfying

Vi: f(&)>mn <= a; =1

For more comprehensive exploration on Pdim(F) can be found in references Anthony & Bartlett
(1999); Bartlett et al.|(2019). We provide the first theorem on the excess risk.

Proposition 4.2 Set § € (0, 1). Then, with probability at least 1 — §, we have

5(7r3ﬁ)—5(fp)§03,a,f-<Pd"’"(f7>l'10g<) I/ f,,

where Cp 5,5 is an absolute constant dependent on B, 6, f independent on n,r, d.

+1f = fol% ) (14)

A detailed proof of Propositionis deferred in the Appendix. The excess risk & (7 Bfn) - &(f,)

is a random quantity over the estimator f, and the statement in the Theorem holds with probability
at least 1 — §. The failure probability 6 € (0,1) is hidden in the constant C'g 5 s logarithmically,
ie., log(%). In the bound, it should be noted that there is a trade-off between the “approximation
error” (i.e., || f — f5|loo) term and the combinatorial “complexity measure” term of a neural network
class F (i.e., PAim(F) - log(n)/n); that is, the richer the network hypothesis space F becomes, the
finer the approximation result we get. Nonetheless, the arbitrary increase in the hypothesis space F
eventually leads to the increase of the bound in excess risk. In the following Subsection, we will
show how the specifications (i.e., the choices of (L, p,\)) of the network architecture affect the
tension between these two terms.

4.2 CONVERGENCE RATE OF EXCESS RISK

Now we are ready to formally state bounds on the excess risks of 7 A [ when f, € WL(8%Y)

(ie., Theorem and f, € WZ([0,1]%) (i.e., Theorem , respectively.

*Henceforth, we will use a shorthand notation of F(L, p, ') as F. Dependence on (L, p, ) should be
implicitly understood.
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Theorem 4.3 Suppose f, € W2 (S41) with r > 0. A network ]?n from (6) with choices N =

[n 3d42r4T], M = [n 3d3f4r], and m = [577-logy(n)] yield the bound on the excess risk with
probability at least 1 — 0 as follows:

E(mufn) —€(f,)

6rd 6.4 e o
SCB,n,s,wmax{L T (logy(n)), (=) F PN Q,d“N}-nww (15)
e

(3d + 4r)
where Cp , 5,1 depends on B, n, §, f and independent on d,r and n.

Theorem 4.4 Suppose f, € W2 ([0,1]%) with r > 0. A network Fn from @) with choices NH =

fnﬁir], and mf = (j_:r;r logy(n)] yield the bound on the excess risk with probability at least
1 — 6 as follows:

E(mmfn) — E(f,) (16)

< Cpopsx - MAx { [(log((d + [r1)n?)12(d + 1)@ - (logy(n))?, (1 + 2 + d?) 6% + 327"} pT T

where Cp , 5, depends on B, 1), 6, K and independent on d, r and n.

Detailed proofs on Theorems and are deferred in the Appendix [F.2] and Both proofs
are simple applications of Proposition 4.2] with results from Theorem [3.1] and [3.2] For both cases,
Pdim(F) can be easily computed from Lemma in the Appendix. The parameters that deter-
mine the network architectures, N, M, m and N m* in two Theorems are chosen in a way that
the bound in (T4) is tight in terms of sample size n. Constant factors Cp s, and Cp 5 x are
dependent on § € (0,1) as log(5). The bound in Theorem Od(n_m), is sub—optimaﬂ
in a minimax sense for estimating functions f, € W (S%~!), where Oy hides the constant factor
in d. The extra 0.5d factor in the denominator of exponent comes from the Sobolev embedding
Lemma (Lemma and discretization Lemma (Lemma [D.1.4). For the constant factor in d,
when r = O(1), the exponential dependence on d can be observed. However, when r = O(d), the

excess bound in (I5) reduces to £ (WM]?”) —&(fy) < Cpys,p-max {(logy(n))*,d*™ }-n~ iisa,
With a choice of N = [n saia 1, as d,r — oo, the constant d*N becomes d°M) . In contrast, in (16)

for estimating functions f, € WZ ([0,1]%), the rate n~ >+ is minimax optimal, but we cannot
observe the interactions between r and d as we observe in (I3).

Remark 4.5 From the technical point of view, the result in Theorem [.3| should be compared with
the results in the existing literature, i.e.,|Schmidt-Hieber|(2020); |Chen et al.| (2022); Suzuki (2018,
in a sense that our result doesn’t require the boundedness of the weight parameters in the network
construction. The detailed readings of their proofs reveal that they require the bound on the uniform
covering number of F and it can be bounded by the Lipschitzness of the network output with respect
to the weight parameters. Naturally, for the discretizations of the parameter space, the bounded-
ness assumption is required. In contrast, in our result, due from the |Bartlett et al.| (2019) (See
Lemma , bounding the complexity measure Pdim(F) doesn’t require the parameter bounded-
ness assumption.

5 AN OPEN QUESTION

In this paper, we prove when r = O(d), deep ReLU FNNs only require at most N = O(d?) param-
eters to get a sharp approximation rate. However, this condition seems restrictive, and needs further
investigation whether it is a necessary and sufficient condition to avoid the curse of dimensionality
for approximating f € W7 (S%1). To answer this question, it is essential to study the lower bound
of N with a similar approximation error as stated in Theorem [3.1] and see if it has the matching or-
der with the upper-bound we get in d. We conjecture obtaining this result is possible by combining
the ideas of using VC-dimension of deep ReLU FNNs (Bartlett et al.| 2019} |Yarotsky}, [2017)) and of
constructing the packing set on the sphere through the spherical cap (Hessel |2006)), while tracking
the d-dependency in the constant factor carefully. We leave this for future research.

*Since S ¢ €, it seems obvious we should achieve minimax optimal rate. In this regard, we add further
detailed technical remarks on the sub-optimality of excess risk in the Appendix
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A d-DEPENDENT CONSTANT IN A/ FOR APPROXIMATING f € W ([0, 1]%)

First, we define the function space W, ([0, 1]¢) on the d-dimensional unit cube. For r = n + o
where n € Ny and o € (0, 1], a function has Holder smoothness index r if all partial derivatives up
to order n exist and are bounded and the partial derivatives of order n are 0 Holder. Formally, the
ball of r-Holder functions with radius Q is then defined as

wr([0,1]%) = {f: 0,1]? > R : E |0% flloo + g sup
ala|<n a;\a\:nmyyi[éoﬂ
xFy

i) i) < o)

14 lz —yl%

lex| .. .
where 0% f := m?_wf for the multi-index notation, ¢ := (s, ..., @g).

The fundamental ideas for approximating functions f € W/, ([0, 1]) in the existing literature rely
on a local Taylor approximation technique. The technique discretizes d-dimensional input cube into
a sub-cube set whose size is (K + 1)% where (K + 1) is the grid size of each coordinate. For any x
in the input cube, the function f is approximated by using the closest 2¢ grid points to x via Taylor
expansion of f up to the degree ||, where we denote the largest integer less than or equal to u > 0
as |u]. Therefore, the total number of active parameters for the net is at least more than the total

number of coefficients of partial derivatives 9% f := aa?_‘%f for o = |oa| + -+ + |ag| < 7).

This yields the lower bound on the active parameters for the network via local Taylor approximation
as (K +1)4 - o1 (i,

B SUBOPTIMAL CONVERGENCE RATE OF EXCESS RISK FOR f € W/ (§9°1)

Since S?~! c €4, in light of Whitney’s extension theorem, it is obvious that the convergence rate

. . .. . __2r
of excess risk for f € W (S%!) should achieve the minimax optimal rate n~ z+4 same as for
estimating f € WZ (C%). However, from this perspective, it is not possible to track the explicit
dependence on d in prefactor of the rate.

From Proposition 4.2, we track this dependence with the combination of our own approximation

result. First of all, in order to achieve the minimax learning rate in n (e.g., sample size); that is,
2r . . . . T

n~ zr+d, we need to achieve the optimal approximation rate, known as O(J\/ ~a), where N denotes

the number of active parameters in the network. This can be easily checked in |[Schmidt-Hieber
(2020)’s result.

But this cannot be achieved in our Theorem 3.1, the result of approximation theorem. The
main reason arises from the employment of Sobolev embedding theorem (Proposition D.1.3)
and of concentration inequality from [Smale & Zhou| (2007) (Lemma E.2.1) used for bound-

ing the term ||Ln(f) — Zf{,’M(f)Hoo. Proposition D.1.3 specifies ||[Lx(f) — E%M(f)Hoo <
CullLn(f) — E?V,M(f)HWés(Sd—l) for some s > (3d — 2)/4 and Lemma D.1.4 specifies the re-

3d—4r
tations || Lv () = E% uy (f)llwg(s-1) < C,
3d—4r

some extra factors multiplied leading to the rate sub-optimal, reflected in the term (2N 4 1)~ 1
It would be an interesting research direction, if we can develop a nice mathematical framework
eliminating this extra factor.

|f||Wgo (84-1) % In this process, there are

C FURTHER COMPARISONS WITH EXISTING LITERATURE

C.1 COMPARISONS OF COROLLARY 3.3. WITH THE CNN APPROXIMATOR FOR THE
APPROXIMATION OF f € W (S971)

We consider the case when the approximator is deep ReLU CNN followed by downsampling oper-
ations and very few fully-connected layers. This is exactly the same architecture considered in the
paper Fang et al. (2020), and by applying our result (Lemma D.1.4), we get the following theorem.

Theorem C.1. Let 2 < S < d, 0 < aa < 1, and B_N,M € Nwith1l < N < d*+ 1. Let
J > M=, Dy = (2B +3)|(d + JS)/d|, and Dy = |(d + JS)/d|. Then, for any function f €

13
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Schmidt-Hieber (Thm 5) | Luetal. (Thm 1.1.) Jiao et al. (Corol. 3.1)
Depth O([logy(r vV d)]) O(r? +d) O(([r] +1)%)
Width O((d+ [r])(r +1)%) O(ri+1d3d) Oo((|r] + 1)232qlrI+1y
Approx. Rate 064 (r +1)9) 08" (r +1)9) O(([r] + 1)2dlrI+rvh/2)

Table 2: A summary of r and d dependences in the prefactors of constructed deep ReLU networks’
depths, widths and approximation rates for approximating the functions f € W (C%) in |Schmidt-
Hieber (2020); [Lu et al.| (2021); J1ao et al.| (2021)).

W (84=1) with v > 0, there exists a network fENN ¢ H 1D, ,Ds,5 With the number of parameters
N < J(BS+2)+ M + 2B + 4 such that
d E E
) . i ZdN_"_ dd—ésl'r‘—Q 2N + 1 ddzélr r N2
H-f o fCNNH S Cn N ||f||Wr (si-1) max N*’l"7 (‘n’e) ( ) , 2N — 3,
o ’ o v M r—1B

a7

" . N
where C, , is a constant dependent on 1, o, and independent on d,r, N, M or f.

The only part we need to pay attention to is bounding the term HE?\, u (F) = fON|| ., and track the
explicit dependence on d in the bound, and its proof is deferred in Appendix

We consider the case r = O(d) and any integer M > 1. In this case, our result for deep ReLU

FNN shows that O(d_dﬁ) can be achieved for the approximation, with at most O(d?) active param-
eters. In light of the result from Zhou|(2020), we also should expect the same results for CNN with
downsampling operation.

In order to get an approximation rate O(d_dﬁ) for some 0 < 8 < 1, controlling the first two terms
in (1.1) is the same as that of our proof in the Appendix E.6. We only need to pay attention to the
last term. Since 1 < N < d® + 1, for some 0 < « < 1, we have

Ll ~d2NN2/B < 8-d2da+2d2“/3 < 8-d2da+4/B < C-d_dﬂ,

r—
for some constant C' > 0 independent with d > 0 and r > 0. The rate d=" is obtainable only when
B = O(d?). Then, the number of parameters N’ < J(3S +2) + M + 2B + 4 is bounded by O(d?).
This is an unsatisfactory result. However, we firmly believe this result can be improved, and leave it
as an open question for future work.

C.2 COMPARISONS OF COROLLARY 3.3. WITH THE RECENT APPROXIMATION RESULTS FOR
f € WZ (C% via pEEP RELU FNN

After the publication of Schmidt-Hieber| (2020), a series of works further studied the approximation
and estimation of f € W/_(C®) via deep ReLU FNNs. Specifically, (Ghorbani et al.|{(2020) pointed
out that the additive function studied in |Schmidt-Hieber| (2020)) has an exponential dependence in
d in the prefactor of the estimation error, requiring n - d sample sizes for good convergence
rate. Later, [Shen et al.| (2021) and Lu et al.| (2021) tracked the explicit dependence on d in the
approximation error as well as in the architectural components, (i.e., width (W) and depth (L)), for
approximating f € C(C%) (i.e., Lipschitz continuous functions on C%) and f € W (C%), respec-
tively. Specifically, Lu et al. (2021) improved the prefactor O(8" (7 + 1)) when it is compared with
O(6%(r 4+ 1)) from Schmidt-Hieber| (2020) for the approximation error. Most recently, Jiao et al.
(2021) further improved the prefactor O((|r| + 1)2dl"1+("V1)/2) for approximating f € W (C%).
In Table 2] comparisons of depths, widths, and approximation rates of the constructed deep ReLU
networks in|Schmidt-Hieber| (2020); |Lu et al.|(2021); J1ao et al.|(2021) are summarized.

Since N is not tracked in the works of [Lu et al.| (2021)); [Jiao et al.| (2021)), direct comparisons of their
results with our results for the approximation of f € W (S9~!) can be challenging. However, it
can be roughly checked that the result in Jiao et al.| (2021)) doesn’t escape the curse for all » > 0.
Specifically, for » = O(1), the constructed network has the exponential dependence in d for its

width. For the case r = O(d), achieving the approximation rate O(d~¢") requires O(d) width in
the suggested network.
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D ROADMAPS FOR PROOF OF THEOREM [3.1]

In this section of the Appendix, we provide the definitions of Ly (f) and E?\, v (f) along with the
overall picture for the proof of Theorem [3.1] Recall we have the following decomposition:

| =7 < 1f = En Dl +||Lw() = LD+ | Bens ) = F| - a®)
o I LDl « «

=0 :=(1II) :=(IIT)

In Subsection D.1, we provide the idea for bounding (I) and (IT). In Subsection D.2, the construc-
tion of neural network f for approximating E?\/ 2 (f) is described. In this section, no proofs of
Propositions and Lemmas are included, but only key ideas for the proofs and technical comparisons
with other literature are provided. All the detailed proofs of technical statements in this section are
deferred in the Appendix C.1.

D.1 ERROR BOUNDS FOR (I) AND (II)

A function f € W7 (S8%~1) is approximated by a linear scheme L defined as follows.

Definition D.1.1 Given a C*°([0, o0]) function n with n(t) = 1 for 0 < t < 1 and n(t) = 0 for
t > 2, we define a sequence of linear operator Ly, N € N, on £,(S%1) with 1 < p < oo by

2N
Ln(f)(x) :=Zn(’“)Projk<f><x>= [ i@ attxyontis), xest a9

=0 N Sd—1

where with \g = %, Uy ,q is a kernel given by

2N

ENEkE+ A

On.a(t) :=Zn(N) iGGg,ic(t), tel-1,1]. (20)
k=0

It can be found in Dai & Xu|(2013) (Chapter 4) that Ly is near best, achieving the order of best
approximation for f € W (S471).

Lemma D.1.2 (Lemma 1 in|Fang et al.|(2020)) For N €¢ N, 1 < p < oo, 7 > 0, and f €
W;(Sd_l), there holds

1 = L)y < CalN ™ [l sy @

where C,, is a constant depending only on the function 1) in defining L.

Note that ( — Aga—1 + ) "/ is a self-adjoint operator. For x € S% 1, recalling the definition of
Ln(f), we have

Ly (f)(x) = (f, {nal((x, '>)>C2(5d’1)

= <( — Aga-1 —&-I)T/Qf, (— Aga—1 —I—I)_T/2£N7d(<x7 >)>
EZ(Sd—l)

= /.. Fo(y) - v ((x,y))px (dy). )

Hereafter, we denote F, = (—Aga-1 +I)T/2f and &y ((x, ) = (—Aga—1+7) In.a((x,)).

By the fractional power of the operator ( — Aga-1 + I) /2 in a distributional sense, £ (+) is a
polynomial of degree at most 2N written as:

—r/2

S N AV ED
b= 3 1+ ) 552060, te L) )
k=0

The fractional power of (—Aga—1 + Z) caused by the regularity f € WZ (S?!) enables r-
dependent error bound for discretizing Ly (f): the larger the regularity r becomes, the smaller
the bound for approximation error gets.
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Following [Fang et al.| (2020), the key idea for a constructing neural network that approximates
Ly(f) is to discretize the integral form by M random samples y = {y1,...,ym} indepen-
dently drawn from px. We write the discretized version of (22) as :

M
Bear (D00 = 12 D0 Folyd) - Ewr(feya), e 84 24
=1

Before estimating the distance between Ly (f) and E?\, (f), we need a Sobolev embedding prop-
erty. '

PropositionD.1.3 For d > 5,1 < p < oo, and s > 3‘{772, the Sobolev space W;(Sd_l) is
continuously embedded into C(S?~1), the space of continuous functions on S, which implies

d
6 N s/Qd—1
e <eo( Z) Wl £EWESH,
where c is an absolute constant independent of r, d, s, and f.

Proposition is motivated from Eq.(14) in Hesse| (2006), where they proved ||f]|
Cs.a ||fHWs(sd—1) f € W3(8%1) for s > 451 The constant obtained in Hesse| (2006) is

Cod = (wd > o (kfgk e —aer 325)1/2, where wy is the surface of d-dimensional sphere. For large

enough d, (1/wq)*/? grows in the order of O((3%) 4/4 ). Then, by choosing s > 3d-2 (l/wd)1/2
can be absorbed into the infinite sum making the constant Cs 4 converge in an asymptotlc regime
of d. It should be noted that the threshold on smoothness index (i.e.,s > ?’%T’Q) is larger than

that from [Hesse| (2006) (i.e.,s > %), where they consider the fixed d. See Appendix |E.1| for

the proof. Next, we state the discretization lemma which provides a probabilistic bound on the
difference Ly (f) — LY, 5,(f).

Lemma D.1.4 Let r < 3‘%2 and 0 < a < 1. If f € W2 (8%1), then for any M € N and
1 < N <d®+1, there existy = {y1,%2, ..., ym} C ST such that
3d— 47‘ 2 3d 4ar

- 6-C" (£)* [ fllyy gy AV 2N 1)
|Ex(n = T80 _ < (o) Mo N, :

where C"' > 0 is a constant depending on « but independent of r, f, N, M, and d.

Lemma [D.T.4]is motivated by Lemma 2 in [Fang et al.| (2020). The main framework of the proof is
based on the Sobolev embedding property in Proposition and the concentration inequality for
random variables with values in a Hilbert space, which can be found in|Smale & Zhou| (2007)). For
the application of the concentration inequality, the random variable £(y;) = F,(y:)én.»((X,¥4))
in needs to be bounded in || - ||y (se-1) norm for s > 3422 See Appendixfor the proof of
the Lemma.

When compared with the technical proof of Lemma 2 from |[Fang et al.| (2020), the most notable
difference comes from tracking the explicit dependency on d in the constant factor. Specifically,
under the fixed d setting, |Fang et al.| (2020) did not explicitly express how the constant c, ;. 4 (see
the statement in their Lemma) depends on d. However, in our paper, since the main focus is how
the approximation error behaves under d — oo, we need to keep tracking how d explicitly affects
the bound. The result of Proposition 4.1 in our paper serves an important role in this tracking. Note
that the constant cg is independent of s, d, r, f in the bound of Proposition 4.1, and we obtain the

bound decays at the rate ( ) d/4 . However, in|Fang et al.| (2020), they utilized the result from|Hesse
< Csllfllws a1y, f € W3 (S4=1) for s > 9=1 Here, note that the constant
C’,q 18 a function of d, and since they work under the fixed d setting, they did not pay much attention
to the dependency. Of course, since we are in an asymptotic setting, we use the Stirling’s formula

to see behaviors of N'(k,d) as d — oo, whereas [Fang et al.| (2020) just used a simple calculation
N (k,d) < k42, for some ¢/, dependent on d.
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D.2 CONSTRUCTION OF DEEP RELU NETWORKS : ERROR BOUND FOR (III)

In this section, several useful tools for the construction of neural network for approximating function
L%, ,;(f) are introduced. Then, the full proof of our main theorem is presented.

The first key lemma is from |Yarotsky| (2017) wherein the neural network that approximates the
quadratic function 2 for = € [0, 1] is constructed.

Lemma D.2.1 (Proposition 2 in|Yarotsky (2017)) For any positive integer m > 1, there exists a
deep ReLU network

fm € F(m, (1,5,...,5,1)),

such that f,, € [0,1] and ‘fm(z) - 932‘ <2722 forall z € [0,1].

The main idea of Lemma is to approximate the quadratic function via f,,(z) = z —

ZZLZI 9;5?. Here, gs(x) is a s-compositions of sawtooth functions defined as

g(x) =20(x) —4do(x —1/2) + 20(x — 1).

Note that g(z) can be implemented by a single layer ReLU network. Then, we can easily construct
a ReLU network f,,,, which belongs to F(m, (1,5,...,5,1)).

Next lemma states that we can construct a neural network that can implement the multiplica-
tion operator.

Lemma D.2.2 For any positive integer m > 1, there exists a deep ReLU network
Mult,, € F(m +3,(2,10,...,10,1)),
such that Mult,, (x,y) € [0, 1] and
|Mult,,, (x,y) — zy| < 272m71,
forall z,y € [0, 1]. Moreover, Mult,,(x,0) = Mult,,(0,y) = 0.

The key idea for constructing Mult,,, (z, y) is to invoke the identity zy = 1 ((z + y)? — (z — y)?).
The first two hidden layers in the network are used to compute |2t | € [0,1] and |25 | € [0, 1] via
|z| = o(x) + o(—z). Given the values |“5¥| and |£5¥| as inputs, fm in Lemma is used for
approximating }( + y)? and } (2 — )? in the identity. See Appendix [E.3|for the detailed proof.

The final key ingredient is to construct a deep ReLU network that approximates univariate polyno-
mial functions of degree k € N, that is 2* for z € [0, 1].

Lemma D.2.3 For any positive integer m > 1, N > 2 and for P = [logy(N)], there exists a deep
ReLU network

Polyi™ € F(L, (1,11N,...,11N,2F), N,

with the depth L = m+ (m+4)([logy(N)]—1) and the number of parameters N' < 202N - (m+3)
such that Poly™ () € [0, 12" and

|Poly-zn(a:) . x-j| < P2.27?m7b forall je{l,...,27}
forall z €]0,1].

Note that the network Polyg\]}(q:) := {Poly},(2),... ,Polyff ()} with P = [log,(N)] provides
approximations to monomials 27 of degree up to 2N for = € [0, 1] at its final output.

The key idea for the construction is to employ a tree structure; that is, the width of the network at
((m+1)+ (m+4) - 7)™ hidden layer is doubled from that at ((m + 1) + (m +4) - (j — 1)) hidden
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layer for j € {1,...,p— 1} as

{Poly}n(x), .. ,Polyfif1 (x)}
(oA 1)+ (m+4)-(j—1))layer
— {Poly! (z),...,Poly? " (x),Mult,,(z,Poly?  (z)),..., fm(Poly? (2))}. (25

((mA1)+(m+4)-5)" layer

The first 27~ input values in ((m + 1) + (m + 4) - j)™ hidden layer is exactly copied from input
values at the ((m + 1) + (m + 4) - (j — 1))™ hidden layer. The remaining 2/~ input values in
((m+1) 4 (m+4)-5)™ hidden layer approximates monomials {1, ... 22"} through f,, and
Mult,,, operations in Lemmas and The approximation error can be obtained via proof
by induction. Readers can find the detailed proof in the Appendix [E.4] with the exact descriptions on

the construction of Poly;{g L

Finally, we are ready to state Proposition on the construction of network f which approximates
LY a (f)-
N,M

Proposition D.24 Let 0 < a < 1,m,N,M € Nwith 1 < N < d* + 1. For any function
f € WZL(S¥ 1) withr > 0, define L3 2 (f) in @4). Then, there exists a network

feF(L,(d,22NM,...,22NM,1),N)

with depth L = (m + 4)[log,(2N)] and number of parameters N' < M (2d + 404N - (m + 3) +
2N + 4) + 1 such that

-~ ~ ’ 2 —2m
2805 = 7| <€y 1l g0, 2 (oo (2)) 272, 6)
where C,; is a positive constant depending on n and «, but not on d,r,m, N, M or f.

A detailed proof for Proposition[D.2.4]is deferred in the Appendix [E.5

Given the input data x € S?~1, recall the definition of E?\, 2 (f)(x) in (24). The crux of the whole
construction procedure of our network is to build the sub-network which approximates & - ((x, y;))
for each i € [M]. The key observation is that {y . ({x,y;)) is the weighted sum of univariate
polynomials of degree up to 2N. Let u; = (x,y;). With the properly defined constant «; , (see
its definition in the Appendix , Enr((x,y:)) can be re-written as £ - (u;) 1= szo Qg glug|?.
Since |u;| € [0,1], with the help of network constructed in Lemma with P = [log,(2N)],
the sub-network that approximates &y, (u;) is easily constructed. Recall this is enabled through the
reproducing property of the kernel of ’HZ for0 < K <2N.

E PROOFS OF STATEMENTS IN APPENDIX B AND COROLLARY [3.3]

E.1 PROOF OF PROPOSITION[D.1.3l

Proposition D.1.3 For d > 5,1 < p < oo, and s > %, the Sobolev space W;(Sdfl) is
continuously embedded into C(S%1), the space of continuous functions on S, which implies

d
6 \* s/ od—
o< 2) Wy £EWS™,
where cq is an absolute constant independent of v, d, s, and f.

Proof. For f € W;(Sd’l), by Sobolev embedding Lemma (see [Hesse| (2006) Eq. 14, p. 420), the
infinity norm can be bounded by the Sobolev norm as

1/loe < Coa- Ifllwg(sony @7)
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where the constant C 4 is defined with its square as

1 & k.d
Cf,d — Z (N(’) (28)

d—2\2s
wa e (k+ 5= )

with wg = 27 5T (g) Recalling (@), it is easy to see that by Stirling’s formula, for large d,
N(k,d) = (k+ 9452)72(1+ O(})). Also, we have

(@)-ale) 56 (o) e

When s > %, we have

%) d—2 d—2—2s Jo%e) 1 d—2 d—1-2s
§ k+—— < / 1472725t = -1 .
2 d—2_4 2s+1—d 2

k=0

2
Observe that d > 5, wehave 452 — 1 > 15. Thus, when s > 3422 e have 25 + 1 — d > d/2 and
thereby (28) is bounded as

4 4
2

T (H@(D)Z“f?(i)g(”@(é))

Then, there exists an absolute constant ¢y such that

2 6 :
Cd<co — > vd > 5.

This yields the claim. O

E.2 PROOF OF LEMMA[D.1.4]

LemmaD.1.4 Let 0 < r < 3‘%2 and 0 < a < 1. If f € W2 (8971Y), then for any M € N and
1 < N <d® +1, there existy = {y1,%2, ..., ym} C ST such that

< 6-C" (L )4 1wz (se- nydVt (2N +1)
o VM ’

where C"' > 0 is a constant depending on o but independent of r, f, N, M, and d.

3d— 4r 2 3d 4r

|Ev () = T80 1)

Proof. We recall the following probability inequality for random variables with values in a Hilbert
space which can be found in|Smale & Zhou|(2007).

Lemma E.2.1 Ler (H, || - ||) be a Hilbert space and & be a random variable on (Y px ) with values
in H. Assume ||£|| < M < oo almost surely. Denote 02 (¢) = E(||€||?). Let {y;}}, be independent
samples from px. Then for any 0 < § < 1, we have with probability at least 1 — 6,

M 2 2
1 2M log (%) 202(&) log (2)
il ) —E < . 30
7 ;s(y ) I 7 (30)
Let us define the random variable ¢ on (S?~!, px) with values in H given by
2N i
£(y) = F(y) ;a + Ak)”2n<N)Zk(y, ) yesth 31
To bound the norm ||¢]| = ||§(y)||€v2 we set s = 342 and recall the norm of W3 (S9~1) given with
p = 2and fory € S1,
2N Ik
6 wgise-ny = | P 0420 %0 ) Zato ) (2
k=0 Lo(8d-1)
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Recall A\, = k(k +d — 2). Then, for 0 < k < 2N, d > 3, we have k? < 1+ A\, < dk?. We
find (1 + \)*™" < &> k2 by s = 3422 > (- s —r > 0). Also note that 0 < n(t) < 1
for t € [0,2]. Employing Stirling’s formula d! = 27rd(§)d(1 + O(1/d)) in the expression (3)
for N'(k,d) yields N'(k,d) < Cd* for 0 < k < 2N and some constant C' depending on « but

independent of d. By using the identity Zj(y,y) = N (k,d) (see Corollary 1.2.7. in[Dai & Xu
(2013)), 5”12/1/5(5‘171) can be bounded as
2

2N 2
R 3 ()R )V ) = F G (14
k

k=0

- (T4 M) " <§)N(k, d))

=1

2N
< Fr(y)*- <1 +CdT Y k2(s‘r)d’“>

k=1

2N
< F(y)* (1 +C AN /c“‘(S—”) ,

k=1

while the term Zzil k2(s=7) with s — 7 > 0 can be bounded as

2N 2N+1 1
Z k2(s—r) < / 33‘2(5_T)d.13 < 7(2]\[ + 1)2(5—7")—0—1.
po 1 2(s—r)+1

Combining this with the definitions of the norm | f|[y» (ga-1), we know that ||§(y)||€v2 can be
bounded as

2 2 s—r s—r
I s < C2 I3, (s - N7 (2N 4+ 1)20-7041,
where C’ is a constant depending on « but independent of 7, s, f, N, and d. Thus the
random variable ¢ satisfies the condition [|{]] < M < oo in Lemma with M =
C I f vy, (sa-1y AN (2N 41)51)+3 So by Lemma with § = £ and 0%(£) < M2, we

know from the positive measure of the sample set that there exists a set of points y = {y;}}, €
S91 such that

1JV1

iy $e0-0] = Jentn- .0
i ;m) € = 1= D= En Dl 0
6+ C'|If Il (se—ry V77 (2N + 1)+
< = NiTi . (33)
Since s = 22=2, combining the result from Proposition with (33) yields
" 4 3d—dr—2 3d—ar
DT - ()T 1F (o) V572 2N +1)*5
N,M o \/M ’
where C”' > 0 is a constant depending on « but independent of r, f, N, M, and d. O

E.3 PROOF OF LEMMA[D.2.7]
Lemma D.2.2 For any positive integer m > 1, there exists a deep ReLU network
Mult,, € F(m + 3,(2,10,...,10,1)),
such that Mult,,(z,y) € [0, 1] and
|Mult,, (z,y) — xy| < 2~ 2m-1
forall z,y € [0, 1]. Moreover, Mult,,(x,0) = Mult,,(0,y) = 0.
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Proof. Given input (z, y), the network Mult,,, (z, y) computes in the first hidden layer
r+vy r+y r—vy r—y
o= {o(552) (- (52)) () (- (54)}
By using the equality || = o(z)+o(—x) for z € [0, 1], the network computes in the second hidden

layer Aol Do (252}

Note o(| 242 ) o(|552]) € [0.1], and o (|=52]) = | =52] (252 ) = |£5%]. We apply the
network f,,, on the two components respectively. This gives a network of (m + 2) hidden layers

with width vector (2, 10, ..., 10, 2) that computes
))<= (F51)} =

oo {3

The network Mult,, computes (34) in the (m + 3)™ hidden layer. Since f,,, € [0, 1], o fm(m)) =
fm(2). In the output layer, the network value is computed as

r+y 5 r—vy
) -m(11) o

Since fm is an increasing function in argument, Mult,,(z,y) > 0, and since fm € [0,1],
Mult,, (2, ) < 1. By identity, zy = |24%|* — |25%|*, and Lemma|D.2.1} th i d
m(z,y) < 1. By identity, zy = ’ 3 ’ ‘ 5~ | »and Lemma|D.2.1| the error 1s computed as

follows:
z Tty z+y 2 z T—y T—y 2
() =) () - ()

< 2—2m—1.
If either 2 = 0 or y = 0, by the definition of (33]), we have Mult,, (x,0) = Mult,,(0,y) = 0. O

T+y
2

Mult,, (z,y) := fm<

[Mult,, (z,y) — zy| <

E.4 PROOF OF LEMMA[D.2.3]

Lemma D.2.3 For any positive integer m > 1, N > 2 and for P = [logy(N)], there exists a deep
ReLU network

Polyi™ € F(L, (1,11N,...,11N,2F), N,

with the depth L = m~+(m+4)([logy(N)]—1) and the number of parameters N' < 202N - (m+3)
such that Poly™ (z) € [0,1)2" and

|Polyfn(x) — xj| < P?2.272m=1 forall je{l,...,2"}
forall x € ]0,1].

Proof. Let us describe the construction of the network Poly{N}. With the application of
Lemma|D.2.1} in the (m + 1)™ hidden layer, the network computes

¢ — {o(2),0(fm(x))}

with the width p = (1,5,...,5,2). For approximating 23, the network Mult,,, is applied on the pair
(o(2),0(fm(x))), and for approximating z:*, the network f£,,, is applied on the o (f,,, (z)). Therefore,
in the {(m + 1) + (m + 4)}" hidden layer, the network Poly'\} computes

o {o@),a(fm(x)), o (Multy (2. Fon (2))) 20 (o (Fon(2))) } 36)
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Note that each component in the hidden layer is in [0, 1] by Lemmas and[D.2.2] This procedure
is continued until a following vector is in the final output layer,

x — {Poly}n(sc), .. ,PolyiiL1 (x), Multm(:zj,Poly12;71 )y fm (fm e (fm(sc)))} e [o, 1]2P.

The resulting network is referred as Poly\} and has m + (m + 4) ([logy(N)] — 1) hidden layers.
Recall P = [log,(N)]. By the construction procedure of the network, we can compute the upper
bound of maximum width as,

gfloga(N)1-1 {10. (gﬂogz(l\’ﬂ—l — 1) + 5} <11 - 2Mes(NMT-1 < 11N, (37)

where we use [log,(N)] < log,(IN)+1 in the second inequality. Now, we need to count the number
of active parameters in the network. For k € {1, ..., [log,(N)]}, we compute the upper bound on
the total number of active parameters in-between following hidden layers:

{Poly}n(x), . ,Polyf,]f1 (x)} — {Poly}n(:c), .. ,Polyi’f1 (2), Poly3:71+1(x), . ,Polyf,]lc (x)}
(38)
Think of a network that takes the hidden layer in the left hand side of as an input, and gives
the hidden layer in the right hand side of (38) as an output. It is easy to count the number of active
parameters in input, hidden, and output layers, separately as follows:
Input layer 2kl 142, (2’9*1 71) =3.2k1 1
Hidden layers : (m +2)-2*"1 +100- (m +2) - (2871 — 1) + 25 - (m + 2) = (m + 2)(101 - 2~~1 — 75).
Output layer ~ :2F"1 +10- (21 —1)+5=11-2F"1 -5,

Since the k runs over {1,. .., [log,(IN)]}, the total number of active parameters can be bounded as:
[loga (N)]
> {(m—i— 2) (101 Lokt 75) + (14 L2k 6)}
k=1
[log, (V)] [logz (V)]
<(m+2)-100 Y 2M g4y 2!
k=1 k=1

< 202N - (m + 3).

The approximation error is proved via induction on the number of iterated multiplications P =
[logs(N)]. For P = 1, that is N = 2, we have

‘x2 . fm(x)‘ < 272m71

by Lemma For the convenience of notation, denote £ := Poly, () for some positive integer
a. For P = k — 1, assume a following holds

|27 — 37| <3F2.272m7 for je{l,...,2" '}
Then, for P = k, we want to prove

|af —&7| <381 272m 1 for je{1,...,2"}.

By the construction of neural network and induction assumption, for j € {1,..., 2’“*1}, we have
a7 — 27| < 3k2.272m=L < 3k=1.9=2m=1 Forany j € {2""! +1,...,2"}, find any a,b €
{1,...,2%=1} such that j = a + b. Then, for z € [0, 1],

|zt — Mult,,, (%, 3%) | < |2*T0 — 3% - %] 4 |2 - 2° — Mult,,, (2%, 2°) |
< a%|ab — 2% + 2% 2% — 2 + |2 - 2° — Mult,, (2%, 2°)|
< 3](:72 . 27277171 + 3k72 . 272’”7,71 4 272’”7,71 < gkfl . 27277171.

By using the fact log,(3) < 2, we can deduce 3*~! < P? and conclude the proof. O
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E.5 PROOF OF PROPOSITION

Proposition D.2.4 Let 0 < a < 1,m,N,M € Nwith1l < N < d* + 1. For any function
feWL(8* ) withr >0, define LY ,,(f) in @3). Then, there exists a network

feF(L,(d,22NM,...,22NM,1),N)

with depth L = (m + 4)[logy (2N )| and number of parameters N' < M (2d + 404N - (m + 3) +
2N + 4) + 1 such that

~ - / 2. _om
2805 = 7| <€y 1l (g0, 2 (oo 2N)) 272, (39)
where C,; is a positive constant depending on n and «, but not on d,r,m, N, M or f.

Proof. We adopt the shorthand notation denoting [n] := {1,2,...,n} and [n]o := {0, 1,...,n} for
n € N in the proof.

Given the input data x € S9!, recall the definition of E?;’V v (f)(x) in @24). The crux of the

whole construction procedure is to build the sub-network which approximates &y - ((x,y;)) for
each i € [M]. First, observe that, by () and 23), & ,(u;) can be written as:

= e (RN [R4Ae T -4 ) koo
Enr(u;) = ];(1 + k) "(N){ I ;(—1) F0a) (k20! (2u;) } (40)

for i € [M]. The key observation is that Eq. (@0} is the weighted sum of univariate polynomials of
degree up to 2N. We define a constant ¢, ¢ 5, x,,r,d aS

e (kN k4 Mg (=) T (k=04 \g)2k2
chanaera =0 0 () 508 r(A(G)a(k_;z?)! | @

Forie {1,...,M},set,, as

o= {Z(k,l)e A, (= Chenrera) ifui <0andqgis odd, @)

ke, (Chotmre,rd) otherwise,

where foreach ¢ € {0,...,2N}, theset A, is given by A, := {(k,{) € 2N]ox[[k/2]]o : k—2¢ =
q}. Then, can be re-written as &y - (u;) == szo a; qlug|?.

1. The Network Construction. Now, we are ready for the construction of f. Through
Lemma [D.1.4] we know that there exists y = {y1,...,yn} that satisfies the bound (D.T.4).
Then, for each i € [M], we put y; € S9! as a weight vector that connects input x to the

(2i — 1)™ and (2i)™ nodes in the first hidden layer. Through this, f computes in its first hidden
layer x — {a((x, y1>),a( - <x,y1>), ... ,U((x,yM>),a( — (%, yM>)} € [0,1)>M. Then, by
the identity |x| = o(x) + o(—2x) for x € R, the network computes in its second hidden layer
x = {o(|u1]),o(|uz|),...,o(lunm|)} € [0,1]M, where u; := (x,y;) € [-1,1] fori € [M].
Since o (|us]) = |ui| € [0,1], Poly>} with P = [log,(2N)] is applicable for each {|u;|}},, and

it generates Poly? (|u;|) with ¢ at most 4N. Set Buax = max;—1,.. m ‘zifo a4 - Polyl (Jug|)|.

Using the definition of the constant «; 4, the network f computes in the (m + 4)[log,(2N)]th hid-
den layer {o(32%) a1 gPoly?, (Ju1]) + 2Bumax), - - - (X0 argPoly?, (Juns]) + 2Bnax)} € RM.
By the definition of B, it is easy to see each component in the hidden layer is positive. Set the
weight of output layer as {1+ F,.(y;)}1£,. Define £(|u;|) := Zzﬁo ;g - Poly? (Ju;]) + 2 - Biax-
Then, given the data y = {yi,...,ya}, the network f computes its final output as f(x) =
ﬁ Zj]\/il Fi(yj)- (C(‘<X7 YJ'>|) - 2BmaX) = ﬁ Zi\il Fr(yi) - ﬁ(ﬁN,r) (<Xa Yi>>-

2. The Width and Number of Active Parameters of f . By the construction of network f and the
result of Lemma [D.2.3] it is easy to see the maximum width of the network is 22N M. Now, we
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work on counting the number of active parameters in the network as

From Input to 2" hidden layer : 2Md+2M.
From 2™ to ((m + 4)[log,(2N)] — l)lh hidden layer ¢ 404NM - (m + 3).
From ((m + 4)[log,(2N)] — 1)lh hidden layer to output layer : (2N +1)M + M + 1.

Summing up the total number yields the desired result.

3. Approximation Error Computation. A remaining thing is to calculate the approximation error:

HE?JJV,M(JC) - fHDO = sup

x€8d—1

M ZF Y1 gN r( X YI M ZF yl €N 7“) (<X’ yi>)

< ||f||Wgo(5d_1> léwr = £(Enr) || - “3)

Recall the definition of a; 4 in (@#2). Using Stirling’s Formula, I'(n+1) = v2n(2)"(1+0(1/n)),
we observe the behavior of Gegenbauer coefficient in (ED where \g = d—gz > d¥+1 > N, and find
that it can be bounded as C - A&~ - 28-2¢(1 + O(1/d)), where C' > 0 is a constant independent of
d.

For k € {0,1,.. 2N} comblmng the facts (1+ \;)~"2 < 1,n(-) <1, % <2fork < 2N <
2(d* + 1) with Ag = 452 yields

|kt ra| < C;, 27b gkt (44)

2N

where C, > 0 is a constant dependent on o and 7. Recall L(En) ((%,y5) = D=0 Vg -

Poly? (|(x,y;)|) and note that Z ol =

Zk 0 2= o|Cken,\“d‘ Then, we have

oN 5]
HgNr €N r oo =~ (Z Z ’Ck 4,m, Ak,rd|) ( sup maX2N} qu - POlygn(u”)

k=0 £=0 €[0,1] 9€{0,...,
L5) )
(Zd‘“Z )-((logzmzv)) ~22m1>
=0
where we used the result from Lemma|D.2.3|and (@4) in the second inequality. Using Z pid o 5 d) <
2 in the last inequality yields the claim. 0

E.6 PROOF OF COROLLARY [3.3]

Corollary 3.3 Let 0 < o, 8,7 < 1 withy > max{a, 8} and N € Nwith1 < N < d* + 1. For
any f € W(’;O(Sd_l) with T > 0, we have :

(I) For 3&=2 _ C, < r < % with some constant Cy > 0 independent of d, there exists a
network

fD e F(L,(d,66N,66N,...,66N,1),N)
with depth L = O (d" log, d) and the number of active parameters N' = O (dmax{aJﬂ’l}),
such that Hf — St < Cyaplfllwry (si-nyd™ & \where N
ing only on C1,m, « ﬂ .

is a constant depend-

(IN) Forr =0(1)and M = O (Qdd%d), there exists a network
fID e F(L,(d,22NM,...,22NM,1),N)
with depth L = O (d" log, d) and the number of active parameters N' = O <9dd%d) such

that Hf_f(H)Hm < sl lwe sa-nyd=, where C!

o3,y 18 @ constant depending
only on 1y, . B, 7.

24



Published as a conference paper at ICLR 2023

Proof. By the results of Theorem[3.1] for 1 < N < d“ + 1, we have the following inequality on the
approximation error

|7 =1 < o sary

3d—4r

(8)F v oy 4 e
VM

where C’;; is a constant dependent on 7, and independent on d,r, N, M or f. We divide the proof
into two cases.

max {N‘T, LA ( log2(2N))22_2m}, (45)

(I) r = O(d) and any integer M > 1

For the first term in (@3)), since N = [d®], we know that N~" = O(d"’”) = O(d~"") with any
0 < B < 1. This is due to the assumption that 3d 2 _ 0y <r < 3422 which implies d = O(r)
and d? = o(r).

For the second term in (@3), since N = [d*] with 0 < av < 1, we know that it is bounded by

3d—4r 3d—4r

T— i Q r
(ﬂe)4dN+3d4 2(2N+1) <(%)4dd 3d— 4+5(3da)
VM - vM
As 3422 _ Oy < r < 3922 we know the term on the right hand side of [@6) can be written as
(£) i ddaJrO )30 /\/M. To show that the bound is of order O(d~ d? ), we multiply the bound

e

by a?’ , take the logarithm, and find that for any 0 < o, 5 < 1,

log ((6) dda+d6+o(1)> < d log (6> + (d* + d° + O(1)) log(d) — —oo,
e 4 me

as d — oo. Hence, there exists a constant C'p 3 > 0 depending only on C', «, S such that

(46)

4r

(%)%dN+3d—481r—2 (2N—|— 1)3dZ
v M

for any fixed M € N. In our proof, we simply choose M = 3. For the third term in {3), take
m = [d”] with max{a, 5} < v < 1, then there exists a constant C,, g, depending on ¢, 3,y such
that

< Copd™

AN (1ogy (2N))*272™ < @2 +2(2 4 log, (d))*272™ < d*" 272 < Cp g ,d™ ",

where log, (2d® 4 2) < log,(4d®) < 2+ log,(d) is used in the first inequality, and the last inequal-

ity follows from the same argument as above, of multiplying with d? and taking the logarithm.
Combining all the analyses above, we have

f —JdB
Hf - fHoo < 07/770115,'y||fHW;'0(5d—1)d d ,

where C’ > ( is a constant dependent on 7, «v, 3,7, and C1.

n,a,8,y

Recall from Proposition|D.2.4, f is a network with depth L = (m + 4)[log,(2N)] and number of
parameters NV < M (2d + 404N - (m + 3) + 2N + 4) + 1. By simply plugging-in m = [d"],
N = [d*] and M = 3, we have L = O(d” log,(d)) and N = O (dmax{at1}),

(1) r = O(1) and M = O(d?).

For the first term in @3), since N = [d*], we know that N=" = O(d~*").
For the second term in (@3), since N = [d*] with 0 < o < 1, we know that it is bounded by

(71'6)4dN+3d dr— 2(2N+1)3d ar B (%)%dd(’ 3d— 47+6 (3d“)3‘124" § (%)%dd'”r%dgd
v M - v M o v M

. (@7
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Take M = O(9%d7%), multiply the bound by d4”, take the logarithm, and find that for any
0<a,p<1,

d
6 \* o d 6
log (() d? +dﬁ+o(1)) < -log () + (d* + d? + O(1)) log(d) — —oo,
e 4 e
as d — oo. Hence, there exists a constant C'y, 3 > 0 depending only on C, a, S such that
(£)faN 5 N + )
vM

for M = O(9?d3). For the third term in [@3), take m = [d?] with max{a, 8} < v < 1, then
there exists a constant C,, g 4 depending on «, 8, such that

3d—4r
4

< Copd ¥ < Cppd,

AN (10go(2N))?272™ < @242 (2 4 log, (d)) ?272™ < d®" 272" < Oy pyd™? < Coprd ",

where log, (2d* +2) < log,(4d®) < 2 +log,(d) is used in the first inequality, and the last inequal-

ity follows from the same argument as above, of multiplying with d? and taking the logarithm.
Combining all the analyses above, we have

Hf_ fHoo < C;,,a,ﬂ,'yHf”Wg;j(Sd*l)d_aTu

where C’ > 0 is a constant dependent on 7, «, 3, v, and C7.

0,8,y

Recall from Prop0s1t1onm f is a network with depth L = (m + 4)[log,(2N)] and number of
parameters N < M(2d + 404N - (m + 3) + 2N + 4) + 1. By simply plugging-in m = [d"],

= [d*] and M = O(9%d%%), we have L = O(d log,(d)) and V' = O (9dd”’d) O
F PROOFS OF PROPOSITION [4.2], THEOREM [4.3] AND THEOREM [4.4]
F.1 PROOF OF PROPOSITION [4.2]
Proposition 4.2 Set § € (0,1). Then, with probability at least 1 — 6, we have
~ Pdim(F) - log(n —
E(mpfa) —€(fo) < Cpoy- ( ( 31 s, I /;f +IIf - fpllio), (48)

where Cp s, ¢ is an absolute constant dependent on B, ¢, f independent onn,r, d.

Proof. Since ]?n is an empirical risk minimizer in (I2)), we have & D(ﬁ,) < Ep(f) for any fixed
feFand Ep(mpfn) < Ep(fn)- Then, we have a following decomposition:

E(npfn) —E(f5) = <{s(w3ﬁl) —&(f,)} — {ép(mpfn) — sD(fp)}>
+ ({en(anfi) - (1)} ~ {£0(1) fp))
({e0(r) = E0 ()}~ (£ ~£U}) + (£0) - £(4))
< ({eafi) - £(4)} - (En(nnfi) - &0 <fp>}) “9)
+({E0() - (1)) - () ~ €U} ) + (£00) ~£(4))

Let Fg := {npf : Vf € F} and define two quantities:
Su(n, Fp) == {E(f) = €(f,)} —{€p(f) = €p(f,)} V€ Fp,
Sa(n, F) = {p(f) —€n(fp)} —{E(S) —E(f,)} VIeF

Step 1 : Control S;(n, Fg). The following concentration inequality is needed for controlling the
term.

_%
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Lemma F.1.1 [Theorem 11.4 of |Gyorfi et al.|(2002)] Assume |y| < B almost surely and B > 1.
Leta,f >0and 0 < e < 1/2. If F is a set of functions f : R% — [—B, B), then for any f € F ,
we have

P(Sl(n,]-"/) < (ot Bt Ef) - E(fp)))

55 ’ 52(1 — 5)om
> _ - . T 81471 N\ D4 °
>1 s%pN(QOB,F A llzacoy | exp 214(1 + ¢) B

Lemma F.1.2 [Theorem 6 of |[Haussler| (2018)] Let B > 0 and F be a set of functions f : X —
[—B, B]. Then for any ¢ € (0, B], there holds

pdim (F")
2eB 263) ' 50)

- <o 252 10 222
MEF i) < 2( 2 10

Recall a classical relation between e-packing number and e-covering number that asserts
M2, F |l - My o)) SNEF - llzupy) < Me, Foll - lleyp))s (1)

for any ¢ > 0. Combining (50), (5I)), the facts logz < z, Vo > 0, and Pdim(Fp) < Pdim(F)
(See | Maiorov & Ratsaby| (1999), page 297), we have the upper-bound on N (e, Fp, || - ||, (p))) as
follows:

pdim (75 ) 2Pdim ()
2eB 263) < 2(263) . (52)

. <2 —log —
N ol o) < 2( 22 1og 2 :

Then, taking ¢ = %, B = % in Lemma , using the upper-bound on covering number in
yields the lower bound for the confidence Tevel in Lemma (F.1.1J) as follows:

1 an
1- S%DN(M7IB7 || ’ ||L1(D)> eXp <— 2568B4)

>1—Cp-exp (2 - Pdim(F) - log(n) — 252:;34) (53)

where Cg > 0 is some absolute constants dependent on B. Choosing « in (33) such that

Pdim(F) -1
o Oy, PAMF) Tog(n)
n
with a properly chosen C'p 5 > 0 absolute constant dependent on B and ¢ yields the probability of

following event is at least 1 — g:

Pdim(F) - log(n)

Si(n, Fg) < ;(CB,a : + % + 5(7TBJ?n) - 5(fp))- (54)

Step 2 : Control Sy(n, F). Define a random variable n on Z = X x ) to be

n(z) = (y = f(2))* = (y = f,(2))*.
Since [7(2)| < (3B + || f]le)?, then |n(2) — E[n(2)]| < 2(3B + || f|ls)?. It is also easy to see

o2 < E[n?] < (3B + Hf||oo)2 IIf - fp||io. Then, by the one-side Bernstein’s inequality (see
Lemma[H.2)), we have

2
]P’(S (n,]—')<6> >1—exp{— — }
2 238+ | fllo)* (IS = £ l1% + 2¢)

Takin 6:exp{— ne” },A::23B+ fllso)% B = |If = f,]|I% and
g3 2(38+ 150 )” (17— F 12+ 22) ( 1fllsc) If = £l

solving the quadratic equation with respect to € yield the following inequalities with some absolute
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constant Cy > 0 :

Alog (2) + 4/ A%log (2) + 9nABlog (2)
3n

J2Al8(3) [ s (3)
3n n

E =

< Cp g5 = Iolle _jg’”w’

where in the first inequality, the facts va +b < /a + Vb for a,b > 0isused, and Cp ys is a
constant dependent on C, B and f. Then, with probability at least 1 — 2, we have

So(n, F) < Cp g6 ”f_/%’)”“’ (55)
Step 3 : Combining Everything. Note £(f) — £(f,) = | f — ff’”ix < |If - £,|%.. Then, plug-
ging the (34) and (53)) in [@9) yields the claim. O

F.2 PROOF OF THEOREM [4.3]

Theorem 4.3 Suppose f, € W2 (S%71) with r > 0. A network fn from (@) with choices N =

[n Sdiw], M = [n 3d3+d4T], and m = [5755-logy(n)] yield the bound on the excess risk with
probability at least 1 — § as follows:

E(murfn) = £ (1)

d d .
< Cpy,s,f - Max {1, o 5 (log,(n))?, (E) 2 2N+ , d4N} . n*727-31.5d, (56)

(3d + 4r) e

where Cp , 5.t depends on B, n, §, f and independent on d,r and n.

Proof. Let0 < a < 1,m,N,M € Nwith1 < N < d* + 1. Then, for f, € W (891, recall
from Theorem [D.2.4] that there exists a network

feF(L,(d,22NM,...,22NM,1),N) (57)

with depth L = (m + 4)[log,(2N)] and number of parameters N' < M (2d + 404N - (m + 3) +
2N + 4) + 1 such that the corresponding network’s approximation error is bounded as:

|7 = 2] < 00 1l gs0my
3d—4r

da
i ZdN+3d747‘72 2N 1
s fov=r, G oy
vM

where C’,;, is a constant dependent on 7, and independent on d,r, N, M and f. Since the network
width is 22N M, the total number of units across the L-hidden layers (i.e., /) of f is bounded as

,d2N(log2(2N))22_2m}, (58)

U< 22NM - (m + 4)[logy(2N)].

If Nm = o(d), it is easy to see N' < O(Md). Recall from the result of Lemma [H.1] the pseudo-
dimension of function class F in is bounded as follows: for some universal constants C' > 0:

Pdim(F) < C - (mMd - [logy(N)] - log (mM N logy(N)1)). (59)
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Plug the (58), (39) in @8] from Proposition 4.2]
5(7TMJ/C;L) - g(fp) < CB,n,é,fx
mMd
log(n) - [logy(N)] - log (mM N [logy(N)])
Bound for Pdim(F)-log(n)/n
d -
i ZdN_"_ 3d—4r—2 2N 1
s G
vM
Bound for ||f—proo/\/ﬁ

d
B2 ENEEEE QN 41
+max{N2T, (”6) 4M ( ) > ,d4N(log2(2N))424m} }7

3d—4r

4 ,dzN(logx?N))sz}/\/ﬁ

3d—4r

Bound for ||f—f,) ||2;C
(60)

where Cp , s, r depends on B, 1, §, f and independent on d,r and n. Then, under the regime
1 < N < d%+ 1 forsome 0 < a < 1, choices of m = [g775 logy(n)], N = [aniM] and

M=1n 3d3f4ﬂ make the fraction of the first term in (60) simple as follows:

log (V)] - 1o (M N log (V1) < 7 o) og (Togn 55 220 logy )
< gq g (loga(m) .

Then, with the same choices of m, N, M as above, we obtain the bound on the excess risk as :
E(marfn) = E€(f)

6
< CB,y,s,f - Max {1,

brd 4 3d—dr—2 ar
o) () N i Lot

This concludes the proof. O
F.3 PROOF OF THEOREM[4.4]

Theorem 4.4 Suppose f, € W2 ([0,1]%) with r > 0. A network . from ©) with choices NH =

fnTir] and mf = (jf;r log,(n)] yield the bound on the excess risk with probability at least
1 — 6 as follows:

E(marfn) — (1) 61)

< Cp 5 - max { Moga(d + [r1)12(d + ) - (logy(n))?, (1 + 72 + d?)%6%¢ + 3} o,

where Cp , 5, depends on B, 1), 6, K and independent on d, r and n.

Proof. From Theorem 5 of Schmidt-Hieber (2020), for any function f, € C5([0,1]¢, K) and any
integers m > 1and N > (r + 1)? v (K + 1)e?, there exists a network

feF(L,(d,6(d+[r])N,...,6(d+[r])N,1),N, ) (62)

with depth L = 8 + (m 4 5) (1 + [logy(d V 7)]) and the number of parameters N < 141(1 + d +
7)3+4N(m + 6), such that

Hf _ pr < (2K +1)(1+d® +r2)6¢N2™™ + K3'N~4. (63)
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Then, similarly with the proof in Theorem [4.3] by the result of Lemma[H.1] the pseudo-dimension
of Fin can be bounded as

Pdim(F) < C - (m*N(d+ )% [logy(d V )] log ((d + [r])mN [log,(d v 1)), (64

for some universal constants C' > 0.

Plug the (63) and (64) in {@8) from Proposition[d.2] Then, we obtain the bound on the excess risk as
follows:

5(7TMJ?n) —&(f,) <Cpsxx
2
{ "X log(n) - (d -+ r)*Nloga(d v r)] o ((d + [r])mNTlog(d v r)])
Bound for Pdim(F)-log(n)/n
+ (1 +d*+r*)6IN2™™ +3"N"4) /v/n

Bound for ”f*ff’Hoo/\/ﬁ

+ ((1 + d2 +T2)262dN22—2’m + 327'N—%) }7 (65)

Bound for Hfff,,”;

where Cp 5,k depends on B, ¢, K and independent on d,r and n. Note that we use (a + b)2
_ 2
2a2 + 2b2 for all a, b € R for getting the bound on Hf — pr . We choose the N = (nﬁ} and

m = [% log,(n)]. Then, a fraction of the first term in (63]) can be bounded as:

d+r
2r +d

log ((d +[r]) - log,(n) - n77 - log,(d V r)) <log, ((d+ [r])*n?).

Then, we obtain the bound on the excess risk as :

E(mufa) = (1))
< Cp .6,k - Max { [og,((d + [r])n*)12(d 4+ r)¢ - (logy(n))3, (1 +r2 4 d2)262d + 32T} pTEa

This concludes the proof. O

G PROOF OF APPROXIMATION RESULT FOR CNN: |FANG ET AL.| (2020)

Theorem C.1. Let 2 < S < d, 0 < a < 1, and BN, M € Nwith1 < N < d* + 1. Let
J > (Md L1, Dy = (2B +3)|(d+ JS)/d), and Dy = |(d+ JS)/d|. Then, for any function f €

W (81 with r > 0, there exists a network fOW ¢ H 1D, Dy,5 With the number of parameters
J\/< J(35 +2) + M + 2B + 4 such that

N+ 3d— 47‘ 2 Sd 4r 2
FCNN " —r (‘n’e) d 2N +1) on T N
Hf—f HOO <Cha ||f||W;(Sd—1)maX{N ’ VM d r—1B
(66)
where C,;: o, Is a constant dependent on 1, o, and independent on d,r, N, M or f.
Proof. By the inequality (5.9) in the paper |Fang et al.[(2020), we have
¥ — fON < —L 67
nar(f) = f o= [ llwe (sa-1y 16w = Le(Enr)llor-1,15 (67)
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where £ (&) (t) is an univariate function for ¢t € [—1, 1] defined in Lemma 7 in|Fang et al.| (2020).
Now, we work on controlling ||{n, — L¢(§n,7)llcf=1,1-

Iénr — Le(En )11 < 2w(éN,r, 1/B)

2

< EH&N,T”C[*LI]
SN2

< -

<3 I€nrllor-1,1)

N2 2N
% kTN (k, d)

k=1

IN

IN

8COLN2 2N o —r

AP
k=1
8CaN2d2N r

B r—1°

<

In the first inequality, we use Lemma 7 in [Fang et al| (2020), where w(&n r,1/B) is a modulus
continuity of ;- given by

w(énr,1/B) = sup {[¢nv,(v) —Enp(v+ )| iv,v+t € [-1,1]}.
[t|I<1/B

In the second inequality, we use the definition of modulus continuity of £x,,. In the third in-

equality, since £y, is an algebraic polynomial of degree at most 2N, by Markov’s inequality,

we have ||£;V,7’||C[—171] < (2N)?|énrllcj=1,1]- In the fourth inequality, we have the bound

lénrlloj=1,1) < Ziﬁl k=" N (k,d) by Corollary 1.2.7 of Dai & Xu (2013). Employing Stirling’s

formula d! = \/2’/Td(g)d(1 + O(1/d)) in N'(k, d) yields N'(k,d) < Cod* for 0 < k < 2N and
some constant C,, depending on « but independent of d. In the last inequality, we used the following
inequality:

2N ON .k 2N -
Zk‘T§1+Z/ x_rdle—&—/ z "dr < ——.
k=1 k=27 k-1 J1 , 1

<_1

r—1

Now, we combine our result from Lemma D.1.2 and Lemma D.1.4, and conclude the bound in
(66). O

H USEFUL LEMMAS

Lemma H.1 [Theorem 6 of |Bartlett et al.|(2019)] Consider the function class F computed by a
feed-forward neural network architecture with N' parameters and U computation units arranged
across L layers. Suppose that all non-output units have piecewise-polynomial activation functions
with p + 1 pieces and degrees no more than d, and the output unit has the identity function as its
activation function. Then the VC-dimension and pseudo-dimension of class F is upper bounded by

VCdim(F), Pdim(F) < C - (LN log(p - U) + LN log(d)),

with some universal constants C' > 0.

Lemma H.2 [Theorem 2.8.4 of \Vershynin| (2018)] Let 1 be a random variable on a probability
space Z with mean E(n) = p, variance o*(n) = o2, and satisfying |n(z) — E(n)| < B,, for almost
z € Z. Then, for any ¢ > 0,

2

1 ne
Pl = Dop<es>1- SR LN
{n E_ n(zi) — p 5}_ eXp{ 2(02+13n€)}
i=1 3
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